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We define and study analogues of exponentials for functions on noncom-
mutative two-tori that depend on the choice of a complex structure. The
major difference with the commutative case is that our exponentials can be
defined only for sufficiently small functions. We show that this phenome-
non is related to the existence of certain discriminant hypersurfaces in an
irrational rotation algebra. As an application of our methods we give a very
explicit characterization of connected components in the group of invertible
elements of this algebra.

Introduction

We study some natural constructions for functions on noncommutative two-tori
equipped with a complex structure. Recall that for every number 8 € R \ Q0 the
algebra Ag of smooth functions on the noncommutative torus 7y (also known as the
irrational rotation algebra) consists of expressions ), 72 Gm.nUj"Uj, where
the coefficients a,, , € C decrease rapidly at infinity and the multiplication is per-
formed using the rule
U] U2 = eXp(27Ti0)U2U1.
Given an element 7 € C\ R (as in [Polishchuk and Schwarz 2003] we will always
assume that Im t < 0), we define a derivation
8;:Ap — Ag : Zam,nU{"Ug‘ — 27 - Z(mt +n)ay, ,U'UY
m,n

We consider §; as a complex structure on 7y and denote the resulting complex
noncommutative torus by 7 ;.
The main object of our study is the equation

(0-1) 6:(x) =xa
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for x € Ay, where a € Ay is given. In the commutative case this equation is
clearly related with the exponential map on smooth functions. It turns out that
there is a local analogue of this map for Ag. However, in the noncommutative case
there seem to be serious reasons why the exponential map does not extend to all
functions. For example, we show that (0-1) has a nonzero solution if and only if
tr(a) € 2mi(Z + Zv), where tr(}_ ay,, ,U"Uy) = ap,o—see Corollary 3.7 —but
these solutions are not necessarily invertible in Ag, as they are in the commutative
case.

The study of Equation (0-1) turns out to be closely related to the study of holo-
morphic structures on the trivial holomorphic bundle over 7y .. By a holomorphic
bundle on 7y, we mean a right projective module E over Ag equipped with a
8;-connection, i.e., a linear map V : E — E satisfying the Leibniz rule

V(ea) = V(e)a + e8; (e).

The category 6 of holomorphic bundles on Ty ; was studied in [Polishchuk and
Schwarz 2003] and [Polishchuk 2004]. The main result of the latter paper identifies
€ with the heart of a certain ¢-structure on the derived category of coherent sheaves
on the elliptic curve C/(Z + Zt). This leads to a classification of holomorphic
bundles on Ty , up to isomorphism. We apply this classification to the study of
solutions of (0—1), and in particular to the question of existence of a solution x € A%,
where A}, C Ag is the set of invertible elements. The main result here is Theorem
3.6, which states that the map

ASJCF = Ag x> x '8, (x)

identifies Aj/C* with Q; +2mi(Z 4 Z7), where €, is a dense open subset in the
hyperplane H = {a € Ay : tr(a) = 0}. More precisely, we prove that Q2. is the
complement to the discriminant hypersurface ®, C H consisting of a € H such
that the equation

S:(x)4+ax —xa=0

has a nontrivial solution x € H. We call it a hypersurface since it coincides with the
zero locus of a global holomorphic section of a holomorphic line bundle over Ag,
induced by Quillen’s determinant line bundle on the space of Fredholm operators
of index zero. We study the structure of ®; in more detail, presenting some results
that make us believe that ®; should be irreducible in an appropriate sense.

As a byproduct of our study we deduce the following statement about the struc-
ture of the group Aj. It is well known that the group of connected components of
A} can be identified with 7%. We prove that for every x € Aj one has tr(x 18, (x)) €
2ri(Z + Zt) C C and that the map x — tr(x '8, (x)) induces an isomorphism on
the groups of connected components.
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The paper is organized as follows. In Section 1 we study formal exponential
maps for Ay. First we present the construction of a map

Ei(z, ) : Agllt]l/Clit] — 1+t Apllz]l

that specializes to a — exp(ta)/ tr(exp(ta)) in the commutative case. In Section 2
we construct and study the normalized map

Exp;(z, ) : Apllt] — 1+t Apl2]

that specializes to exp(fa) in the commutative case. In Section 3 we prove that our
formal exponentials converge in a neighborhood of zero and then study logarithmic
derivatives of invertible elements and the discriminant hypersurface.

1. Formal exponentials

Notation. For every v = (m,n) € 7% we set

m

U, =exp(—niOmn)U{" Uy .
We have the product rule
Uy Uy =expmi<v, vV') ) Upsy
in Ay, where for v/ = (m’, n’) we set
vy =<, V)= %G(mn’ —m'n).

For an element a = Zvezz a,U, € Ag we define the support of a as the set of all
v € 72 such that a, # 0. Elements supported on a fixed rank-1 subgroup Z C 72
form a commutative subalgebra in Ag.

Recall that Ay is equipped with the C-antilinear antiinvolution % defined by
un* = Ul_l, (Uy)* = Uz_l. For v € 7% we have (U,)* = U_,; hence for a =
Y over Uy we geta* =3 arU,, where aj =a_,.

Define the homomorphism

172> C, (m,n) > 2wi(mt +n).
For every v € Z2, we have 8, (U,) = ((v) - U,,.

First construction. Our formal exponentials will live in the ring Ag[[z]], where ¢
is a formal variable commuting with Ay. We extend §; to a C[[¢]-linear derivation
of Agl[[z]] and the trace to a C[[¢]]-linear functional tr: Ag[[t] — C[[¢]].

Theorem 1.1. For every T € C\ R there exists a unique map
Ei(z,): Agliell/Cllz]l — 1+t Apllz]l
satisfying §:(E;(t,a)) =tE;(t,a)-6;(a) and tr(E|(t,a))=1.
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We need the following purely algebraic statement.

Lemma 1.2. Let A be an associative algebra over Q, M an A-bimodule, and
d: A — M aderivation. Assume that a, . .., a, are elements of A such that

d(a;))=a;_1d(a)) fori=2,...,n.

Then
apd(ay) € [A, M]1+d(A),

where [A, M] C M is the linear span of the elements of the form [a, m] = am —ma
forae A,me M.

