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We consider generalizations of Shanks’ sequence of quadratic fields Q(/S,,)
where S, = (2" + 1)? 4+ 2"+2, Quadratic fields of this type are of interest
because it is possible to explicitly determine the fundamental unit. If a se-
quence of quadratic fields given by D, = A%x*" + Bx" + C? satisfies certain
conditions (notably that the regulator is of order © (%)), then we determine
the exact form such a sequence must take.

1. History of creepers

We will be interested in simple continued fractions, which we denote by o =
lagp,a, a1, ay, ...];thea; are called the partial quotients of «. It is well-known
that a continued fraction expansion is periodic if and only if it is the expansion of a
real quadratic irrational. We denote the period length of a real quadratic irrational
o by Ip(a).

For real quadratic fields, it is expected that the class number will usually be
small; see [Cohen and Lenstra 1984]. By the correspondence between ideals and
continued fractions this is equivalent to the continued fraction expansion of v/D
being long, generally of length about /D. Thus, examples of short expansions of
/D should be considered as unusual and worthy of interest.

It is easy to find sequences of integers D; such that /D; has a bounded period
length. Many results have been determined for such families and we refer the
reader to [Perron 1950; van der Poorten and Williams 1999; Schinzel 1960; 1961].

Shanks [1969] examined the class numbers of quadratic fields with discriminants
given by n> — 2%+1_He noticed that for the family S, = (2" 4 3)> — 8, the class
number of S, grows infinitely large. This sequence of fields is known as Shanks’
sequence. It happens that Shanks’ sequence is just a special case of an earlier
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example given in [Nyberg 1949]:
(1-1) D,=(x"+@x+1)/2)" Fx".

The ring of algebraic integers of a quadratic number field K = Q(+/D), denoted
by Ok, is equal to Z[w'], where dk is the squarefree kernel of D and

, Vdg if dg #1 (mod 4),
w =
(1++/dg)/2 if dg =1 (mod 4).

The discriminant, Dk, of Ok is equal to di if dx is congruent to 1 modulo 4 and
4dk otherwise. An order O of K is defined to be a subring of K, containing 1, such
that the quotient Ok /O is finite, such an order must be of the form 0 = Z[ fo'].
The number f is called the conductor of 0. The discriminant of an order 0 C Ok
is equal to D = f2Dy. Thus, the discriminant of an order is always congruent to
0 or 1 modulo 4. The discriminant of the maximal order is called a fundamental
discriminant.

For any discriminant, D =t (mod 4), the element w = (¢ + VD) /2 is an alge-
braic integer since t = 0, 1 (mod 4). If we know that D is fundamental then we
usually write o’ instead of w. With this notation, the expansion of w, = (1+4/S,,)/2
corresponding to Shanks’ sequence has a period length of 2n 41,

wp=[2""1 41, 1,200 2, 2n=2 22 on=l 1 2n4 ],
The fundamental unit of the order with discriminant D, is given by

en = (2" +1+/D,)/2) (2" +3+/Dy)/4)".

The regulator of the order O, denoted by R(0) or by R(D) if O has discriminant
D, is defined as the logarithm of the fundamental unit. Thus, sequences of dis-
criminants D,,, where w, has a bounded period length have regulators of order
O (log D,)). Examples like Shanks’ sequence have regulators of order O ((log D,)?).

Several people have since generalized Shanks’ sequence. They include Hendy
[1974], Bernstein [1976a; 1976b; 1976¢], Azuhata [1984; 1987], and Levesque
and Rhin [1986]. A more synthetic account was given in [Williams 1985]. The
most general form was presented in [Williams 1995] as

D, = (qrx" + p(xk — )L)/q)2 +4arx",

with u, A € {—1, 1} and rq |xk — A. The automata of Raney were used in [van der
Poorten 1994] to provide an alternate way of constructing w, and &,,.
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Kaplansky [1998] coined the terms ‘“sleepers”, a sequence of discriminants
whose period lengths are bounded, “creepers”, a sequence whose lengths gen-
tly! go to infinity, and “leapers”, the generic discriminants whose period lengths
increase exponentially.

By selecting a sequence of discriminants from families of sleepers appropri-
ately, one can form a sequence of discriminants with linear period length. These
are known as “beepers” and can be found in [Mollin and Cheng 2002; van der
Poorten 1999; Williams and Buck 1994]. Since these discriminants are selected
from sleepers they have a regulator of order O (log D,,).

These two ideas were used simultaneously by Madden [2001], who explicitly
constructed a sequence of discriminants whose continued fraction expansions pos-
sessed slowly growing period lengths. These examples were distinct from the
known creepers since they were not polynomially parametrized. However, they
can be viewed as selecting specific discriminants from various families we will
construct here, much as beepers are specially selected sleepers.

We define a creeper to be an infinite family of discriminants D,, such that
f(X,n) e Q[X, X"] and for a fixed x € Z we have D, = f(x, n) satisfying

Ip(wp) =an+b with a, beQ and R(D,) = ©(n?).

Kaplansky [1998] made several conjectures about creepers which are quadratic
in x". He suggested that every such creeper could be written as D, = A%x?" +
Bx" + C? with A, B, C € Q. Each of the examples upon which these conjectures
were based has a principal ideal whose norm is a fixed power of x. Consequently,
we define a kreeper to be an infinite sequence of discriminants D,, such that

(1) D, = A>x?" + Bx" + C?, where A, B, C € Q, and x € Z+.
(2) Ip(wy) = an + b, where a and b are rational numbers.

(3) In the principal cycle there exists an element whose norm is x$ for some g
fixed independently of n.

Note that the existence of some Qp = x¢ implies R(D,,) = ©(n?). In other words,

every kreeper is also a creeper. A proof of this is given in [Patterson 2003, Theorem

17]. Indeed many details are excluded here, and can be found in the same reference.
The main results here are the following.

Theorem 1.1. Any kreeper D,, can be written as

(1-2) d’D, = ¢* ((qrx" + (mz2x* — lyz)/CI)z +4ly2rx”) ,

Ipy “gently” he meant that the periods could be written in an arithmetic progression involving a
parameter n used in the presentation of the family.
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where each term in the above equation is an element of Z, the terms r, [, m are
squarefree, r, x are positive, and the following conditions hold:
(1_3) (qrxamlzy)=l’ (qrax)=1’ (mZ,l}’)zl»

q |mz2xk —Iy*,  Friy*mz? |d2Dn.
Theorem 1.2. Any sequence of discriminants given by (1-2) and satisfying the
conditions (1-3) as above must in fact be a kreeper.

As a final introductory remark, we mention that Shanks’ sequence has also been
generalised to certain cubic fields with unit rank one, see [Adam 1995; 1998;
Levesque and Rhin 1991].

2. Preliminary results

Removing nonpositive partial quotients from a continued fraction is not difficult,
however removing a fractional partial quotient is, in general, quite difficult. The
following few results do provide some assistance. Multiplication can be accom-
plished via

xla,b,c,d,...]=[lax,b/x,xc,d/x,...],

which leads to:

Lemma 2.1 (Folding Lemma [Mendes France 1973]). Let x/y = [ag, ay, . .. , an]

with (x, y) = 1, and denote the sequence ay, ..., a, by w (where o corresponds
to the sequence ay, . .., ay). Then

X —1)h

el 2) =[ay, W ,c—y/y]=lao, W ,c,—w],

y cy
where y/y =lay,...,a1],(y,y)=1,y >0.

