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APPROXIMATING THE MODULUS OF AN INNER FUNCTION
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We show that the modulus of an inner function can be uniformly approxi-
mated in the unit disk by the modulus of an interpolating Blaschke product.

1. Introduction

Let H be the algebra of bounded analytic functions in the unit disk . A function
in H® is called inner if it has radial limit of modulus one at almost every point of
the unit circle. A Blaschke product is an inner function of the form

B(z) =27" l_[

where m is a nonnegative integer and {z,} is a sequence of points in D \ {0} satis-
fying the Blaschke condition ) _, (1 —|z,]) < co. A classical result of O. Frostman
tells that for any inner function f, there exists an exceptional set E = E(f) C D
of logarithmic capacity zero such that the Mobius shift

F l—znz

-«
l—af

is a Blaschke product for any « € D \ E. See [Frostman 1935] or [Garnett 1981,

p. 79]. Hence any inner function can be uniformly approximated by a Blaschke

product.

A Blaschke product B is called an interpolating Blaschke product if its zero
set {z,} forms an interpolating sequence, that is, if for any bounded sequence of
complex numbers {w,}, there exists a function f € H* such that f(z,) = wy,
n=1,2,.... A celebrated result by L. Carleson [1958] (or see [Garnett 1981,
p. 287]) tells us that this holds precisely when two conditions are satisfied:

. in — Zm
1 f|l————
(D nIQm

> 0,

1 - ZmZn
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and there exists a constant C such that Zz,,eQ(l —zx|) < CL(Q) for any Carleson
square Q of the form

2) Q={re” :0<1—r<£(Q), 10 —6| <nt(Q)}

where 6y € [0, 27r) and 0 < £(Q) < 1. Although interpolating Blaschke products
comprise a small subset of all Blaschke products, they play a central role in the
theory of the algebra H>. See the last three chapters of [Garnett 1981].

D. Marshall [1976] proved that any function f € H* can be uniformly approx-
imated by finite linear combinations of Blaschke products. That is, for any & > 0

there are constants cy, ..., cy and Blaschke products By, ..., By such that
N
Hf—ZciBi“ <e.
i=1 00
Here the co-norm is given by || g|lcc = sup{|g(z)|: z € D}. This result was improved
in [Garnett and Nicolau 1996] by showing that one can take each of By, ..., By

to be an interpolating Blaschke product. However the following problem remains
open.

For any inner function B and ¢ > 0, is there an interpolating Blaschke product 1
such that ||B — I |0 < &7

This question was posed in [Garnett 1981, p. 430; Havin and Nikol’skii 1994,
pp- 268-269; Jones 1981; Nikol’skii 1986, p. 202]. Here we provide a positive
answer if one restricts attention to the modulus.

Theorem 1. Let B be an inner function and ¢ > 0. There exists an interpolating
Blaschke product I such that

[IB()|—1(2)|| <& forallzeD.

The proof may be described as follows. The first step consists of constructing a
system I' = |, I'; of disjoint closed curves I'; C D such that arclength of I is a
Carleson measure, and verifying that

(a) |B(z)| is uniformly small on hyperbolic disks of fixed radius centered at points
of I', and

(b) in any hyperbolic disk of fixed radius centered at a point outside the union of
the interiors of I';, | J; intT';, there is a point z where | B(z)| is not small.

Write B = B; - By, where B is the Blaschke product formed with the zeros of B
which are in | J; int ;. Statement (b) implies that B; is a finite product of interpo-
lating Blaschke products. Since D. Marshall and A. Stray [1996] proved that any
finite product of interpolating Blaschke products may be approximated by a single
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interpolating Blaschke product, the relevant zeros of B lie in | J; intT';: they are
those of B;. The construction of I" is a variation of the original corona construction
introduced by L. Carleson [1962] (or see [Garnett 1981, pp. 342-347]).

Next, foreachi = 1,2, ..., let u; be the sum of harmonic measures in intI;
from the zeros of B; contained in int I';. Then the mass u;(I';) is the total number
of zeros of Bj contained in intI';. The second step consists of splitting I'; as
U ik, where the pieces T'; x satisfy w;(I'ix) =1,k = 1,2, ..., and choosing
points &; x € I'; x matching a certain moment of the measure p; on I'; ;. This
choice may be compared with that of [Lyubarskii and Malinnikova 2001], where
a related discretization argument is performed in a different context. Let I; be the
Blaschke product with zeros &; ¢, i,k = 1,2, .... The last step of the proof is to
use (b) above to show that /; is an interpolating Blaschke product and to use the
location of {§; x}, as well as (a) above, to show that |/;(z) - B2(z)| approximates
|B(z)l.