Proof. For every ny, ..., ng € [1, n], write
[n1,...,nkl=ay, ...an,_,d(a,) mod [A, M]+d(A).
From the Leibnitz identity we get
[71,....n¢]+c.p.(1,...,k)=0
in A/([A, M]+d(A)), where c.p.(1, ..., k) denotes the terms obtained by cyclic

permutation from (1, ..., k). Since k is invertible in A, this implies that
(1-1) S ] =0,
ny+-+ng=n

On the other hand, the identity d(a;) = a;_1d(a;) implies that

(1-2) (1, ....,m ]l =[n1, ..., 01, n — 1, 1]
for n; > 1. Set
bk: Z [n17"'9nkv 1]
ni+--+ng=n

For example, b; = [n, 1] = a,d(a;), b,+1 = 0. We claim that
by = —by_, for every k.
Indeed, using (1-2) we get
be= Y Inn.omenme+ll= > (1, ..., el

ny4-4ng=n ny+-Ang=n+1,n>1
Now applying (1-1) we can replace this with
bk:_ Z [nlv""nk]:_bk—l7

ni+-tng=n+1
ng=1

which proves our claim. Therefore,

a,d(ay) = by =:|:bn+1 =0 modulo [A, M]+d(M). O
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Proof of Theorem 1.1. We first show the uniqueness of E;(t, a). If x, ye 14+t Ag[[¢]]
satisfy x ~18(x) = y~'8(y) = 8(a) then

Sty =@y —xyls(y ! =0,
hence x = cy with ¢ € C[[t]. Furthermore,
1 =tr(x) =tr(cy) =ctr(y) =c,

so x = y. To show existence, write E;(t,a) = 1+ a;t + a2t2 + ... with some
a; € Ag[[t]] such that tr(a;) = 0 (so that tr(E;(t, a)) = 1 as desired) and such that

d:(a;) = a;—18:(a) fori > 1,

where ag = 1. Clearly this would imply the first equality in the conclusion of the
theorem, so it is enough to show the existence of such a;’s. To this end we set
a; =a —tr(a) and apply Lemma 1.2 to construct a; for i > 2 inductively. We have

[Ag, Agl C H =6:(Ap),

where H C Ay is the space of elements x with tr(x) = 0. A similar inclusion holds
for the ring of formal power series. Thus, when ay, ..., a, are already constructed,
Lemma 1.2 allows us to conclude that a,8; (a) € 8; (Ag[lt]]), so we can define a, |
as the unique element satisfying 8, (a,+1) = a,6;(a) and tr(a, 1) = 0. O

Remark. In the commutative case we have

E (7, a) =exp(ta)/ tr(exp(ta)),

thanks to the equality tr(E;(7, a)) = 1 of the theorem. In Section 2 we will present
a way of normalizing noncommutative exponentials that reduces to the standard
normalization in the commutative case.

Similarly, one can define the function E, (z, -) such that
8:(E,(t,a)) =18:(a) - E,(7,a)

and tr(E,(t,a)) = 1. We now extend the standard antiinvolution % : Ag — Ap to
an antiinvolution of Ag[[¢]] by ¢-linearity. From the equation §;(a)* = §z(a™) one
can easily derive that

(1-3) E.(t,a)" = E/(T,a").
Proposition 1.3. For every a € Ag[[t]] one has

E/(t,a)-E . (t,—a)=E,(t,—a) -E|(t,a) =:5(t,a) € 1 +tC[[¢].
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Proof. Indeed, set x = E;(t,a), y = E,(t, —a), and § = §;. Then
S(xy)=686(x)y+x6(y) =txd(a)y —txd(a)y =0.
This implies that z =xy € 1+¢C[[¢]. Since x is invertible in Ag[[¢] and z commutes
with x~!, we derive that y = zx~! and so yx =z = xy. O
Corollary 1.4. s(t,a) =s(T, —a*).
Proof. We have
s(t,a) = E,(t, —a)*E(x,a)* = E/(T, —a*)E,(T,a*) =s(T, —a*). O

The exponential formula in terms of coefficients. We next derive an explicit for-
mula for E;(t, a) in terms of the coefficients of a.

Recall that ¢ : Z2 — C is the homomorphism sending (m, n) to 2wi(mt + n).
Define a collection of symmetric functions f,(vy, ..., v,) of n lattice vectors re-
cursively by setting fo = f1(v) =1 and

Sai, ) =i+ 4T
X Z:lzl L(vi)fn—](vla e 5/v\ia ceey Un) eXp(27”<Z/#, vj7 vl>)

ifv+---4v,#0, and f,(vy, ..., v,) =0 otherwise. It is easy to see that f;, can
also be given by

i ) Z LW (1)) - -t (e () €XPRTTE Y i Vo i)s Vo))
Ul’ A v == 9
" " , (o (Dt (V1) T V52) -+ - (V1) + - + Vo))

oeS(vy,...,

where the summation is taken over the set S(vy, ..., v,) C S, of all permutations
o for which the denominator in the corresponding term does not vanish. When
we want to stress the dependence of f, on 6 we write f,(vy, ..., v,; 6) instead of

Jn(Ui, .o, vp).
Let DiV(ZZ)Zo denote the semigroup of effective divisors on 72, i.e., of formal
linear combinations D = ny(vy) + - - - 4+ ny (vg) with n; > 0 and v; € Z>. We set

supp D = {v; : n; > 0}, degD=ny+---+ng,
s(D) =njvy 4 - - +ngp € 22, D!'=n!...ng.
Theorem 1.5. For an element a = Zv#o a,U, € Agllt]l such that ag = 0, one has

tdegD
E(ta)= ) ——cDapUsp),
DeDIV(Z2)5g ’

where for D = (v1) + - - - + (vgq), with the v; not necessarily distinct, we set

c(D)=cp(D) := fa(v1,...,v4;0) and ap=ay, ...ay,.
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Proof. Recall that E;(t,a) = Zaiti, where §(a;) = a;_15(a) and tr(a;) = 0 for
i > 1. This easily implies that

c(D)
a, = Z Dl apUg(p)
DeDiv(Z?) s
deg D=n

for some constants c(D) that do not depend on a. The coefficients c(D) are
uniquely determined from this equation since the functions a — ap for D €
DiV(ZZ)Zo are linearly independent. Note also that we have c(D) =0 if s(D) =0.
Comparing the coefficients with apUs(py in the equation 8(ay) = as—16(a), where
d = deg D, we obtain

D D —
L(S(D))% = Z L(U)% expRrils(D —v), v)).
vesupp D
Equivalently,
(1-4) t(s(D))c(D) = Z nyt(v)e(D —v) expRmi(s(D —v), v)),
vesupp D
where n, is the multiplicity of v in D. This implies that c¢(D) = f4(vy, ..., vg) for
D= v+ + (vag). U
Corollary 1.6. For every vy, ..., v, € 72 such that vy + - - - + v, = 0 one has
n

D ) faoa @i, i 0) =0,

i=1
Proof. Apply equation (1-4) to D = (vy) + - - - + (vp). ]

Remark. We do not know a direct combinatorial proof of the identity of Corollary
1.6 except when vy, . . ., v, are sufficiently generic. See remark after Theorem 2.4.
Recall that (Zv ay Uv)* =) ,a—yU,. Using (1-3) and Theorem 1.5, we get

tdegD
Etay= Y, ——coDapUsn)
DeDiv(Z2)s '

2. The normalized exponential

We now define a natural modification of E;(z, -) that reduces to the usual expo-
nential in the commutative case.
The idea is to modify the symmetric functions f;, (v, ..., v,) that appear in the
explicit formula for E;(t, - ). Consider the rational functions
X1X2 ... Xy
x1(xp+x2) ()

Ry(x1,...,x,) =
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For a permutation o € S, and an n-tuple x = (x1, ..., Xx;), write

x7 = Xg(1)s -+ s Xo@n))-
Recall that for an n-tuple of lattice vectors v = (vy, ..., v,) we have
L@ =Y R®)exp(2mi Y oy, Vo) )
oeS@) i<j

where ((v) = (¢(vy), ..., t(vy)) and S(v) C S, is the set of all permutations o such
that R, is regular at v7. We want to define a modified expression f,"(v) that takes
into account contributions from o such that R, is not defined at v°. For this we
will combine several terms corresponding to such permutations, so that the poles
will cancel out.

