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We construct secondary characteristic classes of regular superfoliations on
smooth supermanifolds. We interpret these secondary characteristic classes
as characteristic classes of flat foliated connections.

1. Introduction

Smooth supermanifolds are becoming an increasingly important subject in math-
ematical physics [Leites 1980]; superfoliations should then be a central object. In
this paper, we construct secondary characteristic classes of regular superfoliations
with trivialized normal bundle, in the spirit of [Bernstein and Rosenfeld 1973; Bott
and Haefliger 1972; Fuchs 1986]. We show that the role of Vect(n) (the Lie algebra
of formal vector fields with n variables) from the classical theory is played by the
even part Vect(n,m)0 of the super-Lie algebra Vect(n,m) of formal supervector
fields with n even variables and m odd variables. More precisely, when on a super-
manifold M we are given a superfoliation F of codimension n+εm with trivialized
normal bundle, we will associate to any element H in the Chevalley–Eilenberg co-
homology H∗

(
Vect(n,m)0

)
a secondary characteristic class ϕM,F(H) ∈ H∗(M),

where M is the base manifold of the supermanifold M.

Theorem A. For any supermanifold M foliated by a superfoliation F of codimen-
sion n + εm with trivialized normal bundle, there exists a natural homomorphism
ϕM,F from H∗

(
Vect(n,m)0

)
to H∗(M) such that:

(1) If Φ : N → M is a submersion of supermanifolds and ϕ : N → M is the map
induced by Φ on their base manifolds M and N , then

ϕN,Φ∗F = ϕ∗
◦ϕM,F,

where Φ∗F is the pull-back of the superfoliation F via Φ and ϕ∗
: H∗(M)→

H∗(N ) is the pull-back through ϕ.
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(2) If M is an ordinary smooth manifold endowed with a foliation F of codi-
mension n with trivialized normal bundle, then ϕF reduces to the well-known
homomorphism of Bernstein, Bott, Fuchs, Haefliger and Rosenfeld [Bernstein
and Rosenfeld 1973; Bott and Haefliger 1972; Fuchs 1973].

The reader should not be surprised that the de Rham cohomology of M is not
used: by a result of Batchelor [Leites 1980], this cohomology is indeed isomor-
phic to the cohomology of the base manifold. Note that the even part Vect(n,m)0
appears instead of Vect(n,m) itself. The theory is indeed more interesting like
this, since, for example, H∗

(
Vect(n,m)

)
has only two nontrivial generators for

n <m (see [Fuchs 1973]). In [Koszul 1988], Godbillon–Vey classes for superfoli-
ations of codimension 0+εm are constructed on supermanifolds of superdimension
n + εm as maps from H∗

(
Vect(0,m)

)
to H∗(M). We will see that these classes

vanish for any class H ∈ H∗
(
Vect(0,m)

)
whose restriction to the cohomology

H∗
(
Vect(0,m)0

)
of the even part is 0. Furthermore, we will show in Section 4D

that the classes constructed in [Koszul 1988] are among those built in this article.
Given a vector bundle E → M and a foliation F , a foliated connection means a

connection on E defined (smoothly) over each leaf of the foliation F . A foliated
connection is said to be flat if it is flat on each leaf, and trivial if E is a trivial
vector bundle and F a foliation with trivialized normal bundle. For simplicity, we
say flat trivial foliated connection to name the entire collection of a foliation with
trivialized normal bundle, a vector bundle, and a flat foliated connection. There
is a canonical way to construct, from a flat foliated connection, a superfoliation
with trivialized normal bundle on a supermanifold. Therefore, our theory of sec-
ondary characteristic classes of superfoliations also gives a theory of secondary
characteristic classes of flat foliated connections.

Furthermore, to a superfoliation F of codimension n + εm with trivialized nor-
mal bundle on a supermanifold M we shall associate a flat trivial foliated connec-
tion, that is, a foliation FF of codimension n with trivialized normal bundle on the
base manifold M , a trivial vector bundle EF of dimension m over M , and a flat
foliated connection ∇

F of this bundle. It should be noted that this construction
is not the inverse of the previous one. However, we shall see that our theory of
secondary characteristic classes, because of our preceding construction, gives in
fact a theory of secondary characteristic classes of flat foliated connections. More
precisely, we show:

Theorem B. The homomorphism ϕF,M : H∗
(
Vect(n,m)0

)
→ H∗(M) is completely

determined by the flat trivial foliated connection
(
M, FF, EF,∇

F
)
.

The paper is organized as follows. Section 2 is devoted to constructions and
properties of superfoliations on supermanifolds. More precisely, in Section 2A
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we introduce several useful maps; in Section 2B we recall the definition of a su-
perfoliation; in Section 2C we exhibit relations between superfoliations and flat
foliated connections; in Section 2D we show how to replace a superfoliation with
a superfoliation with trivialized normal bundle.

Section 3 is devoted to the study of the Chevalley–Eilenberg cohomology of
the Lie algebra Vect(n,m)0. We introduce this cohomology in Section 3A, then
present in Section 3B technical results that will play a fundamental role in the
construction of secondary characteristic classes. We show in Section 3C how to
compute the cohomology of Vect(n,m)0 with the help of the Weil algebra.

We construct secondary characteristic classes of superfoliations with trivialized
normal bundle in Section 4. Secondary characteristic classes of a superfoliation
are defined in Section 4A by constructing a homomorphism of differential graded
algebras from the complex

∧
Vect(n,m)0 of the Lie algebra Vect(n,m)0 to the de

Rham complex �(M) of the manifold M . We give examples in Section 4B, and
prove Theorem A (in fact, a more precise statement) in Section 4D.

We relate in Section 5A the previously constructed secondary characteristic
classes to the secondary characteristic classes of the (ordinary) foliation FF on
the base manifold. We prove Theorem B in Section 5B.

Most result of this paper have been announced, but not proved, in [Laurent-
Gengoux 2004].

2. Superfoliations

2A. The algebra of superdifferential forms. For any supervector space V, denote
by V0 its even part. For convenience, write DGA for “differential graded algebra”.
For a DGA (A, dA), denote by [a] ∈ H∗(A) the cohomology class of an element
a ∈ Ker dA. Throughout this article, M is a smooth supermanifold of superdimen-
sion p+εq (p and q being nonnegative integers), and M is its p-dimensional base
manifold. In the sequel, we say “dimension” for “superdimension”, and “codimen-
sion” for “supercodimension”

We now recall some basic results about supermanifolds, and introduce some
maps that we will need in the sequel.

Denote by O(M) the superalgebra of superfunctions on M, and by I(M) the
superalgebra of nilpotent superfunctions; denote by Re( f ) the smooth function on
M defined by the canonical projection O(M)→ O(M)/I(M)' C∞(M,R).

Let
(
�(M),∧

)
be the superalgebra of differential forms on M. The notion of

parity of a superdifferential form can be ambiguous; in this paper the parity is the
one that endows the superalgebra �(M) with a structure of a supercommutative
superalgebra. More precisely, in a local chart (x1, . . . , x p, θ1, . . . , θq), the 1-form
dxi is odd, the 1-form dθj is even, the 0-form xi is even, and the 0-form θj is odd.
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The parity is then extended by multiplication: for any ω1, ω2 ∈ �(M), the parity
of ω1 ∧ ω2 is the sum of the parity of ω1 with the parity of ω2 (modulo 2). For
example, θj dxi is even, x2

i dθj is even, and dxi ∧ dθj is odd. Note that, with this
definition, a 1-form on an ordinary differential manifold is an odd element. Let
dM :�∗(M)→�∗+1(M) be the de Rham differential.

Let EM be a q-dimensional vector bundle over M whose sheaf of sections is
I(M)/I(M)2. The supermanifold M(M, E) whose superfunctions are the sections
of

∧
∗EM is isomorphic to M (as a supermanifold, see [Leites 1980]). A local

chart (x1, . . . , x p, θ1, . . . , θq) is said to be attached to EM if the odd superfunctions
θ1, . . . , θq are identified with sections s1, . . . , sq of EM. Note that in this case the
supervector fields ∂/∂θ1, . . . , ∂/∂θq can be identified with sections of the dual
vector bundle E∗

M, and the 1-forms dθ1, . . . , dθq can be identified with sections
of EM again. More precisely, there is a natural bijection S from the vector bundle
whose sections are 1-forms in �1(M) of the form

∑q
j=1 fj (x1, . . . , x p) dθj to the

vector bundle EM given, in a local chart attached to EM, by

S
( q∑

j=1
fj (x1, . . . , x p) dθj

)
=

q∑
j=1

fj (x1, . . . , x p) sj ,

with f1(x1, . . . , x p), . . . , fq(x1, . . . , x p) smooth functions on M . It is straightfor-
ward to check that S does not depend on the local chart attached to EM.

We recall the definition of three maps:

• The first map is a well-known (see [Leites 1980; Tuynman 2004]) canonical
DGA homomorphism p from

(
�∗(M),∧, dM

)
onto

(
�∗(M),∧, dM

)
, constructed

in [Leites 1980]. In a local chart (x1, . . . , x p, θ1, . . . , θq), it is defined on the
generators dxi , dθj , f ( f being a superfunction) of �(M) by

p(dxi )= dxi , p(dθi )= 0, p( f )= Re( f ).

A proof of the next lemma can be found in [Leites 1980; Tuynman 2004].

Lemma 2.1. The map p from
(
�∗(M),∧, dM

)
onto

(
�∗(M),∧, dM

)
is well defined

(that is, independent of the chart) and a DGA homomorphism. The kernel of p
contains odd 2k-forms and even (2k+1)-forms.

Since p is a DGA homomorphism, it induces a homomorphism p̂ from H∗(M)

to H∗(M). According to a theorem of Batchelor (see [Tuynman 2004, Theorem
8.2]), p̂ : H∗(M)→ H∗(M) is indeed an isomorphism.

• The second map, ρ, is a map from �1(M) to 0(EM), the space of sections of EM.
It is defined in a local chart by

(2-1) ρ
( p∑

i=1
fi dxi +

q∑
j=1

gi dθi

)
= S

( q∑
j=1

Re(gj ) dθj

)
=

q∑
j=1

Re(gj ) sj .
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Lemma 2.2. The map ρ is well defined (that is, it does not depend on the chart
attached to EM). For any odd 1-form ω, we have ρ(ω) = 0. For any nilpotent
function f ∈ I(M) and any ω ∈�1(M), we have ρ( f ω)= 0.

• The third map that we need, Π , is a map from the super-Lie algebra Vect(M)
of supervector fields on M to the Lie algebra Vect(M) of vector fields on M . For
any odd supervector field X ∈ Vect(M), we simply set Π(X) = 0. For any even
supervector field X ∈ Vect(M)0, we set Π(X) = X , where X is the derivation of
C∞(M,R)' O(M)/I(M) induced by the even derivation X of O(M).

In a local chart attached to EM, Π is given by

Π
( p∑

i=1
fi
∂

∂xi
+

q∑
j=1

gj
∂

∂xj

)
=

p∑
i=1

Re( fi )
∂

∂xi
.

Lemma 2.3. The restriction of Π to the subalgebra Vect(M)0 of even supervector
fields is a Lie algebra homomorphism.

The next properties can be checked locally in a chart; we leave the computations
to the reader. Denote by ιYη the contraction of a supervector field by a 1-form in
�(M). For any 2-form η∈�2(M) and even supervector field Y such thatΠ(Y)=0,

(2-2) ρ(ιYη)= 0.

For any even 1-form α ∈�1(M) with ρ(α)= 0 and any even supervector field Y,

(2-3) ρ(ιY dα)= 0.

For any even supervector field X ∈ Vect(M)0 and odd 1-form ω ∈�1(M),

(2-4) Re(ιXω)= ιΠ(X) p(ω).

2B. Definition of a superfoliation. We recall the definition of a superfoliation of
codimension n + εm [Leites 1980; Monterde et al. 1997; Tuynman 2004]. First, a
distribution of codimension n+εm is a sub-supervector bundle of T M of dimension
(p − n)+ ε(q − m).

Definition 2.4. A superfoliation F of codimension n + εm is a distribution DF

of dimension (p − n)+ ε(q − m) whose sections are closed under the bracket of
supervector fields.

Remark 2.5. Note that in the literature the terminology is not fixed: in [Leites
1980] the name “foliation” is used, while in [Tuynman 2004] it is called “inte-
grable distribution”. We choose “superfoliation” to avoid confusions when dealing
simultaneously with superfoliations on a supermanifold and (ordinary) foliations
on its base manifold.
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A supermanifold is said to be foliated when it is endowed with a superfoliation
of codimension n + εm, for some n,m ∈ N. A supervector field X is said to be
tangent to the leaves if and only if it is a section of the distribution that defines F.
We denote by XF the superalgebra of supervector fields tangent to the leaves of F.

For a superfoliation F, denote by�∗

F the subalgebra of�(M) of k-forms ω such
that ιY1

. . . ιYk
ω = 0 for any supervector fields Y1, . . . ,Yk tangent to the leaves of

F. Of course,

(2-5) dM�
∗

F ⊂�∗

F.

In particular, �1
F is the space of 1-forms ω ∈ �1(M) such that ω(X) = 0 for any

supervector field X tangent to the leaves.
A superfunction is said to be constant on the leaves if ιX dM f = 0 for any

supervector field X tangent to the leaves. We denote by OF the superalgebra of
superfunctions constant on the leaves of F.

Here is a basic example: On the supermanifold Rp,q , denote by x1, . . . , x p

(respectively, θ1, . . . , θq ) the even (respectively, odd) variables. The elementary
superfoliation R

p,q
n,m is the superfoliation given by the distribution generated by the

supervector fields ∂/∂xn+1, . . . , ∂/∂x p, ∂/∂θm+1, . . . , ∂/∂θq .
An important particular case is when the superfoliation is defined by a distribu-

tion that admits a trivialized normal bundle.

Definition 2.6. A superfoliation F of codimension n + εm is said to have a triv-
ialized normal bundle if the distribution DF that defines F is generated by a free
family of n odd and m even 1-forms b1, . . . , bn+m ; that is,

DF =
{
X ∈ Vect(M)

∣∣ ιX b1 = · · · = ιX bn+m = 0
}
.

We say that the 1-forms b1, . . . , bn+m define the superfoliation F.

Example 2.7. The elementary superfoliation R
p,q
n,m is defined by the odd 1-forms

dx1, . . . , dxn together with the even 1-forms dθ1, . . . , dθm .

If the superfoliation F with trivialized normal bundle is defined by a free family
b1, . . . , bn+m , then (see [Monterde et al. 1997]) there must exist 1-forms b j

i , i, j ∈

{1, . . . , n + m}, satisfying

(2-6) dMbi =

n+m∑
i=1

bj ∧ b j
i .

Moreover, we can assume that the parity of b j
i is the sum of the parity of bi with

the parity of bj .
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Remark 2.8. For any superfoliation F with trivialized normal bundle, defined by
1-forms b1, . . . , bn+m (with b1, . . . , bn odd, and bn+1, . . . , bn+m even), there ex-
ist supervector fields X1, . . . , Xn+m (with X1, . . . , Xn even, and Xn+1, . . . , Xn+m

odd) such that bi (X j ) = δ
j
i (where δ j

i is the Kronecker symbol). The family
X1, . . . , Xn+m is free (with respect to the O(M)-module structure). The supertan-
gent bundle T M is the direct sum of the distribution generated by X1, . . . , Xn+m

with the distribution DF that defines F. This justifies calling it “with trivialized
normal bundle”.

