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We construct here a conformally invariant differential operator on alge-
braic Weyl tensors that gives special curved analogues of certain opera-
tors related to the deformation complex and that, upon application to the
Weyl curvature, yields the (Fefferman—-Graham) ambient obstruction ten-
sor. This new definition of the obstruction tensor leads to simple direct
proofs that the obstruction tensor is divergence-free and vanishes identi-
cally for conformally Einstein metrics. Our main constructions are based on
the ambient metric of Fefferman—Graham and its relation to the conformal
tractor connection. We prove that the obstruction tensor is an obstruction to
finding an ambient metric with curvature harmonic for a certain (ambient)
form Laplacian. This leads to a new ambient formula for the obstruction in
terms of a power of this form Laplacian acting on the ambient curvature.
This result leads us to construct Laplacian-type operators that generalise
the conformal Laplacians of Graham-Jenne-Mason-Sparling. We give an
algorithm for calculating explicit formulae for these operators, and this is
applied to give formulae for the obstruction tensor in dimensions 6 and
8. As background to these issues, we give an explicit construction of the
deformation complex in dimensions n > 4, construct two related (detour)
complexes, and establish essential properties of the operators in these.

1. Introduction

The Bach tensor [1921] has long been considered an important natural invariant
in 4-dimensional Riemannian and pseudo-Riemannian geometry and continues to
play an interesting role. See [Anderson 2005; Tian and Viaclovsky 2005], for
example. It is conformally invariant, vanishes for metrics that are conformal to
Einstein metrics, and arises as the total metric variation of the action f |C |2, where
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C denotes the Weyl curvature. From the latter and the conformal invariance of
the Weyl curvature, it follows that it is a symmetric trace-free 2-tensor involving 4
derivatives of the metric. An explicit formula for the Bach tensor in terms of the
Weyl curvature C, the Ricci tensor, and the Levi-Civita connection is very simple:

(1) Bap = VV! Cocpa + % Ric™ Cocpa-

In higher even dimensions n, an analogue of the Bach tensor was discovered by
Fefferman and Graham [1985]; it arose as an obstruction to their ambient metric
construction. This Fefferman—Graham obstruction tensor, which we denote O, (or
sometimes 07, ), shares many of the properties of the Bach tensor. It is a trace-free
symmetric 2-tensor that vanishes for conformally Einstein metrics. The obstruction
tensor has the form A"/?272V¢V9C,.pq + lots. Here “lots” indicates lower order
terms. There is strong evidence that the obstruction tensor will be as important in
each even dimension as the Bach tensor is in dimension 4. Very recently Graham
and Hirachi [2005] have shown that O, is the total metric variation of f 0, where
Q is Branson’s Q-curvature [Branson 1995; Branson and @rsted 1991]. This gen-
eralises the situation in dimension 4, since in that case [ Q and [ |C|?* agree up
to a multiple. There is a direct link between the obstruction tensor and the nonex-
istence of certain operators on conformal manifolds which also generalises the
4-dimensional setting [Gover and Hirachi 2004] and further indicates the critical
role of the obstruction tensor.

Despite this progress, the obstruction tensor has remained somewhat mysterious,
partly due to the lack of a general formula. In the next section we explain that
there is a fundamental difference between the Bach tensor in dimension 4 and the
obstruction tensor in even dimensions 6 and greater. The idea is as follows. From
the Bianchi identities, the expression (1) for the Bach tensor can be written as

v(c vd) Cacba + % RiCCd Cacbd,

where the parentheses indicate symmetrisation over the index pair cd. The differen-
tial operator V¢ V% —1—% Ric“? is a conformally invariant operator which acts on the
bundle of “algebraic Weyl tensors” (the bundle whose sections are 4-tensor fields
with the same conformal weight and algebraic symmetries as the Weyl curvature)
and takes values in a (density weighted) irreducible tensor bundle. One might
hope that a similar result would hold in higher dimensions. This is not the case.
In Proposition 2.1, we establish that in dimensions n > 6, the obstruction tensor
cannot arise in this manner from a conformally invariant operator that acts between
irreducible tensor bundles. This is an easy consequence of representation theory
results of Boe and Collingwood [1985] that give a classification of conformally
invariant operators on the sphere. (See [Eastwood and Slovak 1997] and references
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therein.) One focus of this article is to describe the correct generalisation of the
described construction of the Bach tensor. This is Theorem 2.3, one of the main
results.

In the conformally flat setting, the conformally invariant operator defined in the
previous paragraph is the formal adjoint of an operator in the so-called (confor-
mal) deformation complex. This is a complex of conformally invariant differen-
tial operators arising in connection with infinitesimal deformations of a conformal
structure based at a conformally flat metric. The linearisation of the obstruction
tensor, which we denote by B, is an operator in a class of conformally invariant
operators acting between bundles in the complex. These “long operators™ are pre-
dicted by the Boe—Collingwood classification. In Proposition 2.2, we show that
the linearised obstruction operator and another long operator denoted by L factor
through operators from the complex. For example, we obtain that B = GC, where
C is the linearised Weyl curvature operator and G is a gauge companion operator
for L. That is, L and G have the same domain space (algebraic Weyl tensors), the
system (L, G) gives a conformally invariant equation, and in Riemannian signature
this system is elliptic. Theorem 2.3 gives a curved analogue of this picture. The
theorem describes a conformally invariant differential operator B which, on general
conformal manifolds of even dimension, acts on algebraic Weyl tensors and takes
values in a reducible bundle. In dimensions n > 6, composing this with projection
to a quotient gives a conformally invariant operator L which takes algebraic Weyl
tensors to weighted algebraic Weyl tensors; L generalises L to conformally curved
manifolds. This operator annihilates the Weyl curvature C, and B(C) is the ob-
struction tensor. An application of these results is given in Proposition 2.4, which
in the conformally flat setting relates the conformally invariant null space of the
system (L, G) to the cohomology of the deformation complex.

For a conformal structure of dimension n, the ambient metric is an associated,
suitably homogeneous, and Ricci-flat metric on an (n+2)-manifold. In [Fefferman
and Graham 1985], 0,, arose as an obstruction in even dimensions to the existence
of a formal power series solution for this ambient metric. In Section 3B, we show
that the obstruction tensor may equivalently be viewed as a formal obstruction
to having the ambient curvature harmonic for a certain ambient form-Laplacian
K. This leads to a new proof that the obstruction tensor is an obstruction to the
ambient metric (see (v) of Theorem 4.4) and a very simple ambient formula for
the obstruction. Let R denote the curvature of the ambient metric. Then A"/>~2R
is a disguised form of the obstruction. This is also established in Theorem 4.4 and
in the same place used to give a new proof that the obstruction is divergence-free,
i.e. that V4O, = 0. (An alternative proof of this last result is given in [Graham
and Hirachi 2005], and it also follows from the variational characterisation given
in the same work. See [Branson 2005].)
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An interpretation of these results on the underlying conformal manifold can be
achieved via tractor bundles. The standard tractor bundle is a vector bundle with
a conformally invariant connection that we may view as arising as an induced
structure from the Cartan bundle with its normal conformal Cartan connection. On
the other hand, this rank n 4 2 vector bundle also arises in a simple way from the
tangent bundle of the ambient manifold. Using this observation, in Theorem 4.1
and Proposition 4.8 we construct families of conformally invariant operators with
leading term a power of the Laplacian; these act between arbitrary tractor bundles
of an appropriate density weight and generalise the GJIMS operators of [Graham
et al. 1992]. In Theorem 4.2, we show that the obstruction tensor is obtained by
applying one of these operators, namely [/l 2, which has the form A"272 L ots,
to the tractor field W that corresponds to R. Thus the problem of finding formulae
for the obstruction tensor is reduced to understanding the special case [/],,/>—> of
the generalised GIMS-type operators [/l.

There is a one-to-one correspondence between Einstein metrics and a class of
parallel standard tractors [Gauduchon 1990; Gover and Nurowski 2006]. With the
tractor formula for the obstruction [/l,,/o_» W, this forms the basis of the proof of
Theorem 4.3, which shows that the obstruction vanishes for conformally Einstein
metrics.

Theorem 4.1 constructs a very general class of Laplace type conformal oper-
ators. The inductive steps leading to Theorem 4.1 yield a simple and effective
algorithm for calculating explicit formulae for the conformal Laplacian operators
of that theorem. Hence by Theorem 4.2, they give an algorithm for calculating
explicit formulae for the obstruction. This algorithm is efficient in the sense that
it does not entail constructing the ambient manifold but uses just its existence; the
algorithm recovers only those invariants of the ambient metric that actually turn up
in the final formula for the operator. In Section 4B, explicit tractor formulae for
conformal Laplacian operators are given. See expressions (59) and (62). These are
then applied to the W-tractor to give formulae for the obstruction in dimensions 6
and 8. Tractor formulae are given in (60) and (64), and formulae in terms of the
Levi-Civita connection and its curvature are given in (61) and on page 348.

The next section establishes the basic background and notation before construct-
ing the conformal deformation complex and introducing some related operators. It
is a pleasure to thank Tom Branson and Robin Graham for helpful discussions.

2. Relationship to the conformal deformation complex

We first sketch here notation and background for conformal structures. Further
details may be found in [Cap and Gover 2003], [Gover and Peterson 2003] or
[Branson and Gover 2005]. We mainly follow the notational conventions of the
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last of these. Let M be a smooth manifold of dimension n > 3. To simplify our
discussions we assume M is orientable. Recall that a conformal structure on M is
a smooth ray subbundle & C S>T*M whose fibre over x consists of conformally
related metrics at the point x. The principal bundle w : 9 — M has structure
group R, , and so each representation R > x > x ~*/? € End(R) induces a natural
line bundle on (M, [g]) that we term the conformal density bundle E[w]. We shall
write €[w] for the space of sections of this bundle. Here and throughout the article,
sections, tensors, and functions are always smooth. When no confusion is likely
to arise, we will use the same notation for a bundle and its section space.

We write g for the conformal metric, the tautological section of S>T*M ® E[2]
determined by the conformal structure. This will be used to identify 7T M with
T*M][2]. For many calculations we will use abstract indices in an obvious way.
Given a choice of metric g from the conformal class, we write V for the corre-
sponding Levi-Civita connection. With these conventions the Laplacian A is given
by A = g”b V,V, = V’V, . Note that E[w] is trivialised by a choice of metric g
from the conformal class, and we write V for the connection corresponding to this
trivialisation. It follows immediately that (the coupled) V,, preserves the conformal
metric.

The curvature R, of the Levi-Civita connection is known as the Riemannian
curvature and is defined by

[Va, VpIv© = Rapav?,

where [ -, -] indicates the usual commutator bracket. The Riemannian curvature
can be decomposed into the totally trace-free Weyl curvature Cypc¢ and a remain-
ing part described by the symmetric Schouten tensor Pgp using Rapcd = Caped +
28 (aPr1d + 28 41pPa)c, Where [ -- -] indicates the antisymmetrisation over the en-
closed indices. The Schouten tensor is a trace modification of the Ricci tensor Ric,y,
and vice versa: writing J for the trace P,* of P, then Ric,, = (n —2)Pyp +J g -
Under a conformal transformation we replace a choice of metric g by the metric
g = e*g, where  is a smooth function. Explicit formulae for the correspond-
ing transformation of the Levi-Civita connection and its curvatures are given, for
example, in [Bailey et al. 1994a; Gover and Peterson 2003]. We recall that in
particular the Weyl curvature is conformally invariant, that is, 6abcd = Cuped-

A tensor T, of weight w and with k contravariant indices and £ covariant
indices has fotal order £ — k — w. For example, the Weyl curvature, the Schouten
tensor, and the scalar curvature all have total order 2. The conformal metric g,
has total order zero, and so the total order of any tensor is unchanged by the raising
and lowering of indices using the conformal metric.
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A differential operator P is a natural differential operator if it can be written as
auniversal polynomial in covariant derivatives with coefficients depending polyno-
mially on the metric, its inverse, the curvature tensor, and its covariant derivatives.
The coefficients of natural operators are called natural tensors. In the case that
they are scalar they are often also called Riemannian invariants. Note that if T is a
tensor with total order ¢ then VT has total order # 4 1. It follows immediately that
for any natural differential operator P that has 7 in its domain, the total order of
PT is at least t. We say P is a conformally invariant differential operator if it is
well-defined on conformal structures, i.e., is independent of a choice of conformal
scale.