Besides the individual problem mentioned above, some questions concerning
approximation by arguments of interpolating Blaschke products remain open. Let
B be an inner function.

A. Given ¢ > 0, is there an interpolating Blaschke product I such that
|Arg B — Arg I |lsmom) < €?

B. Is there an interpolating Blaschke product 1 such that Arg B — Argl = v,
where v € L*°(0D)?

C. Is there an interpolating Blaschke product I such that Arg B—Argl =u—+v,
where u, v € L*°(0D) and |ul|oo < /27

A positive answer to Problem A would imply the main result of this note. Prob-
lem C was posed by in [Havin and Nikol’skii 1994; Nikol’skii 1986] in connection
with Toeplitz operators and complete interpolating sequences in model spaces.
Problems B and C are discussed in the nice monograph by K. Seip [2004, p. 92].

2. Construction of the contour

The hyperbolic distance between two points z, w € D is

1+ p(z, w)

1
P =g

where p(z, w) is the pseudohyperbolic distance,

p(z, w) =

Z—w‘

1—wz|
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Recall that a positive measure u in the unit disk is called a Carleson measure if
there exists a constant M = M (u) > 0 such that u(Q) < M£(Q) for any Carleson
square of the form (2). The infimum of the constants M satisfying the inequality
above is called the Carleson norm of the measure p and it is denoted by |||l c.

The main result of this section is a variant of the classical construction of the
Carleson contour introduced by L. Carleson in his original proof of the corona
theorem [1962] (or see [Garnett 1981, pp. 342-347]).

Lemma 2. Let B € H® with |Bllco = 1. Let 0 <& < 1 and K > 0 be fixed
constants. Then, there exist a constant § = §(e, K) > 0 and a system T = JT'; of
disjoint closed curves I'; contained in D such that

(@) |B(2)| <eifinf; B(z, ntT;) < K3
(b) sup{|B(w)|: B(w,z) < K+14} >3 ifz ¢ Jint[;; and

(c) arclength ds\r on I' is a Carleson measure with ||ds|r||c < 68.

Proof. The proof is essentially contained in [Nicolau and Sudrez > 2006], but we
sketch it for the convenience of the reader. Given a set £ C D, let Qg (E) denote
the set of points that are at most at hyperbolic distance K from the set E, that is,

Qg (E)={z: inf B(z, w) < K}
Consider dyadic Carleson squares of the form
On,j= {reie 12" <r <1, 2mj27" <0 <2n(j + 1)2_”},
for j=0,1,...,2" —landn=1,2,..., and their top halves
T(Qn)={re € Quj:ir<1-27""1},

Let 0 < § < ¢ be a constant to be fixed later. A dyadic Carleson square Q will be
called good if

sup{|B(2)| : z € @k (T(Q))] > e
The collection of good dyadic Carleson squares will be denoted by
(09:j=1.2..}%
A dyadic Carleson square Q will be called bad if
sup{|B(2)| : 2 € 2k (T(Q))} <35

We denote the collection of bad dyadic Carleson squares by {Qf j=12,...}
The construction goes as follows.
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Figure 1. Choosing good and bad squares for constructing the contour.

Step 1. For each good dyadic Carleson square Q = QJG, we choose the maximal
bad dyadic Carleson squares Q,f contained in Q. The main estimate needed is

3) > U <500

o7co
Since |B(z)| <difz € T(Q,If), while |B(z)| > ¢ for some z € Qg (T (Q)), taking
8 = é(g, K) sufficiently small, standard arguments lead to (3). See [Nicolau and
Suarez > 2006, Lemma 2.1] for details.
Step 2. For each bad dyadic Carleson square Q = Q%, we choose the maximal

good dyadic Carleson squares QkG contained in Q. This family is denoted by
G(Q)={0%:k=1,2,...}.

