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INTERIOR GRADIENT ESTIMATES
FOR ANISOTROPIC MEAN-CURVATURE FLOW

JULIE CLUTTERBUCK

In this paper we consider the evolution of a graph-like hypersurface by
anisotropic mean-curvature flow, under some restrictions on the anisotropic
area integrand. We find interior estimates (in both time and space) on the
gradient of such hypersurfaces, depending only on the height of the graph
and the anisotropic area integrand.

1. Introduction

Consider the evolution of a hypersurface by its mean curvature,

d
(1) Ex(yat):H(y’t)a yEM,

where x : M" x [0, T] — R"*! is the immersion of a manifold M at each time ¢,
and H is the mean curvature vector. The hypersurface M can be written as a graph
when a fixed vector w € R"*! can be found so that, for a choice of unit normal v,
we have (v, w) > 0 everywhere. Given the image x(y, ¢) of a point y € M, the
height of M above the hyperplane defined by w is denoted by u = (x, ®), and the
gradient function is given by

v=,w) ' =1+ |Dul?.

Ecker and Huisken [1989] established that, when initial data is given by an entire
Lipschitz graph with a linear-growth bound, there is a smooth solution to (1) for
all times. An important step in this proof was showing that the solutions remain
graphs; this was done by showing that v is bounded above, with a constant depend-
ing on the initial Lipschitz bound. In [Ecker and Huisken 1991], it was established
that the Lipschitz bound need only be local; our estimates are intended in the spirit
of the local gradient estimates of Section 2 of this latter paper.

Such gradient estimates may be found even if the initial data is not Lipschitz.
Evans and Spruck [1992] showed that, under mean-curvature flow, surfaces that
may initially be written locally as a continuous graph become smooth for ¢ > 0.
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The level-set method was also used by Barles, Biton and Ley [Barles et al. 2002] to
find similar gradient estimates for a more general class of equations. More recently,
Colding and Minicozzi [2004] found an explicit local estimate in the form

|Du(x, 1)) < exp(c (1 +f1/2||u||oo)2)

for solutions over a ball Bg(x) with R > C+/t. Here, the constant ¢ depends only
on the dimension. This estimate does not depend on an initial gradient estimate.

We find an analogous result for anisotropic mean-curvature flow, under some
restrictions on the anisotropy. Such estimates are an important step in finding
existence results for a variety of boundary-value problems with non-smooth initial
data, as in [Andrews and Clutterbuck 2005].

We will follow the exposition in [Andrews 2001], in particular Section 8, in
which the evolution equation for graph-like surfaces is derived.

Consider surfaces M with local embeddings

x=ye+uly', ..., y"eo,
and normal n

v=Du—¢" =} ui¢' —¢",

i=1
where {(/50, (/51, ..., ¢"}and {eg, ey, ..., e,} are dual bases for the cotangent space
V* = R and tangent space V = R"*!, respectively.
The anisotropic mean-curvature flow for such a surface is given by

2) u; = FD*F|p,_s(¢', ¢7) D*u(e;, ¢;)

(the homogeneous degree-zero mobility function m = m(v) of [Andrews 2001] is
here taken to be identically 1). The anisotropic area integrand F' : V* — R is a
positive, convex function that is C3 on V*\{0}, and homogeneous of degree one,
so that F(Av) = LF (v) for all v € V* and scalars A > 0. The level sets of F are

denoted by
3, = {ve V*:F(v):k}.

We impose the condition that the convex hull of each level set, {v e V*: F(v) <A},
must be uniformly convex.

Example. In the isotropic case, we have F(v)? = Z;’:O(vi)z, and the level sets of
F are spheres. The coefficients are those of mean curvature:

P -1
FD*F|p,_go(¢', ¢7) = 8;j —usu; (14 |Dul*) .
We define two further conditions on F:

Smallness of third derivatives condition. Set

0.(p,q,r) = F*W)D*F|,(p, q,1).
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The condition is satisfied when

3 Qu(p.q,r) < Ci(FW)’D*F|,(p, p)D*Fl,(q, 9) D*Flu(r, 1))

for all p, g, r tangent to the level set Xr(,y at v. Here, C; is a positive constant
dependent on #.

