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CLOSED SUBSETS OF THE WEYL ALCOVE AND TQFTS

STEPHEN F. SAWIN

For an arbitrary simple Lie algebra g and an arbitrary root of unity g, we
classify the closed subsets of the Weyl alcove of the quantum group U, (g).
Here a closed subset is a set such that if any two weights in the Weyl alcove
are in the set, so is any weight in the Weyl alcove which corresponds to an
irreducible summand of the tensor product of a pair of representations with
highest weights the two original weights. The ribbon category associated to
each closed subset admits a “quotient” by a trivial subcategory as described
by Bruguiéres and Miiger, to give a modular category and a framed three-
manifold invariant or a spin modular category and a spin three-manifold
invariant, as proved by the author.

Most of these theories are equivalent to theories defined in Sawin, Adv.
Math. 165 (2002), 1-70, but several exceptional cases represent the first
nontrivial examples of theories that contain noninvertible trivial objects,
making the theory much richer and more complex.

Introduction

Quantum groups, that is, quantized universal enveloping algebras of simple Lie
algebras, together with their representation theory, have been the subject of much
fruitful investigation, and are of interest from many perspectives, but one partic-
ularly important application is to link and three-manifold invariants. The general
setting is that these quantum groups are ribbon Hopf algebras, and hence their
representation theory forms a ribbon category, from which one can construct an
invariant of links and more generally labeled graphs embedded in S* with similar
properties to the original Jones polynomial. When the complex parameter ¢ on
which these algebras depend is a root of unity, their representation theory satisfies
the more restrictive requirements of a modular category, from which one can con-
struct a three-manifold invariant which satisfies Atiyah’s axioms for topological
quantum field theory. More specifically, the set of representations spanned by
the subset of the irreducible representations in the Weyl alcove, with the ordinary
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tensor product of representations replaced by the truncated tensor product, forms
a modular category.

Any subset of the Weyl alcove which spans a set of representations closed under
both duality and the truncated tensor product determines a new ribbon category
which is a full subcategory of the original. Of course this subcategory encodes
only a subset of the link information of the original theory, and on this basis does
not seem of interest. However, if this ribbon subcategory happens to be modular,
there is no reason to think that the resulting three-manifold invariant is determined
by the original three-manifold invariant, and in fact it is not apparent that it has
any connection with the original. Thus finding closed subsets of the Weyl alcove
which are modular is an important question.

In fact, the modularity requirement can be relaxed quite a bit. Miiger [2000] and
Bruguieres [2000] have shown that under favorable circumstances which hold for
the quantum group examples (e.g., the existence of a unitary structure) a ribbon cat-
egory admits a kind of quotient which yields a modular category in the absence of a
certain easily identifiable obstruction. In fact, even in the presence of this obstruc-
tion [Sawin 2002a] a similar process yields an invariant of spin three-manifolds.
Thus a classification of the closed subsets of the Weyl alcove, together with an
identification of the quotient and when the quotient yields a modular category,
would give a complete summary of the invariants of three-manifolds which can be
constructed out of the Weyl alcove in this fashion. The present article classifies
the closed subsets of the Weyl alcove and describes the subcategory of so called
degenerate objects by which one quotients.

A second reason for considering the closed subsets of the Weyl alcove is that
they might plausibly correspond to quotients of the quantum group, or at least of
a subalgebra. In fact in the classical case the closed subsets of the Weyl chamber
correspond exactly to quotients of the simply connected groups by a subgroup of
the center: i.e., there is a one-to-one correspondence between closed subsets of the
Weyl chamber on the one hand and Lie groups with the given Lie algebra on the
other. Thus quotients associated to closed subsets of the Weyl alcove, if they exist,
might be viewed as quantum analogues of the nonsimply connected groups.

Finally, in the course of the classification we shall construct some unexpected
theories at level kK =2. Some of these theories (associated to the quantum group of
type B, and D,,) appear to give new invariants and admit skein relations that suggest
we might be able to compute for these theories much of what can be computed in
the SU(2) (i.e., A1) theory. Nevertheless, these theories exhibit novel behavior
(specifically, the subcategory of degenerate objects is the representation category
of a nonabelian group) worthy of further study.

The analysis of the closed subsets of the Weyl alcove was begun in [Sawin
2002b]. There closed subsets which correspond precisely to the classical closed
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subsets, i.e., to nonsimply connected Lie groups, were found and their invariants
identified. These subsets correspond to Chern—Simons theories for nonsimply con-
nected Lie groups conjectured by Dijkgraaf and Witten [1990]. A second collection
of closed subsets was also identified and classified there. These subsets, associated
with certain corners of the Weyl alcove, formed very simple ribbon categories (in
fact the category associated to the group algebra of an abelian group, with a mildly
deformed R-matrix) and manifold invariants depending only on homology which
had been studied by Murakami, Ohtsuki and Okada [Murakami et al. 1992]. Here
we complete the identification of the closed subsets of the Weyl alcove, demon-
strating that the closed subsets given above are the only ones except for certain
special cases at level k = 2.

The paper is organized as follows. Section 1 introduces the needed facts about
Lie algebras, quantum groups and the truncated tensor product, which can all
be found in [Humphreys 1972; Kirillov 1996; Kassel 1995; Turaev 1994; Sawin
2002b]. Sections 2 and 3 give the classification of the closed subsets, and Section
4 identifies when the quotient is modular and what the resulting invariant is for the
exceptional cases not discussed in [Sawin 2002b]. Finally Section 5 shows that the
closure under duality condition on closed subsets is implied by the closure under
tensor products. This observation is fairly independent of the rest of the paper, but
is a natural question. In particular it is of great relevance when using skein theory
and cabling to explore link and three-manifold invariants; see for example [Turaev
and Wenzl 1993; Wenzl 1993].

