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YUNYAN YANG

Let (M, g) be a compact smooth Riemannian surface with boundary. In
this paper, we use blowing-up analysis to prove that some Moser-Trudinger
trace inequalities hold on certain function spaces, and that the extremal
functions exist in those function spaces without any additional hypothesis
on (M, g).

1. Introduction and main results

Let (M, g) be a compact smooth Riemannian surface, and H'?(M) the completion
of C° (M) under the norm

172
Nl ey = (f (IVM|2+Iu|2)dV7) .
M

A result of N. Trudinger [1967] implies that there exists a constant « such that

sup / e"“‘deg < +00.
=1Jm

Neell 1,201
J. Moser proved the following theorems:

Theorem A [Moser 1970/71]. Let Q2 be an open domain in R*, n > 2. There
exists a constant C which depends only on n such that if u is smooth, has compact
support contained in 2 and its gradient Vu satisfies fM |Vul"dx <1, then

/ eanlul"/("f”dx <C|Q|,
o =
where o, = n(w,—1)"" " and w,_, is the surface measure of the unit sphere in
R". If a,, is replaced by any o > o, the integral on the left-hand is still finite, but
can be made arbitrarily large by an appropriate choice of u.
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Theorem B [Moser 1970/71]. There exists an absolute constant cy such that if u
is a smooth function on S* with fSZ |Vul?dS =1 and fSZ udVy =0, then

2
f A4S < co.
S2

The constant 47 is the best possible in the same sense as o, in Theorem A.

Recall that Sobolev’s theorems, see e.g. [10], assert existence of imbedding
WP (Q) — L4(R) for 1 < p < n and W, " (Q) — C%K) for p > n, where
1/q =1/p —1/n. Thus Theorem A represents a sharp way to fill in the gap at the
critical exponent p = n. Theorem B plays the same role for the Sobolev theorems
on S2.

Moser’s work was extended in [Adams 1988; Fontana 1993; Nolasco and Taran-
tello 1998; Chang and Yang 1988; Ding et al. 1997]. Generally, the inequalities
obtained by those mathematicians are also called Moser—Trudinger inequalities.

It is well known that Moses—Trudinger inequalities play an important role in the
study of partial differential equations, especially those that arise in geometry and
physics. There has been much work on such inequalities and their applications;
see, for example, [Trudinger 1967; Cohn and Lu 2002; Carleson and Chang 1986;
Chang 1996; Flucher 1992; Lin 1996; Jost and Wang 2001] and the references
therein.

Li and Zhu [1997] established some sharp Sobolev trace inequalities on n-
dimensional compact Riemannian manifolds with smooth boundaries. Recently,
Liu generalized a result of Osgood, Phillips and Sarnak [Osgood et al. 1988]:

Theorem C [Liu 2002]. Let (M, g) be a compact Riemannian surface with bound-
ary dM, then there exists a constant C, which depends only on the geometry of M,
such that for all u € H'">(M)

1
(1-1) log/ e'ds, < —/ |Vu|2dVg+/ udsy +C.
M a7 Ju aM

The value P is sharp.
T
A strong version of (1-1) has also been obtained:

Theorem D [Li and Liu 2005]. Let (M, g) be a compact Riemannian surface with
boundary oM. Then

(1-2) sup f e dS, < +00,
Sy IVul?dv,=1 voM
Sy wdSg=0
and sup / e"‘”zng =+o00
Jy |Vul2dve=1 JIM

Jon 4 dSe=0
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for any a > . Moreover, there is a function u € C®(M) which satisfies that
[iy IVul?dVy =1, [,,, u=0,and

Tu? _ Tv?
/ et dS, = sup et dS,.
oM Jay IVVI2dV,=1 JIM

faMUng:O

Theorems C and D are proved by blowing-up analysis, a method closely related
to those used by Schoen [1984] in his solution of the Yamabe problem, Escobar and
Schoen [1986] for finding conformal metrics with prescribed curvatures in higher
dimensions, and Ding, Jost, Li and Wang [Ding et al. 1997] in their solution of the
differential equation Au = 87 — 8w he” on a compact Riemannian surface.

In this paper we study some trace inequalities similar to (1-2). Let

¥ ={ueH">(M): [, IVul?PdV, =1, [,,udV, =0},
Yo ={ueH">M): [,,(\Vul*+u*)dV, =1}

Theorem 1.1. Let (M, g) be a compact Riemannian surface with boundary oM.
Then

sup/ e””zng < +00
oM

ue%l

and sup,, g, fBM e“”zng = +o00 for any o > 1w. Moreover, there is a function
u € C®(M)NH, such that

(1-3) / e””zng:sup/ e””zng.
M vedty Jam

Our method to prove Theorem 1.1 is similar to that of [Li and Liu 2005]. Pre-
cisely speaking, we divide the proof into two steps. Firstly, for any ¢ > 0, let
u, € #; be a maximizer of the functional

Te_e(u) = / TGS,
oM
on the space #;. Let G be a Green’s function on M. Then G takes the form
1
G(x,p)= — logr(x)+A,+ O(r)

in a normal coordinate system around p, where r(x) = dist(x, p) and A, is a
constant. If the sequence {u.} blows up, i.e.,

lue|(xe) = sup |ug|(x) > 400 as & —0,
xeM
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we obtain

(1-4) sup / e’”‘zng < Vol M + 2e™4r.
aM

ué%l

In the second step, we construct a blowing up sequence ¢, € #; such that
T (¢e) = / % dS, > Vol IM + 2me™
aM

for sufficiently small . This contradicts step 1, and implies that blowing up cannot
occur. The weak compactness of L? (M) (p > 1) gives the existence of the extremal
function, i.e., (1-3) holds.