So, from each good dyadic Carleson square we move to bad ones fulfilling the
estimate (3) and from each bad one we again move to good ones. See Figure 1.
Now for each bad square Q = Qf, let

R@Q)=0\[J 0f and R=[]JR(OD.
G(Q) J
Finally, decompose R into its connected components R; and denote I'; = dR;,
i =1,2,.... Observe that each I'; consists of pieces of boundaries of dyadic
Carleson squares. See Figure 2. By construction if z € R we have

sup{[Bw)| : B(w,2) <K} <e

and hence part (a) in the statement follows. Similarly, if z ¢ R, the point z is not in
the top part of a bad dyadic Carleson square. As the hyperbolic diameter of a top
part of a Carleson square is uniformly bounded, say by 14, we deduce that there
exists w € D with B(z, w) < K + 14 such that |B(w)| > §. Hence statement (b)
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................................

Figure 2. The unit disk, some dyadic Carleson contours and an
example of a contour.

follows. Since the length of d R(Q) is bounded by 17£(Q), the scaling (3) shows
that for any bad dyadic square Q, one has

> BRQ)| < 174(Q).
ofco

Then easy geometric considerations show that arclength on [ JI'; is a Carleson
measure and its Carleson norm is smaller than 68. 0

3. Construction of the interpolating Blaschke product

We now use Lemma 2 to construct a contour I'. Note that by Frostman’s Theorem
we can assume that B is a Blaschke product. Given ¢ > 0, let N be a big constant
dependent on ¢ to be fixed later. Apply Lemma 2 with ¢/2 and 2N instead of ¢
and K to obtain I" and § > O such that

(@) |B(z)| <¢e/2if B(z,int") <2N,
(b) sup{|B(w)|: B(w,z) <2N +14} > 5 if z £ intI", and

(c) arclength on I' is a Carleson measure with Carleson norm ||dsr||c < 68.
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With the contour I' in place, we want to construct the interpolating Blaschke prod-
uct /. Split B into two Blaschke products By and B;. Thatis B = B; - B, where B
is formed with the zeros {z,} of B that lie inside intI" and at hyperbolic distance
more than 1 from the contour I'. For each zero z of B,, part (b) provides a point
weD, B(w,z) <2N + 15 such that |By(w)| > |B(w)| > §. This implies that B,
is a finite product of interpolating Blaschke products; [Mortini and Nicolau 2004,
Theorem 2.2].

Hence the dangerous part of B will be B;, which has all its zeros contained
deeply inside the contour I". We want to mimic the behavior of | B1| by constructing
a Blaschke product /; with zeros on I'. To this end, for each component I'; of the
contour we consider the measure

dui @)= ) o &intl)
zZp€int Ty
Bz, I'i)>1
defined for £ € I';. Here w(z, &; 2) denotes the harmonic measure from the point
z € Q in the domain Q2 C D. Clearly u;(I";) will be equal to the number of zeros
z, of Bj inside I';. Next we split I'; into disjoint arcs I'; ; such that u; (I'; ;) = 1
for each k. This is illustrated in Figure 3. On each such arc we locate one zero &;
of I; such that

4 = s =/F (1— &) dui &)

This will in general not determine the points &; ; uniquely. However, there seems
to be a lot of freedom for placing the zeros of I; in this construction, and the
condition (4) will be sufficient for our purposes.

Let I, be the Blaschke product with the zeros §; x, and factor I} = I - I{ where
I7 is the Blaschke product with zeros &; ; with k odd, while I{ is the Blaschke
product with zeros &; x with k even. In Figure 3, I} has its zeros placed in the
dark arcs, while the zeros of I{ are placed in the light arcs. We claim that both
Iy and I{ are interpolating Blaschke products, and hence /; can be approximated
by an interpolating Blaschke product [Marshall and Stray 1996]. To show this
claim we will observe that their zero sets satisfy the two conditions of Carleson’s
theorem [1958] stated in the introduction.

In this case, the existence of a constant C as in Carleson’s criterion (see top of
page 104) follows from the fact that arclength is a Carleson measure on I', while
inequality (1) follows from the following lemma and the geometry of the contour.

Lemma 3. The hyperbolic length, £g(I; i), of T'; i is bounded from below:
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lMi11

Ii10

Figure 3. Each component I'; of the contour is split into arcs I'; x
such that the p-measure of each arc is 1.