We will use EX as a convenient alternative notation for AXT*M. The tensor
product of E kQEL t<n /2, k <[n/2], decomposes into irreducibles. We denote
the highest weight component by EX¢. (Here “weight” does not refer to conformal
weight, but rather to the weight of the inducing O(n)-representation.) We realise
the tensors of EX* as trace-free covariant (k + £)-tensors Ty, ...qup,..», Which are
skew on the indices a; ---a; and also on the set by ---by. Skewing over more
than k indices annihilates 7', as does symmetrising over any 3 indices. Then we
write, for example, £ k.£[w] as a shorthand for the tensor product E k-t E[w]. The
space of sections of each of these bundles is indicated by replacing E with €. The
sections of €%2[2] are the algebraic Weyl tensors as discussed in the introduction,
that is, tensors u ¢ With the same symmetries and weight as the Weyl curvature. In
particular, the Weyl curvature itself is a section in ¢%2[2]. We will also often use the
notation Ey ¢[w] as a shorthand for E k-t[w+2k+2¢—n]. This notation is suggested
by the duality between €5 f[w] and €x.e|—w]; for ¢ € €k f[w] and Y oerl—wl,
with one of these compactly supported, there is the natural conformally invariant
global pairing

w,www,w::/Mgo-wdug,

where ¢ - ¢ € €[—n] denotes a complete contraction between ¢ and V.

Since the Weyl curvature is conformally invariant, it follows easily that the lin-
earisation (at a conformally flat metric) of the nonlinear operator g +— C¢ € €22[2],
with C¢ the Weyl curvature of the metric g, is a conformally invariant operator
C:€M12] - €22[2]. The formal adjoint of a conformally invariant operator is
again conformally invariant. In particular, the formal adjoint of C is conformally
invariant:

C* 1 Ep0[—2] — €11[-2].

Now observe that in dimension 4 we have €22[2] = €2.2[—2], and so C* acts on
the space of algebraic Weyl tensors €22[2]. It is given explicitly up to a multiple
by Uaupca —> (V@Y 4+ PAYUpea- It is straightforward to verify directly using
(34) or the transformation formulae from [Gover and Peterson 2003] that this is
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also conformally invariant in the general curved case, and this operator applied to
the Weyl curvature gives the Bach tensor.

On conformally flat structures of dimension at least 4, the null space of C locally
agrees with the range of the conformal Killing operator K : ¢'[2] — €!-![2] given
by v, = V(,up,, where (---)¢ indicates the symmetric trace-free part. These
operators give the initial sequence of the conformal deformation complex. On
oriented structures of dimension 4 this complex is simply

€21 8 el S €22 e -21 K €2,

where * is the (conformal) Hodge star operator. Recall that in even dimensions
this gives an isomorphism on the space of middle forms * : €*/> — €"/2, and so it
also gives an isomorphism * : €/22[2] — €"/22[2).

The situation is more complicated in higher dimensions. In the deformation
complex, the operator C is followed by the Weyl-Bianchi operator Bi from ¢2[2]
to €32[2], given (in a conformal scale) by

() Uabea = (n —3)ViaUbclae — 8d1aVis|Ubel’ e + 8ela Vis|Ubel’ d-

Here | -| indicates that the enclosed indices are omitted from the skew-symmetrisa-
tion process. (Note that an easy consequence of its symmetries is that the operator
(2) is trivial in dimension 4.) On oriented structures the formal adjoints of these
operators conclude the complex, and so we have the picture

Ketip S B e s s a2 2 en-215 €215

Here we have omitted the initial section space ¢'[2] and terminal section space
€1[—2], since they are outside the main focus of our discussions. In dimensions
other than 6, Bi is Bi*. In dimension 6, Bi means the composition Bi*x. The
Hodge star is also implicitly used in interpreting the diagram in dimension 5. In
this case it gives isomorphisms % : E>2[2] — E35[—2] and % : E3?[2] — E;»[—2],
and under these Bi is identified modulo a sign with Bi*. In dimensions at least 5,
C* is given by Ugpeq — (VEOVE 4+ P“)YU,pcq, the same formula as in dimension
4. In even dimensions n > 8, the centre of the pattern consists in an obvious
way of operators Bi) : €k2[2] — €L 2) fork = 3, ... ,n/2 — 1, their formal
adjoints Bi?k) D Ery1.2[—2] = Exa[—2] fork=3,...,n/2 -2, and Bi’(kn/z_l)* :
€22 [2] > €, /2—1,2[—2]. The operators Bi() generalise (2), which can be viewed
up to a constant multiple as the “k = 2 case”. For U € ¢~2, an explicit formula
18 (BigyU)agay---arbipy = Proj(VayUq,...appyp,), Where Proj is the bundle morphism
which executes the projection into €**1:2[2]. In odd dimensions at least 7, we
have the operators Bigy for k = 3,..., |[n/2 — 1] and their formal adjoints for
k=3,...,[n/2—2]. (The operator Bi(|,,/>—1]) is formally self-adjoint).
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In each dimension, the operators of the deformation complex are all conformally
invariant, and the complex is locally exact and extends to give a resolution (on the
sheaves of germs of smooth sections) of the sheaf of conformal Killing fields.
This is a particular generalised Bernstein—Gelfand—Gelfand (gBGG) resolution.
These resolutions are well understood and classified through the dual theory of
generalised Verma modules, and the explicit construction of the complex above is
an immediate consequence of the local uniqueness of the operators in the relevant
gBGG resolution, along with explicit verification of the conformal invariance and
nontriviality of the operators mentioned. See [Gasqui and Goldschmidt 1984] for
an alternative construction of the complex via a theory of overdetermined systems
of partial differential equations based around Spencer cohomology.

According to the results of [Boe and Collingwood 1985], in even dimensions
the operators of the deformation complex are not the only conformally invariant
operators between the bundles involved. There are also “long operators” from
€kL12] to ‘€x.¢[—2], and an additional pair of operators about the centre of the
pattern. We obtain the operator diagram

HBepiSen 8@ . s en-21 2 25 €215

L l L] T I

for dimensions 10 or greater. The operators in this diagram are unique up to multi-
plying by a constant, and the diagram indicates by arrows all the operators between
the bundles explicitly presented. Thus, by implication, all compositions vanish.
The same diagram applies in dimensions 8 and 6 with minor adjustments. In di-
mension 8 there are two “short” operators with domain ¢*2[2] and two with range
‘€3.2[—2]. From these there is one nontrivial composition &22] — €3.2[—2]. Sim-
iliarly in dimension 6 we have *Bi :€%22[2] — €>?[2] and Bi* : €32[2] — €2.2[-2],
as well as the operators indicated, and L = Bi*Bi. In dimension 4 the corresponding
diagram is

K C C*k K+
=gVl 2 €P2] 2 € a-2] — -
’ *C Cc* T
B

and in this case B := C*C. Evidently on even-dimensional conformally flat struc-
tures there are detour complexes [Branson and Gover 2005], where one shortcuts
the deformation complex via a long operator. The examples relevant here are

3) g2 5 el 2 g -2 5 g (-2
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and in dimensions n > 6,
€218 €21 S €22 -5 €,-21S €, -21 5 € -2

These have applications in constructing torsion quantities which generalise Chee-
ger’s de Rham half-torsion [Branson and Gover, in progress].

According to [Fefferman and Graham 1985], the obstruction tensor O, is a
trace-free symmetric 2-tensor of weight 2 — n. In other words, it is a section of
€1.1[—2]=¢"1[2—n]. From the general theory in [Eastwood and Slovéak 1997], we
know that all the operators indicated explicitly by arrows in the diagrams above
admit curved analogues, that is, generalisations to general conformal structures.
(In fact, the formulae given above for K, C*, and Bi give conformally invariant
operators on general structures. We will continue to use this notation for these
operators even in the conformally curved setting.) From the diagrams, however,
the difference between dimension 4 and higher even dimensions is clear. In dimen-
sion 4 there is a conformal operator €222]— ¢ 1.1[—2] that yields the Bach tensor,
as described above. In higher dimensions the conformally invariant C* does not
have €%2[2] as its domain. These observations establish the following key point.

Proposition 2.1. In even dimensions n > 6, there can be no conformally invariant
differential operator €222] > € 1.1[—2] that recovers the obstruction tensor upon
application to the Weyl curvature C.

If there were such an operator, then by Theorem 4.4 or by [Graham and Hirachi
2005], it would necessarily have as highest order term AY22VENUpea.  Its
linearisation would therefore be an operator €+22] —» €1.1[—2]. But there is
no operator between these bundles in the diagram.

This brings us to the question of whether there can be any conformally invariant
operator that yields the obstruction tensor in dimensions n > 6. We will see that
there is, and we will construct the operator. To understand how this works, it is
helpful to expose some properties of the operators B and L.

Proposition 2.2. The operators B : €"-1[2] — €1.1[—2] and L: €222] > €2.2[—2]
are formally self-adjoint. In each even dimension n > 6, there is a natural linear
differential operator H (€222l — €2.2]—2] such that B is given by the composition

B = C*HC,
and there is a natural linear differential operator N : €322] > €3.2[—2] such that
L is given by the composition
L = Bi*NBi.
We prove this in Section 4 using the geometric tools developed below. The

factorisations described in the proposition can also be established via central char-
acter arguments; see also [Branson and Gover 2005]. Note that L is only defined
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in even dimensions n > 6. In dimension 6, N is the identity. Otherwise, from the
classification of conformally invariant operators on conformally flat manifolds, as
discussed above, it follows that the operators H and N are not conformally invariant.

On conformally flat structures the operator G := C*H is not conformally invariant
(n # 4). It is, however, conformally invariant on the range of the linearised Weyl
curvature, and we have B = GC. On the other hand, L annihilates the range of C.
The next theorem gives special curved analogues of these operators.

We need some further notation. On conformal manifolds of dimension n there
is a natural reducible, but indecomposable, bundle W, » that has the composition
series Ep2[—2] & E>1[—2] & E1,1[—2]. This means that E; ([—2] is a (con-
formally invariant) subbundle and that E ;[—2] is a subbundle of the quotient
Wa.2/E1 1[—2]. The bundle W5 5, which is a subbundle of a certain tractor bundle,
is constructed explicitly in proof of Theorem 2.3 in Section 4. It decomposes as
[Wa2le = Exp[—2]® E>1[-2] ® Ey,1[—2], given a choice of metric g from the
conformal class. Let us write [* and P for the respective canonical bundle maps
Wro — Ez2[—2] and Wy — Es2[—2] & E5 1[—2] which are unique up to a
constant multiple.

Theorem 2.3. On conformal manifolds of even dimension n > 6 there is a natural
nontrivial conformally invariant linear differential operator

B:€>*[2] = Wao =€2(-2] & €21[-2] & €1,1[-2]
with the following properties:

(1) The composition (I*"B =: L) : €2212] — €2.2[—2] is a nontrivial conformally
invariant differential operator of order n — 4.

(ii) There is a linear differential operator B such that BB = A¢ + lots. Thus on
Riemannian signature conformal structures, B is graded injectively elliptic.

(>iii) For the Weyl curvature C € €22[2] we have B(C) € €1.11—2]. The natural
conformal invariant Ogp, € €1,1[—2] given this way agrees with the obstruction
tensor.

We prove the theorem in Section 4. Note that there is a degenerate version of the
theorem for dimension 4; see expression (28) and the comments that follow it.
From the uniqueness of L it is clear that on conformally flat manifolds L recovers
L up to a constant multiple. However L is a special curved generalisation of L, since
the property L(C) = 0 generalises to arbitrary conformal structures the vanishing
of the composition LC. Since L(C) vanishes, it follows from the composition series
for W, that the component of B(C) in €5, 1[—2] is a natural conformal invariant.
That this also vanishes is a special property of B that, in a sense, carries to general
structures the nonexistence of an operator ¢ll2] - €2.1[—2]. It follows that on
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conformally flat structures the composition BC determines a nontrivial operator
€11[2] — €;.1[—2] which therefore agrees with B. If, for each metric g in the
conformal class, we write G for the composition of B followed by projection to
the component € 1[—2] (we have such a projection since, recall, W » completely
decomposes given a conformal scale), then by construction, G is a curved analogue
of the operator G. That is, the restriction of G to conformally flat structures is G.
Note that G has the special property that G(C) = 0, and as we will see from
the construction of W7 5, although G is not conformally invariant, the conformal
variation of G under g — e?“g is only quadratic in w. Since G also has this sort
of variation, this is optimal.

In the conformally flat case, it is easily shown that PB can be reexpressed as a
composition UL. Here U is the operator (35) below, except with w set to 6—n. This
result follows from the nonexistence of a nontrivial conformal operator €222] —
€2,1[—2]. It follows from this and (ii) that in even dimensions n > 6, (L, G) is a
right factor of a Laplacian. That is, there are linear differential operators L and G
such that

(L, G <é):A‘3+1ots.

