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SYSTEMS OF BANDS IN HYPERBOLIC 3-MANIFOLDS

BRIAN H. BOWDITCH

Let M be a hyperbolic 3-manifold admitting a homotopy equivalence to a
compact surface X, where the cusps of M correspond exactly to the bound-
ary components of X. We construct a nested system of bands in M, where
each band is homeomorphic to a subsurface of X times an interval. This
band system is shown to have various geometrical properties, notably that
the boundary of any Margulis tube is mostly contained in the union of the
bands. As a consequence, one can deduce the result (conjectured by Mc-
Mullen and proven by Brock, Canary and Minsky) that the thick part of
the convex core of M has at most polynomial growth. Moreover the degree
is at most minus the Euler characteristic of X. Other applications of this
construction to the curve complex of X will be discussed elsewhere. The
complex is related to the block decomposition of M described by Minsky, in
his work towards Thurston’s Ending Lamination Conjecture.

Introduction

This paper is primarily concerned with the geometry of hyperbolic 3-manifolds that
are topologically products of a surface with the real line. More precisely, let M
be a complete hyperbolic orientable 3-manifold admitting a homotopy equivalence
X : M — X to a compact surface £. We assume that x is “type preserving” in
the sense that each boundary curve in ¥ corresponds to a parabolic cusp in M.
(We can allow for “accidental parabolics”; that is, parabolics in M need not be
peripheral in X.) It follows from [Bonahon 1986] that M is homeomorphic to
int ¥ x R. Manifolds of this sort have been intensively studied, for example in
relation to Thurston’s Ending Lamination Conjecture. (By lifting to an appropriate
cover one can effectively reduce, at least in the indecomposable case, to manifolds
of this type.)

The purpose of this paper is to describe a “band decomposition” of M, which
captures much of its geometry. It gives a means of cutting the manifolds into
simpler pieces, which can be understood intrinsically according to some inductive
principle, and then fitted back together. One specific application is to give another

MSC2000: 5TM50.
Keywords: 3-manifolds, hyperbolic geometry.
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proof of the conjecture of McMullen that the thick part of such a manifold grows at
most polynomially (see [Brock et al. 2004]), and give sharp bounds on the degree.
Our polynomials are, in principle, algorithmically computable. Another applica-
tion is to the geometry of the curve complex. One can show, for example, that
the action of the mapping class group on the curve complex is acylindrical, and
that stable lengths are uniformly rational. This is described in [Bowditch 2003].
Other applications of this work in turn show that the curve complex has finite
asymptotic dimension [Bell and Fujiwara 2005] and has Yu’s “property A” [Kida
2005]. It thus provides an example of hyperbolic 3-manifolds techniques being
used to solve essentially combinatorial problems.

The decompositions described here have close links with Thurston’s Ending
Lamination Conjecture. As observed earlier, the indecomposable case can be
essentially reduced to studying such manifolds: see [Minsky 2002; Brock et al.
2004; Bowditch 2005b]. (For adaptations of these ideas to the decomposable case
see [Brock et al. > 2007] and [Bowditch 2005a].) The key to this is to relate the
geometry of M to the geometry of a “model” manifold constructed combinatorially.
In principle a similar band decomposition could be constructed in the combinatorial
model and then transferred to M. (Some discussion on how this may be achieved
is given in [Bowditch 2005b].) However, such an approach is very indirect, and
does not give a-priori computable constants. (At present, all known approaches
to the Ending Lamination Conjecture involve limiting arguments, or equivalent, at
some point.) Here we work directly from the 3-manifold, by a method that is, in
principle, effective. This work is logically independent of the work on the Ending
Lamination Conjecture cited above. We remark that another decomposition of M,
which appears to be related, is discussed in [Soma 2003], and used there to study
geometric limits of manifolds of this type.

