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We study the existence of unramified 3-extensions over cyclic cubic fields.
As an application, we study the class number relation between certain cubic
fields.

1. Introduction

Let F be a number field and I a finite group. We are interested in the prob-
lem whether there exists an unramified Galois extension M/F with Galois group
isomorphic to I'. In case when I" is an abelian group, by class field theory, this
problem is closely related to the structure of the ideal class group of F. Thus this
problem is interesting in the sight of a generalization of class field theory.

In this article we consider the following problems.

Problem P(F,T) : For a given Galois extension F/Q and a finite group I,
does there exists a Galois extension M/F/Q satisfying the conditions:

(1) Gal(M/F) is isomorphic to T;

(2) M/F is unramified?

By definition, “a Galois extension M/F/Q” means that M/ Q, F/Q are Galois
extensions, with F an intermediate field of M/ Q.

Problem P(F, T, E) : For a given Galois extension F/Q and finite groups I"
and E, does there exists a Galois extension M/F /(D satisfying the conditions:

(1) Gal(M/F) is isomorphic to T;

(2) Gal(M/Q) is isomorphic to E;

(3) M/F is unramified?

If a Galois extension M/F/Q satisfies the conditions in P(F, "), we call the
field M a solution of P(F, I'), and likewise for P(F, T, E).
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In [Nomura 1991; 1993; 2002], we studied these problems in the case where
[ and p are distinct primes, F is a cyclic field of degree /, and I is a p-group.
Lemmermeyer [1997] conjectured that for any 2-group I" there exists a quadratic
field F such that the answer to the problem P (F,T") is affirmative, but this has
been disproved by Boston and Leedham-Green [1999].

Here we shall study the problems above for cyclic cubic fields and certain 3-
groups. As an application of our main result, we study the class number relations
of some cubic fields and the class number of the Hilbert 3-class field of certain
cubic fields. We also provide an alternative proof for a part of the result in [Naito
1987] and a slight generalization. We use GAP Version 4.4 for calculations of
3-groups.

2. Preliminary from embedding problems

In this section, we quote some results about embedding problems. General studies
on embedding problems can be found in [Hoechsmann 1968; Neukirch 1973].

Let & be the absolute Galois group of a number field k, and L/ k a finite Galois
extension with Galois group G. For a central extension

8:1—>A—>El>G—>1,

the embedding problem (L/k, ¢) is defined by the diagram
(]

‘|
G 1,

where ¢ is the canonical surjection. A continuous homomorphism ¥ of & to E is
called a solution of (L/k, ¢) if it satisfies the condition j o yr = ¢. When (L/k, ¢)
has a solution, we call (L/k, €) is solvable. A solution ¥ is called a proper solution
if it is surjective. A field M is also called a solution (resp. proper solution) of
(L/k, ¢)if M is corresponding to the kernel of any solution (resp. proper solution).

For each prime q of k, we write k4 for the g-completion of k, and L for the
completion of L relative to an extension of q to L. The local problem (Ly/kq, £q)
of (L/k, ¢) is defined by the diagram

e:1 A E /

Gq

<ﬂ\@ql

JlEq

gq:1 A Eq Gy 1,

where G is the Galois group of L/kq, which is isomorphic to the decomposition
group of q in L/k, & is the absolute Galois group of k4, and Ej is the inverse of
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G4 by j. In the same manner as the case of (L/k, &), solution and proper solution
are defined for (L, /kq, £¢).

We need some lemmas, which are essential in the theory of embedding prob-
lems. Let p be an odd prime and L/k a p-extension. Lete:1 — Z/pZ — E —
Gal(L/Q) — 1 be a central extension.

We denote by Ram(L/k) the set of all primes of k which are ramified in L/ k.

Lemma 2.1 [Neukirch 1973]. (L/k, ¢) is solvable if and only if (Lq/kq, £q) are
solvable for all primes q of Ram(L/ k).

Lemma 2.2 [Hoechsmann 1968]. If ¢ is a nonsplit extension, every solution of
(L/k, ¢€) is a proper solution.

Lemma 2.3 [Neukirch 1973]. Assume that (L/k, €) is solvable. Let S be a finite
set of primes of k and M (q) a solution of (Lq/kq, &q) for q of S. Then there exists
a solution M of (L/k, €) such that the completion of M by q is equal to M (q) for
each q of S.

3. Embedding problems with ramification conditions

Let p be an odd prime. In this section, let k be either the rational number field or
an imaginary quadratic field with the class number prime to p (p # 3, when k =
Q(v-3)).

We now state a key lemma of this article. The idea of the proof is similar to
[Nomura 1991], and we sketch it for the reader’s convenience.

Lemma 3.1. Let L/ k be a p-extensionand e : 1 — Z/pZ — E ER Gal(L/k) — 1
a nonsplit central extension. Assume that the induced extension & is split for any
prime q of Ram(L/k). Then (L/k, ) has a proper solution M such that M/L is
unramified.

Proof. For any prime q of Ram(L/k), the local problem (L/kq, £4) is solvable
because ¢ is split. By Lemma 2.1, (L/k, ¢) is solvable.

