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EXCEPTIONAL TYPE G, AND LUSZTIG’S SYMMETRIES
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We give the defining structure of the two-parameter quantum group of type
G defined over a field Q(r, s) (with r # s), and prove the Drinfel’d dou-
ble structure as its upper and lower triangular parts, extending a result of
Benkart and Witherspoon in type A and a recent result of Bergeron, Gao,
and Hu in types B, C, D. We further discuss Lusztig’s Q-isomorphisms
from U,,(G>) to its associated object U -1 ,-1(G2), which give rise to the
usual Lusztig symmetries defined not only on U, (G3) but also on the cen-
tralized quantum group U, (G>) only when r = s~1 = g. (This also reflects
the distinguishing difference between our newly defined two-parameter ob-
ject and the standard Drinfel’d-Jimbo quantum groups.) Some interesting
(r, s)-identities holding in U, ;(G,) are derived from this discussion.

1. The two-parameter quantum group U, ;(G2)

Let K = Q(r, s) be a field of rational functions with two indeterminates r, s.

Let ® be a finite root system of G, with IT a base of simple roots, which is
a subset of a Euclidean space E = R3 with an inner product (, ). Let €y, e, €3
denote an orthonormal basis of E. Then I1 = {a] = €] — €2, ap = €2 + €3 — 2¢}
and ® = H{uy, ar, ar + o1, ap + 21, ar + 301, 205 + 31 }. In this case, we set
= ena)/2 )2 3 g oo c@an/2 g o o glenan)/2 (3.

We begin by defining the two-parameter quantum group of type G,, which is
new.

Definition 1.1. Let U = U, ;(G») be the associative algebra over (1(r, s) generated
by the symbols ¢;, fi, a)iil and a)l’.il (1 <i <2), subject to the relations

L = BV IS RS B S A
GD [wj o [=loj o7 1=[o; 07 1=0, oo =l=wo";
MSC2000: primary 17B37, 81R50; secondary 17B35.
Keywords: 2-parameter quantum group, Hopf skew-dual pairing, Hopf dual pairing, Drinfel’d

quantum double, Lusztig symmetries.

Hu is supported in part by the NNSF (Grant 10431040), the PCSIRT, the TRAPOYT and the FUDP

from the MOE of China, the SRSTP from the STCSM, and the Shanghai Priority Academic Disci-
pline from the SMEC.

327



328 NAIHONG HU AND QIAN SHI

-1 -1 —1 —1
wieyw; =(rs” ey, w1 fro, =(@""s) f1,
—1 3 —1 -3
G2) wieyw; =5 e, w1, =5 f,
-1 -3 -1 3
w e w, =r" e, w frw, =71’ f1,
-1 3.,-3 -1 -3.3
werw, =F"s e, wmw, =""5)f;
/ /—1 -1 / /—1 -1
wieiw;  =(r"s)ey, w froy =(s ) f,
. o e a/l_l =rle, ol f> a)’l_l =r73f,
( ) / /—1 _ =3 / —1_ .3
wye1w, =5 e, w, frwy, =57 f1,
w} e a)/{1 =(r3s) ey, W} f> w’{l =(s™) fo;
w; — w; .
(G4) Lei,fi1=14ij forl <i, j<2;

(G5) ((r, s)-Serre relations in positive ;)art)l
e%el — (ri3 —}-573) erejer + (rs)f3 ele% =0,
e‘fez —(r+ s)(r2 + s2) e?ezel + rs(r2 + sz)(r2 +rs+ sz) e%eze%
—(rs)’(r+5) (7 +57) ereze] + (r5)%ere! = 0;

(G6) ((r, s)-Serre relations in negative part)

[ =0+ hfif+ )7 fF =0,
HfE =G+ )+ Lo f] +rs@? + 507+ rs + ) L
—rs)’(r+5) @ +5°) [P fofi + r9)° f f2 =0,
Proposition 1.2. The algebra U, ((G,) is a Hopf algebra with comultiplication,
counit and antipode given by
A =o' @, Al)=e®@1+0 @,
A= @/® . AUN=18 fi+ fi®w,
=1, Sh=o', Se)=-o'e,
se)=e(f)=0,  S@h=oT, S =—fio] "
Remark 1.3. (I) When r = ¢ = s, the quotient Hopf algebra of U, ((G)
modulo the Hopf ideal generated by elements o, — w; l'l<i<2is just the
standard quantum group U,(G>) of Drinfel’d-Jimbo type; the quotient modulo

the Hopf ideal generated by elements w; — z;w,” ''(1 <i <2), where z; runs over
the center, is the centralized quantum group U;(G2).

e =¢(

(II) In any Hopf algebra 7, there exist left-adjoint and right-adjoint actions defined
by the Hopf algebra structure:
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adja ()= ambSag),  ad.ad)=)»  Sla)bag).
(a) (@)
where A(a) =}, aq) ®ap) € #® ¥, for any a, b € XK.
From the viewpoint of adjoint actions, the (r, s)-Serre relations (G5) and (G6)
take on the simpler forms
(ads €)' "% () =0 forany i #j,
(d, )™ (f) =0 forany i # j.

2. The Drinfel’d quantum double

Definition 2.1. A (Hopf) dual pairing of two Hopf algebras s{ and U (see [Bergeron
et al. 2006] or [Klimyk and Schmiidgen 1997]) is a bilinear form (, ) : U x 4 — K
such that

(1) (f, La) =ea(f), (la, a) =eq(a),

(2) (f, ara0) = (Ao (f), a1 ®az),  (f1f2, a) = (/1 ® f2, Du(a)),

for all f, f1, f» €U, and a, a;, a; € A, where gq;, £y denote the counits of U,
and Aq, Ay the comultiplications.

