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ANALYTIC STABILITY OF THE CR CROSS-CAP

ADAM COFFMAN

For m < n, any real analytic m-submanifold of complex n-space with a
nondegenerate CR singularity is shown to be locally equivalent, under a
holomorphic coordinate change, to a fixed real algebraic variety defined by
linear and quadratic polynomials. The situation is analogous to Whitney’s
stability theorem for cross-cap singularities of smooth maps. The complex
analyticity of the normalizing transformation is proved using a rapid con-
vergence argument.

1. Introduction

For m < n, if a real m-manifold M is embedded in C", then for each point x on M
there are two possibilities: the tangent m-plane at x may contain a complex line,
so M is said to be CR singular at x, or it may not, so M is said to be rotally real
at x. This article will consider the local extrinsic geometry of a real analytically
embedded M near a CR singular point, in the case when the CR singularity satisfies
some natural nondegeneracy properties and %(n +1)<m<n(so(m,n)=(4,5)
is the case of lowest dimension). The main result is an algebraizability property:
there exists a holomorphic coordinate change in a neighborhood of x so that M is
real algebraic in the new coordinate system. In fact, M will be biholomorphically
equivalent to a fixed normal form variety, so that, unlike the well-known m = n
case, nondegenerate CR singularities have no continuous invariants under biholo-
morphisms.

The analysis of normal forms near CR singular points is part of the program of
studying the local equivalence problem for real m-submanifolds of C", as described
in [Baouendi et al. 2000]. Normal forms for CR singular real n-manifolds in C",
where m = n > 2, have been the subject of much study; see, for example, [Bishop
1965; Moser 1985; Moser and Webster 1983; Webster 1985]. Real surfaces in C"
(m = 2, n > 3) have been considered in [Harris 1981; 1983; Coffman 2004], and
real threefolds in C* in [Coffman 2006]. A formal normal form for a CR singular
real 4-manifold in C° was found in [Beloshapka 1997] and [Coffman 1997] —it
was shown that there exists a transformation (not unique) defined by formal power
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series, taking M to the normal form. The new result here is the existence of a
normalizing transformation defined by series that are convergent in a neighborhood
of the singularity.

2. Topological considerations

We briefly recall some topological properties of CR singularities. We could con-
sider real submanifolds of any complex manifold, but since the main result on
the normalization is about the local geometry, we can begin by assuming M is a
smoothly immersed real m-manifold in C".

The most basic invariant of a CR singularity at a point x € M is the number
Jj(x) =dime¢ Ty N J, Ty, where Ty is the real tangent space of M at x and J, is
the complex structure operator corresponding to scalar multiplication by i on the
tangent space of the ambient complex manifold. The number j(x) is the dimension
of the largest complex subspace tangent to M at x, so 0 < j(x) <m/2.

One way to keep track of j(x) is the following construction. For m < n, let
G be the grassmannian variety of real m-subspaces in C" = R**; see [Garrity
2000; Coffman 1997]. The real m-subspaces T such that dim¢ 7T Ni7T > j form a
subvariety 9 ; of real codimension 2j(n—m+j) in G. The occurrence of complex
tangents of an immersion corresponds to the intersection of %; with the image of
the Gauss map M — G : x — T, and the immersion could be called “generic” if
the Gauss map meets each stratum % ;\ % ;| transversely. So, generic immersions
of M in C" are totally real outside a subset of M of codimension 2(n—m+1), and if
m< %(n +1), a generic immersion of M is totally real everywhere. This resembles
the bounds in Whitney’s embedding and immersion theorems [1944a; 1944b]. In
the range %(n + 1) < m < n, CR singularities are topologically stable —small
smooth perturbations of a generic immersion with a CR singular point will still
have a CR singular point. For compact real submanifolds of complex manifolds,
there are topological obstructions to the property of being totally real at every point,
and the CR singularities can be enumerated by characteristic class formulas. See
[Domrin 1995a; 1995b; Coffman 1997] and references therein on this topic.

The case addressed by this paper is %(n—l— 1) <m <n, and j(x) =1; that is, only
points x where exactly one complex line is tangent at x will be considered, and only
in dimension cases where the CR singularity is stable under smooth perturbations of
the immersion. As mentioned in the Introduction, the m =n case has a qualitatively
different local geometry than the m < n case and is not considered here. The cases
(m,n) = (2,3) or (3,4), considered in [Coffman 2004; 2006], fall outside the
topological stability range. The case (m, n) = (4, 5), considered in [Beloshapka
1997; Domrin 1995a; Coffman 1997; 2002], has the lowest dimensions in the
range, and the generic singularity is isolated (codimension 4 in M).
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3. The quadratic normal form

Let the ambient complex space be C", with coordinates (zy, ..., z,). The real
and imaginary parts of the coordinate functions are labeled z; = x; +iy; for j =
1,...,n. Let M be a real analytic m-dimensional submanifold embedded in C",

with m < n, and let x be a point on M at which M is tangent to a complex line but
not to any complex 2-plane — in terms of the previous section, j(x) =1, which we
regard as a nondegeneracy assumption, since for M in general position, the points
where j(x) > 1 form a subset of higher codimension.

By a translation that moves x to the origin 0, and then a complex linear trans-
formation of C", the tangent space T = T of M can be assumed to be the one
spanned by (x1, y1, X2, ..., Xn—1), and thus to contain the z;-axis. Then there is
some neighborhood A of the origin in C” so that the defining equations of M in A
are in the form of a graph over a neighborhood of the origin in 7":

(1) yS:HS(lezlaXZa---,xmfl)

Zu =hy (21,21, X2, - ., Xm—1),
where H;, for s = 2,...,m — 1, is a real-valued real analytic function, and 4,
for u = m,...,n, is a complex-valued real analytic function, with H; and £,
defined in a neighborhood of the origin in 7', and vanishing to second order at
(X1, Y1, X2, - ooy Xm—1) = (0, ..., 0). The expression “x, ..., x,,— is abbreviated

as just x. So, the defining functions are of the following form:

H(z1, 21, ) = o521+ Bszizi+ 72+ ) 80 2 + Y €' Zixg + Y 0317 x, Xy,
+ ES(le Zlv x)a

hy(z1, 21, x) =auz%+ﬂuzlzl +Vuz%+z aftlzlxn +Z Eftlzlxsl +Z leszxslxsz
+€M(Z15 Zlvx)v

with E;, e, having terms of degree three or higher. Each of these functions can be

expressed as the restriction to {(zy, £, x) € C" : { =z, x = x} of an m-variable
series with complex coefficients:

H(z1,¢,x) = leZ% + Bsz1¢ + Vs§2 + ZS?lesl + Zesﬂ{xsl
D0+ Y !

a+b+1>3
ha(21, 6. %) =0z} + Buzil +vul® + Y 85 zixg + Y € xy,
FY Ot Y el

a+b+1>3
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where x! abbreviates xézx? .- -x;’;’:‘l and a+b+1 abbreviates a+b+ir+. . .+ip_1.

Each of the series in (z1, ¢, x) converges on some set of the form
{1, &) Nzl < G <, x| <}y

with > 0, to a complex analytic function, with y; = @y, €' = @ , etc., so that
H(z1, z1, x) and E(z1, z1, x) are real-valued.

Definition 3.1. A (formal) monomial Cz{¢ byl (with complex coefficient C) has
degree a +b 4+ I. A (convergent or formal) power series in m variables, say
e(z1,¢,x) = Y e®1z9¢x! | is said to have degree d if e*! = 0 for all (a, b, I)
such that a +b 41 < d. Sometimes a series of degree d will be abbreviated O (d).
An ordered k-tuple of series (ey, ..., ex) has degree d if all its components have
degree d.

Definition 3.2. Similarly for n variables, a monomial Cz{" - - - z;" has degree a; +
-+ -+ ay, but we will also work with the weight a; + - - - +a—1 +2a,, + - - - + 2a,.
A series p(Z) = Y p@-®z{' ... z," has weight W if p“~ =0 when aj + - - - +
Am_1+2a,+---+2a, <W.

We consider two coordinate systems for a neighborhood of the origin in C": the
previously mentioned Z = (z1, ..., z,), and a new system Z = (Zy, ..., Z,), with
Zj =Xj+ ;. The two systems are related by the change of coordinates

(@) 2=7+p(@),

where p(2) =(pi(2), . .., p»(2)) and each component p; is a holomorphic function
of z1, ..., z, whose series expansion has weight 2, and for j > m, also degree 2.
Such a transformation of C" has invertible linear part, so it is invertible on some
neighborhood of 0. In the calculations of this section, we will neglect considering
the size of that neighborhood, and consider only points close enough to the origin,
but the size of the domain of p will be important information in later sections.
The goal of this section is to establish some nondegeneracy conditions on the
defining equations (1), by using complex linear transformations and nonlinear
transformations of the form (2) to put the quadratic terms of (1) into a normal
form. Similar calculations have already been done in the case m = n and the
cases (m,n) = (2,3), (3,4), and (4, 5), in [Bishop 1965; Coffman 2004; 2006;
Beloshapka 1997], respectively, so we will skip some of the computational details.
As the first special case of a transformation of the form (2) to be used, let py =0
and let p, ..., p, be homogeneous quadratic polynomials in zy, ..., Z;;—1. Us-
ing such a transformation, the quadratic terms in A, that are products of z; and
x only, without a z; factor, can be eliminated in the new coordinate system, or
their coefficients («,, &', 6;'*?) can be altered to attain any complex values, by

u’

a suitable choice of p. This transformation may also change some higher-degree
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terms but does not alter the coefficients B, y,, €;'. Similarly, the quadratic terms
without Z; in each Hy can also be eliminated by a transformation Z = Z + p, which
simultaneously eliminates their conjugates (using y; = &), leaving only the mixed
term SBs21Z1.

