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We consider the Allen—-Cahn equation

du
2Au+u—-u*=0 inQ, 3_=0 on 02,
v
where £ = B1(0) is the unit ball in R” and ¢ > 0 is a small parameter. We
prove the existence of a radial solution z. having N interfaces {u.(r) =0} =
U;V=1{r = ,-js}, where1>r; >r; > ... >rp aresuch that1—r; ~elog(1/¢)
and r{_, —ri ~elog(1/e) for j =2, ..., N. Moreover, the Morse index of
ue in H(2,) is exactly N.

1. Introduction

The aim of this paper is to construct a family of clustered transitional layered
solutions to the Allen—Cahn equation

2 3 - du
(1I-1) eAu+u—u =0 in Q and %=0 on d€2,
where A=)""_, 8%/ 8xi2 is the Laplace operator, 2 = B;(0) is the unit ball in R",
& > 0 is a small parameter, and v(x) denotes the unit outer normal at x € 9€2.
Problem (1-1) and its parabolic counterpart have been a subject of extensive
research for many years. In order to describe some known results, we define the

Allen—Cahn functional (see [Allen and Cahn 1979]),
&2 2 1 2.2
Jlu] = (—|W| — F(u)), where F(u) = —~(1 —u?)2.
a\2 4

The set {x € Q| u(x) = 0} is called the interface of u. Let Perg(A) be the relative
perimeter of the set A C Q2. Using [-convergence techniques (see [Modica 1987]),
Kohn and Sternberg [1989] obtained a general result stating that in a neighborhood
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of an isolated local minimizer of Perg there exists a local minimizer to the func-
tional J,. They further used this idea to show the existence of a stable solution for
(1-1) in two-dimensional nonconvex domains, such as a dumb-bell. Since then, the
existence of solutions with a single interface intersecting the boundary has been
established and studied by many authors. See [Alikakos et al. 2000; Bronsard
and Stoth 1996; Flores et al. 2001; Kowalczyk 2005; Padilla and Tonegawa 1998;
Sternberg and Zumbrun 1998] and the references therein. However, the existence
of multiple interfaces is only proved, in the one-dimensional case, for the Allen—
Cahn equation (with inhomogeneous terms)

(1-2) Eu' +ax)u—-u?)=0, —-l<x<l1, u(£])=0

(see [Nakashima 2003; Nakashima and Tanaka 2003]); and, in the higher-dim-
ensional case, for the following nonlinear equation with bistable nonlinearity and
inhomogeneous term:

2 . ou
(1-3) e*Au+u(u—a(x]))(1—u)=0 in Bi(0), %:0 on dB;(0)

(see [Dancer and Yan 2003]). The result of this last paper states that if a(r) has
a critical point ro € (0, 1) such that a(rg) = /5, da’(rg) =0, a”(r9) < 0, then
there exists a clustered interior-layer solution to (1-3). All three papers use the
properties of the inhomogeneous terms to construct multiple (interior) interfaces.
(For the Allen—Cahn equation with inhomogeneity, Au 4+ a(x)(u — u®) =0 in R?,
see [Rabinowitz and Stredulinsky 2003; 2004].)

Here, we continue our study, initiated in [Malchiodi et al. 2005], of clustered
layered solutions for semilinear elliptic equations, and show that the homogeneous
Allen—Cahn equation itself can generate multiple clustered interfaces near the
boundary. In that paper we showed that the singularly-perturbed Neumann problem

e2Au—u+uP =0 in,
(1-4) S
u>01inQ and 8_=0 on 0%2,
v

has a clustered layered solution near the boundary. (The existence of a one-layer
solution to (1-4) near the boundary was first established in [Ambrosetti et al. 2003;
2004].) The purpose of this paper is to show that a similar phenomenon happens to
the Allen—Cahn equation. In particular, we establish the existence of clustered in-
terfaces — the so-called “phantom interfaces” —in higher dimensions. Moreover,
we show that, for each fixed positive integer N, there exists a solution to (1-1) with
Morse index N (in the space of radial functions).
Our main result is this:
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Theorem 1.1. Let N be a fixed positive integer. There exists ey > 0 such that,
for all ¢ < ey, problem (1-1) admits a radially symmetric solution u, with the
following properties:

(1) the set of interfaces {u.(r) = 0} contains N spheres {r = rjs}, j=1,...,N,
with
(1-5) 1—r~¢l 1 c o —ri~el 1 =2 N

- i sogg, ri_y = sogg, j=2,...,N.

