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THE FIXED POINT SUBALGEBRA
OF A LATTICE VERTEX OPERATOR ALGEBRA
BY AN AUTOMORPHISM OF ORDER THREE

KENICHIRO TANABE AND HIROMICHI YAMADA

We study the subalgebra of the lattice vertex operator algebra V ,; 4, COD-
sisting of the fixed points of an automorphism which is induced from an
order-three isometry of the root lattice A,. We classify the simple modules
for the subalgebra. The rationality and the C,-cofiniteness are also estab-
lished.

1. Introduction

The space of fixed points of an automorphism group of finite order in a vertex
operator algebra is a vertex operator subalgebra. The study of such subalgebras
and their modules is called orbifold theory. It is a rich field both in conformal field
theory and in the theory of vertex operator algebras. However, orbifold theory
is difficult to study in general. One reason is that the subalgebra of fixed points
usually has more complicated structure than the original vertex operator algebra.
The first example of orbifold theory in vertex operator algebras is the moonshine
module V* by Frenkel, Lepowsky, and Meurman [Frenkel et al. 1988], constructed
as an extension of VI by its simple module V[{ "+, where VXF is the space of
fixed points of an automorphism 6 of order two in the Leech lattice vertex op-
erator algebra V. This construction is called a 2 B-orbifold construction because
6 corresponds to a 2B involution of the monster simple group. More generally,
Frenkel et al. defined a vertex operator algebra V; associated with an arbitrary
positive definite even lattice L. These lattice vertex operator algebras provide a
large family of vertex operator algebras. Such a lattice vertex operator algebra
admits an automorphism 6 of order two, which is a lift of the isometry & > —«
of the underlying lattice L. Orbifold theory for the fixed point subalgebra VLJr of
0 has been developed extensively. The simple VLJr -modules have been classified
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[Abe and Dong 2004], the fusion rules have been determined [Abe et al. 2005], and
it has been established that VLJr is Cy-cofinite [Abe et al. 2004; Yamskulna 2004].

Here we study the fixed point subalgebra by an automorphism of order three
for a certain lattice vertex operator algebra. Namely, let L = /24, be +/2 times
an ordinary root lattice of type A, and let T be an isometry of the root lattice of
type A; induced from an order-three permutation on the set of positive roots. We
classify the simple modules for the subalgebra V| of fixed points by 7. Moreover,
we show that V' is rational and C,-cofinite.

In [Dong et al. 2004; Kitazume et al. 2003] we have already discussed the vertex
operator algebra V. It was shown that V/ = M° @ WO is a direct sum of a
subalgebra M? and its simple highest-weight module W°. Actually, M is a tensor
product of a W3 algebra of central charge 6/5 and a W3 algebra of central charge
4/5. The property of a W3 algebra of central charge 6/5 as the first component of
the tensor product M was investigated in [Dong et al. 2004]. It is generated by
the Virasoro element @' and a weight-three vector J. The second component of
MO, a Ws algebra of central charge 4/5, was studied in [Kitazume et al. 2000b].
It is generated by the Virasoro element &> and a weight-three vector K. Each of
these Wj algebras possesses a symmetry of order three. The order-three symmetry
of the second W3 algebra is related to the Z3 part of L+/L = 7, x Z, x 73, where
L=+ denotes the dual lattice of L. As an M°-module, W is generated by a highest-
weight vector P of weight 2. Thus the vertex operator algebra V/ is generated by
the five elements @', @2, J, K, and P.

There are 12 inequivalent simple V;-modules, which correspond to the cosets of
L in its dual lattice L+ [Dong 1993]. Let (U, Yy) be a simple V;-module. One can
define a new simple Vy-module (U o t, Yy.;) by U ot = U as vector spaces and
Yuor(v,2) =Yy (tv, z) for v e Vp. Then U +— U o7 is a permutation on the set of
simple Vi -modules. In the case where U and U o t are equivalent V;-modules, U
is said to be t-stable. If U is t-stable, the eigenspace U (¢) of T with eigenvalue £°,
where & = exp(2n«/—_1/3), =0, 1, 2, is a simple V;-module, while if U belongs
to a t-orbit of length three, U itself is a simple V;-module and the three members
in the 7-orbit are equivalent [Dong and Yamskulna 2002, Theorem 6.14]. Among
the 12 inequivalent simple V;-modules, three are T-stable and the remaining nine
are divided into three t-orbits. In this way we obtain 12 simple V;-modules. It
is known that there are three inequivalent simple t-twisted Vy-modules and three
inequivalent simple 72-twisted V; -modules. We denote them respectively by

. T, . . T,
(1-1) Vi) =v, @), Vi@H:=V, ", j=0,1.2.

The automorphism t acts on these t-twisted or 72-twisted V; -modules and each
eigenspace of 7 is a simple V;-module [Miyamoto and Tanabe 2004, Theorem 2].
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There are 18 such simple V/-modules, all of them inequivalent. Hence there are
at least 30 inequivalent simple V;/-modules.

The main part of our argument is to show that every simple V/-module is iso-
morphic to one of these 30 simple V;-modules. Recall that V/ = M @ WO and
that MY is a tensor product of two W3 algebras. The W; algebra of central charge
6/5 (resp. 4/5) possesses 20 (resp. 6) inequivalent simple modules. Thus there are
120 inequivalent simple M°-modules. It turns out that among these simple M°-
modules, 60 of them cannot appear as an M°-submodule in any simple V/-module
and that each simple V;-module is a direct sum of two of the remaining 60 simple
MP-modules. We note that W is not a simple current M°-module. Thus V; is a
nonsimple current extension of M°. A discussion on simple modules for another
nonsimple current extension of a certain vertex operator algebra can be found in
[Lam et al. 2005, Appendix C].

The organization of this paper is as follows. In Section 2 we review various
notions about untwisted or twisted modules for vertex operator algebras, together
with some basic tools which will be used in later sections. In Section 3 we fix
notation for the vertex operator algebra V' and collect its properties. We clarify
an argument on the simplicity of M? (') and W?(r"), i =1, 2, in [Kitazume et al.
2003, Proposition 6.8]. Furthermore, we correct some misprints in [Kitazume et al.
2003, (6.46)] and in an equation of [Dong et al. 2004, page 265] concerning a
decomposition of a simple t-twisted Vi-module VLj (r), j = 1,2 as a t-twisted
M? ® M?-module (see Remark 3.5). In Section 4 we discuss the structure of the
30 known simple V;-modules. In particular, we calculate the action of o(®h),
0(&?), o(J), o(K), and o(P) on the top level of these simple modules. Finally, in
Section 5 we complete the classification of simple V/-modules. We also show the
rationality of V.

The authors would like to thank Ching Hung Lam, Masahiko Miyamoto, and
Hiroshi Yamauchi for valuable discussions. The proof of Lemma 5.7 is essentially
the same as that of [Lam et al. 2005, Lemma C.3]. Part of our calculation was
done by a computer algebra system Risa/Asir. The authors are grateful to Kazuhiro
Yokoyama for helpful advice on computer programs.

2. Preliminaries

We recall some notation for untwisted or twisted modules for a vertex operator
algebra. We also review the twisted version of Zhu’s theory. A basic reference
to twisted modules is [Dong et al. 1998a]. For untwisted modules, see also [Lep-
owsky and Li 2004]. Let (V, Y, 1, ) be a vertex operator algebra and g be an
automorphism of V of finite order 7. Set V' ={v eV |gv = ez”ﬁ’/TU}, so that

V= EBreZ/TZ v
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Definition 2.1. A weak g-twisted V-module M is a vector space equipped with a
linear map

Yu(- 2):v eV Yu®,2) =Y v,z € (End M){z}
ne@
satisfying the following conditions.
D Yuw.2) =2 ;)14 vz " Hforve V.
2) vqw=0ifn >0, whereveVand w e M.
3) Yy, z) =idy.
(4) Foru € V" and v € V, the g-twisted Jacobi identity holds:
@1 2 8(H2 ) e 2)Yar 0. 22) = 258 (2 Yar 0. 22) Y 21)
0 —
_ -r/T —
= (B2E) T S(AER ) vy (@, 20w, 22).
) 22

Compare the coefficients of z; ! _]zl_’" _]zz_ "=1 in both sides of (2-1) foru € V”,
veVsileZ, me % +7Z,and n € % + Z. Then we obtain

22) ) (’;’)(uz+l-v)m+n_i =Y (=1 (,) (wr4m—ivnri = (=D Vg ittm i)
i=0

i=0
In the case [ = 0, this reduces to

o.¢]

(2-3) [tm: va] = (’;’)(uiv)mﬂ_i.

i=0
The Virasoro element w is contained in V°. Let L(n) = wp+1 forn € Z. Then

[L(m), L(n)] = (m —n)L(m +n) + 5 (m> — m)8y.4,0(rank V),

in(v, ) =Yy (L(=Dv, 2)
dz

for v € V; see [Dong et al. 1998a, (3.8), (3.9)].
An important consequence of (2-1) is the associativity formula

2-4) (zo+22)" T Y (u, z0+22) Yo (v, 22)w = (z2+20) T Yar (Y (u, 20)v, z2)w

(see [Dong et al. 1998a, (3.5)]), whereu € V", ve V, w € M, and k is a nonnegative
integer such that Z**/T Yy, (u, z)w € M[z].
Let (M, Yy) and (N, Yy ) be weak g-twisted V-modules. A homomorphism of
M to N isalinearmap f: M — N suchthat fYy(v,2) =Yy, 2)f forallve V.
Let N be the set of nonnegative integers.
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Definition 2.2. A %N-graded weak g-twisted V-module M is a weak g-twisted
V-module with a %N—grading M= M, such that

ne%l\l
(2'5) UmM(n) C M(n+wt(v)—m—l)
for any homogeneous vectors v € V.

A %N—graded weak g-twisted V-module here is called an admissible g-twisted
V-module in [Dong et al. 1998a]. Without loss we can shift the grading of a %N—
graded weak g-twisted V-module M so that M) # 0 if M # 0. We call such an
M o) the top level of M.

Definition 2.3. A g-twisted V-module M is a weak g-twisted V-module with a
C-grading M = @, .c M., where M, = {w € M | L(0)w = Aw}. Moreover, each
M, is a finite dimensional space and for any fixed A, M; 1,7 =0 for all sufficiently
small integers n.

A g-twisted V-module is sometimes called an ordinary g-twisted V-module. By
[Dong et al. 1998a, Lemma 3.4], any g-twisted V-module is a %N—graded weak
g-twisted V-module. Indeed, assume that M is a g-twisted V-module. For each
A € C with M, #0, let Ao = X+ m/T be such that m € Z is minimal subject to
M, # 0. Let A be the set of all such Ay and let M,y = @, ., My+s.. Then My,
satisfies the condition in Definition 2.2. Thus we have the following inclusions.

{g-twisted V-modules} C { %N—graded weak g-twisted V-modules}
C {weak g-twisted V-modules}

Definition 2.4. A vertex operator algebra V is said to be g-rational if every %N-
graded weak g-twisted V-module is semisimple, that is, a direct sum of simple
%N—graded weak g-twisted V-modules.

Let M be a weak g-twisted V-module. The next lemma is a twisted version of
[Li 2001, Lemma 3.12]. In fact, using the associativity formula (2-4) we can prove
it by essentially the same argument as in [Li 2001].

Lemma 2.5. Letu e V', v e V*, w € M, and k be a nonnegative integer such that
Yy (u, 2)w € M[[z]. Let p € 7+2Z,q € 7 +Z, and N be a nonnegative
integer such that NIy (v, 2w € M[[Z]l. Then

(2-6) N X p—k—r/T\ (k+r)T
UpVgW = Z Z ; j (Up—k—r/T—i+jV) gthtr/T+i—jW-
i=0 j=0

Conversely, (u,v),w can be written as a linear combination of some vectors of
the form u;v;w.
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Lemma 2.6. Letu € V', ve VS, w € M. Then for p € Z and q € "=* + Z, the
vector (u,v)qw is a linear combination of u;v;w with i € % +Zand j e % + 7.

Proof. Let X =span{u;vjw|i € 7 +7Z, j € ++7Z}. We use (2-2). Takem € 7 +7
such that u,,;w =0 fori > 0. Let N € Z be such that uy;v =0 for i > 0.
If p > N, then u,v = 0 and the assertion is trivial. Assume that p < N. For
j=0,1,...,N—p,letl=p—+ jandn=qg —m— j in (2-2). Then

o (m . p+J
Z (i >(Mp+j+iv)qjiw = Z(—l)'( ; )up+m+jivqmj+iw-
i=0

i=0

The right hand side of this equation is contained in X. Consider the left hand side
foreachof j=N—p, N—p—1,...,1,0. Then we see that (unyv)y_n+,w € X,
(UN-_1V)g-Npr1w € X, ..., and (upv);w € X. Il

For subsets A, B of V and a subset X of M, set A- X =spanf{u,w|uc A, w e
X,n € %Z} and A - B = span{u,v|u € A,v € B,n € Z}. Then it follows from
(2-6) that A- (B-X) C (A- B) - X (see also [ Yamauchi 2004, (2.2)]). For a vector
w € M, this in particular implies that V - w is a weak g-twisted V-submodule of
M. If w is an eigenvector for L(0), then V - w is a direct sum of eigenspaces for
L(0). Each eigenspace is not necessarily of finite dimension. Thus V - w is not a
g-twisted module in general. This subject was discussed in [Abe et al. 2004; Buhl
2002; Yamauchi 2004]. We will review it later in this section.

