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We construct secondary characteristic classes of regular superfoliations on
smooth supermanifolds. We interpret these secondary characteristic classes
as characteristic classes of flat foliated connections.

1. Introduction

Smooth supermanifolds are becoming an increasingly important subject in math-
ematical physics [Leites 1980]; superfoliations should then be a central object. In
this paper, we construct secondary characteristic classes of regular superfoliations
with trivialized normal bundle, in the spirit of [Bernstein and Rosenfeld 1973; Bott
and Haefliger 1972; Fuchs 1986]. We show that the role of Vect(n) (the Lie algebra
of formal vector fields with n variables) from the classical theory is played by the
even part Vect(n, m)g of the super-Lie algebra Vect(n, m) of formal supervector
fields with n even variables and m odd variables. More precisely, when on a super-
manifold Jil we are given a superfoliation & of codimension n +em with trivialized
normal bundle, we will associate to any element H in the Chevalley—Eilenberg co-
homology H* (Vect(n, m)o) a secondary characteristic class ¢ M,%(H ) e H*(M),
where M is the base manifold of the supermanifold Jd.

Theorem A. For any supermanifold MM foliated by a superfoliation & of codimen-
sion n + em with trivialized normal bundle, there exists a natural homomorphism
@5 from H*(Vect(n, m)o) to H*(M) such that:

) If D : N — M is a submersion of supermanifolds and ¢ : N — M is the map
induced by @ on their base manifolds M and N, then

k
PN, oxF =P Py,

where @*F is the pull-back of the superfoliation & via @ and ¢* : H* (M) —
H*(N) is the pull-back through ¢.
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2) If M is an ordinary smooth manifold endowed with a foliation F of codi-
mension n with trivialized normal bundle, then ¢ reduces to the well-known
homomorphism of Bernstein, Bott, Fuchs, Haefliger and Rosenfeld [Bernstein
and Rosenfeld 1973; Bott and Haefliger 1972; Fuchs 1973].

The reader should not be surprised that the de Rham cohomology of M is not
used: by a result of Batchelor [Leites 1980], this cohomology is indeed isomor-
phic to the cohomology of the base manifold. Note that the even part Vect(n, m)q
appears instead of Vect(n, m) itself. The theory is indeed more interesting like
this, since, for example, H *(Vect(n, m)) has only two nontrivial generators for
n < m (see [Fuchs 1973]). In [Koszul 1988], Godbillon—Vey classes for superfoli-
ations of codimension 04-¢m are constructed on supermanifolds of superdimension
n + em as maps from H *(Vect(O, m)) to H*(M). We will see that these classes
vanish for any class H € H*(Vect(0, m)) whose restriction to the cohomology
H*(Vect(0, m)o) of the even part is 0. Furthermore, we will show in Section 4D
that the classes constructed in [Koszul 1988] are among those built in this article.

Given a vector bundle £ — M and a foliation F, a foliated connection means a
connection on E defined (smoothly) over each leaf of the foliation F. A foliated
connection is said to be flat if it is flat on each leaf, and trivial if E is a trivial
vector bundle and F a foliation with trivialized normal bundle. For simplicity, we
say flat trivial foliated connection to name the entire collection of a foliation with
trivialized normal bundle, a vector bundle, and a flat foliated connection. There
is a canonical way to construct, from a flat foliated connection, a superfoliation
with trivialized normal bundle on a supermanifold. Therefore, our theory of sec-
ondary characteristic classes of superfoliations also gives a theory of secondary
characteristic classes of flat foliated connections.

Furthermore, to a superfoliation % of codimension n + em with trivialized nor-
mal bundle on a supermanifold J/it we shall associate a flat trivial foliated connec-
tion, that is, a foliation F; of codimension n with trivialized normal bundle on the
base manifold M, a trivial vector bundle Eg of dimension m over M, and a flat
foliated connection V¥ of this bundle. It should be noted that this construction
is not the inverse of the previous one. However, we shall see that our theory of
secondary characteristic classes, because of our preceding construction, gives in
fact a theory of secondary characteristic classes of flat foliated connections. More
precisely, we show:

Theorem B. The homomorphism Pz H* (Vect(n, m)o) — H*(M) is completely
determined by the flat trivial foliated connection (M B, Eg, V%).

The paper is organized as follows. Section 2 is devoted to constructions and
properties of superfoliations on supermanifolds. More precisely, in Section 2A
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we introduce several useful maps; in Section 2B we recall the definition of a su-
perfoliation; in Section 2C we exhibit relations between superfoliations and flat
foliated connections; in Section 2D we show how to replace a superfoliation with
a superfoliation with trivialized normal bundle.

Section 3 is devoted to the study of the Chevalley—Filenberg cohomology of
the Lie algebra Vect(n, m)g. We introduce this cohomology in Section 3A, then
present in Section 3B technical results that will play a fundamental role in the
construction of secondary characteristic classes. We show in Section 3C how to
compute the cohomology of Vect(n, m)y with the help of the Weil algebra.

We construct secondary characteristic classes of superfoliations with trivialized
normal bundle in Section 4. Secondary characteristic classes of a superfoliation
are defined in Section 4A by constructing a homomorphism of differential graded
algebras from the complex /\Vect(n, m)o of the Lie algebra Vect(n, m)g to the de
Rham complex 2(M) of the manifold M. We give examples in Section 4B, and
prove Theorem A (in fact, a more precise statement) in Section 4D.

We relate in Section SA the previously constructed secondary characteristic
classes to the secondary characteristic classes of the (ordinary) foliation F; on
the base manifold. We prove Theorem B in Section 5B.

Most result of this paper have been announced, but not proved, in [Laurent-
Gengoux 2004].

2. Superfoliations

2A. The algebra of superdifferential forms. For any supervector space V', denote
by VY its even part. For convenience, write DGA for “differential graded algebra”.
For a DGA (A, d,), denote by [a] € H*(A) the cohomology class of an element
a € Kerd,. Throughout this article, .l is a smooth supermanifold of superdimen-
sion p+é&q (p and g being nonnegative integers), and M is its p-dimensional base
manifold. In the sequel, we say “dimension” for “superdimension”, and “codimen-
sion” for “supercodimension”

We now recall some basic results about supermanifolds, and introduce some
maps that we will need in the sequel.

Denote by O(M) the superalgebra of superfunctions on ., and by $(AM) the
superalgebra of nilpotent superfunctions; denote by Re(f) the smooth function on
M defined by the canonical projection O(M) — O(M)/F (M) = 6 (M, R).

Let (Q (M), /\) be the superalgebra of differential forms on (. The notion of
parity of a superdifferential form can be ambiguous; in this paper the parity is the
one that endows the superalgebra 2 (Jl) with a structure of a supercommutative
superalgebra. More precisely, in a local chart (xi, ..., x,, 01, ..., 6,), the 1-form
dx; is odd, the 1-form d6; is even, the O-form x; is even, and the 0-form 6; is odd.
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The parity is then extended by multiplication: for any w;, w; € Q (M), the parity
of w1 A wy is the sum of the parity of w; with the parity of w, (modulo 2). For
example, 6, dx; is even, x?dej is even, and dx; A d6; is odd. Note that, with this
definition, a 1-form on an ordinary differential manifold is an odd element. Let
dy (M) — Q*T1 () be the de Rham differential.

Let E, be a g-dimensional vector bundle over M whose sheaf of sections is
J(M)/F(M)*. The supermanifold M (M, E) whose superfunctions are the sections
of /\*EM is isomorphic to /M (as a supermanifold, see [Leites 1980]). A local
chart (x1, ..., xp, 01, ..., 0,) is said to be attached to E if the odd superfunctions
01, ..., 0, are identified with sections sy, ..., s, of E;. Note that in this case the
supervector fields 9/06y, ..., /06, can be identified with sections of the dual
vector bundle E%, and the 1-forms dfy, ..., d6, can be identified with sections
of E, again. More precisely, there is a natural bijection & from the vector bundle
whose sections are 1-forms in !(l) of the form Z?:l fi(x1,...,xp)d0; to the
vector bundle E given, in a local chart attached to E, by

q q
30(2 fj(xl,...,xp)dej) =3 Fix1s e xp) 55
j= =

with fi(x1,...,xp),..., fy(x1,...,x,) smooth functions on M. It is straightfor-
ward to check that ¥ does not depend on the local chart attached to E,.
We recall the definition of three maps:

e The first map is a well-known (see [Leites 1980; Tuynman 2004]) canonical
DGA homomorphism p from (Q*(M), A, d,) onto (2*(M), A, dy,), constructed

in [Leites 1980]. In a local chart (xi,...,x,,61,...,0,), it is defined on the
generators dx;, d6;, f (f being a superfunction) of €2(.t) by
pldx;) =dx;, p(d6;) =0, p(f) =Re(f).

A proof of the next lemma can be found in [Leites 1980; Tuynman 2004].

Lemma 2.1. The map p from (Q* My, A, dm) onto (Q*(M), A, dM) is well defined
(that is, independent of the chart) and a DGA homomorphism. The kernel of p
contains odd 2k-forms and even (2k+1)-forms.

Since p is a DGA homomorphism, it induces a homomorphism p from H* (M)
to H*(M). According to a theorem of Batchelor (see [Tuynman 2004, Theorem
8.2, p: H*(M) — H*(M) is indeed an isomorphism.

e The second map, p, is a map from Q'(M) to T(E 'w)» the space of sections of E.
It is defined in a local chart by

p q q q
G oL fidvit X gider) =9( L Relg)dey) = X Re(g) sy
i= j=

j=1 J=1
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Lemma 2.2. The map p is well defined (that is, it does not depend on the chart
attached to E,). For any odd 1-form w, we have p(w) = 0. For any nilpotent
function f € $(M) and any w € QY (M), we have p(fw)=0.

 The third map that we need, I1, is a map from the super-Lie algebra Vect(Jl)
of supervector fields on Jl to the Lie algebra Vect(M) of vector fields on M. For
any odd supervector field & € Vect(M), we simply set IT(¥) = 0. For any even
supervector field & € Vect(AM)g, we set [T(¥X) = X, where X is the derivation of
C®(M,R) ~0O(M)/F (M) induced by the even derivation X of O(L).

In a local chart attached to E,, IT is given by

1 fisl+ 3 go) = Y- Re(f)5.

g ) PR

Lemma 2.3. The restriction of II to the subalgebra Vect(M)q of even supervector
fields is a Lie algebra homomorphism.

The next properties can be checked locally in a chart; we leave the computations
to the reader. Denote by (7 the contraction of a supervector field by a 1-form in
Q(M). For any 2-form n € Q2 (M) and even supervector field %Y such that I7(%Y) =0,

(2-2) p(tgym) =0.

For any even 1-form o € Q'(M) with p(a) =0 and any even supervector field Y,
(2-3) ptyda) =0.

For any even supervector field & € Vect(l)g and odd 1-form w € Q' (),

(2-4) Re(tgpw) = LH(X)p(a)).

2B. Definition of a superfoliation. We recall the definition of a superfoliation of
codimension n + em [Leites 1980; Monterde et al. 1997; Tuynman 2004]. First, a
distribution of codimension n+em is a sub-supervector bundle of 7'/l of dimension
(p—n)+e(g —m).

Definition 2.4. A superfoliation % of codimension n + em is a distribution %,
of dimension (p —n) + (¢ — m) whose sections are closed under the bracket of
supervector fields.

Remark 2.5. Note that in the literature the terminology is not fixed: in [Leites
1980] the name “foliation” is used, while in [Tuynman 2004] it is called “inte-
grable distribution”. We choose “superfoliation” to avoid confusions when dealing
simultaneously with superfoliations on a supermanifold and (ordinary) foliations
on its base manifold.
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A supermanifold is said to be foliated when it is endowed with a superfoliation
of codimension n + em, for some n, m € N. A supervector field & is said to be
tangent to the leaves if and only if it is a section of the distribution that defines %.
We denote by &, the superalgebra of supervector fields tangent to the leaves of .

For a superfoliation &%, denote by Q7 the subalgebra of 2 (M) of k-forms w such
that ¢y, ... g, @ = 0 for any supervector fields Yy, ..., Yy tangent to the leaves of
%. Of course,

(2-5) dy S C Q.

In particular, Q}@ is the space of 1-forms w € Q' (M) such that (%) = 0 for any
supervector field & tangent to the leaves.

A superfunction is said to be constant on the leaves if t,,d, f = 0 for any
supervector field & tangent to the leaves. We denote by O the superalgebra of
superfunctions constant on the leaves of F.