More precisely, we have ug(rjs +ey) = (=1)/H(y), where H(y) is the unique
heteroclinic solution of

(1-6) H' +H-H*=0, H@O0) =0,  H(+oo)==l.

(2) The solution u. has the energy bound
(1-7) Jelug]l = wp 1 Nel[H] +o(¢),

where

I[H] = /R (3(H"? — F(H)),

and where w,_, denotes the volume of S"~!.

(3) The Morse index of u, in Hr1 (R2) is exactly N, where Hr1 (€2) denotes the space
of radial functions in H' ().

Remark 1.2. By a simple transformation, Theorem 1.1 readily extends to (1-3)
with a(r) = 1/;.

Our approach is similar to that of [Malchiodi et al. 2005], where a finite-dimen-
sional reduction procedure combined with a variational approach is used. Such a
method has been used successfully in many other papers, for example, [Ambrosetti
et al. 2003; 2004; Dancer and Yan 1999; Gui and Wei 1999; 2000; Gui et al. 2000].

In the rest of section, we introduce some notation to be used later.

By the scaling x = ey, problem (1-1) is reduced to the ODE

wpr+ =L, £ F)=0 forr e (0, 1/e),
(1-8) r
W' (0) =u'(1/e) =0,

where f(u) = u —u>. From now on, we will work with (1-8).
Let H(y) be the unique solution to (1-6). Set

(1-9) Q= (1/¢)B1(0) = By:(0), and I, = (0, 1/e).
For u € C*(2,) and u = u(r), we have

(1-10) Au =u”+nT_1u/.
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For k € N, we denote by Hrk (2¢) the space of radial functions in H k(Q,). On
Hrl (2¢), we define an inner product as follows:

1/e
(1-11) (u, v), = (u'v' + 2uv)r"dr.
0

Similarly, the inner product on L2(2) can be defined by

1/e
(1-12) u,v)e = | (uv)r"'dr.
0

We also introduce a new energy functional that, up to a positive multiplicative
constant, is equivalent to J:

1/e 1/e
(1-13) %g[u]zéfo |u'|?r ! —/0 Fu)r"'dr, ue H ().

Throughout this paper, unless otherwise stated, the letter C will always denote
various generic constants that are independent of ¢, for ¢ sufficiently small. The no-
tation A, >> B, means that lim,_,¢ | B;|/|A¢| =0, while A, < B, means (1/A;) >
(1/Be).

2. Some preliminary analysis

In this section we introduce a family of approximate solutions to (1-8) and derive
some useful estimates.
Let H be the unique solution of (1-6). It is easy to see that

H(y)—1=—Age V2D 4 0(e72V2¥) fory > 1,
2-1) H(y)+1=Age V24 0(e2V201) fory < —1,
H'(y) = V2A0e VI £ 0(e2V21)  for |y| > 1,

where Ag > 0 is a fixed constant.
We state the following well-known lemma on H. For a proof, see [Miiller 1993,
Lemma 4.1].

Lemma 2.1. For the eigenvalue problem

(2-2) "+ f[(H)p=1rp, |pl<1, inR,
there holds
(2—3) A= 0, ¢1 = CH/, A < 0.
For u € H*(Q.), we define the operator
—1
(2-4) Felul = pr + —ur + f ().

r
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We introduce the set

N > l—s(log(l/s))z, 1 —# >nelog(l/e),

25 A=t=(t;.....t
(2-5) { (t1y .- IN) i1 —t; >nelog(l/e), j=2,...,N

where 1 € (0, 1/g./2) is a fixed number.
Let x (s) be a cut-off function such that x(s) =1 for s < 1/4 and x(s) =0 for
s >1/,. Fort € (3/4, 1), we define

@6 p0=H(IZL)  pe)=Le U0 e, 1/,

and

H(r)= H(r — é),
o) t
Heoo(r) = (H(r = £) = po(0) o)) (1 = x () = x (o).

It is easy to see that, for (1 —¢)/e > 1,
(2-8) 0e(t) = ﬁAOe—ﬁ(l—t)/a + O(E—Zﬁ(l—t)/s).

We first assume that N is odd. For t € A, we now define our approximate
function:

N
(2-9) Heo(r) = (1) He ().
If N is even, we set /=
N . N+1 .
(2-10) Her(r)= Y (1) He () = 1= Y (=) Hy (1)
Jj=1 j=I1

where we use the convention that H;
can assume that N is odd.
Note that, for r < 1/(2¢), there holds

ve1 = 1. So, without loss of generality, we

(2-11) |He o (r) = (=D + [H. (D] + [H (n)] < eV

Observe also that, by construction, H, ; satisfies the Neumann boundary condition,
namely Hg”t(O) = Hg”t(l/e) = 0. Furthermore, H, ¢ depends smoothly on t as a
map with values in C2([0, 1/¢]).

