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Using Legendrian immersions and, in particular, Legendre curves in odd-
dimensional spheres and anti-de Sitter spaces, we construct new examples of
Hamiltonian-minimal Lagrangian submanifolds in complex projective and
hyperbolic spaces, including explicit one-parameter families of embeddings
of quotients of certain product manifolds. We also give new examples of
minimal Lagrangian submanifolds in complex projective and hyperbolic
spaces. Making use of all these constructions, we get Hamiltonian-minimal
and special Lagrangian cones in complex Euclidean space as well.

1. Introduction

Let (]\7[ ", J,(,)) be a Kdhler manifold of complex dimension n, where J is the
complex structure and (, ) the Kéhler metric. The Kéhler 2-form is defined by
w(-,-)y={(J-,-). An immersion ¢ : M" — M" of an n-dimensional manifold M
is called Lagrangian if ¥*w = 0. For this type of immersions, J defines a bundle
isomorphism between the tangent bundle 7M and the normal bundle T-M.

A vector field X on M is a Hamiltonian vector field if there exists a smooth
function F : M — R such that X = JVF, where V is the gradient in M. The
diffeomorphisms of the flux of a Hamiltonian vector field transform Lagrangian
submanifolds into Lagrangian ones.

In this setting, Oh [1990] studied the following natural variational problem. A
normal vector field £ to a Lagrangian immersion v : M" — M™ is called Hamil-
tonian if £ = JVf, where f € C*°(M) and Vf is the gradient of f with respect
to the induced metric. Take f € C;°(M) and let {y; : M — M } be a variation of
Y, with g = ¢ and % ’ +—o ¥« = &. The first variation of the volume functional is
given by

dt

vol(M, ¥ (,)) = —/ fdivJHdM
M

t=0
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(see [Oh 1990]), where H is the mean curvature vector of the immersion i and
div denotes the divergence operator on M. Oh called the critical points of this
variational problem Hamiltonian minimal (or H-minimal) Lagrangian submani-
folds; they are characterized by the third-order differential equation div JH = 0.
In particular, minimal Lagrangian submanifolds (where “minimal” means that the
mean curvature vector vanishes) are trivially H-minimal; so is, more generally, any
Lagrangian submanifold with parallel mean curvature vector.

Even when M is a simply connected complex space form, only few examples
of H-minimal Lagrangian submanifolds are known outside the class of Lagrangian
submanifolds with parallel mean curvature vector.

This can be a brief history of them: S'-invariant H-minimal Lagrangian tori
in the complex Euclidean plane C> were classified in [Castro and Urbano 1998].
H-minimal Lagrangian cones in C? were studied in [Schoen and Wolfson 1999].
Hélein and Romon [2000; 2002a] derived a Weierstrass-type representation for-
mula to describe all H-minimal Lagrangian tori and Klein bottles in C>. When
the ambient space is the complex projective plane CP? or the complex hyperbolic
plane CH?, conformal parametrizations of H-minimal Lagrangian surfaces using
holomorphic data were obtained in [Hélein and Romon 2002b; 2003]. Making
use of this technique, Anciaux [2003] constructed H-minimal Lagrangian singly
periodic cylinders and H-minimal Lagrangian surfaces with a nonconical singular-
ity in C2. Only recently have examples of H-minimal Lagrangian submanifolds of
arbitrary dimension in C" and CP" been found, in [Mironov 2004]. A classification
of H-minimal Lagrangian submanifolds foliated by (n —1)-spheres in C" is given
in [Anciaux et al. 2006].

Our aim in this paper is the construction of H-minimal Lagrangian submanifolds
in complex Euclidean space C", complex projective space CP" and complex hy-
perbolic space CH", for arbitrary n > 2. The examples in CP" are constructed by
projection, via the Hopf fibration IT: S***! — CP”, of certain family of Legendrian
submanifolds of the sphere S?**! (Corollary 3.2). The cones with links in this fam-
ily of Legendrian submanifolds provide new examples of H-minimal Lagrangian
submanifolds in C"*! (Section 5). Using the Hopf fibration IT : I]-I]%”H — CH"
and a similar family of Legendrian submanifolds of the anti-de Sitter space I]-I]%"Jrl
(Corollary 6.5), we also find examples of H-minimal Lagrangian submanifolds in
CH". In a certain sense, our construction is reminiscent of the Smith join method
(see [Eells and Ratto 1993]) for constructing harmonic maps between spheres.

In CP", we emphasize two different one-parameter families of H-minimal La-
grangian immersions described in Corollaries 4.1 and 4.4; as a particular case, in
Corollary 4.2 we provide explicit Lagrangian H-minimal embeddings of certain
quotients of S! x §™ x §"2, where n; +n, + 1 =n.
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In CH", we also point out in Corollary 6.6 a one-parameter family of H-minimal
Lagrangian immersions, which (in the easiest cases) induce explicit Lagrangian H-
minimal embeddings of certain quotients of S! x S" x RH"™, forn;+n,+1=n
(see Corollary 6.7). Here RH"? denotes real hyperbolic space.

As a byproduct, using our method of construction, we also obtain new exam-
ples of minimal Lagrangian submanifolds in CP" (Corollary 4.1, Remark 4.3 and
Corollary 4.4) and CH" (Corollaries 6.5 and 6.9), as well as special Lagrangian
cones in C"*! (see Section 5).