Here is a basic example: On the supermanifold R?-4, denote by xi, ..., x,
(respectively, 01, ..., 6,) the even (respectively, odd) variables. The elementary
superfoliation R} is the superfoliation given by the distribution generated by the
supervector fields 9/0x,41,...,09/0x,, /0041, ...,0/00,.

An important particular case is when the superfoliation is defined by a distribu-
tion that admits a trivialized normal bundle.

Definition 2.6. A superfoliation & of codimension »n + em is said to have a triv-
ialized normal bundle if the distribution % that defines % is generated by a free

family of n odd and m even 1-forms by, ..., b,4,; that is,
By = {% € Vect(l) | 1yby =+ =ty by = 0}.
We say that the 1-forms by, ..., b, define the superfoliation F.

Example 2.7. The elementary superfoliation R}’ is defined by the odd 1-forms
dxy, ..., dx, together with the even 1-forms d6y, ..., d6,,.

If the superfoliation F with trivialized normal bundle is defined by a free family
b1, ..., by+m, then (see [Monterde et al. 1997]) there must exist 1-forms bi], i,j €
{1,...,n+m}, satisfying

n+m

(2-6) dybi = by nb].
i=1

Moreover, we can assume that the parity of bij is the sum of the parity of b; with
the parity of b;.
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Remark 2.8. For any superfoliation & with trivialized normal bundle, defined by
1-forms by, ..., byt (With by, ..., b, odd, and b, 11, ..., b,y even), there ex-
ist supervector fields X1, ..., X +m (Wi.th X1, ..., Xyeven,and Xp,41, ..., Xnam
odd) such that b;(X;) = 8,.] (where 8{ is the Kronecker symbol). The family
X1, ..., Xyym is free (with respect to the O(Al)-module structure). The supertan-
gent bundle 7/l is the direct sum of the distribution generated by X1, ..., X+m
with the distribution %, that defines %. This justifies calling it “with trivialized
normal bundle”.

We now define morphisms between foliated supermanifolds, and pull-backs of
superfoliations.

Definition 2.9. Let Jl; and Jl; be supermanifolds, and let %; and %, be su-
perfoliations of codimension n 4+ em on /M and Jl, respectively. A submersion
@ : My — M, is said to be a morphism of superfoliations if and only if

(2-7) O(lly) ®*QYy, = Q
where O(M;) <D*Q§;2 denotes the O(Jl;)-module generated by <D*Qé;2

In other words, (2-7) means that any 1-form in Q% is a linear combination, with
coefficients in O(/M,), of pull-backs by @ of forms from 2 .

Note that, if %, has a trivialized normal bundle, so has %,. If by, ..., bytm
are the 1-forms defining %, then the superfoliation %, is defined by the 1-forms
D*by, ..., P*Dyypy.

The category of foliated supermanifolds is the category whose objects are super-
foliations and whose arrows are morphism of foliated manifolds. For any n, m € N,
the superfoliations of codimension n + em make up a subcategory, while the su-
perfoliations of codimension n 4 ¢m with trivialized normal bundle form again a
subcategory of the latter category.

An isomorphism of foliated manifolds is an invertible morphism of foliated man-
ifolds.

The local structure of a superfoliation is always the same, as proved in [Hill and
Simanca 1991] (see also [Tuynman 2004, Chapter V.4]):

Theorem 2.10 [Hill and Simanca 1991; Monterde et al. 1997]. Any superfolia-
tion of codimension n + em on a supermanifold of dimension p + eq is locally
isomorphic to the elementary superfoliation Rl /%

Let N and J be supermanifolds, and let & be a superfoliation of codimension
n~+ em on . Given any submersion @ : N'— J, the pull-back ®*% is the unique
superfoliation satisfying

o) *Ql = Qb ..
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This definition needs some justification. For any open set U C M, we denote by
AU the supermanifold defined by O(J/l)|y and we say that AU is an open subset of
M. Let r + es, with r > p and s > ¢, be the dimension of N. By Theorem 2.10,

in local coordinates (xi, ..., xp,, 01, ..., 6,) the superfoliation % restricted to AU is
defined by dxi,...,dx,,d6,, ...,d6,. Since @ is a submersion, there are local
coordinates (xi, ..., X, 01, ...,6) on some open subset V" C N such that @ is
given by

DXy, ey Xy Oy, 05) = (X1, 000, Xp, 01,0, 0g).

The pull-back @*% of F via @ is the superfoliation whose restriction to V" is
defined by the 1-forms dxi,...,dx,,d6,...,d0, € Q'(¥). This justifies the
existence and uniqueness of the pull-back of a superfoliation via a submersion.

2C. Geometric constructions associated to a superfoliation. Let N be an (ordi-
nary) smooth manifold and F a foliation of codimension n» on N, defined by a
distribution D,. Let E — N be a vector bundle over N, and let X, = I'(D) be
the algebra of vector fields tangent to F. A foliated connection is a bilinear map
from X, ®I'(E) to I'(E), denoted by (X, s) = Vs, that satisfies the usual axioms
of a connection; that is, for all X € X, f € C*°(M), s € I'(E), we have

Vixs = fVgs and Vyfs=fVys+(X- f)s.

A foliated connection is said to be flat if V is flat on each leaf of F'; that is, if for
all X,Y € X, s € I'(E) the identity

VyVys = Vy Vs = Vix yis =0

holds. A foliated connection is said to be trivial if E is a trivial vector bundle on
M and F is a foliation with trivialized normal bundle on M.

In the following, we will say simply “foliated connection” (respectively, “trivial
flat foliated connection™) for the collection of a foliation F, a vector bundle E,
and a foliated connection V. We denote by (M, F, E, V) a foliated connection
(respectively, a trivial flat foliated connection).

2C(a). From superfoliations to flat foliated connections. To a superfoliation on M
we associate a foliation F;; on the base manifold M, a vector bundle E on M, and
a flat foliated connection V7 on the latter. In the particular case of a superfoliation
of codimension 0+ ¢m on a supermanifold of dimension n + em, this construction
is identical to the construction given in [Koszul 1988, Lemme 2.1].

Definition 2.11. Given a superfoliation & of codimension n + em, we denote by
(M, F;, Eg, V7) the flat foliated connection defined in what follows.

It is easy to check that p(QE‘Q% ) = Q%,’Z’ where by RY we mean the foliation Rfj”g
of codimension n on R”. In other words, R is the foliation of codimension n on

R? defined by the 1-forms dx, 1, ..., dx,. Theorem 2.10 immediately implies:
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Lemma 2.12. The distribution whose sections are X = I1(¥5) CT'(T M) defines
a foliation Fy; of codimension n on M. Moreover, Qp, = p(£23).

Remark 2.13. If & is a superfoliation with trivialized normal bundle, defined by 1-
forms wy, ..., wy, a1, ..., an, then Fj is a foliation with trivialized normal bundle
defined by the 1-forms p(wy), ..., p(w,) € QY (M).

Now, we define Eg to be the vector subbundle of E, whose sections I'(Ey)
are the sections of E; of the form p(w) with w € Q%ﬁ, where Q‘l@; is the space
of 1-forms such that (@ = 0 for any supervector field ¥ € X tangent to the
leaves of &, and p was defined in (2-1). In the case of R/, Eg is generated by
F(dgpa01)s - ., F(dgp.qOn). Then, Theorem 2.10 implies that Eg is an m-dimen-
sional vector bundle on M.

Remark 2.14. If % is a superfoliation with trivialized normal bundle, defined by 1-
forms wy, ..., wy,ai, ..., any, then Eg is a trivial vector space, and a trivialization
is given by the sections p(ay), ..., p(an) € I'(Eg).

For any section s of Eg, let w € Q]% be an even element satisfying p(w) = s.
For any vector field Y € X, tangent to the foliation Fg, let Y € (¥4)o be an even
supervector field satisfying I7(%Y) = Y. We define a foliated connection by

(2-8) Vis = p(Lyw).
Lemma 2.15. The foliated connection V? s is well defined and flat.
Proof. Since Ly = d Lo + Lo d,, the identity
p(Loyw) = pligydy @)
holds. In order to check that V? s = p(Lyw) is a well-defined section of E, notice
these facts:

o Let ¥ € & be a supervector field tangent to the leaves of F such that IT(%¥) =
0. Equation (2-2) implies that p(Ly w) = p(tydy w) is equal to 0.

o letae ng be an even 1-form such that p (o) = 0. Equation (2-3) implies that
p(Lya)=0.

We now verify that indeed V7 is a section of Eg. Ifwe ng, then Ly w is an
element of Ql@ as well, since

L%Lo‘yw=[,[%’oy]a)_[,oyl;%a)=0

for all X € &4. The section VY@ s of E, given by V?‘: s = p(Lyw) is thus a section
of Eg again.

Now, we check that the curvature is zero. For this, we show that there exists a
local trivialization of Eg, by sections sy, . . ., s;, that are horizontal (that is, fo s; =0
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forall Y € X, ) For any x € M, let U be a neighborhood of x and ¢, : U —
RS an 1somorphlsm of foliated manifolds, where A is the supermanifold over U

defined by restricting A to U. Since the superfunctions 0y, . . ., 6,, are constant on
the leaves of [F\RZ Z‘, the odd superfunctions f1=¢};61, ..., fiu=0[;0n € Q(M) are
constant on the leaves of %. Moreover, the sections s1=p(d f1), - . ., Ss=p(d} fin)

define a local trivialization of Eg. For any vector field ¥ € X, and any even
F
supervector field Y € (¥4)o with IT(%Y) =Y, we have

Vysi = p(Lydy fi) = p(dytydy fi) = p(0) =

The existence of a local horizontal trivialization of Eg implies that the connection
V7 is flat. O

We summarize:
Proposition 2.16. Let & be a superfoliation of codimension n 4 em.
() (M, F;, Eg, V%) is a flat foliated connection.

(2) If the superfoliation & has a trivialized normal bundle, then the flat foliated
connection (M, Fy, Eg, V7Y is trivial.

Proof. Statement (1) is a consequence of Lemma 2.12, while (2) is a consequence
of Remarks 2.13 and 2.14 O

2C(b). From flat foliated connections to superfoliations. Let (N, F, E, V) be a
flat foliated connection. Consider the supermanifold (N, E) whose superfunc-
tions are the sections of /\E. For any vector field X € Vect(N), Vy is an even
derivation of the superalgebra of superfunctions F(/\E ) These even derivations
can be considered as even vector fields of the supermanifold (N, E). Moreover,
since [Vy, Vy] = Viy y;» these even derivations form a Lie algebra. The I'(A\E)-
module generated by the supervector fields {Vy | X € X} is a distribution that
defines a superfoliation of codimension n 4 em on the supermanifold (N, E).

This provides a canonical way to associate a superfoliation of codimension
n + em to a manifold N, a foliation F of codimension n, a vector-bundle E of
dimension m, and a flat foliated connection V.

Definition 2.17. We denote by F(N, F, E, V) the superfoliation of codimension
n + em on the supermanifold (N, E), defined above.

A foliated connection (N, F, E, V) is said to be trivial if F has a trivialized
normal bundle and the vector bundle E is trivial. The next proposition is straight-
forward and we leave it to the reader.

Proposition 2.18. (1) If (N, F, E, V) is a trivial flat foliated connection, then the
superfoliation (N, F, E, V) has a trivialized normal bundle.
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(2) For any foliated connection (M, F, E, V), we have
F(M,F,EV
(2-9) (M,F,E, V)= (M, Fs r£v) Esnrev V' ).

Remark 2.19. By (2-9), the construction of Section 2C(a) is the left inverse of the
construction of Section 2C(b). However, it is not a right inverse. More precisely,
we show now that the construction of Section 2C(a) is not injective.

Consider the supercircle S'-3 defined by a trivial vector bundle E3 = S!' x R? —
S! of dimension 3 over S!. Denote by x € S! the even parameter and by 6, 6>, 63
the odd parameters associated to three canonical sections sy, 52, s3 of E3 = § Ix
R3 — S

Take the superfoliations % and %, defined by the distributions of codimension
0+ €3 generated by the distributions O(/Ml)d/dx and O(M) (8/8x + 616,65 8/891).
These two superfoliations define the same foliation on M, the foliation with only
one leaf: S! itself. They define the same vector bundle: Ej3 itself. They both also
define the same connection, namely, the connection given by

a(x)%s = a(x)%

for all a(x) € C®(S') and s € I'(E3). However, these superfoliations are not
isomorphic, because their superalgebras of superfunctions constant on leaves are
not isomorphic.

For the superfoliation %, the superfunctions 6y, 6>, 83 are constant on leaves,
and the algebra of superfunctions that are constant on the leaves of % is therefore
isomorphic to /AR?. In particular, the vector space of odd superfunctions that are
constant on the leaves of % has dimension 4.

