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We prove the multiplicity-one theorem for irreducible, globally generic, cus-
pidal, automorphic representations of GSp,(A) occurring in the space of
cuspidal automorphic functions on GSp,(A), where A is the ring of adeles
of a totally real number field k.

In this note, we prove the multiplicity-one theorem for irreducible, globally
generic, cuspidal, automorphic representations of GSp,(A) occurring in the space
of cuspidal automorphic functions on GSp,(A), where A is the ring of adeles of a
totally real number field k. This result has been expected for a long time. Recently,
F. Shahidi encouraged us to write up a complete proof, which has an important
application to the proof of the existence of certain stable Siegel modular forms of
weight three on GSp,. See [Ramakrishnan and Shahidi 2007] for details.

The restriction that the number field k is totally real stems from our use of
[Kudla et al. 1992, Theorem 8.1], where this is an assumption on k. Otherwise,
this restriction is not needed any further.

The proof we give is self-contained. Some of the ideas we use may be found
in [Piatetski-Shapiro 1979]. To state the theorem, we denote by Lf(GSp4, &) the
space of cuspidal automorphic functions on GSp,(A) with central character &.

Theorem. The multiplicity m (1) of an irreducible, globally generic, cuspidal, au-
tomorphic representation 7w occurring in the space of cuspidal automorphic forms,
L2(GSpy, &), is one.

Proof. Let B=TU be a Borel subgroup of GSp,, where T, the reductive part, is a
maximal split torus and U, the unipotent radical, is a maximal unipotent subgroup.
Then

U/IU,UI=k- X, Dk-Xp,
where « is the short simple root and B is the long simple root, and X, (or Xp) is

a basis vector in the one-dimensional k-root space of « (or g respectively). Let
be a character of U (A) that is trivial when restricted to U (k). Then i factorizes
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through U (A)/ U (k)[U (A), U (A)], which is isomorphic, as an abelian group, to
(A/k) - Xo ® (A/k) - Xg. We say that  is generic if it is nontrivial on each of
the simple root subgroups, via the isomorphism above. By Pontriagin duality, such
characters of U (A) are parametrized by pairs a = (ay, a2) € (k*)?, once we fix a
nontrivial character ¥©) of A/k. We denote the character corresponding to a by
()
a -
For any automorphic form ¢ on GSp,(A) and generic character ¢ of U (A), the
¥ -Whittaker—Fourier coefficient of ¢ is defined by

W ($)(g) = f 6 (ug)y " (u) du.

U\UA)

If the integral on the right is nonzero as a function of g, we say that ¢ is {-generic.
An automorphic representation w of GSp,(A), acting in a space of automorphic
forms Vg, is called globally v-generic if there is some ¢ € V;, which is y-generic.
For t € T (k), since ¢ is automorphic, we have

/ o (ug) ¥ () du = / o ug)y () du
U(k)\U(A)

Uk)\UA)
=/ St~ 9y tur™") du.
U)\U(A)

If = 250)7 we have
O ur™) =y g W),

where

t-a=(a()-ai, B(1)-az).
T (k) acts transitively on the set of generic characters of U (A). We conclude that
any automorphic form ¢ on GSp,(A), which is y-generic, is also generic with
respect to each generic character of U (A) . This implies that, for an automorphic
representation 77 (acting in a space of automorphic forms) on GSp,(A), the notion
of global genericity is independent of the choice of generic characters of U (A). In
this case, we will say that 7 is globally generic, once we know that it is globally
generic with respect to some (and hence all) generic characters .

Let F be a local field and let T be a smooth representation of GSp,(F’), acting
in a space V;. As above, we have the notion of generic characters of U (F'), and
they are parametrized by ordered pairs of elements in F*, once we fix a nontrivial
character of F. Given a generic character { of U(F), we say that t is y-generic
if there is a nontrivial linear functional / on V; such that

[ (u)v) = ¢ (W)l (v),

for allu € U(F) and all v € V;. As above, if T is ¥-generic, then it is v/'-generic,
with respect to all generic characters ' of U (F).
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Let w be an irreducible automorphic representation of GSp,(A), acting in a
space of automorphic forms. We know that 7 is isomorphic, as a representation,
to a restricted tensor product 7 = ®'7,,. We say that 7 is locally generic at a place
v if m, is generic, and we say that 7 is abstractly generic if & is locally generic
at all places. Clearly, if 7 is globally generic, then  is abstractly generic. The
converse to this statement is not known.