The next lemma shows that H, ¢ is a good approximate function to (1-8).

Lemma 2.2. For ¢ sufficiently small and t € A, one has

1/e
212) |SulHedl], o+ ™ / Sl He |

0
N
< C(e+ 2 (o) + 3 enV2uule),
j=1 =y
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Proof. Using (1-6) it is easy to see that

n—1
r

(2'13) S)S[Ist,t] -

H (+ f(Hey)
N N

— Y (=D FH) =2 Y (=1 pe () Be (r) + O (7€),
=1 =1

The first term in the right-hand side of (2-13) can be estimated as

1 1 X ‘ ~

SHL =~ Y (=1 (Hy = pe () BL(P) + O (/).
j=1

From the decay of H’ and B, we deduce that

1 Ve
(2-14) A / CHL " dr < Ce.
00 0 ’

Next, we note that
N N
[FCHe0 = X (D H) =2 2D peta) B0 = 51+ 52
=1 =1
where

N . N .
si=f(LCVH) =X (-1 H,)
Jj=1 j=1

’

5= |f(é(—1>fHe,f,.) (S -0i,) - 2}%(—1)1‘%(@),38(0 :

j=1

To estimate S; and S,, we divide the domain I, = (0, 1/¢) into the N intervals
Ic 1, ..., I y defined by

t 1 i+t L+t
18,1=|:1+2’_)7 Ie,j=|:] j+1 / J 1),j=2,...,N—1,

(2-15) 2¢ 8t » 2¢ 2¢
and I,y = (0, N—N_l)
2¢e
We choose tg =2 —t; and ty4+1] = —ty, so that

i+t G+t
216 I'=|:J j+l G )’
( ) &J 2¢& 2¢&
For r € I j and j <[, we note that

Hy(r) = 14 0(eY2Ir=i/el),
while for j > [,
Hy(r) = —1+ 0(eY2Iru/e),
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Since N is odd, we see that

(2-17) S D H, =Y (=DIH, + D+ Y (=D (H, = D).

1#]j I<j I>j
Thus, we can rewrite S as:
S1= f(12<—1>’<Ht, + 1)+ (=17 Hy + Y (=D (Hy = 1)) = (=D £ (Hy)
<j I>j
= Y (=1 f(Hy)

I#j
= /(=0 Hy) (S0 Hy o+ D+ DD Hy = D) T\ Hy)
<J >J J
+O( X (Hy + D+ X (H, — 1?)
I<j I>j

This quantity can also be written

S1=(f' (=1 Hy) = /D) Z D' Hy + D+ X(=D'(H, = 1)

I<j I>]
+ O (Hy + 1P+ X (H, — 17?)
I<j I>]
= O(min{Hy + 1, Hy = 1})( X (Hy + D+ ¥ (Hy = D)
I<j I>j
+ O X (Hy + 12+ X (Hy = D?).
I<j I>j

Then, with some elementary computations, one finds that

(2-18) IStllqr, )+ / 1S (P dr < €Y e Yie
Le.j i#]

It remains to estimate S. For this, we note that, for r € I, ; and j > 2, we have
Pe (lj)ﬂg(r) = O(e_ﬂ(]—ll)/seﬁ(r—]/s))’

from which it follows that, for j > 2,

N
I S2ll 2oz, ;) + 8n1/ |1So(r) " dr = O(efzﬁ(lfn)/s) = O(Z (,Os(tj))2>-
I j=1
Therefore, we just need to consider the case when r € I, ;. But, since f'(£1) =-2,
we have

N / N /
$:= f( L' H = XD 0w )
= = N N
(L ED'H) = D LD @ e
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e ! / ul ! N 2 2
= (F(ZEVH) = 71D) 2D e Ber) + 0 (3 pel?Be(r)?)
=1 =1 =1
N5 N N ) 5
= 0( L e V2N (L o) + 0 X pe@?per?).
=1 I=1 I=1
Hence, we also get
(2-19) I1S2ll ooy +&" 7", 152"~ dr < CoZ (1y). O
The proof of the next lemma is postponed to the appendix.