Zhu [1996] introduced an associative algebra A (V) called the Zhu algebra for a
vertex operator algebra V', which plays a crucial role in the study of representations
for V. Later, Dong, Li and Mason [Dong et al. 1998a] constructed an associative
algebra Ag (V) called the g-twisted Zhu algebra in order to generalize Zhu’s theory
to g-twisted representations for V. The definition of A,(V) is similar to that of
A(V). Let V, g, T, and V" be as before. Roughly speaking, A,(V) =V /04 (V)
is a quotient space of V with a binary operation *,. It is in fact an associative
algebra with respect to *,. If r # 0, then V" C O4(V). Thus Ag(V) = (VO 4+
O4(V))/O4(V). For the case g = 1, see (5-1) in Section 5.

A certain Lie algebra V[g] was considered in [Dong et al. 1998a]. Any weak
g-twisted V-module is a module for the Lie algebra V[g] (see Lemma 5.1 of that
reference). Moreover, for a V[g]-module M, the space 2(M) of lowest-weight
vectors with respect to V[g] was defined. If M is a weak g-twisted V-modules,
then (M) is the set of w € M such that vyw)—14,w = 0 for all homogeneous
vectors v € Vand 0 <n e %Z. The map v — o(v) for homogeneous vectors
v e VO induces a representation of the associative algebra A,(V) on (M), where
o(V) = Vwi)—1- f M isa %N—graded weak g-twisted V-module, then the top level
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M ) is contained in 2(M). In the case where M is a simple %N-graded weak g-
twisted V-module, My = (M) and M g, is a simple A, (V)-module (see [Dong
et al. 1998a, Proposition 5.4]).

For any A,(V)-module U, a certain %N—graded V[g]-module M (U) such that
M(U)) = U was defined (see [Dong et al. 1998a, (6.1)]). Let W be the subspace
of M (U) spanned by the coefficients of

(20 + 22)™M O Ty (4, 204 22) Vi (v, 22)w

— (22 + 2o)V I Ty (Y (u, 20)v, 22)w

for all homogeneous u € V", v e V, w € U (see [Dong et al. 1998a, (6.3)]). Set
M@U) = M(U)/U(V[g]))W, which is a quotient module of M (U) by the V[g]-
submodule generated by W.

The following results will be necessary in Sections 3 and 5.

Theorem 2.7 [Dong et al. 1998a, Theorem 6.2]. M) isa %N-gmded weak g-
twisted V -module such that its top level MU )0) is equal to U and such that it has
the following universal property: for any weak g-twisted V -module M and any ho-
momorphism ¢ : U — Q(M) of Ag(V)-modules, there is a unique homomorphism
@ M(U) — M of weak g-twisted V -modules which is an extension of ¢.

Let J be the sum of all %N—graded V]g]-submodules of M (U) which intersect
trivially with U. Since M (U) ) = U, itis a unique %N—graded V[g]-submodule of
M (U) being maximal subject to JNU =0. The principal pointisthat U(V[g])) W C
J.Set LLU)=MU)/J.

Theorem 2.8 [Dong et al. 1998a, Theorem 6.3]. L(U) is a %N-graded weak g-
twisted V -module such that Q(L(U)) = U as A4(V)-modules.

Remark 2.9. If M is a %N—graded weak g-twisted V-module and ¢ : U — Mg is
a homomorphism of Ag(V)-modules, then the homomorphism ¢ : M(U) — M
of weak g-twisted V-modules in Theorem 2.7 preserves the %N—grading. In-
deed, M(U) = span{v,U |v € V,n € %Z} by (2-6), since M) is generated
by U as a %N-graded weak g-twisted V-module. By (2-5), th(v)—l—nM(U)(O) C
M(U)(n) for any homogeneous v € V and n € %Z. Since M(U)(o) = U, it fol-
lows that M (U) ) is spanned by vyi)—1—,U for all homogeneous v € V. Now,
([J(vyt(v),l,nU) = Uwi(w)—1-n®(U) is contained in th(v)flan(O_) C M. Hence
@MU)@)) C M, as required. In the case where both of M(U) and M are
ordinary g-twisted V-modules, ¢ becomes a homomorphism of ordinary g-twisted
V-modules since ¢ commutes with L (0).
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Lemma 2.10. Let U be an Ay(V)-module. Let S be a %N-gmdea’ weak g-twisted
V-module such that it is generated by its top level Sy and such that S is iso-
morphic to U as an Ay(V)-module. Then there is a surjective homomorphism
S — L(U) of weak g-twisted V -modules which preserves the %N-gmding.

Proof. By Theorem 2.7 and Remark 2.9, an isomorphism ¢ : U — S of A, (U)-
modules can be extended to a surjective homomorphism ¢ : M(U) — S of weak
g-twisted V-modules which preserves the lN -grading. The kernel Ker¢ of ¢
1ntersects trivially with M (U) ) and so is contamed in@P,_,c1 NM (U)@w)- Let I
bea + N -graded V[g]-submodule of M (U) such that Ker ¢ = I/U(V 1)W. Then
In U 0. This implies that I C J. Hence L(U) = M(U)/J is a homomorphic
image of M(U)/I = S. O

Theorem 2.11 [Dong et al. 1998a, Theorem 7.2]. L is a functor from the category
of simple A,(V)-modules to the category of simple %N-graded weak g-twisted
V-modules such that 2o L =1id and L o 2 = id.

Theorem 2.12 [Dong et al. 1998a, Theorem 8.1]. Let V be a g-rational vertex
operator algebra.

(1) Ag(V) is a finite dimensional semisimple associative algebra.

(2) V has only finitely many isomorphism classes of simple -N-graded weak g-
T
twisted V -modules.

(3) Every simple %N-graded weak g-twisted V-module is an ordinary g-twisted
V-modules.

In case of g = 1, the above argument reduces to the untwisted case. In particular,
A, (V) is identical with the original Zhu algebra A(V) if g = 1.

There is an important intrinsic property of a vertex operator algebra, namely,
the Cy-cofiniteness. Let C(V) = span{u_v |u, v € V}. More generally, we set
Co(M)=spanf{u_rw |u € V, w e M} for a weak V-module M. If the dimension of
the quotient space V/C>(V) is finite, V is said to be C,-cofinite. Similarly, a weak
V-module M is said to be C,-cofinite if M/C,(M) is of finite dimension. The
notion of C,-cofiniteness of a vertex operator algebra was first introduced by Zhu
[1996]. The subspace C(M) of a weak V-module M was studied in [Li 1999b].
We refer the reader to [Nagatomo and Tsuchiya 2005] also.

Theorem 2.13 [Dong et al. 2000, Proposition 3.6]. If V is Ca-cofinite, then Ag(V)
is of finite dimension.

Ifv= 6950:0 Vi, and Vy =Cl1, then V is said to be of CFT type. Here V,, denotes
the homogeneous subspace of weight n, that is, the eigenspace of L(0) = w; with
eigenvalue n.
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Theorem 2.14 [Yamauchi 2004, Lemma 3.3]. Suppose V is C,-cofinite and of
CFT type. Choose a finite dimensional L(0)-invariant and g-invariant subspace U
of V such that V. =U 4 Co(V). Let W be a weak g-twisted V-module generated
by a vector w. Then W is spanned by the vectors of the form ulnlu%nz e u’inkw
withny >ny >--->ng>—-Nandu' €eU,i=1,2,...,k where N € %Z isa

constant such that u,,w =0 for allu € U and m > N.

Theorem 2.15 [ Yamauchi 2004, Corollaries 3.8 and 3.9]. Suppose V is C,-cofinite
and of CFT type. Then the following assertions hold.
(1) Every weak g-twisted V -module is a %N-graded weak g-twisted V -module.
(2) Every simple weak g-twisted V-module is a simple ordinary g-twisted V -
module.

Remark 2.16. Suppose V is Cy-cofinite and of CFT type. Let M be a weak g-
twisted V-module and w', ..., w* be eigenvectors of L(0) in M. Then the weak
g-twisted V-submodule W generated by w', ..., w is an ordinary g-twisted V-
module. Indeed, W is a direct sum of eigenspaces for L(0) and each homogeneous

subspace is of finite dimension by Theorem 2.14.

For the untwisted case, that is, the case g = 1, we refer the reader to [Abe et al.
2004; Buhl 2002; Dong et al. 1997; Li 1999b]. A spanning set for a vertex operator
algebra was first studied in [Gaberdiel and Neitzke 2003, Proposition §].

3. The fixed point subalgebra (V ; Az)T

In this section we fix notation. We tend to follow the notation in [Dong et al. 2004;
Kitazume et al. 2000a; Kitazume et al. 2003] unless otherwise specified. We also
recall certain properties of the lattice vertex operator algebra V, 55, associated with

V/2 times an ordinary root lattice of type A, and its subalgebras (see [Dong et al.
2004; Kitazume et al. 2000a; Kitazume et al. 2003; Kitazume et al. 2000b]).

Let o, oy be the simple roots of type A, and set g = —(o¢1+a2). Thus (o;, ;) =
2and (o, aj) =—11if i # j. Set B; = V2a; and let L = ZB; + 7, be the lattice
spanned by B; and f,. We denote the cosets of L in its dual lattice Lt ={axe
Q®z L|{a, L) C Z} as follows.

LO=L, L1=_'Bl+ﬂ2+L, L2='Bl_'32+L,
3 3
L0=La La:%'i‘ld’ Lb=%+l" LL‘:%J’_L,
L(i’j)ZLi—i-Lj

fori =0,a,b,cand j =0, 1,2, where {0, a, b, ¢} = Z, x Z; is Klein’s four-group.
Note that L& i € {0,a,b,c}, j € {0, 1,2} are all the cosets of L in L+ and
LY/L =7, x 7 x 75.
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We adopt the standard notation for the vertex operator algebra (V, Y (-, 2))
associated with the lattice L (see [Frenkel et al. 1988]). In particular, h = C®z L
is an abelian Lie algebra, 6 =bh®C[t,t '] @ Cc is the corresponding affine Lie
algebra, M(1) = Cla(n); o € h,n < 0], where a(n) = @ ® t", is the unique
simple ﬁ—module such that «(n)l =0 foralla e handn >0and c =1. As a
vector space V;, = M (1) ® C[L] and for each v € V, a vertex operator Y (v, z) =
Znel v,z "1 € End(Vy)[[z, z7'] is defined. The vector 1 = 1 ® 1 is called the
vacuum vector. In our case (o, 8) € 2Z for any o, § € L. Thus the twisted group
algebra C{L} of [Frenkel et al. 1988] is naturally isomorphic to the ordinary group
algebra C[L].

There are exactly 12 inequivalent simple V;-modules, which are represented
by Viipn, i =0,a,b,c and j =0, 1,2 (see [Dong 1993]). We use the symbol
e“, o € L+ to denote a basis of C{L1}.

We consider the following three isometries of (L, (-, -)).

T: 81— B2 — Bo— B,

(3-1 o:pB1— B B2 — B,
9:;3[—>—,3i, l=1,2

Note that 7 is fixed-point-free and of order 3. The isometries 7, o, and 8 of L can
be extended linearly to isometries of L. Moreover, the isometry 7 lifts naturally
to an automorphism of Vi :

al(=ny) - - o (=np)ef — (zal)(—ny) - - - () (—np)e™.

By abuse of notation, we denote it by 7 also. We can consider the action of 7 on
Vpap in a similar way. We apply the same argument to o and 6. Our purpose
is the classification of simple modules for the fixed point subalgebra V; = {v €
VL | tv = v} of Vi by the automorphism 7.

For a simple V;-module (U, Yy), let (U o 1, Yyor) be a new Vp-module such
that U ot = U as vector spaces and Yy; (v, z) = Yy (tv, z) for v € V [Dong et al.
2000]. Then U + U o t induces a permutation on the set of simple V;-modules.
If U and U ot are equivalent V-modules, U is said to be t-stable. The following
lemma is a straightforward consequence of the definition of V¢ j.

Lemma 3.1. (1) V; 0., j =0, 1, 2 are t-stable.
(2) Viywp ot = Ve, Vienot =Viey,and Viej ot = Viwp, j=0,1,2.

A family of simple twisted modules for lattice vertex operator algebras was
constructed in [Dong and Lepowsky 1996; Lepowsky 1985]. Following Dong and
Lepowsky, three inequivalent simple 7-twisted V; -modules (VLj (0, Y (-,2),j=
0, 1, 2 were studied in [Dong et al. 2004; Kitazume et al. 2003]. By the preceding
lemma and [Dong et al. 2000, Theorem 10.2], we know that (VLJ (), Y*(-,2),
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j=0,1,2, are all the inequivalent 51mple T-twisted Vi -modules. Slmllarly, there
are exactly three inequivalent simple r2-twisted Vz-modules (Vj (72), Y (-,2),
j=0,1,2.