The result of this preliminary normalization is that for any CR singular sub-
manifold M of the form (1), there exists a quadratic coordinate transformation of
the form (2) with p; = 0, so that M has the following general normal form. In a
local coordinate system 7 in some neighborhood of the CR singularity, the defining
equations of M are of the form (1), with

ys = Hy(z1, 21, x) = Bsz121 + 0 (3),
Iy = hu(zl, 215 x) = ﬁuZlZl + yuz% + ZE;;IZ]XSI + 0(3)

At this point we consider which invertible complex linear transformations of C"
fix the tangent plane 7" with coordinates (z1, x). The matrix representation of such
a transformation must be of the form 7 = Az, where

ay ay...am—1 Ay ...4ay

A= 0 R *
0 0 C
The entries ay, . .., a, are complex, with a; # 0, the (m—2) x (m—2) block R has

real entries and a nonzero determinant, and the (n—m+1) x (n—m+1) block C
has complex entries and a nonzero determinant.

The first nondegeneracy condition is that the (n —m+1) x 2 block of coefficients
Bu, vy in the functions A, satisfies

Bm Vm
3) rank Lo =2.
Bn Vn
In particular, this requires m < n. In this nondegenerate case, there is a linear

transformation of C" which uses the block C in the complex matrix above to put
these coefficients into a row echelon form:

Z=hGL2L0) =Y €'Z1x, +003),
ot =ha1(@L 2L ) =04 Y el Zixy, + 0(3),
Zn=ha(z1, 2L X) =221+ ) €)' Zixy, + 0),

fort =m...,n—2, or there are no h, expressions if m =n — 1.
As a consequence of the first nondegeneracy condition on the functions A,
the functions H can also be simplified. There is a linear transformation with
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components Z; = z; — iz, (Where for s =2, ..., m — 1, the complex coefficients
—if, are entries from the * block of the matrix A) that eliminates the B;z;z; terms
from each function Hy. This may introduce more terms of the form z;x,, or Z;x;, in
the H; functions, which can be eliminated by Z; = z;+ p; quadratic transformations
as done previously, without reintroducing any z;z; terms.

A linear transformation of the form z; = z; + ) _ a,z;, using the block ay, . . .,
ap—1 from the matrix A, can eliminate the terms of the form z;x;, from either the
h,—1 quantity or the h, quantity, but generally not both at once — we make the
choice to eliminate the terms ) eil_lilxsl from h,_;. This may introduce more
terms of the form zx;, or x;, x, in the other 4, functions, which can be eliminated
by z, = zy + p, quadratic transformations as done previously.

The real and imaginary parts of the coefficients €)', foru =m,...,n —2 and
u =n, on the terms z1x;,, s1 =2, ..., m—1, form areal 2(n—m) x (m—2) matrix,
in this expression where the left-hand side is a column (n — m)-vector:

@ (Yenx)

=m,...,n—2,n

2 3 m—1
Ree; Ree;, Ree))
2 3 m—1
Ime; Ime;, Ime),
17 --- 00 : : X
= 2 3 m—1 . Z1.
Ree; , Ree, , ... Reg, -, : <1
00 1 i Imei2 Imefh2 Ime,':’:z1 Xm—1
2 3 m—1
Ree; Reg; Ree,
2 3 m—1
Ime; Ime; Ime,

The second nondegeneracy condition is that this real matrix has rank 2(n —m).
It follows that the number of x; directions, m — 2, must be greater than or equal
to the number 2(n — m), and this is equivalent to m > %(n + 1), exactly the lower
bound of the dimensions of topological stability, as discussed in Section 2.

When the second nondegeneracy condition holds, the real R block of the matrix
A can transform the x; variables to put the real matrix above into echelon form,
transforming the real and imaginary parts of the €' coefficients, without altering
the Z% and z;z; terms. We get the following quadratic normal form for a non-
degenerate CR singularity:

(5) yS: I-IS(ZI’ZI,X):ES(ZI’Zlax):0(3)7
= hi(21, 21, X) = 2 X0(1—m+2) FIZ1X20—m+2)+1 +€: (21, 21, X),
Zn—t = hn—1(21, 21, X) = 71 + en—1 (21, 21, X),

= hp(z1,21,x) =121 +71x2 +iz1x3 +e,(21, 21, X),
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withs =2,...,m—1,¢t =m,...,n—2, or, again, there are no h; expressions
fm=n—1. If m > %(n + 1), then the x,, ..., x2,—2n+1 Vvariables appear in
the quadratic part of the normal form but the variables x2,_2,42, ..., X;m—1 do

not. In fact, near the origin, the locus of CR singularities (with j(x) = 1) is a
codimension 2(n —m + 1) submanifold of M whose tangent space at the origin is
the real subspace with coordinates x2, 242, - - - Xm—1-

Having stated these two nondegeneracy conditions, we are now ready to state
the main result:

Proposition 3.3. Given %(n +1) <m < n, let M be a real analytic m-submanifold
of C" with a CR singularity at x, with j(x) = 1. If its local defining equations (of
the form (1)) satisfy both nondegeneracy conditions (the full rank of the coefficient
matrices (3), (4)) so that they can be put into the form (5), then there exists a
holomorphic coordinate change 7 = Z + p as in (2), in a neighborhood of 0c c",
transforming the equations (5) into the real algebraic normal form

(6) Vs =0 fors=2...,m—1,
2t =20 (X2q—m+2) T iXoq—m+2)+1) fort=m...,n—2,
ZI’l—] =Z%9

Zn=21CG 1+ E+ixs).

The real algebraic variety defined by (6) is denoted M™", or more briefly
M. The example M*3 is exactly the normal form of [Beloshapka 1997]. The
proposition states that any real analytic M satisfying only j(x) =1 at a point and
both quadratic nondegeneracy conditions is locally biholomorphically equivalent
to the real algebraic model. This is the “analytic stability” mentioned in the title,
and it is apparently analogous to stability theorems in the singularity theory of
smooth maps, where any sufficiently nondegenerate singularity is equivalent under
a change of coordinates to a unique polynomial model. The equations for M re-
semble the normal forms for smooth maps with cross-cap (or “S;”’) singularities, as
in [Whitney 1958; Haefliger 1961; Golubitsky and Guillemin 1973, §VIL4], and
M and the images of the singular maps also have similar structures as a cartesian
product when the singularity is not isolated. The main difference between Whit-
ney’s normal forms and (6) is that the quantities in (6) are not monomials, and
cannot be simultaneously transformed into monomials by holomorphic coordinate
transformations in the nondegenerate case. More will be said about the analogies
with singularity theory in Section 8.

In the case m = %(n +1) when the singularity is isolated, some of the topological
invariants mentioned in Section 2 depend on an orientation of M, so it may be
useful to consider normalizing transformations that fix a given orientation of the
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tangent plane 7. This corresponds to the real block R of matrix A having a positive
determinant, and the last equation of the normal form (5) falls into two cases: z, =
Z1(z1 + x2 £ ix3). The two normal forms are equivalent under the biholomorphic
transformation z3 = —z3, but this reverses the orientation of 7. In the remaining
sections we will not be concerned with the orientation.

4. A functional equation

To show the existence of a normalizing transformation, we will set up a system
of nonlinear functional equations, so that any solution p of the system will define
a normalizing transformation Z = Z + p as in (2). In addition to finding a formal
power series solution, we will also have to show that the solution is convergent in
some neighborhood of the origin. The method of proof is the rapid convergence
technique, as used in [Moser 1985] and [Coffman 2004]. Rather than trying to solve
the system of equations directly, we first find an approximate solution by solving
a related system of linear equations. Iteration of this process gives a sequence
of approximations that approach an exact solution. The issue of the domain of
convergence of the exact solution was not addressed by [Beloshapka 1997], and
was left open in [Coffman 1997]. In this latter paper, each approximate solution in
the sequence was constructed only on a domain a fraction of the size of the previous
one in the sequence — when the domains shrink to a point, the limit is an exact
formal series solution, but no conclusion can be drawn about its analyticity. The
new step here, which is crucial for the method of [Moser 1985] to be applicable,
is the construction of a sequence of approximate solutions whose domains shrink
slowly enough so their diameters are bounded below by a positive constant.

Starting with the quadratic part of the defining equations in normal form (5),
we consider the effect of a coordinate change (2). As previously mentioned, the
7 =27+ p transformation is (at least formally) invertible near 0, and it may be useful
to think of Z = Z + p as having identity linear part, although there could be linear
terms with weight 2, for example, Z; = z1 + a,z,.

In terms of Z and Z, consider the system of equations

(D 0=Im(Z) =Im(z; + ps(2)),
0=2 — Zi¥20-ms2) +iZ1%20-m12)11)»
=2+ P13 — (21 + P1@) Re(@2—m+2) + P2-m+2)(2))
—i(z1 + p1(D) Re(220-mt2)+1 + P2i1—-m+2)+1(Z)),
n—1— E% =Zn—1+ Pn—1(@) — mz,
=211+ E2 +i%3)

= Zu+Pn(D)— @1+ p1(@) (21 + p1 @) +Re(z2+p2(2) +i Re(z3+p3(2))).

0=z
0=z
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In order to get (6) to be the defining equations for M in tlle Z coordinates, the
preceding equalities must hold for points Z on M and near 0. So, we can replace
the Z = (z1, ..., z,) expressions in (7) by the defining functions (5):
(8) 2= (21, %2+ iHa(z1,21, %), ..., ha(21, 21, X)),
to get a system of equations where the right-hand side functions depend only on
21, 21, X:
9)  0=TIm(x; +iH;+ ps(2)) = Es(z1, 21, ) +1Im py(2),
0=e,(z1,21, %) + pi@) — 1@ C2¢—m12) + iX26-m12)41)
—Z1(Re pa—m42)(@) +i Re prg—mi2+1(2))
— p1@)(Re pr—m12) (@) +i Re prg—m2)+1(3)),
0=e,1(21. 200+ pu1 @) = 22101 D)~ 1@
0=e,(z1, 21, X) + pn(@) — 21 (p1(2) +Re p2(2) +i Re p3(2))
— 1@ @1 +x2+ix3) — p1@(p1(3) +Re p23) +i Re p3(2)).