Since also G is conformally invariant on the null space of L, it follows that G is a
conformal gauge companion operator in the sense of [Branson and Gover 2002];
see also [Branson and Gover 2005]. Thus in Riemannian signature, the operator
pair (L, G) is an elliptic system. Since L has Bi as a right factor, the system (Bi, G)
is also elliptic and has a conformally invariant null space. Let us denote this by
%ZG, and note that on compact manifolds, %ZG is finite-dimensional. This is closely
related to the second cohomology of the deformation complex. For example, from
Proposition 2.2 and an easy adaption of the proof of Proposition 2.5 in [Branson
and Gover 2005], we obtain the following result, which suggests that %é is a
candidate for a space of conformal harmonics. Here we write H i j=1,2, for the
first and second cohomology spaces in the deformation complex, and H 113 for the
first cohomology of the detour complex (3).

Proposition 2.4. On even-dimensional conformally flat manifolds of dimension
n > 6, there is an exact sequence
1 1 2 2
0—H — Hg— ¥#;— H",

where the last map %ZG — H? is simply ® — [®], the middie Hllg — ?f’fé is the
map on the quotient N (B)/R(K) induced by the restriction of C to N(B), the null
space of B, and the first map H' — H }, is inclusion.

There are further results concerning the relationship of H }3 to H' and %%; to H?,
but this will be taken up elsewhere; see also [Branson and Gover 2002].
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3. The ambient construction and tractor calculus

In the subsequent sections we will explore the relationship between the Fefferman—
Graham ambient metric construction [Fefferman and Graham 1985] and tractor
calculus as derived in [Cap and Gover 2003; Gover and Peterson 2003]. The no-
tation and conventions for the ambient metric closely follow [Branson and Gover
2005].

For  : 9 — M a conformal structure of signature (p, q), use p to denote the R
action on 9 given by p(s)(x, gx) = (x, s2gx). An ambient manifold is a smooth
(n+2)-manifold M endowed with a free R -action p and an R, -equivariant em-
bedding i : 9 — M. We write X € X(M) for the fundamental field generating the
R, -action: for f € C®(M) and u € M, we have X f(u) = (d/d1) f (p(e")u) ;0.
For an ambient manifold M, an ambient metric is a pseudo—Riemannian metric &
of signature (p+ 1,9 + 1) on M satisfying the conditions: (i) £xh = 2h, where
¥x denotes the Lie derivative by X; (ii) for u = (x, g¢) € 2 and &, € T,9,
we have h(i,&, iyn) = g, (&, men); (iii) Ric(h) = 0 up to the addition of terms
vanishing to order n/2 — 1 if n is even or Ric(k) = 0 to all orders if n is odd; and
(iv) h(X, ) = 3d Q to all orders.

If M is locally conformally flat, then there is a canonical solution to the ambient
metric problem to all orders. This is simply a flat ambient metric. This is forced
by (1)—(ii1) in odd dimensions, but in even dimensions this extends the solution;
see comments in [Branson and Gover 2005]. When discussing the conformally flat
case, we assume this solution.

We write V for the ambient Levi-Civita connection and use uppercase abstract
indices A, B, etc., for tensors on M. The ambient Riemann tensor will be denoted
R45€ p. Since $xh = 2h, it follows that

“4) VX =h,
) XARipcp =0.

Equalities without qualification, as here, indicate that the results hold to all orders
or identically on the ambient manifold.

3A. Tractor bundles. 1Let %(w) denote the space of functions on M which are
homogeneous of degree w € R with respect to the action p. More generally, a
tensor field F on M is said to be homogeneous of degree w if p(s)*F = s* F, that
is, ¥x F = wF'. Just as sections of €[w] are equivalent to functions in %(w)| 9, the
restriction of a homogeneous tensor field to 2 has an interpretation on M. Denote
by 7 the space of sections of 7'M which are homogeneous of degree —1 and write
J (w) for sections in J~ Q% (w), where here ® indicates a tensor product over %(0).
From [Cap and Gover 2003] we have the following results: We may identify the
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standard tractor bundle T with T M |o modulo a suitable R -action, so that sections
of T are in one-one correspondence with sections in J. Thus we write J for the
space of sections of the standard tractor bundle. The filtration of T, which we
traditionally indicate by a composition series,

(6) T=E[1] ¢ E'[1] & E[-1],

reflects the vertical subbundle of 79 and T2 as a subbundle of 7 M|y. Then since
the ambient metric & is homogeneous of degree 2, it descends to give a metric on
T. This is the usual tractor metric. Sections of J may be characterised as those
sections of 7'M which are covariantly parallel along the integral curves of X, which
on 9 are exactly the fibres of . The normal tractor connection agrees with the
ambient connection as follows. For U € 7, let U be the corresponding section of
T|9. A tangent vector field £ on M has a lift to a field é € 7 (1) on 2, which is
everywhere tangent to 2. This is unique up to adding f X, where f € €(0). We
extend U and & smoothly and homogeneously to fields on M and form Vi U| 23 this
section is independent of the extensions and independent of the choice of £ as a
lift of & and is exactly the section of 77 (0)|y corresponding to VeU where V here
indicates the tractor connection.

When abstract indices are required, the section spaces of the tractor bundle and
its dual can also be denoted 4 and J 4. A choice of metric g from the conformal
class determines a canonical splitting of the composition series (6), by [Bailey
et al. 1994a; Cap and Gover 2000]. Via this splitting, direct sums @ replace the
semidirect sums - in that series, and we introduce g-dependent sections Z4% in
F4P[—1] and Y4 in T4[—1] that describe the decomposition of T into the direct
sum E[1]1@® E,[11® E[—1]. According to VA = Y45 + ZA% 1, + X4 p, a section
V € T then corresponds to a triple [V], = (o, u, p) of sections, and in these
terms the tractor metric is given by A(V, V) = g“b Wailp + 20p. Thus the tractor
contractions of the projectors are

(7) XAYa=1, z4%7,,=6",

and O for the other pairings.
If Y4 and Z4,, are the projectors for the metric § = ¢?“g, then we have

(8) ZAb = 740 4 Ybx A, YA =YA -1,z — I, T XA,

Here Y := dw. In terms of this splitting, determined by g, the tractor connection
is given by

(9) VaXvA - ZAa , VaZAb - _PabXA - YAgab s and VaYA == PabZAb-

We use the notation T to denote an arbitrary ambient tensor bundle (with To
meaning the trivial bundle) and write 7 ®(w), w € R, for the subspace of I'(T®)



322 A. ROD GOVER AND LAWRENCE J. PETERSON

consisting of sections § satisfying VxS = wS§; we will say such sections are ho-
mogeneous of weight w. From the constructions above, it follows that the sections
in 7 ®(w)|y are equivalent to sections of a tractor bundle that we denote T®[w].
We write T ®[w] for the section space of the latter.

A basic example of interest is the bundle of k-form tractors T*, which is the k-th
exterior power of the bundle of standard tractors. It is straightforward to verify that
this has a composition series which, in terms of section spaces, is given by

10) T =AFT =k & (EF ke k-2 €k —2].

Also of direct relevance to our constructions below are the bundles denoted by
T22[w], which are the subbundles of T? ® T? ® E[w] consisting of tractors of
weight w and Weyl-tensor-type symmetries, that is, trace-free Riemann-tensor-
type symmetries. We write J2?[w] for the section space of T??[w] and note that
(with notation as in Section 2) it has the composition series

€22[w + 4]
®
€2 w +4] €w+2] €2 w+2]
an el lw+414¢ ® G @ & ® g€l w.
EHw +2] &L w+2] ¢w]
®
¢lw]

A comment on punctuation is in order: here the columns represent composition
factors, decomposed into O (g)-irreducibles, and these are separated by G-’s which
indicate the composition structure. This series may be obtained by any so(n+2) to
so(n) branching-rule algorithm or, alternatively, by simply considering the possible
contractions of the projectors X, Y, and Z into a typical element of J22[w].

3B. Operators and invariants via the ambient metric. An operator P acting be-
tween ambient tensor bundles is said to be homogeneous of weight u € R if
[Vx, P]=uP. Operators homogeneous in this sense map homogeneous tensors of
weight w to homogeneous tensors of weight w+u. On the other hand, a differential
operator P is said to act fangentially along 2, as an operator on some domain
space, if we have P Q = Q P’ for some operator P’ (or equivalently [P, Q] = Q P”
for some P”). Of particular interest are linear differential operators P which are
both homogeneous and also act on some homogeneous tensor space 7 ®(w) as
domain rangentially along 9. Each such operator P clearly determines a well-
defined operator on 7 ®(w)|9, and hence determines an operator on the equivalent
weighted tractor bundle section space J®[w]. If the operator P is natural as an
operator on the ambient manifold, then since the ambient construction is not de-
pendent on a choice of metric from the conformal class, it follows that the induced
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operator on weighted tractor fields is conformally invariant. The remaining issue
is whether this induced operator is natural for the underlying conformal structure.
For the operators we are interested in here, we solve this by giving an algorithm for
expressing the induced operator as a formula in terms of known natural operators.
This solves two problems, since one of our aims is to obtain explicit formulae for
the operators concerned.

Before we construct examples of such operators, we require some further back-
ground. First note that from (4), we have

(12) [A, X]=2V, where A :=V4Vy,,

and V40 = 2X 4. Both identities hold to all orders. Thus VxQ = 2Q; Q is
homogeneous of weight 2. A short computation shows that if U is an ambient
tensor field, then

(13) [A, QU =2(n +2Vx +2)U.

It follows that for any positive integer £, if an ambient tensor field U is O(Q%),
then AU and VU are both O(Q¢ ™).
Now we define an operator D (or D4 when indices are used). Let

(14) DV :=V(n+2Vy —2)V — XAV,

for any ambient tensor field V. It is readily verified that D is homogeneous of
weight —1. By (12) we also have the equivalent formula

(15) DV =V(n+2Vy)V — AXV.

Using either of these with the computations above, we obtain DQV = QDV +
40QVYV,and so D acts tangentially. For later use we note that for any integer £ > 2,
if Vis 0(QY), then D4V is O(Q* ™).

Since D acts tangentially on any ambient tensor bundle, it follows that for every
tractor bundle 7% and w € R we obtain an operator

D:9%%w]l—> TRIT%w-1]

equivalent to D as an operator T2(w)g = TRT ®(w—1)]y. Itis straightforward
to prove (see [Cap and Gover 2003; Gover and Peterson 2003]) that D is the usual
tractor-D operator of [Thomas 1926; Bailey et al. 1994a]. For a choice of metric
g from the conformal class and for any V € T®[w], D is given explicitly by

(16) DAV := (n+2w —2)wYAV 4+ (n+2w —2)Z4v, vV — x40V,

where OV := AV 4+ wJV. We note that D is a natural differential operator. A
differential operator taking values in a tractor bundle (or acting between tractor
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bundles) is said to be natural if the so(g)-irreducible components of the operator
are natural.

Acting on 7 ®(1 — n/2), the operator D is simply —X A, and correspondingly
D simplifies to —X [ on T®[1 —n/2]. Thus A acts tangentially on T (1 —n/2)
and as an operator on the restriction of this space to 2, is equivalent to the tractor-
coupled conformal Laplacian

17) 0:9%[1—n/2] - T¥[—1—n/2].

Many identities involving D are obtained most easily by calculating with D on
M. For example, a short calculation using (4) and (12) shows that

(18) DXV =m+2w+2)(n+w)V — QAV
for any V € 7 ®(w). Hence for any V € T®[w], we have
(19) DAXAV = (n4+2w+2)(n+w)V.

An observation key to the next section is that the ambient curvature R is “har-
monic” for a certain Laplacian, at least at low orders. Before we construct this
Laplacian we need some further notation. Write f (hash) for the natural tensorial
action of sections A of End(TM ) on ambient tensors. For example, on an ambient
covariant 2-tensor Txp, we have AfTap = —ASsTcp — ACgTac. If A is skew
for h, then at each point, A is so(h)-valued. The hash action thus commutes with
the raising and lowering of indices and preserves the SO(h)-decomposition of ten-
sors. For example, Aff maps trace-free symmetric tensors to trace-free symmetric
tensors. As a section of the tensor square of the h-skew bundle endomorphisms of
T M, the ambient curvature has a double hash action on ambient tensors; we write
R8T . As a point on punctuation, it should be noted that we will treat tensors in
composite expressions as multiplication operators. A composition of operators L,
M, and N acting on S denoted LM N S means L(M (N (S))). For example, V RgT
has the same interpretation as V(Rgf7T).

