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Let A be a unital separable amenable C*-algebra and let C be a unital C*-
algebra with a certain infinite property. We show that two full monomor-
phisms %;, h, : A — C are approximately unitarily equivalent if and only if
[71] = [h;] in KL(A, C). Let B be a nonunital but ¢ -unital C*-algebra for
which M (B)/B has a certain infinite property. We prove that two full es-
sential extensions are approximately unitarily equivalent if and only if they
induce the same element in KL(A, M(B)/B). The set of approximately
unitarily equivalence classes of full essential extensions forms a group. If A
satisfies the Universal Coefficient Theorem, the group can be identified with
KL(A, M(B)/B).

1. Introduction

The study of C*-algebra extensions originated in the study of essentially normal
operators on the infinite-dimensional separable Hilbert space. The original Brown—
Douglas—Fillmore theory gives a classification of essential normal operators via
certain Fredholm related indices (see [Brown et al. 1973b]). Later the theory was
expanded to yield a classification of essential extensions of C(X) by compact op-
erators [Brown et al. 1973a; Brown 1984]. The study of C*-algebra extensions
developed into Kasparov’s KK -theory and its applications can be found not only
in operator theory and operator algebras but also in differential geometry and non-
commutative geometry.
Let
0—-B—E—->A—-0

be an essential extension of A by B. The extension is determined by a monomor-
phism t : A — M(B)/B, the Busby invariant. When B is a o-unital stable C*-
algebra, KK (A, B) gives a complete classification of such essential extensions, up
to stable unitary equivalence. However, KK ! (A, B) gives little information, if any,
about unitary equivalence classes of these mentioned extensions when B # X in
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general. There are examples in which KK'' (A, B) = {0} but inequivalent nontrivial
extensions exist [Lin 1998, Example 0.6]. There are also examples in which there
are infinitely many inequivalent classes of trivial extensions [Lin 1995b, 7.4 and
7.5]. When B is not stable, KK ' (A, B) certainly should not be used to understand
unitary equivalence classes of the essential extensions mentioned above.

There are a number of results in classification of essential extensions (up to
unitary equivalence or approximate unitary equivalence) when B # J{. Kirchberg’s
results [1996] on extensions in which B is a nonunital purely infinite simple C*-
algebra show that KK ' (A, B) can be used to compute unitary equivalence classes
of those extensions. If B is a nonunital but o -unital simple C*-algebra with contin-
uous scale (see item (6) on page 391), then M (B)/B is simple. A classification of
essential extensions of a separable amenable C*-algebra A by B (up to approximate
unitary equivalence) was obtained in [Lin 2005b] (for some special cases in which
A = C(X), a classification up to unitary equivalence was obtained in [Lin 1995a;
1995b; 1997]. In this case, B may not be stable, so KKl(A, B) is not used as
an invariant for essential extensions. Results about extensions of AF-algebras can
be found in [Brown and Elliott 1982; Goodearl and Handelman 1982; Elliott and
Handelman 1989].

Here we study full essential extensions. These are essential extensions 7 : A —
M (B)/B such that t(a) is a full element for each nonzero element a € A. Since
the Calkin algebra M (¥) /X is simple, all essential extensions by ¥ are full. If B is
a nonunital but o -unital purely infinite simple C*-algebra, M (B)/B is also simple.
Therefore essential extensions by those C*-algebras are all full. The homogeneous
extensions of A by C(X) ® ¥ studied by Pimsner, Popa and Voiculescu [Pimsner
et al. 1979; 1980] are all full extensions. In these three cases, B is stable. There
are nonstable, nonunital but o-unital C*-algebras that have continuous scale. In
that case essential extensions by these C*-algebras are also full. Furthermore, if
A is a unital simple C*-algebra and if the monomorphism 7 : A — M(B)/B is
unital, then the essential extension induced by t is always full for any nonunital
C*-algebra B.

With a technical condition on M (B)/B, we show that two full essential ex-
tensions are approximately unitarily equivalent if they induce the same element
in KL(A, M(B)/B) (see Theorem 2.5), provided that A is amenable and sep-
arable. When A is assumed to satisfy the (Approximate) Universal Coefficient
Theorem, we show that there is a bijective correspondence between approximate
unitary equivalence classes of essential and full extensions and KL(A, M(B)/B).
The advantage of studying these full extensions is that full extensions (in these
cases) are “approximately absorbing”. For stable B, we show that KK'(A, B)
classifies the unitary equivalence classes of full essential extensions. In this case,
full extensions are “purely large” in the sense of [Elliott and Kucerovsky 2001].
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Section 2 describes the main results in this paper and introduces the technical
conditions P1, P2 and P3. Section 3 shows that the corona algebras M(B)/B
of many stable C*-algebras satisfy these conditions. In Section 4, we show that
there are examples of nonstable, nonunital and o -unital C*-algebras B for which
M (B)/B has properties P1, P2 and P3. In Section 5 we give a few modified ver-
sions of some known results concerning amenable contractive completely positive
linear maps. Section 6 discusses certain commutants in the ultrapower of corona
algebras. In Section 7 we prove Theorem 2.5, mentioned above. In Section 8 we
prove other main results described in Section 2.

Conventions and definitions. (1) Ideals are always closed and two-sided.

(2) Let A be a C*-algebra and let p, g € A be two projections. We write p ~ ¢ if
there exists v € A such that v*v = p and vv* =g.

(3) Let A and B be C*-algebras and let L{, L, : A — B be linear maps. Take
% C A and ¢ > 0. We write L| ~, L, on & if

ILi(a) — La(a)|| <& forallaed.

(4) Let A and B be C*-algebras. A contractive completely positive linear map
L : A — B is said to amenable if for ¢ > 0 and any finite subset & C A, there exists
an integer n > 0 and two contractive completely positive linear maps ¢ : A — M,
and ¢ : M,, — A such that

Yop~,L on.

(5) A C*-algebra A is said to be amenable (or nuclear) if id4 is amenable.

(6) Let B be a nonunital but o-unital simple C*-algebra. B is said to have con-
tinuous scale if there exists an approximate identity {e,} of B with e, e, = e,
such that, for each nonzero element b € B, there exists an integer n > 0 for which
entm — en S b for all m; see [Lin 2004b].

Let e € B be a nonzero projection and 7,(B) the set of all traces ¢t on B for
which 7(e) = 1. Let B be a separable nonunital simple C*-algebra with real rank
0, stable rank 1 and weakly unperforatated Ko(B). If sup,{z(e,)} is a continuous

function on T,(B), then B has continuous scale.

(7) Let {A,,} be a sequence of C*-algebras. Denote by co({A,}) the C* direct sum
of {A,} and by [*°({A,}) the C*- product of {A,}. Let goo({A,}) be the quotient

goc({An}) =1 ({AnD) /co({An}).

When A = A, for all n, we write co(A), [*°(A) and g (A) for simplicity.
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(8) For each integer n > 0, define f, € Cy((0, 00)) by

1 ift > 1/n;
(1-1) fau(®) =qlinear if 1/ (n+1)<t<1/n;
0 if0<t<l1l/(n+1).

(9) An element a in a C*-algebra A is said be full if the ideal generated by a is A
itself. Let A and B be C*-algebras and let 4 : A — B be a monomorphism. The
monomorphism # is said to be full if h(a) is full for every nonzero a € A.

(10) Let a € A4 be a nonzero element, we write Her(a) for the hereditary C*-
subalgebra a Aa generated by a.

2. Main results

Property P1. Let B be a unital C*-algebra. We say that B has property P1 if for
every full element b € B there exist x, y € B such that xby = 1. If b is positive, it
is easy to see that xby = 1 implies that there is z € B such that z*bz = 1.

It is obvious that an element b is full if and only if b*b is full. It follows that B
has property P1 if and only if for every full element 0 < b < 1, there exists x € B
such that x*bx = 1.

Every unital purely infinite simple C*-algebra has property P1.

Many other unital C*-algebras have property P1. Let A be a unital C*-algebra
and B = A ® K. In the next section we will show that M (B) and M (B)/B have
property P1 for many such B. In Section 3 we will show that, for some nonstable
(but o -unital) C*-algebra C, M(C) and M(C)/C can also have property P1.

Property P2. Let B be a unital C*-algebra. We say that B has property P2 if
1 is proper infinite, that is, if there is a projection p # 1 and partial isometries
wi, wy € B such that wjw; =1, wyw} = p, wiwy; =1 and wowj <1 - p.

In this case it is easy to see that, for each integer n > 2, there are mutually
orthogonal and mutually equivalent projections sy1, 822, ..., S, such that 15 >
Z?:l s;; and there exists an isometry Z € B such that Z*Z = 1 and ZZ* = s1;.
Let C = s11Bs;;. Then we may write M, (C) C B.

It is clear that if B is stable then M (B) and M (B)/B have property P2.

Proposition 2.1. Let B be a unital C*-algebra having property P1. If B contains
two mutually orthogonal full elements, B has property P2.

Proof. Let 0 <a, b <1 be two mutually orthogonal full elements in B. Since B has
property P1, there are x, y € B such that x*ax = 1 and y*by = 1. Set v; =a'/?x
and v, = b'/?y. Then viv; =1 and s1; = viv] and s25 = vov; are two projections.
Thus B has property P2. O
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Every purely infinite C*-algebra (not necessary simple; see [Kirchberg and
Rgrdam 2000]) has properties P1 and P2.

Property P3. Let B be a unital C*-algebra. We say that B has property P3 if,
for any separable C*-subalgebra A C B, there exists a sequence of sequences of
elements {{aV} :i =1,2,...} in B satisfying these properties:

(a) 0< a,(f) <1 foralli and n;

(b) lim,— o0 |ac —cal?| =0 for all iand all ¢ € A;
(© lim, oo f|a?al’|=0if i # j;

(d) {a{"} is a full element in [*°(B), for all i.

Even though property P3 looks more complicated than P1 and P2, it will be
shown in Proposition 3.13 that M (B)/B has property P3 for all B = C @ ¥, where
C is a unital C*-algebra, for all B having continuous scale, and for many other
nonunital ¢-unital C*-algebras B.

Proposition 2.2. Let B = C ® Cy, where C| is a unital separable amenable purely
infinite simple C*-algebra. Then B has properties P1, P2 and P3.

Let B be a nonunital but o-unital C*-algebra and let A be a unital separable
amenable C*-algebra. We study essential extensions of the following form:

2-1) 0->B—FE—A—0.

Using the Busby invariant, we study monomorphisms 7 : A — M (B)/B. We will
only consider the case in which the corona algebra M (B)/B has properties P1, P2
and P3.

Definition 2.3. An essential extension T : A — M (B)/B is said to be full if T is a
full monomorphism. An extension 7 is weakly unital if T is unital monomorphism.
If A is a unital simple C*-algebra then every weakly unital essential extension is
full. If M (B)/B is simple, every essential extension is full.

Definition 2.4. Let A be a unital separable C*-algebra and C a unital C*-algebra.
Let hy, hyp : A — C be homomorphisms. We say &) and hy are approximately
unitarily equivalent if there exists a sequence of partial isometries u, € C such that
uphi(1a)u, =ho(14), upha(14)uy =hy(1,) and

li)ngouadun ohi(a) —hz(a)n =0 forallaecA.

Note that if both /4 and %, are unital, the u, can be chosen to be unitaries.