This result is more than just a novelty. Besides our use of it here, in [van der
Poorten 2002] it is used to rediscover the symmetry formulas.

A result which will be pivotal to our expansions later on is the following simple
lemma.

Lemma 2.2. Ifx/y =[ag, W |, where W is defined as above then

=" b
X/y+)/=|:a0,ﬁ), 2 -
vy y
where b is equal to (—1)" ! /x modulo y.
Proof. Using the Folding Lemma we obtain,
x x (=D -D" b
—ty==—+-— (—1)hyy2=[ao,w>, R
y y y vy y
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where b satisfies xb — ¢y = (—1)"*!, which implies b = (—1)"*!/x (mod y).
O

If the minimal polynomial of « is x> —¢x +n then a typical line in the continued
fraction expansion of « appears as

o+ Py g — (@+ Ppy1)

On ! On

where Py =0, Q¢ =1 and @ represents the nontrivial automorphism of the quadratic
number field>. We then have

n+ Py(P,+1)
On

A quadratic irrational « is called reduced if « > 1 and —1 < & < 0. An integral

Pryi=apQp—Py,—t and Qpi1=—

ideal a is called primitive if it is not divisible by any element of Z. An integral
ideal a is reduced if there does not exist any nonzero « € a satisfying

] < N(a) and |a| < N(a).

If a is a primitive ideal such that N (a) < VD /2 then a is reduced. From now on,
ideal will mean “integral ideal”.

One of the uses of the continued fraction expansion of a quadratic irrational
is the determination of the fundamental unit. Rather than keeping track of the
convergents, this can be done via the following result.

Proposition 2.3. Ifa=[ap, a1, ..., a; , ;41 landx;/yj=lao, ..., a;j], where
(xj,yj) =1, then

arey ... apr = (=D — o)

Corollary 2.4. If O is an order of Q(v/ D) and o;, 1 <i < h+1 represents a system
of reduced elements in any cycle of quadratic irrationals in O, then & = fl:ll o; is

the fundamental unit of 0.

Such a cycle of quadratic irrationals is produced by the continued fraction ex-
pansion. To be more precise, if ag = Q¢Z + (Py + w)Z is an ideal of O then the
continued fraction expansion of (w + Py)/ Qo produces a sequence of complete
quotients (w + P;)/Q; such that the ideals associated to each complete quotient,
thatis a; = Q;Z + (w + P;)Z, are all equivalent to ag.

Later we will need to transfer results from one order to another, where the fol-
lowing proposition will be useful.

2The Py, Qy, appearing here are not, in general, the same as those used in [Perron 1950]
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Proposition 2.5. Let Oy, Oy be two orders of a real quadratic field given by 01 =
2] fw'], 0y = Z[gw'] then

ROy > & R0y
8

Let a be any ideal of the order O having conductor f in K, and suppose that
(N(a), f) =1. Then a = (¢)rs, where ¢t € Z and any prime ideal divisor of t lies
over a prime which ramifies and any prime ideal divisor of s lies over a prime
which splits in 0. Furthermore, v and s are primitive. We will denote by s(a) the
ideal s. Note that if = 1 (in which case a is primitive) then a®> = (r)s, where r
is squarefree and r | D. Also note that N(s(a)) = N(s(a)).

We now introduce a generalisation of a result of Yamamoto [1971].

Definition 1. Let by, ..., b, be invertible ideals of an order 0. We say that
by, ..., b, are independent in O if whenever there exist nonzero integers u, v and
ai, Bi €ZT (i=1,...,n) such that

@ []oe =@ e
i=1 i=1

theno; =8; i=1,...,n).

A sufficient condition for the independence of two ideals b and ¢ in O is given
in Theorem 2.7, which needs the following Lemma.

Lemma 2.6. If b and ¢ are dependent in O then there exist nonzero integers u, v
and nonnegative integers m, n, with m +n > 0, such that

)" = (v)0",
where 0 is equal to ¢ or ¢.

Theorem 2.7. If b and ¢ are dependent in O and (N (b)N (¢), f) = 1 then for some
nonnegative integers m, n, with m +n > 0 we have

N(s(b))" = N(s(c)".

Proof. By the preceding Lemma, we know there must exist integers m, n, u, v

such that (#)b™ = (v)0", where m, n are nonnegative and at least one of m, n is

positive. Then we can write (ut{”)fum = (vtg’)ﬁ", where b and 9 are primitive.
The condition (f, N(b)N(c¢)) = 1 and primitivity allow us to write

(uti")f)m = ut)r(6)"s(b)" and (V)" = (VEH)r@©)"s()".
Squaring these yields

(uzr{"tlzm)s(b)zm = (v2r£’t22”)s(0)2”,
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where r| and rp divide D,. Dividing out any common factors of uzr{”tlzm and

2.n.2n : . :
v-ryty" provides coprime integers u1, vy such that

(u1) (s(0))* = (v1) (s (@)™

Let p*||s(b) and pf|s(2). If p>* f s(d) then N(p)|v; implies that p|(vi). The
coprimality of #; and v; means p ‘ (s(b))>", which gives N (p) |s(b), which is im-
possible because s(b) is primitive.

Hence, p>™* \s(b), which means that 2ma < 2n8. By symmetry, 2nf < 2ma
and so ma = nf. Thus, s(b)" = 5(0)" and we find N (s(b))" = N(s(D))". O

Suppose that by, ..., b, are independent ideals of O of discriminant D and let
n n
S= “‘[b;’“ te;=0i=1,....,n and [ [ N(b;)™ <¢5/2}
i=1 i=1

Ifa; = Q;_1Z+ (w+ P;_1)Z is a reduced ideal then

o+Pi1 vD/2 /D)2
Qi1 Qi-1 IN(a)|

Now suppose (v)a € S, where a is reduced and a = (Q;_;, w+ P;—1). We have

w+ Pi_ v2/D/2 VD/2
Qi1 Hi:l N (b;)* Hi:l N (b))«

Theorem 2.8. Let 01, 0o, ..., be a sequence of orders, each of discriminant D;,
where D; < Djy1. Suppose further that in each O; there exists an independent set
of principal ideals {b; ; : (j =1, ...,n)} such that N(b; ;) is fixed for each value
of i. Then

R(D;) > (log D))"

See [Patterson 2003] for a proof.

3. Basic observations on kreepers

Given discriminants of the form D, = U?x?" + Vx" + W2, where U, V, W € Q,
there is no loss in generality in supposing that x is not a power. We may write our
discriminants D,, as

2
(3-1) D, = %[(Ax" +C)*+4Gx"], where G = (B—2AC)/4,

for A, B,C,G,c,deZ and (¢c,d) = 1.
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Any common factors of C and x can be moved into the square divisors. By
considering

W::maNx<x",C), m:=min{i e N: (x',C) =W}, v:=n—2m,
le

so that (x, C/W) =1, we have

22 2 2m 22
cwW x2m C X cW — ~.9 —
D,1 = d2 ((AWWXU-{-W) +4GWXU> = d2 ((AXU +C) +4va),

where (x, 5) =1land A,C,G e Z. Any square factors of (AZ, Cc?, G) can also be
removed, so that without loss of generality we may suppose that

D, = (2)2 ((Ax" +C)* +4Gx")

with A, C, G € Z, (x, C) =1 and (A%, C?, G) is squarefree.