We use the same notation for (VLj(r), Y'(-, 7)) and (VLj(rz), Y’z( -,Zz)) as in
[Dong et al. 2004, Section 4]. Thus

Vi (x) = S[E1® Ty,

where TXJ., j =0,1,2, is the one-dimensional representation of a certain central
extension of L affording the character x;. Let

= 1(B1+&E°B2+EPo). hy = 1(B1+&B2+EBo).

Then th; =& h;, (hy, h1) = (ha, ho) =0, and (hy, h,) =2. Moreover, B; =§i_1h1+
g20=Dp, i =0, 1,2. As a vector space, S[t] is isomorphic to a polynomial algebra
with variables i1 (1/3+n), hy(2/3+n), n € Z_o. The isometry T acts on S[t] by
thj = §/h;. We define the action of 7 on T}, to be the identity. The weight in
S[z] is given by wth;(i/3+n) =—i/3—n,i =1,2 and wt1 = 1/9. The weight
of any element of T} is defined to be 0. Note that the weight in VL/ (7) is identical
with the eigenvalue for the action of the coefficient of z~2 in the T-twisted vertex
operator Y (w, z), where @ denotes the Virasoro element of V.
The simple r2-twisted Vz-modules (VLj (), Y’z( +,2)), j=0,1,2 are

Vi (@) = S[1® T,

where T, /s j =0, 1, 2, are the one-dimensional representations of a certain central
extensmn of L affording the character X Moreover, S[t?] is isomorphic to a
polynomial algebra with variables /' (1/ 3 +n), h,(2/3+n), n € Z( as a vector
space, where h, = h, and h', = hy. Thus t2h} = &'h/, i = 1,2. The action of T
on S[t?] is given by th = 52’h/ i =1,2. The action of 7 on T, ; is defined to be
the identity. The weight in S[z?] is given by wthi(i/3+n) = —1/3 —n,i=1,2
and wt1 = 1/9. The weight of any element of T, / is defined to be 0. The welght
in VJ (rz) is identical with the e1genva1ue for the action of the coefficient of z—
in the 72-twisted vertex operator ¥ v (w, 2).

By Lemma 3.1, [Dong and Mason 1997, Theorem 4.4], and [Dong and Yam-
skulna 2002, Theorem 6.14],

Viop(e)={ve Vioy|tv=E%}, Jj,e=0,1,2

are inequivalent simple V;-modules. For each of j =0, 1, 2, we have that V.,
i =a,b, c are equivalent simple V;/-modules. Moreover, V., j =0, 1,2 are
inequivalent simple V;-modules. From [Miyamoto and Tanabe 2004, Theorem 2],
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it follows that
Vi(@)(e)={ve V(@) |tw=¢£), je=01,2

are inequivalent simple V;-modules. Similar assertions hold for simple T2-twisted
modules, namely,

ViEHe) = e Vi@ |tPv=¢£%), j,e=0,1,2

are inequivalent simple V; -modules. In this way we obtain 30 simple V;-modules.
These 30 simple V;-modules are inequivalent by [Miyamoto and Tanabe 2004,
Theorem 2]. We summarize the result as follows.

Lemma 3.2. The following 30 simple V| -modules are inequivalent.
1) Vion(e), j,e=0,1,2,
(2) Vpen, j=0,1,2,
3) V] (@), j,e=0,1,2,
@) V] @), j,e=0,1,2.
We consider the structure of V; in detail. Set

V2a +e—ﬁa

x@) =e )=V — eV w(a) = fa(-1)? — x(@)

’

for a € {*aq, £oq, £ar} and let

o= t(e1(=D? +ar(=1)* +ag(—=1)?),
1

o' = 5w +w@) +w)), F=w-ad,

o' = %w(al), 0’ =o' —o'.

Then o is the Virasoro element of V; and &!, &?* are mutually orthogonal con-

formal vectors of central charge 6/5,4/5 respectively. The subalgebra Vir(®')
generated by @' is isomorphic to the Virasoro vertex operator algebra of given
central charge, namely, Vir(@') = L(6/5,0) and Vir(&?) = L(4/5,0). Moreover,
!'is a sum of two conformal vectors w' and w? of central charge 1/2 and 7/10
respectively and w', »? and @ are mutually orthogonal. Note that &> was denoted
by w3 in [Dong et al. 2004; Kitazume et al. 2000a; Kitazume et al. 2003; Kitazume
et al. 2000b]. Such a decomposition of the Virasoro element of a lattice vertex
operator algebra into a sum of mutually orthogonal conformal vectors was first
studied in [Dong et al. 1998b].
Set

@

Mi={veV,|@nv=0}, W ={eV,|@)v=3v}, i=0,ab,.c,
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M] ={ve V@)= (@)v=0),

W/ =weVyl@Hv=0, @)v=3v), j=012.
Then M,? and Mto are si'rnple vertex operator algebras. Moreover, {M:, W,ﬁ; i =
0,a,b,c}and {M/, W/; j =0, 1,2} are complete sets of representatives of iso-
morphism classes of simple modules for M,? and M?, respectively (see [Kitazume
et al. 2000a; Kitazume et al. 2000b; Lam and Yamada 2000]). As Vir(w!) ®
Vir(w?)-modules,
M = (L(5,00® L(15, 0) @ (L(3, ) ® Ly 1))
M{=M) =L, 2 ®L(E, L),
ME= (LG, HOL(L.0)e (L3, 00 L(4. D).
We= (LG 0O®L(E. D)@ (L& HRLGL 1))
WE= W= LG 16) © L i),
Wi = (L(5.5) ® L(5. 2) @ (L(5. 0) ® L(15. 15))-

(3-2)

and as Vir(&?)-modules,

MO=LE 0L ), MP=MP LG, D),
(3-3) O~ 7,4 2 4 7 Il w274 L
Wt _L(S’ 5)®L(59 5)’ Wt _Wt _L(S’ 15)'
Furthermore,
(3-4) Vien = (ML @M}y & (W @ W)

as M,? ® M?-modules. In particular,
(3-5) VL= (M) @ M) & (W @ W).

Note that M = {v € V;, | (@")1v =0} and that M?, W0 and M/, j =0, 1,2 are
T-invariant. However, W,j , j =0,1,2 are not t-invariant.

The fusion rules for M,? and Mt0 were determined in [Lam and Yamada 2000]
and [Miyamoto 2001], respectively. They are

(-6) MixM{ =M MpxWl =W wixwl=m"+w
fori, j=0,a,b,c and
37 M xM{ =M, M xw =w Wi w] =M +wt

fori, j=0,1,2.
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The following two weight-three vectors are important.
J =w(aow(on) — wlaz)ow(er)

1
= —6<51(—2)(ﬂ2 — Po)(=1) + B2(=2)(Bo — B)(=1) + Bo(=2)(B1 — /32)(—1))
— (B2 = Bo)(=Dy(ar) = (Bo — B)(=Dy(a2) — (B1 = p2) (=D y(@0),

1
K = —§(ﬂ1 — B2)(=D (B2 — Bo) (=D (Bo — B)(=1)
+ (B2 — Bo) (= Dx(ar) + (Bo — Br)(—Dx(az) + (B1 — B2) (—D)x (o).

Let M(0) = (M,?)r ={u e M,? | tu = u}. The vertex operator algebra M (0)
was studied in [Dong et al. 2004]. Among other things, the classification of simple
modules, the rationality and the C,-cofiniteness for M (0) were established. It is
known that M (0) is a W3 algebra of central charge 6/5 with the Virasoro element
@'. In fact, M(0) is generated by @' and J. The following equations hold [Dong
et al. 2004, (3.1)].

JsJ = —84-1,
JuJ =0,
J3J = —4200",

3-8
(3-8) JJ = —210(0")od",

NiJ =9(@"(@")od" —240(@") 10",
JoJ =22(@"o(@")o(@")od" — 120010 (@") 10"

Let L'(n) = (@"),41 and J(n) = J,4» for n € Z, so that the weight of these

operators is wt L1 (n) = wt J(n) = —n. Then

mi—m 6
(3-9) LN, Lim]=(m=mL n+n) + === 2 nino,
(3-10) [Ll(m), Jn)]=Cm—n)J(m+n),

3-11) [J(m), J(n)]
= (m—n)(22(m+n+2)(m+n+3)+35(m+2)(n+2)) L' (m+n)
—120(m—n)( > L)L mtn—k)+ > Ll(m—l—n—k)Ll(k))
k<-2 k>—1
—Em(m* =1)(m*=4)81n 0.

The vertex operator algebra M? is known as a 3-State Potts model. It is a W;
algebra of central charge 4/5 with the Virasoro element &> and is generated by
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@* and K. Both of @* and K are fixed by 7, so that 7 is the identity on M. The
rationality of M,O was established in [Kitazume et al. 2000b] and the C,-cofiniteness
of M? follows from [Buhl 2002]. By a direct calculation, we can verify that

KsK =104 -1,
K4K =0,
K3 K = 78007,

3-12
(3-12) K> K =390(&%) @2,

KK = —27(%)(@)o@” + 480(&%) 1@,
KoK = —46(&)0(@)0(@°)0d” + 240(&%)o (@) 1.

Let L2(n) = (&*)y41 and K (n) = K,,4» for n € Z. Then

m3i—m 4
< Om+n.0s

(3-13) [L2(m), L>(n)] = (m —n)L*(m+n) + 53

(3-14) [L%(m), K (n)] = 2m —n)K (m +n),

(3-15) [K(m), K(n)]
= —(m—n) (46(m+n+2)(m-+n+3) + 65(m+2)(n-+2)) L*(m+n)
—|—240(m—n)< > LAR)L (mAn—k) + Y L2(m+n—k)L2(k))
k<—2 k>—1
+3mm*—1)(m*=4)8,11n,0-
Remark 3.3. Let L, = L'(n), W, = /—1/210J(n), and ¢ = 6/5. Then the
commutation relations above coincide with (2.1) and (2.2) of [Bouwknegt et al.

1996]. The same commutation relations also hold if we set L, = L*(n), W,, =

K (n)/+/390, and ¢ = 4/5.

Let us review the 20 inequivalent simple M (0)-modules studied in [Dong et al.
2004]. Among those simple M (0)-modules, eight of them appear in simple M,?—
modules, namely,

M(e) ={ueM|tu==Eu), W) ={ueW|tu=£&u

for e =0,1,2, M{ and W;. The remaining 12 simple M (0)-modules appear in
simple t-twisted or T2-twisted V,-modules. Let

Mr(t)(e) = {u e V(1) | (@) u =0, tu=E°u},

Wr(2)(e) = {u € V(1) | (@) 1u = 2u, Tu=E°u}.
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Then M7 (t)(e), Wr(t)(e), € = 0, 1,2 are inequivalent simple M (0)-modules.
Similarly,

Mr(t)(e) = {u € V)(*) | (@) 1u =0, °u =&u},

Wr(t®)(e) = {u € V) (r?) | (@) 1u = 2u, T°u = £°u)

for ¢ = 0, 1, 2 are inequivalent simple M (0)-modules. In [Dong et al. 2004], it
was shown that M(e), W(e), M, W¢, Mr(t)(e), Wr(t)(e), Mz (t?)(e), and
Wr(t?)(e), e = 0, 1,2 form a complete set of representatives of isomorphism
classes of simple M (0)-modules.

Let us describe the structure of the fixed point subalgebra V. By the definition
of M(0) and M?, we see that ViDOM©O0)® Mto. Since both of M (0) and Mto are
rational, M(O)(X)Mt0 is also rational. Thus V; (¢) ={u eV, | tu =£&%u},e=0,1,2
can be decomposed into a direct sum of simple modules for M (0) ® Mto. Any
simple module for M (0) ® M is of the form A ® B, where A and B are simple
modules for M (0) and Mto, respectively. By (3-5), it follows that B = Mt0 or
Wto. Moreover, Vi (¢) contains the simple M (0)-modules M (¢) and W (e). The
eigenvalues of (@Y1 in M (¢) (resp. W (¢e)) are integers (resp. of the form 3/5+n,
n € Z), while the eigenvalues of (®%) in MtO (resp. Wto) are integers (resp. of the
form 2/5 4+ n, n € Z). Since the eigenvalues of w; = (@H1 + (@), in V, are
integers, we conclude that

(3-16) Vi(e) = (M(e) @ MD) @ (W (e) @ W)
as M(0)® Mto—modules, e =0, 1, 2. In particular,
(3-17) VI (M0)® M) @ (W(0)® W)).

From now on we set M = M(0) ® MtO and W0 = W(0) ® Wto. Thus V} =
Vi) =M@ WO, Let

P =y(a1) + y(a2) + y(ap).