Let B be a nonunital but o-unital C*-algebra. Two essential extensions of A
by B are said to be approximately unitarily equivalent if the corresponding Busby
invariants 71, 7o : A — M(B)/B are approximately unitarily equivalent.
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Recall that T : A — M (B)/B is trivial if there is a monomorphism 2: A — M (B)
such that w o h = t, where 7w : M(B) — M(B)/B is the quotient map. In the case
that B = C ® K, where C is a o-unital C*-algebra, the invariants 7; and 7, are
stably unitarily equivalent if there exists a trivial extension 79 : A — M (B)/B and
a unitary u € M>(M (B)/B) such that adu o (t; & 19) = 72 D 0.

Let Ext(A, B) be the set of stable unitary equivalence classes of extensions
of the form (2-1). When A is a separable amenable C*-algebra, Ext(A, B) can
be identified with KK'(A, B). When A satisfies the Universal Coefficient The-
orem, KK 1(A, B) is computable. However, as mentioned in the introduction,
KK'(A, B) may not provide any useful information about unitary equivalence of
extensions in general. In particular, when B is not stable, KK'(A, B) should not
be used to describe unitary equivalence classes of essential extensions.

The first main result of this paper is the following:

Theorem 2.5. Let A be a unital separable amenable C*-algebra and let B be a
nonunital but o-unital C*-algebra such that M(B)/B has properties P1, P2 and
P3. Two full monomorphisms 11,1t : A — M(B)/B are approximately unitarily
equivalent if and only if

[c1]=[z2] in KL(A, M(B)/B).

We will describe KL(A, C) in Definition 7.1. Theorem 2.5 is an easy corollary
of the next theorem.

Theorem 2.6. Let A be a unital separable amenable C*-algebra and let B be
a unital C*-algebra having properties P1, P2 and P3. Two full monomorphisms
hy, hy : A — B are approximately unitarily equivalent, i.e., there exists a sequence
of partial isometries u, € B such that uyu, =hi(14), uy,uy, =ho(14) and

lim adu, ohy(a) =hy(a) forallace A,

if and only if [h1] = [hy] in KL(A, B).

Corollary 2.7. Let A be a unital separable amenable simple C*-algebra and B a
nonunital but o-unital C*-algebra such that M(B)/B has properties P1, P2 and
P3. Suppose that 11, 15 : A — M(B)/B are two weakly unital essential extensions.
Then t1 and Tt are approximately unitarily equivalent if and only if

[c1]=[z] in KL(A, M(B)/B).

Definition 2.8. Let A be a unital separable amenable C*-algebra and B a unital
C*-algebra having property P2. Fix a full monomorphism j, : A — 0, — B. (Note
that P2 implies such full monomorphisms do exist.) Let Ay, hy : A — B ® XK be
homomorphisms. We write i ~ h; if h| & j, is approximately unitarily equivalent
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to hy® j,. Denote by H (A, B) the set of ~-equivalence classes of homomorphisms
A— B®I.

Proposition 2.9. Let A be a unital separable amenable C*-algebra and B a unital
C*-algebra having property P2. Then H(A, B) is a group with zero element [ J,).

Corollary 2.10. Let A be a unital separable amenable C*-algebra and B a unital
C*-algebra having properties P1, P2 and P3. Denote by Hy(A, B) the set of
approximate unitary equivalence classes of full monomorphisms from A to B @ K.
Then Hy(A, B) is a group with zero element [ j,|.

Definition 2.11. Let A be a unital separable amenable C*-algebra and B a nonuni-
tal but o -unital C*-algebra. Denote by Extff »(A, B) the approximate unitary equiv-
alence classes of full essential extensions. Denote by 7,: A— M (B)/B an essential
extension that factors through 0,. Note that [7,] =0 in KL(A, M(B)/B). Sup-
pose that M (B)/B has properties P1, P2 and P3. By Corollary 2.7, t, is unique
up to approximately unitary equivalence, Let 1,70 : A — M(B)/B be full es-
sential extensions. Since M (B)/B has property P2, there are partial isometries
71,22 € M(B)/B such that z{z1 = 1y, 2127 = 11(1a), 2522 = ly(p)/B and
7225 = 12(14). Define [71] + [12] =[adz1 0o 71 D ad 22 0 12 ].

Note this is well defined, since [t,] = 0 in KL(A.M(B)/B) and adzj o7 &
ad 75 o 7, is approximately unitarily equivalent to t by Corollary 2.7. With this
addition Extc}:p(A, B) forms a semigroup.

By Corollary 2.10, we have:

Corollary 2.12. Let A be a unital separable amenable C*-algebra and B a nonuni-
tal but o -unital C*-algebra for which M (B) /B has properties P1, P2 and P3. Then
Ext;fp (A, B) is a group with zero element [t,], where t, : A — M(B)/B is a full
monomorphism that factors through 0.

If, furthermore, A satisfies the so-called Approximate Universal Coefficient
Theorem (see Definition 7.1 below), we can say more:

Theorem 2.13. Let A be a unital separable amenable C*-algebra satisfying the
Approximate Universal Coefficient Theorem and let B be a nonunital but o -unital
C*-algebra such that M(B)/B has properties P1, P2 and P3. Then there is a
bijection I from Extgp(A, B) onto KL(A, M(B)/B).

The Approximate Universal Coefficient Theorem will be briefly reviewed in
Definitions Definition 7.1 and Definition 8.1. Note that, when B is not stable,
K;(M(B)/B) is very different from K;(SB) [Lin 2005b, 1.7].

In the special case that B = C ® J{, where C is a unital C*-algebra, we have:

Theorem 2.14. Let A be a unital separable amenable C*-algebra and set B =
C ® H, where C is a unital C*-algebra such that M(B)/B has the property P1.
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Two full essential extensions t|, 7o : A — M(B)/B are unitarily equivalent if and
only if
[l =[w] in KK'(A, B).

If x € KK'(A, B), there is a full essential extension t : A — M(B)/B such that
[t] = x.

Theorem 2.15. Let A be a unital separable amenable C*-algebra and set B =
C ® ¥, where C is a unital C*-algebra for which the tracial state space T (C) is
nonempty. Suppose that there is d > 0 for which C satisfies the following:

(1) If p, q € B are two projections, the condition t(p) > d +1t(q) forallt € T(C)
implies ¢ ~ p in B.

) Ifb e My(C) is such that1 > b > 0and t(b) > a+d forall Tt € T(A), there
is a projection e € bMy (A)b such that T(e) > « forall T € T (A).

Then two full essential extensions 11, 1y : A — M(B)/B are unitarily equivalent if
and only if

[t1] =[m2].

Remark 2.16. In the case that B = J{, Theorem 2.14 is the classical Brown—
Douglas—Fillmore theorem, and M (}) /X is a purely infinite simple C*-algebra. It
has property P1 (as well as P2 and P3) and every essential extension is full. Let X
be a compact metric space with finite dimension d. When B=C(X)Q¥, M(B)/B
has property P1 (Corollary 3.9). Theorems 2.14 and 2.15 deal with the extensions
studied by Pimsner, Popa and Voiculescu [Pimsner et al. 1979; 1980]. The case
where B is a nonunital purely infinite simple C*-algebra was proved by Kirchberg.

Theorem 2.14 is closely related to a result of Elliott and Kucerovsky [2001]; see
Remark 8.7 for discussion.

3. C*-algebras have properties P1, P2 and P3

Let A be a unital C*-algebra. Denote by T (A) (or T if no confusion exits) the set
of tracial states on A. If t € T(A), we extend ¢ to a trace (t ® Tr) on A @ M, by
defining ¢ ((a;;) = Z?:l t(a;;). We further use ¢ for the trace defined on a dense set
of AQ¥. If a e A® K, then t(a) is well defined (although it could be infinity).
Suppose that i, € A @I is such that h, 7 h € A**. Then t(h) =lim,_, 1 (hy).
These conventions will be used in this section.

Lemma 3.1. Let A be a unital C*-algebra and I a o-unital ideal of A. If a €
(A/1)+ is a full element, there exists a full element b € Ay such that 7 (b) = a,
where m : A — A/l is the quotient map.
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Proof. This result is certainly known, but we prove it for completeness. Since

a € (A/I)4 is full, there are xy, xp, ..., X, € A/l such that
m
Zx;kaxl- =1.
i=1
Hence there are ¢ € A4 and yi, y2,..., ym € A such that 7(c) = a and 1 —

Y i, yicyi € 1. Let e be a strictly positive element of 1. Put b = ¢ + e. Denote
by J the ideal generated by b. Since b > c and b > e, both ¢ and e are in J. It
follows that I C J. Since Y /-, yFcy; € J, it follows that 1 € J. Thus J = A, and
b is full. 0

Corollary 3.2. Let A be a unital C*-algebra and I a o -unital ideal of A. If A has
property P1, then so does A/1.

Lemma 3.3. Let A be a unital C*-algebra and let B = A @ H. Suppose that
a € M(B) is an element for which b = (a) is full in M(B)/B, where w : M(B) —
M (B)/B is the quotient map. Then a is full in M(B). If M(B)/B has property P1,
so does M (B).

Proof. There are X1, X2, ..., Xy Y1, ..., ym € M(B)/B such that Y ;" | x;by; = 1.
Then there are wy, wo, ..., Wy, 21, 22, - - -, Zm € M(B) such that

m
1— Z w;az; € B.
i=1

Let {e;;} be a system of matrix units for J. Put E, = Z?:l ¢;;. Then {E,} is an
approximate identity consisting of projections. It follows that there exists n > 0
such that

m

> _(I—Epwiazi(1~E,) = (1=Ey)
i=1

Thus there exists s € (1—E,)M(B)(1—E},) such that

1

m
Y st (—Epwiazi(1-Ey)s = 1 — E,.
i=1
But there exists V € M (B) such that V*(1—E,)V = 1. Therefore a is full.
For the last statement, we take m = 1 in the argument above. g

Proposition 3.4. Let B be a unital purely infinite simple C*-algebra. Then M(B ®
H) and M(B @ )/ A @ K have property P1.

Proof. 1t follows from [Zhang 1992] that M (B ® X)) /(B ® X) is purely infinite and
simple. Therefore M (B ® ¥)/B ® X has property P1. Now Lemma 3.3 implies
that M (B ® J{) has property P1. O
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Theorem 3.5. Let B = A Q I, where A is a unital separable C*-algebra for which
T(A) #@. Letd > 0. Suppose A satisfies the following:

(1) If p, q € B are two projections then t(p) > d +t(q) for allt € T (A) implies
p ZqinB.

2) If1 = b > 0in My(A) such that t(b) > a +d for all T € T(A) (and some
a > 0), then there is a projection e € bM(A)b such that T(e) > « for all
T eT(A).

Then M (B) and M (B)/B have property P1.

Proof. Let b € M (B) be a full element. Without loss of generality, we may assume
that 0 < b < 1. Let {e;;} be a system of matrix units for  and set E, = 2221 €.
Then E,bE, converges to b in the strict topology. Furthermore b!/?E,b'/? in-
creasingly converges to b in the strict topology.

Since b is full, there are x1, x», ..., x,, € M(B) such that

m
Zx,-*bxi =1.
k=1

Let T € T(A) be a tracial state. We extend t to B, and then to M (B)+ in a usual

way. Let T be the set of all (densely defined) traces on M (B). whose restrictions

to A are tracial states. With the usual weak *-topology, T is a compact convex set.
Because bl/z)cl.*x,-bl/2 < |Ix;|I?b, one has

t(xfbxi) = T(b'Pxixib'?) < ||xi |27 (b)

for all T € T (A) Therefore

m

> t(xfbxi) < (Z ||xl~||2)r<b)
i=1

i=1

for all T € T (A). Since (1) = 00, it follows that 7 (b) = co. Because b'/2E,b'/> 7
b and because 7T is compact, by Dini’s theorem, we have 7 (b'/?E,b'/?) — oo uni-
formly on T'. Since t(E,bE,)=1(b'/?E,b'/?) forall t € T, we have t(E,bE,) /
oo uniformly on 7'. There is n(1) > 1 such that

T(E,)bE,1) > 1+2d forallTt eT.