An n-tuple v = (vy, ..., v,) determines a map

ty:Su— 2@z 2%, 01> Y Vg(i) ® Vo()).
i<j

The fibers of #; define a partition
Sy=Sw, Hu---uSw,r)
of S,,. The crucial observation is the following remarkable cancellation of poles.

Proposition 2.1. The rational functions
Rsw (@)= Y R,(x°)., forj=1,...r
oeS(@, j)

are regular at 1(v). More precisely, for every collection 1 <i| < --- <i, <n such
that v, +- - -+v;, =0, the functions Rs, jy do not have poles along the hyperplane
Xip + X, =0.

In the following discussion we view indices as elements of Z/nZ (so v, +1 = vy).
The proof of the next lemma is straightforward:

Lemma 2.2, If vy +---4v, =0 then

E Ui®Uj:E Vit1 QUjy1,

i<j i<j

Lemma 2.3. Let ¢ € S, be the cyclic permutation of order n. Then the function

n—1 _
> Ra(xY)
i=0

has no pole along x1 +---+x, =0.
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Proof. It suffices to prove that the function
. 1
i X)) - (G X e Y1)

has no pole along x1 + - - - 4+ x, = 0. Since
XitXxip1+--+x;=—&j 1+ X2+ +x-1) mod (x;+---+xp)
we can replace the expression above with

(X1 )

n

3 T
X .
= (oA ) (e A X)X 16 (X ) - (e X—)

The new sum depends only on (x, ..., x,—1). Hence, our assertion is equivalent
to the identity

n

(="'
=0
Z Ger- e xim) G+ x )X X (X)L (Gt X))

i=1

Since the left-hand side is homogeneous of degree —(n — 1), it suffices to prove
that it has no poles. The only possible poles are along the hyperplanes h;; =
X; +xj41+---+x; =0. Now one can check easily that for every i < j there are
exactly two terms in the sum above having poles along /;; = 0, and that their polar

parts cancel out. 0
Proof of Proposition 2.1. We use induction in n and the recursive formula
Xn
R,(x1,....x) =Ru_1(x1, ..., xp—1)——————.

Assume that the assertion holds for n — 1. We can write R, ;) in the form

n
x
Rsw,j) = Z Z Ryp—1(Xs(1), - - Xo(n—1)) -

m=10€eS8(v,j):.0c(n)=m X1+ +x,

For a given m let us denote S(v, j; m) the setof o € S(v, j) such that o (n) =m. Fix
oo € S(v, j;m). Then S(v, j; m)o, eaves m stable. Furthermore, it is clear that
S, j; m)oy ! coincides with one piece in the partition of the set of permutations
of (1,...,m, ..., n) associated with the (n — 1)-tuple (vy, ..., Uy, ..., v,). Thus,
by the induction assumption all the sums

Z Ry—1(xo(1), -+ s Xo(n—1))

oeS(v,j;m)
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have no poles along the required hyperplanes. If vy + - - - + v, # O this finishes the
proof. It remains to consider the case when v; +---+ v, = 0. By Lemma 2.2 in
this case all the sets S(v, i) are right cosets for the subgroup Z/nZ C §,, generated
by the cyclic permutation ¢ € S,, where ¢ (i) =i 4+ 1. Therefore, by Lemma 2.3
the functions Ry, j) have no poles along the hyperplane x| + - - - +x, = 0. 0

We now define a rational function of x = (x, ..., x,) by
r
Rs) = > R()exprits(@))) = Y . Rsq.j)(x) expi (1(S(@, j))).
€S, j=1
where (t;(S(v, j))) is the common value of
G- =, >o0:5—>R
on S(v, j). By Proposition 2.1 this function is regular at ¢(v), so we can set

fa @) = £,/(©;0) = Ry (L(V)).

It is easy to check that f is symmetric in vy, ..., v,. As before we have f; =
ffw)=1
Theorem 2.4. For an element a =), a,U, € Agllt] consider the series
tdegD
Expi(r,a):= ) S ¢ (D)apUsp) € 1+ 149l ],

DeDiv(Z2)sg
where for D = (vy) + - - - 4+ (vq) we have set
c*(D)=cy(D) = f (v, ...,vq;0).
Then

(1) 8- (Exp;(7,a)) =1 Exp/(7,a)-5.(a);

(ii) if @ = 0 or if the support of a is contained in a rank-1 subgroup 7 C 7* then
Exp,(z, a) = exp(ta); and

(iii) for a € Aylt]] and z € C[[t]] we have
2-1) Exp,(z +a) = exp(tz) - Exp,(a).
Proof. As in Theorem 1.5 the proof of first equality reduces to the identity

ti -+ ) f (v, .. )
=y W) e O v,,)exp(2ni<zj#m Vjs Uy ).
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We claim that in fact, there is an identity between the corresponding rational func-
tions:

(x1+---+x)R5(xq, ..., x)

= 1 Xm Ry (X1, .o Xy, Xp) exp(2ﬂi<2#m Vj, Uy ),
where 97 = (vi, ..., Uy, ..., Uy). Indeed, we can rewrite the left-hand side as

(x1 4+ +x,) ZUES,, R,(x%) exp2miltz(o)))

=2 oes, Yoy Rn1(Xo1)s - -+ Xom—1))
X exp(27i (X - j < Vo tiys Vo (i3> + (X jkomy Vs Vo)) )
= 1 XmRyen (X1, .. Xy e, Xp) exp(2ni<2#m Vj, Up) )
If & = 0 or the vectors vy, . .., v, belong to a rank-1 subgroup Z C Z?, we have
Ry(x) =) Ru(x°).
oes,

Applying Proposition 2.1 we deduce that this function has no poles. Since it is
homogeneous of degree 0 it must be a constant. To compute this constant we
substitute x; =...=ux, =1 and obtain that in this case Ry(x)=1. This immediately
implies (ii).

To prove part (iii) it suffices to check (2-1) as a formal identity in Ap[[z, ¢t]. We
claim that both sides solve the same differential equation %(z, t) =tf(z,t) with
the same initial condition f(0, ) = Exp;(r, a). This is clear for the right-hand
side, so we just have to check this for the left-hand side. It is easy to check that

1 dl@+2)pl (a+2)p—()

D' 3z (D—(0)!
if D — (0) > 0, otherwise the derivative is zero. This implies that the derivative of
Exp,(z + a) with respect to z is equal to ¢ Exp;(z 4+ a), as claimed. ([l
Remark. For n lattice vectors (vq, ..., v,) such that v; +---+ v, = 0 we obtain

from the proof above that

n

D ) 1 e 0) =0,

m=1
If vy, ..., v, are sufficiently generic this reduces to the identity of Corollary 1.6.
Corollary 2.5. If Exp,(t, a) = Exp,(t, b) for some a, b € Agllt] then a = b.