For a given generic character ¥ of U (A), define

(D L§(GSpy, &) = {¢ € L2(GSp,. &) | WY (¢) = 0}.

It is clear that L§(GSpy. £) is a subspace of L2(GSp,, §). Let L3, (GSpy. §) be the
orthogonal complement of L%(GSp4, &) in LE(GSp4, £). Then

L2(GSpy. §) = L3(GSp,. ) L Lg, (GSpy. &),

and for an irreducible cuspidal automorphic representation s, realized in a given
subspace V,; C Lf(GSp4, &), we have

2 me () =mo () +moL (1),

where mo(7r) (or mgL(r)) is the multiplicity of & occurring in L%(GSp4, &) (orin
Lg . (GSpy, &), resp.). In order to prove the theorem, we show that

mo(r)=0 and my (7)) =1

for all irreducible, globally generic, cuspidal, automorphic representations 7 of
GSp,4(A), with central character &.
We first note that

3) moL () <1,

for all irreducible, globally generic, cuspidal, automorphic representations 7 of
GSp,(A), with central character £. The argument here is due to Piatetski-Shapiro
[1979]. We need to show that any two isomorphic irreducible submodules V., V~
of L(z) 1 (GSpy, &) affording the cuspidal representations 7’ and " are equal.

Let J : Vz» — Vv be an isomorphism as representations of GSp,(A). Clearly
7" and v are globally generic. By the local and global uniqueness of v -Whittaker
models, there is a nonzero constant ¢ € C, such that

v ¥
OWg( $=C °W¢ .
It follows that

(4) WY

ey —
T@)-co = W) —¢ Wy =0.

(®)

Note that the space of all I (¢) — c¢, as ¢ varies in V., is either zero or an irre-
ducible submodule, isomorphic to 7r’. We claim that T (¢) — ¢ - ¢ =0, for all ¢ in
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V. Otherwise, if J(¢) —c - ¢ # 0 for some ¢, we get that the nonzero cuspidal
automorphic form J (¢) — c - ¢ generates an irreducible cuspidal automorphic sub-
representation V;» in L%(GSp4, &). This is clear from (4) and (1). However, it is
also clear that V,» is contained in

Vy-[/ + Vn” C L(Z)L (Gsp4’ S)’

and this is a contradiction. This implies that 7 = c-idy_,, and therefore, V= Vo
Next, we show that my(;r) = O for all irreducible, globally generic, cuspidal,
automorphic representations & of GSp,(A). Once we prove this, we get from (2)
and (3) that
L <mc(w) =my () <1,

and hence m.(r) = 1, as we want.

Assume that mg(7) # 0. Then there is an irreducible subrepresentation V, C
L(Z)(GSp4, &) such that w = 7/, as representations of GSp,(A). It follows that 7’
has the following two properties.

Property (a). 7’ is equivalent to an irreducible, globally generic, cuspidal, auto-
morphic, representation 7w of GSp,(A) (in particular, " is abstractly generic).

Property (b). 7' has (identically) zero Whittaker—Fourier coefficients with respect
to any generic character of U (A).

We want to show that if such a 7’ exists for GSp,(A), we can construct an irre-
ducible cuspidal automorphic representation o’ of Sp,(A) satisfying three proper-
ties about to be stated, where the notions of local genericity of a representation of
Sp4(ky) and of global genericity of an automorphic representation of Sp,(A) with
respect to a given generic character are defined as in the case of GSp,.

Property 1. At each place v, the representation o, is (locally) generic, with respect
to some (local) generic character of U (k,). (We do not require that the local generic
characters patch together to a global generic character of U (A)/U (k).)

Property 2. The representation o’ is nearly equivalent to an irreducible, cuspidal,
automorphic representation o of Sp,(A), which is globally generic, with respect
to some generic character.