Then we can verify that (&'), P = (@), P =0 forn > 2, (&) P = (8/5)P, and
(@) P = (2/5) P. Moreover, J, P = K, P =0 for n > 2. Thus WOisa simple MPO-
module with P a highest-weight vector of weight (8/5, 2/5). The vertex operator
algebra V] is generated by @', @, J, K and P.

Theorem 3.4. V[ is a simple C>-cofinite vertex operator algebra.

Proof. We know that M (0) and M,O are C»-cofinite. Thus MY is also C,-cofinite.
Since WO is generated by P as an M°-module, it follows from [Buhl 2002] that
V[ is Cy-cofinite. By [Dong and Mason 1997, Theorem 4.4], V[ is simple. O
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Following the outline of the argument in [Dong et al. 2004; Kitazume et al.
2003], we discuss the structure of the simple 7-twisted Vp-modules VLj (), j =
0, 1,2 as t-twisted M{ ® M?-modules. Furthermore, we correct an error in [Dong
et al. 2004; Kitazume et al. 2003] concerning a decomposition of V/ (t) for j =
1, 2. We first consider VLO (t). Let 0 # v € Ty, and 1 be the identity of S[z]. Then
I®@velsS[t]®T, = VLO(I). Since MtO C V[, we can decompose VB(‘L’) into a
direct sum of simple M’-modules. By a direct calculation, we can verify that

@)1(1®@v) =0,  (@)1(h(—5)®v) =2hy(-}) Sv.

Thus we see that M? and W? appear as direct summands. Since Vg(r) is simple
as a t-twisted Vy-module, (3-5) and the fusion rule WtO X Wt0 = Mto + W,O (see
(3-7)) imply that any simple M?-submodule of VB (t) is isomorphic to M? or W?.
Hence

(3-18) VO(r) = (MY (1) ®@ MD) @ (Wo(1) ® WP)
as t-twisted M,? ® M-modules, where
M(t) = {u e V) (t) | (@*)u =0},

Wp(r) = {u € V() | (@) 1u = 2u}.

The t-twisted M,?—modules M?(r) and W?(r) are simple. Indeed, if N is a t-
twisted M, ,?—submodule of M? (t), then N@M? is a t-twisted M ,? ® M?-submodule
of M(t) ® M?. By (2-6), V. - (N ® M) = span{a,(N ® M?) |a € V,,n € Q}
is a T-twisted V;-submodule of VL0 (7). The fusion rule Wt0 X Mt0 = W,0 and (3-5)
imply that V- (N ® M,O) is contained in (N ®Mto) ® (W})(r) ® Wto). Since Vf(t)
is a simple t-twisted V;-module, we conclude that M?(r) is a simple t-twisted
M,?—module.

Because of the fusion rule W? x W? = M? + W?, we can not apply a similar
argument to W% (7). Note that there are at most two inequivalent simple t-twisted
M,?—modules by [Dong et al. 2004, Lemma 4.1] and [Dong et al. 2000, Theorem
10.2]. Note also that a weight in M% (t) orin W% (7) means an eigenvalue of (@H;.
First several terms of the characters of M?(r) and W?(r) can be calculated easily
from (3-18) (see [Dong et al. 2004]).

chM%(r) — g9 gV /OHRB L GO L G103
ch W%(r) — M RSB | G253y 2L
Suppose W(T) () is not a simple t-twisted M,?—module. Let N be the t-twisted
M,?—submodule of Wg(‘t) generated by the top level of W? (7). Then the top level

of N is a one dimensional space of weight 2/45. If N is not a simple t-twisted M ,? -
module, then the sum U of all proper t-twisted M lg—submodules of N is a unique
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maximal t-twisted M,?—submodule of N. The quotient N/ U is a simple t-twisted
M,?—module whose top level is of weight 2/45. Denote the top level of U by U,,
where the weight A is 2/45+n/3 for some 1 <n € Z. Consider the 7-twisted Zhu
algebra A, (M,?) of M,?. Since U,, is a finite dimensional A, (M ,?)—module, we can
choose a simple A,(M,?)-submodule S of U,.. By [Dong et al. 1998a, Proposition
5.4 and Theorem 7.2], there is a simple %N—graded weak 7-twisted M,?—module R
with top level R, being isomorphic to S as an A,(M,?)—module. It follows from
[Yamauchi 2004, Corollary 3.8] that R is in fact a simple 7-twisted M,?—module.
Here we note that M ,? is Cp-cofinite and of CFT type by its structure (3-2). Since
the top levels of M? (t), N/U, and R have different weight, they are inequivalent
simple t-twisted M,?—modules. If N is a simple t-twisted M,?—module, then it is
not equal to Wg(r) by our assumption. The quotient W? (7)/N is a T-twisted M,?—
module and the weight of its top level, say wu is 2/45 +m /3 for some 1 <m € Z.
By a similar argument as above, we see that there is a simple 7-twisted M,?—module
whose top level is of weight . Hence we have three inequivalent simple 7-twisted
M,?-modules in both cases. This contradicts the fact that there are at most two
inequivalent simple t-twisted M,?—modules. Thus W(T)(r) is a simple t-twisted
M?-module.

Next, let 0 # v € Ty;, j = 1,2. From the definition of VLj (7) in [Dong et al.
2004; Kitazume et al. 2003], we can calculate that

@1y =518v),  @)u =3u,

where u/ = h; —%)@v — (—l)j\/—_3h2 —%)2®v. Thus Mt1 or Mt2 and th or Wt2
appear as Mto—submodules of VLj (7). In order to distinguish Mt1 and M,2 (resp. W,1
and Wtz), we need to know the action of K5 on these vectors (see [Kitazume et al.
2000b]). By a direct calculation, we can verify that

Kx(1@v)=—(-D/2(1®v), Kou! = (=1)/ 2u.
Hence Mf_j and Wt3_j appear in VLj(r) for j =1, 2. Let

M(t) = {u € V{ (1) | (@)1 = Ju},

Wi(D) ={u e Vi@ | @) u=tu}, j=12

Then, V/ (1) = (M}(x) @ M; ™) & (W) () @ W) 7/) as t-twisted M? @ MO-
modules for j = 1, 2. Moreover, M% (7) and W'Ti(r), j =1, 2 are simple 7-twisted
M,?—modules.

Recall that there are at most two inequivalent simple 7-twisted M,?—modules.
Looking at the smallest weight of M%(r) and W%(r), we see that the M} (1),
j =0, 1, 2 are equivalent, and the W% (t), j =0, 1, 2 are equivalent, but M% (t) and
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W? () are not equivalent. For simplicity, set M7 (1) = M? (r) and Wy (7) = W? (7).

Then
519) V(1) = (M7 (1) @ M) & (Wr (1) @ W),
Vi zMrmeM HheWrmew, ), j=1,2

as t-twisted M ® MP-modules.
The structure of the simple 72-twisted V;-module V,f (rz), j=0,1,2asa 72-

twisted M ,9 ® Mto—module is similar to that of the case for VL] (). Let0# v e Txé
and let 1 be the identity of S [72]. Then

@11V =0, (@)1 (hy(—) ®v) = 2hy(—1) ®v
and so
VP(H) = (ML(H) @ M) ® (WR(rH) @ W)
as T2-twisted M ,? ® Mto—modules, where
M(x%) = {u € V(r%) | (@) 1u =0},

WP ={u € V)(r3) | (@) 1u = 2u}.

By a similar argument as in the t-twisted case, we can show that M%(rz) and
W})(rz) are inequivalent simple 72-twisted M,?—modules.
Take a nonzero v in TX/_, j=1,2. Then
J

@Nn1ev)=%:1®v), @) =3/,
where v/ = —%) Qv—(—1)//=3 h, —%)2 ® v. Furthermore,
K(1®v)=(-D/51v), K/ =—(=1)/Fv/.

Hence V/ (t2) = (M} (t)@M)) @ (W} (:H@W/) as t2-twisted MY ® M -modules
for j =1, 2, where

My (2?) = (u € Vi (@) | (@) 1u = 2u),

Wi ={ue V(@) | (@)hu=q{su}, j=12.

As in the T-twisted case, the M% (z2), j=0,1,2are equivalent and the W'Ti (72),
j =0,1,2 are equivalent. Set My (%) = M? (t2) and Wy (72 = W?(tz). Then

(3-20) Vi =M @M)ye WrxH@W/)), j=0,1,2,

as T2-twisted M ® M?-modules.
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Remark 3.5. The weight-three vector K was denoted by different symbols in
previous papers, namely, v;, v3, and ¢ were used in [Dong et al. 2004], [Kitazume
et al. 2003], and [Kitazume et al. 2000b], respectively. They are related as follows:
K = —2ﬁv, =220 = 2«/§q. Thus, in the proof of [Kitazume et al. 2003,
Proposition 6.8] (v3), should act on the top level of VLj (t) as a scalar multiple
of (—1)/ /9\/5 for j =1, 2. Moreover, (6.46) of [Kitazume et al. 2003] and the
equation for VLJ (t) on page 265 of [Dong et al. 2004] should be replaced with
Equation (3-19). This correction does not affect the results in the latter paper.
However, certain changes are necessary in [Kitazume et al. 2003] along with the
correction.

Note that
Mr(t')(e) = {u € Mr(z) | t'u = E°u},
Wr(t')(e) = {u € Wr(x') | t'u = £°u)}

fori =1,2, e =0,1,2. Another notation was used in [Kitazume et al. 2003],
namely,

Mr@) = @ Mra. W= @ WraH,

nel/9+¢/3+2 ne2/45+¢/3+2Z

where U, denotes the eigenspace of U with eigenvalue n for (&');. The two sets
of notation are related by

(3-21) Mr(th* = Mr(t')(2¢), Wr(z)® = Wr(z))(2e — 1).
Likewise,
T & Ty T 24\¢ T 2
(VL (T)) = @ (VL (T>)n’ (V" (x )) = @ (VL (T ))n
nel/9+e/3+Z nel/9+e/3+7

of [Kitazume et al. 2003, (7.16)] are denoted here by
(3-22) Vi@ =V (®)Qe), (V] (@?)* = V] (> Qs)

for j =0,1,2 and ¢ =0, 1, 2, where U, is the eigenspace of U with eigenvalue n
for w.

By (3-3), the minimal eigenvalues of (@%), on Mto and W,O are 0 and 2/5, re-
spectively, while those on Mt'i and Wtj , j=1,2,are 2/3 and 1/15, respectively.
Hence it follows from (3-19) that

(VO(D)* = (Mr(2)° @ M%) & (Wr (0)* ' @ W),

(3-23) . | - 3
Vi@ =EMr@) oM HeWrx)* W, /), j=12,
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as M%-modules for ¢ = 0, 1, 2, where M® = M(0) ® M?. Similarly,

(V2(x2))* = (M7t} @ MY @ (Wr (%)~ @ W),

(3-24) . . .
(V@)= MrEH* T oMo Wr@H W), j=1,2,

as M°-modules for ¢ =0, 1, 2 (see [Kitazume et al. 2003, (7.17)]).
The following fusion rules of simple M (0)-modules will be necessary for the
study of simple V;-modules.

W(0) x M = Wf,
W(0) x W = M{ + W¢,
W(0) x M(s) = W(e),
W) x W(e)=M(e)+ W(e),
W(0) x M7 (t)(e) = Wr(t')(e),
W(0) x Wr(t')(e) = M7 (t')(e) + Wr (t')(e)

(3-25)

fori=1,2and £ =0, 1, 2. In fact, the first four fusion rules, that is, the fusion rules
among simple M (0)-modules appearing in untwisted simple Vy-modules, can be
found in [Tanabe 2005]. The last two fusion rules involve simple M (0)-modules
that appear in t/-twisted simple V;-modules. Their proofs can be found in the
Appendix.

Fusion rules possess certain symmetries. Let M’, i = 1,2, 3 be modules for a
vertex operator algebra V. Then by [Frenkel et al. 1993, Propositions 5.4.7 and

5.5.2]
gimny (M gimny (M gimny (M
1m = aim = dim )
"\Mm m2 "\ w2 m "\mt 3y

where (M")’ is the contragredient module of M’. Recall that the contragredient
module (U’, Yyr) of a V-module (U, Yy) is defined as follows. As a vector space
U =@, (Uy,)* is the restricted dual of U and Yy (-, ) is determined by

(Yur(a, 2)v, u) = (v, Yy eV (—z7HE0q, 77 )

foraeV,ueU,andv e U’.

In our case M (0) is generated by the Virasoro element &' and the weight-three
vector J. Moreover, (L'(0)v, u) = (v, L' (0)u) and (J(O)v, u) = —(v, J(O)u).
Since the 20 simple M (0)-modules are distinguished by the action of L'(0) and
J(0) on their top levels, we know from [Dong et al. 2004, Tables 1, 3, and 4] that
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the contragredient modules of the simple M (0)-modules are as follows.
M) =ZMQe), W(E)=ZWQRe), e=0,1,2,
(M) = Mg, (W) =W,
M7 (D)(e) = Mr()(e), Wr(@)(e) EWr@@’)(e), £=0,1,2
(see also [Dong et al. 1998a, Lemma 3.7] and [Tanabe 2005, Section 4.2]).