The next few results don’t use any of the properties of kreepers, we are merely
interested in determining an explicit formula for (Ax"+C)?+4Gx". Consequently,
we define

(3-2) E,:=(Ax"+ C)> +4Gx",

where (x, C) =1 and (42, C?%, G) is squarefree. The first result is a representation
of A,C, G.

Theorem 3.1. Given E,, as in (3-2) and the conditions on A, C, G, x stated above,
we have that

(3-3) E, = (grNx"+ P(M —L)/q)’ +4rLNPx",
wherer,q, P, N € Z*, M, L € Z, and the following conditions are satisfied:

(1) ris squarefree,  (2) (P,rqN)=1, (3) rq|M—L,
4 (M,L)=1, (5) (rq, MLY=1, (6) (nLNP)=1.

Proof. The selections we make are

A G A
r.=(A,C,G), N={——]), g¢:

S =N
C G G AC+G
=—,—), L:= , M = .
r Nr rNP rNP

These selections make (3-2) and (3-3) equivalent, so it only remains to show that
the conditions indicated hold. This is not difficult; see [Patterson 2003]. O

Our next objective is to determine the terms that divide E,, and those that are
coprime to E,,.
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Lemma 3.2. (E,, xNP)=1.
Proof. See [Patterson 2003]. O

Theorem 3.3. For the family of discriminants given by (3-3) with n € I (an infinite
subset of N) there exists an infinite set I' C I such that for every n € I' we have
M =vmz*Z, L =vly*Y with Z, Y, z, y positive and

/ / / / El
ml|E,, wzy|F,, w'|2, (ZY,E)=1, (—,mzzy>:1
2y

and E, = Fan;; where E), is squarefree. Here m, 1, z,y, Z, Y are the same for all
nel

Proof. Define y,%vn = (Fnz, L), where v, is squarefree. Next, write

~2 L
F, = so that (vnFn , —2> =1,
ynvn vnyn
and
22752 2 » L n
(3-4) Ey =y v, Fn E, =S, +4rv,y, —5 NPx",
Un Y}
where
P(M—L
Sy :qux”—I—(—).

q

It is not difficult to show that v, |2; see [Patterson 2003].

We now investigate the factors of L/vny,%. (Since (F,,/(vyyn), L/(vny,%)) =1it
follows that for any prime factor, p, of L/v, y,%, we have p ‘ Sn/ (v, y,) if and only
if p | E;). We define [, to be the product of all prime powers p* of L/v, y,% that
satisfy p* || L/v,y?and p | E!, and Y, to be the product of all prime powers p# that
satisfy pP||L/v,y? and (E], p) = 1. We also absorb the sign of L into /,. Clearly,
L/v, y,% =1,Y,. It is straightforward to show that [/, is squarefree and so we find
L =0,1,y2Yn, Yu, E}) =1, vuyu | Fuo In | ), vn | 2.

Equation (3-4) can also be written as

~ 2 M
E,=722()*F, E, = (S)* +4rv;zﬁmNPx”,

n*n

where v/, is squarefree and
S =qrNx"—P(M—L)/q and z2v, = (F, M).

By similar reasoning we get M = m,v.z2Z,, (Z,, E!) = 1, v/ z, | F,, mn|E,’1,
2, and 4)(1),, v, because (M, L) = 1.

/
v}’l
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As there are only a finite number of choices for m,, I, zu, Yn, Un, V,, Zy, Y, for
fixed values of L and M there must exist some infinite set I’ C I for which

M=vmz*Z, L=vly’Y, ml|E,, zyv'|F,, (ZY,E,)=1, w'|2.
The coprime conditions all follow easily. U

This completes our investigation of E,,; we have determined the factors coprime
to E, and those which divide each part of it.

4. Independent ideals in kreepers
Completing the square on A%E, gives,
A’E, = (A" + B/2)’ —4GH

and B/2 is an integer because 4 | (B —2AC). In terms of the constants found in
the previous section, this equation becomes

(4-1) G*F2E, = (¢*r Nx" + P(L+ M))’ —4P’LM.

We define w), := (0, — 1+ ,/E})/o,, where E), is squarefree and o, =2 if E| = 1
(mod 4) and o, = 1 otherwise. We further define 0, = Z 4+ w,Z, where

th + /Dy d , 0 ifD,=0 (mod4),
= an n =
2 1 ifD,=1 (mod 4).
Fyo,
Proposition 4.1. 0, = 7 + %w;z

Our objective now is to find an ideal arising from (4-1) which has a norm coprime
to the conductor of some order.

Proposition 4.2. For each n, there exists an element o, € Z + fiw,Z, where
fi=F,/(zy),and . =1 or 2, and (N (o), f1) = 1.

Proof. We take «,, as

qF, qFy , .
Sn/2 — + ) if2fqand 2/ F,/zy,
IRES
qFn 7 .
Sn/2+ E;, otherwise.
2zy

The remaining details are in [Patterson 2003]. O
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Bounded norms in kreepers. By the definition of a kreeper, the continued fraction
expansion of w, has some Q; = x& with g fixed independently of n. In other words,
there exists some i, € 0, such that N (u,) =x8. Also recall Proposition 4.1, which
states that 0, = Z+ frw,Z, where f>» = cF,0,/2d. Let f3 = (f1, f2), so that «,,
in are both contained in 0% := Z + fzw),Z. We know that (x, E,) = 1, so then
(x, F,,/zy) = 1. Hence,

(N(an), f3) = (N(n), f3) = 1.

Thus in the order O we have the two principal ideals a, = («,) and b, = (1)
(whose norms are fixed for infinitely many n € ). Both ideals have norms coprime
to the conductor. Hence, we may apply Theorems 2.7 and 2.8.

Proposition 4.3. If a, and b, are independent ideals in O}, then
R(0,) > (log D,)°.
Proof. By Theorem 2.8,
3 3
R(©) > (log AG}))" = (log(f7A(T)))"

where 0], := Z + w),Z and A(O) denotes the discriminant of the order 0. By
Proposition 2.5,

R(0}) implies R(0,) > 1R(C}) > (log( f32A(@;)))3.

42) R@©,) > (f3, f2)
3

2f:
Since f3 = F,(2d, co,zy)) /2 zyd we find

3 3 3
(log f3A(C)))" > (log F;A(0)))” > (log F, E;)” > (log D)’ .
Hence, from (4-2), we have that R(0,,) > (log D,)* . ]

Consequently, in order for the sequence of discriminants { D, } to be a kreeper, a,,
and b, must be dependent ideals in O};. By Theorem 2.7 there must exist nonneg-
ative integers e and f, with e and f not both 0 such that N (s(a,))¢ = N(s(by))”.

With not too much effort (see [Patterson 2003, Chapter V, §15]) one shows that
N(s(a,)) = P2ZY and N(s(b,)) = x8. If e = 0 then x&/ = 1 and since in this
case we must have f > 0 we find x = 1, which is impossible. On the other hand,
if f=0thenY, Z and P are all £1, in which case

q*E,
(zy)?