Let A; be the hereditary C*-subalgebra of B generated by E,1)bE,(1). It follows
from assumption (2) that there is a projection p; € A; such that t(p;) > 1+d for
all T € T. Thus there is v; € B such that viv; < p; and viv] = E;. There are
nonnegative continuous functions f, g € Co((0, 2|b||] such that gf = f and

| £ (EnybEnct)) prf (EnybEncry)) — p1|| < 3
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It follows by [Effros 1981, AS8] that there is a projection

q1 € f(E,ybE,1)) Bf (En)ybEy1y)

such that gy is unitarily equivalent to p;. We conclude that g(E,, ()b E,.1))q1 = q1,
since gf = f. By functional calculus, we see that there is f; € A; such that

NE.)bEy1y i = 8.

Thus we obtain z; € E,1)B E,(1y such that

2ibz1 = 1 EyybEnyz1 = Eir.
Note that 7((1—E,1)bEnq1y) = T(bEnci)(1—Ey(1))) = 0. It follows that
T((1=En1))b(1=Eny)) = T((1=En(1))b).
Since T(E,1)bE1)) < oo for all T € T, we conclude that
r((l—En(l))b(l—En(l))) =o0 forallteT.

By the earlier argument we obtain n(2) > n(1) and zoe(E,2)— En) B(Er2)—Enq))
such that

23020 = 25 (En) — En(1)b(En2) — En1))22 = E2 — E|.

Continuing this fashion, we obtain a sequence {n(k)} with n(k+1) > n(k) and
2k € (Ens1y — En)) B(Eq k1) — Enry) such that

kb7 = 2 (Ent 1y — Eno)b(Enges1) — En)) 2k = Exg1 — Ex,

fork=1,2,.... Hence z = Z,fozl Zx € M (B), since the sum converges in the strict
topology. Furthermore,

bz =1.
This shows that M (B) has property P1. By Corollary 3.2, M(B)/B also has prop-
erty P1. U

Corollary 3.6. Let A be a unital AF-algebra and take B = AQH. Then M (B) and
M (B)/B have property P1.

Proof. Clearly A satisfies (1) in Theorem 3.5 with any d > 0. To see that it satisfies
(2), we let 1 > b > 0 be an element in M, (A) such that t(b) > a + d for all
teT.SetC=bM,(A)b and let {e,} be an approximate identity for C consisting
of projections. Then |le,be, —b|| — 0 as n — oo. Since 0 < b < 1, it follows that
T(e,) >a+dforsomen >0andallt eT. ]

The proof of the corollary implies the following:
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Corollary 3.7. Let A be a unital separable C*-algebra with real rank zero for
which T (A) # @ and which satisfies (1) in Theorem 3.5. Then M(B) and M(B)/B
have property P1, where B = A ® XK.

Corollary 3.8. Let B = A ® I, where A is a unital simple C*-algebra with real
rank zero, stable rank one and weakly unperforated Ko(A). Then both M (B) and
M (B)/B have property P1.

Corollary 3.9. Let A = C(X), where X is a compact Hausdorff space with finite
covering dimension d. Then M (A Q¥) and M(AQ®X) /(A RI) have property P1.

Proof. Suppose e, f € AQI are projections. We may assume thate, f € M, (C(X))
for some integer n > 0. Suppose that 7(e) > 7(f) +d + 1 forallt € T(A). It
follows that for each x € X, the rank of e(x) is greater than d + 1 + the rank of
f(x). It follows from [Husemoller 1966, 8.1.2 and 8.1.6] (see [Blackadar 1998,
6.10.3(d)]) that f < e. So Theorem 3.5(1) holds (for (d + 1)/2).

For (2), let 1 > b > 0 be an element in M, (C (X)) for which t(b) > o+ (d +1).
Let f, be as in (1-1). For some large n, we have t(f,(b)) > o + (d + 1) for all
T € T(A). Thus, for each & € X, the rank of f,(b)(§) is at least « 4+ (d + 1). By
[Blackadar et al. 1991, Lemma C], there is a projection e € bMy(A)b such that
the rank of e(§) is greater than « for all £ € X. It follows that t(e) > « for all
Tt eT(A). O

To discuss property P2, we begin with an easy observation:

Proposition 3.10. Let B be a unital C*-algebra having property P2. For any
integer n > 0, there are s11, $22, . . ., Syn Such that 1gp > ZLI s;; and there exists
an isometry Z € B such that ZZ* = ey,. Moreover:

(1) If for some n > 2, 15 = > _+_, sii, then there exists a unital embedding from
0, to B.

(2) There is a unital embedding from Oy, to B.
(3) There exists a full embedding j : 0 — B.

Conversely, if there is a unital embedding of O« in B, then B has property P2.
Furthermore, if B admits a full embedding from O, then B has property P2.

Proposition 3.11. (1) Let A be a unital C*-algebra and B = A ® K. Then M (B)
and M(B)/B has property P2.

(2) Let A be a nonunital o -unital simple C*-algebra which has continuous scale.
Then M(A)/A has property P2

(3) Let A be a unital purely infinite simple C*-algebra and B = Co(X, A), where
X is a locally compact Hausdorff space. Then M(B) and M(B)/B have
property P2.
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Proof. For (3), we note there is a unital embedding from O, to A and the constant
maps from X into A are in CP(X, A) = M(B). ]

Now we turn to property P3. Every unital purely infinite simple C*-algebra has
property P3, by [Lin 2005b, 2.6]. Therefore, if B is a nonunital but o -unital simple
C*-algebra with continuous scale, then M (B)/B has property P3.

Proposition 3.12. Let B be a unital C*-algebra having property P1. Suppose that
0<a,b<1,whereab=a and a is full. Then there exists x € B with ||x|| <1 and

x*bx =1.

Note that the proposition includes the case that a is a full projection.

Proof. There is z € B such that z*az = 1. Then a'/?zz*a'/?

projection. Moreover, p € Her(a). Therefore pb = p. Put v = a'/?z. Then
v*v =1 and vv* = p. In particular, ||v]| = 1. Now

= p must be a

1> ||b||lvifv > v*bv > v pv=1.
We conclude that v*bv = 1. O

Proposition 3.13. Let A be a unital C*-algebra and set B= A®¥. Then M (B)/B
has property P3.

Proof. Let m : M(B) — M(B)/B be the quotient map and D a separable C*-
algebra. Let {e; ;} be a system of matrix units for K. Set E, = Z?:l eii. By
[Pedersen 1979, 3.12.14] and the proof of [Lin 2001, 5.5.3], there is a sequence

{e,} C Conv{E} :k=1,2,...} such that
(3-1) ent1en =€, and |lepa—aey|| >0 asn— oo

forall a € D.
Suppose that e, = ngl) o; E;, where the o; are nonnegative scalars such that

> 4" @; = 1. There exist 0 < §; < 1 such that e, = Y"*"*) B;e;;. Since, for each i,

llemeii —eiill > 0 asm — oo,

there is N (n) > 0 such that, foreachm > N(n), e¢,,, = Zf(:"f) ﬁi(m)ei,- with Br)+1 >

%. It follows that
k(m) k(n)
(em — en)ekm)+1.k(n)+1 = < Z ,Bi(m)eu + Z(ﬂi(m) - lgi(n))eii)ek(n)-i-l,k(n)-i-l
k(n)+1 i=1
k(m)

= ( Z :B,‘(m)eii>ek(n)+l,k(n)+l = ﬂ,’(m)ek(n)+l,k(n)+l-

k(n)+1
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By passing to a subsequence if necessary we may as well assume that

(€n+1— en)erm)+1,km)+1 = An€k(n)+1.k(n)+1

for some A, > % Now let F' C N be an infinite subset. Then

1
br = Z(€n+1 )z 5 Zek(n)-i-l,k(n)-i-l-

neF neF

Thus br is a full positive element in M (B). Suppose that {F,} is a sequence of
infinite subsets of N. By Proposition 3.12, the image ”({Z,’an ek(j)Jrl,k(j)Jrl}) is
full in [*°(M (B)/B). So {m(bF,)} is full in [*°(M (B)/B).

By (3-1), m(br) commutes with 7 (d) for each d € D. Also by (3-1)

(en+1—en)(em+1 —em) =0 if [n—m| > 2.

It follows that bpbg = 0 if [n —m| > 2 for any n € F and any m € F'. Note that
one may write by = ZneS(F) Anen.n, where each 0 < A,, <1 is a positive number
and S(F') is an infinite subset of N.

It is easy to find a family of (disjoint) infinite subsets {F; ; :i, j =1,2,...} of
N such that [n —m| > 2 forany n € S; ; and any m € Sy j, if i #i" or j # j'.
Define S; j = S(Fj ;) as above. We note that S; ; NSy y =@ ifi #i’ or j # j'.
Write b; j for bp, ;. It follows that M (B)/B has property P3. (|

4. Nonstable cases

In [Kirchberg and Rgrdam 2000] the notion of purely infinite C*-algebras was
extended to nonsimple C*-algebras. Let C| be a unital C*-algebra and C, be a
unital separable purely infinite simple C*-algebra. Then C; ® C; is purely infinite
[Kirchberg and Rgrdam 2000, 4.5]. Therefore, for any unital C*-algebra C the
C*-algebra B = C ® O has properties P1 and P2 as well as P3.

Proof of Proposition 2.2. From the preceding paragraph, we know that B is purely
infinite, and so has properties P1 and P2. Let A be a separable C*-subalgebra of B.
There is a separable C*-subalgebra Cy C C such that A C Co® C. It follows from
[Kirchberg and Phillips 2000] that C; ® O = C;. By [Rgrdam 2002, 7.2.6] and
[Kirchberg and Phillips 2000, 3.12], there is a sequence of unital monomorphisms
¢n 1 Oso = Co ® Cy such that

lim ||¢,(x)a —ap,(x)|| =0 foralla e Cy® €.
n—oo

Let {ex} be a sequence of nonzero mutually orthogonal projections in Oy,. Define
al) = ¢,(e;), n,i =1,2,.... One checks that a") satisfies the requirements for
property P3. O
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There are o -unital but nonstable separable C*-algebras B for which the corona
C*-algebra M (B)/B has properties P1 and P2 as well as P3. For example, when B
has continuous scale, M (B)/B is a purely infinite simple C*-algebra [Lin 2004b].
So in those cases M (B)/B has all three properties. There are other nonstable
separable C*-algebras B for which B has properties P1, P2 and P3.

To make a point, we will present a very simple example of a nonstable o -unital
C*-algebra B for which M (B)/B is not simple but both M (B) and M (B)/B have
properties P1, P2 and M (B)/B has P3. Many such examples can be constructed.

Proposition 4.3 is not needed in Example 4.4 but will be used again later.

Lemma 4.1. Let A be a unital C*-algebra and let 0 < a < 1 be an element in A.
Suppose that there is x € A such that x*ax = 1. Then there is N > 0, depending
on || x|| but not on A or a, for which there is y € A with ||y|| < 1 such that

Yy fn(@)y=1.
In particular, fn(a) is full, where fy is as defined in (1-1).

Proof. Let g = a'/?xx*a'/?. Then q is a projection. There exists k > 0 depending
on ||x|| such that

Il ()t — 2| <

1
f ntrel0,1],
oz oreltrelodl

where fj is as in (1-1). Then
I fe(@)g —qll = || (fel@a'? —a'?)x*xa' 2| < L.