We now define morphisms between foliated supermanifolds, and pull-backs of
superfoliations.

Definition 2.9. Let M1 and M2 be supermanifolds, and let F1 and F2 be su-
perfoliations of codimension n + εm on M1 and M2 respectively. A submersion
Φ : M1 → M2 is said to be a morphism of superfoliations if and only if

(2-7) O(M1)Φ
∗�1

F2
=�1

F1
,

where O(M1)Φ
∗�1

F2
denotes the O(M1)-module generated by Φ∗�1

F2

In other words, (2-7) means that any 1-form in �F1
is a linear combination, with

coefficients in O(M1), of pull-backs by Φ of forms from �F2
.

Note that, if F1 has a trivialized normal bundle, so has F2. If b1, . . . , bn+m

are the 1-forms defining F1, then the superfoliation F2 is defined by the 1-forms
Φ∗b1, . . . , Φ

∗bn+m .
The category of foliated supermanifolds is the category whose objects are super-

foliations and whose arrows are morphism of foliated manifolds. For any n,m ∈ N,
the superfoliations of codimension n + εm make up a subcategory, while the su-
perfoliations of codimension n + εm with trivialized normal bundle form again a
subcategory of the latter category.

An isomorphism of foliated manifolds is an invertible morphism of foliated man-
ifolds.

The local structure of a superfoliation is always the same, as proved in [Hill and
Simanca 1991] (see also [Tuynman 2004, Chapter V.4]):

Theorem 2.10 [Hill and Simanca 1991; Monterde et al. 1997]. Any superfolia-
tion of codimension n + εm on a supermanifold of dimension p + εq is locally
isomorphic to the elementary superfoliation R

p,q
n,m .

Let N and M be supermanifolds, and let F be a superfoliation of codimension
n +εm on M. Given any submersion Φ : N → M, the pull-back Φ∗F is the unique
superfoliation satisfying

O(N)Φ∗�1
F =�1

Φ∗F.
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This definition needs some justification. For any open set U ⊂ M , we denote by
U the supermanifold defined by O(M)|U and we say that U is an open subset of
M. Let r + εs, with r ≥ p and s ≥ q , be the dimension of N. By Theorem 2.10,
in local coordinates (x1, . . . , x p, θ1, . . . , θq) the superfoliation F restricted to U is
defined by dx1, . . . , dxn, dθ1, . . . , dθm . Since Φ is a submersion, there are local
coordinates (x1, . . . , xr , θ1, . . . , θs) on some open subset V ⊂ N such that Φ is
given by

Φ(x1, . . . , xr , θ1, . . . , θs)= (x1, . . . , x p, θ1, . . . , θq).

The pull-back Φ∗F of F via Φ is the superfoliation whose restriction to V is
defined by the 1-forms dx1, . . . , dxn, dθ1, . . . , dθm ∈ �1(V). This justifies the
existence and uniqueness of the pull-back of a superfoliation via a submersion.

2C. Geometric constructions associated to a superfoliation. Let N be an (ordi-
nary) smooth manifold and F a foliation of codimension n on N , defined by a
distribution DF . Let E → N be a vector bundle over N , and let XF = 0(DF ) be
the algebra of vector fields tangent to F . A foliated connection is a bilinear map
from XF ⊗0(E) to 0(E), denoted by (X, s) 7→∇X s, that satisfies the usual axioms
of a connection; that is, for all X ∈ XF , f ∈ C∞(M), s ∈ 0(E), we have

∇f X s = f ∇X s and ∇X f s = f ∇X s + (X · f )s.

A foliated connection is said to be flat if ∇ is flat on each leaf of F ; that is, if for
all X, Y ∈ XF , s ∈ 0(E) the identity

∇X∇Y s − ∇Y ∇X s − ∇
[X,Y ]

s = 0

holds. A foliated connection is said to be trivial if E is a trivial vector bundle on
M and F is a foliation with trivialized normal bundle on M .

In the following, we will say simply “foliated connection” (respectively, “trivial
flat foliated connection”) for the collection of a foliation F , a vector bundle E ,
and a foliated connection ∇. We denote by (M, F, E,∇) a foliated connection
(respectively, a trivial flat foliated connection).

2C(a). From superfoliations to flat foliated connections. To a superfoliation on M

we associate a foliation FF on the base manifold M , a vector bundle EF on M , and
a flat foliated connection ∇

F on the latter. In the particular case of a superfoliation
of codimension 0+εm on a supermanifold of dimension n +εm, this construction
is identical to the construction given in [Koszul 1988, Lemme 2.1].

Definition 2.11. Given a superfoliation F of codimension n + εm, we denote by
(M, FF, EF,∇

F) the flat foliated connection defined in what follows.

It is easy to check that p(�∗

R
p,q
n,m
)=�∗

R
p
n
, where by R

p
n we mean the foliation R

p,0
n,0

of codimension n on Rp. In other words, R
p
n is the foliation of codimension n on

Rp defined by the 1-forms dxn+1, . . . , dx p. Theorem 2.10 immediately implies:
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Lemma 2.12. The distribution whose sections are XFF
=Π(XF)⊂0(T M) defines

a foliation FF of codimension n on M. Moreover, �∗

FF
= p(�∗

F).

Remark 2.13. If F is a superfoliation with trivialized normal bundle, defined by 1-
forms ω1, . . . , ωn, a1, . . . , am , then FF is a foliation with trivialized normal bundle
defined by the 1-forms p(ω1), . . . , p(ωn) ∈�1(M).

Now, we define EF to be the vector subbundle of EM whose sections 0(EF)

are the sections of EM of the form ρ(ω) with ω ∈ �1
F, where �1

F is the space
of 1-forms such that ιXω = 0 for any supervector field X ∈ XF tangent to the
leaves of F, and ρ was defined in (2-1). In the case of R

p,q
n,m , EF is generated by

S(dRp,q θ1), . . . ,S(dRp,q θm). Then, Theorem 2.10 implies that EF is an m-dimen-
sional vector bundle on M .

Remark 2.14. If F is a superfoliation with trivialized normal bundle, defined by 1-
forms ω1, . . . , ωn, a1, . . . , am , then EF is a trivial vector space, and a trivialization
is given by the sections ρ(a1), . . . , ρ(am) ∈ 0(EF).

For any section s of EF, let ω ∈ �1
F be an even element satisfying ρ(ω) = s.

For any vector field Y ∈ XFF
tangent to the foliation FF, let Y ∈ (XF)0 be an even

supervector field satisfying Π(Y)= Y . We define a foliated connection by

(2-8) ∇
F
Y s = ρ(LYω).

Lemma 2.15. The foliated connection ∇
F
Y s is well defined and flat.

Proof. Since LY = dM ιY + ιY dM, the identity

ρ(LYω)= ρ(ιY dMω)

holds. In order to check that ∇
F
Y s =ρ(LYω) is a well-defined section of EF, notice

these facts:

• Let Z ∈ XF be a supervector field tangent to the leaves of F such thatΠ(Z)=
0. Equation (2-2) implies that ρ(LZω)= ρ(ιZ dMω) is equal to 0.

• Let α ∈�1
F be an even 1-form such that ρ(α)= 0. Equation (2-3) implies that

ρ(LYα)= 0.

We now verify that indeed ∇
F is a section of EF. If ω ∈ �1

F, then LYω is an
element of �1

F as well, since

ιX LYω = ι
[X,Y]

ω− ιY LXω = 0

for all X ∈ XF. The section ∇
F
Y s of EM given by ∇

F
Y s = ρ(LYω) is thus a section

of EF again.
Now, we check that the curvature is zero. For this, we show that there exists a

local trivialization of EF by sections s1, . . . , sm that are horizontal (that is, ∇F
Y si =0
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for all Y ∈ XFF
). For any x ∈ M , let U be a neighborhood of x and ϕU : U →

R
p,q
n,m an isomorphism of foliated manifolds, where U is the supermanifold over U

defined by restricting M to U . Since the superfunctions θ1, . . . , θm are constant on
the leaves of Rn,m

p,q , the odd superfunctions f1=ϕ
∗

Uθ1, . . . , fm=ϕ∗

Uθm ∈ �(M) are
constant on the leaves of F. Moreover, the sections s1=ρ(dM f1), . . . , sn=ρ(dM fm)

define a local trivialization of EF. For any vector field Y ∈ XFF
and any even

supervector field Y ∈ (XF)0 with Π(Y)= Y , we have

∇
F
Y si = ρ(LY dM fi )= ρ(dMιY dM fi )= ρ(0)= 0.

The existence of a local horizontal trivialization of EF implies that the connection
∇

F is flat. �

We summarize:

Proposition 2.16. Let F be a superfoliation of codimension n + εm.

(1) (M, FF, EF,∇
F) is a flat foliated connection.

(2) If the superfoliation F has a trivialized normal bundle, then the flat foliated
connection (M, FF, EF,∇

F) is trivial.

Proof. Statement (1) is a consequence of Lemma 2.12, while (2) is a consequence
of Remarks 2.13 and 2.14 �

2C(b). From flat foliated connections to superfoliations. Let (N , F, E,∇) be a
flat foliated connection. Consider the supermanifold M(N , E) whose superfunc-
tions are the sections of

∧
E . For any vector field X ∈ Vect(N ), ∇X is an even

derivation of the superalgebra of superfunctions 0
(∧

E
)
. These even derivations

can be considered as even vector fields of the supermanifold M(N , E). Moreover,
since [∇X ,∇Y ] = ∇

[X,Y ]
, these even derivations form a Lie algebra. The 0

(∧
E

)
-

module generated by the supervector fields {∇X | X ∈ XF } is a distribution that
defines a superfoliation of codimension n + εm on the supermanifold M(N , E).

This provides a canonical way to associate a superfoliation of codimension
n + εm to a manifold N , a foliation F of codimension n, a vector-bundle E of
dimension m, and a flat foliated connection ∇.

Definition 2.17. We denote by F(N , F, E,∇) the superfoliation of codimension
n + εm on the supermanifold M(N , E), defined above.

A foliated connection (N , F, E,∇) is said to be trivial if F has a trivialized
normal bundle and the vector bundle E is trivial. The next proposition is straight-
forward and we leave it to the reader.

Proposition 2.18. (1) If (N , F, E,∇) is a trivial flat foliated connection, then the
superfoliation F(N , F, E,∇) has a trivialized normal bundle.
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(2) For any foliated connection (M, F, E,∇), we have

(2-9)
(
M, F, E,∇

)
=

(
M, FF(M,F,E,∇), EF(M,F,E,∇),∇

F(M,F,E,∇) ).
Remark 2.19. By (2-9), the construction of Section 2C(a) is the left inverse of the
construction of Section 2C(b). However, it is not a right inverse. More precisely,
we show now that the construction of Section 2C(a) is not injective.

Consider the supercircle S1,3 defined by a trivial vector bundle E3 = S1
×R3

→

S1 of dimension 3 over S1. Denote by x ∈ S1 the even parameter and by θ1, θ2, θ3

the odd parameters associated to three canonical sections s1, s2, s3 of E3 = S1
×

R3
→ S1.
Take the superfoliations F1 and F2 defined by the distributions of codimension

0 + ε3 generated by the distributions O(M)∂/∂x and O(M)
(
∂/∂x + θ1θ2θ3 ∂/∂θ1

)
.

These two superfoliations define the same foliation on M , the foliation with only
one leaf: S1 itself. They define the same vector bundle: E3 itself. They both also
define the same connection, namely, the connection given by

∇
a(x) ∂

∂x
s = a(x) ds

dx

for all a(x) ∈ C∞(S1) and s ∈ 0(E3). However, these superfoliations are not
isomorphic, because their superalgebras of superfunctions constant on leaves are
not isomorphic.

For the superfoliation F1, the superfunctions θ1, θ2, θ3 are constant on leaves,
and the algebra of superfunctions that are constant on the leaves of F1 is therefore
isomorphic to

∧
R3. In particular, the vector space of odd superfunctions that are

constant on the leaves of F1 has dimension 4.
For the superfoliation F2, any odd superfunction f can be written

f =

3∑
i=1

fi (x)θi + g(x)θ1θ2θ3

with f1, f2, f3, g ∈ C∞(S1,R). If f is an odd superfunction constant on the leaves
of F2, then(
∂

∂x
+ θ1θ2θ3

∂

∂θ1

)
· f = 0 and

3∑
i=1

d fi (x)
dx

θi +

(dg(x)
dx

+ f1(x)
)
θ1θ2θ3 = 0.

This implies that d f1/dx = d f2/dx = d f3/dx = 0 and dg/dx + f1(x)= 0. Hence,
for any i ∈{1, 2, 3}, we obtain fi (x)=ai for some constant ai ∈R. But the equation
dg/dx + a1 = 0 has no periodic solution unless a1 = 0. As a consequence, the
vector space of odd superfunctions that are constant on the leaves of F2 has only
dimension 3. The superfoliations F1 and F2 are therefore not isomorphic.
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2D. Superfoliations with trivialized normal bundle. We describe a canonical pro-
cess to replace a superfoliation on M by a superfoliation with trivialized normal
bundle on a GL(n,m)-bundle PF over M. For a definition of the super-Lie group
GL(n,m), see [Leites 1980; Tuynman 2004].

The tangent bundle of the superfoliation F is a supervector subbundle of T M,
of dimension (p − n) + ε(q − m). The normal bundle G of F is a supervector
subbundle of T ∗M of dimension n + εm. Let PF be the frame bundle of G; this is
a GL(n,m)-bundle over M. Denote by π : PF → M the canonical projection on M.

By the construction of a frame bundle, there is a canonical inclusion of PF into
G + G[1] ⊂ (T ∗M)⊕n

⊕ T ∗M[1]
⊕m , where G[1] and T ∗M[1] are the supervector

bundles obtained by reversing parities on the fibers. Let α be the canonical odd
1-form of T ∗M and β the canonical even 1-form of T ∗M[1]. Since we have not
been able to locate these 1-forms in the existing literature, we introduce them now.
Consider local coordinates on T ∗M

(x1, . . . , x p, θ1, . . . , θq , y1, . . . , yp, η1, . . . , ηq),

where x1, . . . , x p, θ1, . . . , θq are local coordinates on M and y1, . . . , yp, η1, . . . , ηq

are the even and odd coordinates on the cotangent bundle of M corresponding to
the basis dual to ∂/∂x1, . . . , ∂/∂x p, ∂/∂θ1, . . . , ∂/∂θq of T M. We define α as

α =

p∑
i=1

yi dxi −

p∑
j=1
ηj dθj .

It is routine to check that α does not depend on the local coordinates x1, . . . , x p,
θ1, . . . , θq on M. The 1-form β is defined by the same formula, where y1, . . . , yp

are now considered to be odd variables and η1, . . . , ηq are considered to be even
variables.

For i = 1, . . . , n, denote by fi : PF → T ∗M the i-th projection on T ∗M and, for
j = 1, . . . ,m, denote by gj : PF → T ∗M the j-th projection on T ∗M[1]. Define a
family of 1-forms on PF as

ωi = f ∗

i α, i = 1, . . . , n, and aj = g∗

j β, j = 1, . . . ,m.

Proposition 2.20. The pull-back π∗F of the superfoliation F by π is a superfoli-
ation on PF of codimension n + εm with trivialized normal bundle, defined by the
1-forms ω1, . . . , ωn, a1, . . . , am .