A direct consequence of the defining properties above is that

(Sau(f), a)=(f, Sula)), [feU, aed,
where Sq, Sy denote the respective antipodes of U and .

Definition 2.2. A bilinear form (, ) : U x s — K is called a skew-dual pairing of
two Hopf algebras s and U (see [Bergeron et al. 2006]) if {,) : UP x A — K
is a Hopf dual pairing of s{ and U°P, where U°P is the Hopf algebra having the
opposite comultiplication to U, and Socop = SGI_L1 is invertible.

Denote by B = B(G;) the Hopf subalgebra of U, (G2) generated by e;, a)]#l,
and by B’ = B’(G») the one generated by f;, a)}il, where j =1, 2.

Proposition 2.3. There exists a unique skew-dual pairing (,): B x B — Q(r, s)
of the Hopf subalgebras B and B’ such that

1 ..
3) (fi,ej) =0ij—— (1<i,j=<2),
Si—ri
(@), 1) =rs™, (o), w) =777,
4
(h, 1) =57, (&, wo) =175,

(5) (@, o7 = (@, 0) T = (], )T A =i,j<2),
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and all other pairs of generators yield 0. Furthermore, (S(a), S(b)) = (a, b) for
ac®B,beR.

Proof. Since any skew-dual pairing of bialgebras is determined by its values on
generators, uniqueness is clear. We proceed to prove the existence of the pairing.

We begin by defining a bilinear form (,) : B°°P x B — Q(r, s) first on the
generators satisfying (3), (4), and (5). Then we extend it to a bilinear form on
PB'P x P by requiring that (1) and (2) hold for Agyreop = A;S. We will verify that
the relations in % and %’ are preserved, ensuring that the form is well-defined and
so is a dual pairing of % and %B’“°P by definition.

It is direct to check that the bilinear form preserves all the relations among
the a)ijEl in B and the wl’.jEl in %’. Next, the structure constants (4) ensure the
compatibility of the form defined above with those relations of (G2) and (G3) in
B or B, respectively. We are left to verify that the form preserves the (r, s)-Serre
relations in 9 and %'. It suffices to show that the form on %B'°°P x 9B preserves the
(r, s)-Serre relations in %B; the verification for %/°°P is similar.

First, let us show that the form preserves the (r, s)-Serre relation of degree 2 in
9%, that is,
(X, e%el — (r_3 +s_3) ereley + r3s73 eleg )y =0,
where X is any word in the generators of %’. It suffices to consider three mono-
mials: X = f22 f1, Hrfife, fi fz.z. However, in the degree 2’s situation for type

G, its proof is the same as that of type C» (see [Bergeron et al. 2006, (7C) and
thereafter]).

Next, we verify that the (r, s)-Serre relation of degree 4 in & is preserved by
the form; that is, we show that
<X, e‘l‘eg —(r+ s)(r2 + sz) e‘;’ezel +rs (r2 + sz)(rz +rs+ sz) e%ezelz
—(rs)3(r + s)(r2 + s2) eleze% + (rs)6 ezef)
vanishes, where X is any word in the generators of %’. By definition, this expres-
sion equals
©) (AD(X), e1®e1®e1®e1®er—(r+5)(r*+s5%) e1®e1®e1 @er ey
+rs(rP+52) (P +rs+5) 6] @e1 ®er; Qe Qe
—(rs)’(r+9)(r*+5%) e1®@e,®e1®e1 Qe1 +(r5)° e2®e1 Ve ®e Qe ),
where A in the left-hand side of the pairing (, ) indicates A;S. In order for any
one of these terms to be nonzero, X must involve exactly four f; factors, one f>

factor, and arbitrarily many a);.il factors (j =1, 2).
It suffices to consider five key cases:
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() If X = f14f2, we have

AVX) = (0] ®0| Q0| ®w ® fi+w| ®w | ® fi®]
+0| Q0|8 1010]1+0|®i010lel+fivlelelel)’
()RR RV, R L+ RW,RW, R fL® 1
+ 0 RwHR HRIRI+0,® LRI+ /-LR1®1®1®1).

Expanding A® (X), we get 120 relevant terms having a nonzero contribution to
(6). They are listed in Table 1, together with their pairing values, where we have

Table 1. Terms of A®( f14 Jf2) in (6) and their pairing values. We
write B instead of ' and - instead of ® to save space. We have
also seta = (f1, e1)*(f2, e2), x = (&)}, w1), X = (@], @2).

Summand in (6) 1 Summand in (6) 2

NB B2 1B B2 fiBiBa-f1Ba fr @ HB B2 1B B2 fiBiBa-Bifa- i Fa
BifiB?Ba [1B B2 f1B1Bo-fiBa-fo xa | BifiBiBa f1B3Ba- fiBiBa-Bifa-fi Fxa
B2 f1B1B2 [iBB2 F1B1B2 f1B2 o X%a B fiB1B2 1B [iB1B2 B2 fi %xPa
B3 f1B2- [1B3B2- fiB1Ba f1B2- o x3a B fiBa [1BE B2 fiP1Ba-BLfr- fi ¥xda
HBBBLAIBB FiP1Ba fiBa fr xa NB3B2BL1BI B2 [iB1B2-Bifa /i Kxa
B f1BIB2-B1LIBI B2 [iBiBa f1Ba- fo x2a | BifiBiBa-BLAiBIB2 fiBiBa-BLfr fi ix’a
B2 f1B1B2-B1f1BLB2 [1BLBa f1Ba- fo x3a | B fiBiBa-BLf1B1B2 f1BriBa-BLfr fi ixa
B3 f1B2-B1f1B1B2- [1B1B2- f1Ba- fr x*a B3 f1B2-B1f1B1Ba [1B1Ba-Bifa fi Fxta
f1B3B2-B? fiBa- fiB1Ba- f1Ba- fo x2a 1B B2-B? fiBa- fiB1Ba-Bifa- fi Fx%a