It follows from [Effros 1981, A8] that there is a projection p € fx(a)Afx(a) such
that
lg = pll < 3.
Thus there exists w € A such that w*w = 1 and ww* = p. Choose N = k + 1.
Then fy(a)q = q, showing that
w* fy(@w=1. O

Lemma 4.2. Let A be a unital C*-algebra and let a € A with 0 < a <1 be a full
element. Suppose that there are x1, X2, . .., Xy € A such that

m

*
E x;ax; =1.
i=1

Setr =YL, lIxi I%. Suppose also that 1 M, A S 1. Then there exists an integer
N > 0, depending on r but not on A on a, such that fn(a) is full. Moreover, there
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are yi,¥2, .-, ym € A such that 3", |lyi|*> < 1 and

> yifn(@yi=1.

i=1

Proof. Let
X] X3 -0 X a0 --- 0
00 --- 0 0Oa--- 0
X=1. .. . and b=1|. . . .
00 -.-.- 0 00 --- a.

Since 147, (4) S 1, one obtain Y € M,,(A) with ||Y||=1and Y* diag(1,0, ...,0)Y =
1m,,a)- Note that 0 <b <1 and XbX* =diag(1,0, ..., 0). Thus

Y*XbX*Y = 1y, ).

We compute that | X*Y || < r1/2. 1t follows from Lemma 4.1 that there exist N > 0
and z € M,,(A) with ||z]| <1 such that

T In®)z =1y, 4.

So Yz* fy(b)zY* =1. An easy computation shows that there are y;, y»,..., y, €A
such that Y7, [ly;]|> < 1 and

> v fu(@yi=1. O

i=1

Proposition 4.3. Let {A,} be a sequence of unital C*-algebras having property
Pl. Then I[*®°({A,}) also has property P1.

Proof. Leta ={a,} be afull element in [°°({A,,}) such that 0 <a < 1. (Note that full
elements of [*°({A,,}) cannot be in ¢o({A,}).) By Lemma 4.2, there exists N > 0
for which fn (a) is full. For each n, there exists x,, € A, such that x; fx (a,)x, =1.
Note that fy11(a,) fv(a) = fn(a). It follows from Proposition 3.12 that, for each
n, there is y, € A with ||y,]| < 1 such that

o fvri@y, = 1.
Put y ={y,}. Then y € [**({A,}). Itis clear that there is g € Co((0, 1])+ such that
Ig(@ag(@) = fy+1@]l < 3.
Then
ly*g(@ag(@)y — 11 = lly*(g(@ag(a) — fn @)yl < 3.
Hence there is z € [*°({A,}) with ||z|| < %‘ such that

Zy*g(a)ag(a)yz = 1. O
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This proposition is not required in the following example. However it will be
used in Lemma 6.5.

Example 4.4. Let A be a unital separable amenable purely infinite simple C*-
algebras. Denote by B =c((A). Then M (B) =[°°(A). Put goo(A) =1 (A)/co(A).
So M(B)/B = qoo(A).

(1) M(B) and M (B)/B has properties P1 and P2.

(2) M(B)/B has property P3.

Claim (1) is obvious (it also follows from Proposition 4.3). In fact, if C =
Co((0, 1), A), then M(C) and M (C)/C also have properties P1 and P2. This can
be proved rather easily.

To see (2), let D be a separable C*-subalgebra of M(B). Suppose that x(V) =
1, x@ = Py, x® = (1), ... is a dense sequence in the unit ball of

D. Using the fact that A ® O, = A [Kirchberg and Phillips 2000, Theorem 3.15],
we obtain a sequence of homomorphisms ¢, : O, — A such that

lim g, (b)a — agu ()] =0

foralla € A and b € 0. Let e; € Oy be a proper projection. There is an integer
n(1) > 0 such that

|6y (enxi” = x{Vgnyen]|| < 3.

There is a projection e; € O, such that eje; = eye; =0 and 1 > e; + e;. There is
n(2) > 0 such that

|bn €)X —xPduy(ej)| < 5 fori, j,l=1,2.

Continuing in this fashion, we obtain a sequence of mutually orthogonal nonzero
projections {e;,} C Oy and a subsequence {n(m)} such that

I Bnim) (€)X = XD uemy ()l <27 fori, j,l=1,2,...,m.

Put p = {pim(e;)} € I°(A), for j = 1,2,..... Then p&p\)) =0if i # j.
Moreover,
| ()7 (x ) — 7 (x O D (pI) | = 0.
This implies that
7 (p)r(d) = (d)ym (p).

Put a,(,j) = p(j), j=1,2,.... This shows that M (B)/B has property P3.

It is clear, in fact, that [°°({A,})/co({An}) has property P3 if each A, is a unital
purely infinite simple C*-algebra.
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5. Amenable contractive completely positive linear maps

Lemma 5.1 ([Akemann et al. 1986, 2.3]; see also [Lin 2001, 5.3.2]). Let A be a
separable C*-algebra and  : A — C a pure state. Denote by r also the extension
of Y to A and put L = {a € A: Y(a*a) = 0}. For any ¢ > 0 and any finite subset
F C A, there exist 71, 22,23 € AJF such that ||z;|| =1 and z; € L fori =1, 2,3,
Ziv12i = zi fori =1,2, and

lzi(p(a) —a)zi|| < %8 fori=1,2,3andall a € .
Moreover, if {e,} is an approximate identity for A, then, for some large N,
lenzien(@(a) —a)enzienll <€ and eyzie, € L
foralla e & andalln > N.
Proof. To simplify notation, we assume that F is a subset of the unit ball of A. Let
N={aecA:¢)=0).

Note that L is a closed left ideal. Let C be the hereditary C*-subalgebra given by
LNL* Asin the proof of [Lin 2001, 5.3.2], we have z1, z2, z3, € A with ||z;|| = 1
(i=1,2,3)suchthatz; € L, z;4+1yi =z;,i =1,2,3, and

lzi(¥ (@) —a)zill < 3e, i=1,2,3.

Let {e,} be an approximate identity for A such that e, e, 1 = e, for all n. Note
that z; has the form A;15 + y/, where y/ € A and A; € C, i =1, 2. Choose a large
n such that

lexa —aerll < ze, llexa—all < ze and lexzi —ziexll < z¢

for all a € U {z1az1, z0az22, 73az3 : a € F} and for all k > n. Let y; = e, z;¢,.
Then, forn > N,

lyi(W(a) —a)yill < e+ llepzi(Y (@) —a)ziepll <e forallaeF. O

The following is folklore.

Lemma 5.2. Let A be a C*-subalgebra of B and take a € A,. Denote by C the
hereditary C*-subalgebra of B generated by a. Then, for any approximate identity

{en} of A, the sequences |e,b — b|| and ||be, — b|| converge to 0 as n — o0, for all
beC.

Proof. There exists a sequence of positive functions f, € Co(sp(a)) with0 < f,, <1
such that { f,,(a)} forms an approximate identity for C. Fix an element b € C. For
any ¢ > 0, there is f such that

I fe(@b—bll < 3¢ and |[|bfi(a) — b < e.
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Choose an integer N > 0 such that
€
len fi(a) — fr(@)|| < ———= foralln>N.
’ 4(Ib1 +1)
Then

llenb = DIl < llend — en fi(a)b|l + llen fi(@)b — fi(a)bll + || fi(a)b — D]

1 &
<ze+ IIbII(—
! 4(lp1+ 1)

Lemma 5.3. Let B be a unital C*-algebra that has the property P1. Let A be a
separable C*-algebra and let I be an ideal of A. Suppose that j : A — B is an
embedding such that j(a) is a full element of B for all a & I. Then, for any pure
state ¢ : A — Clg C B which vanishes on I, any finite subset &% C A, and any
e > 0, there is a partial isometry V € B such that

)+%8=%8<8. O

lp(@)—V*j@V|<e forae%, V*V=I1g and VV*eHer(j(A)).

Proof. To simplify notation, we identify A with j(A). Fix 0 < ¢ < % By Lemma
5.1, there are 71, 22, z3 € A, such that ||z;| =1 and z; € L fori =1, 2, 3, zi412i = 2i
fori =1,2,and

Ip(a)z? —zij(@)zill < e fori=1,2andalla € F.

Note that L = {a € A : ¥(a*a) = 0}. Therefore ] C LN L* C L. Let {e,} be
an approximate identity for A such that e,e,+; = e,, n =1,2,.... Let N be an
integer as in Lemma 5.1, such that

(5-1) |# (@) (enzien) — enzienj(@enzien| < 2e,  fori=1,2,3.

Put y; = eyzieny. We may assume that y; ¢ L. By the assumption, y; is full.
Because B has property P1, there exists x € B such that x*ylzx =1p. Putv; =yx.
Then vi‘vl = 1p and vlvi“ = pp is a projection. Note that p; € Her(y;). There is
a projection in q; € Her(z%/ 2ez\;zi/ 2) such that g is equivalent to p;. Therefore
there is a partial isometry w; € B such that wigiw; = 1p and wiw} = ¢;. Since
Z%Zl = z1, Z%fh = q1. By applying Lemma 5.2, one can choose a large integer
k > N such that, for all n > k,

(52)  lleaqi —qill < 53¢ and lenzi —zienll < 53¢ fori =1,2,3.

Thus
2 2 8 1
[ (exz2ex)"q1 — q1ll = llekz2eiz2exq1 — q1ll < 336 = z€.

Put y, = e;z2ex. Then one estimates

2 2 1
lwiyswi — 1] = [wiq1y;q1w1 — wiqrwi || < 3e.
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Thus there is s € Her(z}/zeNz}/zp_ C B, such that ||s|| < 1 and
sPwiyiwis'/? = 1.
Note that
1 2 4 243

(5-3) lwis'/?) < < = \ﬁ: 23

1-1e 2—1 33
Define V = y,w;s'/2. Note that
(5-4) V*V =15 and VV*eHer(j(A)).
Put y3 = ex41z3€+1. Then, by (5-2),
(5-5) 1y3y2 = yall = et (zserza — z2)exll < 356
Furthermore, by (5-3) and (5-5),

2v3 V3

(5-6) lysV = VIl = lysyawis'/? = yowys'/?|| < <3ize)7 ST

We estimate, by applying (5-6), (5-4) and (5-1), that

* * * \/§ * *
l¢@—V*aVi=l¢@V*V—V*aV| < e+ |¢@V*y3V — V*yay, V|

V3

3
=get ¢ (@)y3—yrays| < ;/—8_84- le<e forallae?. O

Remark 5.4. If A has a unit, the proof of Lemma 5.3 is almost identical to that
of [Lin 2001, 5.3.2], which has its origin in [Akemann et al. 1986]. When A has
no unit, the elements z1, z», z3 are not in A but in A+. By using an approximate
identity {e,}, one does have ||y3y> — y2|| small. However the norm of x could be
large and it depends on the choice of z; as well as N as in the proof above. By
introducing g;, we are able to control the norm of wist/2.

Lemma 5.5. Let B be a unital C*-algebra having property P1 and let A be a
separable C*-algebra. Suppose there exists a sequence of homomorphism ¢, :
A — B such that {¢,(a) :n =1,2,...} is an orthogonal set in B for all a € A.
Let I be an ideal of A such that ker ¢, C I and ¢, (a) is a full element in B for all
a & I and for all n. Then, for any state W : A/l — Clp C B, any finite subset
F C A, and any € > 0, there is a partial isometry V € B and an integer n such that
V*V =1B,

Hw o (a) — v*( 3 ¢k(a))VH <& foraeF and VV*eHerY i(A),
k=1 i=1
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where w : A — A/l is the quotient map. If  is only assumed to be a nonzero pos-
itive linear functional with ||| < 1, the conclusion still holds with the difference
that V is merely a contraction.