Lemma 2.3. Lett € A. For ¢ sufficiently small, we have

(2-20) %[i (=1)7 Hey
P

= I[H] %(t—")"_] - (é)"“(szg T o(1))e2V20-10/e

i=1 €

N N —
= (ti) (V243 + o))Vl t1lle 1 0 (27,

j=2"¢€

where Ao > 0 is defined in (2-1).

3. Lyapunov-Schmidt process: finite-dimensional reduction

In this section we outline the so-called Lyapunov—Schmidt reduction process. Since
this can be proved along the same ideas of [Malchiodi et al. 2005, Sections 3], we
skip some of the details.

Fix t € A. Integrating by parts, one can show that orthogonality to d H, ;; /91; in

Hr1 (R¢), j=1,..., N, is equivalent to orthogonality in L%(Q,) to the functions
0H, ;. 0H, .
3-1) zg,:A( “f)—z S i=1,...,N.
! i, a1,

By elementary computations, differentiating (1-6) we obtain

JdH, ;. 1 t: 1 1—t¢
(3-2) o ——H’(r - i) n —H”(_])/gg(r) +o(eVe),
0t £ £ £ £

8H8,l_‘,‘ i n—1 <8H8,I_‘,‘ )/

(3-3) Zey = (f'(Hy) — f'(ED) o7
J

0t r

1
=——H/(f'(Hy) - f'(£D) +o(1/e),

&

where O (e!/(“®)) and o(1/¢) are intended both in the C' and H,' sense.
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We consider first the following linear problem: Given & € L*°(€2,), find a func-
tion ¢ satisfying

_ N
Lolgl ="+ "L/ + f/(H 06 = h+ Y ey

(3-4) i

¢'(0)=¢'(1/e) =0 and (b, Zey)e =0, j=1,...,N,
for some constants ¢;, j =1, ..., N. For this, define the norm
(3-5) ¢l = sup [@(r)]

re(0, 1/¢)
Assuming a solution to (3-4) exists, we have an estimate on ¢:

Proposition 3.1. Let ¢ satisty (3-4). For ¢ sufficiently small, we have
(3-6) @1l < CliAllx,

where C is a positive constant independent of ¢ and t € A.

Proof. The argument is similar in spirit of that of [Malchiodi et al. 2005, Proposi-
tion 3.1]. For the sake of completeness, we include a proof here.
Arguing by contradiction, assume that

(3-7) ol =1, A1l = o(1).
We multiply (3-4) by 9 H ,,/91; and integrate over 2. to obtain
N d

(8 Y cilZea

i=1 a1

H, ; 0H,;, 0H, ;.
) = —(n =) A0+ £ H 00, =
ti le 8tj e at;

)

J

From the exponential decay of H’, one finds

OH, Ve 3H,,
<h, 8”-’> :/ h 5 =y = O (e ™).
atj & 0 3tj

Moreover, integrating by parts and using (3-2) and (3-3), we deduce

0Hy,, 0H,,,
/ A / )l — —n
(8047 (Hoo 9. ) = (Zeg + 1 (HO=5 2 9), = 0" 161)
From (3-2) and (3-3), we also see that
aHS’tj —n—1{_,n—1 / "2
69z ) = (0 /R F/UH)HD +o(1),

where §;; denotes the Kronecker symbol. Note that, using the equation H" +
f'(H)H' =0, we find

/ f/(H)(H)? = / (H")? > 0.
R R
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This shows that the left-hand side of the equation (3-8) is diagonally dominant in
the indices i and j, and hence, by (3-7), we have

(3-10) ci=O0(elhlls) +o(ellglls) =o(e),  i=1,...,N.

Also, since we are assuming that ||z« = o(1) and since [|Z, ; ||« = O (1/e), there
holds

N
3-11) [n+ Y 67,
j=1

=o(l).
*
Thus, (3-4) yields

¢+ 4 D+ (f (Heoo — f/ED)$ = oD,
¢'(0)=¢'(1/e)=0  and  (p.Ze,)e =0, j=1.....N,

where o(1) is in the sense of L*°(0, 1/¢).
We show that (3-12) is incompatible with our assumption that ||¢||, = 1. First,
we claim that

(3-12)

Nt
(3-13) 16| =0 on yeu(——R,—+R), as & — 0,
j=1 & &
where R is any fixed positive constant.
Indeed, assuming the contrary, there exist 6o >0, j € {1, ..., N}, and sequences
k> Ok, Yk € (tj /e—R, tj/e + R) such that ¢ satisfies (3-4) and
(3-14) |Pr (Y1) | = So.