B f1B3B2-B3 f1B2- f1BiBa- fiBa o x3a B1f1B3B2-BE f1B2 f1B1Ba-Bifo i %x3a
B2 fiB1B2 B f1B2 FiB1Bo fiBa o x*a | BIAIBIB2BEf1Ba fiP1Pa-Bifa i Fx*a
B3 f1B2BL f1B2 [iB1B2 fiBa- fo xa B f1B2-BE fiBa fiB1B2Br o i Exda
B B2 f1B2B2-PLf 1B f1Ba- fo xa 1B B2 1B2Ba-BLf1Ba-Bifa i Exa
Bif1B2Ba [1BB2-Br fiBa- fiBa- o X2a | BifiBiBa- f1B3B2-B1 fiBa-Bifa f1 ¥x%a
B2 f1B1Ba [1B3B2-Br fiBa- fiBa- o X3a | BEfiBiBa f1B3B2-B1 fiBa-Bifa f1 ¥x3a
B3 f1B2- [1B3B2-B1 f1Ba f1Ba- o x*a B fiB2 [1BEB2-B1f1Ba-BLfr fi Exta
NB B2 BLABIB2BLfiB2 f1Ba- fo X2a | f1BiB2-B1[1B1Ba-BrLfiBoBifo fi Ex2a
B f1BIB2 BLABIB2 PLALB2 fiBa- fo x3a | BifiBiBa-BLAIBIB2 LB BLfa fi ixa
B f1B1B2 LB B2 PLI1 B2 f1Ba- fo x*a | BT fiBiBa-BL BB BLf 1B BLf2 fi ixta
B3 f1B2- BB B2 BLA B2 fiBa- fo Xa | B fiBa-BifiBiBa-BrfiBa-Br o fi Exda
B BB f1Ba-Brf1Ba f1Ba- fo x3a f1B3B2-B3 f1Ba-Bi f1Ba-Bifo- i FxPa
B f1B2Ba- B2 f1B2-Br f1B2- f1Ba- o x*a B1f1B2B2-BE f1B2-B1 fiBa-Bi 2 f1 ¥xta
B2 f1B1B2-B3 f1B2-B1 f1Ba- fiBa- o xOa B2 f1B1B2-BE f1B2-Br f1B2-Bi fo- i %x7a
B3 f1B2-B? f1B2-B1 f1B2- f1B2- f» x8a B3 f1B2-B2 f1B2-B1 fiBa-Bifr- fi ¥x0a
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Table 1. (Continued)

Summand in (6) 3 Summand in (6) 4
NBB F1BIB2 BE 2 BLfI i ¥Pxa hBB B o fiBE-BLAfi Bxa
BLABB f1BIB2 BEf2-PLfi i K2x%a | BLAiBIB B fo- F1BY BLfi i x%a
B f1B1B2 [1BI B2 B fo-Brf1- i 2x3a | BEABIB2 B for IBT-BLSI- I ¥x3a
B fiB2 f1BE B2 B fo-B1 f1- i x2x%a Bl fiBBi fo- fiBE-BiLf1 i Bxta
HBIBBLABIB2 BT 2B fi- i ¥2x%a | fiBi BB fo-BrLfiB1-PrLfi- /i ¥x%a
BB B2 BL BB B fo-Brfi- i ¥2x3a | BifiBiBa-B3 fo-BifiB1-Bifi-fi ¥xa
B2 f1B1B2B1 [1B1B2- B2 fo-Brfi- i ¥2xba | B2 fiBiBa-B3 fo-Br fiB1-PLii- fi ¥xta
B fiBa BLAIBIB BEfa-Brfi- i ¥2x%a | B fiBa-B3 fa-BLfiBr-BiLfi fi ¥xda
HBBBEf1BoBE 2P i ¥2x3a hBB2B o BEf1-BLA i ¥3x3a
BLiBI B2 B fiB2Bi fo-Bif1- i 2x%a | BLAIBIB2 B3 fo BT f1-BLf1- i Fxta
B 18182 BT f1B2 B fo-Brf1- i 2x5a | BT fiB1Ba B3 fo- BT 1BL-BLSI i ¥xa
B3 f1B2 B3 f1B2 B fo-B1 f1- i 2x8a B3 f1B2-B3 f2- B3 f1-Br 1 fi #x8a
BB f1B3 B BEfo-fiBr- /i Xla HB BB o fiBE-fiB1- /i ®a
BLf1BIB2 [iBB2- B fo- fiB1-fi XPxa BiLfiB BB fo- fiBE-fiB1 i ¥xa
BIfiB1B2 f1BIB BE 2 1B i 2x%a | BEfiBIB B fo- FiBY fiB1- i x%a
B 1B [iBE BB fo- fiB1- i 2x3a BifiB2Bi fo fiBY-fiB1 i Bx3a
ABIBBLABIB BT o fiB1- i X2xa | fiBiBo-Bi fo-BLfiB1 fiBi-fi ¥xa
BLIBB2-B1f1B1B2-BL o fiBi-fi ¥2x%a | BifiBIBa-Bi f-Bifib1-fiBi-fi ¥x’a
BLf1B1B2-B1f1B1B2-BLfo- fiBi-fi ¥2x7a | BLfiB1Ba-BY fo-Bifib1-fiBi-fi Fx'a
B} f1B2B1 [1B1Ba B3 fo- f1Br- i ¥2xta B3 f1B2-B3 f2-B1 fiB1- 1B /i ¥xta
F1BB2-BT fiBa-Brfo- i1+ fi ¥x%a fiBiB2-BL fo-BLfi-fiB1-fi Bx%a
BLBTB2-BLf1B2-BL 2 fiBi-fi 2x%a | BifiBIA2-B} 2B fi-fiB1-fi FxPa
BLf1B1B2-BLf1B2- BTS2 fiB1-fi 2x%a | BLf1B1B2BY 2 BT 1B fiB1- i Fxta
B fiB2-B1 [1B2-BL - fiB1- i ¥x7a Bi fiB2-Bi f2-BL f1-f1B1-fi Px%a