From the Bianchi identities, we have that on any Riemannian or pseudo-Rie-
mannian manifold,

(20) 4V,4, Vg Ricy,s,
= AR 4,88, + s REER A, 4,8, 8, — Ricca, R 4,5, 5, + Riccp, R p,a, 4,
Remark. In (20) we adopt the convention that sequentially labeled indices in

the subscript position (such as A; and A,) are implicitly skew-symmetrised. This
convention applies throughout this paper unless noted otherwise.
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Let us define a Laplacian operator A by the formula
A=A+ IRit.
Then from (20) and the conditions on Ric(h) for the ambient metric, we have
2D 4V, Vi Rica,5, = AR ym 8+ 0(Q"*7
in even dimensions. Therefore

(22) ARpcpe =0
modulo O(Q"?73) in even dimensions and to infinite order in odd dimensions.

Remarks. 1. The operator A is a type of form-Laplacian. On a Riemannian or
pseudo-Riemannian manifold, suppose U is any tensor with Riemann tensor type
symmetries. A short calculation shows that

AU =—3 (87d) +d)8) +8ydy +dy85) U,

where d is the Levi-Civita connection-coupled exterior derivative, 8 is its formal
adjoint, and the index i is 1 or 2 according to whether we regard U as a 2-form
with values in a tensor bundle on the first pair of indices or the last pair. In terms
of the Levi-Civita connection V, we have (dIVU)AOA]AZB] B, =3Va,Ua, 4,8 B, and
(SZVU)AlAsz =-vh Ui, 4,8, B, for example.

Returning to the ambient manifold, note that from these observations, the results
concerning the degree to which the ambient curvature is A -harmonic are manifest,
since on the one hand d) and d; annihilate R by the Bianchi identity and on
the other hand §} R and 85 R are O(Q"/*72) (or O(Q™) in odd dimensions) by
dint of the contracted Bianchi identity and the condition (iii) on the ambient Ricci
curvature.

2. Note that from (20), if Ric vanishes to all orders on the ambient manifold, then
it is immediate that A R vanishes to all orders. Conversely, if A R vanishes to all
orders, then so does 4VA1 VB1 RiCBzA2 + RiCCA1 RCAzBle — RiCCBl RCBZA]Az‘ On
the other hand, contracting the latter with X Arx Bi and using (4) and (5) yields
2Ricy,p,. Thus on the ambient manifold, the vanishing of Rie to all orders is
equivalent to the vanishing of A R to all orders.

We may view the operator A as the special case o = % of the family of ambient
Laplacians

(23) A, =A+aRiff, aeR,

which also includes the ambient form Laplacian at « = 1 and the usual ambient
Bochner Laplacian at « = 0. While the latter was used in the constructions of
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[Graham et al. 1992] giving conformal operators between densities, the general-
isation to the ambient form Laplacian proved appropriate in [Branson and Gover
2005] for the study of conformal operators on (weighted) differential forms. It
seems likely that others in the family will also have important roles, and so much
of the discussion in the next section allows for the possibility of any o € R. Certain
key identities for A are unaffected by the addition of the Rfiff term. In particular,
since X2 R spcp = 0 it follows that

(24) [Ae, X]=[A, X]=2V.
Using this, or even more simply by noting that [ Rfif, Q] = 0, we obtain
(25) [Ag, Q1=[A, Q]1=2(n+2Vx +2).
A point of departure is [Ay, V]. Observe that if Vgc...g is any ambient tensor, then
by the Ricci-flatness of the ambient metric,
(26) [A, ValVpc..E

=—2RA"59VpVoc..t —2RA c9VpVpo. g — - —2RA"E2VpVpe..g.
This equality holds modulo O(Q"/?>72) in even dimensions and to infinite order in
odd dimensions.

Using the results above and the Bianchi identities, it is straightforward to verify
that if we define the ambient homogeneous (of weight —2) tensor field

3
(27) WA]A23|32 = nTDAOXAORA]AzB]Bza

then in dimensions other than 4, we have W|y = (n — 4)R|y. Note that W is
well-defined in all dimensions and by construction is conformally invariant. Thus
the equivalent tractor field W4 pcE is conformally invariant and of weight —2. In
dimensions other than 4, it is immediate that this has Weyl tensor type symmetries.
(Recall that R|q is trace-free.) In fact, it has these symmetries in all dimensions
and is a natural tractor field. In a choice of conformal scale, WapcE is given by
(28) (n—4)(ZA“ZB"Zc ZE  Capce —2Z4“ ZB" X1c Z 1" Acab
—2X(aZB" Zc  ZE  Abee) +4X14Zp)" X ZE) Ben,
where A,pc 18 the Cotton tensor,
(29) Agpe = 2V[hPc]cu

and

(30) Bab = VcAacb +Pdccdacb~
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Note that from (28) it follows that in dimension 4, B, is conformally invariant.
This is the Bach tensor: from the contracted Bianchi identity, we have

(31) (n —3)Aube = V' Caabes

and so in dimension 4, (30) agrees with (1). In other dimensions n > 3 we also
refer to By, as defined in (30) as the Bach tensor. The tractor field W first appeared
in [Gover 1999, 2001]. The connection to the ambient curvature was derived in
[éap and Gover 2003], where the above results are treated in detail.

4. Conformal Laplacians and the ambient obstruction

In this section we show how one can obtain the ambient obstruction tensor by
applying a conformally invariant operator [/, /2> of the form A"/ 2=2 4 Jots to the
natural tractor field W defined above. For any integer m > 1, we let

D =07,

where D,ln/ % is the case a = 1 /2 of the operator (19, of Theorem 4.1. We prove
Theorem 4.1 in Section 4A. The inductive nature of this proof will show that one
can construct explicit tractor formulae for the operators [J%, in terms of X, D, W,
h, and h~!. One may thus use Theorem 4.2 together with a choice of conformal
scale and the formula for W given in (28) to construct a tractor formula for Op. It
is then easy to expand this tractor formula to a formula in terms of the Levi-Civita
connection and its curvature.

In what follows, the phrase “generic n-even case” refers to the case in which n
is even and M is conformally curved.

Theorem 4.1. For every integer m > 1 and for every o € R, there exists a confor-
mally invariant operator (1, : T®lm—n/2] — T®[—m —n/2] having leading term
A™. The operator [1%, is natural in the following cases: in odd dimensions and for
conformally flat M for all m > 1; in the generic n-even case for | <m <n/2—-2, if
a=0forl<m<n/2—1, if?fq)[m—n/Z] =9 m—n/2]forl <m<n/2—1,or
if T®m —n/2] =T°m —n/2] for 1 <m < n/2. In these cases there is a tractor
formula for 0I5, given by a partial contraction polynomial in O, D, W, X, h, and
h=!, and this polynomial is linear in U. In the tractor formula for 0% U, each free
index appears either on U or on a W -tractor.

We believe the operators [/1,, will be important for many problems. For our
current purposes, we are primarily interested in them when n is even, m =n /2 —2,
and the domain bundle is 722[—2]. In particular, we have the following result,
which is an immediate consequence of Theorem 4.4.
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Theorem 4.2. Let M be a conformal manifold of dimension n even. Then
(32) Dnj2-2Wa, 4,88, = K ()X, Z4," X8, Z5," Oy

Here K (n) is a known nonzero constant depending on n, and Oy, € € 1), [2—n] is
the Fefferman—Graham obstruction tensor. It is conformally invariant and natural.

We have K (4) = —8. In dimensions at least 6, the constant K (n) is given by
(n — 4)k(n), where k(n) is given in (38). Note that [/l,/» oW € %?[2—n]. The
theorem states that its components vanish in all factors of the composition series
(11) for T%2[2—n], except for the (injecting) factor €; 1[—2] = ¢!1[2—n], and the
term here is the obstruction, up to scale.

Theorem 4.3. The obstruction tensor Oy, vanishes on conformally Einstein mani-

folds.

Proof. A conformally Einstein manifold M admits a parallel standard tractor [ (see
[Gover and Nurowski 2006]) such that o := 14X, # 0 is an Einstein scale. It
follows immediately that [ annihilates the tractor curvature QpclE:

VP =0 = Q. LElf =[V,, V. JIP =0.

Also since [ is parallel, viewing it as a multiplication operator, it is clear that
[D, 1] = 0. From (27) (see also [éap and Gover 2003]) we have Wy, AZD E =
(3/(n—2))DAX 0, Z4,°Z 2, QP g. Thus Weepglf = 0.

By Theorem 4.1 there is a formula for [/l,,/>—>Wa, a,8, 8, Which is polynomial
ind, D, W, X, h, and h~!, and in this formula each of the indices A;, A,, By,
and B, appears on a W tractor. On the other hand, since [ is parallel and of weight
0, it commutes with the operators in this expression for [/l,/2-2W4, 4,8, 8,- Thus

(33) ' 022 Wa, 48,8, = O,

since 14 Wagcp = 0.
From [Gover and Nurowski 2006] we have [4 = (1 /n) DA¢. Thus from the
expression (16) for the tractor-D operator, we have the expression

4], =0 YA —(1/n)Jo XA

for 1 in terms of the (Einstein) metric g := o ~2g. (Recall that if V is the Levi-
Civita connection determined by g = o ~2g, then tautologically Vo = 0.) In
particular, in this scale, we have 14Z 4% = 0. Thus from Theorem 4.2 above,

4K () Z242, 2B 1B ], 0 oW, B, = 020

But from (33), the left-hand side vanishes, and hence O,;, =0 on M. Il
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Obtaining the obstruction tensor via a conformally invariant operator on a trac-
tor field as in Theorem 4.2 enables us to relate it to other conformally invariant
operators associated with the deformation complex, by ideas along the lines of the
curved translation principle of Eastwood [1996] and collaborators. This is the idea
behind Theorem 2.3, which we are now ready to prove. Related generalisations
of the curved translation principle have been explored in depth in the setting of
operators on differential forms [Branson and Gover 2005].

Proof of Theorem 2.3. We first construct B and prove (iii). Let W2 denote
the quotient of T>2[—2] by the subbundle which is the kernel of the bundle map
T>2[—2] — T> ® T° given by

Uayas8,8, = XA, XB,UnyA38,B;-

We write W5, for the subbundle of T22[2—n] consisting of tractors which are
annihilated by any contraction with X, and write W??2 and W', for the section
spaces of W22 and W, ,, respectively. Note that complete contractions between
elements of T22[—2] and sections of T%2[2—n] take values in E[—n]. Hence there
is a conformally invariant pairing between g22[—2] and T%2[2—n]. Itis clear that
the contractions between elements of T>2[—2] and sections of T22[2—n] induce
a well-defined bundle map

(+,): W22 @ W,y — E[—n),

and so there is also a conformally invariant pairing between W22 and W .

Given a section Upgcp € T22[—=2], let [Uagcp] be its image in the quotient
space W22, From the tractor composition series (6) (see also (10) and the discus-
sion there), it follows easily that the space W22 has a composition series

€[2] ¢ 6>'[2] 6 €2 [2]
and that the injection I : €>2[2] — W22 is given by
Uabcd V> 124 Z5" Zc  Zp  Uapeal.

The differential operator D : W22 — J22[—2] given by

9

A B
mYZ,ZD 'D 1)(A] XBl UAzA}BzB}

[(Ua,a;8,B;1 >

is clearly well-defined and conformally invariant. Here Y3, is the bundle map
executing the projection of T?[—1]® T?[—1] onto the direct summand T>2[—2].
We write D* for the formal adjoint of D. This is a conformally invariant operator

D*: 92’2[2—n] —> OM/‘LZ.
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On the other hand, from Theorem 4.1 there is a conformally invariant Laplacian-
type operator [/l,/2—2 : T%2[—2] — J%2[2—n]. Thus we have the composition

D*Wyja—2D s W2 — W 5.
The operator B in the theorem is (up to a constant multiple) simply the composition
(D*(n2—2 DI =: B) : €*2[2] — W,

By construction this is natural and conformally invariant.
Now in a conformal scale, (DI(u)) gcgr is given explicitly by

(34 (n—H((n—3)Z"Zc ZE Zr upcer —2Z8" Zc X (£ ZF) Votieppe
—2X(BZC1°ZE ZF! VoUpeer)
+4X(8Zc1 X1EZFyY (VOVUpeer + (n = 3) PP upeey).