It should be mentioned that x, lies on d M naturally in [Li and Liu 2005] because
u. is a harmonic function there. But in our case, passing to any subsequence, we
cannot assume x, € dM and u.(x;) — +oo simultaneously. Also, in the second
step, the blowing up sequence we constructed (see Section 5) is different from that
of [Li and Liu 2005].

Using the same idea described above, we also obtain:

Theorem 1.2. Let (M, g) be as in Theorem 1.1. Then

sup/ e””zng < +00
oM

ue%z

and sup,, s, faM e"”’zng = +o00 for any o > 1w. Moreover, there is a function
u € C®°(M) N9, such that

/ e”“zngzsup/ e””zng.
M uetty Jom

Clearly, Theorem C is a corollary of Theorem D. Similar results can also be
derived from Theorems 1.1 and 1.2; for instance, we can substitute f y udV, for
Sops wdsg, or (1/47) ull g2y for (1/4m) [y, [Vul*d Ve + [;,, u ds, in the right
side of inequality (1-1). Theorems 1.1 and 1.2 are independent of Theorems C
and D. They are more interesting than Theorem C because we obtain boundary
estimates without direct boundary conditions.

For simplicity, we often omit the volume elements dV, and d S, when we write
the integrals on M and d M respectively, and sometimes denote different constants
by the same c. The reader can distinguish them easily from the context.

Most of the remainder of this paper is devoted to the proof of Theorem 1.1.
In Section 2, we establish two regularity lemmas for use later. In Section 3, we
prove that 7t is the best constant. And we derive an upper bound of J; (#) under the
assumption that u, blows up in Section 4. A blowing up sequence ¢, is constructed
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to reach a contradiction in Section 5, and this completes the proof of Theorem 1.1.
In Section 6 we outline the proof of Theorem 1.2.

2. Regularity lemmas

Lemma 2.1. Suppose f e L{(M),he H"9(M),1 <q <2,and2 < p <2q/(2—q).
let u € H2(M) be a solution of the equation

Au=f in M

8_u:h on oM,
on

where M denotes the interior of M. Then u lies in L>°(M) and we have

lull ooy < (I fllzaaan + Wl Leany + IVR I Loy + Nl 2an))
where c is a constant depending only on M.

Proof. We use De Giorgi iteration. Choose a C* vector field ¢ whose restriction
on dM is the outward unit normal vector field. By Stokes’ theorem we have, for
any ¢ € C*(M),

d
(2-1) —f va:/ f<p—/ ¢a—”=/ fw—/ div(pht)
M M oM n M M

=/M(f_hdiv;—(g,vmg)w—th(;, Vo)

z/ 0 —/ (. Vo).
M M

where (-, -) denotes the Riemannian inner product, f® = f —hdive — (¢, Vh) ¢
and hh = he. Clearly, f° e LY(M) and he LP(M).

For 0 < k < 400, define vy = (u —k)*, My = {x € M : vy (x) > 0}. By Holder’s
inequality,

el 1 an) - | M2 ull 20
— k 9
where |My| and |M| represent the 2-dimensional measure of M; and M respec-

tively. Inserting ¢ = vy into (2—1), one has
(2-3)

[ wur=[ vuvn== [ st [ E v,
M M M M
1/q , 1/q' . 1/2 1/2
() (L) ) ()
M M My M

(2-2) |My| =
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where |- |=4/(-,-Yand 1/q'+1/g =1. Since 1 < g < 2, we have ¢’ > 2. Choose
r sufficiently large that 1/¢’ — 1/r > 1/2—1/p and r(1/2 —1/p) > 1. By the
Sobolev imbedding theorem,

1/2-1
vkl zr oy < cCllviell 2can + 1 Vel z2m) < elvillzran | Mel 2=+ 1V el 22y

where c is a constant depending only on M.
Without loss of generality we assume that [ul[z2() = 1. According to (2-2),
there exists a large integer number kg such that ¢| M| 172=1/r <1 for k > k¢. Hence

(2-4) lvellzr oy < cllVuellp2ny  for k> ko.
By (2-3), we have
IVl < 170N Lo am vkl e oomy | Mg 147 4 (1) IVl
k2 = LaM) IVl L (m) [ M ke L2(M) 1| Y Ukl 2 (M
< cll Ol ocan | MYV O 2y F I 200 IV VR 22000y
which gives
IVl 2y < el f O La o | MY 1R Lo oy | M) 1P
Note that 1/¢" —1/r > 1/2 —1/p. We have
(2-5) IVl 2y < cTIMi|V/271P,

where T = [| fOll Laqar) + 1l Lo o)
On the other hand, for & > k, we have

[ iz [ w—or = - wr
M M,

Combining this with (2—4) and (2-5), we get |My| < K (h —k) ™" |M|?, with K =
¢t” for some constant ¢, = (1/2—1/p)r > 1, and kg <k < h < hy < 400 for
any sufficiently large ;. By [Troianiello 1987, Lemma 2.9], | M kotk] =0 for some
k> 0; that is, u < kg +I€ in M. With the same argument, one can deduce that
—u<ko+kin M. O

Theorem 3.17 of [Troianiello 1987] yields an immediate consequence:
Lemma 2.2. Suppose that f € LP(M) and h € H"P (M) for some p > 2, and that
u € HY2(M) is a solution of

Au=f inM

8_u:h on oM.
on

Then u € H>P(M).