For the superfoliation %,, any odd superfunction f can be written

3
f= 21 Ji(x)0; + g(x)6,0,03

with f1, f>, f3, g € €>®(S!, R). If f is an odd superfunction constant on the leaves
of %,, then

) 3 _ 3. dfi(x) dg(x)
(5—1—0192938—91)-]‘_0 and Y 9,+( -

+ﬁuﬁa@@=0
iz dx

This implies that df| /dx =df,/dx =df;/dx =0and dg/dx + f1(x) =0. Hence,
foranyi e {1, 2, 3}, we obtain f;(x)=a; for some constant ¢; € R. But the equation
dg/dx + a; = 0 has no periodic solution unless a; = 0. As a consequence, the
vector space of odd superfunctions that are constant on the leaves of %, has only
dimension 3. The superfoliations &; and ¥, are therefore not isomorphic.
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2D. Superfoliations with trivialized normal bundle. We describe a canonical pro-
cess to replace a superfoliation on Jl by a superfoliation with trivialized normal
bundle on a GL(n, m)-bundle %5 over Jl. For a definition of the super-Lie group
GL(n, m), see [Leites 1980; Tuynman 2004].

The tangent bundle of the superfoliation % is a supervector subbundle of 7/,
of dimension (p — n) + (¢ — m). The normal bundle % of % is a supervector
subbundle of T*.l of dimension n + em. Let Py be the frame bundle of ¢; this is
a GL(n, m)-bundle over .. Denote by 7 : %5 — . the canonical projection on ..

By the construction of a frame bundle, there is a canonical inclusion of % into
G+9[1] C (T*M)®" ® T*M[1]®™, where 4[1] and T*M[1] are the supervector
bundles obtained by reversing parities on the fibers. Let o be the canonical odd
1-form of T*/Al and $ the canonical even 1-form of T*AL[1]. Since we have not
been able to locate these 1-forms in the existing literature, we introduce them now.
Consider local coordinates on 7*.(

(-xla"'axpaela"'79q’y1’"'7yp7n19"'anq)v
where x1, ..., x,,01, ..., 0, arelocal coordinates on Al and y1, ..., ¥,, N1, ..., 74
are the even and odd coordinates on the cotangent bundle of Jl corresponding to
the basis dual to d/9x1, ..., d/dx,, /061, ...,0/00, of T M. We define o as

p p
o = Z yl-dxl- - Z njdgj.
i=l1 j=1

It is routine to check that o does not depend on the local coordinates xi, ..., xp,
01, ...,04 on . The 1-form B is defined by the same formula, where yy, ..., y,
are now considered to be odd variables and 7, ..., n, are considered to be even
variables.

Fori=1,...,n,denote by f; : %; — T*J the i-th projection on 7*.l and, for
j=1,...,m, denote by g; : P; — T* the j-th projection on T*AL[1]. Define a
family of 1-forms on %P as

wi=ffa, i=1,...,n, and ajzg]?“ﬂ, j=1,...,m.

Proposition 2.20. The pull-back 7w*% of the superfoliation % by w is a superfoli-
ation on Py, of codimension n + em with trivialized normal bundle, defined by the
1-forms wy, ..., wy, ay, ..., an.

Proof. According to Theorem 2.10, we just have to check that Proposition 2.20
holds in the case of the superfoliation R,’,’,’,(fl. Let (x1,...,xp,01,...,06,) be the
(global) coordinates of [R{,’;j,'f, and yij, n',{, g“il, zf{, fori,j e{l,...,n}and k,l €
{1, ..., m}, and with det(yl(‘) # 0 and det(zi) # 0, be the (global) coordinates of
GL(n, m). These coordinates define a system of coordinates on the supermanifold
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n . m. . n . mo.

wi=Y vidxg—Y 0/d6 and  a = ¢ dx,— z]do.
k=1 I=1 k=1 =1

Since det(y}) #0 and det(z}) #0, the I-forms wi, ..., @y, a1, . .., an € Q' (Pgra)

and the 1-forms dxy, ..., dx,,d6;, ..., dO, € Q! (@Rfl",%) define the same superfo-

liation on Ppp.c. This superfoliation is clearly 7*%. This completes the proof. [

Remark 2.21. Proposition 2.20 provides a canonical way to replace a superfo-
liation %, which has no trivialized normal bundle, by a superfoliation 7*% that
has a trivialized normal bundle. This construction is functorial, in the sense that,
if &, is a superfoliation on .l;, then ¥, is a superfoliation on J,, and, if @ :
My — M5 is a morphism of foliated supermanifolds, then @ induces a submersion
Py : Pg, — Pg, that is a morphism of foliated supermanifolds with respect to the
superfoliations 7 *% and 7 *%;. In other words, the application & — P, defines a
functor from the category of foliated supermanifolds of codimension n 4 em to the
category of foliated supermanifolds of codimension n +em with trivialized normal
bundle.

3. The cohomology of Vect(n, m),

For any super-Lie algebra g, let Xy, ..., X, be abasisof gand ay, ..., a, the dual
basis, with ¢;(X;) = (—1)!Xil, where |X;| is the parity of X;, and a;(X;) = 0 for
i #j.Ifforanyi, j,ke{l,..., g} there exists some Cl(fj € R with

g
[Xi, X1=)_ Cf X4,
k=1
then the Chevalley—Eilenberg differential is given by (see [Fuchs 1986])
g
(3-1) Sag =1 Z (=DMt ai naj.
ij=1

Since we work with infinite-dimensional Lie algebras, we have to replace the
Chevalley-Eilenberg cohomology by an infinite-dimensional generalization, but
the signs in Equation (3-1) will remain valid.

3A. The Chevalley-Eilenberg complex of Vect(n, m) and Vect(n, m)y. To con-
struct the theory of secondary characteristic classes of superfoliations, we need
some prerequisites about the cohomology of a certain infinite-dimensional Lie al-
gebra of supervector fields; this construction can be found, for instance, in [Fuchs
1986].
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Take the superalgebra of superpolynomials

Rlxi, ..., X0, 01, ..., 0] =Rlx1, ..., x,] @ /\R™.

The degree of a superpolynomial x;". . .xfl" 9{1. ..9,{{”, with iy,...,i, € N and
Jis---y jm € {0, 1}, is defined to be iy + --- + i, + j1 + -+ + jmu. This turns
Rlx1, ..., xn,01,...,0,] into an N-graded superalgebra.

The graded super-Lie algebra

+00 _
Vect(n,m) = €@ Vect(n, m)'

i=—1

of formal supervector fields is defined to be the super-Lie algebra of superderiva-
tions of R[x1, ..., Xu, 61, ..., 6,,]. Elements of Vect(n, m)' are said to be of weight
i. We denote Vect(n, 0) simply by Vect(n). We denote the even part of Vect(n, m)
by Vect(n, m)o = @;°°, Vect(n, m)i).

Let /\Vect(n, m)* be the DGA of multilinear superalternating forms for the
projective topology of Vect(n, m); let /\Vect(n, m); be the DGA of multilinear
superalternating forms for the projective topology of Vect(n, m)g; see, for instance,
[Fuchs 1986]. “Projective” means, in short, that an element of Vect(n, m)* (respec-
tively, Vect(n, m); ) is a linear form on Vect(n, m) that vanishes on all the spaces
Vect(n, m)! (respectively, Vect(n, m)f)) but for finitely many i € NN {—1}. The
spaces A Vect(n, m)* and /\ Vect(n, m) are the exterior products of Vect(n, m)*
and Vect(n, m)g, respectively.

Denote by 9 be the Chevalley-Eilenberg differential on /\ Vect(n, m)*, and by
do the Chevalley-FEilenberg differential on /\Vect(n, m);. The cohomology of
the DGA (/\Vect(n, m)}, o) is called the (Chevalley—Eilenberg) cohomology of
Vect(n, m)g, and is denoted by H *(Vect(n, m)o). Maybe the name “Chevalley—
Eilenberg” is not absolutely correct, since we do not consider the complex of all
skew-symmetric forms, but there is no risk of confusion here.

Let € be the ideal (with respect to the product A) generated by the even elements
of Vect(n, m)*, that is, by the continuous linear forms on Vect(n, m) that identically
vanish on Vect(n, m)g. The next lemma will be useful.

Lemma 3.1. The DGA /\Vect(n, m)*/€ and /\Vect(n, m) are isomorphic.

Remark 3.2. Note that Vect(n, m) is sometimes denoted by W (n, m). We prefer
the notation Vect(n, m) in order to avoid confusion with the Weil algebra.

3B. Two technical lemmas about the complex (AVect(n, m)*, §). To prove
Proposition 4.2, we need to fix some notation and give the two technical Lemmata
3.5 and 3.6 about the DGA (/\Vect(n, m), 9).
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The family
—_ 1, xil...xi"éf'...G,ﬁ"i,
(3-2) i!...i,! 0X;
1 xil xinejl ejmi
il 1"'m89j

(withiy, ..., i, €N, ji,..., jm€{0, 1}, i=l,...,n,andj=1,....,m)is_ab.asis
of Vect(n, m). Denote elements of its dual basis by (1/(i1!...i,D) x{"...x;6]"...
o4 8/9x;)" and (1/Gy!...i,0) X! .. xir 0] .0} 8/86;)".

Remark that, if we denote by (xi' X 9{“. .o 8/8x,~)* and (xi‘ x 9{“. ..
0,{{" a/ 89J-)* the elements of the basis dual to the basis given by xi‘. . .x,i{’ Glj L. .0,{.{”
9/0x; and x['... xir6]'. .. 6" 3/36;, then we have

1 i in jl Jm a *_'| . il in jl Jm a *
il'—i‘x]...xn 9] Qm _8x~ —l]....ln! xl...xn 91 Qm _B.X'

I o
3] n nll Jm . . 13 n nll Jm O
(mxlxnelem @)—ll'zn'<x1xn919m 89])

For convenience, we introduce two notations.

Definition 3.3. For all i € {1, ..., n+m}, we define |i| to be O fori € {1, ..., n}
andbe l forie{n+1,...n+m}.

Definition 3.4. We define h;, i =1,...,n+m, to be x; if |i| =0 and be 6;_, if
li|=1.

For example, we denote by h;, ... h; hyij, ...hyqj, 9/0h € Vect(n, m) the ele-
ment that we used to denote by x;, ...x; 6 ...0;, 0/0x, whereiy, ..., i;e{l,...,
n}and ji,..., jr€{l,...,m}.

Define the weight of (h;, ...h;, d/dh;)* to be k — 1 for any iy, ..., i € {1,
...,n +m}. Define A; to be the subalgebra of /\Vect(n, m); generated (with
respect to A) by elements of weights —1,0, 1, ..., k. One has dAy_; C Ay.

We now compute the Chevalley—Eilenberg differential in the basis dual to the
basis in (3-2). For this purpose, we define cj"“"ik for any iy, ..., i, j € {1,...,

n+m} by n
T . . . 7 8 '
¢“=Hmw»~wﬂmmmﬁ)

i

where K (i, [i1, ..., i¢]) is the number of integers equal to i in the list [iy, ..., it].
If | j| =1 and j appears more than twice in the list [i1, ..., ix], then, of course,

(3-4) it =,
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Otherwise, we have

il 1 ki kn nJ1 jmi)*

c; _8(—k1!...kn!x1”'x" 0 ...0, o,

for some ¢ € {—1, 1}, where k1=K(l, [il,...,ik]),...,k,,=K(n, [il,...,ik])
and where, for any i € {1,...,m}, j; = 1 if and only if n 4 i appears in the
list [iq, ..., ik].

Proof. Denote by X ; the set of shuffles of the sets {1,...,/} and {{+1, ..., k}.
We have

n+m

(3-6) acjl:l,--.,ik — Z Z D(il, o ik, l, j’ O') CEG(HI) ----- ia(k)AC;viJ(l) ----- io(l)’
I=1 o€
for some D(iy, ..., i, 1, j,0) €R.
From the relations
- i 1 ky ki+1 kn J1 jmi]
G-7) [axi’ PO ) IO 2 A B B A B T
_ 1 ki ki kn pJ1 Jm ad
_mxl ...Xl- R o 91 Gm a—hj,
0 6, k ko pJ i—1 A Ji i 0
(3-8) [a_el’ el el ol 6 @]
1 k kn i ji— ] -m 8
= mxll e Xy 91]1 .. .eljl_llelj-l:ll .. 9,{1 a—hj,

we obtain, using (3-1), (3-4), and the definition of 9, that
, , n+m * , ,
el _ i ad ) {,11,..~,tk
ac! PIES) <_8h1 A

is a linear combinations of products of elements of weight 0, ..., k—1 that do not
involve any terms of weight —1 or k. In other words, it is an element of Ax_;. [J

Lemma 3.6. For anyiy,...,ix,l € {1,..., n+m}, define 2-forms le.’i' """ ke A
by

; ; . , n—+m , % . }
(3_9) Q;,ll,...,tk — le,tl,...,tk _ Z (_l)lll-‘r\l |(hl%> /\CJI. NI lk.
I'=1 4
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The following identity holds:

inic D Li
_ Haeees k __ Lyeensik
(3-10) aP Z(am) A QLI
Proof. The identity
n+m
(3-11) Z( DVl Ac!