Next we shall prove that for each prime p of k above p the local problem
(Lp/kp, €p) has a solution M (p)/Ly/ ky, such that M (p)/L, is unramified. If &, is
split, then Ly, is itself a solution. Assume that &, is not split. Then p is unramified
in L/k, and Gal(L/kp) is cyclic p-group. Hence E,, is also cyclic p-group. Since
the Galois group of the maximal unramified p-extension of kj is isomorphic to the
ring of p-adic integers, the problem (L/kp, €p) has an unramified solution.

By virtue of Lemma 2.2 and 2.3, (L/k, €) has a proper solution M;/L/k such
that any prime p of L above p is unramified in M;/L. If M;/L is unramified,
M /L/k is a required solution of (L/k, ¢). Assume that M, /L is not unramified.
Let q be a prime of M; which is ramified in M;/L and q (resp. q) the restriction
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to L (resp. k). Then Ny, o9 = 1 mod p. Since M, /k is a p-extension, Ni/qq =
1 mod p. By [Shafarevich 1964, Theorem 1], there exists an extension 7 /k such
that ¢ is ramified in 7/ k and that other primes are unramified. Let q be an extension
of q to M| T and M, the inertia field of q in M;T/k. By the assumption of &4, q
is unramified in L/k because the inertia group of q in M;/k is cyclic. Then M, is
a proper solution of (L/k, ¢) such that Ram(M,/L) C Ram(M,/L). By repeating
this process, we can get a required solution. U

4. Lemmas on p-extensions

In this section we shall prepare some lemmas and notations.
For each odd prime p, denote by E(p?) the group of order p> defined by

(x,y.z|xP =yl =z =1x""yx =yz, xz=2zx, yz=2y).

The next two lemmas are essential in this article. Lemma 4.2 is a special case
of the Chebotarev monodromy theorem; for the proof see [Cohn 1978, Theorem
16.30].

Lemma 4.1. Let k be a number field and M/ L/ k a Galois extension such that
(1) Gal(M/k) = E(p?),

(2) Gal(L/k)=27/pZ x 7] pZ,

(3) M/L is unramified.

Then L/ k is locally cyclic, that is to say, any prime ramified in L/ k is also decom-
posed in L/ k.

Proof. Assume that there exists a prime q of k such that Gal(Lq/kq) = Z/pZ X
Z/pZ. Letq and q be primes of M and L, respectively, above q. We must consider
two cases. First assume that q is totally ramified in L/k. We remark that this case
occur only when ¢ is above p. Since M/L is unramified, the order of the inertia
group of § in M/k is p?. Then the inertia group is normal subgroup of Gal(M/k),
so the inertia field is a cyclic extension over k of degree p. Hence it is contained in
L. This is a contradiction. Next assume that q is inert and ramified in L/k. Since
E (p?) has no cyclic subgroup of order p?, g is decomposed in M/ L. Then the order
of the decomposition group of § in M/k is p>. Thus the decomposition group is
normal subgroup of Gal(M/ k). Hence the decomposition field is contained in L.
This is a contradiction. O

Lemma 4.2. Let p be a prime and k a number field such that the class number is
prime to p. Let F/k be a cyclic extension of degree p. If L/F/k is a p-extension
such that L/F is unramified, then Gal(L/k) is generated by elements of degree p.
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Notation. In the rest of this article, we write I"(i, j) for the group whose library
number in GAP is (i, j), where i is equal to the order of its group. With the com-
mutator notation [«, 8] = o'~ B and the ordinary generator-relator notation,
we have

r3%2 =7/37x7)37,

r3,2 =7/97x7)37,

r3%3) =y, z x5 y% 2zl xl v, 2), [y, 2l) = E(3Y),
re*4) =@yl v, £y, xl),

33,5 =7/37 x7/37 x7/37,

ra*,2 =7/92 x7/92,

r3*3) =y zlylzxlx® y? 2 [ ] [zy0),
37
@34, 9)

= (

rah4) =, ylx% ), 3y, x1),
= (x, v,z | ylz, x1,x°, ¥, 22, X*[y, x1, [y, z1),
= (

x, v,z vlz, x1, x%, y3, 22, X3y, 21, [x, y]),
03 10) = (x, y, z | ylz, x1, x°, ¥, X*[y, x1, 223, [y, 20),

r3* 12) =13 3) x 7/32,

r3°,2) =&, yzuv|zx, v, x3u™ y3 v 2 w03,

[x, zl, [y, zl, [y, ul, [x, v]),

[3°,3) =(x,y,z,u,v|zlx, vl ulx, z], vy, z], x°, ¥°, 2%, u?, v°,

[y, ul, [z, ul, [x, ul, [y, v], [z, v], [u, v], [x, v]),

3% 15) = (x, v, z,u, v | zlx, y], vlx, 2], x*u™", y3v, 2%, 43, 03,

[y, 2], [y, ul, [z, ul, [x, v], [z, v]),

3,03, 20, (xy)?,

[y, 2], [y, ul, [z, ul, [x, v], [u, v]),

3.3 .3 3
, U ayI/t,Zv’