But mlvv’ divides E, / (zy)z, which by a result of Schinzel [1961] implies that
the period length of ¢?E, /(zy)? is bounded for all n. In the terminology of [Ka-
plansky 1998], this says that g>E,/(zy)? is a sleeper. It is shown in [Patterson

=52+ 4mlvv’
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2003, Chapter III] that any rational multiple of a sleeper is again a sleeper. Hence,
c2E, /a’2 = D, must also be a sleeper; in other words, D,, is not a kreeper. It
follows that if D, is to be a kreeper we must have N (s(a,))¢ = N(s(b,))/ with
e, f each being positive. Since (x, P) = 1 we must have P = £1. Hence, we
may replace PM by M and PL by L and all the previous conditions hold. Taking

d:=(gf,e),k:=gf/d, h:=e/d gives,
(ZzY)' =x*, (h,k)=1,

which implies that x = R", ZY = R¥. Hence, h = 1 and ZY = x* because x is not
a power. From Theorem 3.1 we have (Z, Y) = 1; hence

Z=U*, vY=T%, where (UT)=1.

The objective of the next 2 sections will be to show that 7 =1 and U = x.

5. Part of the continued fraction expansion of w,

There is no longer any need to distinguish between factors of E/, and F,, which
means that we may absorb the terms v and v’ into / and m respectively. The form
of a kreeper is now given by

(5-1) D, = (2)2 ((qu(UT)" + (2mU* = Y2UTY) )q)° +4ery2Tk+”U") :
where m, [, r are squarefree and

(gr,UT)=1, (grNUT,yzml)=1, (Tyl,mzU)=1, qr|z*mU* — y*IT*
and for everyn € I,
(5-2) v @?rNx" +22mU*  and  mz|q?r Nx" + y2IT*,

and N > 0, x = UT. Let u be the least positive difference of any two integers in
I. Then v, v+ u € I for some v, and

yl‘qerx” +z22mU*  and  yI ‘qerx”'H‘ +22mU*,

which means yl|q2rNx"(x" — 1), so yl|x" — 1 because (y/,grNx) = 1. By
symmetry, zm |x“ — 1. Thus, ylmz |x“ — 1. Hence the conditions (5-2) become

yl |q2rN(UT)“ +72mU*, mz|q2rN(UT)” +yAT*, (TU* =1 (mod ylmz)

for any n € I, such that n = v (mod p). Since the signs of m and / have not
yet been specified, there is no loss of generality in supposing that g, U, T are all
positive.
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Since (5-1) can also be represented as
(5-3) D, = (2)2 ((qu(UT)" — @P@mU* —y2TY /q) +4erz2T”Uk+”>
we may assume without loss of generality that U > T.

Some notation. We now rewrite equations (5-1) and (5-3) as
S1\2 c\2 52\ 2 c\2
D, = (Zl) 14 <Z> FNI2T* " = (32) 4 (5) FNmZAT" U,

where
s1 = cqrNx" +c(Z2mU* = yHTYY /g, 55 = cqrNx" — c(Z2mU* —y21T*)/q.

We choose an infinite subset of / such that r = D,, (mod 4) is fixed. Then we take
S1:=(s1—td)/2 and $; := (so —td)/2. We also write

a=w,+S1/d, ¥=w,+8/d and B=w,+S/d, B=w,+S/d.
Then
ad@ = —c2rNIy*T*x"/d*>  and BB = —c*rNmz*U*x" /d?.
Further, we have
q*d*D, = (gs3)* = 4cml(zy)* (U T,

where
gs3 = cq*rNx" +mz°U* 4+ 1y*T*.
Also of relevance will be S| + S> +td = Ax" = cqrNx".

We now detail an initial segment of the continued fraction expansion of w,.
In the case of 7 > 1, this segment will have length O (n!*#), hence the entire
expansion could not satisfy Ip(w,) = an + b, as required by kreepers.

Before commencing we need to determine the common factors between some of
the terms. First, we define g := (s1, 57, d). Itis not to difficult to show that (z, 51/¢)
and (y, s»/c) each divides 2. We also define d, := (51, d), d; = (s1/g,d/g) and
Ty:=dy/ d;. It follows easily that , is an integer. Similarly, we define d, := (S, d),
d.:=(s2/g,d/g) and 1, :=d_ /d.. Next, we write d = c?dzdy. Here are some simple
results:

e g|2, moreover, g = 2 if and only if 2|d.

. tz|gandty|g.

* T,d, |y and 7.d] {z; in other words d, ‘y and d, ‘z.
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Expansion of w,. The continued fraction expansion of w, begins as

_ (S1+1d)/d,

Wy d/d) _(wn"i_sl/d)

and ((S1 +td)/dy, d/dy) =1 by the definition of d,. Hence we may apply Lemma
2.2, and find that after the expansion of (S| +td)/d, of length hg, a new complete
quotient in the continued fraction expansion is

(=1 o
(5-4) — - ;
(@, + S1/d)(d/dy)*  d/dy
where
_ GO e drd
O S rraya, e

By choosing (=Dt = sign(/) the element in (5-4) then becomes
(5-5)
w, + S1/d co  wa+81/d—coc’rN|l|dy(y/dy)*T*x" /d
c2rN|l|y2Tkx"/(d,)? d/dy, 2rN || (y/dy)>Tkx" ’

Now define: s := max;en{(x?, ¢)} and u := c¢/s. Hence (u, x) = 1. Recall,
(x, grzyml) =1 so then (s, grzyml) = 1. We will denote the element in (5-5) as
Oh,- From it, we can write

wp + Py Ap B
(5-6) Oy = ———" == — i
O, By ¢ rN|l|(y/dy)*T*x

where
_ n 2 2k n _ 2 2k .n
Ag=cqrNx" —coc’rN|l|dy(y/d))"T"x", Bo=c"drN|l|(y/d,)"T"x".

Next, we define Ay := (Ag, Byg). We need to determine A before we can apply
Lemma 2.2 again. One finds,

Ag=crNx"sd, and Bo/Ao=c/8d/d.|1|(y/dy)*T*.

From (5-6), by applying Lemma 2.2, we find the next partial quotients are those of
the continued fraction expansion of Ag/By of length pg. By choosing (—1)7*! =
sign(m) , the next element in the continued fraction expansion is 6y, where /| :=
ho + po,

ArN || (y/dy)* T x" c1
h = = -
' —Bsign(m) (Bo/Ap)?  Bo/Ao
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and ¢y = —sign(m) Ag/Ag (mod By/Ap). We can write

wn + Sa/d — c1(c/8)Imlz(z/d)U* d
(5-7) Oy =
(c/8)2ml|(y/dy)*(z/d-) (U T F

Finding other complete quotients. The set of conditions

usi—t|u, zaimi|z/d;, Zh_y|z, (coic1,sT) =1, (zai—1ynio1, u/uzi—1) =1,
mai—1 € {1,Iml}, bi_t € {1, I}, raicy €{L,r}, yao1|y/dy, uhy_y|u.

will be denoted by C»;_;. The set of conditions Cy; are the same as C»;_1 (with
2j — 1 replaced by 2i) except that instead of requiring 2 i \z, we need y), | y.

Theorem 5.1. Suppose there exists a complete quotient (w, + Pp,, )/ Oh,,_, satis-

fying
(5-8a) Phy = Sa/d — smoyj 17—tz 1ty _22i—125;_1c2i—1 U /d
(5-8b) Oy, = rai—thai—1mai—1(suai—1y2i-122i—1)*(UT)*,

where n > ki and the set of conditions Cy;_1 are satisfied. Then there is a complete
quotient (wn + Pp,,)/ Ohn,;» where

(5-9a) Py = S1/d — Nsrailyiuniuy; yoi vy e U T 1d

(5-9b) Oy, = railyimai (sugi y2izo)) *NT" R+ D gk

and the conditions Cy; are satisfied.