Property 3. The representation o’ has (identically) zero Whittaker—Fourier coef-
ficients with respect to any generic character of U (A).

However, by [Kudla et al. 1992, Theorem 8.1], there exists no irreducible cuspi-
dal automorphic representation o’ of Sp,(A) satisfying Properties 1, 2, and 3 for
Sp4(A). For this, we have to show that the degree 5 partial L-function of o’ does
not vanish at s = 1, and indeed, we have L5(¢”/, s) = L5(o, s), for a large enough
finite set of places S, including the archimedean ones. Since o is globally generic,
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it follows, by a theorem of Shahidi [1981], that L5(0, s) does not have a zero at
s = 1. This will prove that m(7r) =0 for all irreducible, globally generic, cuspidal,
automorphic representations = of GSp,(A). We remark that the work in [Kudla
et al. 1992] was carried out under the assumption that k is totally real, so we have
to make this assumption as well. This is the only place where this restriction is
needed.

To finish the proof, we assume that there exists an irreducible cuspidal auto-
morphic representation 7" of GSp, (A) satisfying Properties (a) and (b), such that
Ve C L%(GSp4, &). Consider the restriction map from GSp,(A) to Sp,(A)

freVa flsp,m)-

This is an Sp,(A)-equivariant map. Let [V;/]sp,(a) be the subspace generated by
all f/ Isp,a)- Itis clear that [V;/]sp,a) is @ nonzero subspace of L%(Sp4), the space
of all cuspidal automorphic functions on Sp,(A). If we define L%(Sp4) to be the
subspace of LZ(Sp4) consisting of all cuspidal automorphic functions having (iden-
tically) zero Whittaker—Fourier coefficients with respect to any generic character
for Sp,(A), then [Vy/]sp,(a) is included in L%(Sp4). Hence we may decompose

(5 [VaIsp,a) = D Vo
bl

where VG} are irreducible subspaces of L%(Sp4), corresponding to irreducible cusp-
idal automorphic representations a]’. of Sp,(A). We want to show that the cr]/. satisfy
Properties 1, 2, and 3.

It is easy to see that Property 3 holds for 0‘/’., since [V/]sp,a) C L%(Sp4). Next,
we show that the oj’. satisfy Property 1, i.e., the UJ’. are locally generic at all places.
From (5), it follows that, for each j, there is a nontrivial Sp,(A)-homomorphism
from V, onto ng’.- This implies that

(6) Homgp, a)(Vz, V1) # 0.

Let®; : Vi — Vaj/_ be a nonzero projection in (6). Then we may restrict % ; to one
place, as follows. Fix ¢, = ¢, 0 € Vr,, for all v # vy, such that ¢, is a previously
chosen unramified vector, at almost all finite places, and for ¢y, € V, , we define

g)])j,vo (¢vo) = Q])j (Ruvdy)

There is a choice of the ¢, ¢, for v # vo, such that %; ,, is nonzero, and then it
defines a nonzero element in

Homsp, ) (Vg > Vo)
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As a representation of Sp,(ky,), ng’. is an isotypic module of Sp,(k,,), and is a
multiple of aj/. s+ Hence there is a nonzero element in

Homsp, k) (Vay s Vo -

This works for all places vy. As a representation of Sp,(k,), the restriction of =
to Sp, (k,) decomposes into a direct sum of irreducible admissible representations
of Sp,(k,). Clearly each summand is generic with respect to a certain generic
character of U (k,). Hence, at each place v, a]’.’v is generic with respect to some
generic character of U (k,). This is Property 1.

It remains to show that the 0‘; satisfy Property 2. Since 7’ enjoys Property (a), we
know that the irreducible, globally generic, cuspidal, automorphic representation
7 of GSp,(A) is equivalent to /. We want to construct an irreducible, cuspidal,
automorphic representation o of Sp,(A), which is globally generic with respect to
some generic character, and such that o is nearly equivalent to aj’..