Proof. By the Krein—Milman theorem, we have positive numbers oy, o, . .., &y
with ) /L, o; = 1 and pure states ¥, Y2, ..., ¥,, of A/ such that

<%8 fora € %.

Hwoma)—Za,-w,-(a)
i=1

Letm, : A — A/ker¢, and y, : A/ker¢, — A/I be the quotient maps, for
n=1,2,.... Note that ¥; o y, is a pure state of A/ker ¢,.
By Lemma 5.5, there are V; € B such that V.*V; = 1, V;V.* € Her ¢; (A) and

i oyi(¢i(@) — Vipi(@)V;| <& forallaeF.

(Note that Y; oy; 0¢p; = Y 0m.)
SetV=>3"",./a; Vi € B. Since {¢,(a) :n=1,2,...} is an orthogonal set for
each a € A, we compute that

m
V*V=>lg=1p and VV*=)_ . J&a;V;V;icHer) ¢:i(A).
i=1

i=1 i

Moreover
|vor@—vi(La@)v|

= |y orn@ -3 aVigi@V;
=1

< Hworr(a) - ZZlaiwi(a)“ +§ai Wi om(a) = Vipi(@)Vi |

<%8+%8=8 fora € %.

To check the last statement of the lemma, note that there is 0 < A < 1 such that
Y (a) = X - g(a) for some state g and for all a € A. ]

Lemma 5.6. Let A be a separable C*-algebra and let B be a unital C*-algebra
having properties Pl and P2. Let C be as described in the definition of Property
P2, with n = k (see Proposition 3.10). Suppose that ¢, : A — B is a sequence of
homomorphisms such that {¢,(a) :n=1, 2, ...} is an orthogonal set in B. Suppose
that I is an ideal of A such that I D Ker ¢,, and ¢, (a) is a full element forall a & 1.
Let yr : A/I — My(C) C My (C) C B be a contractive completely positive linear
map. Then, for any finite subset ¥ C A and & > 0, there exists a contraction V € B
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and an integer m > 0 such that

Hgb(a)—V*(%d)i(a))V”<e forae% and VV*EHerid),-(A),
i=1

i=1
where m : A — A/l is the quotient map.

Proof. Write ¥ (a) = Zle Vij(a)®s;; fora € A, where {s;;} is a system of matrix
units for M, and ;; : A — C is linear. Also assume that s;; are as in Property
P2 and Proposition 3.10, for i = 1,2, ..., k. Define ® : My(A) — C C C by
S ((aij)ixk) = Zi,j:l Vij(aij), where a;; € A. Let Z be as in the definition of
Property P2, so that ZZ* = s1,. Put J,(a) = Zy¢,(a)Z* for all a € A. Then J,
maps A into C = s11Bs11. Note that ¢, @ id : My (A) — My (C) is also full. Set
G = {(a;j) : a;j € FU{0}}. By applying Lemma 5.5, we see there is W € My (B)
with || W] < 1 such that

m &
ch(b) — W*( )3 Jk®idb>WH < forbe.
k=1 2n
We may also assume that W*W < diag(l¢, 0, ..., 0). Choose a positive d € A
such that 0 <d <1 and

Ida —al| < % forall a € F.
n

Letv; =0,...,0,d,0,...,0), where the nonzero entry is in i-th place. Let v be
the n x n matrix whose first row is v; and whose remaining rows are zero. Put
ri=y nJ, ®id(v)). Forany a € A,

n=1

L . d ) €
ri*( Y Ju(a) ®1d(a®S11))l’j - > ®1d(a®s,~j)H <
n=1 n=1 2n
Therefore
n2

m
[vij@ - wri (X hwid@sin)W| <= forallaed.
k=1

Put V=W, v,W, ..., v,W). We view V' as an n x n matrix whose i-th column
is the nonzero column vlfW, fori=1,2,...,n. Then

Hw(a)— VeI Jk®id(a®e11)V’H <¢ forae%.
k=1

Define V = Z*V’. We have

Hlﬁ(a) — V*nélqbn(a)VH <¢ forae%.

We also note that VV* € Her Y 1| ¢, (A). O
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Lemma 5.7. Let A be a separable C*-algebra and let B be a unital C*-algebra
having properties P1 and P2. Suppose that ¢, : A — B is a sequence of homomor-
phisms such that the embedding j, : ¢,,(A) — B is full, where {¢,(a) :n=1,2,...}
is an orthogonal set in B. Suppose that W : A — B is amenable and such that
kery Dkerg,,n=1,2,.... Forany finite subset ¥ C A and ¢ > 0, there exists a
contraction V € B and an integer K > 0 such that

“w(a)—v*(§;¢,-(a))vH<s forac¥ and vv*eHerfqﬁ,-(A).
i=1 i=1

Proof. Fix a finite subset & and ¢ > 0. Since i is amenable, we may as well
assume that v = a o B, where 8 : A - M,, = M,(C-1¢) and o : M, —> B are
contractive completely positive linear maps (however, n depends on & as well as
€). Write M,,(C) C B as in the definition Property P2 (see also Proposition 3.10).
Put 6 = B(%). It is convenient to assume that % lies in the unit ball of A so 4 lies
the unit ball of M,(C-1¢). Note that o : M,, — M,,(C) C B is full. There exists
an integer m > 0 and a contraction Z € M,,(B) such that

lae(b) — Z*(b1d,) Z|| < e forb e,
where Id,, is the m x m identity matrix It follows from Lemma 5.6 that there is
N (1) > 1 and a contraction W; € B such that
N(1) e
H,B(a) WEY di@Wh H <X foracw
i=1 4dm
as well as integers N (k+ 1) > N (k) and a contractions Wy € B such that
N(k+1) e
[B@-We Y gi@Wen| <o foraeFandk=1,2,....
i=NG)+1 4m
Note that
|0 Bla) — Z*(B(@) 1d) Z|| < 3¢ fora e F.
It follows that

|v(@ ~ 2 (diag (w7 rjé) s@Wi Wy 3 g@)W))z] < e

i=N@m—1)+1

for all a € &. There exist d; € Her(¢;(A))+ with 0 < d; <1 such that
£ I3

ldigi(a) —¢i(@)|| < — and |digi(a)d; — ¢i(@)|| < 5—

2m 2m

for all @ € F. Note that did; =0if i # j, i,j =1,2,...,m. Now let Y be
the n x n matrix whose first row is (d;, d>, ..., d,) and the rest are zero. Put
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W =diag(Wy, Wa, ..., W,)and V =YW Z. Then

) m(1) N(m) N(m)
“dlag(Wl* Y G @Wis o W Y ¢i(a)Wm) Wt Y ¢k(a)YWH
i=1 i=N(m—1)+1 k=1
is less than %8 for a € %. Moreover
N(m) N(m)
)‘w(a)—v* ) ¢k(a)VH <¢ foraeF and VV*eHer Y ¢u(A). O
k=1 k=1

6. Commutants in the ultrapower of corona algebras

Definition 6.1. Recall that a family w of subsets of N is an ultrafilter if
(i) Xi,..., X, € wimplies (_, X; € o,

(i) & ¢ w,

(iii) if X ewand X C Y, then Y € w, and

(iv) if X C N then either X or N\ X is in w.

An ultrafilter is said to be free if [y, X = @. The set of free ultrafilters is
identified with elements in BN\ N, where BN is the Stone—Cech compactification
of N.

A sequence {x,} (in a normed space) is said to converge to xo along w, written
lim,, x, = xo, if for any € > O there exists X € w such that ||x, — xo|| < ¢ for all
nelX.

Let {B,} be a sequence of C*-algebras. Fix an ultrafilter w. The ideal of
[°°({By}) consisting of those sequences {a,} in [°*°({B,}) such that lim,, ||a,| = 0
is denoted by ¢, ({B,}). Define

qo({As}) = loo({Bn})/Cw({Bn})-
IfB,=B,n=1,2,..., we write c,(B) for c¢,({ B,}) and ¢, (A) for q,({A,}).

Lemma 6.2. Let A be a C*-algebra, I an ideal of A, and let a € A\ {0} be such
that 0 < a < 1. Suppose that a ¢ 1. Then there is b € C*(a) with0 < b <1 and
Ibll = 1 such that if c € C*(b) \ J, then ¢ &€ I, where

J={f(b): feColspd)\{0}), f(1)=0}.

Proof. Let m : A — A/I be the quotient map. Then m(a) # 0. Suppose that
& e sp(m(a)) \ {0}). Note sp(w(a)) C sp(a). Let f € Co(sp(a) \ {0}) such that
f(E)=1and0< f(¢) <1 forall othert € sp(a)\{0}. Setb= f(a). Then, 7 (b) #0
and |[7(b)||=1.Ifc & J, c = g(b) for some g € Co(sp(b)\{0}) such that g(1) #0.
Thus ¢ = go f(a). Note that go f (&) # 0. It follows that w(c) =7 (go f(a)) #0.
Therefore ¢ & I. 0
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Lemma 6.3. Let B be a unital C*-algebra and let a € B be an element with
0 < a < 1. Suppose that there is x € B such that x*ax = 1. Then there exists an
element b € C*(a) such that c is full for all c € C*(b) \ J, where

J={f®): f €Colspb)\{0}), f(1)=0}.

Proof. Put v =a'/?x. Then v*v = 1 and vv* = ¢ for some projection g € B. Note
that ¢ € Her(a'/?>xx*a'/?) C Her(a). For any 0 < e < }f, there is N > 0 such that

| fu(@)p—pl < %8 foralln > N,

with f;, is as in (1-1). It follows that

| fn(@pfu(a)—pll <e foralln > N.

Hence there is a projection g € Her(fy(a)) and a partial isometry w € B such that
w*qw =1 and ww* =¢q. Thus fyy1(a)g =¢q. Put b= fy11(a). For any function
g € Co((0, 1)), if g(1) #£0, then g(b)g = ¢q. It follows that w*g(b)w =1, so g(b)
is full and the lemma follows. ]

Lemma 6.4. Let A be a unital separable C*-subalgebra of a unital C*-algebra
B which has properties P1 and P3. Suppose that every nonzero element in A is
full in B. Then there exists a sequence of sequences of positive elements {a,gi)},
i=1,2,... withO < algi) < 1 satisfying the following:

(1) lim,— oo la’a —aa® | =0forallac Aandi=1,2,....
2) limy—oo laPay” | = 0 if i # j.
3) I'I({a,(li)})l'[ o J(a) is full in q,(A) for any free ultrafilter o € BN\ N, where

J : B — [®°(B) is defined by J(b) = (b,b,...,b,...) for b € B and 11 :
[°(B) = ¢, (B) is the quotient map.

Proof. For each nonzero element 0 <a < 1 in A, define
r(a) =inf{||x| : x*ax = 1}.

Let by, by, ..., b,, ... be a dense sequence of the unit ball of A. We may assume
that {b,} contains a subsequence of positive elements which is dense in the positive
part of the unit ball. For each 0 < b; < 1 in the sequence, from the assumption,
there is x; € B such that x/byx; =1 and [|x;|| < %r(bk). Let D be the separable
C*-subalgebra generated by A and {x}.