2. Lagrangian submanifolds versus Legendrian submanifolds

Let C"*! be complex Euclidean space endowed with the Euclidean metric (, ) and
standard complex structure J. The Liouville 1-form is given by A,(v) = (v, Jz)
forall z € C"*! and all v € T,C"*!, and the Kihler 2-form is w =d A /2. We denote
the (2n+1)-dimensional unit sphere in C"*! by $?**! and by IT: $***! — CP",
I1(z) = [z], the Hopf fibration of $***! on the complex projective space CP". We
denote the Fubini—Study metric, the complex structure and the Kéhler two-form in
CP" by (, ), J and w. This metric has constant holomorphic sectional curvature 4.

We will also denote by A the restriction to S***! of the Liouville 1-form of
C"*1. So A is the contact 1-form of the canonical Sasakian structure on the sphere
S2+1 An immersion ¢ : M"* — S¥'*! of an n-dimensional manifold M is said
to be Legendrian if ¢* A = 0. In this case ¢ is isotropic in C"*!, that is, ¢*w = 0;
in particular, the normal bundle 7+M splits as J(TM) @ span {J$}. This means
that ¢ is horizontal with respect to the Hopf fibration IT : $>**! — CP", and hence
®=TIlo¢: M" — CP”" is a Lagrangian immersion and the metrics induced on M"
by ¢ and ® are the same. It is easy to check that J¢ is a totally geodesic normal
vector field, so the second fundamental forms of ¢ and & are related by

My(op (v, w)) = 0o (ITyv, [Myw) forall v,weTM.

Thus the mean curvature vector H of ¢ satisfies (H, J¢) = 0. In particular, ¢ :
M" — S is minimal if and only if ® =1 o ¢ : M"* — CP" is minimal.

In this way, we can construct (minimal) Lagrangian submanifolds in CP" by
projecting (minimal) Legendrian manifolds in $?**! via the Hopf fibration IT.

Conversely, any Lagrangian immersion ® : M" — CP" has a local horizontal
lift to S?**! with respect to the Hopf fibration IT; this local lift is unique up to
rotations. Only Lagrangian immersions in CP" have such lifts.

In this article we construct examples of Lagrangian submanifolds of CP" by
constructing examples of Legendrian submanifolds of S?**!. We start with some
geometric properties of Legendrian submanifolds in $?**1,
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Let Q be the complex n-form on S***! given by
Q. (vi,...,v,) =detc{z, vi,..., v}

Ifo: M"— sl g a Legendrian immersion of a manifold M, then ¢*Q is a
complex n-form on M. In the next result we analyze this n-form ¢*<.

Lemma 2.1. If ¢ : M" — S**1 is a Legendrian immersion of a manifold M, then
ey V(9™ Q) =an ® ",

where oy is the one-form on M defined by ay(v) =ni(H, Jv) and H is the mean
curvature vector of ¢. Consequently, M is orientable if ¢ is minimal.

Proof. Let {E|, ..., E,} be an orthonormal frame on an open subset U C M
containing p, such that V,E; =0 forallve T,M and i =1, ..., n. We define
A:U—Um+1) by A={d, ¢«(E1), ..., $«(Ey)}. Then

(Vod*Q)(E], ..., E,) = v(detcA) = detc A Trace (v(A)A"),
where A’ denotes the transpose conjugate matrix of A. We easily see that

v(A) = {9 (v), 04 (v, E1(p)) — (v, EL(D))®, ..., 04(v, Ex(p)) — (v, Ex(p))9},

and so we deduce that

(Vo™ Q(E1(p), .., En(p)) =ni(H(p), Jv)(@*Q(EL, ..., Ex)(p).

Using this in the preceding expression we get the result. O

Suppose that our Legendrian submanifold M is oriented. Then we can consider
the well defined map B : M" — R/2n Z given by

PP = (6*Q) ,(en, ..., en),

where {ey, ..., e,} is an oriented orthonormal frame in 7, M. We will call B the
Legendrian angle map of ¢. As a consequence of (1) we obtain

) JVB=nH,
and so we deduce:

Proposition 2.2. A Legendrian immersion ¢ : M — S¥' ! of an oriented manifold
M is minimal if and only if the Legendrian angle map B of ¢ is constant.

A vector field X on S*'*! is a contact vector field if £xA = gA, for some
function g € C®(S*'*1), where & is the Lie derivative in S*"*!. As shown in
[McDuff and Salamon 1998], for instance, X is a contact vector field if and only
if there exists F € C*®(S*"*!) such that

X, =J(VF),+2FJz, zeS",
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where VF is the gradient of F. The diffeomorphisms of the flux {¢;} of X are
contactomorphisms of $?'*!, that is, ¢ A = ¢/ A, and so they transform Legen-
drian submanifolds into same. The Lie algebra of the group of contactomorphisms
of $?"*+1 s the space of contact vector fields. In this setting, it is natural to study
the following variational problem.

Let ¢ : M" — S?"*! a Legendrian immersion with mean curvature vector H. A
normal vector field &7 to ¢ is called a contact field if

Er=JVf+2fJ9,

where f € C*°(M) and Vf is the gradient of f with respect to the induced metric.
If feCy°(M)and {¢,: M — S27+1Y is a variation of ¢ with ¢9 = ¢ and % |t:0¢, =
& r, the first variation of the volume functional is given by

dt

vol(M, (j);k(,)):—/ (H,&7)dM.

t=0 M

But using Stokes’ Theorem,
/ (H,§f~)dM:/ (H,JVf+2fJ¢p)ydM
M M

:_/ (JH, Vf)dM:/ fdivJH dM.
M M

This means that the critical points of the above variational problem are Legendrian
submanifolds such that

div/iH = 0.