Proof. According to Theorem 2.10, we just have to check that Proposition 2.20
holds in the case of the superfoliation R

p,q
n,m . Let (x1, . . . , x p, θ1, . . . , θq) be the

(global) coordinates of R
p,q
n,m and y j

i , η j
k , ζ l

i , zl
k , for i, j ∈ {1, . . . , n} and k, l ∈

{1, . . . ,m}, and with det(yk
i ) 6= 0 and det(zl

k) 6= 0, be the (global) coordinates of
GL(n,m). These coordinates define a system of coordinates on the supermanifold
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PR
p,q
n,m

' R
p,q
n,m × GL(n,m). In the latter system, we have

ωi =

n∑
k=1

yi
k dxk −

m∑
l=1
θ i

l dθl and aj =

n∑
k=1

ζ
j

k dxk −

m∑
l=1

z j
l dθl .

Since det(yk
i ) 6=0 and det(zl

k) 6=0, the 1-forms ω1, . . . , ωn, a1, . . . , am ∈�1(PR
p,q
n,m
)

and the 1-forms dx1, . . . , dxn, dθ1, . . . , dθm ∈�1(PR
p,q
n,m
) define the same superfo-

liation on PR
p,q
n,m

. This superfoliation is clearly π∗F. This completes the proof. �

Remark 2.21. Proposition 2.20 provides a canonical way to replace a superfo-
liation F, which has no trivialized normal bundle, by a superfoliation π∗F that
has a trivialized normal bundle. This construction is functorial, in the sense that,
if F1 is a superfoliation on M1, then F2 is a superfoliation on M2, and, if Φ :

M1 → M2 is a morphism of foliated supermanifolds, then Φ induces a submersion
ΦP : PF1 → PF2 that is a morphism of foliated supermanifolds with respect to the
superfoliations π∗F1 and π∗F2. In other words, the application F 7→ PF defines a
functor from the category of foliated supermanifolds of codimension n+εm to the
category of foliated supermanifolds of codimension n+εm with trivialized normal
bundle.

3. The cohomology of Vect(n, m)0

For any super-Lie algebra g, let X1, . . . , Xg be a basis of g and a1, . . . , ag the dual
basis, with ai (X i ) = (−1)|X i |, where |X i | is the parity of X i , and ai (X j ) = 0 for
i 6= j . If for any i, j, k ∈ {1, . . . , g} there exists some Ck

i, j ∈ R with

[X i , X j ] =

g∑
k=1

Ck
i, j Xk,

then the Chevalley–Eilenberg differential is given by (see [Fuchs 1986])

(3-1) δak =
1
2

g∑
i, j=1

(−1)|X i | Ck
i, j ai ∧ aj .

Since we work with infinite-dimensional Lie algebras, we have to replace the
Chevalley–Eilenberg cohomology by an infinite-dimensional generalization, but
the signs in Equation (3-1) will remain valid.

3A. The Chevalley–Eilenberg complex of Vect(n, m) and Vect(n, m)0. To con-
struct the theory of secondary characteristic classes of superfoliations, we need
some prerequisites about the cohomology of a certain infinite-dimensional Lie al-
gebra of supervector fields; this construction can be found, for instance, in [Fuchs
1986].
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Take the superalgebra of superpolynomials

R[x1, . . . , xn, θ1, . . . , θm] = R[x1, . . . , xn] ⊗
∧

Rm .

The degree of a superpolynomial x i1
1 . . . x

in
n θ

j1
1 . . . θ

jm
m , with i1, . . . , in ∈ N and

j1, . . . , jm ∈ {0, 1}, is defined to be i1 + · · · + in + j1 + · · · + jm . This turns
R[x1, . . . , xn, θ1, . . . , θm] into an N-graded superalgebra.

The graded super-Lie algebra

Vect(n,m)=

+∞⊕
i=−1

Vect(n,m)i

of formal supervector fields is defined to be the super-Lie algebra of superderiva-
tions of R[x1, . . . , xn, θ1, . . . , θm]. Elements of Vect(n,m)i are said to be of weight
i . We denote Vect(n, 0) simply by Vect(n). We denote the even part of Vect(n,m)
by Vect(n,m)0 =

⊕
+∞

i=−1 Vect(n,m)i0.
Let

∧
Vect(n,m)∗ be the DGA of multilinear superalternating forms for the

projective topology of Vect(n,m); let
∧

Vect(n,m)∗0 be the DGA of multilinear
superalternating forms for the projective topology of Vect(n,m)∗0; see, for instance,
[Fuchs 1986]. “Projective” means, in short, that an element of Vect(n,m)∗ (respec-
tively, Vect(n,m)∗0 ) is a linear form on Vect(n,m) that vanishes on all the spaces
Vect(n,m)i (respectively, Vect(n,m)i0 ) but for finitely many i ∈ N ∩ {−1}. The
spaces

∧
Vect(n,m)∗ and

∧
Vect(n,m)∗0 are the exterior products of Vect(n,m)∗

and Vect(n,m)∗0, respectively.
Denote by ∂ be the Chevalley–Eilenberg differential on

∧
Vect(n,m)∗, and by

∂0 the Chevalley–Eilenberg differential on
∧

Vect(n,m)∗0. The cohomology of
the DGA

(∧
Vect(n,m)∗0, ∂0

)
is called the (Chevalley–Eilenberg) cohomology of

Vect(n,m)0, and is denoted by H∗
(
Vect(n,m)0

)
. Maybe the name “Chevalley–

Eilenberg” is not absolutely correct, since we do not consider the complex of all
skew-symmetric forms, but there is no risk of confusion here.

Let E be the ideal (with respect to the product ∧) generated by the even elements
of Vect(n,m)∗, that is, by the continuous linear forms on Vect(n,m) that identically
vanish on Vect(n,m)0. The next lemma will be useful.

Lemma 3.1. The DGA
∧

Vect(n,m)∗/E and
∧

Vect(n,m)∗0 are isomorphic.

Remark 3.2. Note that Vect(n,m) is sometimes denoted by W (n,m). We prefer
the notation Vect(n,m) in order to avoid confusion with the Weil algebra.

3B. Two technical lemmas about the complex
(∧

Vect(n, m)∗, δ
)
. To prove

Proposition 4.2, we need to fix some notation and give the two technical Lemmata
3.5 and 3.6 about the DGA

(∧
Vect(n,m), ∂

)
.
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The family

(3-2)


1

i1! . . . in!
x i1

1 . . . x
in
n θ

j1
1 . . . θ

jm
m

∂

∂xi
,

1
i1! . . . in!

x i1
1 . . . x

in
n θ

j1
1 . . . θ

jm
m

∂

∂θj

(with i1, . . . , in ∈ N, j1, . . . , jm ∈ {0, 1}, i = 1, . . . , n, and j = 1, . . . ,m) is a basis
of Vect(n,m). Denote elements of its dual basis by

(
1/(i1! . . . in!) x i1

1 . . . x
in
n θ

j1
1 . . .

θ
jm

m ∂/∂xi
)∗ and

(
1/(i1! . . . in!) x i1

1 . . . x
in
n θ

j1
1 . . . θ

jm
m ∂/∂θj

)∗.
Remark that, if we denote by (x i1

1 . . . x
in
n θ

j1
1 . . . θ

jm
m ∂/∂xi

)∗ and (x i1
1 . . . x

in
n θ

j1
1 . . .

θ
jm

m ∂/∂θj
)∗ the elements of the basis dual to the basis given by x i1

1 . . . x
in
n θ

j1
1 . . . θ

jm
m

∂/∂xi and x i1
1 . . . x

in
n θ

j1
1 . . . θ

jm
m ∂/∂θj , then we have

(3-3)


( 1

i1! . . . in!
x i1

1 . . . x
in
n θ

j1
1 . . . θ

jm
m

∂

∂xi

)∗

= i1! . . . in!

(
x i1

1 . . . x
in
n θ

j1
1 . . . θ

jm
m

∂

∂xi

)∗

( 1
i1! . . . in!

x i1
1 . . . x

in
n θ

j1
1 . . . θ

jm
m

∂

∂θj

)∗

= i1! . . . in!

(
x i1

1 . . . x
in
n θ

j1
1 . . . θ

jm
m

∂

∂θj

)∗

For convenience, we introduce two notations.

Definition 3.3. For all i ∈ {1, . . . , n + m}, we define |i | to be 0 for i ∈ {1, . . . , n}

and be 1 for i ∈ {n + 1, . . . n + m}.

Definition 3.4. We define hi , i = 1, . . . , n + m, to be xi if |i | = 0 and be θi−n if
|i | = 1.

For example, we denote by hi1 . . . his hn+ j1 . . . hn+ jt ∂/∂h1 ∈ Vect(n,m) the ele-
ment that we used to denote by xi1 . . . xis θj1 . . . θjt ∂/∂x1, where i1, . . . , is ∈{1, . . . ,
n} and j1, . . . , jt ∈ {1, . . . ,m}.

Define the weight of (hi1 . . . hik ∂/∂hi )
∗ to be k − 1 for any i1, . . . , ik ∈ {1,

. . . , n + m}. Define 3k to be the subalgebra of
∧

Vect(n,m)∗0 generated (with
respect to ∧) by elements of weights −1, 0, 1, . . . , k. One has ∂3k−1 ⊂3k .

We now compute the Chevalley–Eilenberg differential in the basis dual to the
basis in (3-2). For this purpose, we define ci1,...,ik

j for any i1, . . . , ik, j ∈ {1, . . . ,
n + m} by

ci1,...,ik
j =

n∏
i=1

K
(
i, [i1, . . . , ik]

)
!

(
hi1 . . . hik

∂

∂hj

)∗

,

where K
(
i, [i1, . . . , ik]

)
is the number of integers equal to i in the list [i1, . . . , ik].

If | j | = 1 and j appears more than twice in the list [i1, . . . , ik], then, of course,

(3-4) ci1,...,ik
j = 0.
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Otherwise, we have

ci1,...,ik
j = ε

( 1
k1! . . . kn!

xk1
1 . . . x

kn
n θ

j1
1 . . . θ

jm
m

∂

∂hj

)∗

for some ε ∈ {−1, 1}, where k1 =K
(
1, [i1, . . . , ik]

)
, . . . , kn =K

(
n, [i1, . . . , ik]

)
and where, for any i ∈ {1, . . . ,m}, ji = 1 if and only if n + i appears in the
list [i1, . . . , ik].

For any i1, . . . , ik, j ∈ {1, . . . , n+m}, we define P i1,...,ik
j ∈3k−1 by:

(3-5) ∂ci1,...,ik
j = P i1,...,ik

j +

n+m∑
l=1
(−1)|l|

(
∂

∂hl

)∗

∧ cl,i1,...,ik
j .

Lemma 3.5. For any i1, . . . , ik, j ∈ {1, . . . , n+m} , P i1,...,ik
j is an element of3k−1.

Proof. Denote by Σl,k the set of shuffles of the sets {1, . . . , l} and {l+1, . . . , k}.
We have

(3-6) ∂ci1,...,ik
j =

n+m∑
l=1

∑
σ∈Σl,k

D(i1, . . . , ik, l, j, σ ) ciσ(l+1),...,iσ(k)
l ∧ cl,iσ(1),...,iσ(l)

j ,

for some D(i1, . . . , ik, l, j, σ ) ∈ R.
From the relations

(3-7)
[
∂

∂xi
,

1
k1! . . . (ki +1)! . . . kn!

xk1
1 . . . xki +1

i . . . xkn
n θ

j1
1 . . . θ jm

m
∂

∂hj

]
=

1
k1! . . . ki ! . . . kn!

xk1
1 . . . xki

i . . . x
kn
n θ

j1
1 . . . θ jm

m
∂

∂hj
,

(3-8)
[
∂

∂θl
,

θl
k1! . . . kn!

xk1
1 . . . xkn

n θ
j1

1 . . . θ
jl−1

l−1 θ
jl+1

l+1 . . . θ
jm

m
∂

∂hj

]
=

1
k1! . . . kn!

xk1
1 . . . xkn

n θ
j1

1 . . . θ
jl−1

l−1 θ
jl+1

l+1 . . . θ
jm

m
∂

∂hj
,

we obtain, using (3-1), (3-4), and the definition of ∂ , that

∂ci1,...,ik
j −

n+m∑
l=1
(−1)|l|

(
∂

∂hl

)∗

∧ cl,i1,...,ik
j

is a linear combinations of products of elements of weight 0, . . . , k−1 that do not
involve any terms of weight −1 or k. In other words, it is an element of 3k−1. �

Lemma 3.6. For any i1, . . . , ik, l ∈ {1, . . . , n+m}, define 2-forms Ql,i1,...,ik
j ∈ 3k

by

(3-9) Ql,i1,...,ik
j = P l,i1,...,ik

j −

n+m∑
l ′=1

(−1)|l|+|l ′|
(

hl
∂

∂hl ′

)∗

∧ cl ′,i1,...,ik
j .
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The following identity holds:

(3-10) ∂P i1,...,ik
j =

n+m∑
l=1

(
∂

∂hl

)∗

∧ Ql,i1,...,ik
j .

Proof. The identity

(3-11) ∂ci =

n+m∑
j=1
(−1)| j | cj ∧ c j

i

holds for any i ∈ {1, . . . , n+m}. Applying ∂ to (3-5) and using (3-11), we obtain

∂P i1,...,ik
j + ∂

n+m∑
l=1
(−1)|l|

(
∂

∂hl

)∗

∧ cl,i1,...,ik
j = 0,

∂P i1,...,ik
j +

n+m∑
l=1

n+m∑
l ′=1

(−1)|l
′
|+|l|

(
∂

∂hl ′

)∗

∧

(
hl ′

∂

∂hl

)∗

∧ cl,i1,...,ik
j ,

−

n+m∑
l=1

(
∂

∂hl

)∗

∧ ∂cl,i1,...,ik
j = 0,

∂P i1,...,ik
j +

n+m∑
l=1

n+m∑
l ′=1

(−1)|l
′
|+|l|

(
∂

∂hl

)∗

∧

(
hl

∂

∂hl ′

)∗

∧cl ′,i1,...,ik
j −

n+m∑
l=1

(
∂

∂hl

)∗

∧P l,i1,...,ik
j

−

n+m∑
l ′=1

n+m∑
l=1
(−1)|l

′
|
( ∂
∂hl

)∗

∧

(
∂

∂hl ′

)∗

∧ cl ′,l,i1,...,ik
j = 0.

Now, for any l ′, l ∈ {1, . . . , n+m}, we have
(
∂

∂hl

)∗

∧

(
∂

∂hl ′

)∗

= (−1)(|l|+1)(|l ′|+1)
(
∂

∂hl ′

)∗

∧

(
∂

∂hl

)∗

cl ′,l,i1,...,ik
j = (−1)|l

′
||l| cl,l ′,i1,...,ik

j

Therefore, we have

(−1)|l
′
|

(
∂

∂hl

)∗

∧

(
∂

∂hl ′

)∗

∧ cl ′,l,i1,...,ik
j = −(−1)|l|

(
∂

∂hl ′

)∗

∧

(
∂

∂hl

)∗

∧ cl,l ′,i1,...,ik
j

and n+m∑
l ′=1

n+m∑
l=1
(−1)|l

′
|

(
∂

∂hl

)∗

∧

(
∂

∂hl ′

)∗

∧ cl ′,l,i1,...,ik
j = 0.