Summand in (6) 5 Summand in (6) 5

Btha 1183 fiBE-BLAL-fi Fxa Btha 1183 FBE-fiB1-fi Fa

Bl BLABY- FIBT-BLAI- i ¥x%a  BlfBLABE-fiBY-fiB1 i Xxa

Bl f-BIAB-FIBT-BLAI-fi ¥x%a BLRH-BEABI-AiBY fiB1 i ixPa

Bl 2B fi- fiBT-BLf1- i ¥4xta Bl f2- B i 1B fiB1- i ¥4x3a

Bl fiB-BLABLUBLA-fI ¥xPa  BLffiBYBLABL fiB1 i ixa

Bl fo-BLfiBE-BLAiBL LA fi ¥4x3a B BB -BLABL fiB1 i ¥4x%a

Bl B2 fiBr-BLfiBLBLA-fi ¥xta B BRAIBLBLABL fiB1 i ¥4x3a

Bl 2B fi-BLfiB1-BLA fi ¥4xa Bl 2B fi-BLfiB1L B /i ¥xta

Bl fo- 1B} BEf1-BLfi- i Zxa Bl fo- f1BY BEf1-fiB1- i &x%a

Bl fa-BLABE-BIf1-BLfi-fi ¥xta By fBLABEBEAY fiBL i ixda

BB AB-BIA-BLAI-fL ¥x%a BLRHBEABLBLA fiBL i iixta

Bl fo-B3 f1-B3f1-Brfi i ¥4x8a Bl f2-B3 1B f1- fiBr i ¥4x0a
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introduced

a=(fi,e)*(fr, @), x=(0), w), ¥=(0}, ).
The expression in (6) equals

(sum of expressions in part 1 of Table 1)
— (sum of expressions in part 2) - (r + s)(r2 + sz)
+ (sum of expressions in part 3) - rs(r2 + sz) (r2 +rs+ sz)
— (sum of expressions in part 4) - (rs)3(r + s)(r2 + s2)
+ (sum of expressions in part 5) - (rs)6.
Thus, if we sum up all the pairing values listed in each part of Table 1 and multiply
by the appropriate factor, we obtain the pairing value of (6):
a(l43x +5x2+6x> +5x* +3x° +x%) - ( 1= (r+s)(r>+sHx
+rs(r? 452 - (PP +rs +5DF2 = )} + )2 + )7 + (rs)0x? )
=a(143x +5x2 +6x° +5x* +3x° + 101 - %) (1—r2sx) (1 —-rs?%) (1—57%)

=0 (because X = (0], w2) = r3).

(i) X = f2f}"

(i) X = f{ 27

(i) X = f{ fa .

W) X = fifaff.

These four other cases are handled similarly, using the formulas given in the Ap-

pendix of [Hu and Shi 2006]. This takes care of AW (X). The proof is completed
by checking that the relations in B’“°P are preserved for G,. O

Definition 2.4. For any two Hopf algebras & and U connected by a skew-dual
pairing (, ), one may form the Drinfel’d quantum double & (54, U) as in [Klimyk
and Schmiidgen 1997, 3.2], which is a Hopf algebra whose underlying coalgebra
is o ® U with the tensor product coalgebra structure, whose algebra structure is
defined by

(7 @® e )= Z(Sf’ou(f(l)), ai)((f3), az)aap, ® fo) f
fora, a’ € A and f, f' € U, and whose antipode S is given by
(8) S@® f)=1AFu(f))(Fula)®1).

Clearly, both mappings d 3 atr>a®1 € ¥(A, W andU> f 1~ 1Q f €
D(A, U) are injective Hopf algebra homomorphisms. Denote the image a ® 1 of
a in 9 (4, AU) by a, and the image 1 ® f of f by f. By (7), we have the following
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cross relations between elements a (for a € ) and f (for f € ) in the algebra
D(sA, W):

© fa=Y " (Faulfu). an)((fe): ag)ie fo),
(10) Z(f(l)v am) fode) = Z&(l)f(l)(f(z), aw))-

In fact, as an algebra the double % (4, W) is the universal algebra generated by the
algebras o and U with cross relations (9) or, equivalently, (10).

Theorem 2.5. The two-parameter quantum group U, ;(G7) is isomorphic to the
Drinfel’d quantum double %(B, B').

The proof is the same as that of [Bergeron et al. 2006, Theorem 2.5].

Remark 2.6. The proofs of Proposition 2.3 and Theorem 2.5 show the compat-
ibility of the defining relations of U, ;(G2). The proof of Theorem 2.5 indicates
that the cross relations between % and %' are precisely half the ones appearing in
(G1)—(G4), and the proof of Proposition 2.3 then shows the compatibility of the
remaining relations appearing in % and %', including the other half of (G1)—(G4)
and the (r, s)-Serre relations (G5)—(G6).

3. Lusztig’s symmetries from U, ;(G2) to Ug-1 ,-1(G2)

As we did in [Bergeron et al. 2006] for the classical types A, B, C, D, we call
(Ug-1,,-1(G2), (])) the quantum group associated to (U, ;(G>), (,)), where the
pairing (/| w;) is defined by replacing (r, s) with (s~!, =) in the defining for-
mula for (o}, w;). Obviously,

(0| wj) = (o], »i).