This Q is the Cartan tensor of Bao, Chern and Shen [Bao et al. 2000], or the
tensor Q of [Andrews 2001] restricted to the tangent space of the level set. The
restriction here excludes anisotropic area integrands that deviate too far from the
isotropic case (such as approximations to the crystalline case). Similar restrictions
on the third derivatives of F' are made in studies of the elliptic problem (see, for
example, [Winklmann 2005]).

Symmetry condition. This is satisfied when

n .
) F(p+¢")=F(p—¢") forallp=3 pi¢'.
i=1
Example. The isotropic case clearly satisfies the second condition, as well as the
first one with C; = 0.

We impose these conditions singly — to find two time-interior gradient estimates
for periodic solutions — and jointly —to find a gradient estimate interior in both
space and time. In a forthcoming paper with Ben Andrews, such estimates are
found for periodic flows without imposing either condition.

Let u : R" x [0, T] — R be a C3, bounded as |u(x,t)| < M, solution to the
anisotropic mean curvature flow equation (2).

Theorem 1. Let u be periodic, so that u(x,t) =u(x+L, t) for some lattice L C R".
If F satisfies condition (3) on smallness of third derivatives with C\> < 4n~'/%, then

20

for0 <t <T’', where T' depends on M, and A, P and q > 1 depend on F.

F(Du—¢°) < max{tq/2 exp(

Theorem 2. Let u be periodic, so that u(x,t) =u(x+L, t) for some lattice L CR".
If F satisfies the symmetry condition (4), then

A(lu| —2M)?

)5
2t

for0 <t <T’', where T' depends on M, while A depends on F,and S on F and n.

F(Du — ¢0) < max{t exp(

Theorem 3 (Interior estimate for anisotropic mean curvature flow). Letn > 1. If F
satisfies both condition (3) on smallness of third derivatives with C 12 < 2/y/n, and
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the symmetry condition (4), then
Aq(Ju] —2M)?
4¢

for0 <t <T' Here, A, P and k depend only on F,while T' >0,q > 1 andr > 1
depend on F and M.

In Section 2 we derive some technical results on F and its derivatives, while in
Section 3 we prove Theorems 1 and 2. In the final Section 4 we prove Theorem 3.

F(Du —¢°) Smax{tq/2 exp( )(Rz—Zkt— |x|2)_r, P}

This work was part of my Ph.D. thesis, written under the supervision of Dr. Ben
Andrews at the Australian National University. I would like to thank him for many
interesting discussions and helpful suggestions.

2. Some results regarding the function F

Uniform convexity implies that F D?F|, is positive definite on the tangent space
of the level set X r(,y. The homogeneity of F leads to the disappearance of some
derivatives of F' in radial directions:

(5a) DF|,(v) = F(v),
(5b) D?F|,(v, +) = D*F|,(+,v) =0,
(5¢) D(FD?*F)|,(v, -, +)=0.

These properties make it more convenient to work not in the space (7' M)*, but
rather in the tangent space to the level set Xr(,). Given v normal to M at x, we
can map v € V* to T, X r(,) by setting

v:=v—r(v.
The normal is not in the tangent space itself, as D F'|,(v) # 0 by (5a). By choosing
r(v) appropriately, 0 will be in the tangent space, with
0= DF|,(d) = DF|,(v—r@Vv) = DF|,(v) —r(v)F(v),
where in the last step we have used (5a). With r(v) = DF|,(v)/F(v), we then

have ) DFlv (U)
V=v— ———F
F(v)
which is nonzero if v is not parallel to v. Consequently, (5b) implies that, for
nonzero v € (TM)*,

’

FD?*F|,(v,v) = FD*F|, (D, ) > 0.
We consider this as a new metric on (7T M)*, and write

G,(v,w):= FD?F|,(v, w).
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Lemma 4. For all P, > 0,
F(p—¢°)= P+ F(—¢") implies F(p)= Py.
Proof. It is a simple consequence of convexity, as F(p—¢®) < F(p)+ F(—¢°). O