Proof. We first show that for any point w € I', | By (w)| is bounded from below by
some constant depending only on § and N. To see this, recall that there is a point
¢ such that (¢, w) <2N + 14 and |B;(¢)| = |B(¢)| > §. Consider

log| Bi(w)| ™' = log p(w, z,) 7",

where the sum is taken over all zeros z, of By. As w is separated from the zeros
of B 1,

log p(w, z,) ™' < 1—p(w, z,)*.

Furthermore,
p(w.2,) > P (zn, &) — p(¢, w) . p(zn,é)—C’
L—p(zn, Op,w) — 1 —Cp(zn,¢)
e22N+14) _ 1
where C = m < 1. Hence
L, (=p@n0?)(1-C*) 1+cC
1ogp(w’Zn) 15 ( )( P ) =< 1 C(l _p(zn’é‘)z)

(I—Cp(Zn,é')) o

1+C _ _
<2 logp(zn, )7 =22 W log p(zs, 7,

and we see that | B (w)| > §2XPCCEN+14)
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Intuitively, this lower bound for the values of | B | should imply that the arcs I'; &
cannot be too short hyperbolically. To make this observation rigorous we argue as
follows. Using that the harmonic measure w is positive and harmonic, we have

that for any z € intI';,
/ log‘ ‘ [dw]
l—wzl 1—|w)?

minep./ log‘ — ‘_1 [dw]
z€lik o, 1—wz 1_|w|2

oz, Diintl) <oz, T D\ T ) <

and
I=wi(Tix) = Z @(Zn, Tig; int T;)
zp€int Ty
! —w o1\ |dw]
< — log( ) ,
Cik Jriy Z”gr | 1—wz, | 1 —|w|?
where d
—w - w
C,k_mln/ 10g|Z _|1 | |2
z€lik Jr, 1—wz 1 —|w|

is a constant dependent on I'; . Let B;; denote the Blaschke product with the
zeros of Bj that fall inside the component I';. Then, for w € I';,

og —_w_ =log|By,;(w)| " <log|Bi(w)| " <2e ogd .
1 Zn 1 1 | ’( )ll 1 | ( )|1 22(2N+14)] 61

zp€int Iy 1- Wzn
Thus
1 d 1
1 < _262(2N+14) lOgSil / |—w|2 — _262(2N+14) log(sflzﬂ(ri’k)
Cix  I=lwl® o Cig
such that

Cik
— 2e2(2N+14) 10g3 1°

Lg(Tix) =

To estimate C; ; we use the substitution § = ¢, (w) = (z —w)/(1 — wz) and the
conformal invariance of the hyperbolic metric. A calculation then gives that

Cix > log(tanh £5(T; 1)) €s(Ti ),

which implies the desired bound, €4(I; ) > §2XPEENF14), O

4. Proof of the approximation

In this section we will show that the constructed function, I = I; - B,, approximates
the given Blaschke product uniformly in modulus. We first claim that it suffices to
prove Theorem 1 for points z € D far away from the contour. Indeed, assume that
we can prove that

(5) 1B = 11(2)]| < ¢/2
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for all z such that 8(z, intI") > 2N, where N is as in the construction of the contour.
Then, for points z with 8(z, intI") = 2N,
11(2)| = (I11(2)| = |B1(2)| + |B1(2)) | B2(2)]
<[IBi@| = @I +|B@)| <e/2+¢e/2=¢.

By the maximum principle |/ (z)| < € for all z € Qx5 (intI") as well. Hence

if B(z,intT) > 2N,

g/2
B@)| = @)l =|1Bi1(@)| - 1()||B
1B@I =11 @I|=[1Bi1@)] = LG 2(Z)'<L if B(z. intT) < 2N.

So Theorem 1 follows from (5).

The rest of the paper will be dedicated to prove that (5) holds. Fix a point z such
that B(z,intI") > 2N. We will consider the logarithm of |B;|. Since all the zeros
of Bj lie inside the contour I', log|(z —zn)/(1 — an)’ is harmonic inside I'" as a
function of z,,. Hence

Z_Zn
1_an

=flog\z_g |du(@),
r

log|Bl(z)|=;log‘ l—éz

where du = ), du;. As the p-measure of each arc I';  is 1, we have

= 2§ =&,

©) log|B1(Z)|—10g|11(Z)|—frlog‘l_éz‘du(g)_glog‘l_éi’kkz)
= z—§ 2= Eik
_gfr,,k(bg}l—éz}‘1°g|m\)d“@)
:;/r:iklogpﬂz;?—;,z)du(s) déka:Hi,k(Z)-