We claim that, for each nonzero a € A with 0 < a < 1 there is x € D such that
x*ax = 1. There is z € B such that z*az =1 and ||z|| < %r(a). There is by with
0 < b; <1 for which

la—bi|| < ——.
8(4r(a)+1)°
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Then
lz*bkz — 1) < ll2*(bx — @)zl < 4.

We obtain y € D with ||y|| < % such that
v bezy = 1.
It follows that r(b) < 2r(a). Hence there is x; € D with [|lxx|| < % - 3r(a) such
that x;/byx; = 1. It follows that
Ixfax; — 11 < i@ — bl < GGr@+ DY) (¢ - 3r@)’ < 5 < 1.
Thus there is d € D such that
d*xpaxd = 1.

This proves the claim.
Now since B has property P3 and D is separable, there exists a sequence of
sequences of nonzero elements {a'"} in B with 0 < a{" < 1 such that

(i) lim,—  [[a’d —da’|| =0 for all d € D,
(i) lim,— oo laai’ || =0 if i # j, and
(i) for each i, {a"} is full in [°(A).

Thus (1) and (2) follow. To see (3), let a € A. From the claim, there is d € D
such that

d*ad = 1.
Put a; = {a,(li)}. Then, by Proposition 4.3, there is z € [*°(A) such that z*a;z = 1.
Note that (i) implies that
[M(a;))[To J(b) =110 J(b)I1(a;) forallbe D.
Put g =T o J(d)TI(z). Then

g M(a;))Mo J(a)g =T1(z)To J(d*)I1(a;)To J(a)To J(d)T1(z)
=TIz (a;)) 1o J(d™)m o J(a)[1 o J(d)TI(z)
= ()(a)(z) =1. O

Lemma 6.5. Let A be a unital separable amenable C*-algebra and B a unital
C*-algebra having properties P1, P2 and P3. Let w € BN\ N be a free ultrafilter.
Suppose that T : A — B is a full unital embedding. Let T, : A — [°°(B) be defined
by teo(a) = (t(a), t(a), ...) and let Y = 1o Too, where I1:[°°(B) — q,(B). Then
there is a unital C*-subalgebra C = Oy in the commutant of Y (A) in q,(B).
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Proof. Let {a'"} be the sequence of sequences of elements given by Lemma 6.4.
Put a; = {a,(li)}, i=1,2,....

Applying Lemma 6.3, and introducing and using D as in the proof of Lemma
6.4, we may assume that each a; has the property that sp(a;) C [0, 1] and f(I1(a;))
is full for all 0 < f < 1 in Cy((0, 1]) for which f(1) # 0.

Let X = (0, 1] and fix i. Define qb;., L' :Co(X)®A = gu(B) by ¢/(f ®a) =
f(M(ai)y¥(a) and L'(f ®a) = f (1) (a) fora € A. By Lemma 6.4(3), ¢; is full.
Let {%;} be an increasing sequence of finite subsets of A for which | J72, %; is
dense in A and let {g,} be a dense sequence of Cy((0, 1]).

Let {a;)}zc, be a subsequence of {g;}. It follows from Lemma 5.7 that there
exists s, € B such that

m(n)

1
S5O g (i) ¥ (@)sy —gj(l)l//(a)H <5 foracF,andj=12...n.
k=1

m(n)

Moreover, s, € Her(Zk:1 (@ix)) ¥ (A)). Suppose that s, = IT(($y,1, 2,2, -+ ))s
n=1,2,.... We may assume that

m(n) . 1
s:’k(n)< > gj(a,’(((i)))t(a))sn,k(n) —gj(l)t(a)H < > forn=1,2,....
k=1
Now put t, =8, k), t' = (t1, t2, ...) and t =T1(¢’). Define ®: Co(X)®A — [*°(B)
by
m(n) ik
O(f®a) = { ) f(a,ﬁl(;f)r(a)} for all f € Co(X) and a € A.
k=1
It follows that
Mo ®(f ®a)t = f(1)Y(a) forall f e Cy(X)anda e A.

Put b({i (k)}) = M ({a;)}). Note that 0 < b({i (k)}) < 1. We have (with 1(r) =
for all r € (0, 1])
b Nt = (1) = 1y, -
Put
w{i(Oh) =b{iH'"*t and g =b{iODP1r*b({(i ()N
Since b({i(k)}) € ¥ (A) and ((1) = 1, we have

(6-1) *b({i D2y (@b{i ()D 't = *b({li ) DY (@)t = L)Y (a)
=1vY(a) forallaeA.
It follows from [Rgrdam 2002, 6.36] that w({i(k)}) = b({i k)})'/?*t € ¥ (A). If

{i(k)} and {i(k)'} are disjoint infinite subsets of N, the corresponding projections
g and ¢’ are orthogonal. Thus there is a sequence of isometries vy € ¥ (A)’ such
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that vivy = 1y, and 1 > Y} wvf, n=1,2,.... Thus ¥ (A)’ admits a unital
embedding of Oy, O

7. Full extensions

Definition 7.1. Let Ext(A, B) be the set of stable unitary equivalence classes
of extensions of the form (2-1). When A is amenable, it is known (by work of
Arveson, Choi and Effros) that Ext(A, B) is a group. Moreover, the group can be
identified with KK '(A, B). Let T(A, B) be the set of all stable unitary equivalence
classes of approximately trivial extensions. It is known that I (A, B) is a subgroup
of KK'(A, B) (see [Lin 2005a]). Following Rgrdam, one defines KL'(A, B) =
KK'(A, B)/J (A, B).

Let G1, Gy, G3 be abelian groups. A group extension 0 - G; — Gz —
G, — 0 is said to be pure if every finitely generated subgroup of G lifts. Denote
by Pext(G;, G1) the set of all pure extensions and by E(G», G1) the quotient
extz(Ga, G1)/ Pext(G,, G1).

If A satisfies the Approximate Universal Coefficient Theorem, or AUCT (see
[Lin 2005a]), one has the following short exact sequence:

(7-1) 0— E(K;(A), K;(B)) = KL'(A, B) - Hom(K;(A), K;_(B)) — 0.

So KL'(A, B) may be computable in theory. It should be noted every separable
amenable C*-algebra which satisfies the Universal Coefficient Theorem (UCT)
satisfies the AUCT. Rosenberg and Schochet [1987] have shown that every sepa-
rable C*-algebras in the so-called bootstrap class satisfies the UCT (therefore the
AUCT). We also use the notation KL(A, B) = KL'(A, SB).

As mentioned in the introduction, two stably unitarily equivalent extensions are
in general not unitarily equivalent and trivial extensions are not unitarily equivalent.
Furthermore, an essential extension which is zero in KK ' (A, B) may not be trivial
(or approximately trivial). We will use KL'(A, M(B)/B) to give a classification
of full essential extensions up to approximately unitary equivalence.

Proposition 7.2. Let D be a unital C*-algebra for which there is a unital embed-
ding from O, to D. Let hy, hy : Oy — D be two full homomorphisms. Suppose that
h1(1g,) ~ ha(le,). Then there is a sequence of partial isometries v, such that

viv, = ha(le,), vav, =hi(lg,) and  lim |vihi(a)v, —ha(a)|| =0
n—oo
forall a € 0.

Proof. This is the combination of Theorem 6.5 and Lemma 7.2 in [Lin 2007]. U

Lemma 7.3. Let A be a unital separable C*-algebra and let B and C be unital C*-
algebras such that B ® 0, is a unital C*-subalgebra of C and C has property Pl.
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Suppose that hy, h, : A — BRC-1 C B ® 0, are two unital full monomorphisms.
Then hy and hy are approximately unitarily equivalent in C.

Proof. By [Rgrdam 1994] we have 0, = 0, ® 0,. Let p, = 15 ® ¢, ® lg,, where
{gn} is a sequence of mutually orthogonal nonzero projections in O,. Note that
Pn ™ 13@@2@,@2, n=1,2,.... Define ¢,‘ (a) = p,‘hl(a) and 1//,‘(61) = p,‘hz(a) for all
a € A. Also define @, (a) = (1—Y_/_; pi)hi(a) and W, (a) = (1= Y7, pi)ha(a)
for all @ € A. Then, for each n, h| = Z?:l ¢; ® P, and hy = 2?21 Y; ®W,. Note
that ¢;, ®,,, ¥; and ¥, are all full. Now we work in B ® O, ® 1. There are partial
isometries v; ; € 0, such that U?jjvi,j = p; and v[,jv;jj =pifori,j=1,2,...,n
and

n
%k * .
Vyg1,jUn+1,j = Pjs Unl,jUpy1j = 1-— E p;i forj=1,2,...,n.
i=1
Put w; ; = 1 ®v; ; ® 1. Then we also have
%k . *
wi gwig=¢; fori=1,2,...,n and Wy i1 1P1Wnt1,1 = Py

Let &1, ¥, ..., F,, ... be an increasing sequence of finite subsets of A such
that UZOZI %, 1s dense in A. It follows from [Lin 2001, Lemma 5.4.2] that, for
each n, there are isometries u,,, v, € B ® 0, ® 1 such that

luihi(@un —ho(@)| <1/n and  |viha(@)v, —hi(a)| <1/n  fora € F,.

Note that the relative commutant of B ® 0, ® 1 contains a unital C*-subalgebra
15 ® 1g, ® O3 which is isomorphic to 0,. It follows from [Kirchberg and Phillips
2000, 1.10] that & and h; are approximately unitarily equivalent. U

Lemma 7.4. Let A be a unital separable nuclear C*-algebra, let By and B, be
two unital C*-algebra and let C be another unital C*-algebra. Suppose that j; :
B; ® 0, — C are two full monomorphisms so that ji(1) ~ j,(1) and h; : A — B;
are two full unital monomorphisms. Then there is a sequence of partial isometries
v, € C such that v;v, = ji(1), vyv; = jo(1) and

li)ngonv;':(jg oha(a))v, — ji ohl(a)” =0 forallaeA.

Proof. To simplify notation, we may assume that j;(1) = j>(1). Therefore we
may assume that both j; and j, are unital. Define J; : B; ® O, — [*°(C) by
Ji(b) = (ji(b), ji(b),...) for b € B 0, and H; = J; o h;, respectively, i =1, 2.
Note that these maps are full in /°°(C). Since there is a unital 0, embedding to
[°°(C), by Proposition 7.2, we obtain unitaries u, € C such that

lim [Ju; (1@ b)uy — J1(1@D)| =0 forall b € 0,.
n—

Denote U = {u,} in [°°(C). Let w be a free ultrafilter on N and 7 : [*°(C) — ¢, (C)
be the quotient map. Let D be the C*-subalgebra generated by w o J;(B1 ®C- 1¢,)
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and m oad U o J2(B, ® C- 1g,). It follows that D', the commutant of D, contains
J1(1p, ® 02) which is isomorphic to 0. Therefore we may write D C D ® 05.
Now 7 o Hy and w oad W o H; are two full unital monomorphisms from A into
D C D ® 0,. It follows from Lemma 7.3 that 7 o H; and w o ad W o H; are
approximately unitarily equivalent. It follows from [Rgrdam 2002, Lemma 6.2.5]
that j; oy and j, o hy are approximately unitarily equivalent. U

Theorem 7.5. Let A be a unital separable amenable C*-algebra and let B be a
unital C*-algebra which has properties P1, P2 and P3. Let j,: A — Oy — B be a
full embedding of A into B which factors through O,. Suppose that Tt : A — B is
a full monomorphism. Then there is a sequence of partial isometries V,, € M»(B)
such that V'V =1 @ j,(14), V,,V, = 15 and

lim [[Va(r @ jo) @V, —7(@)| =0 forallaeA.