The components of é=(E3, ..., Epm_1, €m, . .., €,) appear in two ways — as terms
in each equation of (9), and also in the Z input (8) for each p;(Z) in (9), j =
1,...,n. So, given ¢, if we happen to have an exact solution p of the system of
functional equations above, the conclusion of Proposition 3.3 holds and we are
done. However, (9) is a nonlinear system in the unknown quantity p, where in
addition to the composition with the given defining functions (8), there are products
of the components p; and their complex conjugates.

As a first step in solving for p in terms of ¢, consider the system of simpler
equations:

(10) 0= E(z1, 21, x) +1Im p,(2),
0=e:(z1,21, ) + i) — 1) (Xag—m+2) + iX2(—m+2)+1)
—Z1(Re par—m42) (@) +i Re prg—mi2+1(2)),
0=ey 121,21, %) + pa1G) =221 p1 ),
0=e,(z1,21,X) + pa@)
—21(P1@ +Re p2(D) +i Re p3 () — pr@D (1 +x2 +ix3),

where the Z input for each p; is
(11) Z= (21, X2 oo oy X1, ZU(Ra +0X5), ..., 21, Z1 (21 X2 +ix3)).

This simplifies p;(Z) by considering only the linear and quadratic parts of the input
(8). Also, the products of p; are dropped, so that these are (real) linear equations.
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To see how the new equations are related to the original system, suppose ¢ has
degree d > 3, and that p is a solution of (10)—(11) so that py, ..., p2n_2m+1 have
weight > d — 1, and py,—oma2, ..., pn have weight > d. Evaluating the right-
hand side of (9) with this solution for p evidently results in expressions of degree
>2d —?2. Converting these expressions in zy, Z1, x to 7, Z 1, X and equating them to
the Z expressions in (7) gives the higher-order terms of the new defining equations
for M in the Z coordinate system. (It will be shown later (Theorem 6.5) that in
fact for 7 € M close enough to 0 71, Z1, x are real analytic functions of 7y, 7;, X.)
So, while a solution p of the linearized equations is just an approximation to the
solution of the original system, using such a p to define a coordinate transformation
does have the effect of nearly doubling the order of vanishing of the € quantity.

5. A solution of the linear equation

The goal of this section is to construct a solution p of the system of linear equations
(10)—(11), given the higher-order terms of the defining equations, e¢. Considering
p and ¢ as formal power series, such a solution exists but is not unique — this fact,
together with the approximate doubling of the degree mentioned in the previous
section and iteration of the linearization procedure, is enough to show the (already
known, as mentioned previously) formal equivalence of M and M. The solution p
constructed here will be an n-tuple of series in Z = (z1, . . ., z,) with the following
properties: the size of the domain of convergence of p is comparable in a certain
sense to the size of the domain of €, and also a suitable norm of p is bounded in
terms of a suitable norm of e.

Notation 5.1. For r = (1, ..., ry) € RV, with all rj > 0, define a polydisc in cV
by
Dy ={(z1,...,2n5) : Izjl <rj}.

As special cases, let

D, = |]:D(r,r,“.,r) CC" and A, = |]:D(r ..... r2r2,...,2r2,r2,3r2) cc,

.....

where there are m — 1 radius lengths  and n — m — 1 radius lengths 272, in the
Zm» - - - » Zn—2 coordinate directions.

The initial assumption on the defining equations is that
E(ZI? Zl’ 'x) = (E2a R Em_l’ em’ MR el’l)

is real analytic, so there is some r > 0 so that each component of ¢ is the restric-
tion to {¢ = 71, x = x} of a multivariable power series in (z1, ¢, x) with center
(0,0, ...,0) and complex coefficients which converges on a complex polydisc
D, € C™ (or, equivalently, a complex analytic function on D,).
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Notation 5.2. For a complex-valued function e(z1, ¢, x) of m complex variables,
which is defined on some set containing the polydisc D,, define the norm

lel, = sup le(z1, &, x)l.
(z1,¢,x)eD,

For an (n—1)-tuple € = (E», ..., e,), define
|E|r = |Ea|, +-- -+ lenlr.

For a complex-valued function p(zy,...,z,) of n complex variables, which is
defined on some set containing the polydisc A,, define the norm

Ipll- = sup |p@)I.
ZEA,

With this notation, we can further assume r > 0 is small enough so that |é(zy, ¢, x)|,
is finite. Given ¢ with degree > 3, the eventual goal is to find some 7, 0 < 7 < r,
and a holomorphic map p : A; — C", so that the transformation Z =7 + p(7) isa
biholomorphism with domain A; taking M to M. That is, if 7 € M N A, then %
satisfies (6). However, in this section we are only looking for p that is a solution
of (10)-(11).

Some steps of the proof of Theorem 5.6 below will decompose series into sub-
series and their complex conjugates, where these preliminary lemmas on the |e|,
norm will be useful.

Lemma 5.3. Given 0 < R < r and complex coefficients ajiy, bjip, if
Jok 1
‘Zaﬂdzli X ‘r <K

and for complex x with |xg| <vr, j,k=0,1,2,3,...,

1 !
E bjix™| < E ajkrx |,
1 1
then )
; Kr
E bz " x| < ——.
k12 =
‘ g (r— R)?

Proof. For (z1, ¢, x) € D,, these series are absolutely convergent and equal:

Zajuz{{kxl = Z(Z(Z ajk1x1>§k>z{.

j=0 “k=0 " I

Using Cauchy’s estimate [Ahlfors 1979] twice, we obtain

§ : 1
ajrrXx
1

o0

> (S )

k=0 ~ I

K K
< — and < e
r/ rérJ
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For (z1, ¢, x) € D,, the series Zb jk1z{ I kyl s absolutely convergent, and for
(z1,¢,x) € Dg:

S| |5 (500
j=0 k=0 N I
= Z(Z > b’ |c|")|a|f
j=0 Nk=0 ' I
< Z(Z Za,ux I{ )mv
j=0 k=0

K\, A4
(Xt e = e (5) ()
j=0 k=0 J.k

1 1 Kr? Kr?
= < .
L=¢l/r 1=|zl/r (=D —|z1]) (I”—R)ZD

In the applications of the lemma, for each pair (j, k), the coefficients b will
either be zero for all I or equal to a i for all 1, so the estimate in the hypothesis
is satisfied.

Notation 5.4. On the complex vector space of formal power series, define the real
structure operator

(12) e:Z abl ”g’bxll—>e _Zeauga

Lemma 5.5. Forr > 0, the restriction of the map (12) to the subspace {e : |e|, < o0}
is an isometry.

Proof. The equality of norms uses a change of variables that does not change the
radius length r.

le'l, = sup ‘Ze““{abl‘

’Z eabIZ/ é-/

(@1.8.x)€D, &', x/) (zlcx>eD
bl 1
= swp Y et @t = sup Y et @ e |
(.2} x")eD; (Z).¢' x)eD;
= le|. O

Of course, this map is a representation of complex conjugation: given a series
e(z1, z1, x) for real x, which “complexifies” to e = e(z1, ¢, x) for (z1, ¢, x) € D,
for the purposes of finding its norm as in Notation 5.2, expanding e(zy, Z1, x) as a
series in (z1, Z1, x) and then complexifying gives ¢’ = ¢'(z1, ¢, x).
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In an attempt to simplify the notation by avoiding an excess of indices in an
already intricate calculation, the following theorem will focus on one particular
dimension pair (m, n). In order to represent the most general behavior, we want
m < n — 1, so there is a z, equation in (5), and also m > %(n + 1), so there is a
variable x,,_| that does not appear in the quadratic part of the defining equations.
The smallest pair where both conditions occur is m = 7, n = 9, so we will be
considering a real 7-manifold in C°, where the coordinates of the tangent plane are
71, X2, . . ., Xg, and the CR singular locus in M near 0 is a real curve tangent to the
Xe axis at the origin.

Theorem 5.6. Given r > 0 and é(z1, ¢, x) convergent on D, with |é|, < oo and
degree d > 3, there exists p that is convergent on A, and satisfies these properties:

(a) p solves the following case of the system of equations (10)—(11):

(13)  0=E(z1,21,0) +Imps(@)  fors=2,...,6,
0=e7(z1, 21, %) + p7(2) — p1(2)(xs +ixs) — Z1(Re p4(Z) +i Re p5(2)),
0= es(z1, 21, X) + ps(2) — 221 p1(2),
0=e9(z1,21, %) + po(2)

—21(p1(@) +Re p2(2) +i Re p3(2)) — (p1(2) (21 + x2 + ix3),
where

(14) Z=(z1,x2, X3, X4, X5, X6, 21 (X2 + iX5), 21, 21 (21 + X2 +ix3)).
®) llpill- <3lesl/2r), lIpsll, <4lesl, and, foranyO <R <r,

3legl|, +18]es|, ( 8r2 ) ( 4r?
Ip2llr < R +( y+m|&h - V+4

\/
!
w
S

3legl, +18]es|, ( 4r? ) < 8r? )
Ip3llr < R + —R) +4)|E2| + - )2+10 |E3ly,

3le7l,+9]esl, ( 8r2 ) < 4r? )
< + + 10 )| E4l, — +4)|Es|,,
lpallr < R r— )2 |E4lr + r R)2 |Es|

3le7l,+9esl, ( 4r? ) ( 8r2
< +4)|E4l, + + 10
lpslir < ? + —R) |E4], —R)?

Ipslir < |Esl,

2012
(r—R)?

P71l < 4lerly + 12lesl, +8R( =y +1) (1 Eal, + | Esl,),

(r—R)

72
191l < Alesly +24lesl, +8R Ly +1) (Eale + 131,
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Proof. First, notice that if p(zy, ..., z9) is a formal series solution of (13)—(14),
it does not follow that p is convergent at any point (other than the origin). For
example, with any component p;, the series expressions p;(z) and

(15) i@+ (21422 +i23) %28 — 22) - Q)

are formally the same when restricted to Z as in (14), for any (possibly divergent)
series Q. So, if one formal solution p exists, then there exist infinitely many di-
vergent solutions. There may also exist formal series solutions that are convergent
only on some neighborhood of the origin much smaller than that claimed in the
theorem.