4. Structure of simple modules

Recall that V] = V. (0) = M@ WO with M® = M (0)® M? and W0 = W (0) ® W_.
In this section we study the structure of the 30 known simple V}-modules listed
in Lemma 3.2. We discuss decompositions of these simple modules as modules
for M°. Those decompositions have been obtained in [Kitazume et al. 2003]. We
review them briefly. (Some corrections are needed in that paper; see Remark 3.5.)

A vector in a V/-module is said to be of weight 4 if it is an eigenvector for
L(0) = w; with eigenvalue . We calculate the action of @H1, (@)1, Ja, Ka, Py,
(J1P)2, and (K P); on the top levels of the 30 known simple V;/-modules. Recall
that the top level of a module means the homogeneous subspace of the module
of smallest weight. The calculation is accomplished directly from the definition of
untwisted or twisted vertex operators associated with the lattice L and the automor-
phisms 7 and 72 (see [Dong and Lepowsky 1996; Frenkel et al. 1988; Lepowsky
and Li 2004]). The results in this section will be used to determine the Zhu algebra
A(V}) of V] in Section 5.

The vectors J1 P and K P are of weight 3. Their precise form in terms of the
lattice vertex operator algebra Vi is as follows.

L P =2B1(=1)> +3B1(=1)*Ba(—=1) = 3B1 (=) B2 (—1)* = 2B2(—1)°
—4((B2 — Bo) (= Dx (1) + (Bo — B1) (= Dx(er2) + (B1 — B2) (— Dx ()
=5 (281(=1)’ +3B1(=1)*Ba(—=1) = 31 (=D Ba(—1)* = 2B2(—1)°) — 4K,
K1 P =3(B1(=2)Ba(—1) — Bo(=2)B1(—1))
— ((B2 = Bo) (= D)y () + (Bo — B (=D y(e2) + (B1 — B2) (= D)y ()
= 2(B1(=2)Ba(=1) — Bo(=2)B1 (1)) + J.

The simple module Vi (0). V;(0) = M°® W° as M°-modules. The top level of
V1 (0) is C1. By a property of the vacuum vector, all of (@)1, (&%), J2, K2, Pi,
(J1P)>, and (K| P), act as 0 on C1.

The simple module Vi (¢), e =1, 2. By (3-16), we have
Vi(e) = (M(e) @ M) @ (W(e) @ W,)
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as M%-modules for e =1, 2. The top level of Vi (¢) is Cv%¢, where v>¢ = o) (—1)—
Efay(—1) € W(e) ® WO. We have

(&')1)1‘72,8 — %VZ,S’ (652)1V2’8 — %VZ,s’ J2V2,8 — —(—1)82\/—_3V2’8,

Kov?® =0, Pv**=0, (JiPv* =0, (KiP)v?* =(=1)°12V=3v>".

The simple module V; ./ (0), j =1,2. For j =1, 2, (3-4) implies that V; . is a
direct sum of simple M°-modules of the form A ® B, where A is a simple M (0)-
module and B is a simple M°-module isomorphic to M,j or Wtj . For convenience,
set U/ (e) = Vion(e), j=1,2,e=0,1,2. Let

V3 = oD BI=BD/3 4 =D (Br=B0)/3 4 o1 (Bo=B)/3,

Then v>/ € U/ (0). Moreover, (w!)v>/ = (w?)v>/ =0and (&%) v/ = (2/3)v>/.
Hence v*/ € M,j and U 7(0) contains an M?-submodule isomorphic to M,j . By
the fusion rule M x W = W/ of M?-modules and [Dong and Lepowsky 1996,
Proposition 11.9], U/ (0) contains an Mto—submodule isomorphic to W,j also. Thus
U7 (0) contains simple M°-submodules of the form A ® M,j and A'® Wtj for some
simple M (0)-modules A and A’.

The minimal weight of V0. is 2/3. Its weight subspace is of dimension 3 and
spanned by e~/ (B1=F2/3 (=1 (B2=F0)/3 apd (=1’ (Bo=PD/3 Thus the weight-2/3
subspace of U/ (0) is Cv>/. Since (&');v>/ =0 and since only M (0) is the simple
M (0)-module whose minimal weight (= eigenvalue of (@H1)is 0 by [Dong et al.
2004], we conclude that U/ (0) contains a simple M°-submodule isomorphic to
M©O)® M.

The minimal eigenvalue of (@%); in W/ is 1/15. Thus the eigenvalues of (&');
on A’ must be of the form 3/5 + n, n € Z. By [Dong et al. 2004], only W (0),
W (1), W(2) are the simple M (0)-modules whose weights are of this form. The
minimal weight of these simple modules are 8/5, 3/5 and 3/5, respectively. Since
the weight-2/3 subspace of U 7(0) is one dimensional, we see that U/ (0) contains
a simple M°-submodule isomorphic to W (0) ® W,j .

From the fusion rules for Mto—modules, we obtain the fusion rules

(M(g) @ M?) x (M(0) ® M]) = M(s) @ M,

(W(E) @ W) x (M(0)® M) =W () ® W}
for M°-modules. Hence U/ () = (M(e) @M )b (W (e) @ W/) for j=1,2and e =
0, 1, 2 by (3-4) and (3-16). In particular, V; . (0) = (M (0)® M/ ) ® (W (0) @ W/ )

as M°-modules, j =1,2. The top level of V;0.,(0) is CvV c MO0)® M,j. We
have
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@YV =0, @)V =3V, v =0, Kovi = —(=1)) Fv,
PV =0, (J1P)v/ =0, (K{P)v*/ =0.

The simple module Vy.j(¢), j = 1,2, ¢ =1,2. We have shown above that
Vion(e) = (M(e) @ M) ® (W(e)® W) as MO-modules, j =1,2, & =1, 2. The
top level of V, . (¢) is Cv*/¢, where

vhie — DI Br=p2/3 | £26 o< DT (Br=P0)/3 4 g2 o~V Bo=BD/3 ¢ W (g) @ W
We have
@) Ve = %V4,j,s’ (@) Ve = 15v4 Je vk = (1) 24/—3vHIE,
Koyvhit = (—1)/ %V4,j,s’ Pvhie = _(_1)j+£\/__3v4,j,s’
(1 P)ovh e = —(=1)724vHe (K P)vh e = —(=1)*24/ =3V,

The simple module V0. By (3-4), Vico = (M{ @ M?) & (Wf @ W) as M°-
modules. The top level of V; .0 is of dimension 2 with basis {v>!, v>2}, where
Vil =eh2 —e=P1/2 ¢ M{ @ MD, V32 = eP1/2 - e7P1/2 ¢ Wi ® W?. We have

~1 5,1 1.,5,1 5, 2 ~2 5,1 _ ~2 5,2 2.5, 2
@nv'=iv @) v = Lv (@Nv> =0, (@Nv"=35v"
J2V5 ] — O K2V5,] — O’ ] — 1, 2’ PIVS,I — _V5,2’ P1V5,2 — V5,1’

(J1P)v) =0, (KiP)v/ =0, j=1,2.
The simple module VL(_c, s J =1,2. By (3-4), we have the isomorphism V; ;) =
(Mf@M})®(Wf@W/) as MP-modules, j =1, 2. The top level of V, «.j is Cv®/,
where v&/ = ¢~ (=D'(A2=F0)/6 ¢ W @ W/. We have
@H1v* = v, @V = veI v =0, Kov® = (=17 3%,

PV =0, (JiP)v®) = (1)), (K P)v*/ =0.
The simple module Vg (7)(0). By (3-23), we have the isomorphism VL0 (r)(0) =
(M7(7)(0) ® M?) & (Wr (7)(0) ® W) as M -modules. The top level of V,(7)(0)
is Cv’, where v/ = 1® v € M7(7)(0) ® M? and 0 # v € T,,. We have
(a) )1V év7 (6)2)1V7 =0, v = é‘l‘«/ 3v, K =0,

PV =0, (J1P)v' =0, (KP)v' =0.

The simple module Vi)(t)(l). By (3-23), we have the isomorphism VLO(r)(l) =

(Mr(t)(1) @ M?) & (Wr(7)(1) ® W?) as M°-modules. The top level of V(z)(1)
is of dimension 2 with basis {v®!, v®2}, where

v =1y (=1/3)> @ v e My (7)(1) @ M
=h1(=2/3) ® ve Wr(t)(1) @ W°
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and 0 #v € T,,. We have

(d')l)lv&] — (% + %)V&l, (&*)2) VS,I — 0 J VS,] 28318 _3V8,1’ KZVS’I :0’

pvd! = —%VS’Z, (J; P)ov® 104«/_3v8 2 (K P)v®l =0,

(@")v>? (45+ ) , (@) v3? g 82 Lvd?= %—%«/—_SVS’Z, Kov3? =0,
Pv2=2v8l (U1 P)ovh? = =2 V=3VE (K P)vR R = -2V -3vE
The simple module VL0 (t)(2). By (3-23), we have the isomorphism VLO(r)(Z) =
(M7 (t)(2) ® M?) @ (Wr(7)(2) ® W) as M -modules. The top level of V7 (7)(2)
is Cv?, where v°0 = hy(—1/3)@v e Wr (1)) ® W,0 and 0 # v € T,,. We have

(5)1)1V9 = %v9, (67)2)1V9 = %vg, sz9 = —i\/—3v9 sz9 =0,
PV’ =0, (J1P)v’' =0, (KiP)v =3v/-3V.

The simple module VI{ (r)(0), j = 1,2. By (3-23), we have the isomorphism
V()0 = Mr(1) Q@M )YdWr(2)(2)@W, /) as M°-modules for j =1, 2.
The top level of VLj(r)(O) is Cv!%J, where v!%/ = 1 ®@v e Wy (1)(2) @ W,/ and
0 # v e Ty,;. We have

(C'Z)I)IVIOJ _ 2 .10,j (C'Z)Z)IVIO,] — II_SVIO,J’ JQVIO’J —_4 _3V10,j’

sy 81
1 j 10,j 10,j j 10,j
Kov 0./ — —(=1)/ %V 0.7, Pyv 0./ — (_1)1% /—3y10J

(J1P)av'% = (=1 V1% (K1 P)ov'®T = =5/ =3v!%.
The simple module VLj (r)(1), j = 1,2. By (3-23), we have the isomorphism
Vi) = (M7 (D) O)QM, Y& (Wr (1)(0)®W, /) as M-modules for j =1, 2.
The top level of VLJ (v)(1) is of dimension 2 with basis {v'!/-! v!1./:2} where
VI = 1 (=2/3) @ v — (= 1)/ =3ha(—1/3)> Qv € My (1)(0) @ M,
VIIZ =201 (=2/3) @ v+ (= 1)/ V=B ha(=1/3)2 @ v € Wr(D)(0) @ W,
and 0 #v € T,. We have

~1y o111 111,51 ~28 11,41 _ 211,51 11,7,1 _ 14 11,j,1
(@nv =gyl (v =gyl v = =3
szll,j,l — (_l)j%vll,j,l’ Plvll’j’] — —(—l)jg /—3V”’j’2,

11,j,1 15211,7:2, 11,j,1 28 11,j,2
(J1P)ov " = (=) v/ (K1P)v )" ==/ =3v )7,

@Y v = (45+ ) iz, (@2)1‘,11,]',2:%‘,11,]',2’
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szll,j,Zz% /—3V11’j’2, szll,j,lz_(_l)jévll,j,Z’
Pyt = (=183 4 (1) 33! 2
11,7,2 __ j 104 11,7,1 j 200, 11,7,2
(J1 PV 2 = (= ST — (1)) 203112,

(K P)yy' 12 = 36 /23 y1Lil _ 10 /7301152,
9 9

The simple module VI{ (v)(2), j = 1,2 By (3-23), we have the isomorphism
Vi ()@= M) )M, )@ Wr () (1)@W, /) as MO-modules for j =1, 2.
The top level of V/ (¢)(2) is Cv'2/, where v!2/ = hy(—1/3) @ v € Wr(2)(1) ®
W,3_j and 0 # v € Ty,. We have

@Y V12 = (% 4 %)V12,j’ @%)v'2) = 11_5V12,j’ Lvi2i = _%mvlz,j’
Kov'>/ = —(=1)/Iv'2 0 Py = —(=1)/ 34/=3v!*,
(J1P)av'?) = (=) Sv127 (K1 P)ov'?T = DV =3v12).

The simple module V£ (z2)(0). By (3-24), we have the isomorphism Vg(rz) 0=

(M7 () (0)@M) @ (Wr(z2)(0)®@ W) as M°-modules. The top level of V(z?)(0)
is Cv!3, where v> = 1@ v e M7 (t?)(0) @ M and 0 # v € T,;. We have

@) v = évw, @) v3 =0, 3= _é_zlt /3y, Kov'? =0,

PvB3 =0, (J;P),v? =0, (K;P),v?=0.