We now study Lusztig’s symmetry property between (U, ;(G2), (,)) and its as-
sociated object (Us-1 ,-1(G2), (|)), which indeed indicates the difference in struc-
tures between the two-parameter quantum group introduced above and the usual
one-parameter quantum group of Drinfel’d—Jimbo type.

To define the Lusztig symmetries, we introduce the notation of divided-power
elements (in (Us-1 ,-1(G2), (|)) ). For any nonnegative integer k € N, set

and for any element ¢;, f; € (Us-1 ,-1(G2), (| )), define the divided-power elements

e =ef/ k)i K= .
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Definition 3.1. To every i (i = 1, 2), there corresponds a Q-linear mapping Ti:
(Ur.s(G2), (,)) = (Uy-1 ,-1(G2), () such that T;(r) =s~1, T;(s) =r~", which
acts on the generators w;, a)]’., ej, ff(l<j=<2)as

%(ei)=—w,~ Yfi, T =—ris) e o),
and fori # j,

—ajj

Tilep) =) (=D"0r9)* (), i)~ V(@) ;) 10T W o T

v=0
Ca
st Vi _gi— _v B (—ajj—v)
Ti(f;) = (5% Y (=) ()2 "9 w], @) (@], ;) "2 £V 0,
v=0

where (a;;) is the Cartan matrix of the simple Lie algebra g of type G», and for
any i # j,
3+— 2, ifi<janda,-j7é0,

i 1, otherwise .

Lemma 3.2. J; (i = 1, 2) preserves the defining relations (G1)—(G3) of U, s(G2)
into its associated object Us-1 ,—1(G?).

Proof. For G,, we have

-3

-1
(0], 1) =rs™ = (0| @1), (0], ) =177 = (| @),

3 3.3

(), w1) =5~ = (0] | ), (h, ) =r’s™> = (wh| wy).

We show that I, I, preserve the defining relations (G1)—(G3). (G1) are auto-
matically satisfied. To check (G2) and (G3): first of all, by direct calculation, we
have T (0], ;) = (T (@), Ti(w))) = (@}, w;) = (o} w;), for i, j, k € {1, 2}.
This fact ensures that T (k = 1, 2) preserve (G2) and (G3), that is,
w| w;) T (e),

T ()T k(e Tk (w) ™ = )

o} ;) TR (i),
)
)

J

%(wj)Jk(ﬁ)%(wj)‘l =
T (@) Tk (e) T (@)™ “Ti(e,
T (@DT ()T (@)) ™" Te(f),

where checking the other three identities is equivalent to checking the first one. [J

| w;
J l

{
{
=
= (0} o

Lemma 3.3. 7, (i = 1, 2) preserves the defining relations (G4) into its associated
object U1 ,-1(G2).
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Proof. Put A = r2 4+ rs +s2. To check (G4): fori = 1,2, we have

[Tiei), Ti(f)l = (riso]” (frei —ei f)o; ' = Tillei, £i)),
[Ta(er), To(fD)] = [erer —Pezer, rs(fofi — s> fi )]
=rs(faler, filer +eiles, o1 f1 — r*(lea, o] frer + ex foler, f1])
— 5 ([e1, fil rez +e1 filea, f2]) + (rs)  (ealer, fil fo + filea, foler))

o) — 0hw)  Ta(wr) — Ta(w)) To(ler. fi)
= = =Ta([e1, 1],

s—1_ 1 sl _ -1

and as for
363

[T1(e2), Ti(f2)] = r+s)2A2

[(rsz)Seze? — rs3Aeleze% + sAe%ezel — efez,
(r?s) fifa = sP A fr +r AfLH T = BAF)S

we have to show that the bracket on the right-hand side is equal to

3 APNA]

w7 — WHW

A(r—l—s)z—1 271
r—s

To do so, we introduce the notations of “quantum root vectors” in terms of
adjoint actions, as follows:

E1p = (adier)(e2) = e1ey — s ezey,
Fio = (ad, f)(f2) = fofi =7 fi o,
Eiip = (adje)*(e2) = e1 E1n — rs”Eney,
Fiiz = (ad, f)*(f2) = Fio fi = r’sfi Fro,
Ei2= (adlel)S(ez) = e?ez - sAe%ezel + rs3Aelege% —(rs

Fiz = (ad, £1)° () = foff —rAfifofE + s AfEffi — (72 i fo.

253 3
) ezey,

That is, we need to verify that
3 /13
) W] — WHW
[Eine, Fiizl= A +5) —;_SZ L.

By direct calculation using the Leibniz rule, we have

le1, Fi2l = —Aw fo, le2, Fi2] = fiw},
[E12, fil = —Aera], [E12, f2] = waeq,

/ /
w Wy — W W,
[Ei2, F12] = ————,
r—s
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ler, Fiial = —(r +5)?w1 F12, ez, Fiinl = s(s* —r )f1 Wy,
[Er12, fil = —(r +9)°Eno), [Ein, fol=r@? —s?)wes,
[E112, Fi2l = (r + 5)?w102e1, [Era, Finl = (r +s)2f1a)/1a)/2,

2 2.7
p W2 — W W,
[Evi2, Fii2]l = (r +5) Y

as well as
le1, Fi112] = [e1, Fiia fi — s fiFi12]l = —Aw; Fip2,

[E112, Fi112] = [E112, Fiinfi — 8% fi Fiial

=[E12, Fii2l fi — s> filErrz, Fii2] + Fiial Enn2, f1]
—rs?[Erna, filFina

=A(r +s)2f1a)’12w'2,

[Er112, Fiial = [e1 Er1p — rPsErnzer, Fii12]
=le1, FlinlE1i2 — r’sErnler, Fiinl +eilEna, Fiii2]