Continuing with the abbreviation x = xp, x3, x4, x5, X6, and also using z =
22, 23, 24, 25, 26, the following choice of normalization will simplify the construc-
tion of the solution p satisfying the claimed convergence and bounds:

P@=piG,z%), pi@=p;@,zw)+2pf (@2 2),

for j =2,...,9. Note that p does not depend on z7, and the first component p;
does not depend on z9. We may make the further assumption that p; is an even
function of z: p1(z1, z, z8) = p1(—21, 2, zg). The remaining components, p;, have
some terms not depending on z9, labeled pf, and other terms which have exactly
one linear factor of zg. The pf and pjo terminology corresponds to even and odd
powers of Z; which appear after the substitution of (14) into p. The choice that p
has at most linear terms in zg9 = z;(z; + x2 4 ix3) is made to avoid high powers
of the nonmonomial quantity z;(z; + x2 + ix3), since as in [Coffman 1997], any
multinomial coefficients in the series expansion of p(Z) could be large enough to
affect the size of the domain of convergence.

We begin with the eg equation of the system (13). If the series expansion of eg
had only even powers of 71, then it would be a very simple matter to compare the
coefficients of eg(z;, Z1, x) and pg(zl,x, Z%), and get a solution of the equation
with pé) = p; = 0. The odd powers of z; in eg make the pg and p; quantities
necessary to solve the equation. The consideration of the terms of the compo-
nents of the given quantity ¢ which are even or odd in Z; was part of the analysis
of [Beloshapka 1997] and [Coffman 1997] of the formal normal form problem,
and even/odd decompositions also appeared in analogous calculations in [Whitney
1943]. However, to deal with the nonmonomial property of the quadratic normal
form, there will be some rearrangements of the terms in the series which were not
required in Whitney’s work. First, decompose eg into even and odd parts eg4, egp,
esc, and then apply an add-and-subtract trick to egc, as follows:

es =) €5 247hx" = ega +esp +esc,

bl jazh .1
€gA = Zbeven €§ chlzlx ’
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— abl _azb .1
eSB_Zaeven,boddeS lelx ’

— bl _azb I __
egc_Za,boddeg 71Z{x" = esp +esE,

_ . bl _a—1=b—1 __]
esp =21(21 +x2+ix3) Dy poaa €y 21 21 X

. bI_a—l=b I
egg = —(xp +ix3) Za,boddeg’ zy Zyxt.

Let fg = egp + egk, 80 fg(z1, 21, x) is even in z; and odd in Z;. Then, combining
es = eg4 +esp + f3 with the normalization for p; and pg in the eg equation from
(13), a straightforward (by construction) comparison of coefficients yields

0= esa(z1, 21, X) + p§ (21, x, 77,
0=egp(z1,21,X) +21(z1 + x2 +iX3)p80(Z1, X, Z%),
0= fy(z1. 21, %) — 221 p1(21. X, Z})-
acl a2e.l

If péi (z1,2,28) = pgdz‘fzgzl, then the coefficient pg°’ must be equal to —eg" ™",
and we get an estimate for the norm of ng on the polydisc A, € C°:

E E /2 E 2
Ipsl-=sup [pf@Dl= sup |pg(z1,x. 8| = sup |—esalz1, &, x)
ZENA, |zi|<r, |xs|<r, (z1,¢,x)€D,
l¢2|<r?

= lesalr = |3(es(z1, &, x) +es(z1, —¢, X)), < les]s.

By using the averaging formula to extract the even part of eg, we can just apply
the triangle inequality to get the estimate for the subseries instead of Lemma 5.3.
There is a similar estimate for the other component pg) , but this time the Schwarz
Lemma [Ahlfors 1979] is used in two steps:

o 0 2 0 2
lzopg - < lzollrllpg ll- =3r"  sup  |pg (z1,x, %)

lz1l<r, lxg|<r,

%<2
—esplZ1, ¢, X —egc(z1,C,x
S T i T-ICITR TEON PN SR o I TR TE2)
G1.cxeD, 1§21+ X2 +ix3) (21.0.0)€ D 21
(Iz11/r) sup lesc|
<3r? su l2il<r
(21,¢,x)ED? [z1lI¢]
sup (I¢1/r) sup lesc|
<3r sup |z1]<r ‘ [¢|<r ‘ — 3lescl,
(z1,¢.x)€D} <]

= %|€8(Zla ¢, x)—eg(z1, —¢,x) —eg(—2z1, ¢, x) +es(—2z1, —¢, x)|r
< 3les|;.
In some of these steps, we restricted to the open subset

Df =D, \ (fz1=0}U{z =0}),
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which avoids division by O but, by the maximum principle, does not affect the
supremum.
From f3 = egp + esr and the Schwarz Lemma,

A

[f8lr < leslr + lesElr
= iles(zi, £, %) —es(z1, =4, %) +eg(=z1, £, %) —eg(=z1, =, %),
Xy +ixs

+|———esc
21

. 1 r
<legl, +|x2 +ix3| - ;|68C|r < 3les|,.

Solving for p; involves complex conjugation, so we take care to work out a few
steps. By comparing the coefficients of fg and p;, we see that if p;(z;, z, z8) =

Y even P 20282, then ptPT = 1Pt Using the Schwarz Lemma and
Lemma 5.5, we obtain
I 28,0+1,1
lpill, = sup | X piPlesex " sup | Yo L pRRet e 2t
(z1,¢,x)eD, '« even (z1,¢,x)eD, aeven
fabl a b 1 fg(Zl Z, x)
= sup ‘
@16 €Dr | even, b odd 221 "
< | f5l : | falr < =—les|
J— = — e
=9 glr 2 8lr = 2 8lr-

By construction, p; has weight d — 1 and pg has weight d.
Moving next to the Eg equation of (13), split the real valued series Eg into
subseries, some real and some in complex conjugate pairs:

E¢ = eca +e6a + Egp + esc + eoc +e6p + e6p + Eck,

_ abl _az b 1
€6A _Za>b,bevenE X,

_ aal _az a 1
EﬁB_Zaeven E6 ST
_ abl jaz b 1
e6c_2a>h,aeven,boddE6 ST
_ abl _a b 1
e6D_Za>b,a,boddE6 84X
E _Z Eaal a a 1
6E = 2 aodd T 21214 -

By Lemma 5.3, we have
2

|E6|r,

-
eoAlR < ———
lecalr =< " —R)
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and all the other subseries have the same bound. We rearrange two of these sub-
series to be able to compare coefficients with pg:

e6p = €6F + €66,

= bl a—1zb—1_]

eﬁF:(Z1+X2+lx3)zlZa>b,a,boddEg a4 A
. bl a—1zb 1

e66 = —(x2+ix3) Xy~ b a bodd E6 21 21X

E¢e = esn +ecn +esr + €61,

1 . [a—l=a—1_1
eon = 7(z1 +x2+ix3)21 3o, 000 E6V' 7Y 21 X,

_ 1 . I a—1l=za_1I
€61 —_Z(x2+lx3) Zaodd ga Z1 Z(]1)C )

and collect some of these subseries back together:

f6A(Zl’ Zl’x) =epa + €61 = Za > b, b even félzflzlllzll)xl’
f6C(Z1, 21, x) =e6c +e6G = Za<b,aodd,beven félclzlztllzlfxl’

SO

E6 = foa+ foa+ Eep + foc + foc + esr + eoF + eon + €on -

The unknown pg can also be expressed as a sum of subseries:

E 0
P6 = D¢ (21, 2, 28) + 29P¢ (21, 25 28)s
E _
Pe = PeA + P + Dsc,
_ ayl o 1.V
p6A—Za>2yp6A 212 28>
_ vl 2y 1 v
P6B = )_ PepZy 2 Zgs
_ ayl o 1Y
pec —Za<2y,aoddl’6c 21428
0 _
P¢ = PeD + P6E,
ayl o IV

PeD = Za>2y,aeven Pep <12 Zg»

_ vl 2y 1 v
p6E—ZP6Ezl < Zg-
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Comparing coefficients, the equation 0 = E¢g — %i (ps — pe) from (13) turns into
these five equations and their complex conjugates:

0= foa — 3ipoa.

0=3Ees — 5iPes-

0= foc — 5ipsc.

0= eor — 3i(z1 + X2 +ix3)Z1 PoD,

0=-egy — %i(zl 4+ x2 +ix3)Z1 PeE-

Solving for each component of pg gives a weight d quantity, and using Lemma
5.5, the Schwarz Lemma, and the previously mentioned estimates for the subseries
of E¢, we get these estimates:

lPoallr = | —2ifealr = 2leca +egrlr < 2(lesalr + lesr|r).
—(xr +ix3)E
§2<|€6A|R+‘M )’
274 R
o (1Bl 2R 1 r%El, )\ 47 \Eq)
=Ne=R2" 2 R ¢=R2Z) r—R2"
2
Ipeslix = |—2i - L Eep|, < ——|Eq|
p6B R — 2 6BR_(I"—R)2 6}’9
lpsclir =1 —2ifoclr = 2lege + €gi R
—(x2+ix3)eep
§2<|36C|R+‘— ,
<1 R
2 2 2
r°|E 1 r2|E 6r
(r—R) R (r—R) (r—R)
. €6F 2 | €6D
lzopsplir < llzollrllpenlir = 3R> |—2i . =6R*|—=| |
(Z1 +x2+ix3)C |5 218 |
<6 < —|E¢l,,
=< |e6D|R_(r_R)2| 6lr
2
. e6H 2| esE 3r
z <3R?|-2i : = < Es|,.
lzo sk Il R @ o+ i) | . 2212 |4 (r—R)2| 6lr

Finding p», p3, p4, ps is a bit trickier since each appears in more than one equa-
tion of (13). We will simultaneously solve for p4, ps, p7, using a more involved
comparison of coefficients, and similarly but independently, also p», p3, p9.
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To find p4, ps, and py7, we consider the E4, Es5, e7 equations of (13), and use
the previously found solution for p; to get the system with the unknowns on the
left-hand side and the known O (d) quantities on the right-hand side:

(16) Im py = —E4,
(17) Im p5s = —Es,
(18) p7—21Re ps —iziRe ps = —e7 + (x4 +ix5)p1

Starting with the right-hand side of (16), the following decomposition of E4 is
different from that of E¢:

E4 = Eqp+esp+esp+esc +esc + Eap,

— abl jazb .1
E4A—Za,bevenE4 214X,

— abl jazb .. 1
e4B—Za>b,aodd,beven E4 218X,

— abl jazb .. 1
e4C_Za>b,aeven,bodd E4 28X,

b azh . I
E4D:Za,boddEZ 7{Z]x" = esp +eyr,

. = bl _a—1=b—1 _]
esr = (Z1+x2+iX3)21 )y poaa B4 21 2] X,

; bl ja—=1zb_ 1
esr = —(X2+1x3) 32y poaa B4 21 27X

The E44 piece is simply an even part, so |E44|, <|Ej4l|r, and similarly for the odd

part, |E4plr <|E4|r. The other two subseries satisfy the estimate from Lemma 5.3:

2 2
leaplr = ——=|Esl, and lesc|r < ——1Ealy.
r—R2 7 r—R? "
We regroup some of these subseries:
abl jazb .1

ma(21,21,X) = €p +eac +ear = g even, boda My 13X
- L bl azh I
J4(z1, 21, X) = Eqa +eqp +eac +mg =) ) oen f47 2027x".