Proof. Let J : B — [°°(B) be defined by J(¢) = (c,c,...) for ¢ € B. Define
T =J ot and J, = J o0 j,. Let w be a free ultrafilter on N and 77 : [*°(B) — ¢, (B)
be the quotient map. It follows from Lemma 6.5 that 77 o 7o, (A)’ contains a unital
C*-subalgebra which is isomorphic to O,. Denote this C*-subalgebra by O,. Let
g € Oy be a nonzero projection such that [¢g] = 0 in K¢(Oy). There is a C*-
subalgebra C of Oy, for which 1¢ = ¢ and C = 0,. Put 19(a) = g7 o 750(a). So
we may view g is a unital full homomorphism from A into 7p(A) ® 0. Since
0, = 0, ® 0, by [Rgrdam 1994], it follows from Lemma 7.4 that to @ 7 o J, and
79 are approximately unitarily equivalent. Thus 7 o 75 and 7 o 1o @ 7 0 J,, are
approximately unitarily equivalent. It follows from [Rgrdam 2002, 6.2.5] that T
and t @ j, are approximately unitarily equivalent. O

Proof of Theorem 2.6. Since A is separable, there is a unital embedding j : A — 0,
by [Kirchberg and Phillips 2000, 2.8]. Since B has property P2, there is a full
monomorphism o : 0, — B. Define j =0 o j. Note j is full. Let ¢ >0 and & C A
be a finite subset. It follows from [Lin 2005a, Theorem 3.9] that there is an integer
n and a unitary v € M, (B) such that

|v* diag(h1(a), j@), j(@), ..., j(@)v—diag(ha(a), j(@), j(@), ..., j@)] < e

for all a € ¥. On the other hand, by Proposition 7.2, there is an isometry u €
M, (t 00 (03)) with uu* = lnog(oz) such that

|u*j(@u — diag(j(@). j@). ... j@)] < j&
for a € &. Thus, we obtain an isometry w € M,(B) with ww* = 15 such that

|w* diag(h1(a), j(a))w — diag(hs, j(@))| < 3¢ foralla € F.
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By applying Theorem 7.5, we obtain a partial isometry z € B such that z*/4(14)z =
ha(14), zho(14)z* = h1(14) and

lz*h1(a)z — ha(a)|| <& foralla e F. O

Remark 7.6. If both #; and h, are unital, it is clear that z can be chosen to
be unitary. If one of them is unital and the other is not, z can never be unitary.
Suppose that both are not unital. Since B has properties P1, P2 and P3, we obtain
full 0; embeddings into i;(14)Bh1(14) and hy(14)Bhy(14). Therefore there is
a projection e < hi(14) such that #;(1,4) is equivalent to 4;(14) — e and e is a
full projection. So there is a partial isometry v € B such that v*v = h(14) and
vv* = hi(14) —e. Thus 1 —adv* o hi(1,4) is full. Similarly, there is a partial
isometry w € B with w*w = hy(14) such that 1 —ad w* o h(14) is full. Now
apply Theorem 2.6 to the case that A = C. we know that 1 —adv* o h(14) and
1 —ad w* o hy(14) are equivalent. This implies that we can choose z to be unitary
in the proof of Theorem 2.6 in the case that both /| and &, are not unital.

Corollary 7.7. Theorem 2.6 also holds for the case that B = qoo ({Cy}), where each
C,, is a unital purely infinite simple C*-algebras.

Proof. 1t is clear that B has properties P1 and P2. From the proof of Theorem
2.6 above, we only need an absorbing Theorem 7.5 for this B. Lett : A — B
be a full monomorphism and jy : A — O — B be a full embedding of A into
B which factors through 0,. So we may write jo = ® o j, where j : A — 0,
is a monomorphism and ¢ : O, — B is a full homomorphism. Let L : A —
[*°({C,} be a contractive completely positive linear map for which 7 o L = t,
where 7 : [®({C,}) = g({Cy}) is the quotient map. Write L = {L,}, where
L,:A— C, is acontractive completely positive linear map. Let ¢, : 0, — C such
that 7 o {,} = ®. Denote by D, the separable unital purely infinite simple C*-
algebra containing L, (A) and v,,(0>). Then gooc ({D,}) C Band 7 : A — g ({Cr})
and jo: A — 0 — goo({C}). Thus one can apply [Lin 2004a, 7.5]. ]

Proof of Proposition 2.9. Let hy : A — B ® ¥ be a homomorphism. It follows
from [Lin 2004a, 4.5] that there is a sequence of asymptotically multiplicative
contractive completely positive linear maps {¢,} from A to B ® ¥ and a sequence
of unitaries u, € B ® I such that

lim | (h @ ¢n)(a) —adu, o0 j(a)| =0 forallae A.
n—oo

Since B has property P2, it is easy to see that we may assume that ¢», maps A into
B and u, are unitaries in B. It follows from 6.5 in [Lin 2007] that, for each %,
there exists a sequence of unitaries v, (k) € M, (B) such that

nlggon U (k)" (60 (@) ® Jo (@) vy (k) — ($n4k(@) ® jo(@))| =0 foralla € A.
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It follows from [Lin 2004a, 4.7] that there exists a homomorphism /| : A — M»(B)
and a sequence of unitaries w, € M>(B) such that

lim [adw, 0 h1(a) — ($n(@) & jo(@)| =0 foralla e A.

By applying the fact that B has property P2 and applying Proposition 7.2, we obtain
a sequence of isometries z, € M3(B) with z,z; = j,(14) such that

Jim [[(h @ hy @ jo) (@) — 25 jo(@)zn || =0 foralla € A.

Hence [h] = —[h]in H(A, B). ]
Proof of Corollary 2.10. Combine Proposition 2.9 and Theorem 7.5. O

8. Classification of full extensions

Definition 8.1. Let C,, be a commutative C*-algebra with K¢(C,) = Z/nZ and
K1(C,) = 0. Suppose that A is a C*-algebra. Put K;(A, Z/kZ) = K;(A ® Cy).
One has the following six-term exact sequence (see [Schochet 1984]):

Ko(A) — Ko(A,Z/kZ) — Ki(A)

Tk Lk
Ko(A) < K((A,Z/kZ) < K{(A).

In [Dadarlat and Loring 1996], K;(A, Z/nZ) is identified with KK'(l,, A) for
i =0, 1. As in that paper, we use the notation

K(A) = @ Ki(A:Z/nD).
g

By Homy (K (A), K (B)) we mean all homomorphisms from K (A) to K (B) which
respect to direct sum decomposition and the so-called Bockstein operations; see
[Dadarlat and Loring 1996]. It follows from these authors’ definition that if x €
KK (A, B), the Kasparov product KK'(l,, A) x x gives an element in KK’ (l,,, B),
which we identify with Hom(K; (A, Z/nZ), Ko(B, Z/nZ)). Thus one obtains a
map I : KK (A, B) — Homu (K (A), K(B)). It was shown in the same paper
that if A is in N then, for any o-unital C*-algebra B, the map I' is surjective and
ker I' = Pext(K.(A), K. (B)). In particular,

I': KL(A, B) > Homy (K (A), K(B))

is an isomorphism. It is shown in [Lin 2005a] that if A satisfies the AUCT, then I"
is also an isomorphism from KL(A, B) onto Homp (K (A), K(B)).

Lemma 8.2. Let B be a unital C*-algebra which admits a full Oy embedding and
let G; be a countable subgroup of K;(B) (i =0, 1). There exists a unital separable
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C*-algebra By C B which has a full Oy embedding such that K;(By) D G; and
Jsi =1dg;(By), where j : By — B is the embedding.

Proof. Let py,..., pn,... be projections and uy, us, ..., u,, ... be unitaries in
U,C(’O: | M (B) such that {p,} and {u,} generates of Go and G, respectively. There
is a countable set S such that

o0
Pn, Uy € U1 {(aij)nxn € My(B) :a;j € S}

n=
Let j, : O — B be a full embedding. Let p = j(l¢,) and x1,x2,...,x, € B
such that )" | x*px; = 1. Let B; be the unital separable C*-subalgebra generated
by S, {x1, x2,...,x,} and j(0,). Then B; has a full 0, embedding and p,, u, €
U,fil My (By) for all n. Note that K; (B7) is countable. The embedding j;: Bj — B
gives homomorphisms (j1)« : K;(B1) — K;(B). Let F;; be the subgroup of
Ko(B)) generated by {p,} and {u,}, respectively. It is clear that (j).; is injective
on Fy;, i = 0,1. In particular, the image of (jj). contains G;, i = 0, 1. Let
N{ i= ker(j1).« and let Ny ; be the set of all projections (if i = 0), or unitaries (if
i =1)in (JZ; Mx(B;) which have images in N{’l.. Let {p1.,} be a dense subset
of projections in | J;—; My (B)). There are countable pairs of projections {e,, €}
in {p1,,} such that [e,] = [e),] in Ko(B). There are w, € U,fil M, (B) such that
Wiw, = e, ® Ly and w,w) = e, @ li).

Let {u; ,} be a dense subset of unitaries in U,fil My (By). For each u ,, there

are unitaries zj , x € U;’i] M;(B),k=1,2,...,m(n) such that

1 1 1
lzin1 =1 < 3 121nme —winll <5 and  (z1nk — 21nk+1ll < 3,

k=1,2,...,m(n),n=1,2,.... Let B, be a separable unital C*-algebra contain-
ing Bj such that U,fil M (By) contains all {w; ,} and {z1 ,.«}. Note that there is a
full embedding of 0, to B,. Note also that if p, g € U,fi | My (By) are projections
such that [p] — [¢q] € Ny, then [p] — [g] = 0 in Ko(B,). Similarly, if u € By
and [u] € Ny 1, then [u] = 0 in B,. Suppose that B; has been constructed. Let
Jji : B — B be the embedding. Let N;; = ker(jj).i, fori =0, 1. As before, we
obtain a unital separable C*-algebra B;+; D B; such that every pair of projections
P, q € Ure Mi(By) with [p] — [g] € Ny has the property that [p] = [g¢] in
Ko(Bi+1), and every unitary u € B; with [u] € N; 1 has the property that [u] =0
in K1(B;+1). Let By be the closure of U?; B;. Note that By admits a full 0,
embedding, say j : By — B, and that By is separable.

We claim that j,; is injective. Suppose that p , g € My (By) is a pair of projections
for which [p] —[g] € ker j,o and [p] —[gq] # 0 in By. Without loss of generality, we
may assume that p, g € My (B;) for some large integer /. Then [p] — [¢] must be
in the ker(j;).o. By the construction, [p] —[¢] =0 in Ky(Bj+1). This would imply
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that [p] — [¢q] = 0 in Ko(Bp). Thus j, is injective. An exactly same argument
shows that j, is also injective. The lemma follows. O

Lemma 8.3. Let B be a unital C*-algebra which admits a full O, embedding.
Suppose that G; C K;(B) and F;(k) C K;(B,Z/kZ) are countable subgroups
such that the image of F;(k) in K;_1(B) is contained in G;_y, for i = 0,1 and
k=2,3,.... Then there exists a separable unital C*-algebra C C B admitting
a full Oy embedding and such that K;(C) D G;, K;(C,Z/kZ) D F;(k) and the
embedding j : C — B induces an injective map

Jxi + Ki(C) — Ki(B)
and an injective map
J«  Ki(C,Z/kZ) — K;(B,Z/kZ) fork=2,3,....