[z, ul, [x, v], [y, v]),

F(35, 53) =(x,y,z,u,v | ulx, yl, vlx, ul, y3v, x3, z3, u3, v3,

[x, 2], [y, 2], [y, ul, [z, ul, [x, v], [u, v]),

F(35, 26) = (x,y,z,u, v | z[x, y], ulx, zl, x3, u

(3% 28) = (x,y,z,u, v | ulx, z], v[y, zl, z[x, y], x°, u

(3% 40) = (x, y, z,u, v, w | v[y, z], ulx, z], v[x, w], z[x, ], 22w,

3 y3 0wt wid [zl [l [zoud, [y, wl, [u, w], [v, w], [x, w]),
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Using GAP, we locate all nonabelian 3-groups I satisfying three conditions:
(G1) T is generated by elements of order 3.
(G2) The 3-rank of I" is equal to 2.
(G3) The order of I is between 3% and 3°.

We list in Table 1 their maximal subgroups. By condition (G2), there are always
four of them.

r maximal subgroups of I’
a3, 3 TI@G%2) x4
ra* 7 I@333), 334 x2 335
ra*9 1332, ra?3x3
a3 IE4HL3)x2, I'GY12) x2
I'3°,26) I'(3*2), rd* 9 x3
'(3,28) I'(3*4), I'(3*,9) x2, I'(3* 10)

Table 1. 3-groups satisfying conditions (G1), (G2), and (G3). The
notation I'(i, j) x r, for » > 1, means that there exist » maximal
subgroups isomorphic to I'(i, j).

Let L/F/Q be a Galois extension such that '/ Q is a cyclic cubic extension and
L/F is an unramified 3-extension. Then by Lemma 4.2, Gal(L /() must satisfy
condition (G1).

Remark 4.3. Let x, y, z be generators of I'(3*,9) as in the presentation of the
previous page. The maximal subgroups of I'(3%,9) are (x,y), (v,2), {(xz,¥y),
and (x’z,y), where the first is isomorphic to Z/9Z x Z/3Z and the others are
isomorphic to T'(33, 3). If we replace xz (or x%z) by z, then x, y, z satisfy the
same relations as in the original presentation.

5. Unramified 3-extensions over cyclic cubic fields

Let F/Q be a cyclic cubic extension. For some finite 3-groups I and E, we shall
consider the problems P(F, ') and P(F, I, E) defined in the Introduction.
First we define some conditions concerning the Galois extension Lq/F/Q:

(C1) Gal(Lo/ Q) is isomorphic to Z/37 x Z/34.
(C2) Lo/ Q is locally cyclic.

(C3) Lo/F is an unramified cubic extension.
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(C4) There exists a cubic subfield F’ of Ly such that F’ # F and that Lo/F’ is
unramified.

Remark 5.1. Under (C1), condition (C2) is equivalent to that any prime of (D
ramified in Lo/ Q is decomposed in Lo/ Q.

Remark 5.2. Assume that Lg/F/Q satisfies conditions (C1), (C2) and (C3). If
only two primes of Q are ramified in ¥/, then condition (C4) is always satisfied.

Proposition 5.3. Assume that the Galois extension Lo/ F/ Q satisfies the conditions
(C1) and (C3). There is equivalence between

(a) Lo/F/Q satisfies condition (C2);
(b) P(F,7Z]3Z x 7]37Z, ['(33, 3)) has a solution L, such that L, D Ly.

Proof. The implication (b) = (a) is clear by Lemma 4.1. We shall prove (a) = (b).
There exists a nonsplit central extension

£:1— 7/37 — T'(3%,3) % Gal(L/ Q) — 1.

The explicit construction of ¢ is as follows. Let F’ be an any cubic subfield of Lg
such that F’ # F, and put Gal(Lo/F) = (a), Gal(Lo/F') = (b). Let I'(3%,3) =
(x,y,z]| x3, y3, 23, zly, x], [x, z], [y, zlI). Then j is defined by x — a, y — b.
Since the exponent of the group I'(33, 3) is equal to 3, the induced extension
&4 1s split for any prime g. By applying Lemma 3.1 to the embedding problem
(Lo/Q, &), we can find a Galois extension L;/Lg/Q such that Gal(L;/Q) is iso-
morphic to I'(3%,3) and that L, /Lo is unramified. Since Ly/F is unramified, L|/F
is also unramified. Further Gal(L/F) = j~'((a)) = (x,2) = 7Z/3Z x Z/3Z. O

Corollary 5.4. Let g and | be prime numbers such that g =1=1mod 3, ¢!~V =
1 mod [, and 1'9"Y/3 = 1 mod q. Let F/Q be a cyclic cubic extension. If F/Q
is unramified outside {q, 1} and q, ! are ramified in F/Q, then the answer of the
problem P(F,7/37 x 7/3Z,T (33, 3)) is affirmative.

This is a direct consequence of Proposition 5.3.

Theorem 5.5. Let Ly/F/Q be a Galois extension satisfying the conditions (C1),
(C2), and (C3). Assume that P(F, Z/3Z x 7/3Z, (33, 3)) has a solution L, such
that L1 D Lg. There is equivalence between
(a) Any prime of F which is ramified in F/Q is completely decomposed in L1 /F;
(b) P(F,Z/97 x 7/3Z,T (3*,9)) has a solution L, such that L, > L.