Definition 2.3. A Legendrian immersion ¢ : M" — S?"*! is said to be contact
minimal (or briefly C-minimal) if it is a critical point of the preceding variational
problem, that is, if div/JH =0.

Clearly, minimal Legendrian submanifolds and Legendrian submanifolds with
parallel mean curvature vector are C-minimal. As a consequence of (2) and the geo-
metric relationship between Legendrian and Lagrangian submanifolds mentioned
at the beginning of this section, we get:

Proposition 2.4. Let ¢ : M" — S*"*! be a Legendrian immersion of a Riemannian
manifold M.

(1) If M is oriented, ¢ is C-minimal if and only if the Legendrian angle 8 of ¢ is
a harmonic map.

(2) ¢ is C-minimal if and only if ® =Tlo¢ : M" — CP" is H-minimal.
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3. A new construction of C-minimal Legendrian immersions

After Proposition 2.4, it is clear that constructing C-minimal Legendrian immer-
sions in odd-dimensional spheres is a good way to find H-minimal Lagrangian
submanifolds in CP". This is the purpose of this section.

Let ny, ny > 0 be integers with n = n; 4+ ny + 1. The product SO(n; + 1) x
SO(ny + 1) of special orthogonal groups acts on $*"*! ¢ C"*! as a subgroup of
isometries:

3) (A1, A7) €SO(n; +1) xSO(ny + 1) =~ <i‘A—> € SO(n+1).
2

Theorem 3.1. Let n, ny, ny be nonnegative integers with n = 1 + ny + np. For
i =1,2,let ; : N; - S*+! c C"*! be Legendrian isometric immersions of
n;-dimensional oriented Riemannian manifolds (N;, gi). Suppose y = (y1, ¥2) :
[ — S3 C C? is a Legendre curve, where I is an interval in R. The map

¢: 1 x Ny x Ny > S+ c ot = gmt! i ot
defined by
(4) ¢ (s, p, @) = (NEV1(P), 2()¥2(q))

is a Legendrian immersion in S+ whose induced metric is

5) () =11Pds’ +In g +1rls

and whose Legendrian angle map is

(©) By =miw + By +niargy +nparg yo + By, + By, mod 2w,

where B, By, and By, are the Legendre angle maps of v, Y1 and vr,.

Ifny, ny > 2, a Legendrian immersion M" — S¥+ s invariant under the action
(3) of SO(n1+1) x SO(ny+1) if and only if it is locally of the form (4), where ;
(i = 1,2) is the totally geodesic Legendrian embedding of S" in S**+! and y
is some Legendre curve in S®. That is, such immersions are locally congruent to
(s, x1, x2) > ()/1 (s)x1, y2(s)x2), where x; € S™.

Note that Legendrian immersions of the form (4) have singularities at the points
(s, p,q) € I x N; x Ny where either y;(s) =0 or y»(s) =0.

Proof. If ' denotes differentiation with respect to s, and v and w are arbitrary
tangent vectors to Ny and N, respectively, it is clear that

¢s = ¢*(8S’ 0, 0) = (yll wls V2/ wZ),
¢x(v) 1= ¢x(0, v, 0) = (¥1 ¥1.(v), 0),
P (w) := ¢4(0, 0, w) = (0, y2 Y2, (w)).
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(Recall that g1, g» are the metrics on Ny, N, induced by ¥, ¥».) Because i, and
Y, are Legendrian immersions, we deduce from these equalities that the induced
metric on I x Ni x N, by ¢ is |)/’|2ds2 + |y |2g1 + Iyzlzgz. It follows that, y, ¥
and v, being Legendrian, so is the immersion ¢.

To compute the Legendrian angle map By, let {ey, ..., e, } and {e’l, R e,’“} be
oriented local orthonormal frames on N and N,. Then the frame

(7) {ulav]v"'9vn|7w17"'9wl’l2}

defined by

n=(20.0) oy =(0.200) = (0.0,

(with 1 < j <ny, 1 <k <ny)isalocal oriented orthonormal frame on I x N| X N,.
Putting

¢ =y1(¥1,0) + 1200, ¥),

/ /
"Ly, 0) + 220, ),
ly'l ly']

¢* (u1) =
we have

e = detc{p, du(ur), ... pu(v))s ..\ u(wy), ...}
=Vﬁﬁ%m%—ﬂn)
[y y1]mtya]
X detC{(WD O)a (07 WZ)’ e (WI*(ej)v 0)7 ceey (O’ w2*(e]/())s cee }

In this way we obtain

’ ’
. . — Ky
ez,Bd,(s,p,q) _ (—l)nl el(nlargyl-i-nz arg y,)(s) (Vlyzw/z;l))f)( ) det@Al(p) det@Az(q),

where A and A, are the matrices

Al = {wlv 1,”1*(91)» ) Wl*(enl)},
Ay = {Y2, Yau(e)), . .., Yaulep,))

Taking into account the definition of the Legendrian angle map given in Section 2,
we finally arrive at

PG q) — (=)™ el Bytniargyitnaarg y2)(s) iy, (p) ,iBy, (@)

This proves the first part of the result.
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Conversely, let ¥ : M" — S*"*1 c C"*! be a Legendrian immersion that is
invariant under the action (3) of SO(n;+1) x SO(ny+1). Let p be any point of M
and set z = (21, ..., Zy+1) = ¥ (p). By the invariance assumption, for any matrix
X = (X1, X») in the Lie algebra of SO(n; + 1) x SO(n, + 1), the curve ¢ — ze”%

given by
A ( : )
X5

lies in the submanifold. Thus its tangent vector at t = 0 satisfies
X € Y (T, M).