Let (Z)k = ¢ (y —1;/&r). Then, using (3-12) and ||¢ ||+ =1, as & — 0, ¢~5k converges
weakly in HI%)C([RE) and strongly in C ! (R) to a bounded function ¢y which satisfies

loc
do+ f(H)¢o=0 inR, |¢o|<C.

By Lemma 2.1, we have ¢ = ¢H’ for some c. Since q;k L Ze iy, we conclude that
/ o f (H)(H')*(y) =0,
R

which yields ¢ = 0. Hence ¢9 = 0 and ér — 01in Bog(0). This contradicts (3-14),
so (3-13) holds true.

Given § > 0, the decay of f'(H) — f'(£1) together with (3-13) (with R suffi-
ciently large) imply that

(3-15) 1(f'(He) = f'(ED)|, <8+ 51l
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Using (3-12) and the Maximum Principle, one finds
/ / N 1
Il < | (f'(He) = £/&ES||, + X lejl 1 Zey i + Nl <28+ 5111l
j=1

and hence
lpll« <46 <1,

if we choose § < 1/,4. This contradicts (3-7). O

Next, we consider the following nonlinear problem: Find a function ¢ such that
for some constants ¢;, j =1, ..., N, the equation

N
A(Hei+¢)+ f(Hoa+ )= Y ¢ Zey,  in
(3-16) =

PO =¢'(1)=0 and (¢, Z:,)e=0, j=1,...,N.

holds true.
The proof of the next result follows the same lines of [Malchiodi et al. 2005,
Proposition 4.2].

Proposition 3.2. For t € A and ¢ sufficiently small, there exists a unique ¢ = ¢, ¢
such that (3-16) holds. Moreover, t — ¢, ¢ is of class Clasa map into H,1 (R2,),
and we have

n [ [
(3-17) e ell« < C(e + Y e CRV2/e 4 3 =G/ 2|z,~—z,-|/g).
i=1 i#]

4. Energy computation for reduced energy functional

We expand the quantity
4-1) Me(t) == &" " [ Hop + o] : A > R

in ¢ and t, where ¢, ¢ is given by Proposition 3.2. Up to negligible error terms, the
same expansion of Lemma 2.3 holds true.

Lemma 4.1. For t € A and ¢ sufficiently small, we have

Mg () = "' E [ He g + et

4-2 N
2 = I[H] Y. 17— (V2A3 + o(1))e 2201/
j=1

N
- (\/EA% +o(1)) szffle_ﬁltf_’f*“/s + O(e).
j:
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Proof. 1t is sufficient to show that

N
Me(®) =" V8 He o 3 e 22000 4 3 VA1) 1 0 ),
j=1 i#)

and to apply Lemma 2.3. In order to do this, we write

e M = €. [He gl + K1 + K2 — K3,
where

1/e
Ky = / (Hp (@t — f(He ) o) r"~dr;
0
e 2 2 1
Ky = %f (Ipeol” — f/(He ) 92 ) r"~dr
0
1/e
Ka= [ (F(H.t 60 = F(Ho) ~ F(Ho0ea = L (H0 621"
0
Integrating by parts, using Lemma 2.2 and Proposition 3.1, we find
/e 1/e
(4-3) |Kil :‘ / y)s[Hs,t]¢£,trn_ldr) = C”d)st”*f |393[Ha,t]|rn_ldr
0 0
N
= Ce' (4 X (pelt) 4 X OV,
j=1 i#]
To estimate K, we note that ¢, ¢ satisfies
N
4-4) A(ﬁe,t + f(Hs,t + ¢£,t) - f(Hs,t) + st[ws,t] = Z Cj Zs,tj .
j=1
Multiplying (4-4) by ¢, "' and integrating over I, we obtain
@) [ St tar = [ (9P - 1 H092) " ar
I I

&€ €

+/I (f(Hg,t +@Pet) — f(Hep) — f/(Hs,t) ¢€,t) ¢a,trn_1di‘.