Lemma 5. Let {¢°, ..., ¢"} be a basis for V*. For each P > F(—¢"), there exists
Ap > 0 such that

FD*F|,_go(p, p) = Ap
forall p=Y"_, pi¢' with F(p—¢°) > P.
Proof. Set Py =P — F(—¢") > 0. By Lemma 4, if F(p—¢°) > P, then F(p) > Py.
Define B(p) := F D*F| p—¢0 (P, p). Consider this for a fixed member of the level

set pe Xp N span{¢1, ..., @"}; as p is not parallel to p — Y, B(p) is positive.
Also,

lim B(sp) = lim FD2F|SI,_¢o(sp, sp)

§—00 s—0

= lim FD*F|;,_go(sp — (sp —¢°), sp — (sp — ¢"))

§—> 00

= lim FD*Fl,_y,,(8",¢") = FD*F|,(¢", ¢) > 0,

where in the second line the additional terms added vanish according to (5b), while
in the third line the scaling in s is allowed as FD?F is homogeneous of degree
zero. The final inequality is because ¢° is not parallel to p. Since B(sp) > 0 for
1 <5 < oo, it follows that inf¢[1,00) B(sp) = A, > 0, and taking the minimum
over all p in the (compact and closed) level set gives

inf A, =:Ap>0. U
Tp, Nspan{g!,....¢"}

Lemma 6. If F satisfies the symmetry condition (4), then homogeneity implies that
DF|,(¢") =0, D*F|,(¢°, ¢/) =0,

DFl,¢° ¢/, ¢") =0, DFly(¢°, ¢, ¢") =0,
forallp=>"_, pi¢" and all j, k # 0.

Proof. The symmetry condition implies that

(6)

DFI,(@") = lim LF(p+50°72) — F(p — 56°/2)) = 0.

s
The others may be proved similarly. ([l

In the next lemma, we show that the symmetry condition (4) can be used in a
similar way to condition (3) on smallness of third derivatives. We will use this in
the proof of Theorem 2.
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Lemma 7. Suppose the symmetry condition (4) holds. For all ¢ > 0, we can find
Se such that, if p =" ""_, pi ¢! satisfies F(p — ¢°) > S,, then

PN 1/2
(1) |FD(FD*F)l,_g0(p. G, §)| < e(FD*Fl,_go(p, p)) *FD*F|,_40(q, q)

forallg=Y"_,q¢"

Proof. Let ¢ > 0 be given. As (7) is unchanged under the mapping g +— sq, we
consider only those ¢ on a fixed level set X;.

Our approach is to restrict p to a level set X p, for P > F(—¢"), and then show
that, under the mapping p — sp, the quotient

FD(FDZF)|sp7¢O (sp.4.9)
G(sp,sp)'/2G(q, q)

®)

is less than ¢ for large-enough s. In the above expression,

_ DF|sp—¢0 (q)

—o% = g— 0
Flop — o9 (p—=¢°) =q—sr(@p+r@¢,

4=q
with

lim r(g) =0 and lim sr(q) = DF|,(q)/F(p).

S—>00 §—>00

As s — 00, the numerator of (8) is

lim FD(FD*F)l;, 40(sp. 4. q)
§—> 00
= lim FD(FD?F)l,_g0s(8", ¢ —sr@p+r@9°, ¢ —sr@p+r@9°)

DF|,(q) _ DF,(q) ) _o,

_ 2 0 _
= FD(ED P (0% g == L g = =1

by using (6).
If g is not parallel to p, then the denominator is strictly positive:

lim G, g0(sp.sp)'> Gyp_g0(q.9) = JAp Gp(q.q) >0,

§S—>0Q

where A, is the constant given by Lemma 5. It follows that for each such g we
can find an S so that F(sp) > S implies that (8) is less than ¢.