To estimate this sum we consider different types of arcs. By Q. we denote the
Carleson square with z as the midpoint on the top-side. We say that an arc ['; ; is
in the class % if I'; ; € 2V Q.. Note that since B(z, intI") > 2N, this implies that
such an arc lies very close to the boundary. The rest of the arcs we split into short
and long arcs. For n > N + 1 define

Fn={Tix: €sTip) <1, Tix C2"QJ\ (BU U 91),

<n
Lo ={Tix :LgTix) =1, Tix C2"Q}\ (BU U &).

i<n

Consult Figure 4 for some examples of this classification. This partition is such
that each arc I'; ; belongs to one and only one of the classes &B, ¥, and &£, with
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2N+2QZ 2N+1QZ

zZ u—

ri,k€$N+2—"I—’_|J Lf' - m _J—J \ri,kEfmz

Fik€ N1’ \ Q; Mik€ At
ke

oD

Figure 4. We divide the arcs I'; ; into classes denoted %, &, and £,,.

n > N + 1. Hence we may decompose the sum (6) as

(o.¢]

Y Hyu@= Y Hu@+ > ( Y Hu@+ Y H,k<z>)
ik IixeB n=N+1 T ¥, Iiedn

Our goal is to show that the absolute value of the left hand side is small. To
accomplish this we will show that each of the terms

i Y. Hix(2)

n=N+1 T; €&,

and

Y Y Ha@)

n=N+1 I“,-,key’n

ik (2],

I‘i_ke%

are small.
We begin with the boundary arcs T'; ; € B. Using that log(1 — t) = —t + 0(¢?)
we get

3 /F log 225 )

IixeB IO(Z’ Si,k)
1 P ) ( P §)? 2))
-2 1= P2 ol (1= L2 2 ) Y aue).
2 Fge:% /Fhk( :O(Z»fi,k)z ( :0(275;',/02) w(&)
Taking absolute values,

P8 1
d 2
Z/ /O( élk) (5)‘ 2

ke

p(z.§)°
@ 2 / T oG s (g)‘

I keB

IO(Z’E) 2
Z / ( TG e )d“(g)

ixeB

def
2 Ea1+ Eg 2,

41
2
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where we define Eg ; and Eg» for convenience. At first we focus on the term
Eg. 1. Note that since z is far away from &; ; € I';, the expression p(z, Si,k)*z is
bounded above, say by 2. By expanding 1 — p(z, £)% and 1 — p(z, & 1)%, we can

write
1— | 1—|$ik|2> ‘
8) E — — — d
® %1<r2%(/ )(u—smz [ A
Ll L1 R e S S i A
= 1— 2( = — — + 2 >d '
rg% /Fi,k( <I) 1=z [1=&xz> |1 —&zl? e

By the placement, (4), of the zeros & x, the integral of the last term is zero. We
now move the modulus under the integral to get

©)  Egy=(1-1zP) }:d/ —1eP)

IixeB

1 1
=&z |1 —&zf?

du(§).

Because & and &; ; should be close to each other in some sense, compared to z, we
suspect some cancellation. Therefore we use the estimate

_ 26—l
RECEIE

1

10 — — =
1o [1—&z2 |1 —&xzl?

and the more trivial inequalities |§ — &; x| < £(I';x) and 1 — Iz]2 <2(1 —z]) to
obtain
-2
Ean =2 (1-12)7 Y et [ (1-1el) due).
Fi.k eR Fi'k

All the arcs I'; x € B are contained in a rectangle at the boundary with height
272V (1 — |z|) and width 2V (1 — |z|). Using that 1 — |£] <272V (1 — |z|) and that
the arclength ds|r is a Carleson measure, we then get

Egy <2° |dsirllc-27Y

where ||ds|r||c is the Carleson norm of arclength on I'.

Next we focus our attention on the higher-order terms, and give the estimate for
Eg . From (7) and (8) and the inequality (a + b)? < 2(a® + b?) we see that Eg o
is bounded by a fixed multiple of

(1-1zP) }jd/ —€P)

I reB

2

dpe ()

1
l—éaz 11— & xz?

12 (£12)2
+(1—Iz|2)2 Z (16 k! - 1£17) du ().