Proof. Using part (i) of Theorem 2.4 we immediately deduce that b = a + z for
some z € C[[#]]. Now part (iii) implies that exp(rz) = 1 and hence z = 0. O
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We can also define the right exponential map Exp, (z, - ) by setting

Exp, (7, a) = Exp; (T, a™)*.
Then
8. (Exp, (1, @)) = 18 (a) - Exp, (, ).

Using the definition of Exp,(z, - ) we get

tdegD
Exp, (1, a) = Z DI c*y(D)apUs(p.
DeDiv(Z?)so

Proposition 2.6. For every a € Ag[t]] one has
Exp, (7, a)_1 = Exp, (1, —a).

Proof. Tt suffices to prove that for every divisor D > 0 on Z? one has

(—1)dee L2 .
Y (D) y(Dy) exp2mi (s (Dy), s(D2)y ) = 0.
D1!Dy!
D1, D2€Div(Z%)s0
Di+Dy=D
This is equivalent to the following identity, which should hold for every n-tuple
(v1, ..., v,) of lattice vectors (where n > 0):

Z (_l)n—rfr*(vil Y e ey Uir; Q)fn*—r(vjl s ey an—r; _9)
I={i1,....ir}C[1, ]
i} Cllon] X exp(27i vy + -+, vj + -+, 6) =0,

where the sum is taken over all subsets I = {iy,...,i,} of [1,n] ={1,2,...,n}
and we denote by {ji, ..., j,—} the complement to /. Recalling the definition of
the functions f, we see that it suffices to prove the following identity between
rational functions of xi, ..., x,:

n
Z Z (_l)n_rRr(xa(l)v s x(r(r))Rn—r(xa(n)a s -xa(r+1))

r=0 oes,

X exp(2m’< Y o), Vo) 6 + D {Va(i)s Vo(j)> —6

i<j<r i>j>r
+ (X Vo), 2 vn(j>>0)) =0.
i<r j>r

Due to the skew-symmetry of (-, -> 4 we have

u, V'Y g =, 0.
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Using this observation we can rewrite our identity as

n
Z Z (_1)n_rRr(xcr(1), cees xa(r))Rn—r(xo(n)a cee xa(r+1))

r=0o0€S,
X exp<27ri Z(vg(i), Vo (j)? 9) =0.

i<j

Thus, it is enough to prove that
Z(_l)nirRr(xlv ceey xr)Rn—r(-xn’ ceey xr—H) =0.
r=0

This is equivalent to the identity

n—1

(—1)°
Z x1(xr+x2) .o+ X)X (X X)) o (X X—ig)

i=0
_ (=t
- Xn(Xn +xp-1) ... (X + -+ '+X1).

We claim that more generally for 0 < j < n one has
X1 x2) e X)X (o X 1) - (e X))
B (—1)/

Coxi (i x) L (e FXp— 1) (X1 x)
X X (Xp+Xp—1) ... (Xp+-- '+xn—j+1)

This can be easily checked by induction in ;. ([l
Corollary 2.7. tr(Exp,(t, a)) - tr(Exp, (7, —a)) = s(z, a)~ L.

Proof. This follows from the relation Exp,(z, a) = tr(Exp; (7, a)) E;(z, a) and the
similar relation for right exponentials. U

Finally, we state the analogue of the equation exp(x) exp(y) = exp(x + y) for
our exponentials.

Proposition 2.8. For every a, b € Ag|[t] there exists a unique ¢(a, b) € Ag[t]] such
that

(2-2) Exp, (a) Exp;(b) = Exp;(¢(a, b) +b)

and

8:(p(a, b)) = Exp,(z, b)~18.(a) Exp,(t, b).
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Proof. Since the element Exp,(z, b)~ 18, (a) Exp,(t, b) € Apllt]] has zero trace we
can find some element ¢’ € Ag[[¢]] such that

8:(¢") = Exp,(t, b) '8, (a) Exp,(z, b).

Now one can easily check that the left-hand side of (2-2) is a solution of the
equation

8:(x) =1x8.(¢" +b).
It follows that
Exp,(a) Exp,(b) = f(t) Exp, (¢ +b)

for some f(t) € 1+¢C[[¢]l. Writing f(¢) in the form exp(¢z) for z € C[[#]] and using
Theorem 2.4(iii) we conclude that (2-2) holds for ¢(a, b) = z + ¢’. Uniqueness
follows from Corollary 2.5. (|

Compatibility with the SL,(Z)-action. The group SL,(Z) acts on the algebra Ay
by automorphisms. Namely, to an element g = (‘C’ Z) € SL»(Z) one associates an
automorphism

ag:Ag —> Ag : Uy > Ugy.
These automorphisms are compatible with derivations §; and the modular action
of SL>(Z) on t:
agSTozg_l = g7
where gt = (at +b)/(cT 4+ d).
The only way in which the standard basis of Z? enters into our formulae for

E(r,a) and Exp;(t, a) is through the definition of the homomorphism ¢ = ¢; :
7? — C. For an element g € SL,(Z) we have

Ler (V) = 1 ("gV) - jr (8) ",

where g is the transpose of g and j;(g) = ct +d. The functions f*(vi, ..., v,)
and f;,(vy, ..., v,) are homogeneous of degree 0, so we get
fr, . v g7) = fF(gur, .., Tgues )

and similarly for the f,,. This easily implies the following result.

Proposition 2.9. For every a € Ayllt]] and every g € SLo(Z) one has
Ei(g't,ag(a)) = agEi(t,a),  Expi(g't, ag(a)) = az Exp(t, a),
E.(g't,ag(a)) =agE (t,a),  Exp.(g't,ag(a)) = az Exp, (1, a),

s(8't, ag(a)) =s(t, a),
where g' = g~ 1.
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3. Convergent exponentials, logarithmic derivatives and the discriminant
hypersurface

Norms. In this section we establish notation for some of the norms we use on Ay.
First we have the operator algebra norm || - || on Ag: ||a| is defined to be the
norm of the operator of multiplication by a on the L2-completion of Ag. It does
not matter whether one considers left or right multiplication. Recall that the C*-
algebra Ay is defined as the completion of Ay with respect to this norm.
We will also consider the L?-norm

1/2
2
MF(ZMQ,
veZ?

wherea =), <72 &y U,. From the definition, for every a, b € Ag we have
llabllo < llall - 1bllo-

For every s > 0 we can also consider the norm

N
2 j 2
lall? =" lIsial3.
i=0

The completion of Ay with respect to this norm is the Sobolev space W;. We have
a sequence of embeddings Wo D W; D W, D ---. These spaces enjoy all the
usual properties of the Sobolev spaces (see [Polishchuk 2004]). In particular, this
sequence of spaces can be extended to one indexed over Z, so that W is dual to
W_s. Also, the intersection of all the W; is Ay and the topology on Ay is the one
determined by the collection of seminorms coming from the W;.