1. Overview and examples

We start with an informal overview of what we mean by a “band system” and the
properties we expect of it. These will be expressed more formally in Section 2.
We begin with the case of a compact surface, ¥, and a hyperbolic 3-manifold,
M, without cusps, which admits a homotopy equivalence to X. To simplify the
exposition we assume everything to be orientable. Thus, by [Bonahon 1986], M
is homeomorphic to ¥ x R. Its convex core, core(M), is homeomorphic to ¥ x
I, where I C R is connected. In the geometrically finite case, core(M) and [
are compact. We refer to the first and second coordinates as the horizontal and
vertical directions respectively. There is no canonical homeomorphism, and so
most statements in this section should be qualified with the phrase “after choosing
suitable coordinates”. In Section 2, we give a topological, coordinate-free means
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of expressing these ideas. In particular, we will define a “fibre” as an embedded
closed surface whose inclusion in M is a homotopy equivalence. It is shown in
[Brown 1966] that this has the form X x {¢} in a suitable coordinate system.

A simple case is that of bounded geometry, i.e. where the injectivity radius is
bounded below. If that happens, then the horizontal fibres ¥ x {t} (in suitable co-
ordinates), will have bounded diameter for all € I. In other words, we can foliate
the convex hull with bounded diameter surfaces. In the general case, however, we
get a set of disjoint short closed curves. These are unlinked, i.e. each has the form
o x {t} for a closed curve o in X [Otal 1995; 2003]. Any such curve will be the
core of a Margulis tube. This time, the fibres can be taken to intersect the tubes in
annuli, and such that the diameter of each component, after removing the tubes, is
bounded. This controls the geometry in the horizontal direction. However there is
no natural way of choosing vertical coordinates. For example, two fibres ¥ x {¢}
and ¥ x {u} may be close together on one side of a Margulis tube, but far apart on
the other; and there might be no choice of coordinate system that will remedy this
consistently. This is the kind of phenomenon the band system is designed to come
to grips with.

We can also bring rank-one cusps into the picture. In this case, we allow X
to be a closed surface with boundary. By hypothesis, each boundary component
corresponds to a cusp of M. On removing these cusps, we get a manifold home-
omorphic to ¥ x R, and a similar discussion applies to this space. We may also
get “accidental” cusps — homotopic to nonperipheral simple closed curves of .
These accidental cusps play a similar role to Margulis tubes. For the purposes of
exposition, we will ignore accidental cusps in the discussion in this section.

It may happen that the boundary of each Margulis tube has bounded area. (This
is necessarily the case if ¥ is a one-holed torus or four-holed sphere; see [Minsky
1999].) In such a case, our band system will be empty. In general, however, one
would expect these areas to be unbounded. Such tubes will form the anchors of
a system of bands. A “band” is a subset of M of the form ® x J where ® is
a proper subsurface of ¥, and J is a compact subinterval of /. Each vertical
boundary component, d® x J, is assumed to lie in the boundary of a Margulis
tube. The band may intersect other tubes in solid tori. We should think of bands
being long in the vertical direction, and narrow in the horizontal direction — that
is narrow modulo the intersections with tubes (which are deemed not to contribute
to the width). Qualitatively, a band, B, has similar geometry to that of the convex
core of a geometrically finite manifold, N, with base surface ®. Here, the tubes
which meet the vertical boundary components of B should be thought of has having
been “opened out” to rank-one cusps on N. This idea forms the basis of various
inductive procedures, where we carry out induction on the complexity of the base
surface. The induction starts with one-holed tori and four-holed spheres — there
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are no three-holed sphere bands.

Our goal will be to construct a system, #, of disjoint bands with a number of
geometric properties. Notably, we want the boundary of each Margulis tube to lie
mostly inside the bands. More precisely, for each tube, the area lying outside the
union of the bands is uniformly bounded in term of the complexity of X.

We can go on to construct a similar system inside each individual band, and then
proceed inductively all the way down to one-holed tori and four-holed spheres, so
as to give us a nested system, %, of bands. In practice, it is this system we construct
first. We can recover o, if we want, as the set of outermost bands of &.