Thus from (28) and a minor calculation, D(I(C)) apcp = (n — 3) Wapcp, where
C is the Weyl curvature. So by Theorem 4.2, we have

((Dn)2—2DIC) pya3ByBy = (1 — 3K ()X 0, Z 2, X 3, Z8,"O .

That is, [/1,/2—2DIC takes values in the factor € 1[—2] in the composition series
for 722[2—n]. (Note that this factor is a conformally invariant subspace.) Now the
formal adjoint of the tractor-D operator is again the tractor-D operator [Branson
and Gover 2001]. So

D*X 4, Z4," X, Z, Oy = XB XA Dp Da X4, Z4,"X 5, 25,700

nn—2)
But a short calculation using (9) and (16) shows that this operation just returns
4in—4)(n —3)X4,Z4,“Xp,Z 33” Ogp, and this proves part (iii) of the theorem. All
nonvanishing multiples can be absorbed into the definition of B.

We treat now part (i). We need to show that I*B has order n —4 and is nontrivial.
Since by construction there is a universal natural expression for the operator L, it
is sufficient to establish this on the standard conformal sphere. Recall that [/],,/2_»
has leading term A"272 Thus [l /2—2 is elliptic, since the sphere has Riemannian
signature. From (34) it is clear that DI: €%2[2] — J22[—2] is a differential splitting
operator; there is a bundle homomorphism J : T%2[—2] — E?2[2] such that JDI
is the identity on €22[2]. Thus on any manifold, R(DI : €222] —> T>2[-2)) is
infinite-dimensional, and it follows immediately that (/l,>_>DI is nontrivial on
the standard conformal sphere. The action of [/],,—»DI on €22[2] takes val-
ues in T>%[2—n]. The composition series for J 22[2—n] is given by (11) with
w = 2 — n. From this we see, for example, that there is a canonical projection
from T22[2—n] to €"1[6—n] = €1,1[2] with which one can compose the operator
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[Dnj2—2DI1: €%2[2] — T>2[2—n]. By construction, this is a conformally invariant
operator €222] > €1,1[2]. On the other hand, from the classification of operators
on conformally flat structures discussed in Section 2, the only conformally invariant
operators on ¢22[2] taking values in irreducible bundles are as follows: there is an
operator €22[2] — €32[2] and an operator €222] — €2.2[—2]. From elementary
weight considerations, we know the latter has order n —4. Thus the composition de-
scribed must be trivial. Continuing in this fashion and using (8), one concludes that
(/1n/2—2DI takes values in the subspace W5, = €2 2[—2] & €5 1[—2] & €1,1[-2],
and the composition of [/1,/>_>DI with projection to €, »[—2] is necessarily non-
trivial. This composition is thus up to scale the unique conformally invariant op-
erator between these bundles (on the conformal sphere). To finish, note that on
the one hand, I*D* is the formal adjoint of a splitting operator for ¢>2[2] and
therefore acts as a multiple of the identity on the component €, 2[—2]. On the
other hand, I*D* must annihilate the components €, ;[—2] and €; 1[—2], since
these have higher total order than the target bundle €, >[—2] for the composition
and a natural differential operator cannot lower order.

Finally, we consider (ii). Let us first consider the case of a flat Riemannian
or pseudo-Riemannian structure. Thus all curvature will vanish, until we note
otherwise. If F, 4, is a 2-form, then A”/2*2DA0XAOZA1“IZA2“2 F,,q4, 1s well un-
derstood as a special case of [Branson and Gover 2005, Proposition 4.6]. The
nonzero components of this have values in a subbundle of J%[2—n] with compo-
sition series €, @ €. These components are (up to an overall nonzero constant
multiple ((84)"/>72F, a8(d8)"/*>~>F), where d is the exterior derivative, § its for-
mal adjoint, and a is a nonzero constant. Composing these components on the left
with (8d , (1/a)d) yields (8d + d8)"/*>~'F = (=1)"/>"1A"/>~1F. Now on flat
structures we have the identity

(I’l - 2) (DI(M))A1A23132 = 3I)AOXAOZAlal ZAzaz Ua1a2B| By

where u € €%2[2] and U,, 4,3, B, is the conformally invariant form-tractor given in
scale by letting w equal 2 in the formula

(35)  Usarpis, = n+w—5Z," Zp," g, a0p, 0 +2X 8, Z8,” V" thay 01, -

Thus by viewing U as a 2-form with values in a tractor bundle and replacing V,
d, and § with their tractor connection coupled variants in the argument above, we
conclude that there is an operator A such that

_ 3 _
ANP2DI) = —— AA22DMNX 3, 74, “ 24, Uayaypy 5, = AU

We continue with similar considerations, except that now we view u®' 5, as a
2-form on the b1 b, index pair that takes values in End(7 M). If F now indicates a
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2-form of weight w’, we have

K(F) := (3/(n+2w' —2)) DX 4, Z4, " Zp,"* Fayay
=(n+ w — 4)ZA1111 ZAzazFulu2 +2X4, ZAZ”ZV“I Foa,-

So if w’ = 1 in particular, then the formula on the right-hand side agrees with
(35) with w = 2. In formally calculating A"/2~1U% 5, using the identities
(9) and the Leibniz rule to obtain a formula polynomial in #, V, the metric g,
its inverse, and the projectors X, Y, and Z, we may ignore the a; and a,. Their
contribution is buried in the meaning of the Levi-Civita connection V. Now for a
2-form F of weight 1, we have that on flat structures, A2 VK(F) takes values
in é;[—1] 4 €;[—1] and has the form ((3—n)(8d)"/*~! + (d8)"*"1)F, %) up
to an overall nonzero multiple [Branson and Gover 2005]. Here * indicates some
term, the details of which will not concern us. We note that the first entry gives
an elliptic operator on F'; we may act on this with the operator §d + (3 —n)d$ to
yield (3 — n)(—1)"2A"?F. Thus there is a linear differential operator A, such
that Ap A"/21U = A"y,

Combining these observations, we see that there is a linear differential operator
Aj such that A3 A"/?~2DI(u) = A™?u. Finally, one can easily verify directly that
D* is differentially invertible as a graded differential operator on the subspace W, 5.
(That is, its inverse is also a graded differential operator. The point is that in terms
of a splitting of W', » determined by a choice of conformal scale, a straightforward
calculation shows that D* takes (1, v, w) to (ku,fv+68 -u,mw+38-v+68-8-u),
where k, £, and m are nonzero integers, é- indicates a divergence operator, and § - -
a double divergence operator.) Thus with B defined to be the necessary multiple of
Az (D*)~!, we have (ii) for flat structures. But now the result follows in general,
since moving to curved structures yields the same formal calculation, except that
at each stage the differential operators concerned may have additional lower order
terms involving curvature. It is easily checked that these terms can only yield terms
of order lower than 7 in the final calculation of BB. O

Proof of Proposition 2.2. We treat L first. We already have L = Bi*Bi in dimension
6, and so we shall assume that n > 8. Let us denote by

U:€>22] —» €2 T2

the conformally invariant operator given by (35). We write d" for the tractor con-
nection coupled exterior derivative and 8V for its formal adjoint. Thus for example
for U € € ® % we have (dVU)upayar8,8, = 3VagUayarp, B,- It is straightforward
using (9) to verify that on conformally flat structures, the composition dVU can
be reexpressed in the form MBi, where M : €32[2] — ¢> ® J is a conformally
invariant first-order differential splitting operator.
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There are conformally invariant formally self-adjoint operators Ly : € — ¢,
0 < k < n, with leading term (8d)*. These are the “long operators” for the de
Rham complex given in [Branson and Gover 2005]. It is shown there that there are
natural linear differential operators Q1 such that Ly =8 Qy41d.

Now suppose we are on a contractible (conformally flat) manifold. This suffices
for our present purposes. Then the tractor bundle is flat and trivial. It follows that
there are conformally invariant and formally self-adjoint tractor-coupled variants
of the L,

L] € ®T*— € eT%

These are obtained by starting with the natural formulae for Ly = § Q+1d and
formally replacing each instance of d, §, and the Levi-Civita connection with, re-
spectively, dV, 8", and the Levi-Civita tractor-coupled connection. By construction
the result has a factorisation L =8¥ Q)" ,d" for some differential operator QY ;.

Observe that by composition, we have a formally self-adjoint conformally in-
variant operator [U*sz U:€*22] —» €2.2[—2], where U* is the formal adjoint of
U. We will reexpress this. By taking formal adjoints, we have U*§" = Bi*M* from
dV'U = MBi. Thus we obtain an operator

Bi*M* QY MBi : €*2[2] — %55[—2].

The result follows from the uniqueness of L, provided the displayed operator is
nontrivial. It is clearly sufficient to establish this for Riemannian signature struc-
tures and at a flat metric within the conformal class. We use the alternative ex-
pression U*$Y QYdvU = Bi*M*QYMBi. On flat structures, Q3 = (d8)"/>73,
and so Q3V = (dV8V)"/?73. 1t follows that for u € €>2[2] of compact support,
8V(dV8V)"'?73dVU(u) vanishes if and only if dVU(u) vanishes, since the tractor
connection is flat. (Suppose d¥U(u) # 0. Then there exists a parallel T € 72 such
that 78182 (dVU(M))aoa1a23132 # 0. In other words, if f4,4, := Th BZ[U(u)alazBle,
then df #0. But on the other hand, if 0=T5182(§V (dV§V)"/23dVU()) aga, ar B, B>
then (84)"/*~% f = 0 which implies df = 0.) This is equivalent to MBi(x) van-
ishing. Since M is a differential splitting operator, this in turn is equivalent to
Bi(u) = 0. Thus the composition §V QY dVU: €*2[2] — €, ®J? is nontrivial. Now
it is easily verified that €, 2[—2] turns up with multiplicity 1 in the composition
series for €, ® J2. It follows by an exact analogue of the argument used on page
331 that sV Q3v dvU only takes values in €; »[—2] and composition factors of higher
total order. Thus on the range of this operator, U* acts as a nonzero multiple of
the projection to the component €, »[—2]. (Recall that U* is the formal adjoint
of a differential splitting operator U : ¢>2[2] — €2 ® T2, and so it must act as a
nonzero multiple of the identity on the component €, >[—2]. On the other hand, it
is differential, so it cannot lower total order.)
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Now we consider the situation for B. We require a conformally invariant dif-
ferential splitting operator I" : €1:1[2] — ¢! ® J? that will in this case play a role
analogous to U above. This is easily constructed explicitly and directly, and can be
obtained from a composition of the related operators in Section 5.1 of [Branson and
Gover 2002], so we omit the details. Since I" has values in a weight zero adjoint
tractor-valued bundle of 1-forms it is clear that the composition 4V T" is conformally
invariant. This is easily verified nontrivial. On the other hand, in terms of a metric
g, the tractor curvature is given by

2
b b by x7b
ZB] IZBZ 2Calazblb2 + n 3X31232 ZV lcalazbzbl'

Thus the linearisation, at a conformally flat metric gg, of the tractor curvature
is (1/(n—3))UC. This is manifestly nontrivial, and so via arguments used sev-
eral times already concerning the uniqueness of irreducible conformally invariant
operators, it is straightforward to verify that this operator must agree with d¥T"
(on conformally flat structures), at least up to scale. We set the scale of I" so
that VT = (1/(n—3))UC. On flat manifolds, Q5 = (d§)"/>~2, and so by almost
the same argument as for L, we conclude that on conformally flat manifolds, the
formally self-adjoint conformally invariant operator C*U* Q2V UC is nontrivial. [J

The next theorem shows that for n even, if the ambient curvature is formally
Ricci-flat to O (Q"/?>~1), then a tensor part of the coefficient of 0"/?>~1 is a natural
conformal invariant of the underlying manifold and so is an obstruction to finding
an ambient metric which is Ricci-flat to higher order. For our purposes, the main
point is that this is achieved by Theorem 4.4(iii), which recovers this obstruction
via a tangential operator acting on the ambient curvature.

Theorem 4.4. For a conformal manifold M of even dimension n, let h be an
associated ambient metric satisfying Ric(h) = Q"/>~'B. Then we have

(i) Blo is equivalent to a tractor Bap € €ap),[—n] such that XABap =0.
(i1) The weighted tensor ZA,ZB,Bag =: Oy is a section of €ap)y,[2—n].

(ii1) For n > 6, we have

An/z_zRAu‘\zBle =k(n)X 4, X, Ba,p, + 0(0),

where k(n) is the dimension dependent nonzero constant given above. In di-
mension 4,

3DX o R4, 0,88, = 16X, X5, Ba, s, + 0(Q).

(iv) The tensor O,y is divergence-free.