Hence, we find
2K, = —/I (f(Het+ Ge0) — f(He) — £ (Het) Po.t) Peer” ™ 'dr

+/ g)s[He,t]qss,trn_ldr-
I,
From Taylor’s formula, we get

| f(Het+ ) — f(He) — [/ (Het) $et| < Clope el
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so we deduce

K21 =€ [ 18uaPr e 4 Clleale [ Sl 00" ar
I, I,

From the exponential decay of H(xy) — (£1) one finds that ¢, ¢(r) satisfies
—1 N At
B+ "= L+ [ (Hoi+ 9e0 = f(Hop) = 0 30 e™V2rm/el),
j=1

¢, (0) = ¢, (1/¢) =0.
From (4-4) and a comparison principle, we obtain
N e
(4-6) |e.t(r) < € 32 e~ VHOVTHIE
Jj=1

for some C < 1.
Using Proposition 3.2 and (4-6), we get

N
(4-7) |K,| < Ce!™" <82 +y (ps(tj)f + Y e—2ﬁ|zi—rjl/s)_

j=1 i#]
From the Holder continuity of f’, we deduce

|F(Het+ @) = F(He,) = f(He ) bet — 5 ' (He ) 97 o] < Clépel,
s0, again, it follows that
1 2 N 3 220t —t;

(4-8) K3 < Ce —n(e + 2 (o) + X e lfz—ffl/s).

=1 i#]

Combining with (2-20) of Lemma 2.2, we obtain the conclusion.

5. Proof of Theorem 1.1

459

In this section we prove Theorem 1.1. Fix t € A and let ¢, ¢ be given by Proposition

3.2. Let also Jl.(t) denote the reduced energy functional defined by (4-1).

Proposition 5.1. For ¢ small, the following maximization problem
(5-1) sup{M,(t) [t € A}

has a solution t¢ in the interior of A.

Proof. Since Jl(t) is continuous in t, it achieves a maximum in A. Let t be a

maximum point. We claim that t°* € A.

We argue by contradiction and assume that t° € d A. From the definition of A,
there are three possibilities: either 1 —#; = nelog(1/¢e), or there exists j > 2 such

that t;_; — #; = ne log(1/¢), or, finally, 1y =1 — 8(log(1/e))2.
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In the first case, we have
IH1™ = (V243 + o(1))e 22 0/e
—1
= I[H](l —nelog é)n — ﬁA%e‘znﬁlOg(l/s) + o(szﬁ")
< I[H]— AZe>V2n,
Since n < 1/g./3, we obtain
(5-2) Mo (t°) < NI[H] — AZe>V2n,
In the second case, there holds
N
(5-3) Me(t) < I[H] Y. 17— (V243 +0(1)eY¥11' ™! < NI[H]— A3e¥™.
=1 ‘
In the latter case, we have ry =1 — s(log(l / 8))2, and therefore
(5-4) M (t) <I[HI(N — 1+ +0(e)
<I[H](N — (n— D)e(log(1/¢))*) + O(e).

On the other hand, choosing t; =1 — (j/ﬁ)s log(1/¢e), j=1,..., N, we obtain

N o N(N+1Dm—-1)
ml=1— elog(1/e) + O (> (log(1/¢))?);

,; ! 232 ( )
(5-5) e—2~/§(1—11)/8 — 82; e_\/j|tj—l—tj|/8 =¢,
and we find )

N(N+1Dn-1)

M (%) > NI[H] — elog(l/e) + O (e),
which contradicts either (5-2) or (5-3) or (5-4). This completes the proof of Propo-
sition 5.1. U
Remark 5.2. The above argument also shows that
(5-6) 1 —1f ~elog(1/e), tf_l — tjg ~ eglog(1/e).

Finally, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. By Proposition 3.2, there exists ey such that, for ¢ < ey,
we have a C! map t— ¢ ¢ from A into C2(I,) such that

N
(5-7) FelHet+ el = Y ¢ Zey;
j=1

for some constants {c;} € R, which are also of class Clint.
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By Proposition 5.1, there exists t® € A that achieves the maximum of J, : t —

%a[Hs,t =+ ¢8,t]- Let
N .
Us = Z(_l)lHa,tf + @ete = Hetr + Pe e

i=1
Then we have

| _ Mc(E)=0, i=1,...,N,

-
and hence

/ (Vuevat,-(He,t+¢£,t)+u£at,- (Hs,t+¢e,t)_f(us)at,- (Hs,t+¢e,t)>‘ rn—ldr:().
I

t=te

Therefore, by (5-7), we find

N
(5-8) S ¢ | (Zey 3y (Heg+ o)) r"'dr =0.
Jj=1 I

Differentiating the equation (¢, Z, ;). = 0 with respect to #;, we get

(OB, Ze)e = — (s 0y Ze.i))e = O ll)e ™.

Using (3-3), we see that (5-8) is diagonally dominant in the coefficients {c;}, which
implies that ¢c; =0 for j =1,..., N. Hence

Ug = Hs,tE +¢e,t€
is a solution of (1-1).