Proof. (a) = (b). Let C be the center of I'(3%,9), then the order of C is 3
and I" (3%, 9)/C is isomorphic to I'(33, 3). The group I'(3*, 9) has four maximal
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subgroups, one is isomorphic to Z/9Z7 x Z/37Z and the others are isomorphic to
(33, 3). Hence there exists a central extension

£:1— 7/37 - T(3*9) 5 Gal(L,/ Q) — 1

such that j~!(Gal(L/F)) is isomorphic to Z/97Z x Z /3Z. The explicit construction
of ¢ is as follows. We recall that

£G4, 9 =(x, v,z | ylz, x1, x°, y3, 22, X[y, 20, [x, y1),
(3% 3)=(a,b,c|a®, b, 3, clb,al,[a,cl, [b, ).

We can assume that Gal(L;/F) = (a, c¢). Indeed maximal subgroups of a3, 3)
are (a, ¢, (ba, c), (b*a, c) and (b, ¢). If we replace ba (or b’a) by a, then a, b, c
satisfy the same relations. And if we replace b by a and a by b~!, then a, b, ¢ also
satisfy the same relations. Then j is defined by x — a, y > ¢, z +— b.

We shall consider the embedding problem (L;/Q, ¢). Let ¢ be a prime of Q
ramified in L;/Q, and let g be an extension of ¢ to Li. Then Gal(L,/Q,) is
isomorphic to the decomposition group of g in L1/ Q. Since L;/F is unramified
and g is completely decomposed in Li/F, Gal(L,/Q,) is the cyclic group of
order 3 and is not contained in Gal(L/F). Thus j~! (Gal(L14/Qy)) is a subgroup
of I'(33, 3). Hence the group extension

&g 1= 2/37 — j_l(Gal(qu/@q)) —J> Gal(L1,/Qq) — 1

is split because the exponent of I'(3%, 3) is 3. In view of Lemma 3.1, the proof of
(a) = (b) is complete .

(b) = (a). Let ¢ be a prime of @ ramified in F/ @, and let F’ be the decomposition
field of ¢ in Lo/ Q. Then F’ is a cubic field not equal to F. Since Gal(L,/F) is
isomorphic to Z/9Z x Z/3Z and other maximal subgroups of I"(34, 9) are isomor-
phic to (33, 3), Gal(L,/F") is isomorphic to 33, 3). Let § be a prime of L
lying above ¢. By Lemma 4.1, | is completely decomposed in L /L. O

Theorem 5.6. Let Lo/F/Q be a Galois extension satisfying the conditions (C1),
(C2), (C3), and (C4). Assume that P(F,Z/3Z xZ7/3Z, I'(33, 3)) has a solution L,
such that L1 D L. There is equivalence between
(a) Any prime of F which is ramified in F/Q is completely decomposed in L1/F;
(b) P(F,T'(3%3),1' (3% 9)) has a solution Ly such that Ly D Lj.
Proof. Since the proof is similar to that of Theorem 5.5, we merely sketch it. We
consider (a) = (b). Let F’/Q be the cyclic cubic extension as in condition (C4).

Then there exists a central extension ¢ : 1 - 7 /37 — 34,9 ER Gal(L;/ Q) —1
such that j~'(Gal(L/F)) = T'(3%, 3) and that j~'(Gal(L,/F")) =7Z/97 x Z/3Z.
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An application of Lemma 3.1 completes the proof of (a) = (b). We omit the proof
of the converse. O

Theorem 5.7. Let Ly/F/Q be a Galois extension satisfying the conditions (C1),
(C2), (C3), and (C4). Assume that P(F,Z/37 x Z/37Z, (33, 3)) has a solution
Ly such that L1 D Lg. If any prime of F which is ramified in F/Q is completely
decomposed in L,/F, then P(F, I'(3%,4), I'(3*, 7)) has a solution L, such that
L,D L.

Proof. Let F’'/Q be the cyclic cubic extension as in condition (C4). The maximal
subgroups of I'(3%, 7) are I'(33,3), I'(3%,4), '(3%,4), and Z/3Z x Z /37 x Z/3Z.
Then there exists a central extension

£:1 - 2/37 - T(3*7) % Gal(L,/ Q) — 1

such that j~!(Gal(L;/F)) = j~'(Gal(L/F’)) = T'(3%, 4). The explicit construc-
tion of ¢ is as follows. We recall that

LG, 7 = (x,y, 2| ylz. x1, 2%, 3, 28, X3y, x1, [y, 20),
(3% 3)=(a,b,cla’, b, 3, clb,al, [a,cl,[b,cl).

Here we can assume that Gal(L,/F) = {(a, ¢) and Gal(L/F’) = (ab, c). Let j is the
group homomorphism defined by x — a, y — ¢, z — b, then j~'(Gal(L,/F)) =
(x,y) =T33 4)and j~Y(Gal(L/F")) = (xz, y) = T'(33, 4).