Observe that with appropriate selections, 6, is a complete quotient satisfying (5-8)
and the conditions Cj.

Proof. From (5-8), we find that the current line in the continued fraction expansion
is

i
W+ Pry_,  €qrNX" —sroj_ymoi—1usi— Uy _122i—125;_1€2i—1U"
Onyi,y drai—1moi_1li—1 (su2i—122i—1y2i—1)>(UT)¥
(wn + S1/d)

rai—1moi—1li—1 (Suni—122i—1y2i—1)>(U Tk
Now, define
Agi_y i=cqrNx" — sroj_1moj_1usi_1s;_ | 20i—12h;_1Ci1 Uk,
Boi—1 = dryi_imoi—1lyi—1(suai—122i—1y2i-1)*(UT),
Agi—1:=(Azi—1, Bai-1).
The next few results aid in determining common factors.

Lemma 5.2. If Ay;—1 = dthl'fl + (s1 +td)/2 then dyuzi_llzl'_lyzi_l Agi_1.
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Lemma 5.3. For any rational integers a, b, d, f such that d \ab and (f,d) =1
there exist rational integers x, y such that
dxy=ab

and x }a, y{b, (fx,b/y)=1.
Proof. Take x =a/(a,d) and y = b(a, d)/d. O

Returning to the expansion of w,, we write

w1 = (mai—1,ufuzi—1) and ey :=sdyuz 1l _1y2-1r2i—1W2i1.
Note that if n > ki then wo;_jui— 15U ry_; |A2,-_1 and by Lemma 5.2 we get
dyuzifllziflyzl',l |A2i,1. Now we define GZi—l = Az,;l/(Ukiezl',l). It follows
easily (see [Patterson 2003, Chapter 16]) that (Go;—1, sT z2i—1mpi—1/wai—1) = 1.
In summary,
Ani—y = U e 1(Gai1, dd ysi—1uzi—1).

Since As;—1 =dPp, , +Si+td, we have (d, Ayi—1) =dy. Thus (dd,, Gai—1) = 1.
Hence, Agi—1 = UNey_1Ayi—y1, where Agi_y := (y2i—1u2i—1, Gai1).

From the complete quotient

Agi—i o

O = Boi—1 rai—ihi—imai—1(sugi—1y2i—122i—1)>(UT)K
we apply Lemma 2.2, so the next partial quotients are those of the expansion of
Asi_1/Bsi_1 of length pj;_;. The parity of py;_; is determined by (=Pt =
sign(/) . Following this, the next complete quotient is 6y,,, where hy; := ho;—_1 +
p2i—1. By Lemma 2.2, 6, is equal to

(5-10) rai—1lyi—1mai_1 (Suzi—1y2i—122i—1)*(UT)X _ 2 .
—a(Bai_1/A2i—1)? Boi—1/Azi—1
rai—1hi—1(@n + S1/d) (wai—1dy Ayi—1)? _ €2
s2ur N 1| y?mo;_y23,_ UM T+kG+D Boi 1 /Ay
where

c2i = —sign(l) Ao —1/Azi—1  (mod Bai—1/Asi—1).
Also note that sT } Boi_1/Agi—1 and (Agi—1/A2i—1, Bri—1/A2i—1) = 1 imply that
(cpi,8T) = 1.
According to Lemma 5.3 there exists yy;, uo; such that

u

e y
yai | y/dy i |ujwai—1 V2itl2i Doj 1 = ——
dy w1

and (z2;—1y2i, u/(uzjwz;—1)) = 1. By taking ly; := |l|/lpi—1, r2i = /i1,
Moj 1= Mai_1, 22 = Z22i—1, Yy; ‘= ¥/¥2i—1, and u); := u/us;_1, one finds that
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(32iz2i, u/uz;) = 1. Moreover, the complete quotient 6,,, now satisfies (5-9) and
the set of conditions Cy;. O

There is also an analogous result for 6j,,.

Theorem 5.4. Suppose there is a complete quotient 6y,, = (w, + Pp,, )/ Qn,, satis-
fying (5-9) and the set of conditions Cy;. Then there is a complete quotient 6y, ,,
where

1 I k(i+1
Piyoy = Sa/d — Smoj 1725412 11U 4 1 Z2i41 25141 C2i U TV /d
2 k(i+1
Oy sy = F2ip1bis 1mai 1 (SU2i 412211121 +1) > (U T)YFETD
and the set of conditions Cy; 1 are satisfied.

Thus, from the complete quotient y,,,_, we find another complete quotient 6y, ,
satisfying exactly the same requirements as 6,,,_,. Moreover, only a bounded num-
ber of the these complete quotients are not reduced. More precisely,

A2i klxn _szn—kiTn-i-k kl Uki k2

By | kaTrtkGDyn—ki o TkGHD Tk 1

for some i > W, where W only depends on the parameters m, [, y, z, v, d, c, N,
U, T.
Similarly,

Agit1 _ kix" _szk(H-l) B kix" _kleki B klxn—ki ké

- __ - -2
Byt ks(UT)KGHD K, (UT)k K, KTE

for some V such that n — ki > V. Again, V depends only on the parameters m, [,
y?Z’r’d’C’ N? U’ T‘
Since the pairs (Pp,, Qp,;) are all distinct fori =1,2,...,2(n—=V)/k+1, we

see that
(n—=V)/k

Ip(@) > Y paj.
j=w
Our interest now falls on the length of the expansion of A,;/B;;. Basically, since
we have © (n) of these expansions, if the lengths are unbounded then, from above,
the period length can not possibly be linear in n. In the next section we show that
in order to have the length of A,;/B»; bounded for all i we must have 7 = 1.

6. The length of the continued fraction of A;;/B>;
Let i be fixed with W <i < (n — V)/k, so that 6, is reduced. We have

Phy, = S1/d — Nslyirauaiy; yoi vhicot UM T jd = 1 /d — J /d.
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As usual, we have
d*(t — Dy)/4+d*(t Py, + Py ) =0 (mod d*Qy,),

where in the above case

2 in—ki rpnk(i+1
Oy = raimaily; N (sup;zo; yoi )2 U T HREHD

We can write this as

—Gx" —tdJ —28J +J*=0 (mod d*Qy,).
Modulo T*@+D we have
(6-1) GUN = —CNslyiruziuh; ysyh,ci TF (mod THOHD),
Returning now to A»;/By;, we previously found that

ki k
Ayi AU — Nsryiliuziuly; yoi ys.c2i T

By dNDyraimy;i (sun;y2izoi )2 THE+D

Writing (6-1) as
C Nshyraiunitth; v yh;coi T* = —GUX — fo, THOHD,
where f>; € Z, we find,

Ay rNmz2UKE+D 4 £, TRGE+D 1 (E§i+l+f )
By CNdlyraima;i(suz;y2iz2i)2T*G+D — Fy G

where F»; and E are bounded integers and & = UX/ T*.

Depth of a sequence of rationals. We now provide an aside regarding the depth of
(a/b)" as h — oo for coprime integers a and b. The depth of the regular continued
fraction expansion of « € Q is denoted by §(«). This is defined as the number of
partial quotients in the even length continued fraction expansion of «.