./_

holds for any i € {1, ..., n+m}. Applying 9 to (3-5) and using (3-11), we obtain

gpi ”‘-i-ninnZ( D |+u|( >/\<hl/i)*Ac{,i1,...,ik
j hy ah; j ’

=1 I'=1

aP” ..... lk+n§nni( G |+|l|< 9 ) (h 0 )/\cl.,’il""’ik—nin< B )/\Pl 0y
i ohy Yoy ) =i \oh

I'=1 =

Now, for any /', € {1, ..., n+m}, we have
J \* 0 d \* 0 \*
9 D+nar |+1>( ) (_)
<8h1) 4 (am) = o) " \am,
ULitsenikc o NN AU i1k
¢ ! =(=1) ¢ !

Therefore, we have

(_1)‘l/|(%>*A<az >*A = Dl”(ah )A(E)(Z >*Ml et
l 4 U l

and

22< DAY A () At =0,

I=1 =
The lemma follows 1mmedlately. U

3C. Generators of the cohomology of Vect(n, m)y. We introduce a DGA whose
cohomology is H* (Vect(n, m)o) but that is easier to work with than Vect(n, m)g
itself.

Let g/, (respectively, gl,,) be the Lie algebra of linear endomorphism of R" (re-
spectively, R™). Let (a; )i, je(1,....n) (respectively, (d i)k ie1,...,m)) be the canonical
basis of gl, (respectively, gl,,).
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The elements Vect(n, m)g of weight 0 in Vect(n, m)q form a Lie subalgebra of
Vect(n, m)g, isomorphic to gl,, & gl,, through the isomorphism ¢ with

(3-12) go(xiai)cj) =a; ; and go(@ka%l> =dy.

Let po be the projection from Vect(n, m)g to Vect(n, m)8, with kernel

o0
Ker po = Vect(n, m); ' & @ Vect(n, m)j.
i=1
Let o : (gl, ® glm)* — Vect(n, m) be the linear map o = p; o ¢*, where p; and
@™ are the dual maps of py and ¢.

The map o defines a gl,, @ gl,,,-connection (see [Guillemin and Sternberg 1999,
Chapter 3]) of the DGA /\ Vect(n, m); that induces a DGA homomorphism (denoted
again by ) from the Weil algebra W (g1, ® gln) = S((8ly ® gln)*) @ N\ (8ln D glm)*
to /\ Vect(n, m)g.

Let 3 be the kernel of «. The cohomology of the DGA W (gl, & gl,,)/ ¥ is
denoted by H*(W(gl,, & glm)/%f). Write & for the DGA homomorphism from
W (gl, ®gl,)/% to /\Vect(n, m);; induced by . Let & : H*(W(gl,, EBglm)/fY{) —
H*(Vect(n, m)o) be the map induced by & in cohomology.

Theorem 3.7. The map & is an isomorphism between H*(W (gl, @ gly)/ %) and
H*(Vect(n, m)o).

The proof is provided in Appendix A.

4. Secondary characteristic classes of superfoliations

We construct, for any superfoliation & on Jl of codimension n+em with trivialized
normal bundle, a map from H *(Vect(n, m)o) to the de Rham cohomology of the
base manifold H*(M).

We use the conventions introduced in Defintions 3.3 and 3.4. Throughout this
section, we often say “homomorphism” for “DGA homomorphism”.

4A. DGA homomorphism defining a superfoliation.

Definition 4.1. We say that a DGA homomorphism
w: (A\Vect(n, m)*, 9) — (Q*(), dy)

defines the superfoliation & of codimension n + em with trivialized normal bundle
if the 1-forms w((d/dh;)*), i =1,..., n+m, define the superfoliation %.

Consider a superfoliation & with trivialized normal bundle on ., defined by
1-forms by, ..., by4m, where by, ..., b, are odd 1-forms and b1, ..., by, are
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.....

n . n+m .
(4-1) dybi =3 b Ab] — 3 b nbj.
j=1 j=n+1

According to (2-6), such 1-forms bij always exist. The choice of signs in (4-1) is
explained by:

Proposition 4.2. For any superfoliation F with trivialized normal bundle on M,
there exists a DGA homomorphism w from (/\Vect(n, m)*, 3) to (Q )y, dM) that
defines the superfoliation &. Moreover, we can assume that

(4-2) w((0/0n)*)=b;,  i=1,....,n+m
(4-3) w((h,-a/ahj)*)zbj, i,j=1,...,n+m.

First, we need the following lemma, proved in Appendix B.

Lemma 4.3. Let dy,...,d, be odd 1-forms and d,+1, ..., dy1m even 1-forms,
forming a free family. Letd', i =1, ..., n4+m, be 2-forms on M such that

n+m .

Y dind =0

i=1
There exist homogeneous 1-forms d"' of parity |i| + || + 1 (modulo 2) such that

n+m

di,l — _(_1)(|i\+1)(|l|+1)d1,i and Z di /\di,l :dl.

i=1
Proof of Proposition 4.2. Define €(iy, ..., iy, o) € {—1, 1}, for any permutation o
of {1,...,k}, by

hia(l) . .h,’a(k) = S(il, ey ik, O’) hi1 ce /’l,’k.

We will construct by induction a homomorphism w : Ay — Q(l) such that, for
any o € A1,

4-4) dyow(a) = a)(a(a)).

Equations (4-2) and (4-3) define such a map w for k = 0. Equations (3-11) and
(4-1) imply that the condition (4-4) holds for k = 0. We have therefore constructed
w for k = 0.

We now assume that @ can be constructed for some k € N and construct it for
k+1. Applying w to (3-5), we obtain

de(CJU ..... lk) :w(Pjtl ----- lk)+ Z (—l)llla)((a/ah])*)/\a)(CJI.’” ..... zk)'
=1
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By (4-1), we have
oiny e 1 i et Lty
.7 i i TN sy
Ao (P + 3 b ( O k) _0.

Since Pjil"“’ik € Ar_1, we have w(an"l*"""k) = dMa)(Pjil"“’ik). Equation (3-10)
implies that

n+m .. . n+m o L . .. .
.2:1 bi A (a)(Q]l” ..... zk) + IX; (_1)\l|+|z|b; /\bj,u ..... ik _de},l| ..... lk) —0.
i= =

From (3-9) it follows that

i ity ity
sllseeesli sllseeeslk
iz_l bi A (w(P, ) —dyc ) =0.
By Lemma 4.3, there exist 1-forms bf’l’i"""ik satisfying

i bineity 2 S (1) Lisit, i
ol )5 o
4-5) P

(—1)ll bj’l’i"“"i" = —(=)WHDUD (1)l bjl-’i’il""’i".
This last equation can be rewritten

(4-6) b}g,z,il,...,ik = (=1l bjl_,i,il,,,.,ik‘

Equation (4-5) and the relations

By < iy g, 0) By
Pjia(l) ..... fotlater) ety ...,0k11,0) IDjil""’ik’ik+1.
imply that, for any permutation o of {1, ..., k+1},
(4_7) bjl:,ia(l)v-..,i(y(k+]) — 8(i1, o, ik+1» U) bjt:,il,...,ikﬂ'

Equations (4-6) and (4-7) imply that, for any permutation o of {1, ..., k+2} and
any iy, ..., ig+1, ig+2 € {1, ..., n+m}, we have

o (1)smslo(k+1) i (k+2) . .. iyeenslt 15 0k42
(4-8) bj =¢e(i1,..., 10k, ig42,0) bj .
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yeensd, I,y i
k+2) — b 1 k+2‘

We can then define w on elements of weight k + 1 by a)(c/l..1 ;

Equation (4-8) implies that

I (1)seees i (k+2) . . Iyl
w(cj“( Y = e(iy, ..., ik, (7)a)(cj1 2y,

and hence w is well defined. The map w can be uniquely extended to a DGA homo-
morphism from Ay to Q(AM). According to (3-5) and (4-5), this homomorphism
satisfies d () = w(d(e)) for any a € Ag. This completes the proof. O

4B. Construction of secondary characteristic classes. Assume that
o : \Vect(n, m)§ — Q (M)

is a DGA homomorphism defining a superfoliation & of codimension n + em with
trivialized normal bundle. Set 8, = pow, where p is the canonical projection from
Q*(M) to *(M). By Lemma 2.1, the kernel of p contains all odd 2k-forms and
even (2k+1)-forms. As a consequence, w(€) is contained in the kernel of 8,,. The
homomorphism B, induces a homomorphism from /\Vect(n, m)*/%€ to Q*(M).
By Lemma 3.1, /\Vect(n, m)*/é =~ /\Vect(n, m)}, and therefore f, induces a
homomorphism B, from /\Vect(n, m)§ to Q*(M).

Definition 4.4. Let ¢ 5 be the homomorphism from H* (Vect(n, m)o) to H*(M)
induced in cohomology by the DGA homomorphism

B, : \Vect(n, m)§ — Q*(M).
This definition is justified by:

Proposition 4.5. The homomorphism ¢ g H *(Vect(n, m)o) — H*(M) is inde-
pendent of the choice of homomorphism w : \Vect(n, m)* — Q (M) defining the
superfoliation %F.

First, we need a lemma. Let w! and w? be two homomorphisms defining the
superfoliation %, and let go}u > %2% 4 be the homomorphisms N\ Vect(n, m)* —
Q (M) constructed from w; and w, as in Definition 4.4.

Lemma 4.6. If pow' ((x; 9/0x))*) = pow?*((x; 8/3x;)*) and pow' ((6x 8/36)*) =
po*((0x3/00)*) € QM) foralli, je{l,...,n}andk,1 €{1,...,m}, then

1 2
PugF = Pu,7-

Proof. A DGA homomorphism B from the Weil algebra W(g) = S(g*) ® /\g*
of a Lie algebra g to a given DGA (A, d,) depends only on the restriction of
Btol® N g*, see [Guillemin and Sternberg 1999]. In particular, the homo-
morphisms By« oo : W(gl, @ gl,) — Q(M) for a = 1,2 depend only on the
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1-forms p o w((x; 3/3x;)*) and p o w((6x 3/36))*), where i, j € {1,...,n} and
k,le{1,...,m}. Therefore,

Byioa =P oa and ﬁ;}lo&:ﬁ;ﬂo&.

For a =1, 2, the diagram

W(gly, + gln)
K

. AVect(n, m)}

/
/ ~ (Ua
ﬂwa ox

Q(M)

is commutative. Moreover, according to Theorem 3.7, & induces an isomorphism
in cohomology. This completes the proof. U

ProofofProposition 4.5. Set a; = ' ((8/3h;)*) and b; = w?((8/3h;)*). Set also
al = w'((h;3/3h;)*) and b} = w?((h;d/3h)*).

For any superfunction f on the supermanifold /M xR, denote by f|; its restriction
to M x {t}. Denote by i; the maps from [l to M x R induced by f — f|;. Let

pr: MxR— M

be the natural projection.

On the supermanifold M x R, consider the superfoliation ¥’ that is the pull-
back of & by the projection pr. There exist 1-forms cy, ..., ¢4+, defining the
superfoliation %’ and 1-forms (cf.‘),-,ke{l n+m) satisfying the identity

,,,,,

n—+m

dyci=Y (=D nch

and the following two properties:

e The 1-forms ¢;, i € {1,...,n+m} (respectively, ¢¥, i,k € {1,...,n+m})
restricted to Jl x (—oo, 1/4] are equal to pr* a;, i = 1, ..., n+m (respectively,
prral, i,ke{l,...,n+tm}).

e The 1-forms ¢;, i € {1,...,n+m} (respectively, ¢¥, i,k € {1,...,n+m})
restricted to Al x (3/4, oo) are equal to pr b;, i = 1, ..., n+m (respectively,
pribi, i ke{l, ..., n+m)).

By Proposition 4.2, there exists a homomorphism ws : /\ Vect(n, m)* — Q (M x R)
defining %', such that w3((h;0/3h;)*) = c; and w3((3/0h;)*) = c;. Then, the

The editors acknowledge the use of the diagrams package by Paul Taylor.