1. Quantum groups and the Weyl alcove

Let g be a simple Lie algebra and let {o;};<, be the simple roots of g. The
weight lattice A is spanned by the fundamental weights {A;};<, givenby (A;, oj) =
8, j(ai, a;)/2.

The Weyl group is denoted by 20, and the set of weights in the fundamental Weyl
chamber is called A™ (we will loosely refer to this set itself as the Weyl chamber).
Half the sum of the positive roots is called p, the unique short root in the Weyl
chamber is called 8, and the unique long root in the Weyl chamber is called 6 (in
the simply laced case either will refer to the unique root in the Weyl alcove). The
root 0 is the highest weight of the adjoint representation of g. The dual Coxeter
number / is defined to be (p,0) + 1, the value of the quadratic Casimir on the
adjoint representation.

Let g = >/ U‘H;), for some natural number k. Recall that there is an irreducible
representation Vj of the quantum group U, (g) for each weight A in the Weyl al-
cove Ao, i.e., weights A € AT such that (A, 0) < k. Kirillov [1996] shows that
the category of representations of the quantum group which are a direct sum of
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representations in the Weyl alcove forms a semisimple ribbon x-category if the
ordinary tensor product is replaced by the truncated tensor product, ®, which
is the maximal subspace of the ordinary tensor product isomorphic to a direct
sum of representations in the Weyl alcove (since we will never use the ordinary
tensor product in this article, we use ® for the truncated tensor product without
confusion). Kirillov’s ¢ is normalized a bit differently from what we use here,
which follows the conventions of [Sawin 2002b], but because of differences in
the normalization of the quantum group defining relations, the above sentence still
holds, and determines the normalization. The truncated tensor product operation
on the lattice of isomorphism classes of representations in the category (with direct
sum as addition) forms a commutative, distributive, associative multiplication with
the trivial representation Vj acting as identity, determined by

vieV, = @ N, oV,
UISHY)

where N,{” , are nonnegative integers and N © V indicates the direct sum of N
copies of the representation V (or equivalently, the tensor product of V with an N-
dimensional trivial representation). In [Sawin 2006] we gave the following formula
for these numbers, generalizing a result from [Andersen and Paradowski 1995]:

(1-1) Ny = (=D)%my, (L — o (),

UEQU()

where m; (1) is the dimension of the p weight space inside the classical represen-
tation of highest weight A and 20 is the quantum Weyl group, which is generated
by reflection about the hyperplanes {x|(x + p, «;) = 0} for each simple root «;
together with {x|(x, 8) =k + 1}. Also

C, = q(/\,Hz,o)/z

and qdim(A) > 0, where qdim(A) is the invariant of the unknot and C}, is the factor
which a full twist applies to the link invariant.

For simplicity, since we will only ever need to consider representations up to
isomorphism, we will confuse the (isomorphism class of the) representation V)
with the weight X, for example writing AQy = @n Nf,y © 7. Caution should be
used with the operations & and ©, because the weights are elements of the weight
lattice and therefore admit a lattice addition and scalar multiplication denoted by
A+ y and nA, respectively, which we will also make frequent use of. Note that
Aty #LB Yy, and nA #nOA. In particular, 0 is the additive identity in the lattice,
but is the multiplicative identity for ®. We hope that the brevity of the notation
outweighs this modest awkwardness.
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Theorem 0 [Sawin 2002b]. There is an injection £ from Z(G), the center of the
simply connected Lie group with Lie algebra g, to the fundamental weights of the
Weyl alcove such that z acts on the classical representation 'V, as

exp(2mi(y, £(z))) -id, .

The fundamental weights A; in the image of € are exactly those for which (A;, 0) =1
and the associated root «; is long, and are also exactly those for which there is a
unique element t; of the classical Weyl group sending the standard base to the base
{aj} i U{=0}. If we define ¢;(y) =kA; +1;(y), then ¢; is an isometry of the Weyl
alcove and of the simplex {A: (A, aj) >0 and (A, 0) <k} and ¢;(AQy) =¢;(M)Qy
If we use k also to represent the map on the weight lattice which multiplies each
weight by the number k, then k€ is a homomorphism in the sense that k€(zz') =
kl(z) ®kL(Z'). Weights in the range of k€ can be characterized as extreme points of
the simplex {A : (A, aj) > 0 and (A, 0) < k} such that a neighborhood of the weight
0 intersected with the simplex is isometric to a neighborhood of the extreme point
intersected with the alcove, the isometry being given by ¢;.

If Z is a subgroup of Z(G), let Az be the image of Z under k£. The subset
of the Weyl chamber consisting of weights y such that Z acts trivially on V), is
the intersection of the Weyl chamber with a sublattice of the weight lattice, and its
elements are in one-to-one correspondence with representations of the Lie group
G/Z. The intersection I'z of this set with the Weyl alcove may be thought of
loosely as the “Weyl alcove for quantized G/Z,” and consists of those weights y
in the alcove for which (y, £(z)) is an integer for all z € Z.

A few key facts about the truncated tensor product were proven in [Sawin
2002b].