(v) The weighted tensor Oy, is a nontrivial natural conformal invariant of the
form AM272VVEC a4 lots = (n — 3) A2 2(AP,, — YV, VyJ) + lots (up
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to a constant multiple), and so is an obstruction to finding an ambient metric
which is Ricci-flat modulo 0(Q"?).

Remarks. 1. The statement of the theorem up to the definition of O, in (ii) is
a characterisation of the Fefferman—Graham obstruction tensor (Graham, private
communication; see also [Fefferman and Graham, in progress]). This gives a com-
plete obstruction to the ambient metric in the sense that if this vanishes, then the
ambient construction may be continued to all orders [Fefferman and Graham 1985].
Hence O, is the usual obstruction tensor, as claimed in Theorem 4.2. Thus part
(iii), above, gives a new ambient formula for the Fefferman—Graham obstruction
tensor.

2. From (25) it follows easily that O,, may be equally viewed as an obstruction
to obtaining an ambient metric which is harmonic for A in the sense that A R
vanishes to all orders. See also the remark on page 325.

3. It should be pointed out that
(36) AP KR 8,8, = k()X 4, X5 Bayp, + 0(Q)

is an alternative ambient formula for the obstruction, and we could replace the
A"773 by A7/ in this formula.

Proof of Theorems 4.2 and 4.4. As above, we write Ric for Ric(h). It is im-
mediate that B is symmetric and homogeneous of weight —n. Also from (5) it
follows that XA B 45 = 0. So By is equivalent to a tractor field Bsp € T (ap)[—n]
satisfying X4B4p = 0. From this last equality and (8), it is clear that Oy is
conformally invariant, while from the weight and symmetry of B4g, it follows that
Oup € €(ap)[2—n]. For parts (i) and (ii), it remains to show that both B4p and O,
are trace-free.
First we consider the case n # 4. Note that since V4 QO = 2X 4, we have

(37)  Va,VaRics,5, = (n—2)(n—4) Q"> X s X, Bays, + 0(Q"*7?).
From (21) and (25) together with a short computation, it follows that
A" 2Ry 4,88, = k(1) X 4, X 5, By, + 0(Q),
as claimed in (iii), where
(38) k(n) = (n—2)(n —H(=1)"*32"*((n/2 - 3)!)2.

(Note that (21) and (25) also give the alternative formula in Remark 3, above.)
Since (n —4) R|q is equivalent to the tractor field W, it follows from Proposition
4.8 that (n — 4)4(”/ 2*2R| 9 descends to the natural tractor field [/],,,>—»W. On the
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other hand, using 834 = XAYp+YA X +2Z4,Z5"8,? and the fact that X4 B4 =0,
we see that

(39) Xa,Xp,Bag, =Xa,Z4," X5, Z5,"00p.

Therefore, X 4, X g, B 4, B, |0 is equivalent to the tractor field X 4, Z4,% X p, Zsz@ab.
This establishes (32) of Theorem 4.2.

Since the left-hand side of (32) is natural, it follows that X 4, X g, Ba, s, is natu-
ral. Hence Oy = Z42,Z52, B, p, = 4Y21YB1 242,782, X o X, Ba,p, is likewise
natural, as claimed in (v) and Theorem 4.2.

Next we show that B, p and O, are trace-free. According to Theorem 4.1, the
operators [/l,, preserve tensor type. Since Wy, 4,5, 5, is trace-free, it follows that
/1n/2—2Wa, 4,8, B, 1s completely trace-free. Thus hA1B2 Xa,Xp,Bpa, =0,by (32)
and (39). Since B¢p is symmetric and XAByp =0, it follows that h48Byp =0
as claimed. Now using (7) and again that X AB4p =0, we see that g“b Ou =0.

We must obtain the corresponding results in dimension 4. First observe that in
any dimension,

3DMX g R, p,8,8, = (1 —2)((n — DR, a,8,8, +2X 4,V Raycn,5,) + 0(Q),
by (15) and (18). From the contracted Bianchi identity, we have for n =4,
3D X s R, 4,88, = 8X 4, Vi, Rica, g, + 0(Q) = 16X 4, X, B4, 5, + 0(Q).
Relating W to the left-hand side via (27), we conclude that in dimension 4,
Wa,a,8,8, = —8X 4, Xp, Ba,p,.

Comparing this with (28), we have —2X4,Xp Ba,, = Xa,Z4,"Xp, ZszBub.
Thus O,y is a scalar multiple of the Bach tensor, O, = —%Bab, which is natural
and trace-free, by (1). Also, since W is trace-free and X ABap =0, it follows that
B, p is trace-free.

It is well known (and easily verified) that the Bach tensor in dimension 4 is
divergence-free. For (iv) we need the analogous result in other dimensions. First
note that a short calculation using the formula (16) for the tractor-D operator and
the identities (9) for the connection shows that

2DMX A, Z A, X3, 28,00y = (n — 4) X 0, X 3, Z5," V0.

So in dimensions other than 4, it follows that D1 X 4, X g, B, 5, and equivalently
(DAl X A, XB,B4,B,)|a, vanish if and only if V40,4, =0. On the ambient manifold,
by (36), DAIXAIXBI BAsz is

DY AY 3 KR A 4,88, + 0(Q),
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up to a nonzero multiple, since D acts tangentially. We ignore terms O(Q) for
much of the remainder of this calculation. The preceding display expands to

(4 — n)VA‘ An/2_3ARA1A23132 — AXA] An/2_3ARA1A23132.
From (5) and (24) we obtain

(40) (4—m) [V, AJA" KRy, a,5,5,
+ (6 —n)A[VA, AJA>S KR4, 4,5, 5,
4 — AN VAL AJARA A,B,B,
. 2An/2—3([VA1’ AIR 4, 4,8,8, + %VA‘ (REER A, 4,8,8,))

after some reorganisation. It remains only to observe that all the terms in this sum
are O(Q). First we note that from (21) and (37), it is clear that

ARAIAZBIBQ = KQn/2_3XA1XBlBAsz + O(Qn/2_2)7

for some constant K. Thus by (25), each term Ak[VAl, A]AEARAIAZBIBZ, for
k+ ¢ =n/2 —4, is some number times

(41) AF[VAT A1QY? 378X 4, X g, B ays, + 0(Q),

since [VA1, A] is a first-order operator. Now consider the identity obtained from
(26) by including the O(Q"/ 2-2) terms which were omitted. From this identity,
(5), and the fact that VQ = 2X, it follows that [[VA, A], Q] = 0 identically on
the ambient manifold. Thus (41) is O(Q).

Now consider the last term in (40). By direct calculation, we have

[VA, AR A 5,5, = —3 VA (REER A, 4,8,8,) + 0(Q"*72),
and so as required,

A" ([VAI, AJR A 4,88, + %VAI (RﬁﬁRAlAzBle)) = 0(Q).

Finally, we must show that in general O, is nontrivial. Up to scale, O, is
given by 4YAryBizA2 78207, 5 s Wa, A, B, From (28) and (31), it is clear that
AyAryBizAr 7B, Wa, 4,8, B, 1s at leading order a nonzero multiple of VAVEC oudp-
Using that [/1,/2—> has leading term A"272 and (9) to verify that the commutator
of A"?=2 with 4y A1y Biz42 782, generates only lower order terms, we conclude
that Oy, = £(n) A"272VIVCC pap + lots, where €(n) is a nonzero constant. Given
the form of the leading term, an elementary exercise shows that this natural tensor
cannot vanish in general. O
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4A. Conformal Laplacian operators on tractor fields. It remains to prove Theo-
rem 4.1. Our strategy is to first define the operators [J9 , which we do via powers
of the ambient Laplacian A, in Proposition 4.8, and then rewrite each such power
as a combination of compositions of low order tangential operators, each of which
has an immediate interpretation as an operator on a tractor bundle. This leads to a
simple algorithm for rewriting any operator of this form in terms of basic tractor
operators using only the existence of an ambient metric. Two of the key tools
are Theorem 4.7, which explains how ambient derivatives of the ambient curvature
can be reexpressed in terms of low order tangential operators, and Proposition 4.10,
which describes harmonic extensions of tensor fields along 9.

Almost all of the subsequent discussion concerns the ambient manifold M with
metric as discussed in Section 3. Occasionally we pause to interpret results on the
underlying conformal manifold M.

In the generic n-even case, some identities, such as (22) and (26), hold to only
finite order in Q. In many proofs, we will apply the operators V and A to both sides
of an identity, and this will reduce the order to which the identity holds. Thus we
must keep track of the number of times that we apply V and A. In odd dimensions
and in the conformally flat case, this is unnecessary since the identities hold to
all orders. For simplicity, many of the proofs that follow explicitly treat only the
generic n-even case. The proofs in the other cases are essentially the same, except
that they do not require the operator counts. In addition, we have stated some of
the results themselves in the generic n-even case only. All results hold as stated.
Propositions 4.5 and 4.6, Theorem 4.7, and Lemma 4.11 also hold in general; they
hold to all orders in both the odd-dimensional case and the conformally flat case,
where the upper bounds stated in the hypotheses of the results no longer apply.

We will often use abbreviated notations. We may abbreviate (26) by writing
[A, V]V =) RVYV. It is easily verified that (26) generalises to

42) [Ay, VIV =Y RVV +aY (VR)V,

which also holds modulo O(Q"/?*72) in even dimensions and to infinite order in
odd dimensions. For example, let V be any symmetric ambient 2-tensor. In this
case (42) stands for

[Aa. ValVe =2(@ = DRA"5%VpVoc

+2(a@ —DRA"c2VpVgo —20(VaR5" ) Vpo,
which holds to the appropriate order. If the V on the left-hand side of (42) has
any free indices, then in every term of the right-hand side of (42), each such index

either remains attached to V in its original position or moves onto an R. Some
of the proofs in Section 4 will use this fact, which follows immediately from (26)
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and the definition of Rff. The expressions we treat will often involve iterations of
operators. To indicate how many operators we are composing in such an iteration,
we will use exponents. For example, we might indicate V4 Vg Rcprr by writing
V2R. We will often use the symbol % to denote a partial contraction polynomial.
The same P may denote different polynomials in different parts of a discussion.

We often use the identities (13) and V Q = 2X without explicit mention.

The proof of Theorem 4.1 begins with the development of a useful ambient
calculus. This involves a sequence of results.

Proposition 4.5. Suppose that n is even and M is generic. Let an integer £ be
given, and suppose that 0 < { < n/2 — 4. Then on the ambient manifold,

(43) AV R =3 (VP R)(VIR)+0(Q"*73Y),
where p+q ={. If the R on the left-hand side of (43) has any free indices, then for
every term in the summation, these indices appear on an R (as opposed to a V).

Proof. We use induction. The case £ = 0 follows from (22). Suppose next that
0 <m < n/2—5 and that the result holds for £ = m. From this assumption and
(26), we have

AV"HIR = VAV"R+ Y RV R) +0(0"/>2)
— V(S (VP RYVIR) + 0" + X ROVIR) + 0(Q")
=Y (V’'R)(V'R) +0(Q"/?73~n+h),

Here p4+q =m and s +t = m + 1. The use of the inductive assumption and (26)
never moves a free index from an R onto a V. O

Proposition 4.6. Suppose that n is even and M is generic. Let an integer £ be
given, and suppose that 0 < £ <n/2 — 3. Then

A‘R =Y (V"R)--- (VY R)+0(QV*2"1).

The number of factors in a term may vary from term to term, but in any case, v; <¥{
for1 <i<j.If A, B, C,and D denote the indices of the R on the left-hand side,
then for each term in the sum, these indices are on an R.

Proof. We again use induction. Suppose that 0 < m < n/2 —4 and that the result
holds for £ = m. Then

(44) Am+1R =A (Z(V'“R) e (ij R) + O(Qn/2—2—m)) )

By expanding the right-hand side above using the Leibniz rule and the formula
A = VAV, we obtain an expression SU(VUIR) - (V% R) 4+ O(Q"/?~2~(m+1D)
plus a sum of the form ) (AV?R)(V"R)---(V*R). In each case, u; <m + 1
and #; < m. But by Proposition 4.5, AVPR = > (VP R)(VIR) + O(Q"/>73~1),
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where p+q =1ty <m. Thus AVPR =Y (VP R)(VIR) + O(Q"/>~2=m+D) The
use of the inductive assumption and Proposition 4.5 never moves an index from an
RontoaV. (|

Theorem 4.7. Suppose that n is even and M is generic. Let h be an ambient
metric for a conformal manifold of dimension n. Given t > 0 and u > 0, suppose
that t +u < n/2 — 3. Then there is a partial contraction P, polynomial in D 4,

Rigcp, X 4, hap, and its inverse hAB, such that

(45) VIAYR =P 4+ 0(Q"/*727171y,

Each term of P is of degree at least 1 in R gpcp. If, in (45), R has any free indices,
then in P these indices always appear on an R.