MOSER-TRUDINGER TRACE INEQUALITIES 183

3. The best constants
We now prove that the best constant in Theorem 1.1 is 7. Here best means that

2
Sup, e, [y € <+oo fora <m,
2
Sup, e, [y € =400 fora>m.
The following lemma is well known:

Lemma 3.1. Let M be a compact Riemannian surface with boundary. Then there

. ') 2
exists a positive number o such that sup,cg, [,, €** < .

Lemma 3.2. Set o = sup {o : sup,,.c, [y e < +00}. Then ay =27

Proof. Step 1. We first prove that ap > 2.
Suppose a; < 27. There exists a sequence u, € % such that [, elrte: s 4 oo
as ¢ — (. One can see that there exists a p € M such that for any r > 0,

(3-1) / @Oy Log a5 £ 0,
B, (p)

where B, (p) is a geodesic ball centered at p with radius . For otherwise, using a
covering argument, one has [ M eleateu < ¢ for ¢ small enough, which contradicts
the definition of u,. By the Poincaré inequality, {u,} is bounded in H'2(M), and
so is {|us|}. Hence there is u € H'2(M) such that |u,| — u (weak convergence) in
HY2(M) and |u,| — u (strong convergence) in L*(M) as ¢ — 0. For any 1 > 0,
we claim that

(3-2) lim [ |V(u:|—n)T*=1,
8—)0 M

where (Jug| —n)* is the positive part of |u;| — n. Suppose (3—2) does not hold.
Clearly, liminf,_¢ [, |V (lug| — T > < 1. By the definition of a», passing to a
subsequence, we can choose o’ > a; such that

/Mexp< ((Iusl—n)+—m/ <|ue|—n>+> )<c

for sufficiently small €. Using the Poincaré inequality and the inequality ab <
8a’+b?/(48) for any § > 0, we can choose some &’ > 0 such that o’ /(1+¢’) > ap and
f Y 2/ (1+&) < ¢, which contradicts (3—1) for & small enough, and implies (3-2).

Let v, = min{|u,|, n}. Then v, is bounded in H'?(M). So there exists v €
HY2(M) such that v, — v weakly in HY“2(M) and v, — v strongly in L*(M).
Obviously,

(3-3) lue| = ve + (Juel —m)*.
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Note that

1=f |Vus|zzf \vmng:/ |Vv£|2+/ IV (uel =)
M M M M

By (3-2), we have [, |Vv;|* — 0 as ¢ — 0. By the Poincaré lemma, [}, |v, —
Us|> = 0 as ¢ — 0, where 9, = (Vol M)~! [}, v.. Note that v; — v strongly in
L?(M). One has v = v almost everywhere in M. From (3-3), we know that

u=v+w—n"t ae in M.

By an appropriate choice of 7, one easily derives that v =0 and u =0 a.e. in M.
Recall that |u.| — u strongly in L?(M). One has

(3-4) lus| — 0 strongly in L*(M) ase— 0.

Now we turn to (3—1). Take p € dM. Choose an isothermal coordinate system
(U, ¥) around p such that ¢ : U — [EB;,. Choose a cut-off function ¢ € C®(M)
such that ¢ =1 on B,(p) and ¢ = 0 outside By,/3(p). By (3—4), we have

/ IV(nua)IZE/ V)P < 146"
B (p) M

for some &” > 0 with 27 /(14¢") > ap, provided that ¢ is sufficiently small. Define

- { (ue)(s, 1) forr =0,
Ug(s,t) =
(nue)(s, —t) fort <O.
Then fBzr |Vii,|> ds dt <2+2¢". By Moser’s inequality, we then obtain the bound

fBz itz /2+26) g6 dt < ¢. Hence

(3-5) / e2muz/(+e) < o / AT 2D g dp < 2c
B, (p) Bor
for sufficiently small . This contradicts (3-1).
When p is an interior point in M, one can get a contradiction as above without
any difficulty. In this case, i, is not needed any more; one need only consider u,
itself. This completes the proof of step 1.