Lemma 1. For any o in the classical Weyl group 23, and any weights y, A in the
Weyl alcove, if A + o (y) is in the Weyl alcove, then AQy contains . + o (y) as a
summand.

Lemma 2. AQLA" contains as a summand 6 if k > 2 and X is not a corner (i.e.
a multiple of a fundamental weight such that (A, 0) = k). In the nonsimply laced
case it contains as a summand B unless (A, o;) = 0 for every short simple root «;.

We say a fundamental weight A; is long or short according to whether ¢; is long
or short. We say a long weight A; is sharp or dull according to whether (1;, 6) =1
or not. Finally, we say that a weight X is a long, short, sharp or dull corner if
(A,0) = k and it is a multiple of a fundamental weight with the corresponding
property. Thus for example the above lemmas tell us that A ® AT contains 6 or 8
as a summand unless A is a dull corner.
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2. Closed subsets

Following [Sawin 2002b], we say that a subset I" of the set of representations in
the Weyl alcove Ay is closed if it is closed under duals (for every y € I', the weight
y " of the dual representation is in I') and under the truncated tensor product (if
A,y €T then every n such that N;"y # 0, i.e. such that n corresponds to a direct
summand of A®y, is in I"). We will see in Section 5 that in the quantum groups
case the second condition implies the first. Such subsets correspond exactly to
ribbon subcategories, and Miiger [2000] showed that if they meet a certain easily
checked condition they admit a quotient which is modular and gives a TQFT and
three-manifold invariant. The following theorem gives a complete classification
of closed subsets of the Weyl alcove. The proof encompasses this and the next
section.

Theorem 1. The closed subsets of the Weyl alcove are:
(a) For any subgroup Z C Z(G), the set I'z.
(b) For any subgroup Z C Z(G), the set Ay.
(c) Fork =2,
(1) E7 the set {0, Ag},
(2) E7 with set {0, Ay, 2A7},
(3) Eg with set {0, A1},
(4) B; with set {0, 2X, )\.j, )sz, ceey )\.(n_])j/z} where j > 2 and 2l + 1 = nj,
(5) D, with set {0, 2X1, )\.j, )»2]', e )\(n—l)jy 2011, 2)»1} where ] >2andl =
nj,
(6) D; withset {0,2A1,Aj, A2j, ..., An—1)j/2} where j >2and 2l =nj forn
odd.

Here the A; are the fundamental weights ordered as in [Humphreys 1972]. We
will call (1)—(6) the exceptional closed subsets.

Before embarking on a proof of the theorem, some general discussion is in order.
Equation (1-1) is difficult to use in general, but we will find it suffices for most of
our purposes to examine it carefully only when one of the factors is 6 or 8. Our
strategy will be to show that for any A which is not in one of these exceptional
cases and not a sharp corner(and therefore not in the image of kf) an appropriate
tensor product of factors of A and A" contains 6 or . It will be easy to see that any
closed subset containing 6 or S is of the first type in the theorem. By Lemma 2, 6
or B is contained in a tensor product of copies of A and A" unless A is a long corner.

By Lemma 1, AQ 8 will contain as a summand with multiplicity one every
weight A 4 o for which « is a root (or a short root in the nonsimply laced case)
and X + « is in the Weyl alcove. Thus a crucial question is this : Given any dull
corner A, for which « is A 4+ « in the Weyl alcove? Of course if A; + « is in the
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Weyl alcove for k = (0, X;) (i.e. when A; is a corner), then n); 4+ « is in the Weyl
alcove whenever n); is a corner.

Below we list for each dull X; the roots (or in the nonsimply laced case short
roots) « such that A; + « is in the Weyl alcove for k = (%;, 8). The labeling of the
roots and fundamental weights are as in [Humphreys 1972]. The roots are written
out as a sum of simple roots and 6 in such a way that each additional simple root
has negative inner product with the sum up to that point (as can be checked using
the Cartan matrix: see Humphreys, p. 59), confirming recursively that the sum is a
root. That the root is short in the nonsimply laced case and that the entire sum has
nonnegative inner product with each simple root and inner product with 8 less than
or equal to that of A; can be checked from the Cartan matrix and the expansion of
6 (Humphreys, p. 66).

Bi: For2<i<Il—1. A+ap1+aipo+-+oa, i — (o +aipr+ - +op).
Co: Mtart+o+--to—1, A — (a1 +-- -+ a).

Dp;: For2<i<l—-2. A —(j_1+ai+--+oyoto_1+o+oo+--+ao),
Ao oo+ oo to oyt +oy_3+- - -+a;1o (for the cases i =
[—2, and i =[—3 the last formula should read A;_,+oy_; and Aj_3+o;_r+o_1+oy
respectively).

Eg: Mtoa+azst+os+tas+ag, Ap—60. Az +ap, A3 —0 +ap + a4 + a5 + ag,
AMAar+oz, atos o, ha—60 o As+oe, As—0 oy +aa a3+ o

E;: Mtostoastastastort+ortag+as+og, Ay —0. Ay —0+o+a3tag+
as+oae+ar. A3tar+os+as+ogt+ar, A3 —0 —ay. Ag+on, g +oas+ag+og.
As+aeto, As—O0+o) oz togton. Agta7, Ag—0 4o oz +as+os+os+as.