Since ¥ is a Legendrian immersion, this implies that
Im(zXYZ') =0

for any matrices X = (X1, X»), Y = (Y1, Y») in the Lie algebra of SO(n; + 1) x
SO(ny+1). Asny+1>3and ny + 1 > 3, it is easy to see from the last equation
that Re(zy, ..., zn,+1) and Im(zy, ..., z4,+1) are linearly dependent, and so are
Re(zp,+2, .. .5 zZn+1) and Im(zy,, 42, . . ., Zp41). But SO(n1 + 1) acts transitively on
S§"™ and SO(ny+ 1) acts transitively on §"2; hence z is in the orbit (under the action
of SO(n; + 1) x SO(n, + 1) described above) of a point of the form

(z1,0,...,0, 25 15.0,....,0),

with
ni+1 n+1
0,2 2 0 2 2
2= lzul* and |0 L= Dzl
i=1 Jj=n1+2

This implies that locally v is the orbit under the action of SO(n;+1) x SO(ny+1)
ofacurve y inC>=C"N{za ="+ =24,41 = Zn,43 = - - - = Zu4+1 = 0}. Therefore
M is locally I x §™ x §"2, with [ an interval in R. Moreover, ¥ is given by

Y(s, x,y)=1(s) x, y2(s) y),

where y = (y1, y») must be a Legendre curve in S ¢ C?. Finally, as ¥ is a
Legendrian submanifold, the result follows using the first part of this theorem. [J

In the next result we make use of the method described in Theorem 3.1 to obtain
new minimal and C-minimal Legendrian immersions, which will provide (project-
ing via the Hopf fibration) new nontrivial minimal and H-minimal immersions in
CcP".
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Corollary 3.2. Let y; : N; — S?*1 i = 1,2, be C-minimal Legendrian im-
mersions of n;-dimensional oriented Riemannian manifolds N;, i = 1,2, and let
Y =1, v2) 1 I = S3 C C? be a Legendre curve. As before, set n =ny +ny + 1.
Then the Legendrian immersion ¢ : I x Ny x Ny — S* 1 of Theorem 3.1, given by

o, p. @) = (NOVI(P), 2(DV2(q)),

is C-minimal if and only if there exist real constants A, 0 such that (y1, y») is a
solution of the system of ordinary differential equations

(8) M7 D@) = =y (1) = — AT ()T g, ()T

This Legendrian immersion ¢ is minimal if and only if Y| and vy are minimal and
there exists some A such that (yy, y2) is a solution of the system (8) with . = 0.

Remark. If we apply a rotation through 6 to a Legendre curve y that is a solution
of (8) with parameters (A, i), the new Legendre curve is a solution of the same
equation with parameters (A — (n 4+ 1)8, p). The corresponding immersions given
in Corollary 3.2 are related by ¢ = ¢ ¢ and are therefore congruent. By choosing 6
appropriately, then, we can assume that A = ; that is, it suffices (up to congruence)
to consider solutions of the one-parameter family of equations

@) O =DMy @)t withpeR, j=1,2.

Proof of Corollary 3.2. We know from Proposition 2.4 that ¢ is C-minimal if and
only if ABy =0, where By is given by (6). So we must compute the Laplacian of
By. We use the orthonormal frame (7) and after a long but direct computation we
obtain

2 ny na
(10) ABy= (8 ﬂ¢+i<log—|”| 2 >%>+Alﬂ‘”l 1 Lob,

ly'I> \ 9s* ~ ds 1yl ds vl lyal?
where the A; are the Laplace operators in (N;, g;).
The assumptions of the Corollary 3.2 imply that A8y, = A28y, = 0 again by

Proposition 2.4. So ¢ is C-minimal if and only if

Ch d "y 9
(11 o 4 log ™yl 0By _
ds2  ds ly’| s

Since we want ¢ to be regular, we impose that y{(0) and y»(0) not vanish (see
after statement of Theorem 3.1). Up to a reparametrization, we can assume that y
satisfies |y/(t)| = |y1 ()" |y2(t)|". Thus (11) becomes

82
B _0
at2
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This means that B4 (¢, p, g) = f(p, g)+t g(p, q), for certain functions f, g defined
on N; x Nj. Using (6), we obtain that g(p, ¢) is constant and that

(12) (By +njargy +nyargyr)(t) =A+put, with A, ueR.
The definition of the Legendrian angle B, of y is given, in particular, by

iy —

— ).

1
ly']
Using this, it is easy to rewrite (12) as

i(Aput) )771ll+1 )7324-1
9

Vivi=—nyr=—e
which is exactly (8).

Finally, by Proposition 2.2, ¢ is minimal if and only if By is constant. This is
equivalent to By,, By, being constant (i.e., the v; are minimal, again by the same
proposition) and B, +n; arg y| +ny arg y; is constant. But this corresponds to the
case i = 0 in (12) and so to the case u = 0 in (8). Il

It is difficult to describe the general solution of (9). However it is an exercise to
check that for any 6 € (0, 7/2) the Legendre curve

(13) ys(0) = (cs explisy e ™'0), 55 exp(—is) e 1),
satisfies (9) for u = 55" "' ¢~ ((n1 + 1)s3 — (n2 + 1)c}), where ¢c5 = cos$ and

ss = sin §. This value of Vamshes if and only if tan? 8§ = (ny+1)/(n;+1). In this
way we are able to obtain an explicit family of examples:

Corollary 3.3. Let ; : N; — S™+!, fori = 1,2, be C-minimal Legendrian
immersions of n;-dimensional Riemannian manifolds N;, and let n =n| +n, + 1.
Given § € (0, /2), set cs = cos § and ss = sin 8. Then the map ¢s: R x Ni x Ny —
S+ defined by

0s(t, p. q) = (cs explisy e ) Yi(p), ss exp(—isy' ') ¥a(q)

is a C-minimal Legendrian immersion.