— & 4
Fi,kE% ri,k |1 gl,kzl
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For the first term, we use as above the estimate (10) as well as 1 —|&| <272V (1—|z|)
and |§ — & x| <2-2V(1 —|z|). Then we find

(1P Y f —eP)

r; ke%

<2t 27N (1—1z)?) Z/ 1- &)

r; ke%

2

du (&)

1 1

— &z |1 —&zf?
1

-8z |1—§zl

du(§).

The last sum is just (9), and by the earlier argument the last expression is bounded
by 27 |dsr|lc - 272V,

For the second term we use that |1 —Ei,kzl >1-—
and ||& x| — €] < €(T';x) to arrive at

(&ial? — 112
(1= 1F) Z/ TEE

er%
<2 (1= f2)) Zf 161 — 1€1] dpa®)

IixeB

k= 1El|<272V (A —z))

<2427 (1—p2) T D e <2t dsirlle 27
l",-vke%

Thus we get Eg o < C(2*+ 1) ||dsir|lc - 27V for big N.

For the short arcs I'; x € ¥, n > N 41, we will use similar estimates as above,
but we do not need to be as delicate. For these arcs we can use the inequality
logx| <|1— x2|, which holds for x far away from zero, to obtain

oz, &)
Z Z/ p(z,sik)d“(f)‘

n=N+1 T e¥, 5
p(z, &)
Z 2 / -0t

n=N+1 T e¥,

def
Ey =

The same calculations that gave (8) show that

= o(z, s>2| 21— 2P) (' — g2 1—g?
p(z, & 1)? N—Ez> |1 —Ezl?

For& el € ¥, using |1 — £z]>2"3(1 —|z]) we get

- : "y
(1_|§|2) ( |$| ‘g S k| < 11 |-$;: g’kl .
21(1 - |z])° 221 (1 —|z])

2 g2
+||Sz,k| €] |>

11— & xz|?

[1—&z>  [1=&uzl?| ™
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Similarly,
|1&i.k1> — mw 57 1€ ikl

[ =&uxzl? T 22(1—z])*

Adding up, we obtain

2
‘1_ p(z, &)

p( S )2 _214 |s_§i,k|
<, Sik

221(1—1z])

Hence

1
Ey <2 Z m Z ) <2M ldsirllc - 27N,

n=N+1 Lik€Sn

Finally, we estimate the long arcs I'; € &,,, forn > N4 1. As the zeros on these
arcs are well separated, one can expect only a small contribution from these arcs.
We will use an auxiliary interpolating Blaschke product to find a bound for the
&, -terms of (6). By the same reasoning that led to (8) and the triangle inequality,

0(z, &)
2: Ej./ (a&pd“@ﬂ

n=N+1 T;eL,

HE 1—@MP)
2 — d
= E: 2 / (H—£|2+IP—&uP )

n=N+1 T €&,

<222 Z max (1_|Z|2)(1_|§|2).

_E.2
=N+ T et STk I1—¢z]
For each I'; x € &, let §; x € I'; x be such that
1— sl 1— g
*2 = mﬁ.x —_2,
I1—Cikzl>  geTii |1 —&2]

and define B; to be the Blaschke product with {¢; «} as zeros. Now we reorder the
summation, and sum with respect to the placement of the ¢; ; instead. Then

1—
Fe2(1-1) Y Y
o =tz
where Uy = Q. and U, = 2"Q. \ 2" 'Q, for n > 1. The scaling property (3)
implies that at most four of the points ¢; ; are contained in 2V ~!Q_. These must
be close to the boundary, so

1—|Z| Z Z |§zk| <4. 24 2_21\1

_ 1 _7 2=
n=0 {tkeUn é‘l kZ|
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For the rest of the terms, we then get

1—|Z| Z Z |§lk|2 SZ Z |§1k| 29C§ =N
n=N ¢ x€U, — izl nN i k€U, 2n1_|Z|
where C; is the Carleson norm of the measure ) (1 —1¢; «|)3;, ,, which is bounded
by a fixed multiple of ||dsr|lc. Thus E¢ <2°(C, +1)-27V.
We have now estimated the contribution from all the arcs I'; x, and we have
found that for some constant C,

[log|Bi(2)| —log |11(2)]| < C-27
This means that given & > 0, taking N so that C - 27" < ¢/2, we obtain
1Bi@)| L) <e/2,

which is what we needed.
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