FOLIATIONS ON SUPERMANIFOLDS 141

following diagram is commutative:

QM)

poa)

a W(gl, @glm) powyod

/\(Vect(n m)o) % QM x R).
po a) o /
QM)
Therefore, we also have the commutative diagram
H*(M)

ﬁﬂjwy' X
y Wgl, @8lm)> P ©

H* (Vect(n, m)o) < H*(— - H*(M x R),
W50 ,/;
H*(M)

where ¢ g g H *(Vect(n, m)) is constructed as in Definition 4.4, with the help
of the DGA homomorphism w3 defining %

Since by Theorem 3.7 & is a bijection, and i} : H*(M x R) — H*(A) and
iy H*(M x R) — H*(AM) are isomorphisms with i} o (i;‘)_l = Id, we have

P = Pu,7- O
We now study how ¢, 5 behaves with respect to morphisms of superfoliations.

Proposition 4.7. Let F (respectively, 9) be a superfoliation with trivialized normal
bundle on M (respectively, N). Let ® : N — M be a morphism of foliated super-
manifolds, and ¢ : N — M the map induced by @, from the base manifold N of
N to the base manifold M of N. Let ¢* : H*(M) — H*(N) be the pull-pack by ¢.
Under these hypotheses, we have

4-9) Py =P 0Pug

In other words, for any supermanifold N and any submersion @ : N — M, we have
Oy o5 = " 0@y g, where *F is the pull-back via ® of the superfoliation F.

Proof. If  : /\Vect(n, m)* — Q (M) is a DGA homomorphism defining %, then
@*ow : [\Vect(n, m)* — Q(N) is a homomorphism of DGAs defining . Let
Py RQWN)— Q(N) and p,, : Q(N) — Q(N) be the canonical projections of the
supermanifolds N and Jl to their base manifolds, as defined in Lemma 2.1. We
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have py o @* = ¢* o p,,, which implies that
pyoP ow=¢ opy,ow.
Hence, Bg+ow = ¢* 0 By, and Equation (4-9) follows. O

4C. Examples.

4C(a). Superfoliations of codimension 0+¢1. If % is a superfoliation of codimen-
sion 0+ ¢1 defined by an even 1-form a € Q! (), then there exists an odd 1-form
b e QY (M) with d,ja=—a Ab.

By Proposition A.11, H* (Vect(0, 1)9) =0if k ¢ {0, 1}, and H' (Vect(0, 1)9) ~R.
Moreover, Hl(Vect(O, 1)0) is generated by H = [(9 8/86)*]. By Proposition 4.2,
there exists a homomorphism w : A\ Vect(0, 1)* — () such that w((6 9/96)*) =
b. By construction, we have ¢ 5 (H) = [p(b)]. See [Laurent-Gengoux 2004] for
additional details.

Example 4.8. Let E — S be a trivial 1-dimensional vector bundle. The superman-
ifold S'! = M(S', E), with base manifold S' and superalgebra of superfunctions
QM) = F( NE ), is called a supercircle. Let x € S' be the even parameter and 6
the odd parameter.

Let t € R* be a real number different from zero, and %, the superfoliation of
codimension 0 + 1¢ defined by the 1-form b, = d0 + t6 dx. Note that

dgib; =tdx NdO = (d0+1t0dx) Ntdx.

By the preceding discussion, we have
Pg11 g, (H) = —[p(tdx)] = —t[dx].

For ¢t # 0, we obtain a nonzero element of H 1(S1). We have thus constructed a
supermanifold Il and a superfoliation & with ¢ 4 not zero.

4C(b). Superfoliations of codimension 1 +¢1. Let & be a superfoliation of codi-
mension 1+4¢1 given by an odd 1-form w € Q' (M) and an even 1-form a € Q' ().

There exist b, ¢ € Q' (L) with dya =wAc—aAb. By Proposition 4.2, there
is a DGA homomorphism wy; : A\ Vect(1, 1)* — Q (M), defining the superfoliation
F, with w((8/9x)*) = w and wg((0 3/96)*) = b.

By Proposition A.12, H* (Vect(n, m)o) vanishes if k # 3, and H? (Vect(n, m)o)
is generated the classes H;, H, H3 described by Equations (A-13), (A-14), and
(A-15).

Proposition 4.9. Let &F be a superfoliation of codimension 1 + ¢1 defined by the
odd 1-form w and the even 1-form a. Suppose b is an odd 1-form and c an even
I-form on M satisfying dya =w Ac—a Ab.



FOLIATIONS ON SUPERMANIFOLDS 143
(1) There exist a, B, & € QY (M) on the base manifold M such that
dy p(w) = p(w) N,
(4-10) dya = p(@) AP,
dy p(b) = p(w) N§.
(2) We have
Pug(H) =[BAaApw)],
(4-11) 9 ug(Ha) = [E Aa A p(o)],
9u5(H3) = [E A pD) A p(w)].
Proof. (1) Define «, 8, £ by
a = powg((x3/0x)*)
4-12) B = powg((3x?3/3x)*)
£ =powy((x69/06)*)
Applying p o wg to the identity
a \* a \* a \* 9 \* a \*
9(5:) = (o) A () = (g) ~ (655
and using Lemma 2.1, we obtain
dy (P(@)) = p(@) Ae.
Applying p o wg; to the identity
3 \* AN (x9N (N 3 \* 3 \* 3 \*
o(v50) = (50) A (5an) = (g) A (0x57) = (v) 7 (057)
and using Lemma 2.1, we get
dy (@) = p(w) A B.
Applying p o wg; to the identity
a \* 0 \* d \*
9(655) = (55) ~ (x054)
and using Lemma 2.1, we obtain
dy (p(0)) = p(@) A&.

Thus, there exist 1-forms «, B, & satisfying (4-10).
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(2) We must now check that the cohomology classes

[BAaAp@)]. [EAraAp@)]. [EApD)Apw)] € H (M)

do not depend on the chosen 1-forms «, 8, £ that satisfy (4-10).

The 1-form [B A @ A p(w)] is the Godbillon—Vey class of the codimension-1
foliation Fj; constructed from & on the base manifold in Section 2C(a). This Fj; is
defined by p(w). The fact that [8 Aa A p(w)] does not depend on the choice of «
and 8 was proved in [Godbillon and Vey 1971].

From the identity § A a A p(w) = —(d, p(D)) Na =& A dy, p(w) follows that
[E Aa A p(w)] does not depend on the 1-forms «, 8, §; while from the identity
& Ap(D) A p(w) = —(dy; p(b)) A p(b) follows that [ Aa A p(w)] does not depend
on the 1-forms «, 8, &. This completes the proof. U

Example 4.10. Let M be a manifold and F a foliation of codimension 1 on M,
defined by w € Q' (M) with dyyw = w A a. Assume moreover that the Godbillon—
Vey class —[a A d),a] € H3(M) is not zero.

Let E — M be the trivial 1-dimensional bundle £ = R x M. Consider the
supermanifold Jit with O(M) =T'(/\E), and denote by 6 the unique odd parameter
corresponding to some constant section of E. There is a canonical embedding
I:QY(M)— Q'(M) given by the pull-back of the canonical projection M — M.
Of course, p oI =Idgi .

Define a superfoliation of codimension 1+ ¢1 by the odd 1-form I (w) and the
even 1-form a =d6 + 6 I (o). We check that these 2-forms define a superfoliation.
We have d I (w) = I (w) A I (o) and

(4-13)  dya=doAl(a)+0dyl(e)=(d0+01(@) Al(a)+01(dy).
Since dy, o = w A § for some & € Q! (M) [Godbillon and Vey 1971], we have
dpya=anl(a)+1(w)ANOIE).

Therefore, the pair (a, I (w)) defines a superfoliation of codimension 1+ ¢1.
Now, from (4-13) we see that b = « and p(b) = . By (4-11), we obtain

‘PA/L,%(HI) = (PM,@(HZ) = ‘ng(Hﬁ =—[aAdya] #0.

Example 4.11. We describe a superfoliation of codimension 1-+¢1 with trivialized
normal bundle such that (pM’%(Hl) =0 and (pM’%(H3) #£0.

Consider the supermanifold given by the trivial 1-vector bundle E over the 3-
dimensional torus T3 ~ (S 1)3. Letx,y,ze S ! be the coordinates of 73, and let 6
be the odd parameter corresponding to the constant section of E. Take f(x), g(x)
two smooth functions on S! with /. st W(f, g) #0, where W is the Wronskian.
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We leave the reader to check that the odd 1-form w = dx and the even 1-form
a=do+0(f(x)dy+ g(x)dz)

define a superfoliation of codimension 1 4 ¢1. In this case, we can choose b =
f(x)dy+ g(x)dz, and it is routine to check that

o (H3) = [W(f. g)dx Ady ndz]

Since [W(f, g)dx Ady ndz] = (fsl W(f, g)) [dx N dy A dz], it follows that
© M’%(Hg) is a nonzero class in de Rham cohomology. Since p(w) = dx is a closed
1-form, ¢ 4.(H1) =0.

4C(c). Superfoliations of codimension 0 + em. According to Proposition A.10,
we have H*(Vect(0, m)o) ~ H*(gl,,), where H*(gl,,) is the Chevalley-Eilenberg
cohomology of the Lie algebra g/,,. In such a case, therefore, ¢ 5 is a map
from H*(gl,) to H*(M). Moreover, if w is a DGA homomorphism defining the
superfoliation %, then ¢ 4 is given by

(4-14) di, — p(w((6x 39/96)%)) forany k,[=1,...,m.

Example 4.12. We compute this homomorphism in a particular case. The semidi-
rect product gl,, x R™ of the Lie algebra g/,, with R™ can be considered as a
super-Lie algebra with even part g/, and odd part R™. Let G be the super-Lie group
associated to this Lie algebra by Lie’s third theorem (which is true for super-Lie
algebras [Tuynman 2004]). Since gl,, C gl x R™, the Lie group GL, acts on the
left on %, and a superfoliation of codimension 0 + em is given on ¢ by this left
action.

This superfoliation is defined by the left-invariant forms ay, ..., a,, associated
to the canonical basis ay, ..., a, € (R™)*. Moreover, for any k € {1, ..., m}, we
have

m
d(g('_lk = Zé_ll /\d,lc
=1

where c?,i € T*(%9) are the left invariant 1-forms on % associated to the canonical
basis d,l( of gl(m)*.

By construction, therefore, there exists a homomorphism @ defining the super-
foliation, such that

(6 3/36)*) = dj forany k,l € {1, ..., m}.
By Equation (4-14), we obtain that, for any H € H*(gl,,),

(p,/f/t’@(H) = P_Ia
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where H is the class of the left-invariant form on GL,, that corresponds to H. In
other words, ¢, 5 is equal to the natural homomorphism H *(gln) = H*(GLy,).

It is well known that H*(GL,,) >~ H*(O(m)), where O(m) is the orthogonal
group, and that H3*(O(m)) ~ R and H3(glm) ~ R for m > 3. We leave the reader
to check that the homomorphism H 3(glm) — H3(GL,,) is not trivial. Therefore,
we have proved the existence of nontrivial secondary characteristic classes for su-
perfoliations of codimension 0+ em with m > 3.

4D. Conclusion. We summarize the results of the preceding sections.

Theorem 4.13. For any supermanifold M foliated by a superfoliation & of codi-
mension n + em with trivialized normal bundle, there exists a map ¢ T from
H*(Vect(n, m)o) to H*(M) such that:

(1) @y 5 is a functor from the category of supermanifolds endowed with a super-
foliation with trivialized normal bundle to the category of algebra homomor-
phisms from H*(Vect(n, m)o) to an algebra A;

2) for (n,m) = (0, 1), or (n,m) = (1, 1), or n = 0 and m > 3, there exists a
supermanifold M and a superfoliation F of codimension n + em such that
@y s not the zero map;,

3) if M is an ordinary smooth manifold endowed with a foliation F of codimen-
sion n with trivialized normal bundle, then @ reduces to the usual homo-
morphism of Bernstein, Bott, Fuchs, Haefliger and Rosenfeld [Bernstein and
Rosenfeld 1973; Bott and Haefliger 1972; Fuchs 1986].

Proof. By “category of algebra homomorphisms from H *(Vect(n, m)o) to an al-
gebra A” we mean the category whose objects are algebra homomorphism from
H *(Vect(n, m)o) to an algebra A, and whose arrows between objects

@4 H*(Vect(n, m)g) — A and @p : H*(Vect(n, m)o) — B

are homomorphisms ¢ : A — B such that ¢, = ¢ 0 ¢,. Conclusion (1) is now a
paraphrase of Proposition 4.7.