Finally, at one point we will use the norm

lally =) lal.

veZ?
For a, b € Ay we have

labllp < > llawUsbllp =" layl - 161l = lall - 1611

veZ? veZ?

On the other hand, |la|| <),z lla,Uyll = llal|;.
Convergence criteria. If one wants to solve the equation
(-1 87 (x) = x8:(a)

for given a € Ay one can try to consider the series

(3-2) x=E/(r,a)|i=1=14+a1+ar+---



168 ALEXANDER POLISHCHUK

obtained by substituting r = 1 into E;(t,a) = 1 + ta; + t2ay + - - -. This series
does not always converge even for 6 = 0 (remember that in the commutative case
it represents the function exp(ta)/ tr(exp(ta))). One of our goals in this section is
to show that (3-2) always converges for sufficiently small a.

Remark. In the commutative case the convergence improves when we switch
from E,(z, a) to Exp,(t, a), since the latter series becomes the usual exponen-
tial. However, this does not seem to work in noncommutative case. Indeed, as
we will see in Proposition 3.13(ii), there exists a € Ag for which (3-1) has no
invertible solutions. By Proposition 2.6 this means that either Exp,(t, a)|;=1 or
Exp, (t, —a)|;= diverges.

The next lemma follows from [Schweitzer 1993, Corollary 7.16], but since our
particular case is much easier we present a more direct proof due to Chris Phillips.

Lemma 3.1. If x € Ay is invertible as an element of Ay then x € Ap.

Proof. First, we claim that for every a € Ay such that |la|| < 1, the series 1 +a +
a’+- - - converges to an element of Ag. Indeed, it suffices to show that it converges
absolutely in every Sobolev space W;. But this follows from the fact that for every
k there exists a constant C (depending on a) such that 185 @) < Clla||** for
n > k. Thus, the assertion is true when ||x — 1|| < 1. The general case can be
reduced to this by the following trick. Let x be an element of Ay such that there
exists an inverse x ' € Ay. Choose y € Ay such ||y —x~'|| < ||x||~!. Then the
element xy € Ay satisfies |xy — 1|| < 1. Hence, xy € Aj. It follows that x has a
right inverse in Agy. A similar argument shows that yx € A} and hence x has a left
inverse. This implies that x € Aj. O

Remark. In fact, it is also true that if xy =1 in Ag then yx = 1. This follows from
the existence of a finite positive faithful trace on Agy; see [Davidson 1996, second
half of p. 101 and Exercises 6 and 9 of Chapter 4]. Here is another argument
using Rieffel’s classification of finitely generated projective Ag-modules in [Rieffel
1983]. We assume that 6 is irrational. Let I C Ay be the set of all @ such that xa =0.
Then [ is a right ideal and we have Ag = I @ yAy. It follows that yAy and [ are
projective modules. Furthermore, y Ay is isomorphic to Ag; hence rk yAy = 1. It
follows that rk I =0, so I =0.

Theorem 3.2. Let d =min{|mt+n|:m,n e Z, (m,n) % (0, 0)}. Foreverya € Ay
with tr(a) = 0 such that ||6;(a)|| < 2rd, the series (3-2) converges to an element
e (1, a) € Ay satisfying the equation

d:(ei(t,a)) =e/(t,a)d (a).

Furthermore, if ||6;(a)|lp < md then e(t,a) € A). The map a > e;(t, a) from
U, ={aecH: ||§:(a)|lp <md}to A} is continuous.
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Proof. Recall that the a; are defined inductively by the conditions §(a;) =a;—15(a),
tr(a;) = 0, where § = §,. It follows that

laillo < @rd) 8@ llo < @rd) " |8@) ]| - lai—1llo-

Hence, |layllo < (I8(a)ll/(27d))" for every n > 0. It follows that the series 1 -+
ay+ap+--- converges to an element x in the L2—completi0n of Ay. Furthermore,
since

n—l
8@l < I8@I- -l < 8@ - (121)"™

we see that in fact x belongs to the Sobolev space W and satisfies the equation
8(x) = x8(a). This implies that x € Ag.

To prove the last assertion we first observe that ||a, ||, < r" for all n, where
r=||6(a)ll;1/(2md) (this is deduced in the same way as above). Hence,

r .
lar+a+--ll < llar+a - lp < 7 <1 ifr<jy.

Therefore, x is invertible in Ag. It remains to apply Lemma 3.1. U

The following result shows that our exponentials converge if all the coefficients
of a belong to closed half-planes not containing zero.

Proposition 3.3. Leta =), a,U, € Ay be an element with tr(a) = 0. Assume that
there exists a homomorphism h : 7> — R and a positive constant & such that h > ¢
onsuppa = {v € 72 a, # 0}). Then the series 1 +ay +ar + - - - converges to an
element of A}.

Proof. Since the elements a; € H are defined inductively by a; = a and §(a;) =
a;—16(a), we have h > ne on suppa,. Let d, = ming, n):n(m,n)>ne IMm7 +n|. Then

lanllo < @rdy) M 18(an)llo < Rrdy) " 18(@)]| - llan—1llo-

Since d,, grows linearly with n this immediately implies convergence of the series
3 a, in the L?-norm. Arguing as in the proof of Theorem 3.2 we derive that
x=1+aj+ay+--- belongs to Aj. O

Remark. In the situation of the proposition one has Exp;(t, a)|;=1 = E;(t, a)|;=1.
However, at present we do not know any criteria for convergence of Exp; (7, a)|;=1
similar to Theorem 3.2.

The discriminant hypersurface. Recall that H C Ay is the set of elements a such
that tr(a) = 0. For every a € Ay consider the operator

d, ==6;+ad(a) : Ay — Ay.
We are interested in the subset of H given by

® =0, ={ae H:dimkerd, > 1}.
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Since C C kerd,, this is also the set of a € H such that ker(d,|g) # 0. We are
going to show that ®; is a complex hypersurface in H in the sense that it can be
given locally as the zero set of a holomorphic function on H.

Lemma 3.4. For every a € Ag one has kerd, >~ Homg(E, E) and cokerd, =~
Ex‘[}6 (E, E), where E is the holomorphic bundle (Ag, V,:=8;+ a). Thus d, is a
Fredholm operator of index zero. The same assertions are true if we replace d,; by
its extension d, : Wy11 — W; to a Sobolev space.