—r%s[E12, Fiialer
= Awi[E112, Fii] + A(r +5)*[er, fi] 601 w)
3

_ AGr g5 2O 00
r—s
Thus, we arrive at [T1(e2), T1(f2)] = Ti([e2, f2]) € Ug-1 ,-1(Gr). O
Lemma 3.4. I, preserves the (r, s)-Serre relations (G5);, (G6), into its associ-
ated object Ug-1 ,—1(G2):
(1D Ta(e)’Ta(er) — (P +57)Ta(e)Ta(en) T2(e2) + (r5)*Ta(e) T2(e2)* = 0,
(12) T2(f)T2(f2)* = P+ T2 T2(f)T2(f2) + )’ T2 (fD)T2(f2)* = 0.
Proof. For the degree 2 (r, s)-Serre relation (G5);
6261 (r + S_3)62€162 + r_3s_3ele§ =0,
observe that
(13)  Ta(eNTaer) =r*Ta(e)Taler) —rer,  Taler)er =s’e1Ta(er).
Making 7, act algebraically on the left-hand side of (G5),, we have
T2(e2)*Ta(e1) — (* +57)T2(e2)Ta(e)T2(e2) + (r5)’Ta(en)Ta(e2)’
T2 (e2)r? (To(en)Ta(e2) +rer) — (P +5°)T2(e2)T2(e1) T2 (e2)

+(r5)>(r T a(e2)Ta(e1) —r >er)Ta(ea)
=0,
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proving (11). The proof of (12) is similar. O
To prove that I, preserves the Serre relations, we need three auxiliary lemmas.

Lemma 3.5. In the notation in Lemma 3.3, we have

[EnaEi —rEinEn, f1=0.
Proof. Since e1 E112 — r3Ei112e; = ad;(e1)*(e2) = 0 (Serre relation), and

[Er112, fol = [e1Eia — r*sEiner, fLl=eilEin, frl—r’s[Enn, fle

= r3(r—s)(r2—s2) a)zef,

we obtain

[EnaEnn —r EinEnn, fl
= EnnlEn, f2l+[Ene, H1Ene —r*(EnnlEng, fol+[Enz, £1Enn)
=} (r—s)(r*—s?) w (€?E112 —rAe Ey2e; — (FZS)3E112€?)
= r3(r—s)(r2—s2) wy (e?E“z — rAe%Enze] +r3sAelEnze% — (FZS)3E1128?)
= r3(r—s)(r2—s2) w) (61 (FYR) — rsZ(SfQR) . el)
—0,

where ($9R) denotes the left-hand-side presentation of the (r, s)-Serre relation
(G5),

6%5112 —r2(r +s)e1Erper + FSSEuze% =0,
and we used the replacement Ejj;p = e E112 — r2sE|ze; in the third equality. OJ
Lemma 3.6. In the notation of Lemma 3.3, we have
[EniizErz — P EriEnnz. fi]=0.
Proof. It is easy to check that [E1112, fi] = —AE;20]. Thus
[Enii2En2 — P ErpEnn, fi
= EnnlEn, fil+[Ene, AilEne —r (EnzlEn, fil+[En2, filEn)
=(r+s)((r +5)((rs)’EnEnnn — EnnEn) +r(r _S)AE]Z]Q)O)/]~
It suffices to show that
(14) EnnEn= s EnEnn +rr—s)r+s) ' AE},.
At first, we note that the (r, s)-Serre relation (G5), is equivalent to

3
E12€2 =r €2E12.
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Since ejes = E1 + s3eqe;, we get
Eyper = (e1Enn —rs’Eperer =r’ejerEn —rs*Eperer
=r’(Ein+s’ere)Erp —rs*Enn(Epp + s ezer)
=r(r*—s)E}, + (rs)’ex(e1 Ern — rs”Epper)
=r(r*=s?)E}, + (rs)’e2Erpa.
Next, we claim
Enner = (rs?)’exEviin — r(rs—r*+s)E1nErn + (rs)*(r*+rs—s) Ep Erpa.

Indeed, since E]]]z =€1E112—r2SE112€1, E112 = 61E12—r52E1281, and e|e) =
E1>+ s3ese;, we have

Eiines = ei(Ei2e2) —r*sEipa(ere)
=r(r* —sMe1Ef, + (rs)’ (e1e2) Eria — r*s Eqpa(ere2)
=r(r* —s®e1E}, + (rs) EnEvin + (rs*) eze1 Evip — r*s Ep Exo
— (rs)*(E1ner)e
=r(r* —=s)EinEn+ (rs)’(r* = s)Ene1Enp + (rs) EnEn
+ (rs2)3e2e1E112 — rstan]z — r3s4(r2—s2)E122€1 — r557e2E11261
= (rs*)’e2E1112 — r (rs—r*+s) E1aErp + (r5)* (r*+rs—s*) E; E11a.

To prove (14), we first note that

[(r +5)((rs)’EnaErii2 — EnnEn) +r(r —s)AE,, fil
= (r+5)rs)*(EnlEnn, fil +[En, filEnmn)
—(r+9)(EnnlEn, fil+[Enno, filEn)
+r(r—s)AE12lE N2, fil + [Enz, filE112)
=—@r+5)rs)A(EpEnn+s’eEnn) o
+(r +5)A(Erines +r*sE1nEp) )
—r(r—=5)(r+$)?A(EinEn +rs’EnEnn)o),

which vanishes by the preceding identity. A similar but longer computation (see
[Hu and Shi 2006] for details) shows that the bracket

[(r+5)((rs)’ EnaEnnn — EnnnEn) +r(r —)AED,, fl.

also vanishes. Then, through an argument similar to the one used in the deduction
of [Benkart et al. 2006, Lemma 3.4], we get (14). ]

By [Benkart et al. 2006, Lemma 3.4], Lemmas 3.5 and 3.6 imply:
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Lemma 3.7. E1112E112—I"3E112E1112=0.