In the case that g is parallel to p, without loss of generality we can set g = p.
Multiply both numerator and denominator of (8) by s2, so that the latter is bounded
below: lim;— 00 G, _go (5P, sp)3/2 > AP3/2 > 0. The numerator is then

FD(FD*F)l;, g0 (sp, (s —s7r(p))p+sr(p)¢°, (s —s*r(p))p+sr(p)¢°).
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Since

lim s — szr(p)
— 00

— lim S<1 _ DF|sp—<b0(p)> — lim l(DF|p(p) _ DF|p—s’¢0(p)>
500 F(p—¢°/s)) — s—>0s'\ F(p) F(p—s'¢")
DFlp 0 D2F|p(¢0’ 12} DF|p(p)DF|p(¢O)
= D _— s = — == O,
(Fa )@ P = 40 F(p)?

the numerator approaches FD(FDZF)|p(¢O, Y, ") =0 as s — oo. That is, for
g = p we can find an § such that, if F(sp) > §, then (8) is less that .

Since (8) is continuous in ¢, the supremum over ¢ € X; (and hence in V*) of
these constants S is finite, and we set this to be S.. Finally, we set S = S.+F (—¢"),
so that, whenever F(p — %) > S,, we have F(p) = S, as well. ]

The next two technical lemmas are used in the proof of Theorem 3.
Lemma 8. Let {¢0, gbl, ..., ®"} be a basis for V*, where n > 1. There are con-
stants k', k > 0 such that, for all p=_"_, p; @',
n . .
Hsﬁfwmﬁwwwwsk
=

Proof. Fix p € ;. Make an orthogonal change of coordinates on {¢!, ..., ¢"}
so that p is parallel to ¢!. Note that G| =g (¢, ¢') is strictly positive. Mapping
p +— sp, we notice that

Jim Glyy_go(9', ¢")

1 i DF|SP—¢°(¢i) 0y 40 DF|S1)-¢°(¢i) _ 40
—S£Y§OG|sp—¢0<¢ W(SP ) ¢ Fep—o9) (sp—¢ ))
; DFl, (@) . DF|,(¢")
=G — L p, -
O T ")
= Glp (@', ¢,
is strictly positive and finite for i =2, ..., n, as is
) N i DF|—¢°(¢i) 0 i DF|—¢°(¢i) 0
}E})G|Sp_¢0(¢ ,¢)—G|_¢o<¢ +T¢O)¢ , @ +T¢O) )

=G|_p(¢', ¢").

It follows that G|, _ 0 (¢, ¢1)+Zl'.':2 Glgp—go (¢, ¢') has strictly positive bounds
for all s € [0, 00), and taking the minimum and maximum of these bounds over
p € X gives the result. ([l
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Lemma 9. If F satisfies the symmetry condition (4), then there exists a constant
C, depending only on F such that

F(q)

FD*Fl, 0(p,q) < Cop— &
e F(p—¢)

forall p =37, pi¢' andq =377, qi¢'".

Proof. This property is unchanged under the mapping g — sq, SO we may restrict

q to X;. Fix such a g. For any given p € ¥, consider

F(p—¢%
F(q)

Under the mapping p > sp as s — 00, this becomes

FD*F|,_s(p, q).

F(sp—¢%)

s~ F(q)

: 1 1 740 2 0 22 0
= lim s S (Fr = 590" FDPFl, 0@ 9) = FPDPF1,0". 0))

FD*F|,, 4(sp.q)

1
— —— D(F2D*F 0 40 o).
@) ( )lp(¢ ¢, q)

which is bounded, as F is C3. Consequently,

F(sp—¢°)

sup FD*F|,, _4(sp,q) < C(p,q) <00
sef0,00)  F(q) K

for some finite C(p, q). Setting C; = max C(p, gq) gives the result. O

P:gEeX
3. The gradient estimate for periodic flows
Proof of Theorem 1. Define
Z:=F(Du—¢")— fu,1),
where f is a smooth positive function for r > 0 with

f(+.0) = sup F(Du — ¢°).
t=0
Later, we will choose f to be some inverse power of the fundamental solution to
a heat equation (12); for now, we focus on the first part of Z.
Consider the first point where Z is no longer negative, so that F = f. This point
will be a spatial maximum of Z, owing to the periodicity of u. Assume that, at this

point. F(Du—¢% > P > F(—¢").
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The first derivative condition at this point is
0=DyZ = DF|,(¢") i — f'u,
where v = Du — ¢0. That is, for all vectors v € span{ey, ..., ey},
9) D*u (DF|,(¢™)em, v) = f'Du (v).