The lemma follows immediately. �

3C. Generators of the cohomology of Vect(n, m)0. We introduce a DGA whose
cohomology is H∗

(
Vect(n,m)0

)
but that is easier to work with than Vect(n,m)0

itself.
Let gln (respectively, glm) be the Lie algebra of linear endomorphism of Rn (re-

spectively, Rm). Let (ai, j )i, j∈{1,...,n} (respectively, (dk,l)k,l∈{1,...,m}) be the canonical
basis of gln (respectively, glm).
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The elements Vect(n,m)00 of weight 0 in Vect(n,m)0 form a Lie subalgebra of
Vect(n,m)0, isomorphic to gln ⊕ glm through the isomorphism ϕ with

(3-12) ϕ
(

xi
∂

∂xj

)
= ai, j and ϕ

(
θk
∂

∂θl

)
= dk,l .

Let p0 be the projection from Vect(n,m)0 to Vect(n,m)00, with kernel

Ker p0 = Vect(n,m)−1
0 ⊕

∞⊕
i=1

Vect(n,m)i0.

Let α : (gln ⊕ glm)
∗
→ Vect(n,m)∗0 be the linear map α = p∗

0 ◦ ϕ∗, where p∗

0 and
ϕ∗ are the dual maps of p0 and ϕ.

The map α defines a gln ⊕ glm-connection (see [Guillemin and Sternberg 1999,
Chapter 3]) of the DGA

∧
Vect(n,m)∗0 that induces a DGA homomorphism (denoted

again by α) from the Weil algebra W (gln ⊕glm)= S
(
(gln ⊕glm)

∗
)
⊗

∧
(gln ⊕glm)

∗

to
∧

Vect(n,m)∗0.
Let K be the kernel of α. The cohomology of the DGA W (gln ⊕ glm)/K is

denoted by H∗
(
W (gln ⊕ glm)/K

)
. Write α̃ for the DGA homomorphism from

W (gln ⊕glm)/K to
∧

Vect(n,m)∗0 induced by α. Let α̂ : H∗
(
W (gln ⊕glm)/K

)
→

H∗
(
Vect(n,m)0

)
be the map induced by α̃ in cohomology.

Theorem 3.7. The map α̂ is an isomorphism between H∗
(
W (gln ⊕ glm)/K

)
and

H∗
(
Vect(n,m)0

)
.

The proof is provided in Appendix A.

4. Secondary characteristic classes of superfoliations

We construct, for any superfoliation F on M of codimension n+εm with trivialized
normal bundle, a map from H∗

(
Vect(n,m)0

)
to the de Rham cohomology of the

base manifold H∗(M).
We use the conventions introduced in Defintions 3.3 and 3.4. Throughout this

section, we often say “homomorphism” for “DGA homomorphism”.

4A. DGA homomorphism defining a superfoliation.

Definition 4.1. We say that a DGA homomorphism

ω :
(∧

Vect(n,m)∗, ∂
)
→

(
�∗(M), dM

)
defines the superfoliation F of codimension n +εm with trivialized normal bundle
if the 1-forms ω

(
(∂/∂hi )

∗
)
, i = 1, . . . , n+m, define the superfoliation F.

Consider a superfoliation F with trivialized normal bundle on M, defined by
1-forms b1, . . . , bn+m , where b1, . . . , bn are odd 1-forms and bn+1, . . . , bn+m are
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even 1-forms. Take 1-forms (b j
i )i, j∈{1,...,n+m} such that

(4-1) dMbi =

n∑
j=1

bj ∧ b j
i −

n+m∑
j=n+1

bj ∧ b j
i .

According to (2-6), such 1-forms b j
i always exist. The choice of signs in (4-1) is

explained by:

Proposition 4.2. For any superfoliation F with trivialized normal bundle on M,
there exists a DGA homomorphism ω from

(∧
Vect(n,m)∗, ∂

)
to

(
�(M), dM

)
that

defines the superfoliation F. Moreover, we can assume that

ω
(
(∂/∂hi )

∗
)
= bi , i = 1, . . . , n+m(4-2)

ω
(
(hi ∂/∂hj )

∗
)
= bi

j , i, j = 1, . . . , n+m.(4-3)

First, we need the following lemma, proved in Appendix B.

Lemma 4.3. Let d1, . . . , dn be odd 1-forms and dn+1, . . . , dn+m even 1-forms,
forming a free family. Let d i , i = 1, . . . , n+m, be 2-forms on M such that

n+m∑
i=1

di ∧ d i
= 0

There exist homogeneous 1-forms d i,l of parity |i | + |l| + 1 (modulo 2) such that

d i,l
= −(−1)(|i |+1)(|l|+1)dl,i and

n+m∑
i=1

di ∧ d i,l
= dl .

Proof of Proposition 4.2. Define ε(i1, . . . , ik, σ ) ∈ {−1, 1}, for any permutation σ
of {1, . . . , k}, by

hiσ(1) . . . hiσ(k) = ε(i1, . . . , ik, σ ) hi1 . . . hik .

We will construct by induction a homomorphism ω : 3k → �(M) such that, for
any α ∈3k−1,

(4-4) dMω(α)= ω
(
∂(α)

)
.

Equations (4-2) and (4-3) define such a map ω for k = 0. Equations (3-11) and
(4-1) imply that the condition (4-4) holds for k = 0. We have therefore constructed
ω for k = 0.

We now assume that ω can be constructed for some k ∈ N and construct it for
k + 1. Applying ω to (3-5), we obtain

dMω(c
i1,...,ik
j )= ω(P i1,...,ik

j )+
n+m∑
l=1
(−1)|l|ω

(
(∂/∂hl)

∗
)
∧ω(cl,i1,...,ik

j ).
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Denote ω(ci1,...,in
j ) by bi1,...,in

j . In particular, bl = ω
(
(∂/∂xl)

∗
)
. By applying dM to

both sides of the previous expression and using Equation (4-2), we obtain

dMω(P
i1,...,ik
j )+ dM

( n+m∑
l=1
(−1)|l| bl ∧ bl,i1,...,ik

j

)
= 0.

By (4-1), we have

dMω(P
i1,...,ik
j ) +

n+m∑
i=1

bi ∧

( n+m∑
l=1
(−1)|i |+|l|bi

l ∧ bl,i1,...,ik
j − dMbi,i1,...,ik

j

)
= 0.

Since P i1,...,ik
j ∈ 3k−1, we have ω(∂P i1,...,ik

j ) = dMω(P
i1,...,ik
j ). Equation (3-10)

implies that

n+m∑
i=1

bi ∧

(
ω(Qi,i1,...,ik

j )+
n+m∑
l=1
(−1)|l|+|i | bi

l ∧ bl,i1,...,ik
j − dM bi,i1,...,ik

j

)
= 0.

From (3-9) it follows that

n+m∑
i=1

bi ∧
(
ω(P i,i1,...,ik

j )− dM ci,i1,...,ik
j

)
= 0.

By Lemma 4.3, there exist 1-forms bi,l,i1,...,ik
l satisfying

(4-5)

dM bi,i1,...,ik
j −ω

(
P i,i1,...,ik

j

)
=

n+m∑
l=1
(−1)|l| bl ∧ bl,i,i1,...,ik

j

(−1)|i | bi,l,i1,...,ik
j = −(−1)(|l|+1)(|i |+1)(−1)|l| bl,i,i1,...,ik

j .

This last equation can be rewritten

(4-6) bi,l,i1,...,ik
j = (−1)|i ||l| bl,i,i1,...,ik

j .

Equation (4-5) and the relationsbiσ(1),...,iσ(k),iσ(k+1)
j = ε(i1, . . . , ik+1, σ ) bi1,...,ik ,ik+1

j

P iσ(1),...,iσ(k),iσ(k+1)
j = ε(i1, . . . , ik+1, σ )P i1,...,ik ,ik+1

j .

imply that, for any permutation σ of {1, . . . , k+1},

(4-7) bi,iσ(1),...,iσ(k+1)
j = ε(i1, . . . , ik+1, σ ) bi,i1,...,ik+1

j .

Equations (4-6) and (4-7) imply that, for any permutation σ of {1, . . . , k+2} and
any i1, . . . , ik+1, ik+2 ∈ {1, . . . , n+m}, we have

(4-8) biσ(1),...,iσ(k+1),iσ(k+2)
j = ε(i1, . . . , ik, ik+2, σ ) bi1,...,ik+1,ik+2

j .
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We can then define ω on elements of weight k + 1 by ω(ci1,...,ik+2
j ) = bi1,...,ik+2

j .
Equation (4-8) implies that

ω(ciσ(1),...,iσ(k+2)
j )= ε(i1, . . . , ik+2, σ ) ω(c

i1,...,ik+2
j ),

and hence ω is well defined. The map ω can be uniquely extended to a DGA homo-
morphism from 3k+1 to �(M). According to (3-5) and (4-5), this homomorphism
satisfies dMω(α)= ω

(
∂(α)

)
for any α ∈3k . This completes the proof. �

4B. Construction of secondary characteristic classes. Assume that

ω :
∧

Vect(n,m)∗0 →�(M)

is a DGA homomorphism defining a superfoliation F of codimension n + εm with
trivialized normal bundle. Set βω = p◦ω, where p is the canonical projection from
�∗(M) to �∗(M). By Lemma 2.1, the kernel of p contains all odd 2k-forms and
even (2k+1)-forms. As a consequence, ω(E) is contained in the kernel of βω. The
homomorphism βω induces a homomorphism from

∧
Vect(n,m)∗/E to �∗(M).

By Lemma 3.1,
∧

Vect(n,m)∗/E '
∧

Vect(n,m)∗0, and therefore βω induces a
homomorphism β ′

ω from
∧

Vect(n,m)∗0 to �∗(M).

Definition 4.4. Let ϕM,F be the homomorphism from H∗
(
Vect(n,m)0

)
to H∗(M)

induced in cohomology by the DGA homomorphism

β ′

ω :
∧

Vect(n,m)∗0 →�∗(M).

This definition is justified by:

Proposition 4.5. The homomorphism ϕM,F : H∗
(
Vect(n,m)0

)
→ H∗(M) is inde-

pendent of the choice of homomorphism ω :
∧

Vect(n,m)∗ → �(M) defining the
superfoliation F.

First, we need a lemma. Let ω1 and ω2 be two homomorphisms defining the
superfoliation F, and let ϕ1

M,F, ϕ
2
M,F be the homomorphisms

∧
Vect(n,m)∗ →

�(M) constructed from ω1 and ω2 as in Definition 4.4.

Lemma 4.6. If p◦ω1
(
(xi ∂/∂xj )

∗
)
= p◦ω2

(
(xi ∂/∂xj )

∗
)

and p◦ω1
(
(θk ∂/∂θl)

∗
)
=

p ◦ω2
(
(θk ∂/∂θl)

∗
)
∈�(M) for all i, j ∈ {1, . . . , n} and k, l ∈ {1, . . . ,m}, then

ϕ1
M,F = ϕ2

M,F.

Proof. A DGA homomorphism β from the Weil algebra W (g) = S(g∗) ⊗
∧

g∗

of a Lie algebra g to a given DGA (A, dA) depends only on the restriction of
β to 1 ⊗

∧
1 g∗, see [Guillemin and Sternberg 1999]. In particular, the homo-

morphisms βωa ◦ α : W (gln ⊕ glm) → �(M) for a = 1, 2 depend only on the
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1-forms p ◦ω
(
(xi ∂/∂xj )

∗
)

and p ◦ ω
(
(θk ∂/∂θl)

∗
)
, where i, j ∈ {1, . . . , n} and

k, l ∈ {1, . . . ,m}. Therefore,

βω1 ◦α = βω2 ◦α and β ′

ω1 ◦ α̃ = β ′

ω2 ◦ α̃.

For a = 1, 2, the diagram

W (gln + glm)

K

α̃ -
∧

Vect(n,m)∗0

�(M)

β ′

ωa

?β ′

ωa ◦ α̃ -

is commutative. Moreover, according to Theorem 3.7, α̃ induces an isomorphism
in cohomology. This completes the proof. �

Proof of Proposition 4.5. Set ai = ω1
(
(∂/∂hi )

∗
)

and bi = ω2
(
(∂/∂hi )

∗
)
. Set also

a j
i = ω1

(
(hj∂/∂hi )

∗
)

and b j
i = ω2

(
(hj∂/∂hi )

∗
)
.

For any superfunction f on the supermanifold M×R, denote by f |t its restriction
to M × {t}. Denote by it the maps from M to M × R induced by f → f |t . Let

pr : M × R → M

be the natural projection.
On the supermanifold M × R, consider the superfoliation F′ that is the pull-

back of F by the projection pr. There exist 1-forms c1, . . . , cn+m defining the
superfoliation F′ and 1-forms (ck

i )i,k∈{1,...,n+m} satisfying the identity

dM ci =

n+m∑
k=1

(−1)|k| ck ∧ ck
i

and the following two properties:

• The 1-forms ci , i ∈ {1, . . . , n+m} (respectively, ck
i , i, k ∈ {1, . . . , n+m})

restricted to M×(−∞, 1/4 ] are equal to pr∗ ai , i = 1, . . . , n+m (respectively,
pr∗ ai

k , i, k ∈ {1, . . . , n+m}).

• The 1-forms ci , i ∈ {1, . . . , n+m} (respectively, ck
i , i, k ∈ {1, . . . , n+m})

restricted to M × (3/4 ,∞) are equal to pr∗ bi , i = 1, . . . , n+m (respectively,
pr∗ bi

k , i, k ∈ {1, . . . , n+m}).

By Proposition 4.2, there exists a homomorphism ω3 :
∧

Vect(n,m)∗ →�(M×R)

defining F′, such that ω3
(
(hi∂/∂hj )

∗
)

= ci
j and ω3

(
(∂/∂hi )

∗
)

= ci . Then, the

The editors acknowledge the use of the diagrams package by Paul Taylor.
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following diagram is commutative:

�(M)

∧(
Vect(n,m)0

) α̃- W (gln ⊕ glm)

K

p ◦ ω3 ◦ α̃-

p ◦ ω1
◦ α̃ -

�(M × R).

i∗

1

�

�(M)
i∗

2�p ◦ ω2
◦ α̃

-

Therefore, we also have the commutative diagram

H∗(M)

H∗
(
Vect(n,m)0

) α̂- H∗

(W (gln ⊕ glm)

K

) ϕM×R,F′ ◦ α̂
-

ϕ1
M,F ◦ α̂ -

H∗(M × R),

i∗

1

�

H∗(M)
i∗

2�ϕ2
M,F ◦ α̂ -

where ϕM×R,F′ : H∗
(
Vect(n,m)

)
is constructed as in Definition 4.4, with the help

of the DGA homomorphism ω3 defining F′.
Since by Theorem 3.7 α̂ is a bijection, and i∗

1 : H∗(M × R) → H∗(M) and
i∗

2 : H∗(M × R)→ H∗(M) are isomorphisms with i∗

1 ◦ (i∗

2 )
−1

= Id, we have

ϕ1
M,F = ϕ2

M,F. �

We now study how ϕM,F behaves with respect to morphisms of superfoliations.

Proposition 4.7. Let F (respectively, G) be a superfoliation with trivialized normal
bundle on M (respectively, N). Let Φ : N → M be a morphism of foliated super-
manifolds, and ϕ : N → M the map induced by Φ, from the base manifold N of
N to the base manifold M of N. Let ϕ∗

: H∗(M)→ H∗(N ) be the pull-pack by ϕ.
Under these hypotheses, we have

(4-9) ϕN,G = ϕ∗
◦ϕM,F.