If g is a prime of Q which is ramified in L,/ Q, then Gal(L;,/Qy) is the cyclic
group of order 3. Since j~!(Gal(L;,/Qy)) is contained in I'(3%, 3) or I'(3%, 5),
the exponent of j ' (Gal(L; ¢/ Qg)) is equal to 3. Then the group extension

g 1= Z/37 — j (Gal(L1,/Q,)) > Gal(L,/Q,) — 1

is split. By virtue of Lemma 3.1, the proof is complete. g

6. Unramified extensions of degree 81 over cyclic cubic fields

Let F/Q be a cyclic cubic extension. We consider the case of a Galois extension
L3/F/Q such that L3/F is unramified extension of degree 81, and the 3-rank of
Gal(L3/ Q) is 2.

Under these conditions Gal(L3/ @) is isomorphic to one of I'(3%, 3), I'(3°, 26),
or '(3°, 28).

In this section we always assume that Ly/F/Q satisfies conditions (C1), (C2),
(C3), and (C4). Let F’ be the cubic field as in condition (C4).
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F F' Lo/F, Lo/F’ unramified

Q

Theorem 6.1. Assume that the problem P(F,7/97 x 7/3Z,T'(3*,9)) has a solu-
tion Ly such that Ly D Lg. The following conditions are equivalent.

(a) Any prime of F which is ramified in F/Q is completely decomposed in L, /F.
(b) P(F,Z/97 x 7/9Z,T (3%, 26)) has a solution L3 such that L3 D L.
(c) P(F,T'(3% 4),T'(3%,28)) has a solution Lz such that L3 D L.

Lemma 6.2. Let F, F' and L be as in condition (C4). Let L, be a solution of
P(F,7/97 x 7/3Z,T(3*,9)) such that L, D Lo, and let L3/L,/Q be a Galois
extension such that L3 /F and L3 /F’ are unramified.

(1) If Gal(L3/ Q) is isomorphic to ['(3°, 26), we have the equivalence
Gal(L3/F) = 7/97 x 7/97 <> Gal(L3/F") = T'(3*,9).
(2) If Gal(L3/ Q) is isomorphic to ['(3°, 28), we have the equivalence
Gal(L3/F) = T'(3*,4) < Gal(L3/F") = T'(3%, 10).

Proof. (1) Since one of the maximal subgroups of I'(3%,26) is isomorphic to
Z/97 x 7 /97 and the others are isomorphic to I'(3*, 9), the forward implication is
trivial. We consider the reverse implication. Assume that Gal(L3/F) = (34, 9).
Let F” be the subfield of L3 corresponding to the subgroup Z/9Z x Z/9Z. Then
Lo/F" is not unramified because F” is not equal to F and F’. Since Gal(L3/F") =
797 x 7 /97, there exists a cyclic extension M /F"” of degree 9 such that L3 D M D
L. Since Ly/F" is not unramified, M/L is not also unramified. This contradicts
that L3/Lg is unramified.

(2) We prove only the forward implication; the converse is similar. Assume that
Gal(L3/F') is not isomorphic to I'(3*, 10). Let F” be the subfield of L3 corre-
sponding to the subgroup I'(3%, 10), then Lo/F” is not unramified. Let q be a
prime of F” which is ramified in Lo/F” and § an extension of q to L,. Let T be
the inertia field of q'in L, /F" and k the intersection of L; and 7. Then F" CkC T.
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L3

L,

Ly T
Lo k
F F”
Q

The group I'(3°, 28) has only one normal subgroup of order 9, which is isomor-
phic to Z/3Z x Z/3Z. Hence Gal(L3/L1) is isomorphic to Z/37Z x Z/3Z. Since
all maximal subgroups of Gal(L3/F) = (3%, 4) are isomorphic to (33, 2), the
Galois group Gal(L3/Lg) is isomorphic to I'(33,2). Further one of the maximal
subgroups of Gal(L3/F") is isomorphic to I'(33, 2) and the others are isomorphic
to I'(3%,4). Then Gal(L3/k) is isomorphic to I'(3%,4). Hence L3/ T is a cyclic
extension of degree 9, because one maximal subgroup of I"(33, 4) is isomorphic
to Z/37Z x Z/3Z and the other three groups are isomorphic to Z/9Z. Since q is
ramified in L,/ T, q is also ramified in L3/L,. This contradicts that L3/L, is
unramified, proving the desired implication. O

Proof of Theorem 6.1. We first consider (a) = (b). Let C be the center of I'(3°, 26),
then the order of C is equal to 3 and the quotient group I'(3°, 26)/C is isomorphic
to I'(3*,9). The group I"(3%, 26) has four maximal subgroups, one is isomorphic
to Z/97Z x 7/97 and the others are isomorphic to I'(3*,9). Then there exists a
central extension

11— Z/3Z — T'(3°,26) % Gal(L,/ Q) — 1

such that j =1 (Gal(L,/F)) = Z/9Z x Z/97 and that j~'(Gal(L,/F’)) = T'(3*,9).
The explicit construction of ¢ is as follows. Let I'(3°, 26) be as on page 171, and

I'(3*9) = (a,b,c|blc,al,d, b 3, a’b,cl,a,b)).

By Remark 4.3 we can assume that Gal(L,/F) = {(a, b), Gal(L,/F") = (b, c).
Then j is defined by x ¢, y — a, 2+ b.