Using (5b), we can rewrite the evolution equation for u in terms of the directions
@' tangent to the level set T,

u; = FD*F|y(¢', ¢ uij = FD*F|,(@', ) ui.
We make use of this in finding an evolution equation for F:

o DFL @
ot
= DF|,(¢*)(FD*F|,(¢", $))uij),
= DFI,(@")(D (FD*F) 1,(Dv, @', ) yuij + FD*F1. (D, )y
+ FD*FI(@', D)y + FD*F1(@', ¢)uie)
+ FD’F|,(¢'. ¢/)D;; F
— FD*F|,(¢', ¢)(D*F|, (@™, ¢")tmiws; + DF |, (@™ ) ttmi)
= DF|,)<¢’C>(D (FD?F) |,(Dgv, &', ¢ u;; + FD*F|,(Dd', o/ u
+ FDXFI, (¢, D yuy )
+ FD?F|,(¢', ¢/)D;;F — FD*F|,(¢', ¢/ )D*F|,(¢" . ¢") i wy;.

Here, in the third step we have added and subtracted second derivatives of F. The

derivatives of v are
Dy = upmp ™,

which we use to simplify those terms with derivatives of P

D*F|, (D', §7) = D*F|, (D (—r(¢")v), ¢7)
= D?Fly(=Dx(r(@))v — r (@)t o™, ¢7)
= —r (@ )D*F|y (umi ¢", $7)

__DFL@)

2 m 3j
F(v) D F|y, (i ¢ ,¢])-
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The evolution equation is now
(10) 5% = DN DED P " ¢, s
— DFL@")(DF1.(@) D*FI, (6", §))
+ DF1(®7) D2F1, (9", 8 ) nit;
+FD*F|,(¢', ¢') DijF — FD*F|,(¢', ') D*F (9", ¢")tmi ;.
At a critical point of Z, we can use the first-derivative condition (9) to simplify
further. The first term of (10) becomes
D*u(DF|,(¢") ex, en) DIFD*F)| (@™, ', ¢7)uij
= f'Du(en) D(FD*F)|,(@", ', $)uij
= ['D(FD*P)|,(Du, §', §7)uyj,

while the second becomes

— DF|,(¢")DF|,(¢")D*F|, (@™, §7) tmp i
x D*F|,(¢™, ¢') D*u (DF|,(¢"*) ex, en) D*u (DF|,(¢))ei, €))
= —f"2D?F|,(Du(en) $", Du(e;)$)
= — f"?D?F|,(Du, Du),

as does the third. Thus, the evolution equation is

aF / n. . /2
o= f7FD(FD2F)|v(Du, o, d ) ui; — ZfTFDzF|v(Du, Du)

+ FD*F|,(¢', ¢7) Dij F — }FD2F|U<¢", ¢ YFD*F|, (9™, ¢ timiwyj,

where we have multiplied some terms through by 1 = F/f in order that derivatives

of F appear as homogeneous degree-zero terms.
Derivatives of f are given by

df

Df = f'Du, Dijf = fujuj + f'uyj, Z=f'uz+fz,

for i, j # 0, so an evolution equation for f is

d ) )
U Put fit FDPFL@ ) (Dy f — iy — )

= fi+ FD*F|,(¢', o) (Dij f — f/uiuj).
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The entire evolution equation for Z, at a local maximum, is

dZ

- = FD?F|,(¢',¢')D;; Z + fFD<FD2F)| o(Du, @', pyuy;
f/2

-2 7 FDZF|U<Du,Du)—%FDZF|U<¢",¢J'>FDQF|V<¢’",¢l>umiuu

— f,+ FD*F|,(Du, Du) f".