Proof. By Lemma 8.2, there is a separable unital C*-algebra C| admitting a full 0,
embedding j : C; — B and such that Ko(C) D Gy, K;1(C1) D G and j induces
an identity map on Ko(Cp) and K{(Cy). Fix k, and let {x € K;(Cy) : kx =0} =
{8\, g{, ..., }. Suppose that {s{", s{", ..., } is a subset of K;_1(B, Z/kZ) such
that the map from K;_(B,Z/kZ) to K;(B) maps s}i) to gy). For each z( e
Ki—1(C1,Z/kZ), there is s such that

20 50 € Ki(B)/ KKy (B).

Since K;(C) is countable, the set of all possible 70— s}") is countable. Thus one
obtains a countable subgroup G/ that contains K;(C) and for which G;/kK;(B)
contains the countable set just mentioned, as well as F; (k) N (K;(B)/kK;(B)) for
each k. Since countably many countable sets is still countable, we obtain a count-
able subgroup sz) C K;(B) such that Gl@ contains G; and kK; (B)ﬂsz) = kGl@,
k=1,2,...,and i =0, 1. Note also F;(k) N (K;(B)/kK;(B)) C G”/kK;(B).
By applying Lemma 8.2, we obtain a separable unital C*-algebra C, D C; such
that K;(C3) D Gt@ and an embedding from C; to B gives an injective map on
K;(Cy), i =0,1. Repeating what we have done above, we obtain an increasing
sequence of countable subgroups Gl(n) C K;(B) such that GE") NkK;(B) = ngn)
for all k and i =0, 1 and an increasing sequence of separable C*-subalgebra s C,
such that K;(C,) D Glg”) and embeddings from C, into B giving injective maps
on K;(Cp), i =0,1,and n = 1,2,.... Moreover F' N (K;(B)/kK;(B)) C
K;(C,)/kK;(B). Let C denote the closure of | J,, C, and j : C — B be the embed-
ding. Then C is a separable unital C*-algebra and j,; is an injective map, i =0, 1.
Since C D C; and Cy is unital, C admits a full 0, embedding. We claim that
Ki(C)NkK;(B)=kK;(C),k=1,2,...,and i =0, 1. Note that K, (C) =, G"".
Since G NkK;(B) = kG C kK;(C), we see that K;(C) NkK;(B) = kK;(C),
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i=0,1. Thus K;(C)/kK;(C) = K;(C)/kK;(B). Since
Ki(C)/kKi(B) > F* N (K;(B)/kKo(B)),

we conclude also that K;(C, Z/kZ) contains F; (k). Since j,; is injective, j induces
an injective map from K;(C)/kK;(C) into K;(B)/kK;(B) for all integers k > 1.
Using this and the fact that j,; : K;(C) — K;(B) is injective, by chasing around
the commutative diagram

Ko(C) Ko(C, Z/kZ) -~  Ki(C)
1 j*O ]* j*l
Ky(B) Ko(B,Z/kZ) —— K |(B)
Ko(B) Ki((B,Z/k7) <~—— Ki(B)
Js0 ]* I j*l Y
Ko(C) =« Ki(C,Z/kZ) ~ K (C)

one sees that j induces an injective map from K;(C, Z/kZ) to K;(B,Z/kZ). U

Corollary 8.4. Without assuming that B has a full O, embedding, both Lemma 8.3
and Lemma 8.2 hold if we do not require that C (or By) has a full Oy embedding.

Proof of Theorem 2.13. By Theorem 2.5, it suffices to show that, for each x €
KL(A, M(B)/B), there is a full monomorphism %2 : A — M(B)/B such that
[A] = x. Put Q = M(B)/B. Since A satisfies the AUCT, we may view x as
an element in Homy (K (A), K(Q)). Note that K;(A) is a countable abelian group
(i =0,1). Let G’ = y (x)(K;(A)), i =0, 1, where y : Homu (K (A), K(Q)) —
Hom(K,(A), K.(Q)) is the surjective map. Then G is a countable subgroup of
Ki(Q),i =0, 1. Consider the commutative diagram

Ko(A) ~  Ko(A,Z/kZ) - Ki(A)
1 (x) XX ¥ (x)
Ko(Q) Ko(Q,Z/kZ7) —— Ki(Q)
Ko(Q) Ki(Q,Z/k7) «+—— Ki(Q)
y(x) xx] yx) |
Ko(A) = Ki(A,Z/kZ) < Ki(A)

It follows from Lemma 8.3 that there is a unital C*-algebra C C Q which has a full
0, embedding such that K;(C) C G, K;(C) NkK;(Q) =kK;(C), k=1,2,...,
and i = 0, 1, and the embedding j : C — Q induces injective maps on K;(C)
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as well as on K;(C,Z/kZ) for all k and i = 0,1. Moreover K;(C,Z/kZ) D
(xx)(K;(A,Z/kZ)) for k = 1,2,... and i = 0,1. We have the commutative
diagram

Ko(A) - Ko(A,Z/kZ) K (A)
I y (x) y(x)

Ko(C) Ko(C,Z/k7) — K;(C)

T !

Ko(C) K\(C,Z/k7z) <~—— K;(C)

y(x) yx) o

Ko(A) < K\(A,Z/kZ) < Ky (A)

We will add two more maps on the above diagram. From the fact that the image of
Ki(A,Z/kZ) under xx is contained in K;(C,Z/kZ), (k=2,3,...,i=0,1), we
obtain two maps B; : K;(A,Z/kZ) - K;(C,Z/kZ), k =2,3,...,i =0,1 such
that j, o B; = xx and obtain the commutative diagram

Ko(A) - Ko(A, Z/kZ) - Ki(4)

n w ﬂol yy

Ko (Q) Ko(C,2/k2) —— Ki(O)

T |

Ko (C) Ki(C,z/k7Z) <«—— K;(C)
y(x) B I VA
Ko(A) < Ki(A, Z/kZ) < Ki(A)

Consider the commutative diagram

— Ki(A,Z/mnZ) — K;(A,Z/nZ) — K;_1(A,Z/mZ) —
\: \ A
— Ki(Q,Z/mnZ) — Ki(Q,Z/nZ) — K1(Q,Z/mZ) —
Since j, o B; = xx and all vertical maps in the diagram

— Ki(C,Z/mnZ) — Ki(C,Z/nZ) — Ki_1(C,Z/mZ) —
A \ A
— Ki(Q,Z/mnZ) — Ki{(Q,Z/nZ) — Ki_1\(Q,Z/mZ) —

are injective, we obtain the commutative diagram

— Ki(A,Z/mnZ) — K;(A,Z/nZ) — K,_1(A,Z/mZ) —

\A \ |
— K;(C,Z/mnZ) — Ki(C,Z/nZ) — Ki_1(C,Z/mZ) —
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Thus we obtain y € KL(A, C) such that y x [j] = x. Since A satisfies the AUCT,
one checks that KL(A, C) = KL(A® 04, C). This also follows from the fact that
the unital embedding from A — A ® O gives a KK -equivalence; see [Pimsner
1997]. It follows from [Lin 2007, 6.6, 6.7] that there exists a homomorphism
¢: A®0Ox — C ®K such that [¢] = y. Define ¥ = ¢|sg1. By the same result of
Pimsner, one obtains that [y] = y. Since A is unital, we may assume that the image
of i is in M,,(C) for some integer m > 1. Since C admits a full O, embedding, C
has property P2. Thus 1,, is equivalent to a projection in C. Thus we may further
assume that ¢ maps A into C. Put h; = j o ¢. To obtain a full monomorphism,
we use the embedding ¢ : A — O, given by [Kirchberg and Phillips 2000, Theorem
2.8]. Since M(B)/B has property P2, we obtain a full monomorphism v : 0 —
M(B)/B. Lete =1 (lg,). There is a partial isometry w € M>(M (B)/B) such that
w*w = 1y (py/p and ww* = 1@ e. Define h = w*(h; @ ¥ o)w. One checks that
[A] =[h1] = x and & is a full monomorphism. O

Corollary 8.5. Let A be a unital separable amenable C*-algebra satisfying the
AUCT. Let B be a unital C*-algebra which has property P2. Then, for each x €
KL(A, B), there is a full monomorphism h : A — B such that [h] = x.

Proof. In the proof above, we may replace M(B)/B by B. O

Proof of Theorem 2.14. For the first part of the theorem, it suffices to show that ev-
ery essential and full extension is absorbing. Let 7 be a such extension. Following
Elliott and Kucerovsky, we will show that 7 is purely large. Denote E = 7~ (A).
Choose ¢ € E \ C. Then, by Lemma 3.3, ¢ is a full element. Since M(C) has
property P1, there exists x € M (B) such that x*cc*x = 1. Therefore there exists a
projection p < cc* for which there is v € M (B) such that v*v = 1 and vv* = p.
Note cBc* = cM(B)c* N B. Thus pBp C cBc*. Now v*pBpv = B, so pBp is
stable and pBp is full. Thus t is purely large, hence absorbing. The last part of
the theorem follows from the next corollary. g

Corollary 8.6. Let A be a separable unital amenable C*-algebra and C a uni-
tal C*-algebra, and set B = C @ K. Then Ext(A, B) is the same set as unitary
equivalence classes of essential and full extensions of A by B.

Proof. It suffices to show that given any element x € Ext(A, B), there exists an
essential and full extension 7 : A — M(B)/B so that [t] = x. There exists an
essential extension 71 : A — M(B)/B such that [71] = x. Take a monomorphism
j 1 A— 03 (see [Kirchberg and Phillips 2000]). Let / : 0, — M (J{) be a monomor-
phism (given by a faithful representation of 0, on a separable Hilbert space). Let
¢ : M (¥) — M(B) be the standard unital embedding and 7 : M (B) — M (B)/B be
the quotient map. Then 1, =m o oh o j gives a full essential trivial extension. It
follows that T = 7; @ 17 1s an full essential extension. Since [12] =0, [t]=[11]=x.

O
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Remark 8.7. Let B be a nonstable, nonunital but o-unital C*-algebra. Suppose
that M (B)/B has properties P1, P2 and P3, and suppose that t : A — M(B)/B is
an essential and full extension. One should not expect that such extension is purely
large in general. Let 0 - B — E — A — 0 be an essential and full extension
corresponding to 7. Recall that the extension is purely large if ¢Bc* contains a
C*-subalgebra which is stable and c¢Bc* is full in B; see [Elliott and Kucerovsky
2001]. Given any element c € E\ B, 7 (c) is full in M (B)/B. But, in general, c need
not be full in M (B), nor does ¢Bc* need to be full in B. Examples are easily seen
in the case that B = ¢¢(C), where C is a unital purely infinite simple C*-algebra.
Suppose that 0 — ¢o(C) —- E — A — 0 is a full extension and ¢’ € E \ ¢o(C).
Write ¢’ = {c],} € [*°(C). Define ¢, =, ifn >N >l and ¢, =0if n < N. Put
¢ ={c,}. Then c € E\co(C). However, it is clear that cco(C)c* is not full in ¢o(C).
By Theorem 7.5, the full extension t is approximately absorbing in the sense of
Theorem 7.5 but not purely large. It should be also noted that, even if ¢* Bc is full
for all c € E '\ B, the full extension may not be purely large. Let B be a nonstable,
nonunital but o-unital simple C*-algebra with continuous scale (see [Lin 2004b]
for more examples). Then B may be stably finite. No hereditary C*-subalgebra
of B contains a stable C*-subalgebra. So none of the essential extensions of a
unital separable amenable C*-algebra A by B could be possibly purely large in
the sense of [Elliott and Kucerovsky 2001]; nevertheless, all of these extensions
are approximately absorbing in the sense of Theorem 7.5 (and many of them are
actually absorbing: for example, when A = C(X)).
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