Let g be a prime of @ which is ramified in L,/ @, and g an extension of g to
L;. Then Gal(Ly,/Q,) is isomorphic to the decomposition group of g in L,/ Q.
Since L, /F is unramified and g is completely decomposed in L,/F, Gal(L,,/ Q)
is the cyclic group of order 3 and is not contained in Gal(L,/F). Now, we see
from Table 1 that a subgroup H of (3%, 9)(=Z Gal(L; /F’)) having order 27 and
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not contained in I'(3%, 2)(Z Gal(L3 /F)) must be isomorphic to (3%, 3). Thus
j~'(Gal(Ls,/Q,)) is a subgroup of I'(3%, 3). Since the exponent of I'(3%, 3) is 3,
the group extension

&g 11— 2/37 — jil(Gal(qu/@q)) —J> Gal(Ly,/Qg) — 1

is split. In view of Lemma 3.1, the embedding problem (L,/Q, ¢) has a proper
solution L3 such that L3/L; is unramified. Since Gal(L3/F) is isomorphic to
j~N(Gal(Ly/F)) =7/97 x 7/97Z, L is a required field.

Next we consider (b) = (a). Let g be a prime of Q) which is ramified in F/Q,
and g an extension of ¢ to L,. Assume that g is not completely decomposed in
L,/F. Let L be the field such that Lo C L C L, and that Gal(L,/ Q) = (33, 3).
Then by Theorem 5.5 and the assumption, g is completely decomposed in L;/F
and is inert in Ly/L;. Let F” be the decomposition field of ¢ in Lo/ Q. Let T
be the inertia field of ¢ in L,/ @ and k be the intersection of L and 7. Then
F" C k C T. We refer the field diagram in the proof of Lemma 6.2.

Since Gal(L3/F”) is a maximal subgroup of Gal(L3;/Q) and Gal(L3/F) =
7/97 x 7/97, Gal(L3/F") is isomorphic to I'(3*, 9). Since Gal(L3/k) is a max-
imal subgroup of Gal(L3/F") and Gal(L3/Lgy) = 7/97 x 737, Gal(L3/k) is
isomorphic to (33, 3). This contradicts Lemma 4.1.

The proof of (a) <= (c) is similar to that of (a) <= (b), so we only sketch it.
Consider (a) = (c). There exists a central extension

e:1—7/37 — T'(3,28) 5 Gal(L,/ Q) — 1

such that j~1(Gal(L,/F)) = I'(3*,4) and j~'(Gal(L,/F’)) = I'(3%, 10). The
explicit construction of ¢ is as follows. Let I'(3°, 28) be as on page 171, and set

(3%, 9) = (a, b, c | blc,al, a®, b*, ¢, a’[b, c), [a, b)).

We can assume that Gal(L,/F) = (a, b), Gal(L,/F’) = (b, ¢). Then j is defined
by x — ca™', y — a, z — b. In the same manner as for (a) = (b), we can prove
that the embedding problem (L;/Q, €) has a proper solution L3 such that L3/L,
is unramified. Since Gal(L3/F) is isomorphic to j~'(Gal(L,/F)) = '(3*, 4), L
is a required field. We have thus proved (a) = (¢).

Next we consider (c) = (a). Let ¢ be a prime of Q) which is ramified in F/Q,
and ¢ an extension of ¢ to L,. Assume that g is not completely decomposed in
Ly/F. Let Ly, T,k and F” be the same as in the proof of (b) = (a). The group
Gal(L3/F") is a maximal subgroup of Gal(L3/Q) and Gal(L3/F) = I'(3%, 4).
Since Gal(L3/F’) = I'(3%, 10) by Lemma 6.2(2), Gal(L3/F") = I"(3%,9). Since
the group Gal(L3/k) is a maximal subgroup of Gal(L3/F") and Gal(L3/Lgy) =
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7/97 x 7/3Z, Gal(L3/ k) is isomorphic to I'(33, 3). This contradicts Lemma 4.1.
O

Theorem 6.3. Assume that the problem P (F, (33, 3), (3%, 9)) has a solution L,
such that Ly D Lo. The following conditions are equivalent.

(a) Any prime of F which is ramified in F/Q is completely decomposed in L,/ F.
(b) P(F,T'(3%9), (3%, 26)) has a solution L3 such that L3 D L.
(c) P(F,T'(3% 10), I'(3%, 28)) has a solution Lz such that L3 D L.

This follows trivially from Theorem 6.1 and Lemma 6.2.

Proposition 6.4. Let L,/ Q be a solution of P(F,7/9Z x Z/3Z,T (3*,9)) or
P(F,T' (3% 3),T' (3%, 9)) such that L, D Lg. If any prime ramified in F/Q is
completely decomposed in L, /F, then the problem P(F,T'(3%,3),T'(3°,3)) has a
solution L3 such that L3 D L.

The proof is similar to that of Theorem 6.1 (a) = (b), so we omiit it.

7. Class number relations of cubic fields

In this section, let L/ be a Galois extension such that Gal(L /() is isomorphic
to Z/37Z x Z/3Z and that only two primes of @ are ramified in L/ Q. Let F and
F’ be cubic subfields of L such that L/F and L/F’ are unramified.