Statement (2) follows from Examples 4.8, 4.10, and 4.12. Note that a more
precise statement will be given in Remark 5.3.

It is proved in [Fuchs 1986, Section 3.2.B (page 231)] that, when we are given
a foliation F of codimension n with trivialized normal bundle, the “classical” map
of Bernstein, Bott, Fuchs, Haefliger and Rosenfeld is constructed by the passing
to cohomology of a DGA homomorphism  from (/\Vect(n)*, 3) to (Q(M), dy,),
with the foliation F being defined by the 1-forms w((3/0x;)*). This proves (3). [J

The functoriality of this construction allows us to say that the assignment & —
@4 (H), for any H € H*(Vect(n, m)y), defines a secondary characteristic class of
superfoliations with trivialized normal bundle.
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We have defined in Proposition 2.18 a way to construct from any flat trivial
foliated connection (M, F, E, V) a supermanifold /M(M, E) whose base manifold
is M, and a superfoliation (M, F, E, V) on Jl with trivialized normal bundle.
We call secondary characteristic classes of flat trivial foliated connections the
secondary characteristic classes of this superfoliation. More precisely, we have
associated a homomorphism from H *(Vect(n, m)o) to H*(M) to any flat trivial
foliated connection on M.

Remark 4.14. One may ask whether, for any H € H *(Vect(n, m)o), there is a
superfoliation & and a supermanifold /Al with ¢, 5 (H) # 0. This question remains
open even in the case of foliations on smooth m:anifolds, and therefore we cannot
hope to find a simple answer.

Remark 4.15. According to Section 2D, if the superfoliation & of codimension
n + em does not have a trivialized normal bundle, then we can replace it by a su-
perfoliation pr*(%) with trivialized normal bundle, over some GL(n, m)-principal
bundle %5 — M. The map ZIY takes values in the cohomology of the base
manifold of Py, which is a GL(n) x GL(m)-principal bundle over M. Therefore,
forany H € H *(Vect(n, m)), we can construct secondary characteristic classes
of superfoliation of codimension n + em (not necessarily with trivialized normal
bundle), but these characteristic classes have values in the cohomology of some
GL(n) x GL(m)-principal bundle over the base manifold M of Al. By Remark
2.21, this construction is functorial, that is, it behaves well with respect to pull-
backs of superfoliations.

We now link this construction to the cohomology of H (Vect(n, m)) and the
Godbillon—Vey classes constructed in [Koszul 1988].

The homomorphism w constructed in Proposition 4.2 induces a homomorphism
@y H*(Vect(n, m)) — H*(M), where H*(Vect(n, m)) is the cohomology of the
superalgebra Vect(n, m). The following diagram is commutative:

H*(Vect(n, m)) H*(M)
! :

H*(Vect(n, m)o) ——>—~ H*(M),

with J : H* (Vect(n, m)o) — H* (Vect(n, m)) given by the inclusion Vect(n, m)o —
Vect(n, m), and p : H*(M) — H*(M) induced by p.

According to Batchelor’s theorem, p is indeed an isomorphism, and thus ¢, =
p! o, g°J is independent of w. To emphasize that this homomorphism does not
depend on w, we denote it by ¥ .. We cannot say that ¢/, 4 gives new secondary
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characteristic classes, since

(4-15) Vg =Popygol.

In [Koszul 1988], a homomorphism from H*(Vect(0, m)) to H*(M) is associ-
ated to any superfoliation of codimension n + em with trivialized normal bundle,
on a supermanifold of dimension n + em. It is easy to check that, by construction,
this homomorphism coincides with v, . It defines classes of superfoliations of
dimension 0 4 em, called “Godbillon—Vey classes” by the author. By Equation
(4-15), these Godbillon—Vey classes are among the classes we built in this article.

From Proposition A.11 and [Koszul 1988, Corollaire 1.2], it follows that J :
H! (Vect(O, 1)) — H! (Vect(O, 1)0) is an isomorphism. This implies that the class
constructed in Section 4C(a) is equal to the class constructed in [Koszul 1988,
Exemple 1].

We summarize:

Proposition 4.16. (1) For any superfoliation & of codimension n + em with triv-
ialized normal bundle, the following diagram is commutative:

H*(Vect(n, m)) H* (M)

M,F
K ﬁ

H* (Vect(n, m)o) —2%+ H*(M).

(2) The Godbillon—Vey classes constructed in [Koszul 1988] are among the sec-
ondary characteristic classes of superfoliation constructed above.

(3) In particular, for foliations of codimension 0 + €1, the secondary class con-
structed in Section 4C(a) coincides with the class constructed in [Koszul
1988, Exemple 1].

5. Foliated flat vector bundles

SA. Secondary characteristic classes on the base manifold. Let F; be the codi-
mension-n foliation induced by & on M, as in Lemma 2.12. Since F has a triv-
ialized normal bundle, according to Theorem 4.13 to any H € H*(Vect(n)) is
associated an element K € H*(M) by the “classical” construction of Bernstein,
Bott, Fuchs, Haefliger and Rosenfeld [Bernstein and Rosenfeld 1973; Bott and
Haefliger 1972; Fuchs 1986]. We would like to investigate the relation between
this construction and our construction.

There is a natural inclusion i from Vect(n)* into Vect(n, m), obtained by con-
sidering an element (xi' .. .xf," d/9x,)* € Vect(n)* as an element of Vect(n, m)g.

Lemma 5.1. The inclusion i is a DGA homomorphism, and induces a map from
H*(Vect(n)) to H*(Vect(n, m)o).
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Proof. The family

. - ily...,in €N, i
xitx 6] ...9,{,'"%, Jis--s jm €1{0, 1} with > ji even,
' andi €{l,...,n); k=1
(5-1) and
i],...,inEN,
xi e x,0]! ...9,{;"@, Jisevs jm €10, 1} with > ji odd,
! and je{l,...,m}), *!

forms a basis of Vect(n, m)y.

The 6-degree (h;, ... h;, d/0h;) € Vect(n, m)o is the number of integers greater
or equal to n + 1 in the list iy, ..., iy, i. For example, the 8-degree of x,6,0/36,
or x36,0; d/0x, is 2, and the 6-degree of x13 a/dxy is 0.

If we enumerate the basis as described in (5-1), then the structure constant I; k] is
equal to zero if the index k corresponds to an element of -degree 0 and one of the
indices i or j corresponds to an element of nonzero 6-degree. Moreover, if i, j, k
correspond to elements of the basis (5-1) with a vanishing 6-degree, then the struc-
ture constant I; kj is equal to the corresponding structure constant in Vect(n). By the
definition of the Chevalley—Eilenberg differential, this implies that i( /\Vect(n)*)
is stable under dy, and that i is a DGA homomorphism. O

Proposition 5.2. Take H € H*(Vect(n)*) and H' =i(H) € H*(Vect(n, m)o). One

has
(PM,F(H) = (PM,%(H/)-

Proof. If w : \Vect(n, m) — (M) is a DGA homomorphism that defines %, then
powoi : [\Vect(n) — Q (M) is a DGA homomorphism that defines F. The diagram

i

A (Vect(n))” A(Vect(n, m)o)”
e
powol
QM)

is commutative. As a consequence, we have the commutative diagram
H* (Vect(n)) — H* (Vect(n, m)o)

l‘/’m,@
H*(M). 0

Pm.F

Remark 5.3. The nontrivial secondary classes in Section 4C are not secondary
classes of the induced foliation on the base manifold. We could therefore replace
(2) in Theorem 4.13 by a more precise statement:
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Let S be a supplement ofH*(Vect(n)) in H*(Vect(n, m)o). For (n,m)=1(0, 1),
or (n,m) = (1,1), or n = 0 and m > 3, there exists a supermanifold M and a
superfoliation F of codimension n + em such that the restriction of ¢ g to S is
not the zero map.

5B. Secondary characteristic classes of foliated connections. Let & be a super-
foliation of codimension n + em with trivialized normal bundle, defined by odd

1-forms wy, ..., w, and even 1-forms aq, ..., a,,. It is convenient to rename these
forms by, ..., byym, where b; = w; for alli € {I,...,n} and b,;; = a; for all
je€{l,...,m}. Infact, we will in general use both notations at the same time. Let

(M N N V%) be the trivial flat foliated connection associated to the superfoli-
ation %, as constructed in Section 2C.

Theorem 5.4. The homomorphism P H*(Vect(n, m)o) — H*(M) is com-
pletely determined by the flat trivial foliated connection (M L Eg, Vg).

In other words, the theory of secondary characteristic classes of superfoliations can
indeed be considered as a theory of secondary characteristic classes of flat foliated
connections.

Proof. Let (bl])

i jell.ntm) be homogeneous 1-forms satisfying the relation

n+m )
(5-2) dybi = (=D " by nb]
j=1

We divide the proof into four steps.

..........

(Z;l.j )i,jell,...n+m) such that (5-2) holds for some 1-forms 151, <.+, byt that define

.....

the same superfoliation & will define the same homomorphism ¢, 5 by Proposition
4.5.

.....

After applying p to (5-2) and taking i € {1,...,n}, we see that the 1-forms
(p(bz'J))i,je{l ..... n) satisfy

n .
dy (p(@)) = 3 p(w) A p®)).
j=1
By Remark 2.13, the 1-forms p(w;), i =1, ..., n, define the foliation F;. For any

other choice of 1-forms @1, . .., @, € Q' (M) and any 1-forms Eij eQ' (M), i,je
{1,....n}, withdy, @ =Y_, @; Ac], there exist 1-forms by, ..., byym € Q' (M)
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defining %, and 1-forms 15{ e Q), i, je{l,...,n+m}, satisfying (5-2) such
that, for all i, j € {1, ..., n}, the identity p(bi] ) = ci] holds. As a consequence,
Py is entirely determined by F;; and (p(b;{))k,le{n—kl,.u,n—&-m}

.....

to the tangent space of the leaves of Fj,.

For k € {n+1, ..., n+m}, Equation (5-2) can be rewritten
n X n+m /
dyak—n=>Y_ wi Abp— > aAby.
i=1 I=n+1
As consequence, for any even superfunctions fkl’ j withk, j e {l,...,m}and [ €
{1 LA n}a
n . m k. n+m / n Kl
dain=Y oA (B =3 ffa) = 2 an (b -3 fHo.).
i=1 c=1 I=n+1 =1
We have therefore
n . n—+m -
dyar—n =Y wi AD. — 3 ajnbL,
where i=1 I=n+1
5 o " ke TR
(5-3) by=b, — Y fi ‘ac and b,=b, =) flo..
c=n+1 c=1

.....

tion of the 1-forms wy, ..., w, without modifying D5
Applying p to (5-3), we obtain

- n
(5-4) p(Bf) = p(bf) = - Re(f£) p(wy)

c=1
Therefore, we can add to the 1-forms ( p(bfc))k’,:,ﬂr 1....n+m any linear combination
of the 1-forms p(w1), ..., p(w,) without modifying ¢ 5. This implies that ¢ 5
depends only on the restriction of ( p(bf{))k,le{,ﬂr 1,...n+m) to the tangent spaces of
the leaves of Fj.

Step 4: The restriction of (p(bi))k,le{nﬂ,_w“m} to the tangent space of the leaves
of Fy, depends only on Eg and vZ,

Let X be a vector field tangent to the leaves of F;, and & € (&), an even supervec-
tor field tangent to & such that I7(¥) = X. One has, for any k € {n+1, ..., n4+m},

o n+m , .
Vy (p(ar—n)) = p(Lxar—n) = p(pdyar—n) = P(tgg > (=Dl /\b,ﬁ)
=1

n i n+m /
p(t% Y wiAby — Y aq /\bk>.
j:l l=n+1
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ek
)) =0forany j €{l,...,n}. Therefore,

By the definition of the map p, one has p((t, ;)b ;) =0forany j €{l, ..., n+m}
and p(L%(a)j A brjm.
m .
Vi(oa-n) = =p( X (e ABD).
j=1
By Equation (2-1), we obtain

n+m

Vi (plar-n) = - Py l(Reu%bb) p(a).