Proof. The identification of kerdp with endomorphisms of E in the category €
follows from the definitions. The identification of coker(dy) with Extgﬁ (E,E) is
constructed as in [Polishchuk and Schwarz 2003, Proposition 2.4]; by Serre duality,
Ex'[(l6 (E, E) ~ Homg(E, E)* [Polishchuk 2004]. The remaining assertions are
proved using the same techniques as in [Polishchuk 2004, Theorem 2.8]. O

Let %o (H) be the space of Fredholm operators of index zero on Wy(H ), where
Wo(H) = {a € Wy : tr(a) = 0}. Recall from [Quillen 1985; Furutani 2004] that
there is a natural holomorphic line bundle & over ¥y(H), called the determinant
line bundle. By definition, & is trivial over each open set U4 C Fo(H), where
A Wo(H) — Wy(H) is a fixed trace class operator and U,4 consists of operators
T such that T 4 A is invertible. The transition functions of & with respect to this
open covering are of the form

ga5(T) =detp(14+ (A= B)Y(T +B)™") =dety (T + AT+ B)),

where A, B are trace class operators and detr is the Fredholm determinant.

Let ¥ C %¢(H) be the complement of U, that is, the subset consisting of T
such that ker T # 0. This is a complex hypersurface in %y(H). More precisely,
there exists a global holomorphic section s of the determinant line bundle & such
that % coincides with the zero locus of s. Under the standard trivialization of &
over U4 the section s corresponds to the holomorphic function

sa(T) = detp(1 — (T + A)7' A).

One can easily check that sp = g4 psa, so these functions glue into a global section
of . One has s4(T) =0 if and only if 1 — (T + A)~' A has a nonzero kernel. But
1—(T+A)"A=(T+ AT, s0 54(T) =0 if and only if ker T # 0. Thus the
zero locus of s coincides with %.

We have a map

H — go(H) .a— daIWO(H)-

Note that the restriction of d, to H (and to Wy(H)) still has index zero, since
d,(Ag) C H and kerd, = C @ ker(d,|g). Abusing notation, we denote by & also
the pull-back of the determinant line bundle to H under the map above.
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Proposition 3.5. (i) The subset ® C H coincides with the zero locus of the global
holomorphic section s(d,|w,)) of £ over H.

(i) For every one-dimensional subspace L. C H the intersection ® NL is a discrete
subset of L\ {0}.

Proof. (i) is clear since © is the preimage of # C Fo(H). For (ii), observe that
8; : Wo(H) — W_1(H) is an isomorphism and the operator ad(a) : Wo(H) —
W_1(H) is compact for every a € Ay; see the proof of [Polishchuk 2004, Theorem
2.8]. Hence, for every a € H and t € C we have ta € © if and only if —¢~! belongs
to the spectrum of the compact operator §_ Vad(a) : Wo(H) — Wo(H). ]

Remark. Proposition 3.5(ii) implies that ® contains no linear subspaces of H.
On the other hand, we will see later that ® is swept by infinite-dimensional affine
subspaces (see Theorem 3.17).

We can also consider more general loci
OW ={ae H: dimkerd, >n+1}={a € H: dimker(d,|y) > n}

for n > 0. For n = 0 we get @EO) = ©®.. Since the kernel of d, coincides with the
kernel of its extension to Wy, it follows that the loci ®(T") are closed.

Logarithmic derivative and connected components of groups of invertible ele-
ments. In this section we will study the relation between holomorphic structures
and the group of invertible elements in Ag.

Theorem 3.6. Consider the map L, : A} — Ag : x — x 18, (x).

(1) The composition
Xri=troL;: Aj — C

is a locally constant homomorphism with image (2mi)(Z+Z7t) C C and kernel
(Ap)o, the connected component of 1 in Aj.

(ii) Let H C Ay be the set of elements a such that tr(a) = 0. Let
Q; ={a € H : dimker(5; + ad(a)) = 1}

be the complement to the hypersurface ®, C H. Then Q. is a dense open
subset of H and L. induces homeomorphisms

ALJCF 5 Q4+ 2mi(Z+Zt) and (A)o/C* —> Q.
Proof. From the Leibniz rule we immediately get
(3-3) Le(xy) =y~ Le(0)y + L (y).

Taking traces we see that y; = tr oL, is a homomorphism. It is easy to see that the
derivative of L, at the point x € A} is a — x~18;(ax~")x. Hence, the derivative
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of x is a +— tr(x~'8;(ax~")x) = 0. This implies that x, is locally constant. In
particular, x.((Aj)o) = 0; that is, L. ((Ag)o) € H.

Next we claim that the map L, : (A})o/C* — H is a local homeomorphism.
Indeed, (3-3) shows that it is enough to check that L, is a local homeomorphism
in a neighborhood of 1 € (A7)o/C*. Then we can use the map e; constructed in
Theorem 3.2 to get a local inverse to L.

We know that the space of holomorphic endomorphisms of (Ag, §; + a) can
be identified with ker(é; + ad(a)) (see Lemma 3.4). Using the classification of
holomorphic bundles on noncommutative tori given in [Polishchuk 2004] we derive
that the dimension of this space is 1 if and only if there exists a holomorphic
isomorphism of (Ag, V) with a standard holomorphic bundle (A, 8; +z) for some
z € C. In other words, ker(8; +ad(a)) = C if and only if there exists x € A} such
that a = L, (x) mod C. Thus, the map

34 A;/C*—> H, x> L(x)—tr(L;(x))

has 2, as its image. As we have seen, this map is a local homeomorphism, so
Q; is open in H. Now we claim that the nonempty fibers of (3—4) are exactly
the orbits of the action of the central subgroup 7> C A} /C*. Indeed, assume that
L:(x) = L.(y) mod C for some x, y € Aj. Set z = xy~!. Then

L:(x) =Lo(zy) =y 'Ly + Lo (),

which implies that y~!L.(2)y € C; hence, L,(z) € C. But this is possible only if
z is proportional to U, for some v € Z2. This proves our claim about the fibers of
the map (3—4).

Proposition 3.5(ii) immediately implies that 2, is connected (and dense in H).
Since we have identified the quotient of Aj/C* by 7?* with Q., it follows that the
embedding 7% C A} induces an isomorphism on connected components. Since x;
is locally constant, this implies that

Xe(A§) = x« (Z%) = Qi) (Z + 7).
We also see that L, : (A7)o/C* — Q. is a homeomorphism. Il

Corollary 3.7. For every a € H there exists a nonzero x € Ag such that 6. (x) = ax,
and one such that 6, (x) = xa.

Proof. If —a € Q., the preceding theorem says there exists x € Aj such that § (x) =
—xa. Therefore, 8; (x ') =ax~!. If —a ¢ Q., the holomorphic bundle (A4, V_,)
is decomposable (note that V_, = 8, — a). Since one of the indecomposable
factors must be of positive degree, this implies that H%(Ag, V_,) # 0. The case
of the equation §; (x) = xa reduces to the previous case by using the identification
AP = Ay O
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As another corollary we get a new proof of the following well known fact.

Corollary 3.8. The embedding 7> C A} induces an isomorphism on connected
components.

Using the results of [Polishchuk 2004] we can give one more characterization
of the open subset 2; C H. As in the discussion on pages 170-171 this leads to a
set of local equations for its complement ;. For every a € H, set V, = §; +a.