The simple module V}j(rz)(l). By (3-24), we have the isomorphism Vg(rz)(l) =
M7 (@H(H®M)B(Wr(t2) (1)@ W) as M-modules. The top level of V2 (z2)(1)
is of dimension 2 with basis {v!*!, v!*2}, where

vt = (=173 ®@v e Mr (3 (1) @ MY,

V42 =n(=2/3) ® ve Wr(H (1) @ W),

and 0 #v e Txé' We have

(67)1)1V14’1 — (% + %)VM’], (5)2)1‘,14,1 =0,
J2V14,1 — % —3V14’1, K2V14,1 =0,
P1V14’1 = —%VM’Z, (]1 P)2V14’l = —% —3V14’2, (KIP)ZVVL1 =0,
(651)1V14’2 — (% + %)V14’2, (652)1V14’2 — %‘,14,27
J2V14,2 — %\/__3‘,14,2’ K2V14,2 =0,
P1V14,2 — 2V]4’1, (J1P)2V]4’2 — 53—2«/—_3V]4’1, (K1P)2V]4’2 — 23_0\/__3‘,]4,2.
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The simple module V£(12)(2). By Equation (3-24), we have the isomorphism
V2EH(2) = (Mr(t3)(2) ® M?) & (Wr(t2)(2) ® W) as M-modules. The top
level of V2(z2)(2) is Cv'3, where v15 = h4(—1/3) @ v € Wr(z»)(2) ® W? and
0#ve Txé' We have

~1y oI5 2 15 ~2\ 15 _ 215 15_ 4 15 15
(@Nnv>=5v", (@Nnv>=3:v7, hv =gv-=3v", Kyw’=0,

PvP =0, (1P)vP =0, (K 1P)vP =—-3/-3v".

The simple module VI{ (t2)(0), Jj = 1,2. By (3-24), we have the isomorphism
VI (@2)(0) = (Mr(tH) () @M])® (Wr(t2)(2) @ W/ ) as MP-modules for j =1, 2.
The top level of VLj(tz)(O) is Cv16/, where v!¢/ = 1@ v € Wy (r2)(2) ® W/ and
0#ve ij. We have

~1y 16,/ _ 2 16,) ~2y 16,5 1 16,] 16,j _ 4 16,
(@Nnv> =mv, @0V =vt), vt =g =3vY,

K2V16,j — (_l)j%V16,j’ P1V16,j — (—l)j%\/—_?)vm’j’
J1P)v'®) = —(=1)§v'%T (K1 P)ov'®) = 53/=3v!%

The simple module VZ (> ), Jj = 1,2. By (3-24), we have the isomorphism
V] @) = (M7 (2 (0)@M] ) (Wr (z2)(0)®@ W) as M°-modules for j =1, 2.
The top level of V; (z2)(1) is of dimension 2 with basis {v!"/:!, v!7-/:2} where
VI =l (=2/3) @ v — (—1)/ V=3 h)(—1/3)2 @ v € M7 (z?)(0) ® M/,
V792 =21 (=2/3) @ v+ (—1) V=3 h)(—1/3) @ v € Wr(t2)(0) @ W/
and 0 #v € T,,. We have
J

17,j,1 — %V”’J’l (652)1V17’]’1 — %V”’J’l, szl7,],1 — _ 14 _3V17,J,1’

81
K2V17’J'1 = —(—1)J 59—2V17'J’1, P1V17’]’1 — _(_1)]3 /—3V17’J’2,
(1 PV = —(=1)/ VT2 (K Py = Y =3vT 2,

~1 17,j,2 _ (2 2\ 17,j,2 ~2 17,j,2 _ 1 ,17,j,2
((,() )lV J —(E—i_g)v J ) (C() )lv J _EV J )

@")v

’

BT 2 CBETIVII, Ky = (1) B,
P1V17,],2 — _(_1)]% /_3V17,],1 4 (_I)Jg /—3V17’J’2,
(J1P)2V17’j’2 — _(_1)] 19ﬁv17,.l,1 + (_1)] %Vlljl’

(K1P)2V17’j’2 — % /_3V17,j,1 + % /—3V17’j’2.

The simple module V,{ (z2)(2), j = 1,2. By (3-24), we have the isomorphism
V@)= Mr@HM M) & (Wr(z?)(1)@W/) as M-modules for j =1, 2.
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The top level of V} (¢2)(2) is Cv'8/, where v!8/ = b, (—1/3)®v € Wr (12 (1) @W,
and 0 #v € T,/. We have
J

~1 18, 2 1\ 18, ~2 18, 1 ,18,j 18, 22 / 18,
(a) )IV J (_5 i)V ]’ (a) )IV J EV j’ JZV J 5 3y ]’
18, 218, 18,j j / 18,j
K 2V ] — (_1)] Zv ’J’ PIV 5] — _(_1)]§ _3V »],

(N P)v!ST = — (=178 (K Py = 10/ =318,

Symmetries by . We now consider the automorphisms o and 0 of Vi that are
lifts of the isometries o and 6 of the lattice L defined by (3-1). Clearly, o to = 72,
06 =60, and 70 =0t. Thus ¢ and 6 induce automorphisms of V; of order 2. We
haveoJ =—-J,0K=—K,ocP=P,0J =J,0K =—K,and 9P = —P. Hence
o and 6 induce the same automorphism of M? and 6 is the identity on M (0). Note
alsothat o (J1P) =—JiPand o (K| P)=—K, P.

From the action of o on the top level of the 30 known simple V;-modules or
the action of J,, K>, (J1 P)2, and (K| P);, we know how o permutes those simple
V/-modules. In fact, o transforms V0 into an equivalent simple V;-module and
interchanges the remaining simple V;-modules as follows.

Vi(l) < Vi (2), Vion(e) < Voo (2e), e=0,1,2,
Vien < Vieo, V] (0)(e) < V] (z)(e), j,e=0,1,2.

Note that oh; = 53_ih;, i =1,2. The top level of VLj (t?)(e) can be obtained
by replacing h; (i /3 + n) with k(i /3 + n) in the top level of VLj (t)(e) for j, e =
0, 1, 2. The corresponding action of o on the simple M (0)-modules was discussed
in [Dong et al. 2004, Section 4.4].

5. Classification of simple modules

We keep the notation in the preceding section. Thus V} = M° @ W with M° =
MO ® Mt0 and W0 =W(0)® W,O. In this section we show that any simple V-
module is equivalent to one of the 30 simple V;-modules listed in Lemma 3.2. The
result will be established by considering the Zhu algebra A(V[) of V[.

First, we review some notation and basic formulas for the Zhu algebra A(V) of
a vertex operator algebra (V, Y, 1, w). Define two binary operations

(5-1) N i wtu i wtu
- Ukxv= Uj_1v, uUov= . Uj_ov
; 1 ; 2

i=0 i=0

for u, v € V with u being homogeneous and extend * and o for arbitrary u € V by
linearity. Let O (V) be the subspace of V spanned by all u o v for u,v € V. Set
A(V)=V/O(V). By [Zhu 1996, Theorem 2.1.1], O(V) is a two-sided ideal with
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respect to the operation *. Thus * induces an operation in A(V). Denote by [v]
the image of v € V in A(V). Then [u] * [v] = [u * v] and A(V) is an associative
algebra by this operation. Moreover, [1] is the identity and [w] is in the center of
A(V). For u,v € V, we write u ~ v if [u] = [v]. For ¢, ¥ € EndV, we write
@~ if v ~ Yo for all v € V. We need some basic formulas from [Zhu 1996].

(5-2) vku -~ E (wt(u? B l)ui_lv,
i
i=0

(53) S (M e 0wy, nzmzo

i=0 !
Moreover (see [Wang 1993]),
(5-4) L=~ =D"{(n=1D(L(=2)+L(=D)+LO)}, n=>1,
(5-5) [w]* [u] = [(L(=2) + L(=1))ul,
where L(n) = w,y1. From (5-4) and (5-5) we have
(5-6)  [L(—=mul=(=D"(n—Dlo]*[u]l+ (=D"[LOu], n=1.
If u € V is of weight 2, then u(—n —3) +2u(—n—2)+u(—n—1) ~ 0 by (5-3),
where u(n) = u,4+. Hence
(5-7) u(—n) ~ (=" ((n — Du(=2) + (n —2)u(—1))
for n > 1. Then it follows from (5-1) and (5-2) that
(5-8) u(—n)w~ (=D"(—u*xw+nw*u+uO)w)
forn > 1, w € V. Likewise, if u is of weight 3 and u(n) = u, 4, then
(59) u(=n) ~ (="
-(%(n—l)(n—Z)u(—?))—F(n—l)(n—3)u(—2)+%(n—Z)(n—?a)u(—l)),

(5-10) u(—m)w~ (=" (nu(—=Dw+n—DuO)w—(n—Duxw+in(n—wsku),

forn>1,weV.

For a homogeneous vector u € V, 0(u) = uwu)—1 1s the weight zero component
operator of Y (u, z). Extend o(u) for arbitrary u € V by linearity. Note that we
call a module in the sense of [Zhu 1996] an N-graded weak module here. If M =
®,2 oM is an N-graded weak V-module with M (o) # 0, then o(u) acts on its top
level M(gy. Zhu’s theory [1996] says: (1) o(u) o(v) = o(u * v) as operators on the
top level Mgy and o(u) acts as 0 on M) if u € O(V). Thus My is an A(V)-
module, where [u] acts on My as o(u). (2) The map M +— M is a bijection



498 KENICHIRO TANABE AND HIROMICHI YAMADA

between the set of isomorphism classes of simple N-graded weak V-modules and
the set of isomorphism classes of simple A(V)-modules.

We return to V. As in Section 3, we write Li(n) = (@)1, i =1,2, J(n) =
Jut2, and K(n) = K,42. The Zhu algebras A(M(0)) and A(M,O) were deter-
mined in [Dong et al. 2004] and [Kitazume et al. 2000b], respectively. Since
oM° c O(V/[), the image of M (0) (resp. M?) in A(V[) is a homomorphic
image of A(M(0)) (resp. A(Mt())). It is generated by [&'], [J] (resp. [@?], [K]).

By a direct calculation, we have

PP =—-16&" — 60,
PP = —8(&") 21 —3(&%) 11,
PP =01KiP— 2@ 51— 3@?) 51

273
(5-11) = 2@ _1(@)-11 - F@)-1@") 11 - 16(@")_1(@") 11,
PP = g JoKi P + 155 J1 KoP — §(@")-41 = 13(&")—41 = R(@")2(@") 11

— 5 (@) (@) -11—8(&") (@) 11— 8(&") -1 (&) 2 1.
Moreover, J, P = K> P = 0. Then, using formulas (5-4)—(5-10), we obtain

(5-12) [P1x[P]= 35[/1 K1 P1— L[0'1x[0'] — 5[] x [6°]
—16[&'x[@°] + 2[a'] + S[a7],

(5-13) [PoP]=g[J1x[KiP]— g [Ki PIx[J1+ 15 [K1x[J1 P1— 15[ Ji P1x[K]
=0.

It turns out that A(V}) is generated by [®', [@%], [J], [K], and [P] (Corollary
5.11). However, we first prove the following intermediate assertion.

Proposition 5.1. The Zhu algebra A(V}) is generated by '], [@°], [J], [K], [ P],
[J1P], and [K P].

Proof. Recall that L'(n)P=0fori=1,2,n>1,L'(0)P =P, L*(0)P=2P,and
J(m)P = K(n)P =0 for n > 0. Thus from the commutation relations (3-9)—(3-11)
and (3-13)—(3-15) we see that W9 is spanned by the vectors of the form

(5-14)  L'(—j1) - LY (= ji) L*(—k1) - - - L*(—ky)
J(=my) - J(=mp)K(—ny) - K(—ny)P

with ji >--->j,>Lki > >ks>1,m>--->mp>1L,n>--->n
Let v be a vector of this form. Its weight is

> 1

JiA etk kg mid o tmy b+ g+ 20
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Since V) =M 0@ WO and since the image of M° in A(V}) is generated by [@'],
[@2], [J], and [K], it suffices to show that the image [v] of v in A(V}) is contained
in the subalgebra generated by [®'], [@?], [J], [K], [P], [J1 P], and [K{P]. We
proceed by induction on the weight of v. By formula (5-8) with u = &', i = 1,2
and the induction on the weight, we may assume that r = s = 0, that is,

v=J(=my)---J(=mp)K(=ny)--- K(=ngy)P.

Moreover, by formula (5-10) with u = J, we may assume thatm|=---=m, =1.
Since J(m) and K (n) commute, we may also assume thatn) =---=n, =1by a
similar argument. Then v = J(—1)? K (—1)? P.

Next, we reduce v to the case p < 1. For this purpose, we use a singular vector

(5-15) 5J(—=1)2P +2496L'(—2)P — 195L' (-1)*P = 0.

in W(0). Suppose p > 2. Then, since K(—1) commutes with J(m) and L'(n),

(5-15) implies that v = J(—1)? K (—1)9 P is a linear combination of
J(=DP2LY(=2)K(=1D)IP and J(=D)P2L'(=1)’K(=1)?P.