Hence,
Ey= f4+esp +mg—my.

Similarly, E5 = fs5 + esg + ms — ims, where fs is even in Z; and ms is even in z;
and odd in z;.
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The estimates follow from Lemma 5.5 and the Schwarz Lemma:

Ima|g = |eyp + eac +ear|r < leaslr + leac|r + lear|r

e B — B+ o+ sl | B2
T r-Rr =R R
< <2—r2+2> | E4]
— (r—R)Z rs
r2
| falr = |Esa + 2e4p +2€£c+€ZF|R < (m+3> |E4l,,

and similarly for ms and fs.

From the right-hand side of (18), let f7(z1, Z1, X) = —e7+(x4+ixs) p1(z1, X, Z%),
SO
< le7l, + 3les],.

(19) I f7lr < |—e7l+ (x4+ix5);—§

r

It splits into even and odd parts, f7 = f74 + f18 + f1c, with

— bl azb .. 1
f7A - Zbeven f7aA Z?le

bl _a=b I
18 =20 boda F15 121X,

— abl azb .1
f7C_Zaeven,b0dd 7C 21%1X%

with | f74]» < | f7|, and the same bound for f75, f7¢. Let
874 = f7A +izimg —Z1ms = Zb even g;zZIzéllzlfxl’

R bl azb..I
g7 = fip —iZima+ 215 =), 4 oqa 895 2121X" = g1c + &71D>

. - bl _a—1=b—1_]
g7c = (21 +X2+iX3)71 Xy poaa 878 21 21 X

g71p = —(x2+1iX3) D4 p odd g?zhalch_lzlfxl-
Then
f1=281a+8g1c+gip+ frc —z21(img —imy — ms + ms)

is in a form that compares to the left-hand side of (18) to give
(20) 7 =874,

Q) @ +x+imnipd =g,
(22) —Z1(Re ps +iRe ps) = g7p + frc — 21(imy —imyg — ms +ms).
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Equations (20) and (21) determine p7, with the estimates

IPE IR = |g7alr = | f1a +iCma — Cms|g
2 2

<1+ R (=2 2 ) 1B+ R (=2 +2) |
= Tlr (}"—R)2 41r (r—R)2 51r

871c 2 | 87B . ’
lzop¥ g < 3R? . =3R*|>=| <3|fip—igml+imb|g
7 (z1+x2+ix3)¢ | 218 g ! ’
2 2
<3 3R{——+2)|E 3Rl ——+2) |Es]|,.
<3[fl+ ((r—R)2+ )l alr + ((r—R)2+ )l 5l

Dividing (22) by —z1, then considering the real and imaginary parts and recalling
(16) and (17), we get the system

+ +

Re ps =Re 277 i i, Reps = Im S12I1C i i
—21 —21

Impy = —E4=—fa—e4sg—my+my, Imps=—Es=—fs—esgp—ms+ms.

It is at this point that the second nondegeneracy condition — the full rank of the
coefficient matrix (4) —is used: if the quadratic term e?les in 7 had coefficient
0 instead of i, then Re ps would not appear in the e7 equality of (13), and (18)
could not be solved this way.

Recombining the real and imaginary parts of p4, ps, there is (by construction)
a convenient cancellation:

+
P4=RGP4+iImp4=Rew—if4—i€4E,
—21
g7p + fic

—<Z1

ps=Re ps+ilm ps=Im —ifs—iesg.

These equations were set up so that esg and esg are the only terms on the right-
hand side with odd powers of z;, so ps = pf + Z9p40 and ps = pf + z9p50 are
each determined by a comparison of coefficients, and by construction, p4 and ps
have weight d — 1 and satisfy the estimates
g | fic | &p + fic

+
-2 =2r 271 27

—ifa

E
Ipsllr =

R

818

1
+ =1 f7lr + 1 falr
21 R

1
1 .
_R‘ (x2 +1ix3) .

3le7l, +9leslr 8r? 4r?
< T)|E ——+4)|E
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E, _ | 8D fic  &p  Jie .
Ips llR_'—2i§+—2i§ —2iz;  —2iz lfSR

3le7], +9les|, 4r? 8r2
< A) 1Esly + [ ——— +7) |Es,,
< R + (r—R)2+ |E4l, + (r—R)2+ |Es|

0 0 2 —lesr 2| E4p
lzops Ir < llzops |- < 3r =3r < 3|E4,
218 |,
19) 1) 2 —iesg 2 Esp
lzops IR < llzops Il, < 3r —| <3|Es|,.
21¢
1¢ 0,

The method of finding p», p3, po can be copied from the solution of p4, ps, p7.
In the place of (16), (17), (18), the system to be solved is

(23) Im p; = —E>,
IIIlp3 = —E3,
po—21Re pr —iziRe p3 = —eg + (21 +x2 +ix3)p1 + 21 p1,

and the right-hand side of the third equation can be abbreviated fy, in analogy with
f7. The estimate (19) changes to

| folr < |—eql+ <legl|, + 6leg|.

k|

Both the construction of the solution and the estimates proceed by only changing
the subscripts from 4, 5,7 to 2, 3,9, and adjusting the estimate for fy to get the
claimed results — the second nondegeneracy condition on the quadratic part of /g
is used here also in the same way. U

Corollary 5.7. Given %(n +1) <m<n,r>0,andé(z1, ¢, x) convergent on D,
with |é|, < 0o and degree d > 3, there exists p that is convergent on A,, solves the
system of equations (10)—(11), satisfies

3
Ipill- < Z|en—1|r and || pu-1ll; <4len-1lr,

and, for any 0 < R < r, satisfies

3|en|r+18|en71|r 81"2 41"2
< 10)|Eal + (—2— +4)|E;),,
Ip2lr = - (o H10)1E2l+ (G gy +4)IES
3lenlr + 18len—1ly 4r? 8r2
Ip3le < - (g B+ (g +10) sl

2
(r—R)?

1pnllr = Hleals +24len-1l, + 8R( Ly + 1) (IEal, +1Esl).
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Further, if m > %(n + 1), then

20r?
||Ps||R§m|ESIr fors=2n—-2m+2,...,m—1,
andifm <n—1,thenfort=m,...,n—2,

3les|, +9len—1l, 2
ler] | 1|+<( 8r

- oy H10) Eximinls

| P2t—m+2)llR <

+( 4 +4)IE |
(}"—R)Z 2(t—m~+2)+11r>

Blecl, +9lea il (_ 4r>
P22yl < =

R TR + 4) [E2(t—m+2)lr

82 L 10)1E
+((r—R)2+ )l 2(t—m+2)+11rs

2

Ipillr < 4lelr +12]e,—1] + 8R((I’—F—R)2 + 1)(|E2(I—m+2) lr + |E2(t—m+2)+l [r).
Proof. The method of solution from the proof of Theorem 5.6 groups the system of
equations into smaller subsystems that can be solved sequentially, so the general-
ization from (7, 9) to (m, n) can be accomplished by a straightforward relabeling
of subscripts (described below), resulting in similar estimates as claimed. The
nondegeneracy conditions remain essential for any (m, n).

The solution claimed by the corollary can be chosen to have the following form,
where now z abbreviates z, ..., Z,,—1 and again p; is even in z1:

P12 = pi1(z1, 2, Zn—1)

pi(@) = Pf(zl, 2, Zn—1) +anjo(z1» 2, Zn—1)s

for j =2,...,n. Form <n —1, this p does not depend on z,, ..., Z,—2.

The e, equation from (10) determines p,—; and pi, exactly as in the solution
of the eg equation, replacing the subscript 8 with n — 1 in the first part of the
preceding proof. The subscript 1 does not change.

Ifm > %(n + 1), then each of the 3m — 2n — 2 individual E; equations, s =
2n—2m+2,...,m—1, independently determines py, in analogy with the solution
for pg in terms of E¢ in the second part of the preceding proof. If m = %(n +1) (the
case of an isolated singularity), there are no equations analogous to the proof’s E¢
equation.

The subsystem of three equations determining py, p3, p, in terms of E», E3,
en, and pp, can be solved in analogy with the above E,, E3, eg group of equations
(23), only the subscript 9 needs to change to n. If m = n — 1, then those three
equations are the only remaining ones in the system.
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If m < n — 1, then there are n — m — 1 more subsystems of three equations, to
be solved for DP2(t—m+2)s P2(t—m+2)+1, P, t =m, ..., n— 2, in terms of Es>t—m+2),
E2(—m+2)+1, €, and pp, in analogy with equations (16)—(18). Solving each of these
subsystems depends only on having solved for pi, and not any other equations in
the system (10). 0

It is not yet claimed that using the solution p of Theorem 5.6 or Corollary 5.7 in
(2) defines a local biholomorphism; this will be shown later (Theorem 6.4), under
certain conditions on ¢ and r. The most important property so far of the solution
p is that the norms of its components can be estimated on Ag for R less than, but
arbitrarily close to, r.