Theorem 6.1. If a and b are two coprime integers with 1 < b < a then
lim 8 ((a/b)') = o0
11—

Whether this is so was asked by Mend¢s France and proved by Pourchet in a letter
to him. A summary of Pourchet’s response is given in [van der Poorten 1984].

3Van der Poorten provides the following correction to the given argument: Consider p, 4] <

pra’n so that o = Py(h) < a1t +eym) and then consider & + . . . ey ny =V (h)e.
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Itis clear that 6 (1/«) > 8(ax) —2, §(—) > §(a) —2 and 6 (¢ +n) = 6 («) for any
n € Z. Furthermore, Mendes France [1973] has shown that for any « € Q, n € Z ™,

S(a)—1
S(no) = ——— —
k(n)+2
where «(n) is a positive valued function whose values depend only on n. Conse-
quently, for any sequence «; € Q satisfying lim; o, 8(o;) =00 and any n € Z+ we
have lim;_, o, 6 (o; /n) = oo. It follows that, if T > 1, then

’

. A2i . 1 i+1
(6-2) Iim§{— )= Ilim §| —(EE™ + f3) | = o0.
i—00 le' i—00 le'
Period length of w,. By our criteria for a kreeper we must have for some a, b € Q,
(n=V)/k
an+b=Ip(w,) > Z D2j
j=w
for all n € I. Hence we must have
(n=V)/k A
2i
(6-3) 8 (—) <an+b.
i;V B

By (6-2) there exists a y > W such that § (A»;/Bi) > k(a+1) foralli > y. Then,

(n=V)/k

Az
(6-4) R (B—Z) > k(a+ D[ —V)/k—7].

i=W 2

Whenn > b+ (a + 1)(V + ky) we have (6-4) is greater than an 4+ b. And since
all the terms on the right side of this inequality are bounded, there must exist an
infinitude of values of n € I such that I[p(w,) > an + b for any fixed a, b. In
conclusion D,, can not be a kreeper if T > 1. In other words, we must have 7' =1
and U = x.

Our only remaining objective is to show that necessarily N = 1. Clearly, there
is no loss in generality in supposing that N is not a power of x. In Section 5 we
established the existence of the following complete quotient in all kreepers,

wp + S1/d — Nsrailpiuziuh; yo yhic2ix" % /d

On,, = -
’ raimo;la; (Sug; y2izai) Nxm ki

By taking i = |n/k] we find an element, n € 0,, whose norm can be written as
RNx"V, where R ‘ D,, (N, E,;)=1and 0 <v < k. Hence the norm of 7 is bounded
independently of 7, and coprime to the conductor of the order O}. First, recall the
ideal b, € 07 from page 195, which has norm x#, with g fixed independently of
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n. Suppose that N > 1 and that the ideals (n), b, are dependent in O};,. Then by
Theorem 2.7 we must have N¢x"¢ = x4/ for some nonnegative integers e, f, not
both zero. Since N is not a power of x, we must have e =0, f > 0. But this would
imply x = 1, which is impossible. Hence () and b, are independent ideals in 0.
Then by Proposition 4.3, R(0,) > (log D,)3; that is the sequence of discriminants
{D,} is not a kreeper. Thus we must have N = 1.

This completes the proof of Theorem 1.1.

7. Function field kreepers

Almost everything done here is also valid in function fields. Instead of consider-
ing quadratic fields over Q, we can consider the so-called congruence quadratic
function fields [, (X, Jf), where f € F,[X]. It is well-known that the results in
Section 2 have similar analogues for expansions over [,[X]. The main exception
for our interests here, is that the continued fraction expansion of a rational function
f(X) € F4[X] has a fixed length. This was used in Section 5 to ensure each th
was positive. In the function field case the term (—1)?%-1%!] is equal to ul, where
u € [;. By interpreting |/| to be equal to ul for some u € [, the results carry over.

Other minor details: P lies in [} rather than in {#1}, which is easily handled by
just renaming M further, L, g should be defined to be 2 and 7,, 7, can be ignored.

The main problem is that Theorem 6.1 does not hold for coprime functions in
[F,[X]. Consequently, we have no direct proof that 7 = 1 and U = x. However, if
we suppose only the weaker condition: that x is a monomial in X (then necessarily
x = X by assumption about powers of x) then trivially, T € [, and U = x/T. Then
by renaming / and m we have:

Theorem 7.1. A function field kreeper, that is a sequence of polynomials f,(X)
such that

(1) fu(X) = A(X)?X?" + B(X)X" + C2, where A, B, C € F,[X]
2) Ip(J/ (X)) =an + b for some a, b € Q

(3) In the principal cycle there exists an element whose norm is X8 for some g
fixed independently of n.

must satisfy
&> fu(X) = ((grX" + mz’X* —1y*) /q)* + 4rly’X"),
where q,r,l,m € F,[X] and

(grX,mlzy)=1, (ml,zy)=1, (qr,X)=1,

riy’mz?|d*D,, ¢ |m22Xk — Iy




CHARACTERIZATION OF A GENERALIZED SHANKS SEQUENCE 205

8. Some more notations

Define s := max;cn {(xi, c)}, u :=c/s so that (u, x) = 1. In order to make things
easier for ourselves when we come to the expansion of w,, we would like to have

x*=1 (mod u’mz’ly*) and x*=0 (mod s?).

Clearly, such a p must exist. We shall want to consider the congruence class,
I,:={neN:n=v (mod u),n > u}. Our proof will show that D, is a kreeper
for n € I,,, and since every n lies in some /,,, we shall not be losing any generality
in this restriction. Moreover, the value of x* (mod u2s2mz3l yz) is the same for all
nel,.

If 6,41 represents the (i + 1)-th complete quotient of w,, that is, if

wn=[a0,a1,---,ai,9i+1],

we define
Vi1 =01...0;16; Qi € Z[wy].

Then, we have N(¥; ) = (=1)!Q;. If we write the complete quotient On, =

(wn + Pp;)/ Qp,; as 6, = A;/B; — v, where we take

Bi=dQs and A= dPy, +cqrx" =S, &=0o0ri=0 (mod?2),
dPp, +s1—5 g_1=1land i=1 (mod 2),

where Py, = S,,/d — J, S, being one of S| and S, and J is some function of r, [,
m, z, ¥, ¢, x. Applying Lemma 2.2 (where A; = (A;, B;)), we find

(—=Driy Ci
Oy = —= AN R A
YV (Bi/Ai)>  Bi/A;

where ¢; = (—=1)?T1A;/A; (mod B;/A;). Thus,

Oy = (=DPyy(Bi | A)* Oy,

Hence,
(=DP" O,  (Ai — Bibp,)(A; — Bi0y,)
On B A? .
By Corollary 2.4,
(Ai —0p, Bi) O,
On+10n,42 - . O,y = Nt .
Hence,

A; — B0y,
(8-1) Wi = (S0 ) W
l
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9. Determination of some specific elements in the expansion

In Section 5 we determined the existence of the following complete quotient in the
expansion of w,,,

9-1) 9, — wn + S2/d —c1(c/8)z(z/d;)x* /d
" T /8P mil(y/dy (2 )

Moreover, for sufficiently large n, 9y, is reduced. Furthermore,
9-2) Wy 41 =aB/(dAo).