Step 2. To prove the opposite inequality, ap, < 27, take any p € dM and choose
an isothermal coordinate system around p. Set

1 1 .
—\ 3, 108 in Bj /z(p),
(3-6) we={ __~N2 . r g 3
“rloge ogy in Bs(p)\ Bs = (p),
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where ¢ € Cg°(M\B;(p)), 0 < ¢ <1, and C; is chosen to satisfy fM us =0. Itis
easy to check that

/ |Vu£|2—>1 as ¢ —> 0
M

and that

2 1 2
Uy ) o ) 1—a/ Q7| Vue|12,)
expl o >exp{ ————log — ) Vol B >Ce L
/M p( (Iluelle ) - p(znuwguiz e be =

for any o > 2m; the latter lower bound approaches +oc as ¢ — 0. Therefore
oy < 2. O

Lemma 3.3. Set J,(u) = faM e Then

sup Jy(u) <400 for o <m and sup Jy(u) =+o0 for a>m.
ue¥; ueit;

Proof. Take a smooth vector field ¢ whose restriction on d M is the outward unit
normal vector field. Using the divergence theorem and Lemma 3.2, one has

/ = / div(ge™ ) = f (div(e) +207 — &)ulg, Vu)g)e™
oM M

M

§C<1—|—/ |vu||u|e<”>"2>
M

—o\2
< c(l + IVl 2 a1l Lo oy e =5 ||L<zm>/<m><M>)

forall u € #,, where 1/p+1/2+ (m —¢)/(2m — &) = 1. Combining this estimate
with the Sobolev imbedding theorem, one has sup, g, Jr—e(u) < +o00 for any
¢ > 0, which implies that sup, cg¢, Jo(u) < +00 for any o < 7.

To complete the proof of the lemma, we employ (3-6) to check that for any
o >, Jy(uy) diverges to +00 as ¢ — 0. O

4. Blowing up analysis

We now use the method of blowing up to prove (1-4). The same method has also
been used in [Li 2001; Li 2005].
The proof consists of several lemmas.

Lemma 4.1. The functional J,_.(u) defined in the space ¥, admits a smooth
maximizer ug € ¥,.

Proof. It is obvious that there exists u, € #; such that

Jn—e(ue) = sup Jp_o(u).

ME%I
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The function u, satisfies the Euler—Lagrange equation

Au, = ;TE in M,
“-1 oUg nje (r—e)u?

- = ugse' "% on oM,

on re ©
where

2(m—e¢) 2

4-2 A = (T—¢ M2e(ﬂ—6)u§ and — (n—s)ug'
(4-2) e =( )aM8 e Vol M Sy

Write h(u,) = (m — 8)/)\81486(”_8)”5. By the Orlicz space imbedding (see [Struwe
1988)), el e LP(M) for any p > 0. Hence h(u,) € H"9(M) for any 1 < g < 2.
By Lemma 2.1 we have u, € L>(M), hence h(u,) € H">(M). By Lemma 2.2,
u, € H>>(M). The Sobolev imbedding theorem then implies that 4 (u.) € H'P(M)
for some p > 2. Again, by Lemma 2.2, u, € H>?(M). The Sobolev imbedding
theorem gives u, € C!'(M). Using Lemma 2.2 repeatedly, we conclude that u, €
C*®(M). d

Lemma 4.2. liminf,_,o X, > 0.

Proof. The following estimate is elementary

Vol M < sup / ¢ = lim oo <VoloM + liminf A,
uedt; J oM e=0 Jom =0

which gives liminf, o A, > 0. Il
Lemma 4.3. ./, is bounded with respect to e.

Proof. By (4-2) and Lemma 4.2, we have

| ke < 2(r —e¢) @e(ﬂ_g)ug - 2(m —¢) (¢ N 1 <c. O
Ae VolM [y Ae Vol M Ae T—e

Write ¢, = |ug|(x:) = max,ep(x). If {c.} is bounded, then by the standard
elliptic estimate with respect to Equation (4-1), there exists u € #; N C*(M)
such that u, — u in C*°(M) as ¢ — 0, and Theorem 1.1 follows immediately.
Henceforth we assume ¢, — +o00 as € — 0.

Passing to a subsequence, we may assume that u, > 0 for all ¢ > 0, for oth-
erwise we consider —u, instead of u, in (4—1)—-(4-2). We consider separately the
possibilities that {u.(x.)} approaches 400 or —oo or as ¢ — 0.

Take first the case u.(x.) — +00. Applying the maximum principle to (4-1),
we see that x, € d M. Passing to a subsequence, we may assume x. — p for some
pEIM.
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Lemma 4.4. Define
I x

& 7(71 s)c
- 8(:2

(4-3) re =

Then rece — 0as ¢ — 0.

Proof. By the first equality in (4-2), we have

T—E& 2 T—E& 2 T—E& 2

_ 2 (r—e)u s 2 e

1= . / uge e < T e F/ u; <c . e’ e
€ oM & oM €

for some constant ¢, where we have used the Sobolev trace imbedding theorem.
This implies that r.c, — 0 as ¢ — 0. O

Choose an isothermal coordinate system (U, ¢) near p such that ¢(p) =0, ¢
maps U to R% := {x = (x1, x2) € R? : x, > 0} and ¢ (U N OM) C IR?.
Set

(4-4) Ve(X) = e (xe +rex)/ce, ¢s(x)=cs(ua(xe+rsx)_cs)-

Lemma4.5. ¢, — 1 in C>

loc

([RR Yas e — 0.
Proof. By (4-1), for ¢ is sufficiently small we have
2
— e Ke in BY
Ay = - 2 in B}(0),

We _ TeT=8, -0ul  on Be(0)NIRZ,
on Cs Ag

for any R > 0. As in the proof of Lemma 4.1, it is not hard to see that ¢/, — 1 in
C* (B ,(0)) as e — 0. O