Proposition 3.9. For a € H one has a € Q if and only if there is z € C such that
ker(Vap:) ={x: 8;(x) + (a+2z)x =0}

is zero. Moreover, for a € Q2 this holds for all 7 & 2mwi(Z + Zt). Hence, if we
choose any 7o & 2wi(Z 4+ Z7) then a € Q2 if and only if the operator ﬁaﬂo is
invertible.

Proof. If a € Q- then this follows from the fact that cohomology of the standard
holomorphic bundle (Ag, 6, +z) vanishes for z €27i(Z+7Z7). If a & Q., it suffices

to observe that the holomorphic bundle (Ag, V,4;) has a direct factor of positive
degree. U

One can generalize some of the assertions of Theorem 3.6 to a slightly more
general context.

Proposition 3.10. Let (E, V) be a basic right module over Ay equipped with a
holomorphic structure. Then the map

XE :Auty, (E) > C:x — tr(x_l[j x])

is a locally constant homomorphism that does not depend on V. Its kernel coin-
cides with the connected component of 1 in Auty, (E) and its image is the lattice
Qmi/tkE)(Z + tZ) C C, where tkE € (Z + 70) N R+g is the rank of E. If
E = E' ® E" is a decomposition into the direct sum of Ag-modules, where E' is
also basic, one has the commutative diagram

Auty, (E) —2E ¢
(3-5) l lrk E'/1KE
Auty, (E) —2XE—~ €

Proof. Any other holomorphic structure on E has form V 4 ¢ for some ¢ in
Endy4, (E). But

r(x [V +¢,x]) =tu(x [V, x]) + r(x ' px — ¢) = tr(x [V, x]).

This shows that xz is independent of V. If we choose V to be standard (see
[Polishchuk 2004]), the pair (Endg,, ad V) can be identified with a pair of the
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form (Ag/, 8;/r) for some 0’, where r = rk E; see [Polishchuk and Schwarz 2003,
Proposition 2.1]. It remains to apply Theorem 3.6.

Since the homomorphism xg does not depend on the choice of a holomorphic
structure, we can choose a holomorphic structure on E compatible with the decom-
position E = E’'@® E”. Then commutativity of (3-5) follows from the compatibility
of the embedding i : Ends, (E’) — Endy, (E) with normalized traces:

rk E’

rk £

As a corollary we get a new proof of the following well known fact.

tr(i(x)) =

tr(x). O

Corollary 3.11. Let E be a basic right module over Ag, andlet E = E'@® E” be a
decomposition into the direct sum of Ag-modules, where E' is also a basic module.
Then the natural homomorphism Auta, (E') — Auta, (E) induces an isomorphism
on connected components.

Proof. Apply commutative diagram (3-5) together with the fact that the image of
xE is 2mwi tk(E)(Z + Z7), and likewise for E’. O

Corollary 3.12. Let E be a basic right module over Ag and let E = E' ® E” be a
decomposition into a direct sum of Ag-modules. Then the natural homomorphism
Auty, E' — Auty, E induces a surjection on connected components.

Proof. It suffices to choose any decomposition E’ = E| @ E), with E| basic and
apply Corollary 3.11. O

Remark. The embedding of Ay into Mat, Ay induces an isomorphism on con-
nected components of groups of invertible elements. (For Ay this statement is
[Rieffel 1983, Theorem 8.3]; the case of Ay follows using its invariance under the
holomorphic functional calculus.) This allows to deduce from Corollary 3.11 the
same statement for £’ not necessarily basic.

More on the discriminant hypersurface. 1t would be interesting to study intersec-
tions of ®; with finite-dimensional subspaces of H. In the following proposition
we consider simplest examples.

Proposition 3.13. (i) Let h : Z> — R be a homomorphism. Assume that a € H
is an element such that h > ¢ on supp a for some ¢ > 0. Then Ca € Q. The
same conclusion holds if we assume that h takes values in Q and that h > 0
on supp a.

(ii) Let e € Ag be a nontrivial idempotent such that &, preserves eAg C Ay, i.e.,
ed;(e) =6;:(e). Then ®, NCé;(e) = {6:(e)}.

Lemma 3.14. Let a = xO_IS, (x0) for some xo € Aj. Then every x € Ag such that
3: (x) = xa is proportional to x.
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Proof. Indeed, 8(xx0_]) = 5(x)x0_1 — xxo_]é(xo)_lxo_1 = 0. Hence xxo_1 is a
constant. [
Proof of Proposition 3.13. (i) It suffices to show that the equation L, (x) = a has
a solution with x € Aj. If & > & on suppa, this follows from Proposition 3.3. If &
takes values in Q and & > 0 on supp a, we can write a = b + ¢, where & = 0 on
suppb and h > ¢ > 0 on suppc. Since the subalgebra of elements supported on
h = 0 is commutative and stable under ., we have b = L, (x) for some x € Aj
such that 4 = 0 on supp x. Now consider the element ¢/ = xcx~!. Note that & > 0
on supp ¢’. Therefore, by Proposition 3.3, there exists an element y € A} such that
¢’ = L.(y). Then

L:(yx)=x"'"Le(Wx+L(x)=x"'¢x+b=c+b=a.

(ii) For A € C* consider the element x; = Ae + (1—e) € Ay. Then x; € (A7)o and
x;1 =1"le 4+ (1—e). Hence

L:(x;) = (A "e+ (1=e)) (A= D8 (e) = (1 =218 (e).

It follows that z5;(e) € 2, for all z € C\ {1}. Now let us prove that ;(e) & Q2.
Assume that there exists xo € Aj such that

x; 82 (x0) = 8: (e).

Since we also have §;(e) = ed;(e), applying Lemma 3.14 to x = e we derive that
e should be proportional to xg. Since e is not invertible we get a contradiction. []

Remark. There are plenty of idempotents e € Ag such that eAy is preserved by
8. In fact, for every number O < m8 4+ n < 1 such that m, n € Z and m < 0O there
exists an idempotent e as above with tr(e) = m6 + n; see [Polishchuk > 2006].

Next we describe the decomposition of the discriminant locus ®,; C H corre-
sponding to types of idempotents in Ag.

Lemma 3.15. Assume that 0 is irrational. Two idempotents e and ¢’ in Ay are
conjugate by an element in (A})o if and only if tr(e) = tr(e’).

Proof. The “only if” part is trivial. Assume that tr(e) = tr(e’). By Rieffel’s clas-
sification of projective Ag-modules (see [Rieftel 1983]), there exist isomorphisms
of right A-modules eA >~ ¢’A and (1—e)A >~ (1—¢’)A. Therefore, there exists an
element x € A} such that xeA = ¢’A and x(1—e)A = (1—¢’) A. This immediately
implies the equality of the idempotents xex ! = ¢’. It remains to show that x can
be chosen in (A})o. But this follows easily from Corollary 3.12. ]

For every idempotent e, denote by A, ; the set of a € Ag such that the operator
X > 8(x) 4+ ax preserves the decomposition Ag = eAy ® (1—e)Ag:

Acr={acAp:8(e)+aecelg, 6(1—e)+a(l—e) e (1—e)Ap}.
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Equivalently, a € A, ; if and only if a satisfies the equations
ed(e) =ea(l—e) and (1—e)ae=(1—e)é(1—e).