By (2-4), the identity Re(t,,b}) = 1, p(b}) holds, and thus

o n+m
Vi(pa-n) =~ 3 (xp®))p(a).
[=n+1
The restrictions of the 1-forms ( p (bZiij )i iett.m O the tangent space of each leaf

of F; are therefore completely determined by the connection V7. This completes

the proof. 0

Remark 5.5. We have associated secondary characteristic classes to a flat trivial
foliated vector bundle. In particular, we have associated characteristic classes to
any SO(n)-bundle over a manifold M, endowed with a flat foliated connection in
the sense of [Kamber and Tondeur 1975]. In [Kamber and Tondeur 1974] or [Kam-
ber and Tondeur 1975], characteristic classes are also associated to such objects. It
should be interesting to investigate the relation with this construction, in particular
with the map (4.4) from [Kamber and Tondeur 1974].

Remark 5.6. Before ending this section, we have to point out the relation be-
tween this approach and the theory of I-structures [Bott and Haefliger 1972]. A
foliation on a supermanifold Jil with base manifold M can be defined by a family
{fi}ier of local submersions onto R™", defined on an open covering {U;};c; of
M. For any two submersions f; and f;, there exists (pij in Diff(R™™) such that
fi= (pl.j o fj, where Diff(R™™) is the pseudogroup of local diffeomorphisms of the
supermanifold R™™. This is (almost) the definition of a Vect(n, m)-structure from
[Bott and Haefliger 1972]; the only difference is that I is not a subspace of local
diffeomorphisms of some vector space. As a consequence, it should be possible to
obtain again most constructions of the present paper by generalizing the results of
[Bott and Haefliger 1972] to this case; note that the Lie algebra of Diff(R™™) is
precisely Vect(n, m)g.

Appendix A. The cohomology of Vect(n, m)

We prove Theorem 3.7 and, as an application, compute H*(Vect(n, m)o) in some
particular cases. First, we will need some technical results about representations
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of the Lie algebra gl,, @ gl,,. The methods of this section are mainly inspired by
[Astashkevich and Fuchs 1993; Fuchs 1986].

For any vector space V and any k € N, we denote by V®* the tensor-product of
k copies of V. For any family of vector spaces Vi, ..., Vi, we denote by ®f: Vi
the tensor product Vi ® V> ® ... ® V. We denote by SK(V) the space of elements
of degree k in the symmetric algebra of V.

A1l. Some results about representations of gl, ® gl,,. Let V and W be vector
spaces of dimension n and m, respectively. Let g/,, and gl,, be the Lie algebras of
linear endomorphism of V and W, respectively. The Lie algebras g/, and g/, act
on V and W, respectively, by g-v=g(v) and h-w =h(w), whereve V, g € gl,,
we W, hegl,. Moreover, the dual spaces V* and W* are gl,,- and gl,,,-modules,
respectively, with actions

gV =(=9"0) and  h-w'=(=h)*w),

where g* and h* are the dual endomorphisms and v’ € V*, w’ € W*. These actions
extend naturally to an action of the Lie algebra g/, ® gl,, on

Epl =V e vH® @ W @ (W%,

We give some lemmas about the representations of gl, & gl,,,. It is well known (see
[Fuchs 1986, Theorem 2.1.4] or [Howe 1989]) that, for any vector space V,

ln n n
(VEFQVHE) " = B ag Y. ... Y X, @ ®Xi, ® Vi) @+ ® Vi
oeXy i1=1 ir=1
where a, € R, x1,...,x, € V is a basis of V, and yy, ..., y, € V* is the dual
basis. The following is an obvious generalization of this result:

Lemma A.1. Let {x; |i =1,...,n} be abasis of Vand {y; e V*|i =1, ..., n}
the dual basis. Let {¢; |i =1, ...m} be a basis of W and {n; e W* |i=1,...,m}
the dual basis.

(D) Ifk #lor p #q,then (Ef,:’q)gl"@gl’” =0

) Ifk =1 and p = q, the space (E;:{;)gln@glm is generated by the elements

A N b Z

s1=1 Sk= 1_3‘1_1 A

X5 R... Qx5 ® Yseq1) RQ...Q Vo) ® Cs Q...Q é‘s Qny Q...Q0ny

(1) w(p)’

where o is a permutation of {1, ..., k} and t© a permutation of {1, ..., p}.
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Let H be a gl,, ® gl,,-submodule of V@ (V*)®" @ WOP @ (W*)®. Let G be
the gl, @ gl,,-module

gkl
G:=E,, /H.
Such a gl,, ® gl,,-module is said to be of type I.

Lemma A.2. Let w be the projection of E f,:lq onto G. One has:
L ®gln _ k1 \8n D&l
(A-l) G8nD8m — T[(Ep,q) )

Proof. Both spaces reduce to Oif k %[ orif p #¢q. If k=1 and p = g, the center of
gl, @ gl acts trivially, and then both G and E f,:lq are sl, @ sl,,-modules satisfying

L,®sl L,®gl k,k \Sla®sl k,k \&lnDgl
(A-2) GS n DSy — Gg nDg m (Ep’p) n mo_ (Ep’p) n m'

Since sl,®sl,, is a semisimple Lie algebra, any finite-dimensional s/, ®sl,,-module
is the direct sum of the s/, @ sl,,-submodule of invariants with the sl, & sl,;-
submodule of coinvariants. In particular, we have the decompositions

G = (sl ®sly).G B G ®sln
EXK = (51, @ sl) . ELE @ (EGK )&
Since 7 is a Lie algebra morphism,
ﬂ((Ef;’];)slnxslm) C GIn®shy
70 ((sly @ slw) . ENY) C (sl @ 51) .G
Since 7 is onto, we must have
() = e
(sla @ sln). 7w (EN) = (sly ® slw).G
The conclusion thus follows from (A-2). O

We now introduce the gl, @ g/,,-modules that we will study. (In the sequel, we
will often simply say “module” for a g/, & g/,,-module.)

Definition A.3. Consider a family L; = {(u4,v4) | a = 1, ..., K} of pairs of
nonnegative integers such that u, + v, > 2 and v, is even. Consider a family
Lr={(py,qp) |b=1..., K'} of pairs of nonnegative integers such that p,+gq; > 2
and gp isodd. Let L e N andlet ¥ = LuL,U{L}. We associate to &£ the gl,, D gl,,,-
module

Gy =N (S VYN WV AN (SP(V)@ N W@ W) A N\ V™.

Such a module is called a module of type I1.
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Our goal for now is to describe (G &)8n®8ln; see Section A2 for motivation.
We describe a natural projection

Ty: 0 —> GF

where Q = E:"If,“, withm=Y"% 1, + Z,ﬁl ppandn=3Y"% v, + Z;ﬁl qb.
First, we can construct an isomorphism ¥ of gl, @ gl,,-module from Q to the
module
K K'
Oy =Q(VEH@WO @ V*) @ Q(VEr @ Wer @ W) ® (V)L
a=1 b=1
obtained by permuting terms in the tensor product defining Q, according to the
rule: allow permutation of the tensor product of two elements if and only if they
do not belong to the same vector space. With this restriction, there is only one
natural isomorphism v from Q to Q..
Second, there is a natural projection

K/
R Ve @ WD W*) ® (VHBL — Gy

K
' @ (Ve @ WE @ V*) ® <
a=1 b=1

constructed by taking the appropriate symmerizations and skew-symmetrizations.
Define w, as 7, = 7" 0 9.

Proposition A.4. (1) If X 1, +ZZI,{=,1 p#K+Lorif YK v, +Zf=,1 q» #
K", then GEh&shn Z g,

(2) If there exists a € {1, ..., K} with v, # 0, or if there exists b € {1, ..., K'}
with qp # 1, then ngeaglm =0.

Proof. Since G o, is amodule of type I, Lemma A.1(1) and Lemma A.2 immediately
imply statement (1). The identity Zf: 1 Vat Zéil q» = K’ implies statement (2),

since g isodd forb=1,..., K, and v, is even fora =1, ..., K, and since all
these numbers are nonnegative. U
From now on we assume that g =---=¢gg' =1, vi=---=vg =0, and
K K’
(A-3) Y et Y pp=K+L.
a=1 b=1

Write H =YX | ua.

The map 7, can now be easily described: for all sy, ...,sg4r € {1,...,n},
t, ..ot efl,...om}, s, €f{l,... m}, and 1], ... 1, €{1,...,m},
we have
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(A-4) ﬂg(xsl @ Xy sy @ Ve, é—si ..... ;-S,K/ L PRRREE ;7[;(/)
= /\15:0 R(SM1+"-+//-1'71+1’ SRR SM1+“'+M:')
(x5u1+»~+u,-+l e K ey 'y’i)
A /\13/:0 R(SH4pitpj 11> -+ SHAp +4p;)
(st+p|+...+pj_1+1 ce st+l’1+"'+l’j : é‘s]’ ’ 77;]./)

K+L
NI\ k=K +1 Yt}

where, for all i, ay,...,a, € N, R(ay,...,ap) is an integer that appears in the
symmetrization map ®h V — §*(V). We leave the reader to check that indeed

n
(A-5) R(ay,....ap)=][KG.lar.....axD)!.
i=1
Two indices i, j € {1, ..., K+L} are said symmetric with respect to ¥ if there
exists k€ {0, ..., K—1}suchthati, j € {5 va, ..., S0E1 v, ), orif there exists

ke{0,...,K'—1}such thati, j € {Zﬁ:l Dby v Zﬁzl pp}. Intuitively, i and j
are symmetric with respect to & if the projection 7, maps the i-th and the j-th
terms of the tensor product V®®&+L) inyolved in the definition of Q to the same
symmetric algebra $#« (V') or to the same symmetric algebra SP> (V).

Two indices i, j € {1, ..., K+L} are said antisymmetric with respect to &£ if
i >K+1and j > K + 1. Intuitively, i and j are antisymmetric with respect
to & if the projection 7, maps the i-th and the j-th terms of the tensor product
(V*)®E+L) inyolved in the definition of Q to the exterior algebra /\ V*.

Lemma A.S. Let o be a permutation of {1, ..., K+L}. If there are two indices
i,jef{l,..., K+L}symmetric with respect to & such that o (i), o (j) are antisym-
metric with respect to &, then g5 r = 0.

Proof. Consider two indices i, j € {1, ..., K+L} symmetric with respect to & such
that o (i), o (j) are antisymmetric with respect to &. For any k,[ € {1, ..., n}, the
terms in (A-4) corresponding to s; = k and s; =/ and the terms corresponding to
s; = [ and s; = k appear with opposite signs. By Equation (A-4), 7(gs,r) must
therefore vanish. U

Lemma A.6. If u, # 2 for some a € {1,...,K}, or if pp # 1 for some b €
{17 LG K}, thel’l Ggm@glm = O

Proof. If 4, >3 forsome a in {1, ..., K} orif p, > 2 for some b in {1, ..., K'},
then by (A-3) we must have L > K + K’. By a simple argument of cardinal-
ity, this implies that, for any permutation o of {1, ..., K+L}, there exist i, j' €
{K+1, ..., K+L)} such that ~1(i"), ~'(j’) are symmetric with respect to &.
Therefore, by Lemma A.5, 7(gs,c) = 0. O
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Assume now that u; =--- = ug =2 and p; =--- = pxr = 1. In this case,

Gy =N(S2 M@V AN (Vewew:) A N v,

Let s be the exterior algebra over the space S>(V)QV* @ VW W* @ V*,

Lemma A.7. If 0 and t are permutations of {1, ..., K+L}and {1, ..., K'}, re-
spectively, then 7, (85,1) is an element of the algebra generated (with respect to
the product N) by elements of the form

n .

YV yeAxexiy € (SS(V)® V)@ VH, i,je{l,...,n},
c=1

n

Y veAxeLeem € (VOWQ W) AVH, k,lefl,...,m},
c=1

where, for anyi,c =1, ...,n, y! is defined by y} = 1 for i # c and by yii =2
Proof. Let o be a permutation of {1,...,2K+K’}. If thereisani € {1, ..., K}
suchthato (2i—1) > K and 0 (2i+1) > K, then Lemma A.5 implies that 7,(gs,) =
0. Assume now that such an i € {1,..., K} does not exist for ¢; then, for all
ie{l,..., K}, one of the two integers o (2i —1), 0 (2i) is greater than K, and one
is smaller or equal to K. We define a permutation ¢’ of {1, ..., K} by ¢/(i) =
min{o (2i—1), 0 (2i)}.
By Lemma A.1(2), we have

n m
K
ﬂgg(ga,r) = Z Z /\i:] R(SZi—lv S2l')(xsz,',1xszi 'ySg(,'))

STyeeey & Sok+x/=1 81, 8, =
LA ¢ 2K+K’

K/
A /\jzl Xsokqj gsjf'ns;(j) A /\k=K+1 Yso -
From Equation (A-5), it follows that R(sy;_1, s2;) = ys..,. Therefore,

n m K n s;
”if(ga,r) =¢€ Z Z /\i=1 (Z Ye N V' XeXs; 'ysa’(i))>
/:1 c=1

S1yees Sk =1 sis;(

A /\lj/zl <)’c A i Xc- 8y, -Utf(f))
for some ¢ € {—1, +1}. . [l
We recapitulate:
Theorem A.8. Let Gg be a gl,, ® gl,,-module of type II (as in Definition A.3).