In particular, using minimal Legendrian immersions |, Yo and the value § =
8o := arctan /(ny+1)/(n1+1), we obtain a minimal Legendrian immersion ¢, :
R x Ny x Ny — S+l

Proof. We simply remark that we do not need the orientability assumption be-
cause, in the case at hand, the Legendrian immersions ¢; are easily seen to satisfy
divJH = 0 and thus are C-minimal (see Definition 2.3). O

To finish this section, we turn our attention to Equation (9) with © = 0. We
observe that this is exactly equation (6) in [Castro and Urbano 2004, Lemma 2]
(in the notation of that paper, put p = n; and g = nj). If we choose the initial
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conditions y (0) = (cos 8, sin8), with 6 € (0, 7 /2), we can make use of the study
made in that reference.

Lemma 3.4. Let vy = (y1, v2) : I C R — S3 be the unique curve solution of
(14) yi7;= (=D iyt =12,

satisfying the real initial conditions y5(0) = (cos 6, sinf), 6 € (0, 7/2).

(1) Re(y" 1yt = cos+! 6 sin™* g,

(2) For j=1,2and anyt € I, we have y j(t) = y;(—t1).

(3) The functions |yy| and |y»| are periodic with the same period T = T (0), and
vy is a closed curve if and only if

cos"t1 g sin™2t1 g
0e(0,7/2) and (/ / ) e Q2.
2n 0 |J/1|2(l) Iyzlz(t)

(4) If 0 takes the value 8y = arctan /(ny+1)/(n1+1) from Corollary 3.3, we
recover the curve of Equation (13), with § = 9.

Proof. (1) and (2) follow directly from parts 2 and 3 of [Castro and Urbano 2004,
Lemma 2]. To prove (3) we set f(0) = cos2(m+D g gin?™+D g for g e O, m/2). It
is easy to prove that £(8) < (ny + 1) (ny + 1)+ /(n +1)"*! and the equality
holds if and only if 6 = §g. Using this in parts 4 and 5 of [Castro and Urbano 2004,
Lemma 2] completes the proof. U

4. H-minimal Lagrangian submanifolds in complex projective space

In Section 2 we explained that we can construct (minimal, H-minimal) Lagrangian
submanifolds in CP" by projecting (minimal, C-minimal) Legendrian submani-
folds in S*"*! by the Hopf fibration IT : S***! — CP” (Proposition 2.4). The aim
of this section is to analyze the Lagrangian immersions in CP" that we obtain just
by projecting the Legendrian ones deduced in Section 3.

First we mention that if n, = 0 in Theorem 3.1, projection by the Hopf fibration
[T yields Examples 1 of [Castro et al. 2001]. In this sense, the construction given in
Theorem 3.1 can be considered as a generalization of the family introduced in that
reference. Some applications of our construction of Theorem 3.1 when n = 3 have
been used recently in [Montealegre and Vrancken 2006] to the study of minimal
Lagrangian submanifolds in CP?3.

The Legendrian immersions described in Corollary 3.2 provide new examples
of Lagrangian H-minimal immersions in CP* when we project them via IT. If
we consider the case np = 0 (so n; = n — 1) in the minimal case of Corollary
3.2, we recover (by projecting via the Hopf fibration IT) the minimal Lagrangian
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submanifolds of CP" described in [Castro et al. 2002, Proposition 6], although we
used there a unit speed parametrization for y .

We write in more detail what we obtain with this procedure if we consider the
special case coming from Corollary 3.3.

Corollary 4.1. Let ; : N; — S+l fori = 1,2, be C-minimal Legendrian
immersions of n;-dimensional Riemannian manifolds N;, and let n =n; +no + 1.
Suppose 8 € (0, w/2). Then the map ®s : S' x Ny x Ny — CP" given by

®;5(¢”, p, q) = [(cos 8 exp(is sin® 8)y1 (p), sind exp(—is cos’ 8)¥2(q))]

is an H-minimal Lagrangian immersion. ®; is minimal if and only if Y| and ¥, are
minimal and tan® § = (ny+1) /(n1+1). (Recall that the brackets denote the image
under IT.)

Proof. We consider the C-minimal Legendrian immersions
(Pg:RXN] XN2—>§2n+l

given in Corollary 3.3. Projecting via the Hopf fibration IT : S*"*! — CP" and
using Proposition 2.4 we conclude that

[Mogs: R x N; x N, — CP"

is a one-parameter family of H-minimal Lagrangian immersions. We study when
[T o ¢s is periodic in its first variable. It is easy to see that there exists A > 0 such
that (TTogs)(t+ A, p, q) = (ITogs)(t, p, q), V(¢, p, g) € Rx Ni x N, if and only
if there exists 6 € R satisfying

exp(zs’”Jrl m=l gy — it =exp(—is;'~ ! anrlA)

nllnzl

We deduce that the smallest period A must equal A = 27 /(s
the change of variables

). Applying

st>1=s5/(s5'" ! cs? b
for s € [0, 27], the equation for the Legendre curve y; of (13) becomes
ys(s) = (cs explis; s), ss exp(—icss)), s €0, 27],

which leads to the expression of ®s.
We conclude the proof by observing that IT o ¢s is minimal if and only if ¢5 is
minimal (see Section 2) and using Corollary 3.3 again. U

We get H-minimal Lagrangian embeddings as a particular case:
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Corollary 4.2. Let § € (0, 7/2) and n =n1+ny+1. The immersion g of Corollary
3.3, where Vr;, for i = 1,2, is the totally geodesic Legendrian embedding of S™
into S**1, gives rise to an H-minimal Lagrangian embedding

(e, x, y) > [(cos 8 exp(is sin® §)x, sin§ exp(—is cos®§)y)]
of the quotient (S' x ™ x S")/(Z, x Z,) into CP", the action of Z» x Z being
generated by the involutions (eis,x,y) — (—e', —X,y), (e, x, V) (—e', x, —y).