Proof. By Proposition 4.6, we may write
VIA"R=Y(VYR)--- (V% R)+ o(QM2-2-u-ty,

where v; <t + u for each i. If the R on the left-hand side has any free indices,
then for each term in the sum, these indices always appear on an R; this follows
from Proposition 4.6. To complete the proof, we show that if 0 < <n/2—3, then
ViR =P+ 0(Q™"**~%). We use induction. Suppose that 1 <m < n/2 —3, and
suppose that VIR =9 + O(Q”/z_z_‘z) whenever 0 < ¢ <m — 1. By (14) we have

D\V" 'R=mn—-2m—4)V,V" 'R - X,AV"'R.

Note that n — 2m — 4 > 0. Also observe that each R has the same indices. From
this equation and Proposition 4.5, we conclude that

V"R =DsV" 'R+ X4(X(V°R)(VIR) + O(Q"/?73-(m=D)),

where p +¢q < m — 1. Also note that if R on the left-hand side of this equation
has any free indices, then in each term of the right-hand side, these indices always
appear on an R. We now see that V"R = @ + O(Q"/?>~2~™), from our inductive
assumption. (|

Remark. Theorem 4.7 shows that when n # 4, an ambient partial contraction
V!A"“R|y is equivalent to a conformal invariant which is obtained by taking a
partial contraction polynomial in D, W, X, h, and its inverse 2~!. Moreover in
each case, via the inductive steps of the proof, one obtains the explicit formula for
the invariant as a partial contraction of these quantities. More generally, this shows
that any “Weyl invariant” [Bailey et al. 1994b; Fefferman 1979] arising from a
complete (partial) contraction of ambient tensors of the form (45) is contained in the
space of invariants generated by complete (partial) contractions of the expressions
polynomial in the tractor operators and fields D, W, X, h, and h~!. Furthermore,
there is an explicit algorithm for finding the tractor formula, given the formula for
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the ambient invariant. This is a slight generalisation of a result along these lines
obtained in [Cap and Gover 2003].

The next proposition is a simple generalisation of results in [Branson and Gover
2005; Graham et al. 1992].

Proposition 4.8. For every integer m > 1 and every ambient homogeneous tensor
space T®(m —n/2),

A" T¥m—n/2) - T(—m —n/2)
is tangential and so determines a conformally invariant operator
0% : T%m —n/2] — T®[—m —n/2].

Proof. By construction, the operators A, preserve tensor type (with respect to
pointwise SO(h) tensor decompositions) and lower homogeneity weight by 2.
Hence A” maps T®(m —n/2) to T (—m —n/2).

To show that A} acts tangentially, we calculate A} QA for A of homogeneity
m — 2 —n/2. Without any homogeneity assumption, we have

(A7, Q1=)")5 AL~ "P[Aq, QIAL.

Acting on 7 ®(w), the p-th term on the right acts as 2(2(w—2p) +n —{—2)A21_1 by
(25). Hence [A]}, Q] acts as 2m (2w —2m +n —|—4)AZ‘_1. This vanishes identically
if w=m —2—n/2. Thus A” is tangential on 7% (m —n/2) as desired. O

The remainder of this section is concerned with obtaining tractor formulae for
the operators in the previous theorem. A key idea is to assume that the ambient
tensor field being acted on is suitably “harmonic” as in the following lemma. Since
tangential operators do not depend on how the field is extended off 9, this involves
no loss of generality.

Lemma 4.9. Suppose k > 2 is an integer. In the generic n-even case, suppose
k<n/2—1orthata =0and k <n/2. Given S € T®(k —n/2), suppose A,S is
O(Qk_l). Finally, let v, 0 < v <k — 1, be given. Then there is a linear differential
operator P of order at most 2v given by a partial contraction formula polynomial
inXa,Da, Ragcp, hap, and B8, such that

(46) V'S =S+ 0(0% ).

If, on the left-hand side of (46), S has any free indices, then in every term of S,
each of them appears either on S in its natural position or on R.

Proof. We will assume that n is even and M is generic. For v = 1, observe that by
(14) and (23) we have

2 —1)VS=DS —aX RS+ XA, S.
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This is in the required form, since A, S = O(Q*1).
We now proceed by induction on v. Suppose that 1 <m < k — 1 and that (46)
holds for 1 < v < m. By (14) it follows that

(47) 2k —m— DV TS = DV"S — a X REEV™S + XA, V"S.

If S on the left-hand side has any free indices, then in every term of the right-
hand side, each of these indices appears on an § in its natural position or on an
R. From the inductive assumption and the properties of D, it then follows that
DV™S —aXRi8V™S is of the form @S + O(Q*~"+D), where P is as described
in the statement of the lemma. On the other hand, by (42),

(48) A V"S=V"A,S+ > (VP R)(VIS)
+a Y (VPHIR)(VITIS) + 0(Q/3~2-m=D),

where p+qg =m, p >0, and ¢ > 1. When we use (42) to construct (48), each
index attached to S on the left-hand side of (48) either remains fixed or moves onto
an R. Note that V" A, S is O(Q*~"+D) and that n/2 —2—(m —1) > k— (m +1).
Thus A, V™S = > (V*R)(V?S) + O(QF~"+D). Here x + y = m, x < m, and
y <m. If « =0, then we have 1 <y and x <m — 1. By Theorem 4.7 and by our
inductive assumption, it follows that A, V™S = PS +0(Q*~"*D) where P is as
in the statement of the lemma. O

The usefulness of Lemma 4.9 results from the next proposition, which gener-
alises to ambient tensors and Ay-Laplacians a result of [Graham et al. 1992].

Proposition 4.10. Let k > 1 be an integer. Then for any T € T ®(k —n/2), there is
an S € T2k —n/2) such that T — S is O(Q) and A, S is O(Q*1).

Proof. Let w := k —n/2. Suppose that S,,_| € T ®(w) is such that T — S,,_; is
O(Q) and Ay Sy—1 = Q" 'E. (Then E € T®(w —2m).) If A € T®(w — 2m),
then S, := Sp_1 + 0"A € T®w) and T — S, is O(Q). We have A,S, =
Q" 'E+ A, Q"A. Now A,Q"A =Y "' O'[A,. Q10" "'A + O(Q™), and
from (25) and the homogeneity of A and Q this becomes

A O"A=Y"T 20+ 2w —4i —2)Q" A4 0(Q™)
=4mw+n/2—m)Q" A+ 0(Q™).
Thus if m # w+n/2 (i.e. m # k), then setting A = —[4m(w+n/2—m)]~'E gives
AyS, = 0(0™). O

Note that the proof establishes much more than we require in the proposition. It
shows that the A,-harmonic extension of 7’|y only fails at 0(Q%), and that past
this the extension continues. Also, if we allow w such that w +n/2 ¢ {1,2,...},
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then for any T € 7 ®(w) and any integer £ > 0, there is S € 7 ®(w) such that T —§
is O(Q) and A, S is O(QY).

Remark. Recall that one of our central aims (at least for n > 6) is to understand
the result of applying A”/2~2 to the ambient curvature R. For this it would appear
that we do not need Proposition 4.10, since by (22), the ambient curvature already
has the property we require of S, namely, that A; R = AR = 0(Q"?73). On
the other hand, we prefer here to treat A"/>~2R in two steps. First, we derive a
tractor formula for the conformally invariant operator [/],,2—> on g22[—2]. For
this we will use Proposition 4.10. This operator arises from A”/>~2 on 7 22(—2).
Then finally we may apply the operator [/l,/2_> to the tractor field W; see (28).
Proceeding in this way, we can be sure that the tractor formula that we obtain for
the ambient quantity A"/>~2R|y is precisely the tractor formula for [/, /2—2 oOn
F22[—2] applied to W.

Next, we need to understand how powers of the A,-Laplacian are related to
iterations of D. We begin with a lemma which indicates the impact of moving
Laplacians to the right of V’s.

Lemma 4.11. Suppose that n is even and M is generic. Let o € R, w € R, and
T € T%(w) be given. Let

(49) S=AIVY . AZVYT,
where t; +u; > 1 for each i. Suppose that k := Zle(ti +u;) <n/2—1. Then
(50)  S=3(VUALR)--- (VYA R (VU AL T) +0(Q"*7H),

where vj +w; < k for each j. If T has any free indices in (49), then in (50) these
indices appear either on T in their original position or on an R.

Proof. We proceed by induction on k. Suppose that 1 <m <n/2 —2. Suppose
the result holds whenever 1 < k < m, and let S be as in (49) with k =m + 1. If
t; =0, then by our inductive assumption we see immediately that (50) holds modulo
0(Q"/*~m+Dy  On the other hand, suppose #; > 0. Then by our inductive as-
sumption, § = Ay ((VVALR) - (VAL R) (VU AT T) + 0(Q"/2~™m)),
where v; + w; < m for each j. Suppose we use the Leibniz rule to expand
A(VUAPIR) - (VY A, R)(VY+ A,*"' T). Then each term in the resulting sum
will either contain two factors of the form V%t Ay’ P or one factor of the form
AVU A, P, where P denotes R or T in each case. But AVY A, P equals
A VYA P —aRtEVY Ay’ P, and by (42) we may write A, VY Ay’ P in the
form VY AL P + S(VER)VY AL P + 0(Q2~+D). Here v} + v/ = v;.
When we use (42), any given index attached to P either remains fixed or moves
onto an R. This completes the induction. O
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Lemma 4.12. Suppose € is an integer and £ > 1. In the generic n-even case,

suppose also that £ <n/2—1. Let T € T®( —n/2) be given. Then

(51) AS'DT = —XALT +3(VUIAYIR) --- (VP AP R) (VU1 AP T)
+aX S (VA R)--- (V4 A% R) (V' AYT' T) + 0(Q).

Herevi+w; <f—1for1<i<p+l,andri+s; <l—1for1<i<qg+1 Ifa=0,

then v +w; <€ —2for1 <i<p,and v,y 1 +wpy1 <L€—1. If T on the left-hand

side has any free indices, then on the right-hand side these indices always appear
on R or in their natural positions on T.

Proof. Suppose that n is even and M is generic. If £ = 1, the result follows from
(14). Now suppose that £ > 2. From (14) and (24) we have
ASIDAT =200 = DALIVAT — AU X4 AT +a AL X 4 REHT
=200 —DAL'VAT —[AL!, X A1ALT — X 4AT AT
+a[AL XAIRSET +a X A AL ' REET
= —XAALT 42— DASIVAT — S0 A2 Ay, XAIALALT
+ a(zf;g Ag—z—i[Aa,XA]A;)RuuT +aX A REET

= —XAALT 4206 = DAS'VAT =2 Y20 A IVAAL A, T
+2a(zf;§ Ag—Z—"VAA;)RﬁnT +aX AL REAT.
Each of the original indices on T remains fixed in this calculation except in the

terms of R{fT, where it may either remain in its original position on 7 or move
onto an R. By (42), we may reexpress this in the form

(52) AS'DT = —XA'T+ Y AJRVALT +a Y AY (VR)AGT
+aA TPV REET +a Y. AP RV AL REST
+a Y API(VR)AY REST +a X A REET + 0(Q),

where s; +1; = £ — 2 for each j and p; +¢; = £ — 3 for each i. When we use

(42) to construct (52), each index on T or R either remains fixed or moves onto

an R. In the right-hand side of (52) the coefficient of X Af;T is exact. Otherwise,

no attempt has been made to present the coefficients precisely. At this point we

need only the general form of the expression. Where o appears as a coefficient,

this means as usual that all terms of this form have coefficient a multiple of «.
For ambient tensors U and V,

AUV =(AU)V+(VU)VV+UA,V+RUYV.

Thus by using the definition of A, together with the Leibniz rule, we may reexpress
the right-hand side of (52) in the form given on the right-hand side of (51), except



THE OBSTRUCTION TENSOR AND DEFORMATION COMPLEX 345

that on each R or T, the operators V, A, and A, may not be in the order given
in (51). But by Lemma 4.11, we may indeed reexpress the right-hand side of (52)
in the form given on the right-hand side of (51). In doing this, we may move an
index that was originally attached to an R or a T, but we always move the index
onto an R. In the new expression, we have v; +w; <f—1for1 <i < p+41 and
ri+s; <£—1for1<i<gqg-+1; this follows from Lemma 4.11. In the @ = 0 case,
the fact that v; +w; <€ —2 for 1 <i < p follows from the fact that (52) simplifies
to AIDT = —XA'T +3 ASSRVA'T 4+ O(Q) when o = 0. a

We are now ready to show that the powers of the A,-Laplacian can be reex-
pressed as a sum of compositions of tangential operators.