Lemma 4.6. The functions ¢, converge in C? ([R? ) as ¢ — 0 to some ¢ satisfying

loc

—Ape=0 in [RR%r

0
—(p = 6271(/1 on aRi,
on
®(0) =supy =0.
Proof. By (4-1), we have
Age(x) = cor? 22 in B (0),
2Ae
0
= exp(r—e)pe (1+25))  on 9RZ N BR(0)
on Ce Ce

for any R > 0. Using Lemma 2.2, we have ¢, — ¢ in CZ(BR/Z(O)) as ¢ — 0 for
some u € C2(B} R /2(0)). Clearly u satisfies the required conditions. Il
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It is not difficult to see that

T—¢
/ MY < liminf/ uze™ i <1,
Br(0)NIRZ £=>0 J By, (xo)NOM e

which gives
/ Y < 1.
IR
By aresult in [Li and Zhu 1995], we have

@(x) = ——log(n x4 (1+7x2)?).

/ e2mY = 1.
R

Following [Li and Liu 2005], we define ug = min{%, ugl}.

A direct calculation gives

Lemma 4.7. For any ¢ > 1, we have lim._,¢ fM |Vu§|2 ==

Proof. Using Stokes’ formula, (4-1) and Lemma 4.5, we have

sty = [ vun(e)
ug—— = Vu,V (us——)
M C
+9 +

= [ e ) G [ (=)
aM c) on M c

:/ <u8 _ C_g>+ T—E& use(ﬂ_g)uz _/ (u€ _ C_€>+ e
oM ¢ Ag M Cc 2)¥s

+mT—e

= / (Ms - Ca/c>
aMﬂBR,E(Xg) )“8

c—1

= / e + 0, (R) + 0:(1),
c AR2+NBR(0)

e ™ 4 0,(1)

where 0.(1) — 0 as ¢ — 0, and 0.(R) — 0 for any fixed R as ¢ — 0. Letting
& — 0 first, and then R — +00, we obtain

lim inf ug — ==
e—>0

With the same argument, we get

c—1

C

llmlnff |Vu| >—
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/|Vu|

we have liminf,_o [,, |[Vul|* = ¢! O

Note that since
A

Lemma 4.8. Under the assumption that c; — +00 as € — 0, we have the estimate

1 A
sup J;(u) < Vol oM + — lim sup —;
ueH T >0 Cg

Proof. For any ¢ > 1, we have

/ (n e)u‘8 :/ e(n—e)ug_i_/ e(n—s)u?
M IMN{ug<cg/c} IMN{ug>ce/c}

2
f/ e(nfs)(ué')z_k 2)‘ / uee(nfe)ug.
oM oM A

By Lemma 4.7, according to step 1 in the proof of Lemma 3.2, one can see that
u; — 0a.e.in M as ¢ — 0. Substituting u{ for u in (3-5), one immediately has

[ eTOWD® L \olaM  as & — 0.
aM

Hence
o o)l 2 Ae
sup Jn(u) = hm ¢ <VoloM + — limsup —.
uedl oM T g0 Ce
Letting ¢ — 1, the conclusion of the lemma follows. U

The next result is an immediate consequence of Lemma 4.8:

Corollary 4.9. A./c. — +00 as ¢ — 0.

Lemma 4.10. For any ¢ € C*°(0M), we have

(4-5) im [ ¢t o™ = p(p).
e—=0 oM P

Proof. For any fixed ¢ > 1, we partition d M into its intersections with

Di=({u > “ P\ Brno). D2=(fue ==\ Bre ). Ds= B (o).

Denote by Iy, I, I3 the partial integrals in (4-5) taken over Dy, D, D3. Then

T —&
[I1] < csup || 2T
oM IMN({ue> LN\ Brr, (xe)) A

T—¢
<csuple|l1— uze(” e)u
A
oM OMNBR, (xe) €

Ecsupwl(l —/ ez”“’+og(R)),
oM 3B (0)NIRL
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where 0. (R) — 0 as ¢ — 0 for any fixed R. Letting ¢ — 0 first, and then R — +o00,
one has I; — 0. Next,

C C
|| < (v — &) sup |(p|—8/ |t |eT—OWE)?
oM re Jom

Cg _ c\2
<7 sup || == llue |l Lervien o le™ U Lernngam
oM )\s

~ CS
= Csup|p|—,
oM e
where C is a constant depending on M and c, here we have used Holder’s inequality
and Sobolev imbedding theorem. By Corollary 4.9, we get I, — 0 as ¢ — 0.
Finally,

T—¢& 2 u .
I =/ 0 T et =/ o e (4 fco)
OMNBg,, (x,) Mo IRZNIB(0)  Ce

= o(p) ( / e og(R))
3B (ONIRL

As before, letting ¢ — O first, then R — 400, we get Iz — ¢(p). Combining all
three estimates, we get the conclusion of the lemma. U

Lemma 4.11. |Vu,|> — § p weakly in the sense of measure.