Lemma 3.8. 7 preserves the (r, s)-Serre relations (G5), (G6), into its associated
object Ug-1 ,—1(G2):

(15)  Ti(e2)*Ti(er) — (> +5)T1(e2)T1(e1)T1(€2) + (rs)> Ti(e1) T (e2)* = 0,
(16) T ()T () — (P +sH T (LTI (DT () + ) Ti(f)* T (f1) = 0.

Proof. By direct calculation, we have

17 Tie)Ti(e) = —-—=——-E —a)!

a7 1(e2)T1(er) ( Y 1112)( wy  f1)
3q1 .

=59 J —-———En.

s7T1(en)T1(e2) 520 1) D12
Hence, to prove (15) is equivalent to prove

T1(e2)Eriy — r’E1nT 1 (e2) = 0.
However, the latter is given by Lemma 3.7.
The proof of (16) is analogous. U

To prove that I, preserves the Serre relations, we also need auxiliary lemmas.
Write
Ey = (adjer)(e)) = eze; —r ejen,
and note that (G5), is equivalent to (adje;)(E>1) = ex Eoy — s 3 Eye; =0, ie.,
E21ez = S3€2E21 .

Lemma 3.9. [€1E§1 — SAEzlelE%l + VS3AE§1€1E21 — (I”S2)3Eglel, fi ] =0.

Proof. Since [Ea1, fil=rAeywi, w1 Eyy =rs’Eswy, [E%l, fil=r3s7 1 (r+s)

-AFEye o, a)/lEzl = rstzla)/l, and [Egl’ f1] = r*3s’2A2E§1e2w1, we get

/ /
wl—w; 3 2.3 -3 W1—W; w
E21 - (I"S ) EZI? - SAEZl

/ /
) 2 W1
= E3, +rs’AE3, Ex
r—s r—s
= —(rs)’ AE3 0| +rs? AE3 0| Eay
=0

and
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[elEgl — SAEZI@]E%I +}’S3AE%1€1E21 — (rS2)3E§161, fi ]
=eilE3), fil +le1, AilE3 — (rs*)(E3 ler, il +1E3,. filer)
_SA(EZIel[E%p fil+ Exiler, filE3, +[Ea, f1]e1E§1)

+rS3A(E%1€1[E21, fil+ E3ler, filEa +[E3, fileiExp)

w—w)

= 7‘_3S_2A2€1E§1€2a)1 + E;l
—s

—sA r_3s_1(r+s)AE E B
re1Exierw) + Enp o

/
172 -3 2
. E5 +r A€2w1€1E21>

+rs’A(r3AE? o7 R M
rs r 21616260] 21 P

/
. LEy +r73sfl(r+S)AE21€2w1€1Ezl)

/
w1—w 3 _
—(rs2)3<E§1—r sl +r73s 2A2E§1€20)181)
=S+ 352 A) S0 = 3 sT2AD T 0,
where
Y =e1Ej e — s Ejie1Eziey — (rs*) ere  E5
2=e1Ej1e0 —s7(r +s)Exie1 Eyie; — (rs™) exel E5
4 rsSE2 3.5 E E 452
rs E5eiex+rs (r+s)Eyere1Ex —r's j1ezeq.
We next show ¥, = 0. As Eajer = s3eaEo; and exe; — r 3ejer = Eoq, we get

2 243 2 52 4 552
Y = (€1E21€2 —(rs?) eze1E21) + (rs Eseiex —r's E21e2e1)

—S2(7'+S)E21€1E21€2 +r3s5(r+s)E21egelE21
= —(rs2)3E§’1 — ;’4s5E%1 +r3s5(r +s)E§1
=0.

This completes the proof. g

Lemma 3.10. [eE3; — sAEyje1E3 +rs’ AE3 e Exy — (rs?)3E3jer, fo]=0.

Proof. Noting that

3 3
[E2i, ol = —rwhey, Eyiw) =r wyEyy,
[E3,, frl=—rwh(e1Ex +1r°Exer)
21 - )

[E3,, fol = —r3wh(e E3 +r3Eyje1 Ex +rPE3 e)),



342 NAIHONG HU AND QIAN SHI

we obtain
[elEgl — sAEzlelEgl + I"S3AE§1€1E21 — (rs2)3E§’161, fz]
= eilE3), fol —sA(ExeilE3y, fol+[Ea, frleiEd)
+rs3A(E§1€1[E21, Hl+1E3, foleiEz) — (rs?)’[E3,, faler
= —r =) (s%e (e1 B + 1 Exre) Eay +r°E}e1)
—sA((rs)’Exier(e1 Ea1 + 7 Ezrer) + €1 E3))
+rs A((r*s) E3 e} + (e1 Ex1 + 1P Exrer)er Eap)
— (rs*)(e1E3, + 1’ Esje1 Eny +r6E§161)€1)
= —r 2% w) S,

where
S = (r)*(r=s*)(e1E3 e1 + Eaiel En) +5°2r’+rs+s?) (e En)’
— r5s3(2s2—|—rs+r2)(E21e])2 — (r—l—s)(e%E%l — (rs)6E%1e%).

It remains to prove that S = 0, which by [Benkart et al. 2006, Lemma 3.4] is
equivalent to showing that [S, f1] =0 =[S, f2]. To this end, we first observe:
Lemma 3.11. e?Eﬂ — sAe%Eglel + I’S3A€1E21€% — (rs2)3E21e? =0.
Proof. 1t is easy to see that

efE21 — sAe%Ezlel + rs3AelEgle% — (rs2)3E21ef = r_3(ad1e1)4(ez),

which is in fact the (r, s)-Serre relation (GS5), up to a factor r3. [

Now set S; :=[S, fi]. Using the equations at the bottom of page 341, we obtain
after some manipulations (see [Hu and Shi 2006] for details)

So = (rs)*(r*=s?) (eIl E3}, foler + [Ear, folet Eai + Eaiefl Ea, f2])
+522r*+rs+s?) (e1[ Ear, fole1 Ex + e1Earer[Ean, f])
— s> s> +rs+r?) ([Ear, fole1 Exier + Earei[Eay, foler)
— (r+3)(el[E), fo] = (r9)°[E3,, fale)
=—r 3?7 + s3)w’2(efE21 — sAe%Ezlel + I”S3A€1E21€% — (rs2)3E216f),
which vanishes by Lemma 3.11.