In other words, for any supermanifold N and any submersion Φ : N → M, we have
ϕN,Φ∗F = ϕ∗

◦ϕM,F, where Φ∗F is the pull-back via Φ of the superfoliation F.

Proof. If ω :
∧

Vect(n,m)∗ → �(M) is a DGA homomorphism defining F, then
Φ∗

◦ ω :
∧

Vect(n,m)∗ → �(N) is a homomorphism of DGAs defining G. Let
pN :�(N)→�(N ) and pM :�(N)→�(N ) be the canonical projections of the
supermanifolds N and M to their base manifolds, as defined in Lemma 2.1. We
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have pN ◦Φ∗
= ϕ∗

◦ pM , which implies that

pN ◦Φ∗
◦ω = ϕ∗

◦ pM ◦ω.

Hence, βΦ∗◦ω = ϕ∗
◦βω, and Equation (4-9) follows. �

4C. Examples.

4C(a). Superfoliations of codimension 0+ε1. If F is a superfoliation of codimen-
sion 0+ ε1 defined by an even 1-form a ∈�1(M), then there exists an odd 1-form
b ∈�1(M) with dM a = −a ∧ b.

By Proposition A.11, H k
(
Vect(0, 1)0

)
=0 if k /∈{0, 1}, and H 1

(
Vect(0, 1)0

)
'R.

Moreover, H 1
(
Vect(0, 1)0

)
is generated by H =

[
(θ ∂/∂θ)∗

]
. By Proposition 4.2,

there exists a homomorphism ω :
∧

Vect(0, 1)∗ →�(M) such that ω
(
(θ ∂/∂θ)∗

)
=

b. By construction, we have ϕMF(H) = [p(b)]. See [Laurent-Gengoux 2004] for
additional details.

Example 4.8. Let E → S1 be a trivial 1-dimensional vector bundle. The superman-
ifold S1,1

= M(S1, E), with base manifold S1 and superalgebra of superfunctions
�(M)= 0

(∧∗ E
)
, is called a supercircle. Let x ∈ S1 be the even parameter and θ

the odd parameter.
Let t ∈ R∗ be a real number different from zero, and Ft the superfoliation of

codimension 0 + 1ε defined by the 1-form bt = dθ + t θ dx . Note that

dS1,1bt = t dx ∧ dθ = (dθ + t θ dx)∧ t dx .

By the preceding discussion, we have

ϕS1,1,Ft
(H)= −[p(t dx)] = −t [dx].

For t 6= 0, we obtain a nonzero element of H 1(S1). We have thus constructed a
supermanifold M and a superfoliation F with ϕM,F not zero.

4C(b). Superfoliations of codimension 1 + ε1. Let F be a superfoliation of codi-
mension 1+ε1 given by an odd 1-form ω∈�1(M) and an even 1-form a ∈�1(M).

There exist b, c ∈ �1(M) with dM a = ω∧ c − a ∧ b. By Proposition 4.2, there
is a DGA homomorphism ωF :

∧
Vect(1, 1)∗ →�(M), defining the superfoliation

F, with ωF

(
(∂/∂x)∗

)
= ω and ωF

(
(θ ∂/∂θ)∗

)
= b.

By Proposition A.12, H k
(
Vect(n,m)0

)
vanishes if k 6= 3, and H 3

(
Vect(n,m)0

)
is generated the classes H1, H2, H3 described by Equations (A-13), (A-14), and
(A-15).

Proposition 4.9. Let F be a superfoliation of codimension 1 + ε1 defined by the
odd 1-form ω and the even 1-form a. Suppose b is an odd 1-form and c an even
1-form on M satisfying dM a = ω∧ c − a ∧ b.
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(1) There exist α, β, ξ ∈�1(M) on the base manifold M such that

(4-10)


dM p(ω)= p(ω)∧α,

dMα = p(ω)∧β,

dM p(b)= p(ω)∧ ξ.

(2) We have

(4-11)


ϕM,F(H1)=

[
β ∧α∧ p(ω)

]
,

ϕM,F(H2)=
[
ξ ∧α∧ p(ω)

]
,

ϕM,F(H3)=
[
ξ ∧ p(b)∧ p(ω)

]
.

Proof. (1) Define α, β, ξ by

(4-12)


α = p ◦ωF

(
(x ∂/∂x)∗

)
β = p ◦ωF

(
( 1

2 x2 ∂/∂x)∗
)

ξ = p ◦ωF

(
(xθ ∂/∂θ)∗

)
Applying p ◦ωF to the identity

∂
(
∂

∂x

)∗

=

(
∂

∂x

)∗

∧

(
x ∂
∂x

)∗

−

(
∂

∂θ

)∗

∧

(
θ
∂

∂x

)∗

,

and using Lemma 2.1, we obtain

dM
(

p(ω)
)
= p(ω)∧α.

Applying p ◦ωF to the identity

∂
(

x ∂
∂x

)∗

=

(
∂

∂x

)∗

∧

( x2

2
∂

∂x

)∗

−

(
∂

∂θ

)∗

∧

(
θx ∂
∂x

)∗

−

(
x ∂
∂θ

)∗

∧

(
θ
∂

∂x

)∗

,

and using Lemma 2.1, we get

dM(α)= p(ω)∧β.

Applying p ◦ωF to the identity

∂
(
θ
∂

∂θ

)∗

=

(
∂

∂x

)∗

∧

(
xθ ∂
∂θ

)∗

and using Lemma 2.1, we obtain

dM
(

p(b)
)
= p(ω)∧ ξ.

Thus, there exist 1-forms α, β, ξ satisfying (4-10).
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(2) We must now check that the cohomology classes[
β ∧α∧ p(ω)

]
,

[
ξ ∧α∧ p(ω)

]
,

[
ξ ∧ p(b)∧ p(ω)

]
∈ H 3(M)

do not depend on the chosen 1-forms α, β, ξ that satisfy (4-10).
The 1-form [β ∧ α ∧ p(ω)] is the Godbillon–Vey class of the codimension-1

foliation FF constructed from F on the base manifold in Section 2C(a). This FF is
defined by p(ω). The fact that [β ∧α∧ p(ω)] does not depend on the choice of α
and β was proved in [Godbillon and Vey 1971].

From the identity ξ ∧ α ∧ p(ω) = −(dM p(b))∧ α = ξ ∧ dM p(ω) follows that
[ξ ∧ α ∧ p(ω)] does not depend on the 1-forms α, β, ξ ; while from the identity
ξ ∧ p(b)∧ p(ω)= −(dM p(b))∧ p(b) follows that [ξ ∧α∧ p(ω)] does not depend
on the 1-forms α, β, ξ . This completes the proof. �

Example 4.10. Let M be a manifold and F a foliation of codimension 1 on M ,
defined by ω ∈�1(M) with dMω = ω∧α. Assume moreover that the Godbillon–
Vey class −[α∧ dMα] ∈ H 3(M) is not zero.

Let E → M be the trivial 1-dimensional bundle E = R × M . Consider the
supermanifold M with O(M)=0

(∧
E

)
, and denote by θ the unique odd parameter

corresponding to some constant section of E . There is a canonical embedding
I : �1(M)→ �1(M) given by the pull-back of the canonical projection M → M .
Of course, p ◦ I = Id�1(M).

Define a superfoliation of codimension 1 + ε1 by the odd 1-form I (ω) and the
even 1-form a = dθ+θ I (α). We check that these 2-forms define a superfoliation.
We have dM I (ω)= I (ω)∧ I (α) and

(4-13) dMa = dθ ∧ I (α)+ θ dM I (α)=
(
dθ + θ I (α)

)
∧ I (α)+ θ I (dM α).

Since dM α = ω∧ ξ for some ξ ∈�1(M) [Godbillon and Vey 1971], we have

dMa = a ∧ I (α)+ I (ω)∧ θ I (ξ).

Therefore, the pair (a, I (ω)) defines a superfoliation of codimension 1 + ε1.
Now, from (4-13) we see that b = α and p(b)= α. By (4-11), we obtain

ϕM,F(H1)= ϕM,F(H2)= ϕM,F(H3)= −[α∧ dM α] 6= 0.

Example 4.11. We describe a superfoliation of codimension 1+ε1 with trivialized
normal bundle such that ϕM,H(H1)= 0 and ϕM,H(H3) 6= 0.

Consider the supermanifold given by the trivial 1-vector bundle E over the 3-
dimensional torus T 3

' (S1)3. Let x, y, z ∈ S1 be the coordinates of T 3, and let θ
be the odd parameter corresponding to the constant section of E . Take f (x), g(x)
two smooth functions on S1 with

∫
S1 W ( f, g) 6= 0, where W is the Wronskian.
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We leave the reader to check that the odd 1-form ω = dx and the even 1-form

a = dθ + θ( f (x)dy + g(x)dz)

define a superfoliation of codimension 1 + ε1. In this case, we can choose b =

f (x) dy + g(x) dz, and it is routine to check that

ϕM,H(H3)=
[
W ( f, g) dx ∧ dy ∧ dz

]
Since [W ( f, g) dx ∧ dy ∧ dz] =

(∫
S1 W ( f, g)

)
[dx ∧ dy ∧ dz], it follows that

ϕM,H(H3) is a nonzero class in de Rham cohomology. Since p(ω)= dx is a closed
1-form, ϕM,H(H1)= 0.

4C(c). Superfoliations of codimension 0 + εm. According to Proposition A.10,
we have H∗

(
Vect(0,m)0

)
' H∗(glm), where H∗(glm) is the Chevalley–Eilenberg

cohomology of the Lie algebra glm . In such a case, therefore, ϕM,F is a map
from H∗(glm) to H∗(M). Moreover, if ω is a DGA homomorphism defining the
superfoliation F, then ϕM,F is given by

(4-14) dl
k → p

(
ω

(
(θk ∂/∂θl)

∗
))

for any k, l = 1, . . . ,m.

Example 4.12. We compute this homomorphism in a particular case. The semidi-
rect product glm n Rm of the Lie algebra glm with Rm can be considered as a
super-Lie algebra with even part glm and odd part Rm . Let G be the super-Lie group
associated to this Lie algebra by Lie’s third theorem (which is true for super-Lie
algebras [Tuynman 2004]). Since glm ⊂ glm n Rm , the Lie group GLn acts on the
left on G, and a superfoliation of codimension 0 + εm is given on G by this left
action.

This superfoliation is defined by the left-invariant forms ā1, . . . , ām associated
to the canonical basis a1, . . . , am ∈ (Rm)∗. Moreover, for any k ∈ {1, . . . ,m}, we
have

dG āk =

m∑
l=1

āl ∧ d̄l
k

where d̄l
k ∈ T ∗(G) are the left invariant 1-forms on G associated to the canonical

basis dl
k of gl(m)∗.

By construction, therefore, there exists a homomorphism ω defining the super-
foliation, such that

ω
(
(θk ∂/∂θl)

∗
)
= d̄l

k for any k, l ∈ {1, . . . ,m}.

By Equation (4-14), we obtain that, for any H ∈ H∗(glm),

ϕM,F(H)= H̄ ,
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where H̄ is the class of the left-invariant form on GLm that corresponds to H . In
other words, ϕM,F is equal to the natural homomorphism H∗(glm)→ H∗(GLm).

It is well known that H∗(GLm) ' H∗(O(m)), where O(m) is the orthogonal
group, and that H 3(O(m))' R and H 3(glm)' R for m ≥ 3. We leave the reader
to check that the homomorphism H 3(glm) → H 3(GLm) is not trivial. Therefore,
we have proved the existence of nontrivial secondary characteristic classes for su-
perfoliations of codimension 0 + εm with m ≥ 3.

4D. Conclusion. We summarize the results of the preceding sections.

Theorem 4.13. For any supermanifold M foliated by a superfoliation F of codi-
mension n + εm with trivialized normal bundle, there exists a map ϕM,F from
H∗

(
Vect(n,m)0

)
to H∗(M) such that:

(1) ϕM,F is a functor from the category of supermanifolds endowed with a super-
foliation with trivialized normal bundle to the category of algebra homomor-
phisms from H∗

(
Vect(n,m)0

)
to an algebra A;

(2) for (n,m) = (0, 1), or (n,m) = (1, 1), or n = 0 and m ≥ 3, there exists a
supermanifold M and a superfoliation F of codimension n + εm such that
ϕM,F is not the zero map;

(3) if M is an ordinary smooth manifold endowed with a foliation F of codimen-
sion n with trivialized normal bundle, then ϕF reduces to the usual homo-
morphism of Bernstein, Bott, Fuchs, Haefliger and Rosenfeld [Bernstein and
Rosenfeld 1973; Bott and Haefliger 1972; Fuchs 1986].

Proof. By “category of algebra homomorphisms from H∗
(
Vect(n,m)0

)
to an al-

gebra A” we mean the category whose objects are algebra homomorphism from
H∗

(
Vect(n,m)0

)
to an algebra A, and whose arrows between objects

ϕA : H∗
(
Vect(n,m)0

)
→ A and ϕB : H∗

(
Vect(n,m)0

)
→ B

are homomorphisms ϕ : A → B such that ϕB = ϕ ◦ ϕA. Conclusion (1) is now a
paraphrase of Proposition 4.7.

Statement (2) follows from Examples 4.8, 4.10, and 4.12. Note that a more
precise statement will be given in Remark 5.3.

It is proved in [Fuchs 1986, Section 3.2.B (page 231)] that, when we are given
a foliation F of codimension n with trivialized normal bundle, the “classical” map
of Bernstein, Bott, Fuchs, Haefliger and Rosenfeld is constructed by the passing
to cohomology of a DGA homomorphism ω from

(∧
Vect(n)∗, ∂

)
to

(
�(M), dM

)
,

with the foliation F being defined by the 1-forms ω
(
(∂/∂xi )

∗
)
. This proves (3). �

The functoriality of this construction allows us to say that the assignment F 7→

ϕF(H), for any H ∈ H∗
(
Vect(n,m)0

)
, defines a secondary characteristic class of

superfoliations with trivialized normal bundle.
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We have defined in Proposition 2.18 a way to construct from any flat trivial
foliated connection (M, F, E,∇) a supermanifold M(M, E) whose base manifold
is M , and a superfoliation F(M, F, E,∇) on M with trivialized normal bundle.
We call secondary characteristic classes of flat trivial foliated connections the
secondary characteristic classes of this superfoliation. More precisely, we have
associated a homomorphism from H∗

(
Vect(n,m)0

)
to H∗(M) to any flat trivial

foliated connection on M .

Remark 4.14. One may ask whether, for any H ∈ H∗
(
Vect(n,m)0

)
, there is a

superfoliation F and a supermanifold M with ϕM,F(H) 6= 0. This question remains
open even in the case of foliations on smooth manifolds, and therefore we cannot
hope to find a simple answer.

Remark 4.15. According to Section 2D, if the superfoliation F of codimension
n + εm does not have a trivialized normal bundle, then we can replace it by a su-
perfoliation pr∗(F) with trivialized normal bundle, over some GL(n,m)-principal
bundle PF → M. The map ϕPF,pr∗ F takes values in the cohomology of the base
manifold of PF, which is a GL(n)× GL(m)-principal bundle over M . Therefore,
for any H ∈ H∗

(
Vect(n,m)

)
, we can construct secondary characteristic classes

of superfoliation of codimension n + εm (not necessarily with trivialized normal
bundle), but these characteristic classes have values in the cohomology of some
GL(n) × GL(m)-principal bundle over the base manifold M of M. By Remark
2.21, this construction is functorial, that is, it behaves well with respect to pull-
backs of superfoliations.