Proof. Set

r—>0 -0

A= {q e M : lim liminf/ Vi, > > 0}.
Br(q)

We claim that A contains only one point.
Suppose not. Then, for any g € M, we have lim,_,¢ liminf,_,¢ [}, (@ | Vite 12 <1.
There exist positive numbers » and § such that

/ |Vue|* <8(q) < 1.
B, (q)

With the assumption ¢, — +00 as ¢ — 0, step 1 in the proof of Lemma 3.2 implies
that u, — 0 in L?(M), and hence fB,(q) ue — 0 as ¢ — 0. It is not difficult to see
that there exists a constant «(g) > 7 such that

[ i,
IMN3B,(q)

for some constant C,; depending on g. By a covering argument, there exists an

o > 7 such that
2
/ e < C
M
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for some constant C. This contradicts the choice of u,, and our claim follows.

Next we claim that A = {p}. Let g be the unique point in A, and suppose g # p.
Choose a smooth function i such that ¢ (p) # ¥ (g). By Stokes’ theorem and
Equation (4-1), we have

T —&
/1//|Vu€|2:/ v u§e<”—€>“?—/ ””"2%8_/ A
M oM & M e M

Clearly the last two terms here tend to 0 as € — 0. As in the proof of Lemma 4.10,
we can show that

T—¢
lim / W uge(”_g)“g =Y (p).
e—=0 Japm }\,3

On the other hand, lim,_,¢ fM V|V = ¥(q). Hence ¥ (p) = ¥(g), which
contradicts the choice of ¥r. This completes the proof of the lemma. O

Lemma 4.12. c,u, — G weakly in H"9(M) for any q : 1 < q < 2. For any
Q € M\ {p}, we have c,u; — G in C*(Q), where G satisfies

1
Vol M

/ G=0 96 —0
M on lam\{p)

Proof. By Equation (4-1), we have

~AG=6,—

in M,

(4-6)

He .
A = Cc,— in M,
(cette) Ce 2,
d(celty) T—¢

= cguge(”_g)”g on OM.
on Ae

Integrating both sides on M, one has

e T —¢ (T —e)u
Ce— = A(cgug) = celige e,
/IW 82)\'8 '/1;4 ( & 8) /;M )\48 ente

By Lemma 4.10, we immediately get c;pts/(21s) — 1/Vol M as ¢ — 0.
For any ¢ in the range 1 < ¢ < 2, denote its conjugate by ¢’, so 1/g+1/¢' = 1.
It is well known that

/ |V(Csus)|qfsup{/ V¢V(csu8)dVg:||¢||H1,q/=1}.
M M
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The Sobolev embedding theorem yields |[¢|copy < C, where C is a constant
depending only on M. Using the divergence theorem and (4-1), we have

d(ceue)
/ V¢ V(Ceus)=/ ¢ —/ DA (ceu)
M oM on M

T—¢ 2 e
(m—e)u
= CclUce€ & —C .
./an> e TN /M¢

By Lemma 4.10 again, we obtain

| [ = Clgloan <c.
M
This, together with Poincaré’s inequality, implies that c,u, is bounded in H'-4(M).

Hence there exists G € H9(M) such that c,u, — G weakly in H'9(M) as ¢ — 0.
For any ¢ € C*°(M), we have

/ VoV (coits) = / ¢8(C‘S te) / $A(Cote)

/(b cgue(”‘g)— 2k/¢

—>¢(p)—V01M/M¢> ase — 0.

Hence

/MVGV¢ ¢(p)‘mf¢

and Equation (4-6) holds.

For any 2 @ M \ {p}, we choose a smooth function n on M such that n = 1
on 2, and n = 0 near p. By Lemma 4.11, nu, — 0 in L?>(M) as ¢ — 0. This,
together with the convergence u, — 0 in L>(M) as ¢ — 0, implies that (e
is uniformly bounded in L" () with respect to & for any » > 1. Standard elliptic
estimates imply that c,u, — G in C*(Q) for any positive integer k. This completes
the proof of the lemma. O

In the following, we use the capacity technique to derive the upper bound of
Jr(u). Take an isothermal coordinate system (U, ¢) near p such that ¢ (p) =0
and ¢ maps U inside [RR2 and U N oM inside B[Riz In this coordinate system
we can write g = ezf(a’x1 + dxzz) with f(0) = 0 Set ¢ (x;) = (x 0). Let
B, =B, (x 0) C R? be the standard ball centered at (x 0) with radius r. Define

ip= inf wupo¢p”!, s = sup ugop~ ', i, =max({s,, min{u, 00", i;}}.
OB, \ORL OB \IR2.
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4-7) / Vii? < / Vits |
Bf \Bj,, ¢~ (B N\o~(Bj,,)

S Ly
¢~ (B;) ¢~ (B,,)

Define a function space

L2 m+\ gty - _ _ . du -
Agz{u € H'2 B \BE,) ¢ ulgp o = 5o ulysy, om = e, a_n)mg _o}.

ueh, 4];
re

It is easy to see that inf / |Vgeu|? is attained by the unique solution of the
equation B \B
AP=0 in B \Bj,
{ D e A,.
One can check that
se(logr —log(Rr)) +i.(logd —logr)

CD == ’
log 6 —log(Rr.)
whence
2
(4-8) / VopP =g SeTl)
B \B},, log 6 — log Rr,

By Lemma 4.7, we have

, 1 /1 1 b4 log R
Vue? = = (=log R+ = log = + 0(—) Fo.(1)).
¢—1(BJIEV£) Co\TT v 2 R
Lemma 4.12 then yields
1
(4-9) / |Vu8|2=—2(—llog8+AP+0(810g8)+08(1)).
M\¢~'(BY") N T

By (4-7) and (4-8), we have

T2 — 27 Sels + Ti2
log 6 —log(Rr.)