Naito [1987] studied the class number relation of F and F’, and proved parts
(1) and (2) of the following proposition for a general odd prime p (not just p = 3).
We give an alternative proof and a slight generalization when p = 3.

Proposition 7.1. Let L, F, F’ be as above.

(1) The class number of F is divisible by 9 if and only if the class number of F’
is divisible by 9. Further in this case, the ideal class group of F and F' has a
subgroup 7 /37 x 7/37.

(2) The class number of F is divisible by 27 if and only if the class number of F’
is divisible by 27. Further in this case, the ideal class group of F and F' has
a subgroup 7/97 x 7/37.

(3) The class number of F is divisible by 81 if and only if the answer of the
problem P(F', (3%, 10)) is affirmative. Further in this case, the ideal class
group of F has a subgroup 7 /97 x 7 /97.

Lemma 7.2. Let p be an odd prime and F/ Q a p-extension. If the class number of
F is divisible by p" for some integer r, then there exists a Galois extension M/F ] Q
such that M/ F is unramified abelian and the degree [M : F] is equal to p’.
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Proof. By class field theory, there exists an unramified abelian extension K/F
such that the degree [K : F] is equal to p”. Let M,/ Q be the Galois closure of
K/ Q. Then M,/F/Q is a Galois extension such that M1 /F is unramified abelian
p-extension and the degree [M| : F'] is greater than or equal to p". If [M: F]=p"
then M| /F/Q is arequired field. Assume that [M; : F] > p". Let C(Gal(M/Q))
be the center of Gal(M;/ Q). Since Gal(M;/Q) is a p-group and Gal(M,/F) is a
normal subgroup of Gal(M;/Q), the intersection Gal(M;/F) N C (Gal(M;/Q)) is
nontrivial. Then there exists a Galois extension M;/F/Q such that M, /F is un-
ramified p-extension and the degree [M, : F] is equal to [M : F]/p. By repeating
this process, we get the required extension M/F/ Q. O

Proof of Proposition 7.1. (1) Assume that the class number of F is divisible
by 9. By Lemma 7.2 there exists a Galois extension L;/F/Q such that L;/F
is unramified abelian and that [L; : F] = 9. By Lemma 4.2 and the assumption
for the number of ramified primes, Gal(L;/Q) is generated by two elements of
order 3. Then Gal(L;/Q) is isomorphic to '(3%,3). Thus L,/F' is unramified
and Gal(L,/F') = 7 /37 x 7/3Z, because all maximal subgroups of I'(33, 3) are
isomorphic to Z/3Z x Z/3Z. The proof of the converse is similar.

(2) Assume that the class number of F is divisible by 27. By Lemma 7.2 there ex-
ists a Galois extension L,/F /@ such that L, /F is unramified abelian and that [ L5 :
F1=27. Since Gal(L,/Q) is generated by two elements of order 3, Gal(L,/ Q)
is isomorphic to I'(3%,7) or I'(3%,9). We claim that Gal(L,/ Q) is not isomorphic
to I"(3%, 7). We assume Gal(L,/Q) = I'(3%, 7). Since I'(3%, 7) has two maximal
subgroups which are isomorphic to I'(3%, 4), there exists a cubic field F” such that
Gal(L,/F") = I'(3%,4) and that F” # F, F’. Then only one prime ramifies in
F"/Q. By Iwasawa [Iwasawa 1956] the class number of F” is prime to 3. Since
I'(33, 4) is not generated by elements of order 3, this contradicts Lemma 4.2. Then
L, is a solution of P(F,7Z/97 x 7/3Z, T (3*,9)).

Let C be the center of I'(3%,9), and L, the subfield of L, corresponding to
C. Since I'(3*,9) /C is isomorphic to I'(33,3), L, is a solution of the problem
P(F,7/37 x Z/3Z,T(3%,3)). By Theorem 5.5 any prime of F which is rami-
fied in F/Q is completely decomposed in L;/F. Since all maximal subgroups
of I"'(3%, 3) are isomorphic to Z/3Z x Z/3Z, L is also a solution of the problem
P(F',Z/3ZxZ/3Z,T(3%,3)). Then P(F',Z/97 xZ/3Z, T (3*,9)) has a solution
L’, by Theorem 5.5. Hence the class number of F’ is divisible by 27. The proof of
the converse is similar.

(3) Assume that the class number of F is divisible by 81. By Lemma 7.2 there ex-
ists a Galois extension L3/F/Q such that L3/F is unramified abelian and that [L3:
F]=281. Since Gal(L3/Q) is generated by two elements of order 3, Gal(L3/ Q)
is isomorphic to I'(33,26) and Gal(L3/F) is isomorphic to Z/9Z x Z/9Z. Let
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C be the center of I'(3°,26), and L, the subfield of Lj corresponding to C.
Since I'(3%, 26) /C is isomorphic to ['(3*,9), L, is a solution of the problem
P(F,7/97 x 7/3Z,T(3*,9)). By Theorem 6.1 any prime of F which is ram-
ified in F/Q is completely decomposed in L,/F, and L, is also a solution of
P(F’,T'(3,3),T'(3%,9)). By Theorem 6.3 the problem P (F’,I"(3* 10),T'(3%,28))
has a solution L.