Consider the restriction map from GSp4(A) to Sp,(A) for 7 as before, i.e.,

f €EVyi— f|Sp4(A) € [Vn]Sm(A)'

There exists f € V; such that f/|sp,(a) has a nonzero Whittaker—Fourier coefficient
on Sp,(A), with respect to a given generic character of U (A). As before, we have

(7 [Vzlsp,) =D Vs,
J

where o; are irreducible, cuspidal, automorphic, representations of Sp,(A). This
is formula (5) for V;;. Since [V ]sp,a) has nonzero Whittaker—Fourier coefficients
with respect to a certain generic character of U (A), there exists at least one sum-
mand in (7) having nonzero Whittaker Fourier coefficients with respect to this
character. Such a summand o is an irreducible, cuspidal, automorphic representa-
tion of Sp,(A), which is globally generic with respect to some generic character.
We want to show that the aj/. are nearly equivalent to o.

For any irreducible admissible, representation IT of GSp,(A), which may not
be automorphic, the restriction of IT to Sp,(A) is a direct sum of irreducible ad-
missible representations of Sp,(A). At a local unramified place v, the restriction
of IT, to Sp, (k) has one and only one spherical irreducible summand with respect
to Sp4(0,). More precisely, for an irreducible unramified representation IT, of
GSp,(ky), consider its restriction of to Spy (ky)

(8) Iy [spyk,) = €D 0.0-
J

Exactly one of the summands in (8) is unramified with respect to Sp,(0,). The
reason for this is simple, and we thank the referee for pointing it to us. We may
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: . . . GSp, (ky) .

assume that IT, is an irreducible subrepresentation of Indg X, Where x is
v

an unramified character. Consider the map given by restriction of functions to

SP4 (ky):
GSpy (ky)

Spy(ky)
9) Ind, x — Ind BI,))ZFWSp4(kv) X',

where x’ is the restriction of x to B, N Sp,(ky). This map is clearly Sp,(ky)-
equivariant. It is injective since GSp,(k,) = B, Spy(k,). Since the right-hand side
of (9) has a one-dimensional space of Sp,(0,)-fixed vectors, so does the left-hand
side, and hence IT,, as well.

We conclude that the irreducible summands in the restriction of IT to Sp,(A)
are nearly equivalent, since they share the same unramified local component at all
local unramified places.

Now we apply this to the case of 7 =5’. It follows that, as irreducible admissible
representations of Sp, (A), oj’. occurs in the restriction of 77’ to Sp, (A) and o occurs
in the restriction of 7 to Sp,(A). Hence o must be nearly equivalent to O'J/-. This
proves that o ]/ enjoys Property 2. This completes the proof of the Theorem. ([

We remark that the strong multiplicity-one theorem for globally generic cuspidal
representations of GSp, (A) was proved in [Soudry 1987], namely, two irreducible,
automorphic, cuspidal, globally generic representations 7y, w2 of GSp,(A) that are
nearly equivalent are isomorphic. From the Theorem in the present paper it also
follows that the two representations are, in fact, equal, in the sense that V;, =
Vz,. (In [Soudry 1987] a reference is made [Piatetski-Shapiro 1979] to derive this
equality; it was only later that the author noted that the multiplicity-one theorem
proved in that reference applies only to the space L(z) 1 (GSpy, §).) We thus get this
corollary:

Corollary. Let m; and mp be two irreducible, automorphic, cuspidal representa-
tions of GSp,(A), which are nearly equivalent, and act in the spaces of cusp forms
Vr, and Vy, respectively. Assume that 1 is globally generic and my is abstractly
generic. Then Vy;, = Vp,.

Proof. We first show that 7, is globally generic. Otherwise, it follows that Vy, is
a subspace of L%(GSp4, &), where £ is the central character of 7, (which is equal
to that of 7r1). Next, we can find ¢ and ¢’ as before — that is, satisfying Properties
Property 1-Property 3, with ; playing the role of 7 and 7, that of 7’. (In our
previous argument, we used the isomorphism between 7 and 7’ just to conclude
that 7’ is abstractly generic, and hence o’ is also locally generic at all places.) This
leads to a contradiction as before. Now that 7, is also globally generic, we can
use [Soudry 1987], to conclude that 7; and m, are isomorphic, and then, by the
Theorem, we get V;, = Vg,. O
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