Corollary 5.8. Given %(n +1) <m < n, there is a constant c| > 0 (depending only
on m, n) such that, for any p, é as in Corollary 5.7 and any radius lengths p,r

with%<p<r§l,wehave
cile
}S 1| |r3‘
o) (r=p)

Proof. Let R = %(,0 + 7). The bound on each p; follows from ||p;ll, < IIp;llr

C1 |E|r

ax —(r—,o)2 and  max {Z

dpi
max {lIpjl,} < . -
j= j=1,...n —1

dz;

and the bounds from the previous corollary, using % <R <r <1,and 16 <
1/(r — R)?> = 4/(r — p)*. The bounds for the derivatives of p; follow from this
consequence of Cauchy’s estimate (for which see [Ahlfors 1979]): If0 < Ry < R,
and f(w) is holomorphic and bounded by K for |w| < Ry, then df/dw is bounded
by K/(Ry — Ry) for |w| < Ry.

This fact can be applied with K = ||pi|lg and Ry — Ry = R —p = %(r - p)

for the zi, ..., zm_; derivatives, Rj — Ry = R>—p>>R—p = %(r — p) for the
Zn—1 derivatives, and Ry — Ry = 3R* —3p? > %(r — p) for the z, derivatives. The
Zms - - - » Zn—2 derivatives are zero by construction. O

The lower bound r > % was important for the previous corollary, but it is not
a significant a priori restriction on the manifold M. By a real rescaling 7 —
(@1Z1s - s A1Zm—1s A1%Zms - - -+ A1220), With a; > 0, equations (5) can be assumed
to define M for |z;| < 1, |xs| < 1; and for any n > 0, there is a rescaling making
|€|; less than 7.

6. The new defining equations and some estimates

To get a solution of the nonlinear equation (9) by iterating the solution of the
linear equation, the rapid convergence technique will apply, closely following the
methods used in [Moser 1985] on a different CR singularity problem. Each step
along the way to a proof of Proposition 3.3 is stated as a theorem.
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Substituting the linear equation’s normalized solution p from Corollary 5.7 into
E,, ..., e, in the right-hand side of the nonlinear equation (9) gives a quantity ¢
depending on z1, 71, x. Let

Q4) Z=(21,%, ., 2120 —m12) FIX2—mr2)41)s - 5 215 21(21 F X2 4 X3)),
asin (11), let
(25) ZI+e= (Z[,X2+iE2, e X1 +HIE ...,

21 (X2 —m42) TiX2(—m42)+1) t €1y .o,
71 +en—1, Z1(21 + X2+ ix3) +en),

as in (8), and then define

5(Z17217x) == (Q29 LI ] Qm—lv Qm, ,Qn)
by

(26) Qy=1Im(p;(Z+é) — ps(@)).

g = pi(Z+€) — pi(@) — (2¢-m42) + iX20-m12)+1) (P1Z +€) — p1(2))
—Z1-Re(p2u—m+2 @+ ) — pr—m+2 ()
—iZi Re(pa—m12)+1E+€) — pr—m12)+1(2))

— 1@+ &) (Re prg—m+2)(Z +€) +iRe pry—mi2+1(Z + ),

Gt = Pu1 G+ = pia1 B =221 (p1G+0) — p1E) — (1 G+ )
gn=pn(Z+€) — pp(X) —Z1(p1(Z+€) — p1(2))
—Z1(Re(p2(Z+€) — p2(2)) +i Re(p3(Z+ &) — p3(2)))
— (1 +x+ix3)(p1Z+e) — pi(2)
— (1 G1 ) (p1(G+é) +Re pr(Z+8) +iRe p3(G+0)).

To outline the role of ¢ in the argument, the next step (Theorem 6.2) will suppose
that p(zi, ..., z,) is complex analytic on A, and |€|, is small enough that Z € A,
implies Z + ¢ € A,; hence g is a real analytic function for (z;, Z1, x) € Dy. If
G (z1,Z1, x) happens to be identically zero, the manifold M has been brought to
normal form by the functions p. Otherwise, the degree of ¢ is at least 2d —2 by the
construction of the solution p, and defining ¢(z;, ¢, x) by Equations (26), with ¢
formally substituted for Z; and allowing complex x, the norm |g|, can be bounded
in terms of the norm of €. Then later, in the proof of Theorem 6.6, converting
G(z1,71, x) into an expression in Zj, Z;, X and equating it to the Z polynomial
expression in (7) gives the defining equations of M in the Z coordinate system.
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The case N = N of the next result is [Coffman 2004, Lemma 4.1].

Lemma 6.1. Let f = (f1,..., fz) :Dr — CN bea holomorphic map with

|<x.

dfx .
dz; @

N
max {Z sup
k=1 EE[D,

Then, for 7,7’ € D,,

N N
Y IAGE) = DI <K Y 12—zl
k=1

j=1

Theorem 6.2. There are some constants ¢y > 0 and 61 > 0 (depending on m, n)
such that if% <o <r <l,andeis as in Corollary 5.7, with |é|, < 8,(r — o), then

- olel?
gl < m-
Proof. Let p = %(r + o). Note that if §; < %, the formal series for ¢ is convergent
on D, since then, for (z1, ¢, x) € D, |x;+iEs| <o+81(r—0o)<o+(p—0)=0p,
| (2—m2) Hixog—mi2)41) +e| <202+ (p—0) <207+ (p—0)(2(p+0)) =2p?,
and similarly [+ e,_1] < p? and |(z1 +Xx2 +ix3)¢ +en| <302, 507 +¢ € A,
which is contained in the domain of p by Corollary 5.7. The case N = n, N=1,
D, = A, of Lemma 6.1 applies to p; : A, — C, with

C1|g|r

dpx
(r—p)*

max
J=l..., n{ ‘ dz;

by Corollary 5.8, and ' =Z + € € A, so the conclusion is

or-
P

clel 8cilel
3|e|r = 3
(r—p) (r—o)

This provides bounds for the differences that appear in (26), and the remaining

terms are the products, where we can use % <o < p <r <1, the bound of

Theorem 5.6 on the p; factor, and the bounds of Corollary 5.8 on the other factors.
For example, for the g, equation of (26), in a case where t =m < n — 1, part of the

expression is the product

IPkGZ+€) — pe@| < K(Ealy + -+ -+ lelr) =

o o PaEZH )+ (paZ+eE) +ips(Z+e)+i(ps(Z+e))
sup |(p1(z+e)) 5
D,

P F €y — < < I .
1 p P 5 P 2 n V( ) (] ﬁ) (1 O)
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The following lemma on inverse functions will be used twice, in the construction
of the new coordinate system and the new defining equations; a proof by a standard
iteration procedure is sketched in [Coffman 2004].

Lemma 6.3. Suppose 0 < Ry < Ry xfork=1,..., N, so that
2 1
D* = ID)(R2,I ,,,,, Ran) & D = [D(Rl,l ,,,,, Rin)-

Let f@) = (fi(z1s.-. 2N)s-..s fN(zZ1, ..., 2n)) be holomorphic on D', with

N df
max {Z sup —k(Z)}§K<1
J=1.. =1 zeD! <j
and
N
> sup [fe@I<(1—K) min {Ryx— Rol.
=1 ZeD? k=1,..., N

Given w € D?, there exists a unique solution 7 € D' of the equation
w=z+fQ@),
and this solution satisfies

N 1 N
Dz —wil = D Ife).
k=1 k=1

Theorem 6.4. There is some constant 6, > 0 (depending on m, n) so that for any

radius lengths % <o <r<1,ande, p as in Corollary 5.7, with |e|, < 8,(r — )3
and p = %(r + o), the transformation

V=G ) 2= (1 +p1@), . 2+ @)
has a holomorphic inverse vy (Z) = Z such that 7 € A, implies ¥ (Z) € A,,.

Proof. By Corollary 5.8,
> )3
}< cilelr _ c1b(r—o)

P

fi {,; S —pF T —p)

if 8o < 1/(16¢1). Also by Corollary 5.8,

dpx
dz;

= 88c1 < 5 =K,

1
2

: ncy |E|r

D pelle £ ——5 <neidy(r—o) < (1= K)(p —0)
(r—o)

k=1
if § < 1/(4ncy). The hypotheses of Lemma 6.3 are satisfied with A, € A, and
Rix — Ryp = p — 0o, so given 7 € A,, there exists a unique 7 € A, such that
zZ= (Zl +p1@),....2n+ P (Z)). This defines ¥ so that W oy is the identity map
on A,. O
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For (z1, ¢, x) € Dg, € C™, define z¢ € C" by

2C=(z1, X2 +iEx(z1, 8, %), o X1 HIER—1(21, 8, %), .. .,
C(2@—m+2) T iX2¢—m+2)+1) € (21,6, %), ...,
¢2+en 1021, ¢, x), £ (21 +x2+ix3) + e (21, £, X)),

and define a map 7 : Dg, — C™ by

T(Zla é‘v X) = (rl(zla ;‘v X), sy Tm(Zlv §7 X))
= (214 P1). ¢+ (p1E)) X2+ 5(p2E) + (P2, - ...,
Xm—1 + 3(Pm—1E) + (Pu—1EN).

Theorem 6.5. There is some constant 63 > 0 (depending on m, n) so that for
any radius lengths % <r' <r<1l,witho =vr+ %(r —71'), and any é, p as in
Corollary 5.7, with €|, < 83(r —r')?, the transformation © : (z1, ¢, x) +— (31, £, %)
has a holomorphic inverse ¢ (71, E, X)=1(z1, ¢, x) such that if (z1, g:, X) € D, then
¢(Z1,5, %) € Do.