As shown earlier, the development of the expansion of w, depends upon whether
or not a power of x* can be factored out from Q »; or not. In order to accommodate
this we define

Uity =n—k,
o if a<n—k,
where A; is defined recursively as
Ai+k—ng ifi=1 (mod?2),
)»1 = k, )\.j+2 = i+ e . l ( )
0 ifi=0 (mod 2).
Note that Ay;_1 = ki (mod n).

Theorem 9.1. Suppose there exists a complete quotient (w, 4 Py,)/ Qp, satisfying
(9-3) Py, = S2/d — smyriuulzizieix™ Jd Q= rilimi (su;yizi)2xM

and the set of conditions C; are satisfied. Then there exists a complete quotient
(wn + Pp,,)/ O, satisfying (9-3) and C . Furthermore,

a&‘,‘+1[8
Whipot1 = (m) Whi1

Note: It is clear that with the appropriate selections, the complete quotient 6, in
(9-1) satisfies the conditions of the theorem.

Proof. In Section 5 we determined the existence of a complete quotient satisfying

the conditions C l’ Iy Furthermore,

(9-4) wp = (A0 g, ()
hiv1+1 — Al‘ hi+1 — dA, hi+1-

Moreover we have h;; = h; + p;, where p; is the length of the appropriately
selected continued fraction expansion of A;/B;.

Suppose ¢; =0. If A; <n —k then &; =0 and A;4» = A; + k. This now follows
as in Section 5.
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Suppose ¢; = 1. When A; > n — k we have ¢; = 1 and this situation has not yet
been considered. In this situation, the previous choice of A;; is not appropriate.
Instead, we need to consider

/ / —A;
s1/d = sripiliviuipiug g yig1 Y Cip1 X" /d

Fiprlipimip1 (Suig1Yig12ig)2x"

Op.., =

i+1

o

Fiplipimip1 (Suig1Yig1Zig)? x>

There is a slight problem in notation because there is going to be an extra inter-
mediate complete quotient. Consequently, we will use overlines to represent the
terms involved. This time we take

Ai

A . / / _
Aip1 =51 —S’”i+1li+1ui+1ui+1)’i+1yi+1ci+1xn )
B - 2 n—Ai;
Bit1:=drigilizimip (Suip1yiv1zip) x" 7,
Ay :=(Ai41, Big1).

Then, A,-Jrl =dPy,,, + (s1 +1td)/2, which leads to dyu;1li+1yi+1 |A,~+1 after a
short calculation. We also define

Wiy = (M1, u/uiv1), €it1:=sdylip1lit1Yip17it1Wit1.
By writing A}, | = (Git1, Uir1Yit1), a little calculation gives
~ - /
Ajy1 =sdyuip1lip1yig1rip i1 A .

Note that

n 2 n—Ai;
Biyy  sdmipiuig1yip12;,,x" "

- - /
Ajti dywip1A;

According to Lemma 5.3 there exists two numbers y; 4, and u;,, such that

_ _ _ N y u
Viva|y/dy, i |u/Wivr,  Visollipa Ay = —
d Wi+1
y +
and
_ u
Zit1Yig2, —— | = 1.
Ui 2 Wi+
From
Aig a
911 = = -

T Binr rislipimigr (Suig1yig1zien)2xm A
we apply Lemma 2.2 and find that the next partial quotients are those of the con-
tinued fraction expansion of A;;1/B;4+1 of length p;;, where the parity of p;;
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is determined by (—1)?+*! = sign(l/) . The next complete quotient is then 6 jiv2s
where jit2 = hit1+ piy1 and

2 n—h; .
Fittlivimip1 (Sui1 Yig1Zi41) X" Cit2
2 a2 B~
) _(sdmipiuip1yip12i X" Bit1/Ait1
—sign(l) «

- /
dy Wi+1 Ai—H

Ji+2 =

(9-5) 0

where ¢4 = —sign(l) Ai+1/Ai+1 (mod Bj.1/Ai41). The standard choices yield

B A T TV R R
Wy + S1/d — STiolivoltitoll; 5 Vit2V; HCipax ™" " /d

9-6 6. ,= _
( ) Ji+2 7 l = ( — = = )2 2n—A;
i+2bi42Mi42(SU;42Yi42Zi42)°X

Since s | Bir1/Aip1 we get (Giya, 8) =1, also (Zj1o2¥iq2, u/iis2) = 1. Hence, the
conditions C l’ 4o are satisfied. Furthermore,

o
Vint1=|—= Whit1-
Ji+2+ (dAi—H) +1+

The complete quotient in (9-6) satisfies the conditions of Theorem 5.4 Hence,
there exists a complete quotient

= = = = = = = Aitk—
wp + S2/d — s 3T 30430 57432 4Cipax T d
Mi+k—n

O-7 9ji+3 = - - _ — R )
Fig3ligamip3(Si43yi432i43)°X

with the conditions 5,~+3 satisfied, and

v; 1=< B )‘I" 12(_0:,8 )‘I’h 1
Ji+3+ dZi+2 Ji+2+ dZZi+1Zi+2 i+1+1-

Since ¢; = 1 we have X;4» = A; + k —n. With appropriate renaming, the complete

quotient 6, , in (9-7) becomes

1 / Ai
0 Wy + S2/d — STijomitoUi g2 5Zi422; 5 Cipa X 2 /d
h =

i+2

Figalipomiyo(Sujgoyitaziyr)>xhi2

with the conditions C;; being satisfied. Combining both the &; =0 and ¢; = 1
cases, we have

afi afitlp
\phi+2+1 = <dAi+l> \phi+]+1 = (m) \Ijhi-i—l’

and hj1p = hi + pi + pi+1- 0

Our next step will be to investigate the number of partial quotients in the period
of the continued fraction expansion of w;,.
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10. Determining the number of partial quotients

By defining, fy:=ho and fi4; := p; fori > 1 we find

(10-1) hi=)_ fi.
k=0

The value of f; is dependent only upon the set
Zi = {li,mi, i, 80, 875 205 2js Wiy U, Vis ;s €is iy X,

where L; := A; (mod u). Moreover, if Z; = Z; then f; = f;. There are only
finitely many distinct sets Z;; we denote the total number of distinct sets by Z. For

a fixed ¢, there are precisely tk values of i € {1,...,2tn — 1}, where ¢; = 1. Let
i1, ..., I represent these points. Then
h 3 if k|2nn,
)k
|y 20k .
|22 | =2 if kf2nn.
From (10-1),
i1—1 thk—1 th—1 il1+1_]
hor =) St D fut D D2 e
i=0 h=1 h=1 i=i,+1

The number of summands in Ziz*:fl fiisipp1—1—@Gp+D+1>2n/k] —2.

Hence the distance between ij, and i,4+; can be made arbitrarily large. But Z is
independent of n, which by the box principle means that for large enough n, there
exists o5, and t; such that

Zl'h-H'h = Zih+1h+,0h intto+on<ipt1—1 1<t,pp<Z.

Now we examine Z, 1, 11, +jp,» Where k +ip,+1,+jop <ip1—1and 0 <« < p.
Since ¢;, 7, = 0 and ¢, 11,4,, = 0 we have

Ziyvv+1 = Ziy vyt pp+1 provided i, + 1, +pp + 1 < ipp1 — 1.