1
(4-10) <1- c—2<—%10g §+A,+0(8 10g6)+08(1)>
&

1/1 1 T log R
— | =logR+— 10g—+0( )-i-og(l) .
c;\ 7 T 2 R

From Lemma 4.7 and Lemma 4.12, one can see that

_ log(1 4+ 7%2R?) + 0:(R) —logd+mA,+ O(8) +0:(R)
le =Cg — R = .
¢ ¢ 2mc, ¢ TCe
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Adding this and (4-3) to (4-10), we have

A
log ; < —ec2 +10g27?) + 7 A +0:(8) + 0:(R) + 0:(1) + 05(1) + 0r (1).

&

Letting ¢ — O first, then § — 0 and R — +o00, we obtain
. Ae 2 wA
llmsup—2 <2m“e’r.
e—0 Cg
Together with Lemma 4.8, this estimate yields sup,, g, Jr (u) < Vol 0M +2me” Ap,
In fact, we have proved the following:

Proposition 4.13. Under the assumption that . >0 and us(x;) — +00 as ¢ — 0,

we obtain
sup JJT (M) < Vol oM + 277 ™ MaXpeam A,,.

ue%l
For the other case, 1, > 0 and u.(x,) — —oo, we only need to replace (4—4)
by ¢.(x) = —c¢ (ug(xg +rex)+ cg). Using the same arguments we have used from
Lemma 4.5 to Proposition 4.13, we also get:

Proposition 4.14. Under the assumption that j1, > 0 and u;(x;) - —oo as ¢ — 0,
we obtain
sup J () < Vol dM + 2m ™ ¥ reim Ap.

ue%l

5. Existence results

Assume A, =max,cyy A, for some p € M. In this section, we will construct a
blowing up sequence ¢, with [ M |Vge|> =1, and

- - 1
m(¢e=$)” S Vol M + 2™ Ar here ¢, = /
./3M e > +2me , W be Vol M Joyy O

Take an isothermal coordinate system (U, v) around p such that ¥ (p) = (0, 0),
¥ maps dM NU) inside dR%, and g = >/ (ds? + dt*) with f(0) = 0. Let R be
a function of ¢ such that R — 400 and Re — 0 as ¢ — 0. For sufficiently small
r >0, write Bf =B (0, —e/7) =B, (0, —¢/7)NR2, Bf =y ~'(B;}) and

—(1/27) log(n2s?/e* + (wt/e + 1)*) + B
C

: +
in By,

be(s, ) =c+

for some constants B, c.

Set _
¢ o (x) if x € B},

¢e =1 (G—nB)/c if x € By, \ B,
G/c if x € M\ Bjg,.
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where B, ¢ are constants to be defined later, 8 = G + (1/7) logr — A, = O(r),
n € C§°(Bage) with n =1 on Bg,, and max |Vn| = O(1/(Re)).
To ensure that ¢, € H"“2(M), we assume
N —(1/27) log(m?*R*)+ B —(1/m) log(Re) + A,

C C

’

which gives

(5-1) 2rnc? =2logmw — 27 B —2loge +21A,.
By (4-9), we have
1 b4 1 log R
/ |V¢8|2:—210g—+—210gR—|—0< £ )
By, TC 2  mc

IVG|? IV@B)I> 2
/ IVoe|* = / —+ — - VGV 1p).
M\Bj, M\Bg, € Bjp\Bg. € € B \Bp,

2Re
Let Iy, I, I3 be the three summands on the right-hand side of the last equation.
Clearly, I, = c_ZO(Rs) and I3 = ¢ 2O (R¢). Next,
1 G 1

c® Jaomgg,) On ¢ Jmgy,

1 GaG 1 G8G+1 1 / G +10(1)
_6‘2 3M\3B;€ on c? 33;{;\3M on c2 Vol M B;er(9 c? R

1/ 1 1
= <_; log(Re) + A, + O(Re log(Ry)) + O (E))’

whence
2 1 1 1
Ve? = —(—= log(Re) + 4, + O(Re log(R) + O( % ) )-
M\B}, c T R

Combining the two estimates above, one has

1 1 1
/|V¢>8|2:_ __IOgS"'_10g£+Ap+0(Rslog(Rs))+0<logR> :
M 2\ 7 b 2 R

To ensure that [, |[V¢,|* = 1, we set

1 1
= ——loge+ —10g£+Ap+ O(Relog(Re)) + 0<M>.
b4 b4 2 R

By (5-1), one can determine B as

1
B = —log2+ O(Relog(Re)) + 0(10%’?).
T
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A straightforward computation gives

1
Vol

3, = f e = l(o((Rg)2 log R) + O((Re)* loge) + O((Re)* log(Re)) ).
M M C

Then

f exp(7 (¢ — ¢¢)°)
dBF.NOM

log (125%/e>+ (147t /e)?)+che — 27 B\
=/ exp(r (c - og (m°s*/e"+(1+mt/e)")+chs — 2m L O(Re)\ds
aBE NIR% 2mc

2
z / CXP(n02 —log (n25—2 + 1) +27 B — chg)eO(Re)ds
aB %, NIRL £

2
=2me™Ar (— arctan(m R)) exp(O(Re log Re) + O (1O%R ))
b4

— 2o (1 + O(Relog (Re)) + 0(1°iR)>.