Eg: M —04+ag+ar+astoas+as+az+ar+oas+as+as+ a7, A —
(s +as+ar+oas+as+o7+oag+as+as+og+a7). Ao —60+o; +a3+
astast+agt+art+ag, Ay — (2 +og +a3+o1 +as +ag+ag+as +as +
o4 +0ar). Aytoy, A — (o +oa3+og+or +os +ag +a3). Ag+ o) + g,
MAay. As+ay+az+ag+ap, As —0 +og+o7+ag. g+ o +o3+ oy + o,
A —O0+a7+ag. Ap+oap ozt o+ +as + g+ g+ o3 +os + g + oo,
AM—0+4ag. Ag+60 —ag — o7 —ag— 05 — Q4 — 013 — Q) — Ol4 — A5 — Olg — Q7 — O3,
Ag—0.

Foo M4+ar+as+oasg+a3, A — (g +ar +a3). Ay +a3 +aq, Ay — (a2 +a3).
Ga: Ay tay, Ay — (o) +a2).

We see from this list that for each of the nonsimply laced algebras except B; there
is a short root « such that 8 + « is in the Weyl alcove for k > 2 (For C; we have

=M anda=a;+ar+---+ao;_;1; for F4, 0 =A; and @ = ap + a3 + a4 +o3; and
for G, 6 =X, and o = ¢1). Thus by Equation (1-1) Ngjg“ contains a contribution
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from o =1 since my () = 1. In order for it to contain a contribution for some other
o, that o would have to be a reflection about a short root «; such that (6 +«, ;) =0
and o — «; is long. If @ — «; is long then («, @;) = 0. One can easily check by
direct computation that there is no such «; in any of these case. Therefore 6®6
contains 6 + «, so 6®HRO contains (0 + «)®6, which by Lemma 1 contains f.
For B; when k > 2 the same argument applies to 6 4+ . When k = 2 we will see
below that a power of 6 contains 2A;, which is a short corner and hence a higher
power contains 8. We conclude that if a closed subset of the Weyl alcove contains
0, it also contains S.

Lemma 3. If a closed subset of the Weyl alcove contains B, it is of the form I z for
some Z.

Proof. Consider A in the root lattice and in the Weyl alcove, and choose a path
in the root lattice connecting A to O such that the difference between successive
points in the path is a short root. By reflecting about hyperplanes of reflection
in the quantum Weyl group we can replace it by such a path crossing fewer such
hyperplanes, and by induction can find such a path entirely within the alcove. Then
by Lemma 1 A is contained in B%", where n is the length of this path. Thus if a
closed subset contains 3 it contains all of the root lattice A,.

If A, y are in the Weyl alcove and in the same coset of A/A,, their difference is
in the root lattice, and thus any closed subset containing one of these and 8 contains
the other. So any closed subset containing 8 is a union of cosets intersected with
the Weyl alcove. The tensor product of two weights is a nonempty sum (because
the quantum dimensions are nonzero) and is in the product of their cosets, so the set
of cosets making up such a closed subset is a subgroup of A/A,. This proves that
the closed subset is in the intersection of the preimage of a subgroup of A/A, with
the Weyl alcove. By Theorem 0 the map sending z € Z(G) to exp(2mwi(£(z), -)) €
(A/A)* is a group isomorphism. So such a subgroup is dual to some subgroup
Z C Z(G), and the closed subset is exactly I'z. U

Now if A is a dull corner it is a multiple of one of the weights in the chart above.
If A; +« is in the Weyl alcove for k = (X;, 6), then nA; +« is in the Weyl alcove for
k =n(A;, 0). So from the chart there are at least two elements of the Weyl alcove
a short root away from A, except if A is a multiple of A, for E5. In this exceptional
case Ay/2 —ay is in the Weyl alcove, so there are still at least two elements of the
alcove a short root away from A except when A = A, and k = 2. Thus with this
exception if A is a dull corner then by Lemma 1 A® 8 contains two weights. But
each of these weights when tensored with 8 contain A, so AQ S®  contains A with
multiplicity at least 2. Therefore A@A" contains two weights in B®B. Of course
one is the trivial weight, so the other must be of the form § + « for @ a short root
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different from —g. If this 8 4 « is not a corner dual to a long root, a tensor power
of it then contains .

3. Proof of the Theorem

Proof of Theorem 1. It was shown in [Sawin 2002b] that the subsets of the form
'z and Az are closed . We will see below that the exceptional cases are closed by
computing the truncated tensor product completely. So we have only to show that
every closed subset is of this form.

We will assume the closed set contains some A not in the image of k¢, and show
it is either the exceptional case or it contains 6 or 8, in which case by Lemma 3 it
falls into the first category. By Lemma 2 we may assume A is a corner dual to a
long root.

Case k = 1. There are no dull corners, so there is nothing to prove.

Case k =2. Except for A, of E7 if X is a corner dual to a long root and not in the
range of k¢ then A®A" contains something nontrivial in A® 8, so we may assume
that A is a such a corner and A® A" contains a summand of the form 8 + « for « a
short root.

e For A;, there are no dull corners.

e For By, there is nothing to prove if / = 2, so assume [ > 2. The Weyl alcove
consists of A; for i <[ and 2A; and 2%;. By checking which differences among
these are short roots and noting A; = 8 we conclude
Aic1® Ay forl<i<I—1,
0P20 DAy fori=1,
Ai®AL =
2A P Ao fori=1-1,
A fori =1,
20@A1 =20 D A1,
2M@A1 = A4,

20182101 = 0.
From this we conclude recursively that

2MQN = A fori <I,
2M1Q20 = 2A,



314 STEPHEN F. SAWIN

Ai—j @it forl>i>jandi+j <l

Aimj D 2N forl>i>jandi+j=1,14+1

M i @ Ayai_i_i forl>i>jandi+j>[+1
Xi®)»j:< i—j +1—i—j

0B 20 D Ay for!/>i=jand2i <!