By (3-10), these two vectors can be written in the form L' (=2)HK(—1)?P and

L'(—=1)2H'K (—1)? P, where H (resp. H’) is a polynomial in J(—1) and J(—3)

(resp. J(—1), J(—=2), and J(—3)). Then by (5-8) with u = @' and the induction

on the weight, the assertion holds for v. Hence we may assume that p < 1.
There is a singular vector

(5-16) K(—1)?P —210L*(-2)P =0

in Wto. Thus, by a similar argument as above, we may assume that g < 1. Finally,
it follows from (5-12) that [J(—1) K (—1) P] can be written by [®'1, [®2], and [ P]
in A(V}). The proof is complete. g

We will classify the simple V; -modules using our knowledge of simple modules
for M (0) and M,0 together with fusion rules (3-25) and (3-7). Set

My ={M(e), M,f, MT(ri)(s) li=1,2,e=0,1,2},
Wi ={W(e), W,f, WT(ti)(s) li=1,2,e=0,1,2},
My={M]1j=01,2}, Wy={W/|j=0,1,2}.

Then AM; UW (resp. My UW>) is a complete set of representatives of isomor-
phism classes of simple M (0)-modules (resp. simple Mto-modules). A main point
is that the fusion rules of the following form hold.

W) x M'=w!, W) x W =M+ w!,

(5-17)
W x M2 =Ww?  W)x W?=M>+W?,
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where M’ € M;, i = 1,2, and W € W; is determined by M’ through the fusion
rule W(0) x M' = W' or W0 x M? = W2,

Recall that M is rational, C,-cofinite, and of CFT type. Thus every N-graded
weak M°-module is a direct sum of simple M%-modules. As a result, every N-
graded weak V/-module is decomposed into a direct sum of simple M %-modules,
and in particular L(0) = w; acts semisimply on it. Each weight subspace, that is,
each eigenspace for L(0) is not necessarily a finite dimensional space. However,
any simple weak V;-module is a simple ordinary V;-module by [Abe et al. 2004,
Corollary 5.8], since V[ is C-cofinite and of CFT type.

We note that

(5-18) wo.wl=vr.

Indeed, WO W0 = span{a,b |a,be WO, neZz)}isan M°-submodule of V[ by (2-6).
Since P, J1K{P € W0 and &', ®* € M°, (5-11) implies that W0 WO = M0 WP,

Each simple M°-module is isomorphic to a tensor product A ® B of a simple
M (0)-module A and a simple M,O—module B. We show that only restricted simple
M°-modules can appear in N-graded weak V/-modules.

Lemma 5.2. Let U be an N-graded weak V[ -module. Then any simple MPO-
submodule of U is isomorphic to M' @ M?* or W' ® W? for some M' € M; and
WieW;, i=12

Proof. Suppose U contains a simple M°-submodule S° = M' ® W? with M' € M,
and W2 € W,. Let S = V[ - S = span{a,w |a € V], w € S, n € Z}. Then (2-6)
implies that S is the N-graded weak V;-submodule of U generated by SO, By the
construction of §, the difference of any two eigenvalues of L(0) in § is an integer.
In fact, S is an ordinary V;-module by Remark 2.16.

If v is a nonzero vector in V/, then v, S0 # 0 for some n € Z. Indeed, Lemma
2.6 implies that the set {v € V] |v, §9 =0 for all n € Z} is an ideal of V/. Itis in
fact 0, since V; is a simple vertex operator algebra and S % is a simple M°-module.
Then by the fusion rules (5-17), a simple M°-module isomorphic to W' ® M? or
W!® W? must appear in S. However, the difference of the minimal eigenvalues of
L(0)in M'@W?and W' @M?, orin M'®W? and W!® W? is not an integer. This
is a contradiction. Thus U does not contain a simple M°-submodule isomorphic
to M' @ W?2. By a similar argument, we can also show that there is no simple
MP°-submodule isomorphic to W! ® M? in U. Hence the assertion holds. g

SetM={M'@M? | M eM;,i=1,2}andW={W'@W? | W eW;,i=1,2}.
Then each of .l and W consists of 30 inequivalent simple M°-modules. The top
level of every simple M°-module is of dimension one.

Lemma 5.3. If U is a simple N-graded weak V[ -module whose top level is of
dimension one, then U is isomorphic to one of the 23 known simple V[ -modules
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with one dimensional top level, namely, V; o.) (é_-:), j=0,1,2,6=0,1,2, Vicp,
i=1,2,Vl(t)(e),j=0,1,2,6=0,2,and V{ (x*)(e), j =0,1,2,6 =0, 2.

Proof. Since U is a direct sum of simple M°-modules and since the top level,
say U, of U is assumed to be of dimension one, it follows from Lemma 5.2 that
U,, is isomorphic to the top level of M' ® M? or the top level of W! ® W? as an
A(M°)-module for some M! € M;, Wi € W;,i =1, 2. The Zhu algebra

A(M®) = A(M(0)) x A(M?)

is commutative and the action of A(M°) on the top level of M! ® M? and the top
level of W' @ W? are known. Indeed, we know all possible action of the elements
[@'], [@°], [J], and [K] of A(V]) on U;. Let [@'], [@*], [/], and [K] act on U,
as scalars ay, a, by, and by, respectively. There are 60 possible such quadruplets
(a1, az, by, by).

Let [P], [J1P], and [K|P] act on U, as scalars x;, x, and x3, respectively.
Then it follows from (5-12) that [J; K| P] acts on U, as a scalar
(5-19) %x% + 145&6112 + %a% + @alaz — %al - lsﬁaz.

From computer calculations, whose results are presented in an online supple-
ment to this palper,1 and from formulas (5-4)—(5-10), we conclude that the vanishing
of [P o (J1P)] and [P o (K P)] imply, respectively,

(5-20) 15byx1 + Sarx3 —2x3 =0, (15a; — 1)x, =0.
Using (5-19), we can calculate
[(ViP)*x(N1P)], [(KiP)x(KiP)]l, [(JiP)*(KiP)]

in a similar way and verify that the following equations hold.

2 _ (229164, _ 37856 1669382\ .2 _ 56 4056 348994464 3
(5-21) x2_( 575 41— “q5 42+ 4gg7s )x1 g5 02%2 — 5 01%3 + Tg7sss 4
137149584 2 1030224 .2 | 7064876 . 2 40788488
+ o775 4192~ —y375 41 T o775 4143 — Tgg75 142
| 16160456 , 419184 ;3 200994 ;2 | 1065516, 30422
537625 1 9775 “2 43875 “2 48875 92 187 “ 1>
2 _ (37044 5684 741713\ .2
(5-22) x3 —( 575 41— g5 42t 57750 )xl
28 216 54559344 3 28217448 2 254982 2 25042724 2
+ prb2xo+T3b1X3 = Fa7sys 41 — Togs G192+ Ta7s A1 — To775 414
26308184 8127098 4775148 3 , 188338017 .2 _ 9722139 1802
+ “iss75 192 — S37605 41 — 35015 4 T 0750 92 ~ 633375 92 — 15701
(5-23)
(864 2 | 1248 1152 2 | 5904 184176 . 62112\,
X2X3 —( = aj +—25 a1a2+—5 a2+—125 ay + 5542 — ~635 )x1 36b1b;.

I'The authors can supply these expressions in machine readable form upon request.
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We have obtained a system of equations (5-20)—(5-23) for xi, x2, x3. We
can solve this system of equations with respect to the 60 possible quadruplets
(ay, ap, b1, by). Actually, there is no solution for 37 quadruplets of (a;, az, by, by).
For each of the remaining 23 quadruplets (ay, az, b1, b>), the system of equations
possesses a unique solution (x1, x2, x3). Furthermore, the 23 sets (a;, a2, by, by,
X1, X2, x3) of values determined in this way coincide with the action of (&', [@2],
[/1, [K], [P], [J1P], and [K; P] on the top level of the 23 known simple V-
modules with one dimensional top level described in Section 4. Since A(V}) is
generated by these seven elements, this implies that U, is isomorphic to the top
level of one of the 23 simple V;-modules listed in the assertion as an A(V})-
module. Thus the lemma holds by Zhu’s theorem. O

Remark 5.4. We also obtain some equations for x;x; and x;x3 from [P * (J; P)]
and [P % (K1 P)]. However, they are not sufficient to determine x, x3, and x3.

Lemma 5.5. Every N-graded weak V| -module contains a simple M 0. submodule
isomorphic to a member of JM.

Proof. Suppose false and let U be an N-graded weak V;-module which contains no
simple M°-submodule isomorphic to a member of .Il. Then by Lemma 5.2, there
is a simple M°-submodule W in U such that W = W! @ W? for some W' € W;,
i =1, 2. The top level of W, say W, for some A € Q, is a one dimensional space.
Take 0 # w € W, and let S = V; - w = span{a,w |a € V/,n € Z}, which is an
ordinary V;-module by (2-6) and Remark 2.16. Since V; = M® @ WY, it follows
from our assumption and the fusion rules (5-17) that S is isomorphic to a direct
sum of finite number of copies of W as an M%-module. Thus [&'], [#°], [/], and
[K] act on the top level S, of S as scalars, say ay, az, b, and b,, respectively. Then
by a similar calculation as in the proof of Lemma 5.3, we see that [P o (K P)] =0
implies

(5-24) (15a2 —1)o(J1P)=0

as an operator on the top level S;. Recall that [u] € A(V[) acts on S, as o(u) =
Uwiu)—1 for a homogeneous vector u of V;. Furthermore, we can calculate that

o(JiP)o(P)—o(P)o(J1P) =0,
(5-25)  o(KiP)o(P)—o(P)o(K|P) = &(15a; — 1)o(J; P),
o(J1P)o(K1P) — o(K P)o(J; P) = 15 (15a,—1)(65a;+100a,+441) o(P)

as operators on ;.

By (5-24), 15a; — 1 = 0 or o(J1 P) = 0 and so o(P), o(J1P), and o(K|P)
commute each other. Thus the action of A(V[) on S is commutative. Hence we
can choose a one dimensional A(V} )-submodule T of S;. Zhu’s theory tells us that
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there is a simple N-graded weak V}-module R whose top level Ry is isomorphic
to T as an A(V})-module. Since dim R; = 1, R is isomorphic to one of the 23
simple V;-modules listed in Lemma 5.3. In particular, R contains a simple M 0.
submodule M isomorphic to a member of .Il. Now, consider the V/-submodule
V[ -T of § generated by T'. By Lemma 2.10, there is a surjective homomorphism of
V[ -modules from V/ -T onto R. Then V; -T must contain a simple M Y_submodule
isomorphic to M. This contradicts our assumption. The proof is complete. O

Lemma 5.6. Let U be an N-graded weak V| -module and M be a simple M 0.
submodule of U such that M = M'QM? as MO-modulesfor some MieM;,i=1,2.
Then Vi -M =span{a,u |a € V], u e M,n € Z} is a simple V| -module. Moreover,
Vi-M=M@W, where W is a simple MO-module isomorphic to W' ® W? and
Wi, i = 1,2 are determined from M' by the fusion rules W(0) x M' = W' and
WP x M? = W2 of (5-17).

Proof. By Remark 2.16, V[ - M is an ordinary V/-module. Note that V- M =
(MO 4+ WO .M =M+W". M. We see that W°- M # 0 by a similar argument as
in the proof of Lemma 5.2. Actually, WO (W%- M) > (WO- W% - M =V} - M
(see Lemma 2.6 and (5-18)) implies W°- M # 0 also. Moreover, W°- M is an M°-
module by (2-6). Since M is rational, W°- M is decomposed into a direct sum of
simple M -modules, say WO-M =@, . S7. Let W = W! @ W2, where W' € ‘W,
i =1, 2 are determined by the fusion rules W(0) x M! = W! and WtO x M? = W2,
The space Iy0(,0 ,,) of intertwining operators of type (¢ ,,) is of dimension one
and each S? is isomorphic to W.

We want to show that [I'| = 1. Suppose I' contains at least two elements and
take y1, 2 € T, ¥1 # y. Let ¥ : §72 — §7 be an isomorphism of M°-modules
and p,, : WO. M — S” be a projection. Fora € W and u € M, set

ng1 (Cl, Z)M = Py YU((I, Z)”? ngz(av Z)M = WPngU(a, Z)M,

where Yy (a, z) is the vertex operator of the N-graded weak V/-module U. Then
%,,(-,z),i=1,2 are nonzero members in the one dimensional space / MO(WXV M),
so that u%,,(-,z) = %,,(-,z) for some 0 # u € C. Let 0 # v € §". Then
ve W' Mandsov= Zj(af)n_/uj for some a/ € W, u/ € M, nj € 7. Take
the coefficients of z7"/~! in both sides of u%,,(a’, 2)u’/ = %,,(a’, z)u’. Then
WDy, ((aj),,juj) = wpyz((aj)njuj). Summing up both sides of the equation with
respect to j, we have up,, v = ¥p,,v. However, v € " implies that p,,v = v
and p,,v = 0. This is a contradiction since u # 0 and v # 0. Thus |[I'| =1 and
WO. M =W as required.