Notice that all the covectors ¢’ and Du appear in places where replacing them by
their projections in the tangent space of X r(,) (that is, by ¢ or 5?1) has no effect,
thanks to (5b) and (5¢). On the tangent space, D*F is positive definite. Choose the
basis {¢', ..., $"} so that G, is the identity at the maximum point, G, = 5.
The evolution equation for Z is now

dZ e ! 2 —_ s ~ s
(11) - = GYD;;Z + 7FD(FD B, (Du, ¢', ¢’ )uij

12
— ZfTG(Du Du) — ? G Gmlumiulj — fi +G(Du, Du) f".

The Cauchy—Schwarz inequality for a positive-definite matrix B implies that
viw < evT Bu+ (4e) " 'wT B~'w. We use this to estimate the second term of (11):

?FD(FD F)ly (Du, ¢', ') uy;
:fT/(DFIv(DTA)FDzFIU(Q?Ji,dA’j)+F2D3F|v(574v¢3iv$j))”ii
f f/2

1
=L 05y < e G(Du. Du)+—fGo,,3Q°‘”ul J O ug,

where the first term of the second line is zero because Du is tangent to the unit
ball, so DF|V(l/)\u) =0. In the last line, we have used the notation G, = (G~ 1yep
for the inverse.
We can use condition (3), on the smallness of third derivatives, to estimate the
second term in this inequality:
1

y y
EGaﬂ 0" u;; 0P uy

fQ( 0P, Mijéi,éj)Q(daﬂ,Mkzék,él)
C, 2
= 37 (GGupd®, Gypd") Gl uni 8" G@'. )
R 12
x G, 6" Gund', upd" G, 3)
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Cl
4ef

Now we can estimate (11) from above:

C,? .
(Gﬂﬁ”z] Uij GY Gﬂﬂuklule”)l/z = ﬁ«/ﬁ (G”leuik uﬂ) .
1)

dz 1,02 y
2 < Gip,;Z+ f< v 1) G G iy
&

dt
f/2
+ 7 (¢ —2) G(Du, Du) — f; + f"G(Du, Du).

The second term is zero if we choose ¢ = C;>/n/4 < 1.
Choose f = &7 for some g > 1 and with

(u —2M)2)’

(12) D) = = exp(—A -

NG

which satisfies the heat equation ®, = A®”, where A = A,, is the constant given
by Lemma 5. Since

f/ — —qCD_q_ICD/,
f// — q(q + l)q)—q—z(q)/)Z _ qq)qulq)//’
the equation satisfied by f is

fi=Af"—A(1+q7") f72/f.

If we substitute @ and its derivatives for f and its derivatives, we find that

12
fT(s—Z)G(Du Du) — f, + f"G(Du, Du)

= q*® 120" (¢ — 2) G(Du, Du)
+(g(qg+ DD 9720” —gd~97'9") G(Du, Du) + Agd 9~ 3"
= q® 9720 (q(e — 1)+ 1) G(Du, Du) + g9 ®"(A — G(Du, Du)).

The first term is zero if we choose ¢! =1 —¢ =1—C>/n/4.
As we assumed at the beginning that F(Du — ¢°) > P, Lemma 5 implies that
G(Du, Du)> Ap. As ®" is positive for small times, for t < T” we have 9 Z /9t <0.
On the other hand, if we consider the possibility that F(Du — ¢°) = f < P at
this local maximum, we could replace f by sup{f, P} in the definition of Z. In
that case, the first maximum of Z occurs at a point where the barrier is flat, and so
the first variation is

0= DkZ = DFlZ(¢k)umka
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and the evolution equation for Z at the local maximum is

dz S o

—- =FDFI(@',¢/)Di;Z = D*F|,(@', ) FD*FIu(¢", ") i1 < 0.
Since Z, < 0 at the first point where Z = 0, we have Z <0 for all t < T'. The

same argument works if, in the definition (12) of ®, the term u — 2M is replaced

by u +2M. The conclusion (with |u| — 2M) follows. ]

Proof of Theorem 2. We begin by defining Z as in Theorem 1, and assume that the
first non-negative value of Z occurs when F(Du — ¢°) > S, for some ¢ > 0 to be
chosen later and with the corresponding S, given by Lemma 7. We then follow the
earlier proof up to equation (11), the evolution equation for Z at a local maximum.