We now link this construction to the cohomology of H
(
Vect(n,m)

)
and the

Godbillon–Vey classes constructed in [Koszul 1988].
The homomorphism ω constructed in Proposition 4.2 induces a homomorphism

ϕω : H∗
(
Vect(n,m)

)
→ H∗(M), where H∗

(
Vect(n,m)

)
is the cohomology of the

superalgebra Vect(n,m). The following diagram is commutative:

H∗
(
Vect(n,m)

)
ϕω

- H∗(M)

H∗
(
Vect(n,m)0

)J
? ϕM,F - H∗(M),

p̂
?

with J : H∗
(
Vect(n,m)0

)
→ H∗

(
Vect(n,m)

)
given by the inclusion Vect(n,m)0 →

Vect(n,m), and p̂ : H∗(M)→ H∗(M) induced by p.
According to Batchelor’s theorem, p̂ is indeed an isomorphism, and thus ϕω =

p̂−1
◦ϕM,F◦ J is independent of ω. To emphasize that this homomorphism does not

depend on ω, we denote it by ψM,F. We cannot say that ψM,F gives new secondary
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characteristic classes, since

(4-15) ψM,F = p̂ ◦ ϕM,F ◦ J.

In [Koszul 1988], a homomorphism from H∗
(
Vect(0,m)

)
to H∗(M) is associ-

ated to any superfoliation of codimension n + εm with trivialized normal bundle,
on a supermanifold of dimension n + εm. It is easy to check that, by construction,
this homomorphism coincides with ψM,F. It defines classes of superfoliations of
dimension 0 + εm, called “Godbillon–Vey classes” by the author. By Equation
(4-15), these Godbillon–Vey classes are among the classes we built in this article.

From Proposition A.11 and [Koszul 1988, Corollaire 1.2], it follows that J :

H 1
(
Vect(0, 1)

)
→ H 1

(
Vect(0, 1)0

)
is an isomorphism. This implies that the class

constructed in Section 4C(a) is equal to the class constructed in [Koszul 1988,
Exemple 1].

We summarize:

Proposition 4.16. (1) For any superfoliation F of codimension n + εm with triv-
ialized normal bundle, the following diagram is commutative:

H∗
(
Vect(n,m)

)
ψM,F

- H∗(M)

H∗
(
Vect(n,m)0

)J
? ϕM,F - H∗(M).

p̂
?

(2) The Godbillon–Vey classes constructed in [Koszul 1988] are among the sec-
ondary characteristic classes of superfoliation constructed above.

(3) In particular, for foliations of codimension 0 + ε1, the secondary class con-
structed in Section 4C(a) coincides with the class constructed in [Koszul
1988, Exemple 1].

5. Foliated flat vector bundles

5A. Secondary characteristic classes on the base manifold. Let FF be the codi-
mension-n foliation induced by F on M , as in Lemma 2.12. Since F has a triv-
ialized normal bundle, according to Theorem 4.13 to any H ∈ H∗

(
Vect(n)

)
is

associated an element K ∈ H∗(M) by the “classical” construction of Bernstein,
Bott, Fuchs, Haefliger and Rosenfeld [Bernstein and Rosenfeld 1973; Bott and
Haefliger 1972; Fuchs 1986]. We would like to investigate the relation between
this construction and our construction.

There is a natural inclusion i from Vect(n)∗ into Vect(n,m)∗0, obtained by con-
sidering an element (x i1

1 . . . x
in
n ∂/∂xa)

∗
∈ Vect(n)∗ as an element of Vect(n,m)∗0.

Lemma 5.1. The inclusion i is a DGA homomorphism, and induces a map from
H∗

(
Vect(n)

)
to H∗

(
Vect(n,m)0

)
.
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Proof. The family

(5-1)



i1, . . . , in ∈ N,

x i1
1 . . . x

in
n θ

j1
1 . . . θ

jm
m

∂

∂xi
, j1, . . . , jm ∈ {0, 1} with

n∑
k=1

jk even,
and i ∈ {1, . . . , n};

and

i1, . . . , in ∈ N,

x i1
1 . . . x

in
n θ

j1
1 . . . θ

jm
m

∂

∂θj
, j1, . . . , jm ∈ {0, 1} with

m∑
k=1

jk odd,
and j ∈ {1, . . . ,m},

forms a basis of Vect(n,m)0.
The θ -degree (hi1 . . . hik ∂/∂hi ) ∈ Vect(n,m)0 is the number of integers greater

or equal to n + 1 in the list i1, . . . , ik, i . For example, the θ -degree of x1θ1∂/∂θ2

or x3θ2θ1 ∂/∂x2 is 2, and the θ -degree of x3
1 ∂/∂x1 is 0.

If we enumerate the basis as described in (5-1), then the structure constant Γ k
i, j is

equal to zero if the index k corresponds to an element of θ -degree 0 and one of the
indices i or j corresponds to an element of nonzero θ -degree. Moreover, if i, j, k
correspond to elements of the basis (5-1) with a vanishing θ -degree, then the struc-
ture constant Γ k

i, j is equal to the corresponding structure constant in Vect(n). By the
definition of the Chevalley–Eilenberg differential, this implies that i

(∧
Vect(n)∗

)
is stable under ∂0, and that i is a DGA homomorphism. �

Proposition 5.2. Take H ∈ H∗
(
Vect(n)∗

)
and H ′

= i(H)∈ H∗
(
Vect(n,m)0

)
. One

has
ϕM,F (H)= ϕM,F(H

′).

Proof. If ω :
∧

Vect(n,m)→�(M) is a DGA homomorphism that defines F, then
p◦ω◦i :

∧
Vect(n)→�(M) is a DGA homomorphism that defines F . The diagram∧(

Vect(n)
)∗ i -

∧(
Vect(n,m)0

)∗

�(M)

p ◦ω
?p ◦ω ◦ i -

is commutative. As a consequence, we have the commutative diagram

H∗
(
Vect(n)

)
- H∗

(
Vect(n,m)0

)

H∗(M).

ϕM,F
?ϕM,F

-

�

Remark 5.3. The nontrivial secondary classes in Section 4C are not secondary
classes of the induced foliation on the base manifold. We could therefore replace
(2) in Theorem 4.13 by a more precise statement:
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Let S be a supplement of H∗
(
Vect(n)

)
in H∗

(
Vect(n,m)0

)
. For (n,m)= (0, 1),

or (n,m) = (1, 1), or n = 0 and m ≥ 3, there exists a supermanifold M and a
superfoliation F of codimension n + εm such that the restriction of ϕM,F to S is
not the zero map.

5B. Secondary characteristic classes of foliated connections. Let F be a super-
foliation of codimension n + εm with trivialized normal bundle, defined by odd
1-forms ω1, . . . , ωn and even 1-forms a1, . . . , am . It is convenient to rename these
forms b1, . . . , bn+m , where bi = ωi for all i ∈ {1, . . . , n} and bn+ j = aj for all
j ∈ {1, . . . ,m}. In fact, we will in general use both notations at the same time. Let(
M, FF, EF,∇

F
)

be the trivial flat foliated connection associated to the superfoli-
ation F, as constructed in Section 2C.

Theorem 5.4. The homomorphism ϕM,F : H∗
(
Vect(n,m)0

)
→ H∗(M) is com-

pletely determined by the flat trivial foliated connection
(
M, FF, EF,∇

F
)
.

In other words, the theory of secondary characteristic classes of superfoliations can
indeed be considered as a theory of secondary characteristic classes of flat foliated
connections.

Proof. Let
(
b j

i

)
i, j∈{1,...,n+m}

be homogeneous 1-forms satisfying the relation

(5-2) dM bi = (−1)| j |
n+m∑
j=1

bj ∧ b j
i

We divide the proof into four steps.

Step 1: ϕM,F depends only on (p(b j
i ))i, j=1,...,n and (p(bl

k))k,l∈{n+1,...,n+m}.
By Lemma 4.6, the secondary characteristic classes depend only on the 1-forms
(p(b j

i ))i, j∈{1,...,n} and (p(bl
k))i, j∈{n+1,...,n+m}. Moreover, any family of 1-forms

(b̃ j
i )i, j∈{1,...,n+m} such that (5-2) holds for some 1-forms b̃1, . . . , b̃n+m that define

the same superfoliation F will define the same homomorphism ϕM,F by Proposition
4.5.

Step 2: ϕM,F depends only on FF and (p(bl
k))k,l∈{n+1,...,n+m}.

After applying p to (5-2) and taking i ∈ {1, . . . , n}, we see that the 1-forms
(p(b j

i ))i, j∈{1,...,n} satisfy

dM
(

p(ωi )
)
=

n∑
j=1

p(ωj )∧ p(b j
i ).

By Remark 2.13, the 1-forms p(ωi ), i = 1, . . . , n, define the foliation FF. For any
other choice of 1-forms ω̃1, . . . , ω̃n ∈�1(M) and any 1-forms c̃ j

i ∈�1(M), i, j ∈

{1, . . . , n}, with dM ω̃i =
∑n

j=1 ω̃j ∧c j
i , there exist 1-forms b̃1, . . . , b̃n+m ∈�1(M)
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defining F, and 1-forms b̃ j
i ∈�1(M), i, j ∈ {1, . . . , n + m}, satisfying (5-2) such

that, for all i, j ∈ {1, . . . , n}, the identity p(b j
i ) = c j

i holds. As a consequence,
ϕM,F is entirely determined by FF and (p(bl

k))k,l∈{n+1,...,n+m}

Step 3: ϕM,F depends only on FF and on the restriction of (p(bl
k))k,l∈{n+1,...,n+m}

to the tangent space of the leaves of FF.
For k ∈ {n+1, . . . , n+m}, Equation (5-2) can be rewritten

dM ak−n =

n∑
i=1
ωi ∧ bi

k −

n+m∑
l=n+1

al ∧ bl
k .

As consequence, for any even superfunctions f l
k, j with k, j ∈ {1, . . . ,m} and l ∈

{1, . . . , n},

dM ak−n =

n∑
i=1
ωi ∧

(
bi

k −

m∑
c=1

f k,c
i ac

)
−

n+m∑
l=n+1

al ∧

(
bl

k −

n∑
c=1

f k,l
c ωc

)
.

We have therefore

dM ak−n =

n∑
i=1
ωi ∧ b̃i

k −

n+m∑
l=n+1

al ∧ b̃l
k,

where

(5-3) b̃i
k = bi

k −

n+m∑
c=n+1

f k,c
i ac and b̃l

k = bl
k −

n∑
c=1

f k,l
c ωc.

Consequently, we can add to the 1-forms (bl
k)k,l∈{n+1,...,n+m} any linear combina-

tion of the 1-forms ω1, . . . , ωn without modifying ϕM,F.
Applying p to (5-3), we obtain

(5-4) p(b̃k
l )= p(bk

l )−
n∑

c=1
Re( f k,l

c ) p(ωc)

Therefore, we can add to the 1-forms (p(bl
k))k,l=n+1,...,n+m any linear combination

of the 1-forms p(ω1), . . . , p(ωn) without modifying ϕM,F. This implies that ϕM,F

depends only on the restriction of (p(bl
k))k,l∈{n+1,...,n+m} to the tangent spaces of

the leaves of FF.

Step 4: The restriction of (p(bl
k))k,l∈{n+1,...,n+m} to the tangent space of the leaves

of FF depends only on EF and ∇
F.

Let X be a vector field tangent to the leaves of FF, and X ∈ (XF)0 an even supervec-
tor field tangent to F such that Π(X)= X . One has, for any k ∈ {n+1, . . . , n+m},

∇
F
X
(
ρ(ak−n)

)
= ρ

(
LX ak−n

)
= ρ

(
ιX dM ak−n

)
= ρ

(
ιX

n+m∑
j=1
(−1)| j | bj ∧ b j

k

)
= ρ

(
ιX

n∑
j=1
ωj ∧ b j

k −

n+m∑
l=n+1

aj ∧ bl
k

)
.
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By the definition of the map ρ, one has ρ
(
(ιXωj )b

j
n+i

)
=0 for any j ∈{1, . . . , n+m}

and ρ
(
ιX(ωj ∧ b j

n+i )
)
= 0 for any j ∈ {1, . . . , n}. Therefore,

∇
F
X
(
ρ(ak−n)

)
= −ρ

( m∑
j=1
(ιX aj ∧ bn+ j

n+i )
)
.

By Equation (2-1), we obtain

∇
F
X
(
ρ(ak−n)

)
= −

n+m∑
l=n+1

(
Re(ιX bl

k)
)
ρ(aj ).

By (2-4), the identity Re(ιX bl
k)= ιX p(bl

k) holds, and thus

∇
F
X
(
ρ(ak−n)

)
= −

n+m∑
l=n+1

(
ιX p(bl

k)
)
ρ(al).

The restrictions of the 1-forms
(

p(bn+ j
n+i )

)
i, j∈{1,...,m}

to the tangent space of each leaf
of FF are therefore completely determined by the connection ∇

F. This completes
the proof. �

Remark 5.5. We have associated secondary characteristic classes to a flat trivial
foliated vector bundle. In particular, we have associated characteristic classes to
any SO(n)-bundle over a manifold M , endowed with a flat foliated connection in
the sense of [Kamber and Tondeur 1975]. In [Kamber and Tondeur 1974] or [Kam-
ber and Tondeur 1975], characteristic classes are also associated to such objects. It
should be interesting to investigate the relation with this construction, in particular
with the map (4.4) from [Kamber and Tondeur 1974].

Remark 5.6. Before ending this section, we have to point out the relation be-
tween this approach and the theory of 0-structures [Bott and Haefliger 1972]. A
foliation on a supermanifold M with base manifold M can be defined by a family
{ fi }i∈I of local submersions onto Rn,m , defined on an open covering {Ui }i∈I of
M . For any two submersions fi and fj , there exists ϕ j

i in Diff(Rn,m) such that
fi = ϕ

j
i ◦ fj , where Diff(Rn,m) is the pseudogroup of local diffeomorphisms of the

supermanifold Rn,m . This is (almost) the definition of a Vect(n,m)-structure from
[Bott and Haefliger 1972]; the only difference is that 0 is not a subspace of local
diffeomorphisms of some vector space. As a consequence, it should be possible to
obtain again most constructions of the present paper by generalizing the results of
[Bott and Haefliger 1972] to this case; note that the Lie algebra of Diff(Rn,m) is
precisely Vect(n,m)0.

Appendix A. The cohomology of Vect(n, m)0

We prove Theorem 3.7 and, as an application, compute H∗
(
Vect(n,m)0

)
in some

particular cases. First, we will need some technical results about representations
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of the Lie algebra gln ⊕ glm . The methods of this section are mainly inspired by
[Astashkevich and Fuchs 1993; Fuchs 1986].

For any vector space V and any k ∈ N, we denote by V ⊗k the tensor-product of
k copies of V . For any family of vector spaces V1, . . . , Vk , we denote by

⊗k
i=1 Vi

the tensor product V1 ⊗ V2 ⊗ . . .⊗ Vk . We denote by Sk(V ) the space of elements
of degree k in the symmetric algebra of V .