Proof. Letp:r/+%(r—r’), sooc—r'=p—oc=r—p= %(r—r’) < %, and
1etf:%(r+r/), so%<r/<c7 <r<p<r=<11If(z1,¢, x) € Dy, and 33 5%,
then |Ex(z1, ¢, x)| < 83(r —r')? =21683(p —F)* < (216/12%) 83(p —F) < p — T,
and similarly |e,—1(z1, ¢, x)| < p*—72, etc., 507" € A,, and p(z°) and T are well-
defined and holomorphic on D;. Using Cauchy’s estimate as in Corollary 5.8, for

(Zl,;,x) EDO‘9

|P_2(ZC)|f< P21, _ 2ciel, _ Sdclel,

S0 Tlp-0) -0 —p? -

‘ d (z9)
dz1p2Z

Similarly, the derivative of each term, p;(z°), ps(z°), (p1(z9)), (ps(z))’, with
respect to each variable 7y, ¢, xs, is bounded by a comparable quantity, so there is
some constant c3 > 0 (depending on m, n) so that

dpiz) | [d(prE@))] s AR (s @) + (ps ()
{ dzi * dzy 0+§; dz; '

g

dpi(z°)|  |d(p1(2%)) +’"i d(A(py() + (ps(29)))
d¢ i |, = ¢ ’

dxj dxj dxj

o

dp1(z°) d((p1(z))) +n§ d(3(ps(2°) + (ps(z9)))) }
s=2 o

<clel/(r—r) <383 <3

if 83 < 1/(2c¢3). It also follows from Corollary 5.8 that
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m—1

P11 @ |+ ) |3 (ps ) + (ps<z“>>/>| ,

s=2

<2||p1||p+2 Ipslly < 0=

mcié|, <m0153(r—r’)3
P2 o)

=9mc163(r —r ) < j(o' —I”)

if §3 < 1/(54mcy). So, by Lemma 6.3, given (Z], E X) € D,s, there exists a unique
(z1, ¢, x) € Dy such that (z1, ¢, X) = 7(z1, &, X). U

By inspectiozl of the formof 7,if (z, ¢, x) € Da_and (21, ¢, x)=(Z1, g:, X), then
(£, 21, %) = (¢, 21, %). I, further, (21, ¢, %) = (£, 21, %) € Dy, then (21, ¢, x) =
(¢,z1, %) by uniqueness of the inverse. In particular, if |Z] < r’ and for s =
2,...,m—1, X, is real and |X,| < ¥/, then ¢(Zy, Z1, X) is of the form (zy, 71, x)
for some z; with |z;| < o and x real with |x;| < o. Such (z1, x) is unique, given
(z1, X): suppose there were (z(l), x%) with |z?| <o, |x§)| < o, x0 real, such that

Zi=1(), 20, x),

Xy = rsH(z(l),z?,xO) for s=2,...,m—1.

Then the second component 1, (z(l), z_(l), x%) can be calculated to have some value Z
o) r(z?, z_?, x%) = (2, E, X). By the formula for 7, g: = 51, so (Z1, E, x) € D, and
(z(l), z_(l), =Gz, E, X)=¢(Z1, 21 ,X)=(z1, 21, x), so we can conclude from the
uniqueness of Lemma 6.3 that z(l) =z;and x = x.

Theorem 6.6. There exist constants c4 > 0 and 54 > 0 (depending on m, n) such
that for any % <r' <r <1 (witho, p as in the previous theorem), and any ¢ as in
Corollary 5.7 with ||, < 84(r — '), there exist a holomorphic map

le:Ap_)G:n’ (Z]v---’Zn)H(Zlv"'vzn)v

with a holomorphic inverse ¥ : A, — A, and a holomorphic map e = (Ez, ey )
from D, to C"~', such that the defining equations for M are

¥y = Es(1. 71, 8),
% =21 (Faem2) +iXo—min+1) + & (1, 21, F),
Fuct =2+ 801 (1, 71, B),
=G+ R i) + (2, D, ),
for|Z1| <7r', |Xs| <r'. The degree of ¢ is at least 2d — 2, and

=12
cql€
ol < <l

(=13
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Proof. Initially, choose 84 < min{%Bl, 2%52, 83}, so that Theorems 6.2, 6.4, 6.5
apply, and define V¥, ¥, ¢, and ¢ in terms of the given ¢ and the functions p
constructed in Corollary 5.7. Define e to be the composite of holomorphic maps
go¢: D, — C" ! so that by Theorem 6.2,

—0)  CGr—r)*

Since ¢ (Z1, Z1, X) has no constant terms, and ¢ has degree > 2d —2 by construction,
e(z1, 51, X) also has degree at least 2d — 2.

Given Zz1, X such that |Z;| < r/, and X is real with |X;| < r/, define quantities
Z2, .., 2n DY

27) Zy =% +iE (1, 21, %),
Zt = 21(X2@—m42) FiX20—my2)+1) +€:(21, 21, X)
Zn1 =214+ 80-1(Z1, 21, B),

Zn=21Z1 + X2 +iX3) +€,(Z1, 21, X),

and define z = (21, Z2, ..., Zn). The claim of the theorem is that y(z) € M.
If 84> < 32/(81cy), then
. c2(84(r —r')%)? ,3° "3 » 3 / /
el < W:CZ(&L) 5(0—”) < c2(34) 23—62(0—’”)50—7”,

S0 7 € Ay, the domain of .
By Theorem 6.5, there exists a unique (z;, x) (the first and last components of
(z1,21,x) = ¢(Z1, Z1, X)) such that |z1| < o, x is real with |x;| < o, and

Zi=u+piz,x2+iExz1, 21, %), .o, 21z H X2+ ix3) +en(z1, 21, X)),
Xy =xs+Re(ps(z1, x2+iEa(21, 21, %), ..., Zi(21 + X2 +ix3) + e,(21, 21, X))).
Then define quantities z», ..., z, by
s = x5 +iEs(21, 21, X),
Zr = 21 (X2 —m+2) T iX20—m+2)+1) + € (21, 21, X),
Zno1 =71 +en—1(z1, 71, X),
Zn = Z21(z1 +x2 +ix3) +en(21, 21, X),

and define, as in (11) and (24), Z = (21, X, ..., 21(z1 + X2 +ix3)) and Z + € =
(21,22, ..., 2n) as in (8) and (25). Since |z1| <o <rand |x;| <o <r,Z+eeM,
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and if 64 < ‘3—‘, then

- - 27
ey < |l < 84(r—7") =84-27(p—0)* < b5 (0—0) = (p—0),

s0 Z+¢€ € A,, which is contained in the domain of p.
Next, by the construction of g, ¢, and Z, we see that ¥ (Z + ¢) equals

(21 +P1G+8), ..., 20+ pa(G+E))
= (21 BB T 0 M py G D),
21— PG+ (F20-m+2) — Re p2i-m+2) (2 +0))
+ im(fzwmunl —Re p2-mi 41+ E))
+e(z1,21,X) + pi(Z+e), ...,
21— pl(Z+E)2 +en—1(z1, 21, X) + pa_1(Z+€),
-G+ o (21— piG+E)+F2—Re pry(G+é) +ifs—i Re p3(G+8))

+en(zr, 210 + puE+9))
= (219"'a)NCIS—i_iQS(Z]»Zlvx)v~~~7

21 Faomt) +iF20-mi2)41) F @ (21, 21, %), -
A1, 2,0, 21G + B2 +i83) +4a(z1, 21, X))
=(Z1, .. Fy Qs (@(Gr, 1, D)),
21 (Fa-ma2) FiX2g-mr+1) + @ (@ G1, 21, ), -,
Bt+an1$GL2L0), 5G + 8 +i%) + i G, 21, 5))
=Gty By HIE((G1, 21, B), .
21 Foomrr) T iF20-mi2y41) + &G, 21, 5,
H+8u1G1, 21,5, 21 G+ T2 +i53) + 8,1, 21, §))
=7.
Here we have used the fact that p is a solution of (10)—(11). By the uniqueness of

Theorem 6.4, ¥ (7) =7 + ¢ lies in M. O

7. Composition of approximate solutions

The previous theorem’s quadratic estimate on the size of € in terms of ¢ allows
for the rapid convergence of a sequence of approximations. A couple of technical
lemmas will be needed to measure the behavior of composite mappings. Theorem
7.7, which is the last step in proving Proposition 3.3, uses these lemmas and the
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estimates of the previous section to prove convergence of a sequence of transfor-
mations, following the ideas of [Moser 1985].

Notation 7.1. For R; > 0 and a n x n matrix of complex-valued functions F =
(Fj(z)) on Ag,, define

1 Flley = max {Z sup |F; @)

""" k=1 ZGARI }
This “maximum column sum” norm has already appeared, in Corollary 5.8 and
Lemmas 6.1 and 6.3, in the case where F = D f = D; f, the Jacobian matrix of

some map f : Ag, — C" at Z € Ag,. The 3 x 3 case of the following lemma was
proved in [Coffman 2004].

Lemma 7.2. If ||Alllg, < 1, then 1 4 A is invertible (where 1 is the n x n identity
matrix), and

@+ A g, < 5=
P L= IAll,

We need an elementary fact from the calculus of one real variable:

Lemma 7.3. If uy is a sequence such that 0 < p < 1 and Z Wk 1S a convergent

series, then the sequence of partial products k=0

ﬁ 1

o LT Mk

is bounded above by some positive limit.

Notation 7.4. For v=0, 1, 2, .. ., define a sequence {1, %, %, %, .. } by the formula

—1 1+ !
rv_2 v+1/°

Note that % < r, <1, and the sequence is decreasing, with

1 Fypl —Tvy2 YV + 1 1
ry—ryp] = ——  and
2w+ 1D (w+2) Fy — Pyl v+3 3

Notation 7.5. Define o, = ryi1 + 3(ry — Fos1), pu = Fogt + 3(ry — Fyy1), as in
Theorem 6.5.

Recall that given n > 0, there is some scaling transformation so that M N A is
defined by (5), with ¢ holomorphic on Dy, degree d > 3, and |¢|; < 7.