This shows that A, ; is an affine subspace in Ay with the associated linear subspace
eAe+ (1—e)A(1—e).

Lemma 3.16. For x € A} and for an idempotent e € Ag the map a > x tax+L,(x)
induces a bijection from A, ; 10 Ay-1,, ;.

Proof. The natural action of A} on operators of the form §; +a is equivalent to the
following action of A} on Ag:

xxa=xax '+ L (x7",

where x € A%, a € Ag. Tt is clear from the definition that the action of x~! sends
Aert0 Apipy e g

We refer to the action of A7 on Ay introduced above as the twisted action. Note
that it preserves H and ®;.

Set H,; = A, N H. Forany r € (0, 1) N (Z+Z09), set %, =, .oy He,1>
where the union is taken over the set of all idempotents e with tr(e) = r. Since
Al_er = A, wehave #1_, , =¥, ;.

Theorem 3.17. Assume that 9 is irrational. Then

(3-6) o.= U .

re(0,1/2)N(Z+26)

This decomposition is irreducible, in the sense that none of the subsets is contained
in the union of the rest. If e € Ag is any idempotent with tr(e) = r, we have a map

(3-7) Ve (Ao X Her — H, (x,a) > x 'ax + L(x)

such that ¥, ; is the image of V.. The codimension of the differential of V. at a
point (x, a) is dimHomg(E1, E3) + dim Homg (E>, Ey), where € is the category
of holomorphic bundles on Ty ; and E,, Ey are the summands of the holomorphic
decomposition (Ag, d;: + ¥ (x,a)) = E| & E, corresponding to the idempotent
xlex.

Proof. From the main theorem in [Polishchuk 2004] we know that a holomorphic
bundle £ on a noncommutative torus has nonscalar endomorphisms then it is ei-
ther decomposable or its rank is a nonprimitive element of Z 4+ Z6. Since for a
holomorphic bundle £, = (Ag, 6; + a) the second alternative is impossible, we
conclude that a € ®; if and only if E, is decomposable. This implies (3—6). Since
V. is (A})o-equivariant with respect to the twisted action on H and the action by
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left multiplication on (A})o, it suffices to consider the differential of v, at a point
(1, ap), where ag € H,. This differential maps

(x,a) e Ag®HN(eAe+(1—e)A(l—e)) to 8:(x)+[ag, x]+a=dy(x)+a.

But by Lemma 3.4, coker(d,, : Ap — Ap) is isomorphic to Ext(lg(E , E), where
E = (Ag, 8; + ap). Furthermore, it is easy to see that the map d,, is compatible
with the decomposition

Ag =eAge+ (1 —e)Ag(l —e) DeAyg(l —e) P (1 —e)Age

and that the cokernel of d,, acting on each of these four pieces is identified with
Extl(Ei, E;), where E = E| @ E» is the holomorphic decomposition induced by
e. The assertion follows immediately. g

Let ry be the unique number of the form 6 +n withn € Z such that 0 <rg < 1/2.

Proposition 3.18. (i) ®§1) =0,.
.. (2)

(i) ©;" = Ure(O,l/Z)ﬂ(Z-‘rZe),r;&ro K,z
ertr(e)y=rp He,o \ ®§2) — 0\ ®§2) is an affine line bundle.
Proof. (i) follows from the fact that if E, is decomposable then dim End¢(E,) > 2.
Moreover, the only case when dim End¢(E,) = 3 is the following: E, >~ E| ® E»
in the holomorphic category, where E| and E, are simple, Hom¢ (E;, E1) =0 and

Homg (E, E») is one-dimensional. Let tk £y = m0 + n. Then rk E; = —m6 +
(1 —n) and hence, by [Polishchuk 2004, Corollary 2.9],

(iii) The natural map |_|

dim Home (E1, E;) —dimHomg(E,, E1) = —mn —m(1 —n) = —m.

This implies that m = —1, so either rk E; = r¢y or rk E; = rg, which proves (ii). It
remains to note that the set of all possible holomorphic decomposition of E, into
E| and E» is a principal homogeneous space for Hom¢ (E1, E>), which leads to
(iii). 0

The part of Theorem 3.17 concerning tangent maps should imply that ¥, ; has
(in an appropriate sense) codimension > 2 for r # ro (where 0 < r < 1/2) while
#,,,7 1s irreducible of codimension 1. If we were in the finite-dimensional situation
we would immediately deduce from this that the hypersurface ®; is irreducible.
Our lack of knowledge does not allow us to state this precisely. However, we
conjecture that the statements above hold when we intersect these loci with generic
finite-dimensional subspaces in Ag.

Acknowledgment

I am grateful to Chris Phillips for many useful conversations and to Hanfeng Li for
correcting a mistake in the first draft.



178 ALEXANDER POLISHCHUK

References

[Davidson 1996] K. R. Davidson, C*-algebras by example, Fields Institute Monographs 6, Ameri-
can Mathematical Society, Providence, RI, 1996. MR 97i:46095 Zbl 0958.46029

[Furutani 2004] K. Furutani, “On the Quillen determinant”, J. Geom. Phys. 49:3-4 (2004), 366-375.
MR 2005i:58040 Zbl 1078.53077

[Polishchuk 2004] A. Polishchuk, “Classification of holomorphic vector bundles on noncommuta-
tive two-tori”, Doc. Math. 9 (2004), 163—-181. MR 2005¢:58013 Zbl 1048.32012

[Polishchuk >2006] A. Polishchuk, “Quasicoherent sheaves on complex noncommutative two-tori”,
in preparation.

[Polishchuk and Schwarz 2003] A. Polishchuk and A. Schwarz, “Categories of holomorphic vector
bundles on noncommutative two-tori”, Comm. Math. Phys. 236 (2003), 135-159. MR 2004k:58011
Zbl 1033.58009

[Quillen 1985] D. Quillen, “Determinants of Cauchy—Riemann operators on Riemann surfaces”,
Funktsional. Anal. i Prilozhen. 19:1 (1985), 37-41. In Russian; translated in Funct. Anal. Appl. 19
(1985), 31-34. MR 86g:32035 Zbl 0603.32016

[Rieffel 1983] M. A. Rieffel, “The cancellation theorem for projective modules over irrational rota-
tion C*-algebras”, Proc. London Math. Soc. (3) 47:2 (1983), 285-302. MR 85g:46085 Zbl 0541.
46055

[Schweitzer 1993] L. B. Schweitzer, “Spectral invariance of dense subalgebras of operator algebras”,
Internat. J. Math. 4:2 (1993), 289-317. MR 94i:46097 Zbl 0804.46081

Received September 2, 2004.

ALEXANDER POLISHCHUK
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF OREGON
EUGENE, OR 97403

UNITED STATES

apolish@uoregon.edu