Proof. Consider the H-minimal Lagrangian immersion ®; : S! x §" x §" — CP"
defined by

;e x, y) = [(0058 exp(i sin® 8 s)x,sind exp(—i cos’ 8 s) y)]

Take (¢”%, x, y), (¢, &, §) € S! x " x §™. Then ®s(e™®, x, y) = ®s(e'f, %, 9) if
and only if there exists 8 € R such that

(15)  f=exp(i(@+sin®8(s —5))x, F=exp(i(6—cos®8(s —35)))y.
Since some coordinate of x € §"! and y € $"? is nonzero, we deduce that

16) €1 :=exp (i(0 +sin* §(s — §))) = £1,

€2 :=exp (i(6 —cos® 8(s —§))) = £1.

We distinguish two cases:

(i) € = €: From (16) we get ¢’* = ¢'; using (15) we obtain £ = x, § = y if
eg=e=1lori=—x,9=—yif e =€ = —1. In either case (¢/*, X, §) and
(e, x, y) are equivalent under the Z; x Z, action.

(i) €; = —ep: From (16) we get e = —¢' and using (15) we obtain that either
f=xand =—yorf =—x and y = y. Again we see that (¢’*, X, §) and (¢'*, x, y)
are equivalent under the Z, x Z, action. O

If tan? § = (no+1)/(n;+1) the minimal Lagrangian embedding of Corollary 4.2
admits as a special case (1, = 0) the example (S! x $"!)/Z, — CP” studied in
[Naitoh 1981].

Remark 4.3. As can easily be checked, the action of Z, x Z; on S! x S x §™
preserves orientation (and hence the quotient is an orientable manifold) if and only
if both n; and n, are odd.

To conclude this section, we use the information given by Lemma 3.4 on the
solutions of equation (9) with u = 0.

Assume 6 € (0, 7/2) and let y» be the only solution of (14) satisfying y»(0) =
(cos @, sin@). Consider the C-minimal Legendrian immersions

do: I x Ni x N - S¥*!
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constructed with y,. Projecting by the Hopf fibration IT : S>**! — CP" and using
Proposition 2.4 we obtain a one-parameter family

[Mogy:I x N| x Ny — CP"

of H-minimal Lagrangian immersions.

Lemma 3.4(3) tells us when yj is a closed curve, but now we want to find when
I o ¢ is periodic of period T, say, in its first variable. Write y5 = (p1e'"!, pre'™);
then p;(t +T) = p;(t) fori =1, 2. It is not hard to deduce that there exists A > 0
such that (ITogy)(t + A, p, q) = (ITo ) (¢, p, q) if and only if there exist v € R
and m € Z satisfying

(17) M) = Vel = 1,2
(and then A =mT). From (14) we can deduce that
(18) pivi = (=T st =10,

Then it is easy to check that v;(t +mT) =v;(t) +mv;(T), j = 1,2, and (17) is
equivalent to ¢/i(T) = ¢!V, j =1, 2. This means that (v,(T) — v{(T))/27 must
be a rational number. In view of (18), this implies that 6 lies in

r { . (0 71) cos" ! o sin™2t! o /T dt e@}
=lu , =) .
2 2 o IVP@1yal> @)

Hence:

Corollary 4.4. For 6 € I' and fixed C-minimal Legendrian immersions {; : N; —
S+l i = 1,2, we obtain from ¢g a one-parameter family of H-minimal La-
grangian immersions

®y:S'x Ny x Ny —>CP", n=n;+ny+1, 6€Tl.

In particular, ¢ is minimal if and only if Y1 and ¥, are.

5. H-minimal Lagrangian cones in complex Euclidean space

Given a Legendrian immersion ¢ : M" — S?'*1 the cone with link ¢ in C"*! is
the map C(¢) : R x M" — C"*! given by

(s, p) > sd(p).

C(¢) is a Lagrangian immersion with singularities at s = 0.

M. Haskins [2004b; 2004a] has studied in depth special Lagrangian cones using
the fact that ¢ is minimal if and only if C(¢) is minimal. Following a reasoning
similar to Haskin’s, a straightforward computation leads to the next result.
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Proposition 5.1. Let ¢ : M" — S***1 be a Legendrian immersion of an oriented
manifold M and C(¢) : R x M — C"*! the cone with link ¢. Then ¢ is C-minimal
if and only if C(¢) is H-minimal.

Thanks to Proposition 5.1 we have a fruitful and simple construction method for
examples of H-minimal Lagrangian cones in C"*! using the C-minimal Legendrian
immersions described in Section 3.

6. The complex hyperbolic case

In this section we summarize the analogous results when the ambient space is
complex hyperbolic space. We omit proofs.