By our construction, one can easily check that " 1€, (u;) > NI[H] as ¢ — 0,
and that u, has only N zeroes s{/e, ..., sy /. By the structure of u,, we see that
(up to a permutation) s7 — ¢ = o(1). This proves (1) and (2) of Theorem 1.1.

It remains to prove (3). First we note that u/, satisfies

n—1
(5-9) AM/S + f/(ug) M/e = "—214;E
By our construction, at each interval (sjs /&, s]il /e), for j =2,..., N, there exists

a point 5]'-5_]/8 € (sj/€, sj—1/€) such that u;(§j€_l/8) = 0. Now, we set

o1 () = [u;(r) for r E.(Ef/s, 1),
otherwise;

uy(r) forre (55/e, 55 /¢),

0 otherwise,

ul(r), forr € (1/(2e), 55_,/¢),

on(r) = 12e(r —1/(4e)u,(r), forl/(4e) <r <1/(2e),

0, forr < 1/(4e) orr >55,_,/e.

<Pj(r)={ j=2...,N-1
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Next, we define a quadratic functional

(5-10) Qo1 = [ (V9P ~ 7' ¢)r" ar
I,

It is easy to check that

(5-11) /go,-gojr"_ldr:O for i # j.
I

Using equation (5-9), we obtain

(5-12) Q[(pi]:—/ @} r"3dr <0, i=1,...,N—1.
I

When i = N, we have

(5-13) Qlgn]= —/ oy dr+0(e7 V) <0,
I

From (5-12) and (5-13), the Morse index of u, in Hr1 (£2,) is at least N.
Finally, we also show that the Morse index of u, in H,I(Qg) is at most N. In
fact, we define

er —tf
(5_14) Zf(r):H;,ﬁX(g—])a .]Zl”Na

70 Ney/|log(1/e)]

and consider the following minimization problem

/ (VO — f(u)¢?) r"dr

. I
(5-15) ;Lf = 1111f &
peH (I ) 2 n—1
flg_j¢zfrn_ldr:0 /I; j¢ rear

Assume that ,uf < 0. By standard regularity theory, [L]E is attained by a function d)f
which satisfies

AG + fue)df = —1idf +ciz),

(¢f)/|alg.,- =0 and ¢fzjr"_1dr =0,

I j

(5-16)

where c; is a constant.

First, we notice that c]‘? = 0(||¢>j5 l«), which follows by reasoning as for (3-10)
of Proposition 3.1. Then, from Lemma 2.1 we deduce that u,j — 0; moreover, the
same argument leading to Proposition 3.1 shows that ¢jg =0.
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Thus, 11§ > 0. Let ¢ = ¢ (r) be such that f,g d)zjr"*l =0,j=1,..., N, which
is equivalent to || N ¢z} r"~1 = 0. This then implies that

517 [ (V0P = F @) ez [ 9P =1,
I j i

I
and hence

N
518 [ (VoP =) @)rar= & [ (988 = £ e ar

j=1J1;
> min uj/ |2 r"dr.
j=1,..,N I,

This yields
\Vul? — f'(ue)?)r"~!
(5-19) Ant1= sup inf fle( 3 81 ) > min ;L]S >0,
Vlsees UN f,ga&vjr"’l:O 'fls ¢°r— j=1,...,.N
j=1,...N

and hence the Morse index of u, in H,l (R2;) is at most N.
Combining the upper and lower bound for the Morse index, we see that the
Morse index of u, in Hr1 (L2;) is exactly N. This proves (3) of Theorem 1.1. [

Appendix

In this appendix we expand the quantity €, [Z?’:] (=1)/ Hg,tj] as a function of ¢
and t. Several facts will be used repeatedly:

H(y)=1- Aoe_ﬁlyl + O(e_zﬁlyl), for y > 1;
H(y)=—1+Age V2 4 O(e_zﬁlyl), fory < —1;
H'(y) = v2Age™ 4 0(e72V2), for |y| > 1;
pe(t1) = \/E(Ao +0(1))e‘ﬁ(1_")/8;

pe (1)) = o(pe (1)) for j > 2.

From a Taylor expansion we find

ClHetl =i+ L+ L+ 0(s' " p3(1)),
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where

e[S 1in,)

=1

~.