Next we prove that S; = 0. Using the formulas at the very beginning of the
proof of Lemma 3.9 and noting that

/
2 r+s swp—rw;
[elafl]: :

€1,
rs r—s
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we can express S as the sum A + B 4+ C + D, where

A= (rs)*Alw—|) E3 e

— r5s3(252+rs—|-r2)E21 w;:z)/l Ere + (rs)5 (Ztss)z E%l (sa)l—ra)/l)el,
B = (rs)(r+s)AEz (sw1—rw))e; Ex
+ s2(2r2+rs+s2) a);:;o’l Esrie1Er — r5s3(2s2+rs+r2)E21e1E21 w;:z)/l ,
C:= (rs)erlEgl (w1—w))
+s2(2r2+rs+52)61E21 wl_w/l Ey — (r+s)2 sa)l—ra)/l e1E§1,
r—s rs r—s

A
D = r—3<(rs)2(r3—s3)(s_1(r+s)elE21e2a)161 +eza)le%E21 + EZIe%ega)l)
+s2(2r2+rs+s2)(eleza)1€1E21 +€1E2161e2a)1)
— r5s3(2s2+rs+r2)(62a)1€1 Ere + E21ele2wlel)

— (r—i—s)zs_1 (€%E21€2(l)1 — (rs)eEZIeZwIef)).

Noting that w E>; =rs?Eyjw; and W Ey = rstzla)’l, we obtain the simplified
expressions

A= —r5s4(r3—s3)Eglela)1,
B=0,

20,.3_.3 2
C=rs"(r’—s’)e 5 w.

For the last summand, a calculation using the equalities E>;e) =s3esEn1, rCejer=
eze; — Epy and eze) = Eap 41 3eje; leads to

D= (r3—s3) (r5s4E§1e1 — rszelEgl) w1

(see [Hu and Shi 2006] for details), showing that S = A+ B 4+ C 4+ D = 0. This
completes the proof of Lemma 3.10. ([l

The next identity is a consequence of Lemmas 3.9, 3.10 and [Benkart et al. 2006,
Lemma 3.4].

Lemma 3.12. €1E§1 — sAE21e1E§1 + I’S3AE%1€1E21 — (rs2)3E§1e1 =0.

Lemma 3.13. I, preserves the (r, s)-Serre relations (G5),, (G6), into its associ-
ated object Ug-1 ,-1(G).
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Proof. For the fourth-degree (r, s)-Serre relation (G5),, we have to prove that
(r$)°T2(e1)* Ta(e2) = (r$)> (r+9) (P +57) T2 (e1)* Ta(e2) T (e1)
+ () (45D (P 4rs+57)T(e1) Ta(ea) Ta(er)
— (r ) (P45 T2(e1)T2(e2)T2(e1)’ + Ta(e2)Talen)*
vanishes. By virtue of the commutation relation in (13), this is equivalent to
e172(e1)* = sATa(en)eiTa(er)” + 15’ ATa(e)’er1Ta(er) — (r5°)*Ta(er)’er = 0.

3

However, since T1(e)) = ejea — riese; = (—r3)E,, the above identity is exactly

the one given by Lemma 3.12.
Similarly, we can verify that I, preserves the (r, s)-Serre relation (G6), into its
associated object Ug-1 ,-1(G2). (]

Lemma 3.14. I preserves the (r, s)-Serre relations (GS),, (G6), into its associ-
ated object Ug-1 ,-1(G2).

Proof. For the fourth-degree (r, s)-Serre relation (G5),, we have to prove that

(r$)°T1(e1)* T1(e2) — (r5)> (r+5) (2 +52)T1(e1)* T1 (€2)T1 (1)
+ (r$) (P2 452 (r 4 rs+57) T (e1)2T1 (e2) T (e1)?
— (r+8) (P45 T1(e1)T1(e2)T1(e1)* + T (e2)T1(e1)* = 0.

In view of the commutation relation in (17), this is equivalent to

E1171(e1)® —r AT (e1) E1nTi(e)* + s ATy (e1)* E112T 1 (e1)
— (r*5)3T1(e1)* E112 = 0.

We can further reduce this condition to
(18)  EnTi(e)’ =r’r +9)Ti(e)Endi(en) +r’sTi(e)*Enn =0,
as a consequence of the commutative relation
E112T1(e1) = rs*Ti(e))Erip +r 7 's(r + )2 Epa,
itself arising from the equalities
[E1afil= —(r +9)°Eno)], o|Ein=rs’Eipo).
Again, since [E|p, f1] = —Aeza)’l, we have
ETi(er) =r’sTy(en)Era +r 7 'sAey,

by which (18) is finally reduced to ex 71 (e1) = 3T (e1)es, since T (e]) = —a)/]_l f1.
The proof of the second part is similar. O
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Theorem 3.15. 9 and T, are the Lusztig symmetries from U, ;(G7) to its associ-
ated quantum group U1 ,—1(G2) as Q-isomorphisms, inducing the usual Lusztig
symmetries as Q(q)-automorphisms not only on the quantum group U,(G») of
Drinfel’d—Jimbo type but also on the centralized quantum group U, (; (Gy), only
whenr =q =s"\. ]
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