Let (D'l’“ be complex Euclidean space C"**! endowed with the indefinite metric
(,)=Re(,), where

n
(z,w) = Z ZiWi = Zn41Wn+1
i=1
for z, w € C"*!, here Z stands for the conjugate of z. The Liouville 1-form is
given by A, (v) = (v, Jz), for all z € C**! and all v € T,C"*!, and the Kihler
2-form is w = d A /2. We denote by I]-I]f”Jrl the anti-de Sitter space, defined as the
hypersurface of C!*! given by

H%n-ﬁ-l — {Z c (I:I’l-‘rl / (Z, Z) — _1}’

and by IT : I]-I]%”+l — CH", T1(z) = [z], the Hopf fibration of I]-I]%thl onto complex
hyperbolic space CH”. The metric, complex structure and Kéhler two-form in CH”
are written (, ), J and w. This metric has constant holomorphic sectional curvature
—4. We also denote by A the restriction to [I-[I%”Jrl of the Liouville 1-form of C'i’“.
Thus A is the contact 1-form of the canonical (indefinite) Sasakian structure on the
anti-de Sitter space I]-I]%”H. An immersion ¢ : M" — I]-I]%”Jrl of an n-dimensional
manifold M is said to be Legendrian if $* A = 0. So ¢ is isotropic in C}™,
that is, ¢*w = 0. In particular, the normal bundle 7-M has the decomposition
J(TM) & span {J¢}. This means that ¢ is horizontal with respect to the Hopf
fibration IT : I]-I]?"+1 — CH", and hence ® =I1o¢ : M" — CH" is a Lagrangian
immersion and the induced metrics on M" by ¢ and & are the same.

It is easy to check that J ¢ is a totally geodesic normal vector field, so the second
fundamental forms of ¢ and ® are related by

My (op (v, w)) = 0o (ITyv, [Tyw) forall v,w e TM.

Thus the mean curvature vector H of ¢ satisfies (H, J¢) = 0. In particular, ¢ :
M" — I]-I]%thl is minimal if and only if ® = 1o ¢ : M" — CH" is minimal.
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In this way, we can construct (minimal) Lagrangian submanifolds in CH" by

projecting (minimal) Legendrian manifolds in [I-[If”Jrl via the Hopf fibration IT.

Let Q2 be the complex n-form on I]-[I%”Jrl given by

Q. (v, ...,v,) =detc{z, v, ..., v,}.

Ifo: M"— [H]%”H is a Legendrian immersion of a manifold M, then ¢*Q is a
complex n-form on M. In the following result we analyze this n-form ¢*<.

Lemma6.1. If ¢ : M" — I]-I]f'”rl is a Legendrian immersion of a manifold M, then
(19) V(9™ Q) =an ® ",

where oy is the one-form on M defined by ag(v) =ni(H, Jv) and H is the mean
curvature vector of ¢. Consequently, M is orientable if ¢ is minimal.

Suppose that our Legendrian submanifold M is oriented. Consider the well
defined map 8 : M" — R/2nZ given by

PP = (0 Q) (e, ..., en)

where {ey, ..., e,} is an oriented orthonormal frame in 7, M. We will call B the
Legendrian angle map of ¢. As a consequence of (19) we obtain

JVB=nH,
and so we deduce:

Proposition 6.2. Let ¢ : M" — I]-[If'”rl be a Legendrian immersion of an oriented
manifold M. Then ¢ is minimal if and only if the Legendrian angle map B of ¢ is
constant.

In this context we can also consider contact minimal (or briefly C-minimal)
Legendrian submanifolds of I]-ﬂ%”+1 as critical points of the volume functional for
compactly supported variations with variational vector field a (normal) contact field
Er=JVf—2fJ¢, where f liesin C;°(M) and Vf is the gradient of f respect to
the induced metric. Such fields are also characterized by the equation div/H =0,
and we have a counterpart to Proposition 2.4:

Proposition 6.3. Let ¢ : M" — [I-[I%"Jrl be a Legendrian immersion of a Riemannian
manifold M.

(1) If M is oriented, ¢ is C-minimal if and only if the Legendrian angle 8 of ¢ is
a harmonic map.

(2) ¢ is C-minimal if and only if ® =Tlo¢ : M" — CH" is H-minimal.
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The identity component of the indefinite special orthogonal group will be de-
noted by SO} (m). So SO(n; + 1) x SO} (n2 + 1) acts on H"! < C"*+!, where
n=nj+ny+ 1, as a subgroup of isometries:

(20) (A}, A2) €SO(n; + 1) x SOy (ny + 1) — <ﬂ‘A—> € SO)(n+1).
2

We now state the main results of Section 3 adapted to this context. We denote

by RH" = {(y1, ..., yng1) € R™T1 0 30 y2 —y2 | = —1, y,q1 > 0} the real
hyperbolic space of dimension 7.

Theorem 6.4. Let n, ny, ny be nonnegative integers withn =1 +ny +no. Let Y :
Ny — S+l c ¢t and s 2 Ny — I]-I]%anrl C C"*! be Legendrian immersions
of n;-dimensional oriented Riemannian manifolds (N;, g;). Suppose y = (y1, y2) :
I — [I-[If C C2? is a Legendre curve. The map

¢ 1 x Ny x Ny — HI" ' c et = cmtl x ¢!
defined by

2D ¢, p, ) = (r1(®Y1(p), v2()¥2(q))

is a Legendrian immersion in I]-[I?"Jrl whose induced metric is

(22) () =1y Pds® +nilPe1 + 2l
and whose Legendrian angle map is
(23) By =nmim + B, +nyargy; +npargy: + By, + By, mod 27,

where B, By, and By, are the Legendre angle maps of v, Y\ and ;.