06 2A1 B2 forl>i=jand2i=1,1+1

0P 20 D Ayjr1—p; forl>i=jand2i >1[+1.

Notice first of all that a closed subset containing A, = 6 will contain A; for all
even i < [. In particular it must contain either A;_, or A;_1, so it must contain 2A;,
and therefore since this is a short corner it must contain 8. Thus we recover our
promised assertion that even for B; at level k = 2, a closed subset containing 6
contains B and therefore is of the from I'z.

Let I" be a closed subset which is not of the form I"'; or Az. We know that I
cannot contain Ay, Ay, A; or 2A;, or else it would be of the form I'z, and I' must
contain something other than 0 and 21. So let j be the least j such that A; € I'.
Necessarily [ > j > 2. By the product rules above A, A5, A3;, ... € I'z. Suppose
m is the largest such that A,,,; € I'. Then every summand of A,,;®A; isin I". Clearly
(m+1)j>1, and in fact (m +1)j > [+ 1, or else 24; € I". So we conclude that
AMit1—m+nj €C. Nowmj <l <(m+1)jso2l+1—(m~+1)jis within j of mj.
If they are not equal then A,,; ® A2/41—(m+1); contains A; where i is this difference,
contradicting the minimality of j. Thus we conclude mj =2/ +1—(m+1)j, and
I" contains set (4) in the statement of the theorem, with n =2m + 1. If it contained
any A; not in this set, there would be p such that i — pj| < j, and hence Aj;_pj|
would be in the set, contradicting the minimality of j.

e For C; there is nothing to prove since 9 is the only dull corner.

e For D; at k = 2 the weights are A; for 1 <i <[, 2Ay, 2A;_1, 22y, and ;1 + A;.
By checking which differences among these are roots we see

A1 B A3 fori =1
0P20 B Ay fori =2
Ai®O = A2 @ iy for2 <i<[-3

Mos®ON_1+A) fori=1I1-3
M_a@®20 D210 fori=1-2.

Since 2A; is in the range of k¢ and hence invertible, it follows 2A1®60 = 6.
Since A1 ®A; contains 21; by Lemma 1, we conclude 2A;®X; = A1 so inductively
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20 ®A; = A; fori <[ — 1. Similarly
2M®0 = 12,
20100 = Ao,
2M®201 =2A1,
20-1@201 = 2A.

Since A1 ®0 contains i, it is clear that A;® A contains 0, 6, and 2, each with
multiplicity one. Notice that by Equation (1-1), 7 is not a direct summand of AQ y
if the distance between A and n is more than ||y || (this is argued explicitly in the
proof of [Sawin 2002b, Lemma 2]). Noting that ||A;|| = 1 and computing ||A — A1 ||
forA=A; with2 <i </ —1and A = X;_1, A7, (Mj—1 + A;) we conclude

MRIA =0B60 B 2A;.
It then follows recursively that

Aic1 D Aig1 forl<i<l—-2
Ai®AL =
M3® A1 +A) fori=I1-2,
(Ai—1 +A)@A = A2 @201 D 24y,
2M @A =M1+ Ay,
2MQM = Aj—1 + Ay
Finally, we get recursively from this
Aiej DAy forj<i<l—landi+j<Il—1
hiej @ M—14+Xp) forj<i<l—landi+j=1—-1,1+1
A j D201 D 2N for j<i<l—1landi+j=I

B = Aiej @ Ay—i—j forl>i>jandi+j>14+1
0B2X D Aiyj forj=i<l—landi+j<l—1
0201 (M—1+X) forj=i<l—1land2i=1—1,1+1
0P2A1 B20—1 2N for j=i<l—1and2i =1
0D 20 D Aoy—r; for j=i<land2i >1+1,

Aok, = AM_1+ A forA=20_jorA=2)and j=1

AM—j forA=2)_jorA=20and 1 < j<I—1.
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Thus if the closed subset I' contains Ay, Ay, Aj_1, A; Oor A;_1 + A; it contains 6
and is of the form I'z. If it contains only a subset of 0, 241, 2A;_1, and 2 it is of
the form Az. If T is not of the form I'z or Az then it must contain A ; for some
2 < j <l —1, so suppose j is the least such. Then I contains A, A2, ..., Auj,
where m is the greatest such that mj </—1. Again I must contain every summand
of A,,;®A ;. Then by the maximality of m we know (m +1)j > [ —2, and since I"
cannot contain A;_; +A; we know (m+1)j Al — 1,14+ 1. If (m+1)j =1, then
I' contains {0, 2A1, A, A2j, ..., Amj, 2A;—1, 24}. 1If it contained any other A; for
2 <i <1 —1 then there would be p with |i — pj| < j, so A;_,;| would be in the
set, contradicting the minimality of j. Since I cannot contain any other weights in
the alcove, we conclude I is of the form of set (5) in the theorem, withm =n — 1.