L,®gly
c IFYK  wa K py# K+ L, then G578 = 0.

.....
.....

.....
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« If one of the integers {pp}p=1.... K’ is not 1, then ngeaglm =0.

o If,ua—Zandva—Ofora:1,...,n,andifpb:qb:1forb:1,...,m,
then the space Gg n®sln is contained in the subalgebra of A generated by the
elements

n .
Yo Ye ANWixe.xiyp), i, jefl, ..., n},
c=1

n
Zyc/\xc-gk-nl, k,le{l,...,m}.
c=1

Later, we will also need the following:

Lemma A.9 [Fuchs 1986]. For any gl,, @ gl,,-module E of finite dimension,
H*(gly ® gln, E) = H*(gly @ gly, ES"®8).

Actually, H*(gl, @ gln, E) = H*(gly, ® gly, ES"®8) = H*(gl, & gln, R) ®
E8h®gln

A2. The cohomology of Vect(n, m)y and the Weil algebra. Now we are able to
prove Theorem 3.7. Let K be the kernel of the DGA homomorphism & : W(gl,, &
gly) — /\Vect(n, m){, and denote again by & the induced DGA homomorphism
from W (gl, ® gl,,)/ ¥ to /\Vect(n, m);. We restate the theorem:

Theorem 3.7. Let & be the map from H*(W (gl, ® gln)/¥) to H*(Vect(n, m)o)
induced by &. The map & is an isomorphism.

Proof. We first describe & : W (gl, ® gl,,) — /\Vect(n, m); precisely. By (3-12),
the DGA homomorphism & from W (gl,, & gl,») to /\ Vect(n, m); is given by:

(A-6) 1®a,-,j — (x; 8/8xj)*, 1®d,"j — (6; 8/8@)*,

where a; ;, fori, j € {1,...,n}, and d; ;, for i, j € {1, ..., m}, are bases that are
dual to the canonical bases of g/,, and gl,,, respectively.
One can easily check that

V¢ J \* L AR
2(ige) = X (i) A (o @) —Z(axc) (yg ac)

d N\ W, d AR R 5 \*
(6 @) _,21(9’89,) <9"ae) _;(axc) A(XCe’a_e,)'

Since & is a DGA homomorphism, by the definition of the differential of a Weil
algebra [Guillemin and Sternberg 1999], we have

ala;; ® 1)_;:1(81)*/\0;?%)*,
iy 1) = 2 () (g )

(A7)

(A-8)
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We compute the cohomology of Vect(n, m)y with the help of the Hochschild—
Serre spectral sequence [Fuchs 1986] associated to the sub-Lie algebra of elements
of weight zero. Its second term E 12 i is

E?J = Hl(gln @glmv /\]@ Fk)’
k#0

where Fj is the space of elements of weight k in (Vect(n, m)o)*. By Lemma A.9,
E7 ; reduces to
. i gl(")@glm
Ezj:H’<gln®glm, (/\]@Fk> )
k#0
The gl, & gl,,,-module /\j D, £0 F is a direct sum of modules of type II. For
example,

Fu~W* and F=(SVV)®(VeWweWwH).

More generally, denoting by |x] the integer part of x € R,

L(k+1)/2] . ) Lk/2] . .
Fk ~ @ (V®k+1—21 ® W®21 ® V*) D @ (V®k+1—(2]+1) ® W®(2]+1) ® W*)
i=0 =0

Therefore, the modules /\" Fi A ANEFE F;,,whereiy, ..., ire{-1,1,2,3,...}
and ji, ..., jr € N, are direct sums of modules of type II.
The gl, & gl,,-module
NFa®N F

is a module of type II with u, =2 and v, =0 fora =1,..., j, with p, = 1
and g, = 1 for b =1,...,j, and with L = j. By Theorem A.8, the modules
N Fi~- /\“ . have no nontrivial space of invariants except those of the
form /N F_; A /\J F. Therefore,

(/\2]‘ @ Fk)glnﬂagl (/\] F_, ®/\j )gl éBgl

k£0

(/\2j+1 @ Fk)gln®glm —0.

k£0
By Theorem A.8(6), we obtain that the g/, ®gl,,-invariant elements of /\j ) k=20 F
are elements of the subalgebra of /\ Vect(n, m) generated by

Z)/Z( )/\(xcxi—>, i,jefl,..., n},
8)6]'

Y (o) Awbigy) . kIe(m),

0Xx,
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From (3-3), the identity y; (x.x; 8/9x;)* = ((xcx;/y.) 3/3x;)* holds. Hence, the
generators can be written

i( 0 )*/\(Mi>* i,jell,..., n},

— \0x, y{ Ox;

c=1 c ¢ i

(A9 Zm J \* x.0 d \* k,l 1
c_l(axc)/\(Ckagl)’ Jedl, ... om}.

Let $ = o?(W(gln ® glm)) be the sub-DGA of /\" (Vect(n, m)o) that is the image
of the complex W (gl, & gl,,) through @. By (A-8) and (A-9), we have

(A-10) (N @ F)*" " c s.
k£0

Moreover, by Equation (A-6) we have the identity
(A-11) INFy=Fo = gl,®gly.

The cohomology of $ can be computed with the help of a spectral sequence
whose second term is

E};=H' (9 Nk, 0N ® Fk))-
k0

By (A-11), E?; = H'(gly @ glw. 90 (N @yzo Fi)). From Lemma A.9 we
obtain £7 ; = H' (g1, ® glu. (90 (NN @y Fi))$"®8!n). By (A-10), the identity
Elzj = E7 ; holds.

Therefore, the cohomology of /\ Vect(n, m); is equal to the cohomology of the

subcomplex $ = & (W (gl, ® glw)) =~ W(gl, ® gly)/ XK. This completes the proof
of Theorem 3.7. 0

As an application, we compute the cohomology of H *(Vect(n, m)o) in some
particular cases:

Proposition A.10. The cohomology of Vect(0, m)q is isomorphic to the Chevalley—
Eilenberg cohomology of the Lie algebra gl,,.

Proof. The DGA homomorphism from W (gl,,) to /\ Vect(0, m); is:
1Q®d; j— (6;0/36;)" and dij®1—0.
The kernel of this homomorphism is S(g/(m)) ® 1. The cohomology of
W(gln)/S(gl(m)) ® 1 = \gln
is the Chevalley-Eilenberg cohomology of the Lie algebra g/,,. O

In particular:
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Proposition A.11. We have isomorphisms H 1(Vect(O, 1)0) ~H O(Vect(O, 1)0) ~

R, and H' (Vect(O, 1)0) =0. Moreover, H'(Vect(0, 1)) is generated by (6 9/96)*.
We also determine the cohomology of Vect(1, 1)q:

Proposition A.12. The cohomology of Vect(1, 1)q is given by H" (Vect(l, 1)0) =
ifn #0,3, and by H%(Vect(1, 1)9) = R and H?(Vect(1, 1)9) = R*. Moreover, the
latter is generated by the classes described in (A-13), (A-14), and (A-15).

Proof. We denote by a and d the generators a; 1 and d; 1 of gl; @ gli. The DGA
homomorphism from W(gl| & gl;) to A\ Vect(1, 1); is given by

8 *
1®a|—>( 8x>

1®d (9-),
®d= 950
) = () (52
a®1|_)2<8x)/\(x ax/) — \ox A 2 oax/’
ES

d®1> (%) (x@%)*

The kernel % of this application is generated by S?(gl; @ gl;) ® 1. This implies that
the cohomology vanishes in all degrees different from 3. We can now compute the
cohomology of W(gl; @ gly)/J. It is easy to check that H3(Vect(1, 1)9) = R>.
Generators of H3(Vect(1, 1)o) are given by

(A-12) 1

(13 m=[(5 50 () 2 () ]

(a1 = [(v035) () ()

(13 i =[(v055) ~ (055) ~ (55) 0
Appendix B. Proof of Lemma 4.3

Lemma 4.3. Let dy,...,d, be odd 1-forms and d,+1, ..., dy+m even 1-forms,

forming a free family. Ifd', i € {1, ..., n+m}, are 2-forms on M such that, for
any j €{1,...,n+m},
n+m

(B-1) Y dind =0,

i=1
then there exist homogeneous 1-forms d'/, of parity |i| + || + 1, with
n—+m

B-2) 4V =—(—nUEDUED gL g Y dind =d'.
i=1
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Proof. There are partitions of unity on J, that is, for any open covering {Uj};cs of
the base manifold, there exist even superfunctions {¢; € 2 (M)}cs with support in
Us and such that ) ¢, =1 > Where 1 is the unit of O(AL). As consequence, if
there is an open covering {Us}scs, of the base manifold such that (B-2) has local
solutions on Uj for any s € S, then (B-2) has a global solution. We therefore only
have to prove that (B-2) has solutions locally.

For this, consider 1-forms dy, /41, ..., dp14 suchthatdy, ..., d,, is a trivial-
ization of Q! (M) ~ T M*. Forany i € {1, ..., p+q}, define |i| to be 1 if d; is even,
and 0 otherwise. (This definition generalizes the previous definition of || given in
Definition 3.3.)

For any [ € {1, ..., n4+m}, there exist superfunctions F"%! G"*i and H""",
with r,s,t € {1,...,n+m}, u,v,w € {n+m—+1,..., p+q}, i € {1,...,n+m},
such that
n+m n+m  p+q

d= > dAd;AFsL+ Y Y d Ad,AGH!
r,s=1 t=1 u=n+m+1
ptq
(B-3) ; + Y dyndyAHP,
v,w=n+m-+1

Fr,s;l — (_1)(|r|+1)(|s\+1) Fs,r;l,

Hv,w;l — (_1)(|v|+1)(|w|+1) Hw,v;l.

For convenience, we have chosen to multiply a 1-form with a superfunction on the
right, which is unusual but will simplify the signs. Equation (B-1) gives

n+m n+m y n+m n+m p+q y
o Y dind AdgAFPT Y S Y diAadyAdy ANGHY
=1 r,s=1 =1 t=1 u=n+m+1

n+m p+q

+3 Y diAdyAdyAHYW =0,
=1 v,w=n+m+1

This is equivalent to the three conditions

Frsil o (= )UEDAslIrD psbr g (1) UsiHDArHED plris —
(B-4) Ghwl = —(—1)WHDr+D Glust

Hv,w;l =0
Define (d''); j—1....n+m by

B5) =4S d A (P51 4 L FIERDIED g A pitis)
s=1 pta o
+ 3 d,AGM
u=n+m+1
We check that (B-4) implies that (B-2) can be satisfied:



FOLIATIONS ON SUPERMANIFOLDS 163

Step 1: Checking that d' = (—1)UiHFDUI+D ghi

From G»#*! = (—1)lI+DUI+D Giul e obtain

p+q el D) (4] p+q i
(B-6) Z d, NGHE = (_1)(|l\+ Y(+1) Z d, A Ght
u=n+m+1 u=n+m+1

Moreover, from (B-3) and (B-4), we obtain
(B-7)  FLSi g (1) UsHDUIHD pidis 4 (DU pisi —
It is then straightforward to check that
FLsi 4 L) sHDUHID pliss
= (=D UHDUHD (pisil | L) (sHDUHID pidis).
This and (B-6) imply that
(B-8) 4! = —(—)EDUD gl

We compute ZJ;"](—1)(“‘|+1)(|l|+‘i|)di AdgFP5S Tt is equal to

Step 2: Checking that Y'7" d; Ad"! = d'.

LN DD g o g pidis 4 LSS L1y ISHDURD g g o poib
7 2 (=D i A dy +3 2 (=D s Adi N :

i,s=1 i,s=1
From the identity (= D UsHDAHED (— 1) As+DAIHD — (— 1) UH+DAsIHD | e deduce

n+m

T (= )BIEHDHIUD gy g A piodss
i,s=1 . . .
= Ld; ndy A ((=1)IHDUIHD piis 4 L) (IHDUsHD polii)
= Ld; ndy A ((=1) DU pilis 4 () (IHDUD plaii)

From (B-7), we obtain

n+m ntm
(B—9) Z (_1)(|s\+1)(|l|+|i|)di /\dSFi,l;s — _% Z d; Adg A Fi"v;l.

i,s=1 i,s=1
The result now follows immediately from (B-5) and (B-9). N
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