A1. Some results about representations of gln ⊕ glm. Let V and W be vector
spaces of dimension n and m, respectively. Let gln and glm be the Lie algebras of
linear endomorphism of V and W , respectively. The Lie algebras gln and glm act
on V and W , respectively, by g ·v= g(v) and h ·w= h(w), where v ∈ V , g ∈ gln ,
w ∈ W , h ∈ glm . Moreover, the dual spaces V ∗ and W ∗ are gln- and glm-modules,
respectively, with actions

g · v′
= (−g)∗(v′) and h ·w′

= (−h)∗(w),

where g∗ and h∗ are the dual endomorphisms and v′
∈ V ∗, w′

∈ W ∗. These actions
extend naturally to an action of the Lie algebra gln ⊕ glm on

Ek,l
p,q = V ⊗k

⊗ (V ∗)⊗l
⊗ W ⊗p

⊗ (W ∗)⊗q .

We give some lemmas about the representations of gln ⊕glm . It is well known (see
[Fuchs 1986, Theorem 2.1.4] or [Howe 1989]) that, for any vector space V ,

(
V ⊗k

⊗ (V ∗)⊗l
)gln

= 0 if k 6= l,(
V ⊗k

⊗ (V ∗)⊗k
)gln

=
⊕
σ∈Σk

aσ
n∑

i1=1
. . .

n∑
ik=1

xi1 ⊗ · · · ⊗ xin ⊗ yiσ(1) ⊗ · · · ⊗ yiσ(n),

where aσ ∈ R, x1, . . . , xn ∈ V is a basis of V , and y1, . . . , yn ∈ V ∗ is the dual
basis. The following is an obvious generalization of this result:

Lemma A.1. Let {xi | i = 1, . . . , n} be a basis of V and {yi ∈ V ∗
| i = 1, . . . , n}

the dual basis. Let {ζi | i = 1, . . .m} be a basis of W and {ηi ∈ W ∗
| i = 1, . . . ,m}

the dual basis.

(1) If k 6= l or p 6= q , then
(
Ek,l

p,q
)gln⊕glm

= 0

(2) If k = l and p = q , the space
(
Ek,k

p,p
)gln⊕glm is generated by the elements

gσ,τ =

n∑
s1=1

. . .
n∑

sk=1

m∑
s′

1=1
. . .

m∑
s′

p=1

xs1 ⊗ . . .⊗ xsk ⊗ ysσ(1) ⊗ . . .⊗ ysσ(k) ⊗ ζs′

1
⊗ . . .⊗ ζs′

p
⊗ ηs′

τ(1)
⊗ . . .⊗ ηs′

τ(p)
,

where σ is a permutation of {1, . . . , k} and τ a permutation of {1, . . . , p}.
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Let H be a gln ⊕glm-submodule of V ⊗k
⊗ (V ∗)⊗m

⊗W ⊗p
⊗ (W ∗)⊗l . Let G be

the gln ⊕ glm-module
G := Ek,l

p,q/H.

Such a gln ⊕ glm-module is said to be of type I.

Lemma A.2. Let π be the projection of Ek,l
p,q onto G. One has:

(A-1) Ggln⊕glm = π
(
Ek,l

p,q
)gln⊕glm

.

Proof. Both spaces reduce to 0 if k 6= l or if p 6= q. If k = l and p = q, the center of
gln ⊕glm acts trivially, and then both G and Ek,l

p,q are sln ⊕ slm-modules satisfying

(A-2) Gsln⊕slm = Ggln⊕glm ,
(
Ek,k

p,p
)sln⊕slm

=
(
Ek,k

p,p
)gln⊕glm

.

Since sln⊕slm is a semisimple Lie algebra, any finite-dimensional sln⊕slm-module
is the direct sum of the sln ⊕ slm-submodule of invariants with the sln ⊕ slm-
submodule of coinvariants. In particular, we have the decompositionsG = (sln ⊕ slm).G ⊕ Gsln⊕slm

Ek,k
p,p = (sln ⊕ slm).Ek,k

p,p ⊕
(
Ek,k

p,p
)sln⊕slm

Since π is a Lie algebra morphism,π
((

Ek,k
p,p

)sln×slm
)
⊂ Gsln⊕slm

π
(
(sln ⊕ slm).Ek,k

p,p
)
⊂ (sln ⊕ slm).G

Since π is onto, we must haveπ
((

Ek,k
p,p

)sln⊕slm
)
= Gsln⊕slm(

sln ⊕ slm
)
. π

(
Ek,k

p,p
)
= (sln ⊕ slm).G

The conclusion thus follows from (A-2). �

We now introduce the gln ⊕ glm-modules that we will study. (In the sequel, we
will often simply say “module” for a gln ⊕ glm-module.)

Definition A.3. Consider a family L1 = {(µa, νa) | a = 1, . . . , K } of pairs of
nonnegative integers such that µa + νa ≥ 2 and νa is even. Consider a family
L2 ={(pb, qb) |b =1 . . . , K ′

} of pairs of nonnegative integers such that pb+qb ≥2
and qb is odd. Let L ∈ N and let L = L1tL2t{L}. We associate to L the gln ⊕glm-
module

GL =
∧K

a=1
(
Sµa (V )⊗

∧νa W ⊗ V ∗
)
∧

∧K ′

b=1
(
S pb(V )⊗

∧qb W ⊗ W ∗
)
∧

∧L V ∗.

Such a module is called a module of type II.
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Our goal for now is to describe (GL)
gln⊕glm ; see Section A2 for motivation.

We describe a natural projection

πL : Q → G F

where Q = Em, K+L
n, K ′ , with m =

∑K
a=1 µa +

∑K ′

b=1 pb and n =
∑K

a=1 νa +
∑K ′

b=1 qb.
First, we can construct an isomorphism ψ of gln ⊕ glm-module from Q to the

module

QL =

K⊗
a=1

(
V ⊗µa ⊗ W ⊗µa ⊗ V ∗

)
⊗

K ′⊗
b=1

(
V ⊗pb ⊗ W ⊗qb ⊗ W ∗

)
⊗ (V ∗)⊗L

obtained by permuting terms in the tensor product defining Q, according to the
rule: allow permutation of the tensor product of two elements if and only if they
do not belong to the same vector space. With this restriction, there is only one
natural isomorphism ψ from Q to QL.

Second, there is a natural projection

π ′
:

K⊗
a=1

(
V ⊗µa ⊗ W ⊗νa ⊗ V ∗

)
⊗

( K ′⊗
b=1

V ⊗pb ⊗ W ⊗qb ⊗ W ∗

)
⊗ (V ∗)⊗L

−→ GL

constructed by taking the appropriate symmerizations and skew-symmetrizations.
Define πL as πL = π ′

◦ψ .

Proposition A.4. (1) If
∑K

a=1 µa +
∑K ′

b=1 pb 6= K +L or if
∑K

a=1 νa +
∑K ′

b=1 qb 6=

K ′, then Ggln⊕glm
L = 0.

(2) If there exists a ∈ {1, . . . , K } with νa 6= 0, or if there exists b ∈ {1, . . . , K ′
}

with qb 6= 1, then Ggln⊕glm
L = 0.

Proof. Since GL is a module of type I, Lemma A.1(1) and Lemma A.2 immediately
imply statement (1). The identity

∑K
a=1 νa +

∑K ′

b=1 qb = K ′ implies statement (2),
since qb is odd for b = 1, . . . , K , and νa is even for a = 1, . . . , K , and since all
these numbers are nonnegative. �

From now on we assume that q1 = · · · = qK ′ = 1, ν1 = · · · = νK = 0, and

(A-3)
K∑

a=1
µa +

K ′∑
b=1

pb = K + L .

Write H =
∑K

a=1 µa .
The map πM can now be easily described: for all s1, . . . , sK+L ∈ {1, . . . , n},

t1, . . . , tK ′ ∈ {1, . . . ,m}, s ′

1, . . . , s ′

K ′ ∈ {1, . . . ,m}, and t ′

1, . . . , t ′

K ′ ∈ {1, . . . ,m},
we have
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(A-4) πL

(
xs1 ⊗ · · · · xsK+L · ts1 ⊗ · · · · yt ′K ′

ζs′

1
· · · · · ζs′

K ′
· ηt ′1 · · · · · ηt ′K ′

)
=

∧K
i=0 R

(
sµ1+···+µi−1+1, . . . , sµ1+···+µi

)(
xsµ1+···+µi +1 . . . xsµ1+···+µi+1

· yti
)

∧
∧K ′

j=0 R
(
sH+p1+···+pj−1+1, . . . , sH+p1+···+pj

)(
xsH+p1+···+pj−1+1 . . . xsH+p1+···+pj

· ζs′

j
· ηt ′j

)
∧

∧K+L
k=K+1 yt ′k ,

where, for all h, a1, . . . , ah ∈ N, R(a1, . . . , ah) is an integer that appears in the
symmetrization map

⊗h V → S∗(V ). We leave the reader to check that indeed

(A-5) R(a1, . . . , ah)=

n∏
i=1

K (i, [a1, . . . , ah])! .

Two indices i, j ∈ {1, . . . , K+L} are said symmetric with respect to L if there
exists k ∈{0, . . . , K−1} such that i, j ∈

{∑k
a=1 νa, . . . ,

∑k+1
a=1 νa

}
, or if there exists

k ∈ {0, . . . , K ′
−1} such that i, j ∈

{∑k
a=1 pb, . . . ,

∑k+1
a=1 pb

}
. Intuitively, i and j

are symmetric with respect to L if the projection πL maps the i-th and the j-th
terms of the tensor product V ⊗(K+L) involved in the definition of Q to the same
symmetric algebra Sµa (V ) or to the same symmetric algebra S pb(V ).

Two indices i, j ∈ {1, . . . , K+L} are said antisymmetric with respect to L if
i ≥ K + 1 and j ≥ K + 1. Intuitively, i and j are antisymmetric with respect
to L if the projection πL maps the i-th and the j-th terms of the tensor product
(V ∗)⊗(K+L) involved in the definition of Q to the exterior algebra

∧L V ∗.

Lemma A.5. Let σ be a permutation of {1, . . . , K+L}. If there are two indices
i, j ∈ {1, . . . , K+L} symmetric with respect to L such that σ(i), σ ( j) are antisym-
metric with respect to L, then gσ,τ = 0.

Proof. Consider two indices i, j ∈{1, . . . , K+L} symmetric with respect to L such
that σ(i), σ ( j) are antisymmetric with respect to L. For any k, l ∈ {1, . . . , n}, the
terms in (A-4) corresponding to si = k and sj = l and the terms corresponding to
si = l and sj = k appear with opposite signs. By Equation (A-4), πL(gσ,τ ) must
therefore vanish. �

Lemma A.6. If µa 6= 2 for some a ∈ {1, . . . , K }, or if pb 6= 1 for some b ∈

{1, . . . , K }, then Gglm⊕glm
L = 0.

Proof. If µa ≥ 3 for some a in {1, . . . , K } or if pb ≥ 2 for some b in {1, . . . , K ′
},

then by (A-3) we must have L > K + K ′. By a simple argument of cardinal-
ity, this implies that, for any permutation σ of {1, . . . , K+L}, there exist i ′, j ′

∈

{K+1, . . . , K+L} such that σ−1(i ′), σ−1( j ′) are symmetric with respect to L.
Therefore, by Lemma A.5, πL(gσ,τ )= 0. �
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Assume now that µ1 = · · · = µK = 2 and p1 = · · · = pK ′ = 1. In this case,

GL =
∧K (

S2(V )⊗ V ∗
)
∧

∧K ′(
V ⊗ W ⊗ W ∗

)
∧

∧K+K ′

V ∗.

Let A be the exterior algebra over the space S2(V )⊗V ∗
⊕ V ⊗W ⊗W ∗

⊕ V ∗.

Lemma A.7. If σ and τ are permutations of {1, . . . , K+L} and {1, . . . , K ′
}, re-

spectively, then πL(gσ,τ ) is an element of the algebra generated (with respect to
the product ∧) by elements of the form

n∑
c=1

γ i
c yc ∧ xcxi . yj ∈

(
S2(V )⊗ V ∗

)
⊗ V ∗, i, j ∈ {1, . . . , n},

n∑
c=1

yc ∧ xc .ζk .ηl ∈
(
V ⊗ W ⊗ W ∗

)
∧ V ∗, k, l ∈ {1, . . . ,m},

where, for any i, c = 1, . . . , n, γ i
c is defined by γ i

c = 1 for i 6= c and by γ i
i = 2.

Proof. Let σ be a permutation of {1, . . . , 2K+K ′
}. If there is an i ∈ {1, . . . , K }

such that σ(2i−1)≥ K and σ(2i+1)≥ K , then Lemma A.5 implies that πL(gσ,τ )=
0. Assume now that such an i ∈ {1, . . . , K } does not exist for σ ; then, for all
i ∈ {1, . . . , K }, one of the two integers σ(2i−1), σ (2i) is greater than K , and one
is smaller or equal to K . We define a permutation σ ′ of {1, . . . , K } by σ ′(i) =

min{σ(2i−1), σ (2i)}.
By Lemma A.1(2), we have

πL(gσ,τ )=

n∑
s1,..., s2K+K ′=1

m∑
s′

1,...,s
′

K ′=1

∧K
i=1 R(s2i−1, s2i )(xs2i−1 xs2i . ysσ(i))

∧
∧K ′

j=1 xs2K+ j ζs′

j
.ηs′

τ( j)
∧

∧2K+K ′

k=K+1 ysσ(k) .

From Equation (A-5), it follows that R(s2i−1, s2i )= γ
s2i
s2i−1 . Therefore,

πL(gσ,τ )= ε
n∑

s1,...,sK =1

m∑
s′

1,...,s
′

K ′=1

∧K
i=1

( n∑
c=1

yc ∧ γ si
c xcxsi . ysσ ′(i)

)
)

∧
∧K ′

j=1

(
yc ∧

n∑
c=1

xc .ζti .ηtτ(i)

)
for some ε ∈ {−1,+1}. �

We recapitulate:

Theorem A.8. Let GL be a gln ⊕ glm-module of type II (as in Definition A.3).

• If
∑K

a=1 µa +
∑K

b=1 pb 6= K + L , then Ggln⊕glm
L = 0.

• If one of the even integers {νa}a=1,...,K is not 0, then Ggln⊕glm
L = 0.

• If one of the odd integers {qb}b=1,...,K ′ is not 1, then Ggln⊕glm
L = 0.

• If one of the integers {µa}a=1,...,K is not 2, then Ggln⊕glm
L = 0.
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• If one of the integers {pb}b=1,...,K ′ is not 1, then Ggln⊕glm
L = 0.

• If µa = 2 and νa = 0 for a = 1, . . . , n, and if pb = qb = 1 for b = 1, . . . ,m,
then the space Ggln⊕glm

L is contained in the subalgebra of A generated by the
elements 

n∑
c=1

yc ∧ (γ i
c xc .xi .yj ), i, j ∈ {1, . . . , n},

n∑
c=1

yc ∧ xc .ζk .ηl, k, l ∈ {1, . . . ,m}.

Later, we will also need the following:

Lemma A.9 [Fuchs 1986]. For any gln ⊕ glm-module E of finite dimension,

H∗
(
gln ⊕ glm, E

)
= H∗

(
gln ⊕ glm, Egln⊕glm

)
.

Actually, H∗
(
gln ⊕ glm, E

)
= H∗

(
gln ⊕ glm, Egln⊕glm

)
= H∗

(
gln ⊕ glm,R

)
⊗

Egln⊕glm .