On the other hand if (m+1) j #1, the (m+1) j > [+41, and therefore Aoy 1—(n+1);-
Of course 2/ + 1 — (m + 1) is a distance less than j from mj, so if the difference
is nonzero then again we contradict the minimality of j. Therefore the distance
between them is zero, so 2/+1= (2m+1)j, and I' contains {0, 241, Aj, - -+, Apj}-
Again it cannot contain any other weight in the Weyl alcove without contradicting
the minimality of j (if it contained 2A; or 2A;_ it would contain A;_;, which is
distinct from A,,; but [ — j is less than j away from mj) so I' is set (6) in the
theorem, with n = 2m + 1.

e For Ejg, the weights of the Weyl alcove are 0, A1, 211, X2, A3, A5, Ag, 2A¢, and
A1+ Ae. A closed subset containing a dull corner must contain a nontrivial weight
of the form 6 + «, but the only such weight is A; + Ag, which is not a corner.

e For E7, the weights in the alcove are those in k¢ (0 and 2A7), the other corners
(A1 =6, Xy and Ag) and one other (A7). We have

207®6 = Ag,
R0 =0 Ag,
A6®O =0 D 2A7,
A®0 = A7,
M@0 = Ay ® A7,

SO
re®@re =0D@ As, AQ®Ae=2A7, A1®Ac=2A2 D A7.

Since every weight in E7 is self-dual, A7® A7 consists of weights in the root lattice,
and since N ﬁ y = { s« we can read off from the previous equations

AMRQA7 =080 B 217 B Ag,
SO
MO =0DArs and I®@A, =06 2X07.
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Thus the smallest closed subset containing A¢ is {0, A¢}, the smallest one con-
taining A, is {0, Ao, 2A7}, and the smallest one containing any other nonunit is a
subset containing 6.

e For Eg, the only weights are 0, A; and A3 =60. As above we see that Q0 =0B A1,
A1®60 =6, and hence A;®A| = 0. Thus A; is invertible, {1, 0} is a closed subset,
and every other closed subset contains 6.

e For F, and G there is nothing to prove since the only elements are 0, 6, 8, and
28, where 28 is a short weight.

Case k = 3. Since now for all dull corners we know A®A" contains something
nontrivial in 8® B, we may assume our closed set contains a corner which is of the
form 8 + « for « short.

In the nonsimply laced case there are no such corners, so we need only consider
the simply laced case. The only corners are fundamental weights with (4;,0) =3
together with the range of kZ.

e For Dy there are no fundamental weights with (A;, 8) = 3, and the range of k¢,
(3A1, 371, and 3;) contains nothing in the root lattice.

e For Eg, neither 311 nor 344 is the sum of two roots, so only A4 is such a cor-
ner. Since A4®06 contains at least three summands, A4®A4 contains two distinct
nontrivial summands of 6®6, so it must contain a noncorner.

e For E7, since 3)7 is not in the root lattice, only A3 and A5 are such corners, and
only A3 among all corners is of the form 6 4+ «. Thus any closed subset containing
a corner contains A3, so since A3®06 contains at least three summands, A3QA3
contains two distinct nontrivial summands of 6®86, one of which must not be a
corner.

e For Eg, Only A, and A7 are corners, and neither is of the form 6 + «.

Case k =4. Again we need consider only the simply laced case, and we need only
consider corners of the form 6 + «, which means the corner 26. Now in each case
6 = A; for some i, so in addition to the weights in the chart, we have 20 — «; is a
summand of 20®86, so 20 ®26 contains two distinct nontrivial summands of 6®6,
one of which must not be a corner.

Case k > 4. For any dull corner A, A®A* contains a nontrivial summand of 6®86,
which cannot be a corner. O
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4. Modular categories and closed subsets of the Weyl alcove

As alluded to in the introduction, there is a well-defined procedure for constructing
a modular or spin modular category out a ribbon x-category (all of our ribbon cate-
gories inherit the *-structure from the original ribbon category). These techniques
were developed by Miiger [2000] and Bruguieres [2000].

First one should identify the subcategory of degenerate objects, which are simple
objects (in our case irreducible representations) A such that R; , = R; f\ for every
simple object y in the ribbon category, where R is the R-morphism associated to
a crossing. These come in two sorts, even or odd, according to whether the effect
of the full twist C, is multiplication by one or minus one. If all are even, one can
quotient by them to get a modular category. If in addition they are all invertible and
form a cyclic group, [Sawin 2002a] offers a detailed description of the invariant
and TQFT in terms of the original category. In the same work it is shown that
if there are odd degenerate objects, one can still quotient by the even degenerate
objects and the result is a spin-modular category which gives an invariant of spin
three-manifolds.

For the ribbon categories associated to the closed sets of the form 'z and Ay,
[Sawin 2002b] proves that all degenerate objects are invertible and identifies in
which cases they are all odd. Below we identify for each exceptional closed cate-
gory what the degenerate objects are, when they are even, when they are invertible,
and when the resulting TQFT is equivalent to a nonexceptional TQFT.

The case E7 with {0, A¢}. Here A¢®@Aig =0 A¢.
For E7 we have h = 18 so k + h = 20. We have ( g, Ag) = 4 and (Ag, p) = 26,
SO

C, = eZm’(4+2~26)/(2-20) — €4ﬂi/5.

Since this is not =1 then A is not degenerate, so the set is in itself modular.

Straightforward calculations show that this ribbon category is determined up to
isomorphism by the link invariant, which is in turn determined by a skein relation,
the same skein relation that determines the SO(3) theory at k = 3, and thus this
ribbon category is isomorphic to the SO(3) level 3 category.