Moreover,
[ ewr@mgN)z [ (1476 -07)
IM\IB, IM\dB, (Gt
zVolaM—Vol(aMﬂaB;;)—l—nz/ +¢’6
MBS, C
Therefore

. 2
/ eﬂ(¢5_¢8)2 > Vol OM + n_z / (G — O(Relog RS))2
oM ¢ JoM\BYy, log R
+0(Relog(Re)) + O <_R >

Set R =log? e. Then R — +00, Re — 0, c2(log R)/R — 0, ¢*Relog Re — 0.
Hence

/ @9 S Nol 9M + 2 Ar
oM

when ¢ is sufficiently small. This contradicts Proposition 4.13 or Proposition 4.14.
Hence Theorem 1.1 holds. 0

6. Proof of Theorem 1.2

Lemma 6.1. Set &, = sup {a; sup / e < 400 } Then &y = 2.
M

ue%z



MOSER-TRUDINGER TRACE INEQUALITIES 197

Proof. We first show that @ > 2. For any @ < 27 and u € #;, we set

N 1
”_”_VolM/M”'

Then u € #;. So, by Lemma 3.2,

~2 2
/ e < sup/ e*V < to0.
M ve%l M

For any u € ¥,, we have
2 / N2
/ ot < ec(s) / ea(l-i—s )i
M M

for some &’ > 0. One can choose ¢’ such that a(1 + &’) < 27, which gives
/ e’ < sup / U 4 oo
M U€%| M

2
sup/ e < 4o0.
M

ue%z

Hence

Next we prove that &, cannot be greater than 27r. To do this, the example in the
proof of Lemma 3.2 still works here. For p € M, we set

1 1 .
_\/% in Bgﬁ(p)»

Ug = L r.
\/Tc)gel()gfs m Bé(p)\Béﬁ(p)

Cep in M\ Bs(p),

where ¢ € C°(M \ Bs(p)), 0 < ¢ <1, and C; is chosen to satisfy fM u, =0. Itis
easy to check that

||u£||%.11,2(M) 2/ (IVus|* +ul) > 1 as e—0,
M

and for any o > 27

Ug 2 o 1
/exp a(—) >exp| ———5——log — | Vol Bs s
M ||u8||H1~2(M) 27T||us||H1,2(M) €

)
o

=%
2 2
> Ce H”SHHLQ(M)

which approaches 400 as ¢ — 0. Therefore &; < 27, as needed. O

Using the same argument as in the proof of Lemma 3.3, we obtain:
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Lemma 6.2.

sup Jy(u) <400 fora<m and sup J,(u) =400 for a > m.
ué%z ue%z

Similarly to Lemma 4.1, one has:

Lemma 6.3. The functional J,_.(u) defined in the space #, admits a smooth
maximizer ug € ¥,.

Proof. The proof of the existence of u, is the same as that of Lemma 4.1. The
Euler—Lagrange equation of u, is

Aug, = ug in M,
6-1 —
(6-1) oug _ T 8u€e(ﬂ7£)u§ on dM.

on Ae
where

e = (T —¢) / ule™ O,
M

Using Lemmas 2.1 and 2.2 repeatedly, we get u, € C*°(M). O

The rest of the proof of Theorem 1.2 is almost the same as that of Theorem
1.1; we only give its outline. Without loss of generality, we may assume u, > 0
in M. Set ¢, = u.(x,) = max,ep ue(x). If {c.} is bounded, it is not difficult to
see that Theorem 1.2 holds. Hence we assume that ¢, — +00 as ¢ — 0. This is
equivalent to saying | M s — 400 for any o > 2w, which implies that u, — 0
strongly in L?(M) (see the first step in the proof of Lemma 3.2). Applying the
maximum principle to (6—1), we find that x, € dM. Assume that x, converges to
p,so pedM. Letre, p.(x) and Y. (x) be as in Section 4. Then

1 .
Qe —> @ = - log(nle2 +( +nx2)2) in Clz()C(Ri).

Moreover cu, — G weakly in H'9(M) for any ¢ such that 1 < g < 2. The
function G € C*°(M \ {p}) satisfies

~AG+G =35, inM,
[,G=1.

In a normal coordinate system around p, the Green’s function G has the repre-
sentation G = —(1/m) logr + A, + O(r), where r(x) = dist(p, x) is the distance
function, A is a constant depending only on p, and A, + O(r) is called the regular
part. Repeating the other steps taken in Section 4, we obtain

(6-2) sup (u) < Vol IM + 2mwe™ 7.

ueity
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The blowing up sequence we constructed in Section 5 still works here; one can
check that
Jx (—d)e ) > Vol dM + 2me™
@ ll mr1.2 a1y
for sufficiently small &, which contradicts (6-2) and so proves Theorem 1.2. [
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