Proposition 4.13. Suppose k > 1 is an integer. Let w=k—n/2, and let V € T ®(w)
be given. In the generic n-even case, suppose that k < n/2 — 2, or « = 0 and
k<n/2—1,0or T®w) = T(w) and k <n/2 -1, or T¥w) = T%w) and
k <n/2. Then

(=D 'X 4, X4 AKXV =AD,, - Do, V+PV +0(0Q),

where P is a linear differential operator of order less than 2k given as a partial
contraction polynomial in X 4, D, Rapcp, hap, and hAB. If V has any free
indices, then for every term of PV, these indices appear either on R or in their
natural position on V. The indices A; are not skew-symmetrised.

Proof. The case of V € 7 %(w) is treated in [Gover and Peterson 2003]. For the
remaining cases, we assume, as usual, that we are in the generic n-even setting.

We begin with the case k <n/2—2 and the case « =0 and k <n/2 —1; we use
induction on k. Suppose that 1 <m <n/2—3 orthate =0and 1 <m <n/2 -2,
and suppose the result holds whenever k = m. Let V € T®(m + 1 —n/2). By
Proposition 4.10, there exists an S € T ®(m + 1 —n/2) such that V — § is O(Q)
and A, S is O(Q™). Then by our inductive assumption,

(53) (=1)""' X4, X4, A7 (D4, S)=ADys,- Dy, (D4, $)+PS+0(Q),

where P is of order less than 2m. If S on the left-hand side of (53) has any free
indices, then in each term of %S, these indices appear either on R or in their natural
position on S. Now apply Lemma 4.12 with £ =m + 1 and T = S. We find that
(54) A"™D, S=—X,, A"TIS+0(0Q)
+ Y (VUAYIR) - (VP AYP R)(VUr Ay ™' S)
+aX Y (V'A"R)--- (V'A% R)(V'i+1 AZT'S).

Here vi+w; <mforl1 <i<p+41l,andri+t, <mforl <i<g+1. Ifa=0,
then v; +w; <m—1forl1 <i < pandv, +wp41 <m. If, on the left-hand side
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of (54), S has any free indices, then on the right-hand side of this equation these
indices appear on R or in their natural positions on S. Since A,S is O(Q™), we
may assume that w, | = ;41 =0 in (54). Thus by Theorem 4.7 and Lemma 4.9,
we have

(55) A"D,y S=—X,, APTIS+PS+0(0).

m

Since v, <m and ry41 < m in (54), it follows that the order of % is at most 2m
in (55). If S in (55) has free indices, then in S these appear either on R or in
their natural positions on S. From (53) and (55) it now follows that

(56)  (—=D)"Xa, - X4, ATIS=AD s, - Da, S+PS+0(0Q).

m

But D4 acts tangentially along 9, and A acts tangentially on fields homogeneous
of degree 1 —n/2. Thus ADy, --- Dy, +% acts tangentially on S. By Proposition
4.8, Ag’“ also acts tangentially on S, and so we may replace S with V on both
sides of (56). This completes the induction.

Finally, suppose that 7®(w) = 7 (w). By the Ricci-flatness of the ambient
metric, it follows that R84V is O(Q™/*~1). Thus for 1 <k < n/2 —1 we see that

A’; V = A*V 4+ 0(Q), and the result follows from the case o = 0. O

We are now ready to prove Theorem 4.1 and at the same time describe tractor
formulae for the operators (19 . We begin with the tractor formulae.

Theorem 4.14. Via the algorithm implicit in the inductive steps above, the op-
erators (1%, have tractor formulae (for m in the ranges given in Theorem 4.1) as
Sfollows:

(57) (="' XA, Xa, 02U =0ODy, -+ Dy, U +P3™, U,

m—1

where the differential operator P®™ is a partial contraction polynomial in X, D,
W, h, and h='. Thus for m #n/2,

(58) (m— D! ([T/Ly(r —20))02U
_ pAn . DAIDDA] Dy U+ DAn-1 ... DAI@ZTAWHU'

The indices attached to U on the left-hand side appear, in each term of P*™U,
on U in their original position or on W. The indices A; in (57) and (58) are not
skew-symmetrised.

Proof of theorems 4.1 and 4.14. Recall that A : T®(1 —n/2) - T®(—1—n/2)
descends to the generalised conformal Laplacian operator [J and D descends to D;
see (17). Thus (57) is an immediate consequence of Proposition 4.13. From this
the claims of naturality are immediate from the naturality of X, (J, D, W, h, and
h~'. That the % have leading term A™ follows easily from the expression (16)
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for D and the identities (9) for the tractor connection. Then note that (58) follows
from (57) and (19). ]

4B. Calculating explicit formulae; examples. One can easily compute explicit
formulae for the obstruction tensors in low dimensions. From the proof of theo-
rems 4.2 and 4.4, we know that in dimension 4, O, is simply —(1/2) B,;, where
B,y is the Bach tensor as given in (1).

In dimension 6, we have m = 1, and the relevant ambient operator from Propo-
sition 4.8 is A : T22(—2) — T >2(—4), which descends to

(59) O+ Wit =: 11 : T>2[—2] — T>*[-A4].

The left-hand side of (59) is the tractor formula for [/];. By Theorem 4.2, applying
this to W yields the obstruction tensor via the identity (32); see (28). That is,
26X 4, Za," X B, Zsz@gb =W+ le Wi W, where we have used the fact that k(6) =
2°. Thus

64@CeX[BZC]CZ[EeXD]

A F A F A F
=Wgepe — W% Wrape —W%cp" Wpare —W%ce" Waapr.

But 4YBYPZC€ ZE, X3 BcyeXp) = Oup. Thus, in any conformal scale, O, is
given by

60) Y?yPz<,z*,
x (OWsepe — WAcs  Wrape — WAcp  Waare — WA Weapr).

If one expands using (9), (28) and the definitions of (] and the tractor metric, it is an
entirely mechanical process to rewrite (60) in terms of the Levi-Civita connection
and its curvature (with metric contractions). A computation using this process
together with Mathematica and J. Lee’s Ricci software package [Lee 1998] shows
that

(61) 08, = e ABup — 37 Bap + §BeaCa’p” — 3PeaVE Aan)”
+ iAcadAc 4 %AcadAdhC - ZILA(ab)cVCJ + %Pcdpdecacbe,

where A and B are respectively the Cotton and Bach tensors as given in (29) and
(30). This formula for @Zb agrees up to a constant factor with the formula given in
[Graham and Hirachi 2005].

In dimension 8, we find that Oy, = (1/384) T (41, Where T, is as given on the
next page. To see that @2 » = T (ab), Up tO a constant factor, we begin by constructing
a tractor formula for [/1; on 22[—2]. Let T € T ®(—2) be an extension of any
element of 22[—2]. By Proposition 4.10 we may assume that A7 = O(Q). Thus
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—BapcCa + 10Byp) ST — 28 BupjcaPd + 24BycipaP?
—4Ba1e°Cap? — 24Bac1aPp¢ | — 24B41aPp¢ ¢ + 56Buc1aPp® ¢
—6Bap|e) |+ 12Bacipd € + 24BajaP 4 5 — 32BaciaP s
—4B41eCa%\° + 4Bapd (€ — 16BaP?|ap, — 40B 4P ap)°?
+56B:aPs1p? — 8BucBp  + 3BeaB 4 gap — 24BpJ? — 64B 4 PpaP?
+763achdP“’ + 28BcagapP P + 16BqJC,p? + 32B4PaeCpe?®
—24B 4P, Cy% ¢ + 4B aCaeiCp@" — 8B4 CaoCiCp' ¢ — SAach|d
—32Auch1de PN — 16A0ca1e A\ + 16Acaa)e A — 32A0ch1ad ¢
+32Ac0d(ePp° Pl — 64AubciaPeld — 128 Agca)e P Pe¢ — 128 Acaa)ePp? P¢
— 608 A4cp|aP P — 32Acaa1pPC P + 32A40a) P Cped
+32A00d1eP%iCp4 + 32A40d1ePYi Cpl + 32A0041eP? Cpce!
— 64 A4pc1aPeiCYt + 32PqPoi C o€\ % + 32Poqd 1 C i€\
+32A00.PCup¢)t + 32A04.P%; Cacbi €4 64A,404Pi Cpede)!
+64AcadPeiCdee i + 8J|¢J|dca - 16Pcd\epci|ecadbi
+32A00ad16Cpe% — 32A00471.Cp°c? — 164,40 AY:C 41 p¢
4324000 A% Cul b — 32A40a A% Cpet — 32A 000 AY elcbw
- 32AcadAeiCCblde + 64AcaaAeriCl — 32A00aAchi CCl" — 64A4caPpJ|°
—64A.:0aPp?J | — 32AupcdT | — 16AcqaPd ) — 224 A0 PC 0 J )¢
—96A:qd APy — 192404 A Pp¢ — 224 A 405 Py P4\°
—96A4pcAg P — 320A000Acr? PC + T36Acqq A%pe PCC
—96A4caPp?|ePC — 96AcaaPp? )P — 1924000 AP
+16PqP¢.C i jCp ¢ — 32P g P C i jC /¢ — 32PoqP,i Cy jp CYe1
+4gachdPezCCjede”k 4gachdPelcce kcdﬂk - 32PchezPelC ¢ d
+32PqP¢JC oy — 224P 4P i P¢C oy + 1508 4pPeaPei P jCI
+ 1508 4P aPeiPC jCU1 — 32P, PyoP¢iCp? — 64P, PyeP?; Cpec

A tensor T, such that @gb = 3lﬂ'l'(ab). Here Bup|cqd := VaVeBap, etc.

by (14), (22), and (24), we first obtain

ADsTpcpe = —Xalk*Tpepe +2[A, ValTpcpe + REEVATscpE
— 1 XAREER)EETpepE + X AV R)EEV  ThepE + 0(Q).
Here the | - | indicates that the enclosed index is not involved in the hash action,

and (RUR)iTgcpE denotes the double hash of Riiff{R with Tgcpg. From this
equation together with (5), (14), (22), and (26), it follows that



THE OBSTRUCTION TENSOR AND DEFORMATION COMPLEX 349

ADaTgcpr = —Xalk*Tocpr —2RAT 39D pTocpe —2RAT c2DpTropE
—2R4"p9DpTpcor —2RA" D pTpeno
+ 3 REDATpcpr — s REEX ARETpepE
— X AREER)EE TpepE + 1 X (D R)E3D Tpep e
— $XAX (R R) 28D Tgepi
— s X4 X' (D) B8R TscpE + O(Q).
Since the dimension is 8, it follows from (14) that XAD,V = —4V + 0(Q) for
all V € 7®(—2). Thus from the definition of A we see that
X4 K*Tgcpr = —ADaTpcpe —2RAT 59D pTocpe —2RAT c9DpTpopE
— 2RAPDQDPTBCQE — 2RAPEQDPTBCDQ
— s RUX AR TpepE + 7 X a(RER)EE e pE
+ 1 XD R 1D Tpepp + 3 X AREERE:TpepE
+ 0(0).
We restrict this to 9 and then attach Y. The result is that for any 7 € T>2[—2],
(62) U2Tpcpe =—Y*ODaTpcpe — 3Y* Wa 52 DpTocpE
— %YAWAPCQDPTBQDE — %YAWAPDQDPTBCQE
— YA WA ECDpTacpo — HY WX AW TscpE
+ ag (WEEW)EETpepE + 16D WEED!  The i
+ 5 WiiWiTscpE.

We use this to construct a tractor formula for @g ,- From Theorem 4.2 we have

(63) @Eez—ﬁYBZCcYDZEe 2WaepE-

A short computation shows that WittWiaiWgcpe = (WHEW)3Wpcpe. Thus
from (62) and (63) we have

64) ©F, = ﬁYBZCaYDZEb(MYADDA Wacn
+32Y AW, P39 Dp Wocpe + 327 WP CDp WgopE
+32YAWaP p2DpWicor +32Y WaP 2 DpWpeng
+ YW X AW WpepE — 3WHEWEEWacDE

—4(Dyy W)8sD Wacpr ).

By using the same techniques as in our derivation of (61), we see that 03, = T ).
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