6

The case E7 with {0, A3, 2)7}). Here Lo®@A> = 0@ 247 and L, @217 = As.
Again h+k =20, (A2, 12) =7/2, (A2, p) =49/2, 2A7,2A7) =6 and (2A7, p) =
27 so

C;, _62n[(7/2+2-49/2)/(2-20) _65711'/8
, = =

Co = eZni(6+2-27)/(2-20) =1
;= = .

Of course
—1 1
Rjs.209 Ron 00 = C1, €y Gy, = —1



CLOSED SUBSETS OF THE WEYL ALCOVE AND TQFTS 319

so neither 2).7 nor A, is degenerate and the theory is modular. Again direct calcu-
lation shows that this theory is isomorphic to the SU(2) theory at level k = 2 but
this time with a nonstandard choice for ¢!/4 = ¢!37/8 (see [Sawin 2006]).

The case Eg with {0, L1}. Here A{®XA; =0.
For Es h=30s0k+h =32. (A1, A1) =4 and (A, p) =46 so

CA — eZni(4+2~46)/(2~32) =1
1 .

This is an odd degenerate object and of course the ribbon category is isomorphic to
that for SO(3) at k = 2. As argued in [Sawin 2002a], this gives the trivial invariant
of spin three-manifolds.

The case By with {0,201, X, A2j, ..., A@u—1)j/2) where 2l +1 =nj. Here h =
21— 1sok+h=21+1. Also, (p, A;) =li —i?/2 and (A;, ;) = i. Thus

Cay, = eni(4+2(2[—1))/(21+1) =1
1

and thus

-1 .
RZAla)Lmj R)\m_/,z)\] - 1’

so 2 is even degenerate. On the other hand

o\ ni(mj—m2j2/<2l+1)>,

=e

mj

SO

—1 =1 _  F2wimpj?/(2+1)
Cotnp C}»mj C/\pj = ’

—1 =1 _ _2mimpj?/Q2l+1)
C)n21+1—(m+p).i C)»m_/ C)‘Pj =€ ’

-1 =1 _ —1 =1 _ 27im?j2/Q2I+1)
CZMCM mej = COc,\mj C/\m,» =e .

This will be 1 for all p, and thus A,,; will be degenerate, exactly if m is a multiple
of n/d, where d is the greatest common divisor of n and j. If m = rn/d then

C, = eni(mj—mzjz/(21+1)) _ em‘(r(21+1)/d—r2(21+1)/a’2).
mj
Since (21 + 1)/d and (21 + 1) /af2 are both odd, this is one whether r is even or
odd, and thus all such A,,; are even. Thus we get a modular category which is a
j
quotient by the Z/2 action if m and j are relatively prime, and by the set of even
simple degenerates

{0, 2A1, A1) /d> A2@i+1)/ds - - - » Md=1)@1+1)/2d)}

if (n, j) =d # 1. Notice that when d # 1 the set of simple degenerates does
not form a group, which is to say that there are noninvertible degenerate objects.
In fact one can check that the subcategory generated by these representations
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is isomorphic to the representation theory of the nonabelian group presented by
(x,y|x?=y*=(xy)? = 1) (any eigenvector of xy generates a two-dimensional
irreducible subrepresentation if the eigenvalue of xy is a nontrivial d-th root of
unity and a one-dimensional subrepresentation if the eigenvalue is 1, recalling that
d is necessarily odd. These two-dimensional representations are classified by the
eigenvalue of xy, and the one-dimensional by the eigenvalue of x.) For example,
when / =13 and j =3, we have n =9, d = 3, and the subcategory generated by

{0, 241, A3, A6, A9, A12}
contains as its trivial subcategory
{0, 221, Ao},

where 2A,®2A1 =0, 2L ®Ag = Ag, and Ag@Ag = 0P 24| D Ag.

This is the first example of which the author is aware of a nonsymmetric ribbon
category with noninvertible degenerate objects. Whether the resulting quotient
gives a truly new TQFT is not clear, and in any case this example is worthy of
further study.

The case Dy with {0, 2A1, Xj, A2, «««s Au—1)j> 2Ai—1, 21} where l =nj. Here
h=2l—-2sok+h=2l(o,A)=iRl—i—1)/2,and (A;, X;) =1, so
Cay, = QTIAH22:0I=2/D)/@D _
Cyy, = TIAF22AQI=I=1/2)/QD) _ ril+1)
1 )

Coy . = eTAU=DI22=DQI=D/2)/@D) _  mil+D)
-1 )

C; — Timj+2mjQ2l—mj—1)/2)/(20) zeﬂi(mjfmzjz/(Zl))’

mj
so 211 is even degenerate and

-1 _ —1 =1 _ wi(~l/2—mj—1)

RZ)‘I')‘mj R)»mj,Z)\,l - C)‘l—mj C}um/‘ CZ}\.] =e ’

—1 _ -1 ~—1 _ mi(=l/2—mj—1)
RZ)‘I—II’)""./ R)»mj,2}\,],1 - C)‘/—m.f C}»m/‘ CZ}\.171 =e ’

and 2);, 2A;_; are thus degenerate exactly when j is even and //2 is odd. They
are always odd degenerate. Also

1 =1 _  Fmimpj?/l
C)"(m:tp)j C)»pj C}umj =e ’

—1 =1 _  —mimpj?/l
C)\l—(m+p)j C)\.mj C)\.pj =e ’