A2. The cohomology of Vect(n, m)0 and the Weil algebra. Now we are able to
prove Theorem 3.7. Let K be the kernel of the DGA homomorphism α̃ : W (gln ⊕

glm) →
∧

Vect(n,m)∗0, and denote again by α̃ the induced DGA homomorphism
from W (gln ⊕ glm)/K to

∧
Vect(n,m)∗0. We restate the theorem:

Theorem 3.7. Let α̂ be the map from H∗
(
W (gln ⊕ glm)/K

)
to H∗

(
Vect(n,m)0

)
induced by α̃. The map α̂ is an isomorphism.

Proof. We first describe α̃ : W (gln ⊕ glm)→
∧

Vect(n,m)∗0 precisely. By (3-12),
the DGA homomorphism α̃ from W (gln ⊕ glm) to

∧
Vect(n,m)∗0 is given by:

(A-6) 1 ⊗ ai, j 7→ (xi ∂/∂xj )
∗, 1 ⊗ di, j 7→ (θi ∂/∂θj )

∗,

where ai, j , for i, j ∈ {1, . . . , n}, and di, j , for i, j ∈ {1, . . . ,m}, are bases that are
dual to the canonical bases of gln and glm , respectively.

One can easily check that

(A-7)


∂
(

xi
∂

∂xj

)∗

−

n∑
k=1

(
xi
∂

∂xk

)∗

∧

(
xk
∂

∂xj

)∗

=

n∑
c=1

(
∂

∂xc

)∗

∧

( xcxi

γ i
c

∂

∂xj

)∗

,

∂
(
θi
∂

∂θj

)∗

−

m∑
k=1

(
θi
∂

∂θk

)∗

∧

(
θk
∂

∂θj

)∗

=

n∑
c=1

(
∂

∂xc

)∗

∧

(
xcθi

∂

∂θj

)∗

.

Since α̃ is a DGA homomorphism, by the definition of the differential of a Weil
algebra [Guillemin and Sternberg 1999], we have

(A-8)
α̃(ai, j ⊗ 1)=

n∑
c=1

( ∂

∂xc

)∗

∧

( xcxi

γ i
c

∂

∂xj

)∗

,

α̃(di, j ⊗ 1)=

n∑
c=1

(
∂

∂xc

)∗

∧

(
xcθi

∂

∂θj

)∗

.
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We compute the cohomology of Vect(n,m)0 with the help of the Hochschild–
Serre spectral sequence [Fuchs 1986] associated to the sub-Lie algebra of elements
of weight zero. Its second term E2

i, j is

E2
i, j = H i(gln ⊕ glm,

∧j ⊕
k 6=0

Fk
)
,

where Fk is the space of elements of weight k in
(
Vect(n,m)0

)∗. By Lemma A.9,
E2

i, j reduces to

E2
i, j = H i

(
gln ⊕ glm,

(∧j ⊕
k 6=0

Fk

)gl(n)⊕glm
)
.

The gln ⊕ glm-module
∧j ⊕

k 6=0 Fk is a direct sum of modules of type II. For
example,

F−1 ' W ∗ and F1 =
(
S2(V )⊗ V ∗

)
⊕

(
V ⊗ W ⊗ W ∗

)
.

More generally, denoting by bxc the integer part of x ∈ R,

Fk '

b(k+1)/2c⊕
i=0

(
V ⊗k+1−2i

⊗ W ⊗2i
⊗ V ∗

)
⊕

bk/2c⊕
j=0

(
V ⊗k+1−(2 j+1)

⊗ W ⊗(2 j+1)
⊗ W ∗

)
.

Therefore, the modules
∧j1 Fi1 ∧· · ·∧

∧jk Fik , where i1, . . . , ik ∈ {−1, 1, 2, 3, . . . }
and j1, . . . , jk ∈ N, are direct sums of modules of type II.

The gln ⊕ glm-module ∧j F−1 ⊗
∧j F1

is a module of type II with µa = 2 and νa = 0 for a = 1, . . . , j , with pb = 1
and qb = 1 for b = 1, . . . , j , and with L = j . By Theorem A.8, the modules∧j1 Fi1 ∧ · · · ∧

∧jk Fik have no nontrivial space of invariants except those of the
form

∧j F−1 ∧
∧j F1. Therefore,
(∧2 j ⊕

k 6=0
Fk

)gln⊕glm
=

(∧j F−1 ⊗
∧j F1

)gln⊕glm
,(∧2 j+1 ⊕

k 6=0
Fk

)gln⊕glm
= 0.

By Theorem A.8(6), we obtain that the gln⊕glm-invariant elements of
∧j ⊕

k 6=0 Fk

are elements of the subalgebra of
∧

Vect(n,m)∗0 generated by
n∑

c=1
γ i

c

(
∂

∂xc

)∗

∧

(
xcxi

∂

∂xj

)∗

, i, j ∈ {1, . . . , n},

m∑
c=1

(
∂

∂xc

)∗

∧

(
xcθk

∂

∂θl

)∗

, k, l ∈ {1, . . . ,m}.
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From (3-3), the identity γ i
c (xc xi ∂/∂xj )

∗
= ((xc xi/γ

i
c ) ∂/∂xj )

∗ holds. Hence, the
generators can be written

(A-9)


n∑

c=1

(
∂

∂xc

)∗

∧

( xcxi
γ i

c

∂

∂xj

)∗

, i, j ∈ {1, . . . , n},

m∑
c=1

(
∂

∂xc

)∗

∧

(
xcθk

∂

∂θl

)∗

, k, l ∈ {1, . . . ,m}.

Let I = α̃
(
W (gln ⊕ glm)

)
be the sub-DGA of

∧
∗(Vect(n,m)0

)
that is the image

of the complex W (gln ⊕ glm) through α̃. By (A-8) and (A-9), we have

(A-10)
(∧j ⊕

k 6=0
Fk

)gln⊕glm
⊂ I.

Moreover, by Equation (A-6) we have the identity

(A-11) I ∩ F0 = F0 ' gln ⊕ glm .

The cohomology of I can be computed with the help of a spectral sequence
whose second term is

Ẽ2
i, j = H i

(
I ∩ F0, I ∩

(∧j ⊕
k 6=0

Fk
))
.

By (A-11), Ẽ2
i, j = H i

(
gln ⊕ glm, I ∩

(∧j ⊕
k 6=0 Fk

))
. From Lemma A.9 we

obtain Ẽ2
i, j = H i

(
gln ⊕ glm,

(
I∩

(∧j ⊕
k 6=0 Fk

))
gln⊕glm

)
. By (A-10), the identity

Ẽ2
i, j = E2

i, j holds.
Therefore, the cohomology of

∧
Vect(n,m)∗0 is equal to the cohomology of the

subcomplex I = α̃
(
W (gln ⊕ glm)

)
' W (gln ⊕ glm)/K. This completes the proof

of Theorem 3.7. �

As an application, we compute the cohomology of H∗
(
Vect(n,m)0

)
in some

particular cases:

Proposition A.10. The cohomology of Vect(0,m)0 is isomorphic to the Chevalley–
Eilenberg cohomology of the Lie algebra glm .

Proof. The DGA homomorphism from W (glm) to
∧

Vect(0,m)∗0 is:

1 ⊗ di, j 7→ (θi ∂/∂θj )
∗ and di, j ⊗ 1 7→ 0.

The kernel of this homomorphism is S
(
gl(m)

)
⊗ 1. The cohomology of

W (glm)/S
(
gl(m)

)
⊗ 1 =

∧
glm

is the Chevalley–Eilenberg cohomology of the Lie algebra glm . �

In particular:
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Proposition A.11. We have isomorphisms H 1
(
Vect(0, 1)0

)
' H 0

(
Vect(0, 1)0

)
'

R, and H 1
(
Vect(0, 1)0

)
=0. Moreover, H 1(Vect(0, 1)0) is generated by (θ ∂/∂θ)∗.

We also determine the cohomology of Vect(1, 1)0:

Proposition A.12. The cohomology of Vect(1, 1)0 is given by H n
(
Vect(1, 1)0

)
= 0

if n 6= 0, 3, and by H 0
(
Vect(1, 1)0

)
= R and H 3

(
Vect(1, 1)0

)
= R3. Moreover, the

latter is generated by the classes described in (A-13), (A-14), and (A-15).

Proof. We denote by a and d the generators a1,1 and d1,1 of gl1 ⊕ gl1. The DGA

homomorphism from W (gl1 ⊕ gl1) to
∧

Vect(1, 1)∗0 is given by

(A-12)



1 ⊗ a 7→

(
x ∂
∂x

)∗

,

1 ⊗ d 7→

(
θ
∂

∂θ

)∗

,

a ⊗ 1 7→ 2
(
∂

∂x

)∗

∧

(
x2 ∂

∂x

)∗

=

(
∂

∂x

)∗

∧

( x2

2
∂

∂x

)∗

,

d ⊗ 1 7→

(
∂

∂x

)∗

∧

(
xθ ∂
∂θ

)∗

.

The kernel K of this application is generated by S2(gl1⊕gl1)⊗1. This implies that
the cohomology vanishes in all degrees different from 3. We can now compute the
cohomology of W (gl1 ⊕ gl1)/K. It is easy to check that H 3

(
Vect(1, 1)0

)
= R3.

Generators of H 3
(
Vect(1, 1)0

)
are given by

H1 =

[( x2

2
∂

∂x

)∗

∧

(
x ∂
∂x

)∗

∧

(
∂

∂x

)∗]
,(A-13)

H2 =

[(
xθ ∂
∂θ

)∗

∧

(
x ∂
∂x

)∗

∧

(
∂

∂x

)∗]
,(A-14)

H3 =

[(
xθ ∂
∂θ

)∗

∧

(
θ
∂

∂θ

)∗

∧

(
∂

∂x

)∗]
. �(A-15)

Appendix B. Proof of Lemma 4.3

Lemma 4.3. Let d1, . . . , dn be odd 1-forms and dn+1, . . . , dn+m even 1-forms,
forming a free family. If d i , i ∈ {1, . . . , n+m}, are 2-forms on M such that, for
any j ∈ {1, . . . , n+m},

(B-1)
n+m∑
i=1

di ∧ d i
= 0,

then there exist homogeneous 1-forms d i, j , of parity |i | + |l| + 1, with

(B-2) d i,l
= −(−1)(|i |+1)(|l|+1)dl,i and

n+m∑
i=1

di ∧ d i,l
= dl .



162 CAMILLE LAURENT-GENGOUX

Proof. There are partitions of unity on M, that is, for any open covering {Us}s∈S of
the base manifold, there exist even superfunctions {ϕs ∈�(M)}s∈S with support in
Us and such that

∑
s∈S ϕs = 1M, where 1M is the unit of O(M). As consequence, if

there is an open covering {Us}s∈S , of the base manifold such that (B-2) has local
solutions on Us for any s ∈ S, then (B-2) has a global solution. We therefore only
have to prove that (B-2) has solutions locally.

For this, consider 1-forms dn+m+1, . . . , dp+q such that d1, . . . , dp+q is a trivial-
ization of �1(M)' T M∗. For any i ∈ {1, . . . , p+q}, define |i | to be 1 if di is even,
and 0 otherwise. (This definition generalizes the previous definition of |i | given in
Definition 3.3.)

For any l ∈ {1, . . . , n+m}, there exist superfunctions Fr,s;i , G t,u;i , and H v,w;i ,
with r, s, t ∈ {1, . . . , n+m}, u, v, w ∈ {n+m+1, . . . , p+q}, i ∈ {1, . . . , n+m},
such that

(B-3)



dl
=

n+m∑
r,s=1

dr ∧ ds ∧ Fr,s;l
+

n+m∑
t=1

p+q∑
u=n+m+1

dt ∧ du ∧ G t,u;l

+

p+q∑
v,w=n+m+1

dv ∧ dw ∧ H v,w;l,

Fr,s;l
= (−1)(|r |+1)(|s|+1) F s,r;l,

H v,w;l
= (−1)(|v|+1)(|w|+1) Hw,v;l .

For convenience, we have chosen to multiply a 1-form with a superfunction on the
right, which is unusual but will simplify the signs. Equation (B-1) gives

n+m∑
l=1

n+m∑
r,s=1

dl ∧ dr ∧ ds ∧ Fr,s;l
+

n+m∑
l=1

n+m∑
t=1

p+q∑
u=n+m+1

dl ∧ dt ∧ du ∧ G t,u;l

+

n+m∑
l=1

p+q∑
v,w=n+m+1

dl ∧ dv ∧ dw ∧ H v,w;l
= 0.

This is equivalent to the three conditions

(B-4)


Fr,s;l

+ (−1)(|l|+1)(|s|+|r |) F s,l;r
+ (−1)(|s|+1)(|r |+|l|) F l,r;s

= 0

G t,u;l
= −(−1)(|l|+1)(|t |+1)Gl,u;t

H v,w;l
= 0

Define (d i;l)i,l=1,...,n+m by

(B-5) d i;l
=

4
3

n+m∑
s=1

ds ∧
(
F i,s;l

+
1
2(−1)|s|(|i |+1)+|i |(|l|+1)ds ∧ F i,l;s)

+

p+q∑
u=n+m+1

du ∧ Gi,u;l .

We check that (B-4) implies that (B-2) can be satisfied:
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Step 1: Checking that d i;l
= (−1)(|i |+1)(|l|+1)dl;i .

From G t,u;i
= (−1)(|i |+1)(|l|+1)Gi,u;l , we obtain

(B-6)
p+q∑

u=n+m+1
du ∧ Gi,u;l

= (−1)(|i |+1)(|l|+1)
p+q∑

u=n+m+1
dt ∧ Gl,u;i .

Moreover, from (B-3) and (B-4), we obtain

(B-7) F l,s;i
+ (−1)(|s|+1)(|l|+|i |) F i,l;s

+ (−1)(|l|+1)(|i |+1) F i,s;l
= 0.

It is then straightforward to check that

F l,s;i
+

1
2(−1)(|s|+1)(|l|+|i |) F l,i;s

= −(−1)(|l|+1)(|i |+1)(F i,s;l
+

1
2(−1)(|s|+1)(|l|+|i |) F i,l;s).

This and (B-6) imply that

(B-8) d i;l
= −(−1)(|i |+1)(|l|+1)dl;i .

Step 2: Checking that
∑n+m

i=1 di ∧ d i;l
= dl .

We compute
∑n+m

i,s=1(−1)(|s|+1)(|l|+|i |)di ∧ ds F i,l;s . It is equal to

1
2

n+m∑
i,s=1

(−1)(|s|+1)(|l|+|i |)di ∧ ds F i,l;s
+

1
2

n+m∑
i,s=1

(−1)(|s|+1)(|l|+|i |)ds ∧ di ∧ F s,l;i .

From the identity (−1)(|s|+1)(|l|+|i |) (−1)(|s|+1)(|i |+1)
= (−1)(|l|+1)(|s|+1), we deduce

n+m∑
i,s=1

(−1)|s|(|i |+1)+|i |(|l|+1)di ∧ ds ∧ F i,l;s

=
1
2 di ∧ ds ∧

(
(−1)(|s|+1)(|l|+|i |)F i,l;s

+
1
2(−1)(|l|+1)(|s|+1)F s,l;i)

=
1
2 di ∧ ds ∧

(
(−1)(|s|+1)(|l|+|i |)F i,l;s

+ (−1)(|l|+1)(|i |+1)F l,s;i).
From (B-7), we obtain

(B-9)
n+m∑
i,s=1

(−1)(|s|+1)(|l|+|i |)di ∧ ds F i,l;s
= −

1
4

n+m∑
i,s=1

di ∧ ds ∧ F i,s;l .

The result now follows immediately from (B-5) and (B-9). �
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