By induction,

Ziytvtic = Liy+v,+ic+jpn provided iy, + T4 + & + jon <ipy1—1,

which 1nlphes ﬁh+fh+’( = fih+fh+/(+jph‘ Define

‘LQMH_W_MJ
U= —1.
Ph
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It is straightforward that i, + 75 + « 4+ vpp < ip4+1. Then

int1—1 Th— =1, v in1—1

Z fi= Z finti + Z (Z flh+Th+/<+Jph) Z i

i=ip+1 J=in+Th+pn+vpn
The number of terms in Zl]";'];]rh +ontupy Ji 18 = pn+2. Hence,
ipt1—1
2n — k‘L’h k,Oh
(10-2) Y fi= {— &+ &n,

i=ip+1

where ¢, &, are independent of n.

We now take p = ]_[l 1 pn and w =lcm [k, u, p] both of which are independent
of n. We write n = wy + ¢, where 0 < ¢ < w. From the original set [,,, we now
wish to consider the following subset, I, 4 = {n € I, : n = ¢ (mod w)}. Without
loss of generality, we may suppose that n € I, 4. Consequently,

2n —k‘L’h —k,Oh w 2(]5—/{1’;1 —kph
kpop, kon kon

Thus, the sum (10-2) becomes,

ipt1—1

20 —kty, — k

> fz—2§hy—+§hL—¢ kh p’“J+sh,
Ph

i=ip+1

which means we can now write /y,;_1 as

ii—1 tk—1 th—1 tk—1 26—kt — ko
hani— 1—Zfz+2fzh+23/2§h—+z<§h L—J—i_&).

h=1
Now, let

thk—1

xt—zth
h=1
th—1 i1—1 thk—1
Z(Q {WJ%)JrZﬁJerM

h=1 i=0 h=1

both of which are integers and independent of y. Then

honpe—1 = yxi +y: = ((” - ¢)/w)xt +y =an+ by,

where a;, b; are both rational numbers independent of n for all n € I, 4.
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This shows that the length of the expansion up to A5, is linear in n. It remains
to show that there exists some hy,;—1, where Qp,, , = 1, and if Q; = 1 then
Jj = hpys—1 for some ¢ independent of .

11. Finding an element of norm 1

We now examine the product of the elements in the expansion. By Theorem 9.1
and (9-2),

(af)iaXim 2t

Wiy ] = o
2i-1+ d21—1 1_[31:_02 A/
So,
v (p)a” d [N, )] =0
h nt— 1= — an h nt— 1 = h nt—1°
R Y H?ZOZA,' 2mi-1F 211
Hence,
2nt—2 2
_ t
Oy (dz’” T Aj) =N (@B)™) N ()| = [N ((@B)")N ("]
j=0
as well as
2n—2 2
Oz (d”"l I1 A,-) =[N ((@B)")N(")].

j=0

Thus. \/ @y, 1/ (Qhs,,)' €. Since Az;—; = jk (mod n) we have that 23,1 =0

for positive i. Hence, Ap,—1 = Azyr—1 = 0 and so
Ohon s = lan—1Mon—1r2m—1 (SU2n—1220-1Y20-1)* ,
Ot = lont—1Mnt—172m1—1 (SU2n1—1Z2m1—1Y2m1—1)" -
Thus,

Lot —1Moni 172011
\/ ~ o eQ.

(lon—1mop_1r2n-1)"

Since lp,—1, mo,—1, r2y—1 are each squarefree and relatively prime, if 2‘t then
oni—1mont—1rom—1 € Q, which implies lp,;—1mon—1720:—1 = 1. Conversely, if
2*1‘, then b, —1mMopr—17200—1 = lon—1M2n—1r2n—1.

Now, we construct an element of norm 1. Put

1 if by_1mop_1rop—1 #1,
0 if by_1moyp_1rp—1 =1,
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and

14
lIJth—l +1

(Ln—1M2n—1720—1) (SU2n—1Y2n—1220—1) '+
Then it is easily shown that N(I") = 1.

I' =

Lemma 11.1. If D, = F>D!,, where D] is squarefree, then su;y;z; ‘ F,.
The lemma and above results imply that we have Vi, Y € Z such that

n /

r=vi+71 w,,
SU2n—1Y2n—122n—1

where Z[w),] is the maximal order of Q(,/D},) and D), is the squarefree kernel of
D,, thatis D, = F?D}. If we now define V; and Y; by

(%) =T
i + Yj w, | = r/.
SUp—1Y2n—122n—1

Then Y;/Y; is the Lucas function, (I — Fj)/(F —T). Since I'T = 1, there must
exist some minimal positive p such that suo,—1y2,—122n—1 | Y,. Putting r = g :=
(1+4+¢)p we get

lIthy,ng»l = 1—1p\/1211g71Wlanf1”'211gflsl/‘2ng71yan71Z2ng71-
If e =1 then 2|g implies that 5, 1m2pg—1724g—1 = 1. If £ =0 then
bp—1mop—1r2p-1 =1,

80 lypg—1M2pg—172mg—1=1. Since '’ € Z[w, ], this implies su2,4 1 y2ng—122ng—1=1.
Hence |N (Wp,,,_,+1)| = 1, which means that Qp,,,_, = 1. The values of p depend
only on su,—1Y2n—122n—1, Which divides suyz. Thus, there can only be a finite
number of possible values for p.

Conversely, one can also show (see [Patterson 2003, Chapter 25]) that such a
solution is either fundamental or the square of the fundamental solution, although
this is superfluous in showing that D, is a kreeper.

12. Returning to the regular continued fraction expansion
Up to now we have determined
Wy =[a0’ "'aaho—l 7b1 aah()-i-l ) ~'-,ah1—1 abZa ""allznt,1—1 ) 2a0_t]9

but in this evaluation we never insisted that b; > 1. In other words this expansion
might not correspond to the regular continued fraction expansion of w,. This is
equivalent to saying that the expansions of A;/B; might have an initial nonpositive
partial quotient.
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Proposition 12.1. In the expansion of w, given by the earlier procedure, the num-
ber of nonpositive partial quotients is bounded independently of n.

Proof. See [Patterson 2003]. O

This proposition means that there are only finitely many partial quotients that
need to be altered in order to find the regular continued fraction expansion of w;,.

The removal of nonpositive partial quotients is covered in [Dirichlet 1999].
There it is shown that any negative partial quotient can be moved to the left in the
continued fraction expansion. In our situation, we discover that either the negative
partial quotient disappears easily or we are left with

[bi_l,_l,l,u,v,...]:[bi_l_z_u,l,v_l,...],

where # > 0 and is bounded independently of n, and b;_1 = |A;—1/B;—1]. When

o — wn+S2/d — Ei_1x"/d A te
hi-1 — El{,l-x}"i - Bi_,

we have A; « 1, implies |A;—1/B;_1] > x"=1 where J; is bounded independently
of n. Consequently, b;_; — 2 — u > 0 for all sufficiently large n. The other case
follows similarly.

Finally, we note that a;,;; with j > 0 can not be the end of the period since
On;+j > 1. For sufficiently large n, each b; which is not some by,,,_, satisfies
bj < x" since B; > x.

In conclusion, we have shown that,

Ip(wy) = hopg—1 +cp = agn + by + ¢, = agn + b,

where ¢, € Z can be bounded independently of n. Then ag, b;, are rational numbers
bounded independently of .
Hence there must exist an infinitude of values of n € I such that

Ip(w,) =an+b,

where a, b € (0 and are fixed independently of n. This completes the proof of
Theorem 1.2.
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