-1 -1 _ —1 =1 _  —wim?j?/1
CZMCAW C/xm,- = COCM mej =e ,

-1 ,—1 _ 1 =1 _  wi(14+mj?/l—mj+1/2)
CZ}\[_IC)\‘mj C)‘flfmj - Cz}\[ C)\,mj C)L[fmj =e '
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This will be 1 for all p, and thus A,,; will be degenerate, exactly when / is even, [ /2
is odd, and either m is an even multiple of n/d, where d is the greatest common
divisor of n and j, or j is even and m is a multiple of [/d. If m =rn/d, then

C, = em‘(rl/d—r21/(2d2))

mj

which is 1 if and only if r is even.
Thus the set of simple degenerate elements consists of

{0, 211}

if (a) / is odd, or (b) [ and / /2 are even, or (c) [ is even, [ /2 is odd and gcd(n, j)=1.
In this case the quotient is modular.
The set of simple degenerate objects consists of

{0, 2A1, Aogja, Xargds - - 5 Aa—1yiya)

if [ is even, j and //2 are odd and gcd(n, j) # 1. In this case all the degenerate
objects are even and the quotient is modular. The subcategory of degenerate objects
is isomorphic to the category of representations of the group (x,y|x? = y> =
(xy) D2 =1).

The set of simple degenerate objects is

{0,241, Aijas Aaugas -+ - s Ma—1yiyas 2hi—1, 2}

if [ and j are even and //2 is odd (here the set is understood to have just four
elements if d = 1). In this case the odd multiples of //d and the last two entries
give odd degenerate objects. Notice the even degenerate objects are isomorphic to
the category of representations of the group (x, y | x2 = y> = (xy)? = 1).

The case Dy with {0,2X1,Xj,X2j, ..., Au—1)j/2} where 21 = nj for n odd.
Again
Cay, = PTIA+22:01=-2)/2)/2) _

C, = o i(mj+2mj(2l—mj—1)/2)/QI) _ erri(mj—mzjz/(Zl))’

mj
so 2 is still even degenerate and

1 =1 _  Fmwimpj?/I
C)L(mip).i C)\pj C}»mj =e

—1 =1 _  —mwimpj?/I
C}‘I*(vaP)/‘ C)tmj C)»pj =e ?

—1 =1 _ 1 ~=1 _  —mim?j*/1
C2A|mej mej = COCA,,,]-CAW- =e .

This will be 1 for all p, and thus A,,; will be degenerate, exactly when m is a
multiple of n/d, where d is the greatest common divisor of n and j. If m =rn/d,
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then
C, = erri(Zrl/d—Zrzl/dz)

nmj

which is always 1. Thus the set of simple degenerate objects is

{0,201, Aijas A2ujds - -+ Aa=1yi/d)s

all degenerate objects are even, and again the category of even degenerate objects is
isomorphic to the representation category of the group (x, y | x> =y> = (xy)? =1).

5. Tensor closed implies closed

The definition of closed involves two conditions: closed under the truncated tensor
product and closed under duality. Under the sort of conditions found in the quantum
group examples the first condition actually implies the second. In particular for any
sum of weights in the Weyl alcove, the set of weights appearing as summands of
tensor powers of that sum is one of the closed subsets classified above. This is of
particular relevance to skein-theoretic and Young diagrammatic approaches to the
link invariants (see, e.g., [Turaev and Wenzl 1993]), where all the link information
is recovered from cabling — that is, tensor powers — of an invariant corresponding
to one particular weight, corresponding to the fundamental representation. The
approach to the proof of the following proposition was suggested to the author by
A. Liakhovskaia.

Proposition. If A is in the Weyl alcove then there is an n such that A®" contains A
as a summand.

Proof. We shall actually show there is an m such that A®™ contains the weight 0
as a summand: Of course n = m — 1 then suffices for the proposition.

For any two elements of the Weyl alcove A and y let S, be the value of the
link invariant on the Hopf link with its two components labeled by A and y re-
spectively. Recall from [Sawin 2002b] that viewed as a | Ag|-by-|Ag| matrix S is
nondegenerate, and that

> adim()S, =80 Y qdim(y)*.

Y€ Y€

Thus if ), Syem ) is nonzero A®™ contains 0 as a summand. Thus it suffices to
show Zy S;em ,, is nonzero for some m. Dividing by qdim(1)™ we see
(5-D
> Spen, qdim(y)/ qdim())" =Y " [S:.,/ qdim(y) qdim(3)]" qdim(y)?.
¥ Y

Now
Sy =Y NI C.C;'C) ! qdim(u)
HEAQ
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and
SA@)/,M = SA,uSy,u/qdim(M)

so since qdim(y ) is positive, C;, is a root of unity and

qdim(1) qdim(y) = > N’ qdim(),

HEAQ

we see that |S; , /(qdim(1) gdim(y))| < 1, and ;. , /(qdim(%) qdim(y)) is a root
of unity when the absolute value equals one.

The quantity in brackets on the right-hand side of Equation (5—1) has modulus at
most 1 for all values of y, and for at least one term in the sum (y = 0) has modulus
equal to 1. So for very large m this sum is dominated by terms where the modulus
is equal to 1. In each of these terms the quantity S, , / qdim(y) qdim(X) is a root
of unity, so for infinitely many values of m the value of (S, , / qdim(y) qdim(2))"™
is equal to 1 simultaneously for all of the values of y for which the ratio has
modulus 1. Thus for sufficiently large m the sum must be positive. g
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