_(i(—l)lps(t1)> /,8(<§“(_1)jH’f)/ﬁ;_f<§:l(_1)thj>,3€)r"_ldr,

j=1
1 72 ’ al j 2 1
n=3(E ) [ (s (S0 )e) e
L j=1
Recalling that f/(£1) = —2, the term /3 can be estimated by

=%<]§(—1)jpa(tj))2 /I€<2_f/<j]X::1(_l)thj)>ﬂ52rn_ldr+0(81 n 2(t )

V2

= (p:())’ /, B Ndr +o(e' " 02 (1)) = 356" (0 ()" + o (e " p2(11))

p
_ A +0(1)81—ne—2ﬁ(1—z])/8
V2

Next we estimate the integral in /. We have
/ (Z( 1)/ Hy B~ f(Z( D7 Hy )Be )" dr
I, “j=
:/ (ﬁz(—l)fH,; —f(Z(—l)thj»,Bgr”_ldr
I j=1 j=1

=f (_ﬁHtll - f(_Htl))ﬁsrnildr+0(817np8(l‘1))

Is,l
— —\L@eﬁ(l”)/8/R(\/EH'—f(H))eﬁydy(tl/s)n1—1—0(81",0801))

= —Aoe_ﬁ(l_“)/g(fl/E)n_1 + 0(81_",0501)),

since

/ (V2H' — f(H))e¥?dy = (H'e"? Y)‘ = V24,.
Thus, §
— (V245 +o(1)e V20 (1 /)" o (6! pe (1) + 027,
which implies that
A2 +o(1 _
(5-20) L+ 13 = —%;()e‘m“"'” (/)" +o(e " pe(11) + O™,

since 11 = 1+ O (e(log(1/¢))?).



BOUNDARY-CLUSTERED INTERFACES FOR THE ALLEN-CAHN EQUATION 465

It remains to consider /;. For this purpose, we decompose it as
N
Il == Z EE,j!
j=1
where
1 N N
E.; :/ (4En'H;
I j =1
1 j+1
:/I (5‘1{,; + Y (=D H
6.

I#]

=L+I+Ig+o(s'™" Y e‘ﬁ|’i‘?f|/€),
i#]

= F(é(—nllf,,))r"ldr

. F(H +l§j(—1)f+’H,l))r"—‘dr

with

14:/ (31H, 1> = F(Hyp)r"dr,
I

\J

Is = (Ht;_ Y (D H] — f(Hy) Z(—l)lﬂH,l)r"*ldr,
A=y =y

2(2— /(=D Hy)r"dr.

1 .
=5 [ |zev,
2 [&j 175]
Using the fact that |H'|> = 2F (H), for I; we find

I4=/ |H,;_|2r”_1dr

I
Al +o(1)

— H/Zd . n—1 _
/RI I"dy (5 /e) 7

<e—\/§|fj—tjfl /e 4 e_ﬁltf_tj“l/s) (fj/g)n_l
+0(@E*™M).

For j > 2, Is can be estimated (by recalling the exponential-decay property of
H(y)x1)as

Is=(/e)" " Hy 3 (=" Hy,, +0@™)
I#] '

= — (A3 + o)) V2(eVi—timle o =V2Ni=t1lle) (g 1)1 4 O (271,
For j =1, we have

Is=(n/e)" 'Hy X (=D H,|,, +0@E*™"
T l>1 ’

= —(A2 4 o(1))V2e V21—l (1 /)1 4 O (2.
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I can be estimated similarly: for j > 2, we have

. 2
16:2/ Z(—l)”’H,,‘ r"ldr
e j I#]
_ Al +o()

V2

while for j =1,
A +o(l
I zzf 0—()6
I V2

Combining the estimates of I4, I5, and /g, we obtain

(e—ﬁltj—l_/—ll/s + e—ﬁ\lj—lj+1|/€)(tj/8)'l—1 + 0(82—’1),

Zrn—ldr — 7\/§|t17t2|/8(t1/8)n71 + 0(827’1).

Z (_1)l+1Htl

>1

N N
L=1[H] Y. (/6)" ' = V2(A2 +o(1)) Y e V2 litiml/e (g pgyn!
j=1 '

j=2
2
_ AO Z(l)EZﬁ(ltl)/E + O(ngn)
N N N
— I[H] .Zl(zj/g)"—1 —V2(A3+o(1)) Zze_ 215=t-11/2 (g, /)1
J= J=
Al +o(1
_ Oj};( )e—Zﬁ(l—ll)/E(tl/g)n—l + 0(82_n).

Adding this to the estimate in (5-20), we obtain the asymptotic expansion (2-20)
of €[y 1 (= 1)/ H .
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