This time, we choose the local coordinates {¢', ..., ¢"} so that at this point D?u
is diagonal. This puts the second term of (11) in a suitable form to be estimated
using Lemma 7.

?FD (FD?F) |,(Du, ¢/, ¢/ uj
f/ o f/2 82 Ao~ 2
- ‘STWG(W’(W)”H < ﬁG(Du,DM)+ﬁ‘G(¢/,¢/)uij‘

f/2 82 -
< EG(Du, Du) + ﬁn G”ujkalul,-,

where in the last line we used the trace inequality (trace A)? < ntrace(A?).
If we now choose ¢ = /2/n, the second term of this inequality is cancelled by
the fourth term of (11). The evolution equation becomes

Az .. 3 f? "

This is negative at a local maximum if we make the same choice of barrier as

before, f = ® 7 for g =2, ® given by (12), and A = Ag, given by Lemma 5.
If our assumption that F(Du — ¢°) > S, does not hold, then we can replace f

by max{S,, f}. At the local maximum, Z, < 0. The conclusion follows. O

Remark. In the last theorem, we have chosen ¢ = 2 somewhat arbitrarily; in fact
g needs only be strictly greater than 1, since we can set ¢ = (1 — ng?/4)~!, for
¢ given by Lemma 7. However, a smaller ¢ may force a larger S, so the optimal
choice would depend on the exact form of F.
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4. Interior estimate for anisotropic mean curvature flow

Proof of Theorem 3. We introduce a localizing term 7 into our definition of Z,

Z:=F(Du—¢°) — i,
which is now restricted to the shrinking ball
(x,1) € Bz x [0, T,

where k is the constant given by Lemma 8.

The smooth strictly positive function f = f(u, t) is chosen so that Z < 0 at
the initial time, while 7 is a smooth positive function chosen so that 7 — 0 on the
boundary of the shrinking ball.

Assume that, at the first interior point where Z = 0,

F(Du—¢% > P> F(—¢°).

Then F'(Du)= f/n and, as this is a spatial maximum (since the choice of 1 ensures
that there are no boundary maxima), we have a first derivative condition

13) 0= DyZ =DF|, (") ttmk — Di (f/n) -

An evolution equation for f/n, with second derivatives G/ D; i(f/n) added and
subtracted, follows:

%(§)=%<f’u,+f, fd"+FDzFl @', ¢’>Dw<£)

/

— FD*F|, (¢, ¢J)( (f"uiu; + f'uij) — ;2 (u; D'+ u; D’ n)

—i-Z%DinDjn—%Dijn)
=foDl~j(§)+717(f G(Du, Du )f”)—i(%—GUD )

/

+2256(0u. Dy~ 25601, .
n m

We can incorporate the first derivative condition (13) into (10), the evolution equa-
tion for F':

dF ij 2 m 20 4j
— =G Dy F + Dy (f/m) D(FD*F)1,(9", &', ¢")ui;

—2FD*F|,(D(f/n), D(f/n)) — FD*F|,(¢', /) D*F |, (¢, ¢') i ws;
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— GUDy,F + %FD (FD?F) [.(D(f/m), &', ¢7) i
(f/z ff/ f2 )
n?

-2—
f

n .
- —Glj Gmlumi upj.

G(Du, Du) —2-—=-G(Du, Dn)+ 7G (Dn, Dn)

Putting the last two steps together gives an evolution equation for Z at a local
maximum:

(14) ‘;—f =G'D;;Z+ %FD(FDZF)IU(D(f/n), ¢, ¢ ) uij

12
—%Giijlu,niulj—l<ﬁ G(Du, Du) f" +2fTG(Du Du))
frd i f
+—(E—G1D,])n+2 G(Du, D).