Ifny, ny >2,a Legendrian immersion M" — I]-I]f"'|r1 is invariant under the action
(20) of SO(n1+1) x SO(I)(nz—i-l) if and only if it is locally of the form (21), where |
is the totally geodesic Legendrian embedding of S™ in S* ! and v, is the totally
geodesic Legendrian embedding of RH" in IH]%"2+1 That is, such immersions are
locally congruent to ¢ (s, x, y) = (y1(s)x, v2(s)y), where x € S"', y € RH"™.

Remark. If 7, = 0 in the theorem, we recover Examples 2 of [Castro et al. 2001]
by projection via the Hopf fibration IT : [I-I]%"H — CH". When n; = 0 we obtain
Examples 3.

Corollary 6.5. Let yry : Ny — S+ c C"*H and rp : Ny — []-[]%"2+1 c C2t!l pe C-
minimal Legendrian immersions of n;-dimensional oriented Riemannian manifolds
Ni,i=1,2,andlety = (y1,y2) : [ — I]-I]? C C? be a Legendre curve. As before,
setn =ny +ny+ 1. Then the Legendrian immersion ¢ : I x N; X Ny — IH]%”Jrl of
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Theorem 6.4, given by
o, p,q) = (i(OV1(P), OY2(q)),

is C-minimal if and only if , up to congruences, there exists a real constant | such
that (y1, y2) is a solution of the system of ordinary differential equations

(24) M7 D@) = (v @) =i ™ 1) ya)2t.

This Legendrian immersion ¢ is minimal if and only if Y| and v, are minimal and
(y1, y2) is a solution of (24) with u = 0.

If we consider the particular cases np = 0 and n; = 0 in the minimal case
of Corollary 6.5, we recover (projecting via the Hopf fibration IT) the minimal
Lagrangian submanifolds of CH" described in [Castro et al. 2002, Propositions 3
and 5], although we used there a unit speed parametrization for y.

From these two last results we can get similar examples to the ones given in
Section 4 in the projective case. Concretely, it is easy to check that for any p > 0
the Legendre curve

(25) Yo(1) = (s, exp(i sgl_lczth), cp exp(i szl+1czz_lt)),
satisfies (24) for u = sg'_lcﬁz_l ((n1 + l)c%, + (ny + l)sg), where ¢, = cosh p,
s, = sinh p.

Hence an analogous reasoning to that in Corollary 4.1 yields following explicit

family of examples.

Corollary 6.6. Let v : Ny — S*" 1 c €+ and v, : Ny — I]-I]fanrl c €t pe
C-minimal Legendrian immersions of n;-dimensional Riemannian manifolds N;,
i=1,2,andletn =ny +ny+ 1. Given p > 0, set ¢, = cosh p and s, = sinh p.
Then the map ®,, : S! x Ni x Ny — CH" given by

D, (", p.q) =[(sp expit c;) Y1 (p) . c, explit s2) Y2(q))]
is a H-minimal Lagrangian immersion.

A particular case of Corollary 6.6 gives a one-parameter family of H-minimal
Lagrangian embeddings.

Corollary 6.7. Let p > 0 and n = n1+na+1. The immersion ®, of Corollary 6.6,
where | (resp. ) is the totally geodesic Legendrian embedding of S™ into
S+ (resp. of RH™ into l]-l]f"ZH), provides a H-minimal Lagrangian embedding

(eit, x, y) > [(sp eXp(ifC/%)x» cp exp(it s/z)) y)]

of the quotient of S' x S" x RH" by the action of the group Z, into CH", the
action of Z, being generated by the involution (€', x, y) — (—e'*, —x, y).
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We finally turn our attention to (24) with u = 0. We observe that this is exactly
equation (3) in [Castro and Urbano 2004, Lemma 2] (with p = n; and g = ny). If
we choose the initial conditions y (0) = (sinh g, cosh g), o > 0, we can make use
of the study made in that paper.

Lemma 6.8. Let y, = (y1,72) : I CR— I]-I]? be the unique curve solution of

yiy; =iy Tyt j=12,

satisfying the real initial conditions y,(0) = (sinh g, cosh g), ¢ > 0.
(1) Re(y" 1yt = sinh™*+! g cosh™*! .
(2) For j=1,2and anyt € I, we have y j(t) = y;(—t).

(3) The curves y and y, are embedded and can be parametrized by y;(t) =
Pj (1)e'?1® ywhere we have set (with co =cosh g, s, = sinh 9)

pi(t) = /12 +s2,

010):/; s xdx :
0 (x2+s§)\/(x2 +s£2])n1+1(x2+cg)n2+l_Sg(n|+l)cg(nz+l)

pa(t) = /1?42,

t s31+lcgz+1x dx
6-(1) :/ .
0 (xz + Cg)\/(xz + séz))nlﬂ(xz + Cé)n2+1 _ sél)(n|+1)cé2?(nz+l)

In this way, the immersions ¢, constructed with the curves y, of Lemma 6.8
induce a one-parameter family of H-minimal Lagrangian immersions

®y :RX Ny xNp,— CH", n=n1+ny+1, 0>0.

In particular, ®, is minimal if and only if v and v, are minimal. We conclude with
the following particular case, which leads to a one-parameter family of minimal
Lagrangian embeddings.

Corollary 6.9. Let ¢ > 0 and set ¢, = cosh g, s, = sinh ¢. Then

Rx S" x RH" — CH", n=n1+n,+1,

(s, x, y) > [({/s2 453 exp(i 01 (s))x, /s> +c3 exp(i 2(5))y)],
where the 0;(s) are given in Lemma 6.8(3), is a minimal Lagrangian embedding.

Acknowledgements. The authors thank the referee for helpful comments and sug-
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