If Vi - M is not a simple V;-module, then there is a proper V;-submodule N
of VI - M. Since M and W are simple M°-modules, N must be isomorphic to M
or W as an M°-module. Then the top level of N is of dimension one. The simple
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V/-modules with one dimensional top level are classified in Lemma 5.3. Each of
them is a direct sum of two simple M°-modules. However, N is not of such a form.
Thus V} - M is a simple V;-module. O

Lemma 5.7. Let U = M & W be an M°-module such that M = M' ® M? and
W =W!® W? for some M' € M; and W' € W;,i =1,2. Then U admits at most
one simple V' -module structure.

Proof. Assume that (U, Y1) and (U, Y>) are simple V; -modules such that ¥; (a, z) =
Y(a,z) foralla e MY, i = 1,2, where (U, Y) is the given MP°-module structure.
We denote the vertex operator of V' by Y(v,z) forve Vi.Let pppo: Vi = M 0
and pyo: V/ — WO be projections and define $( -, z) and $(-, z) by

éﬁ(a,z)bszoY(a,z)b, }(a,z)bzpwof(a,z)b

for a,b € W°. Then by (5-18), $(-,z) and $(-,z) are nonzero intertwining
operators of respective types (Wéwzvﬂ) and (WOW;,O) By the fusion rules (5-17),
the space [0 (W{)VI 3‘,0) of MP-intertwining operators of type (Wf)w 31,0) is of dimen-
sion one. Likewise, dim /o (WOW?,VO) = 1. Note that W° - M°? ¢ WY and that
$(a, 2)b+$(a, 2)b =Y (a, 2)b.

Let pyy : U — M and pw : U — W be projections. Define @lM(-,z) and
FV(-,2),i=1,2by

FM(a, 2)w = puYi(a, 2)w, FV(a, 2)w = pwYi(a, D)w

fora € W° and w € W. Then %f"’ (-,z) and %IW (-, z) are intertwining opera-
tors of type (Wéww) and (WXVW), respectively. Clearly, F¥ (a, z)w + %! (a, )w =
Yi(a, D)w. FM (-, z)=0, then WO-W C W and so V; - W=M" W+ W° W CW.
This is a contradiction, since U is a simple V/-module. Hence Q'TZM (-,2) #0. Let

CQI.W(a, v =Y;(a, 7)v

wo )
by (5-17). The space of M -intertwining operators 1,0 (WXV M) of type (W(V)V M) is of
dimension one by (5-17). Similarly, dim Zy0 (y6",,) = dim Iy0 (0 ) = 1. There-
fore, TN (-, 2) =2FM (-, 2), FY (-, 2)=uF) (-, 2),and 9 (-, 2) =v4] (-, 2)
for some A, u,y € Cwith L A0 and y # 0.

Now,

forae W% ve M. Then %’;lW (-, z) isanonzero intertwining operator of type (

Yi(a,z1)Y;(b, 22)v = (F} (@, 21) + F} (a, 21)) 4} (b, 22)v,
Yi(b, 22)Yi(a, z0)v = (F (b, 22) + F} (b, 22))4} (@, z1)v,
Yi (¥ (a, 20)b, 22)v = ¥;(9(a. 20)b. 22)v +4}" ($(a, 20)b, 22)v
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for a, b € W0 and v € M. Taking the image of both sides of the Jacobi identity

(5-26) zgla(%)yi (@, 2)Y; (b, 22)v — 24 13(12 Z“ )Y (b, 22)Yi(a, 21)v
= 15(11@10)1/ (¥ (a, 20)b, 22)v

under the projection pjs, we obtain

(5-27) zaIS(%)@IM(a,zl)cgiw(b,Zz)v—zalr?(%)@fw(b,Z2)‘§I-W(a,21)v
—; 15(Z1ZZZ°)Y (9(a, 20)b, 22)v.

Likewise, if we take the image of both sides of (5-26) under the projection py,
then

(5-28) _18( OZZ)TW(a 2109 (b, z2)v— z018(12 Zjl)TW(Z) 22)%}" (a, z1)v
=5 "'8(M220) 9 G zob. 2.

Comparing Equation (5-28) for i =1 and i = 2, we have

y =1z "s(Z L)l (F(a. 200b. 2200 =0,

since F) (-, ) =AFY (-, 2, FY (-, ) =pF| (-, 2),and 4} (-, 2) =y%4}' (-, 2).
Now, z; 16(“ 4 =7 18(@;1‘)) by [Frenkel et al. 1988, Proposition 8.8.5] and so
the above equation is equivalent to the following assertion.

y (e — 1) (z2+20)°9)" ($(a, 20)b, 22)v =0 forall keZ.

This implies that
y (=19 ($(a, 20)b, 22)v =0,

since (QYV(}(a, z20)b, z2)v € W((z0)lz2, zz_l]]. Then since $(-, z) and %YV( -, 2)
are nonzero, we conclude that . = 1.
Next, we use Equation (5-27). Since $(a, z0)b € M°((z¢)), we have

Y1($(a, z0)b, z22)v = Y2(9(a, z0)b, 22)v

by our assumption. Then it follows from (5-27) for i = 1, 2 that

Gy = Dz "8(F =20 V(9@ 200b, 220 =0,

Since $( -, z) #0 and M is a simple (M 0. Y;)-module, a similar argument as above
gives that Ay = 1.
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Forae M, be W', ve M,and w e W,
Yi(a+b, 2)(v+w) =Yi(a, D)v+Y;(a, )w+%) (b, )v+(F) (b, 2)+F (b, 2))w.

Note that Y;(a, 2)v, %f"’(b, 2)w € M((z)) and Y;(a, 2)w, <§1W(b, 2, @lW(b, Z)w €
W((z)). Define ¢ : U — U by ¢(u) =Au ifu € M and ¢(u) =u if u € W. Since
uw=1and Ay =1, we can verify that

Ya(a+b, 29w +w) =¢(Yi(@a+b,2)(v+w)).

Thus ¢ is an isomorphism of V;'-modules from (U, Y1) onto (U, Y>). This com-
pletes the proof. O

Remark 5.8. The proof of the above lemma is essentially the same as that of [Lam
et al. 2005, Lemma C.3]. Consider the Jacobi identity for a, b € W° and w € W
and take the images of both sides of the identity under the projections py,; and pw,
respectively. Then

_ 1 —Z _ 70— 2
2013(%)%“ (a’Zl)@iw(b,zz)w—2015<%)%,M(b, ) F) (@, 2w
0 —20
_ 71— 2%
=5'8(1=2)F Gla, 0. 2w,
2

1618<Z1Z;Z2> (9 (a, z)FY (b, 22) + F (a, z2)F) (b, 22))w
0

—1518(%)(@‘/(19, 2)F @, z21) +F) (b, 22)F} (a, z1))w
—20

=50 (B2) (0@ z00b ) + Y (9 0b, 22

Each of these two equations gives the identical equations in case of i =1 and i =2
provided that © =1 and Ay = 1.

Theorem 5.9. There are exactly 30 inequivalent simple V[ -modules. They are
represented by the 30 simple V| -modules listed in Lemma 3.2.

Proof. Let U be a simple V/-module. Then by Lemma 5.5, U contains a simple
MP-submodule M isomorphic to a member of .Ul Since U is a simple V/-module,
Lemma 5.6 implies that U = M @W for some simple M -submodule W isomorphic
to a member of W'. In fact, the isomorphism class of W is uniquely determined by
M. By Lemma 5.7, U admits a unique V;-module structure. Since Jil consists of
30 members, it follows that there are at most 30 inequivalent simple V;-modules.
Hence the assertion holds. O

Theorem 5.10. V} is a rational vertex operator algebra.
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Proof. It is sufficient to show that every N-graded weak V;-module U is a sum of
simple V;-modules. Since M 0is rational, U is a direct sum of simple M°-modules.
Thus by Lemma 5.2, we may assume that U = (@yer S7) @ (Bcn S*), where
S is isomorphic to a member of .l and S* is isomorphic to a member of W. We
know that V[ - § is a simple V/-module by Lemma 5.6. Set N =3 . V[ -S7.
Since U/N has no simple M°-submodule isomorphic to a member of (L, it follows
from Lemma 5.5 that U = N and the proof is complete. ([l

Corollary 5.11. The Zhu algebra A(V}) of V| is a 51 dimensional semisimple
associative algebra isomorphic to a direct sum of 23 copies of the one dimensional
algebra C and T copies of the algebra Mat, (C) of 2 x 2 matrices. Moreover, A(V})
is generated by [@®'], [@2], [J]1, [K], and [ P).

Proof. Since V[ is rational, A(V}) is a finite dimensional semisimple associative
algebra [Dong et al. 1998a, Theorem 8.1; Zhu 1996, Theorem 2.2.3]. We know
all the simple V;-modules and the action of [®', [@%], [J], [K], and [ P] on their
top levels in Section 4. Hence we can determine the structure of A(V}) as in the
assertion. ]

Appendix: Some fusion rules for M (0)
We give a proof of the fusion rules
W(0) x My (t')(e) = Wr(t')(e),
W(0) x Wr(t')(e) = M7 (t')(e) + Wr(t') (o),

i=1,2,6=0,1,2 of simple M(0)-modules in (3-25).

Recall that Vi = M° @ WO, where M° = M (0) ® M? and W0 = W (0) @ W_.
Set My (t')(e) = My (1) (e) ® M? and Wr (') (e) = Wr(t')(g) ® WP, which are
simple M°-modules. Then

V2 (2)(e) = Mr(7)(e) & Wr (1) (e),
VPt (e) = Mr(t)(e) ® Wr(t7)(e)

as M°-modules by (3-23) and (3-24). Denote by Y;(-,z) (resp. Ya(-,z)) the
vertex operator of the simple V;-module VB(‘L’)(&‘) (resp. Vg(rz)(s)). Let py :
VB(‘[)(S) — Mr(r)(s) and pw : VLO(‘E)(8) — WT(t)(s) be projections. We also use
the same symbol pj; or py to denote a projection from VLO(rz)(s) onto MT (t2)(e)
or onto Wr(tz)(s). We fixi =1,2 and ¢ =0, 1, 2. For simplicity of notation, set
M = M7(t))(e) and W = Wy (z9)(e).

Let @lM(a, 2w = pyYi(a, z)w and @iw(a, 2w = pwYi(a, 2)w fora € WO and

2 M w . .. M
weW. Then ;" (-, z) and F;" (-, z) are intertwining operators of type (WO ) and

14
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(WXVW), respectively. Likewise, let 4 (a, z)v = Y;(a, z)v fora € W° and v € M.
Then 4}V (-, z) is an intertwining operator of type (WKVM) since the fusion rule
W0 x M? = W? of M?-modules implies that W°- M = span{a,M |a € W°, n € Z}
is contained in W. If 4% (-, z) = 0, then V] - M = (M° + W) . M C M. This
is a contradiction, since VB(T)(S) and VB(‘L’Z)(E)) are simple V/-modules. Thus
GY (., z)#0. Similarly, F (-, z) #0. Indeed, if FM (-, z) =0, then V7 -W C W,
which is a contradiction. Assume that @lW (-,z)=0. Then W°. W C M and so
WO (WO. W) c W. However, W0- (WO- W) > (W°.-W®).W = V] - W by Lemma
2.6 and (5-18). This contradiction implies that ?lw (-,2) #0.

Restricting the three nonzero intertwining operators 9?’1 (-, 2), @IW (-,2), and
CQl.W( -, 7) to the first component of each of the tensor products W9 = W (0) ® W2,
M=Mr(tH)(e)® M?, and W=Wr(z)e)e W9, we obtain nonzero intertwining
operators of type

( My (z')(e) ) ( Wr(zh)(e) ) < Wr(zh)(e) >
W(0) Wr(zh)(e))  \W(0) Wr(t)(e) W(0) Mr(z")(e)
for M (0)-modules, respectively.

Let N2 be one of M7 (1)) (), Wr(ti)(e),i=1,2,e=0, 1,2 and let N> be any
of the 20 simple M (0)-modules. Then the top level N({)) of N/ is of dimension
one. By [Dong et al. 2004], the Zhu algebra A(M (0)) of M (0) is generated by [&']
and [J]. Moreover, we know the action of o(&') and o(J) on N({)). Thus, by an
argument as in [Tanabe 2005, pp. 192—-193], we can calculate that the dimension of

Hom 4 m(0)) (A(W(0)) ®a(m(0)) N(ZO), N(30))
is at most one and it is equal to one if and only if the pair (N2, N°) is one of

(M7 (t')(e), Wr(z)(e)), (Wr(t)(e), Mr(z)(e), (Wr(z')(e), Wr(z)(e))

fori =1,2,¢e=0,1, 2. Note that W(0) was denoted by W,? T [Tanabe 2005].
Now, the desired fusion rules are obtained by [Li 1999a, Proposition 2.10 and
Corollary 2.13].
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