For the converse we assume that L3 is a solution of P(F’, I'(3%, 10)). Then
[ := Gal(L3/Q) has order 243 and 3-rank 2, and it has a maximal subgroup
isomorphic to I'(3%, 10). The group satisfying these conditions is isomorphic to
'(3%,28).

We claim that the Galois group Gal(L3/F) is isomorphic to (3%, 4), which
is a maximal subgroup of I'(3%, 28). For the proof, we assume that Gal(L3/F)
is not isomorphic to I"(3%,4), and let F” be the subfield of L3 corresponding to
I'(3*,4). Then F” is not equal to F and F’. Hence, by [Iwasawa 1956], the class
number of F” is prime to 3. By Lemma 4.2, Gal(L3/F”) must be generated by
elements of order 3. But I'(3%, 4) is not generated by elements of order 3. This is
a contradiction.

Let L, be the subfield of L3 corresponding to the center of Gal(L3/Q), then
Gal(L,/Q) = ['(3*,9). Let C be the center of Gal(L3/F). Since Gal(L3/F) =
I'(3*, 4) and Gal(L,/F) = Gal(L3/F)/C =T'(3%,2), then Gal(L,/F') =T (3%, 3).
Thus L, is a solution of P(F’,T'(33,3), '(3*,9)). By Theorem 6.3, any prime
of F’ which is ramified in F'/Q is completely decomposed in L,/F’. Hence
any prime of F' which is ramified in F/Q is completely decomposed in L,/F.
L, is also a solution of the problem P(F,Z/97 x Z/3Z, '(3*9). By Theorem
6.1, the problem P(F,7/97 x 7 /97, I'(3°, 26)) has a solution L/3. Then L’3/F is
unramified abelian extension and the Galois group is isomorphic to Z/97 x 7 /97.

O

Example 7.3. Let F),, and F [’,q denote the two cyclic cubic fields of conductor
pg, where p=q =1mod 3, and let L = F), F[/)q be their composite. Denote by
(ny,no,...,n,) the group Z/nZ x Z/nyZ x --- x Z/n,Z. The following table
contains a few class groups computed with PARI:

p q |ClF,) CIF,) CUL)

7 181 (66) (33)  (62)
43 193] (33) (33  (33)
73 241 (93) (633) (21,3.3)
79 157 (93)  (93)  (93.3)
181 331 (93) (93 (3,3.33)
103 409| (9,9 (27,90 (9,9.3,3)
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Corollary 7.4. Let L, F, F' be as above.

(1) Assume that the class number of F is divisible by 27. Then the problem
P(F,T'(3% 3), (3%, 3)) has a solution. In particular the class number of
the Hilbert 3-class field of F is divisible by 3.

(2) Assume that the class number of F is divisible by 81. Then the problem
P(F,T'(3°,2), (3% 40)) has a solution.

Proof. (1) Let Ly, L, L, be as in the proof of Proposition 7.1(2). By the proof of
Proposition 7.1(2), Gal(L,/ Q) is not isomorphic to Gal(L}/@). Then L, # L.
Let L be the composition field of L, and L/z. Since Gal(L /L») and Gal(L / L/z) are
contained in the center of Gal(L/ Q), then the center has a subgroup isomorphic to
Z/37 xZ/3Z. In addition, Gal(L/ @) has order 243, has 3-rank 2, and is generated
by elements of order 3. The group satisfying these conditions is isomorphic to
I'(3°,3). I'(3°, 3) has four maximal subgroups, two are isomorphic to I'(3% 3) and
the others are isomorphic to (3%, 12). We remark that I'(3%, 3) is not generated
by elements of order 3. Let F” and F” are cyclic cubic subfield of L not equal
to F and F’. Then by Iwasawa [1956], the class number of F” and F"’ are both
prime to 3. Since Gal(L/F") and Gal(L/F"") are generated by elements of order 3,
Gal(L/F") = Gal(L/F")=T(3*, 12). Hence Gal(L/F) = Gal(L/F') =T (3%, 3).
(2) Let Lo, L3, L’3 be as in the proof of Proposition 7.1(3). By that same proof
we have L3 # L. Let L be the composite of L3 and L. Then Gal(L/ Q) has
order 243 and 3-rank 2, it is generated by elements of order 3, and its center has
a subgroup isomorphic to Z/3Z x Z/3Z. The group satisfying these conditions
is isomorphic to I'(3%, 40). I'(3%, 40) has four maximal subgroups, two are iso-
morphic to (3, 53) and the others are isomorphic to ['(3%,2) or I'(3%, 15). We
remark that ' (3%, 2) and I'(3°, 15) are not generated by elements of order 3. Then
Gal(L/F) is isomorphic to I'(3°, 2) or I'(3, 15). Since I' (3%, 15) has no subgroup
H such that T' (3%, 15)/H = Gal(L3 /F)(Z 7 /97 x 7/97), Gal(l_,/F) is isomorphic
to I'(3%, 2). O
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