Notation 7.6. Set ¢y =¢ (so |€y|,, = |€]1 < 1), and inductively define the formal se-
ries €,41(z1, £, x) interms of €, (z1, ¢, x), by the € — & procedure of Theorem 6.6,
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with r =r,, ¥’ =r, 4. Each ¢, defines, as in the previous theorems, functions p,,
Gv, Yy, ¥y, ¢y, and the degree of ¢, is denoted d,,.

Also recall that the degree d, | of €, is at least 2d, — 2; it can be checked
that this, together with dy = d > 3, implies d,, > 2" 4 2.

The plan is to show that the bound for €, in the hypothesis of Theorem 6.6
holds for all v, to get a sequence of transformations v, : A, — A, , so that the
composition

WOO...va_lovaAgv—)Apo

is well-defined, €, is holomorphic on D, , and lim |e,|, = 0.
V—=>00

Theorem 7.7. There exists n > 0 (depending on m, n) so that if éy and M are as
described above, then there exists a holomorphic transformation v : Ay, — C",
with a holomorphic inverse W, and such that if 2 € M N Ay, then Y (2) € M.

Proof. Set 65 = min{d4, 1/(27c4)} and choose 0 < n < min{d5/64, 1/(1728cy)}. It
will be shown that [é,,, < 85(r, —ry41)? implies [€y411r,,, <85(ry41 —7v42)°. By
Theorem 6.6, |é,|,, < 84(r, —ry11) and |&,],, < (r, — rvi1)?/(27¢c4) imply

N C4|Ev|3‘) 1 .
|ev+l|rv+1 =< =< _|€v|rv;

T (v =) T 27
this already suggests a geometric decrease in the sequence of norms. Then, using
the properties of the sequence r,,

12 1 3 3
ﬁ|ev|rU = ﬁSS(rv —ry41)” < 8s5(rvp1 —rut2)”,

which proves the claimed implication. Using this as an inductive step, and starting
the induction with |éy,, < n < éc?s = 85(ro — r1)>, the hypothesis of Theorem
6.6 is satisfied for all v. The first of three conclusions from Theorem 6.6 is that
é, is holomorphic on D, , with degree d,, > 2" 42, and |é,|,, <27 "n. Secondly,
Yoo...oy, is a well-defined holomorphic map A, — A, and W, 0...0 Wy is
well-defined and holomorphic on the image (Yo o...09,)(Ag,), so that

Y,o0...o0Wyo0ygo...0,

is the identity on A, . The third conclusion is that if |Z;| < r,41 and |X,| < 141,
and 7 is defined as in (27) with &€ = €,,41, then (Yo ...0¥,)(Z) € M. For any
2=(21,...,2,) € A1 2, the sequence (depending on v) (Ypo...0Y, 10 Y, (2) is
contained in A ,) = Aqy,12. The following argument, beginning with several appli-
cations of Lemma 6.1, shows this sequence is a Cauchy sequence, and converges
to some value ¥ (7).
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We have

(28) Z |(Woo...opu k(@) — (Yoo...0oYu)i(@)]

k=1

= Z | (o) (Y1 0. 0Yus1)(@) — Wol(Y10...09,)@)|

k=1

< IDVolll,, - Z!(%O oY) ;@ = Wrio...o9); @)

j=1

(H |||Dz/fz|||pg+l) |G @ — 2.
j=1

By the estimate from Lemma 6.3, with f = p,,; and K = % from the proof of
Theorem 6.4, and then using the bound for p from Corollary 5.8,

n R 1 n R R n .
D10 =2l = =7 D1 DI =23 1Bl 2

n
<2 1 (Bos1)jllp, <20

j=1

Cl |EV+1 |VU+]
(ro1 — pv+1)2

C1|Ev+1|r) 2 2>
——— = =T2nc1(v +2)7 (v +3)%[€vt1 1y,
(ro1 — Fvg2)

- 72nc; (v +2)% (v + 3)2)7
- 27v+l1 '

=18n

It follows from Dzyr¢ = (1 + Dy, pe) " and Lemma 7.2 that

IDVell oy = M@ + Dy, PO~ lpry < NA+Dp) Ml € —e—.
Pe+1 ‘W(Z) Pe+1 — pPe 1 |||ng|”pg

Then, by Lemma 7.3, the product from (28) is bounded above by some constant
¢s > 0, since by Corollary 5.8,

c1lé] 27c1ee|
C1l€elr, 11€21r,
|||Ep[“|,0 =

Z ¢ ZX(; (’”( ,0()3 X(:) (7’1{ re 1)3

P +2)3cin
27¢ ’

00 o0
. 216(¢ + 1
Z216(£+1)3(€+2)301|€z|mSZ =
=0 =0

a convergent infinite series with terms less than 1.
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The inequality

T2ncies(v+2)*(v+3)%y
27v+1

> @0 ovrik@ — (Woo... o (@) <
k=1

is enough to show that the sequence of composite functions converges pointwise
and uniformly to a function ¥ on Ay .

Remark. Although some details remain to be checked, it seems plausible that a
similar rapid convergence argument could be used to prove an analogous analytic
stability property for a nondegenerate CR singularity of a real 3-manifold in C*,
as conjectured in [Coffman 2006].

8. Analogy with singularity theory

To continue with the theme of analogies between the normal form result and the
properties of Whitney’s cross-cap singularity, we briefly consider the notion of
complexification. If the defining equations of a real m-submanifold M in C" with
a CR singularity at 0 are given as a graph over the tangent space as in (1), then M
can also be considered as the image of a real analytic parametrization

T iR" > R, (z,x) = (2, %, Hy(z, X), hy(z, X)).

Then the spaces R”, R*" can be embedded as totally real subspaces of C", C>",
and there is a complex analytic map 7. : C" — C?>* which restricts to 7 on the
totally real subspaces. In the following examples, composing with a projection
P : C*" — C" gives a holomorphic map P o mr. which restricts to 77 on the totally
real R™ subspace, and its image is a complex subvariety of C" containing M.
Even though 7. is an embedding, the composite P o 7. can be singular, and the
image of its critical point set contains the CR singular locus of M. For details and
more examples of this construction, see [Webster 1985; Coffman 2002; Coffman
2003], and to be more precise, these maps should be considered only in some
neighborhood of the origin in the domain and target.

Example 8.1. In the case m = n = 2 [Bishop 1965], the local defining equation
of a real surface with a nondegenerate CR singularity in C? can be normalized to
7= (z% + Z%) + 2121 + O(3), where the coefficient 8 > 0 is a biholomorphic
invariant. Considering the real embedding’s quadratic part,

wi(z 20 e (21 2L 2= BE +HID 4217 =B+ D) +2171)

is a real analytic map from the totally real subspace {(z1, w;) : w; = z;} of C%to
the totally real subspace {(z1, w1, z2, wW2) : w1 =21, wp =22} of C*, which extends
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to a complex analytic embedding
e (2, wi) = (21, wi, BT +wi) + 21w, BwT +2]) +wizh).

Then composing with the projection P : C* — C? that forgets the wy, w; variables
in the target gives a map P o7, : (z, w) — (z, B(z2 +w?) + zw). For B > 0, this
is a ramified two-to-one map onto C? [Moser and Webster 1983; Webster 1985],
and is analogous to Whitney’s fold singularity (x, y) — (x, y?).

Example 8.2. An example of a cubic normal form for a CR singular surface in C?
inthe B =0 caseis zp = 7171 + Zf [Moser 1985]. The map P o7, : (21, wy) —>
(z1, z1wy + w?) is analogous to Whitney’s cusp, (x, y) — (x, xy + y3).

Example 8.3. An example of a surface M in C? with a topologically unstable CR
singularity, considered in [Coffman 2004], has real equations z, = Z%, 73 = 2121,
which complexify to Pom, : (z1, wy) — (21, w%, zZjwy), exactly Whitney’s normal
form for the parametrization of the cross-cap singularity. The image of P o 7,

in C? is {Z%Zz - z% = 0}, a singular complex hypersurface (Whitney’s “umbrella”
surface), and the smallest complex variety containing M.

Example 8.4. For the normal form variety M*3 . a parametrization C* — C'° — €3
of the complexification is

2 .
(z1, w1, 22, 23) = (21, 22, 23, Wi, wi(21 + 22 +1023)).

The real manifold M*? is the image of the restriction of this map to the totally real
subspace {w; =271, 22 =22, z3 = z3} in the domain. The holomorphic map C*>C°
parametrizes a singular complex hypersurface #, which is the product of Whitney’s
cross-cap surface and a complex 2-plane, and the image {(z; +z2 +i 23)%24 — zg =
0} is the smallest complex variety in C3 containing M*%; a similar expression
appeared in (15). The geometry of M*3 C % is considered in [Coffman 2003, §8],

but with a different expression for the quadratic normal form.

Example 8.5. In general, the real variety M™" is contained in a singular subvariety
of complex dimension m in C”, the defining ideal of which contains, for example,
(z1+224i23)%20-1 — z,%. As a consequence of Proposition 3.3, any real analytic
M is not a local uniqueness set for holomorphic functions in a neighborhood of a
nondegenerate CR singularity; compare [Harris 1983].

For surfaces in C2, the two-to-one nature of the complexification C> — C? as
in Example 8.1 was used in [Moser and Webster 1983] to solve a normal form
problem in the 0 < 8 < % case. Their methods are different from that of this paper;
for example in the (m, n) = (4,5) case, the map C* —» © from Example 8.4 is
generally one-to-one, the two-to-one locus being contained in a complex subvariety
in the domain as shown in [Coffman 2003].
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Normal forms for the complexifications that look more like Whitney’s monomial
normal forms would be possible using a larger group, where the z and w vari-
ables could be transformed independently. Under the subgroup used to normalize
the CR singularity, one expects equivalence classes of maps to be smaller, and
continuous parameters (“moduli”) to appear sooner (for more and for lower-order
terms). However, invariants which distinguish maps under the larger group will still
distinguish them under the smaller group. One may speculate that invariants of the
complexification, such as the intrinsic derivative, the Boardman sequence, Jacobian
extensions, etc., could provide a coarse but general beginning to the development
of a CR singularity theory analogous to the singularity theory of maps [Golubitsky
and Guillemin 1973; Porteous 1971].
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