The second term here may be split into a part with Df and a part with Dn:

foou_ o i 5
FFD(FD F3|v( Du—5Dn, .47 )i
=7FD<FD2F>|V(Du,<$f,$f)u,-,-—1FD<FD2F>|U(Dn,¢3f,an)u,-,-.
n

These may be individually estimated using the Cauchy—Schwarz inequality and the
condition on smallness of third derivatives, as described in the proof of Theorem 1:

(15) 7FD(FDzF)n(Du,<z3" &7 )uij
12

1
Smf G(Du, Du)+——C2f( ”Gmlumiuzj),
fn 4 f
1 PR
—;FD(FDZFNV(Dn,W,¢f)ul-,-

f L n _, ij ki
< u2=G(Dn, Dn) + — —Ci/n(G” G  ujuj),
n’ dug f 1 ( i)

for some 0 < oy, o < 1.
We choose the localising term 7 := 7" for some r > 1 and 77 = R — 2kt — |x|°.
Then
Din=riji"~ Difj,

Dijn=rii" ' Dyjii +r(r — i’ Di7j D;,
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and the second-to-last term of the evolution equation (14) is

f

d ii f ~F— 5 n n
F<_ -G JDij)’? = Frn '(—2k +2trace G — (r — i~ ' G(D#, D))

dt
f o U
< Zri" (1 - r)G(Dij, Di)).

As F satisfies the symmetry condition (4), we may use Lemma 9 to estimate
the final term of the evolution equation:

/ /

f
ZFG(DM, Dn) = 2FFD2F|DM_¢0(DM, Dn)

S CFOn I ot
S A FDu—gy) ~ 2F D < 20CrRT

where we have used that F(Dn) = rii’ "' F(D#}) < C3rR¥ !, for a C3 > 0 de-
pending only on F.
The evolution equation can now be estimated from above:

dZ . 1 1 .
16) ——-=<G"DyZ+ £<HC12«/E+ @Cf\/ﬁ— l)G’/G’"lumi g

f
1 72 /
- —(fr —G(Du, Du) f" + (2 — /u)f—G(Du, Du) — 2CzF(Dn)L)
n f S
+ %rﬁ"z (1= r + ru2) G(Dii, Di).

Since C%ﬁ/4 < 1/2, we can choose | < 1 and py < 1 such that

Ct 11
TV/n (_ 41 ) <1
4 Ky M2

With such choices, the second term of the evolution inequality (16) will be negative.
We can also set 7 = (1 — 2) ™' > 1, so the coefficient of 7' G (D7, D7) is zero.

As in the previous cases, we set f = ®~7 with ® given by (12) for A = A,
given by Lemma 5. The part in parentheses of the second line of (16) is then

<f G(D ), [ f!
=G, D) '+ )~ G(Du,Du)—ZCzF(Dn)F)

1
n

1
n
(qcb—q—‘ @, + G(Du, Du)(q(q + 1D 1720 — gd~17'0")

—(2 — u1)G(Du, Du)g?d 472> + 2C1C2rR2’_1<D_1|CI>/|)
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P!
=1 (&, — G(Du, Du)®")
Q|q>/| / —q—1 2r—1
+ s (G(Du, Du)|®'| @79 (1 —q +qu1) +2C1CoarR”™).

If we choose T’ small enough that ®” > 0, then the term
®, — G(Du, Du)®" = (A — G(Du, Du))®"
is negative. Additionally, if we choose T’ small enough that ® < 1, then

AZM

T/

A2
G(Du, Du)|®'|® 4! > TMCD_q >

and so, for the last term to be negative, we need only choose g large enough that

1 2CCor R¥-1T7
(1 + )
A2M

>
1=7- M1

So, at such maxima, Z; < 0.
At local maxima where F(Du — ¢°) < P, we replace f/n in the definition of
Z by max{f/n, P}, in which case the barrier is flat at the local maxima, and we

again find that Z, <0.

In either case, the maximum principle ensures that Z is never greater than zero,
and the conclusion follows. ([l
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