The basic idea behind the construction of @ is fairly simple. If there exists a
sufficiently long band, ® x J, with any given base surface, ®, we include in %
such a band which is almost as long as possible. By “long” we mean long in the
vertical direction, in an appropriate sense, and the qualification “almost” means
that we need the band to have collars attached at each end, in order to prevent
neighbouring bands from bumping into each other. Some slight modification may
necessary in some situations to ensure that the bands are nested, but that is mainly
a technical issue. Most of the work of the proof will be in verifying that the bound-
aries of Margulis tubes are mostly taken up by the bands, so that, in some sense,
the combinatorics of the band system does indeed capture most of the large scale
geometry of M.

For most of the paper, we will simplify the exposition by assuming that ¥ is
closed, that M has no cusps, and that M is doubly degenerate, i.e. core(M) = M,
so that I = R. The adaptation to the general case is discussed in Section 8.

We finish this section by giving a couple of simple examples. Suppose that
there is just one Margulis tube, 7', homotopic to a curve, y, in X. Suppose y
separates X. Let ®; and ®, be the components of the complement of a small
open annular neighbourhood of y. There are four combinatorial possibilities for
A, namely: &, {®; x Ji}, {$Pr x Jo} and {P; x J;, Py x Jo}, where Ji, J, are
intervals (Figure 1). Each of the bands meets d7 in a single annulus. If y is
nonseparating, the possibilities are & or {® x J}, where ® is the complement of
an open neighbourhood of y in X. In the last case, the band meets d7 in two
annuli. This last possibility adds some complications to the formal description of
bands, but has no particular geometric significance.

In the above, we will have 3B = . More generally it is possible that the bands of
s may themselves contain tubes and smaller bands of 9. Moreover, there may be
many bands meeting any given tube. The general picture can get very complicated
combinatorially (Figure 2). (This figure should elongated in the vertical direction
to give a more accurate geometrical impression.)

It follows from the work on the Ending Lamination Conjecture that, in the
generic case, the band system will be nonempty. However, explicit examples are
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not so easy to construct and verify. Examples of product manifolds with no lower
bound on injectivity radius were given in [Bonahon and Otal 1988]. Examples
where the boundaries of Margulis tubes have arbitrarily large area (so that the
band system is nonempty) were constructed in [Brock 2001].

2. Outline of results

In this section, we outline of the construction of the band decomposition, and
summarise its main properties. We begin by recalling some standard facts.

For most of the paper, we will assume for simplicity that X is a closed orientable
surface, and that M is orientable and has no cusps. Dealing with the general case
will be mostly a matter of reinterpreting some of the definitions and constructions,
as described in Section 8.
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We know by tameness [Bonahon 1986] that M is homeomorphic to ¥ x R. A
fibre of M is an embedded surface homotopic (hence isotopic) to £ x {0}. A curve
or subsurface is unknotted if it can be embedded in a fibre. More generally, a
disjoint locally finite collection of embedded surfaces is unlinked if they can be
simultaneously embedded in a collection of disjoint fibres.

Our discussion depends on certain “Margulis constants”, 19, n; etc. The Mar-
gulis Lemma tells us that there is some ny > 0 such that any closed geodesic, y,
of length at most ng in M is embedded, or finitely covers an embedded geodesic.
Indeed, assuming it is primitive, it is the core of a “Margulis tube”. Such a tube, T,
is a solid torus, whose boundary, 07, is intrinsically euclidean. It comes equipped
with a homotopically well defined meridian (bounding a disc in 7). Otal [1995;
2003] shows that (provided ng is chosen small enough in relation to genus(X)),
then y is unknotted in M. Thus, 07 also comes with a longitude (which can
be homotoped to infinity in the complement of 7). Such a longitude can also
be described in terms of the framing of y obtained by embedding it in a fibre.
We can think of d7 as foliated by euclidean geodesic longitudes of equal length.
It turns out that this length is bounded above and below in terms of genus(X)
(and the Margulis constant). This gives us a convenient normalisation: we fix a
suitable n > 0 and write T (y) = T (y, n) for the unique Margulis tube about y
whose longitudes all have length 1. Provided n is small enough such tubes will
be embedded and disjoint. We choose some other 1 > 0 and let J be the set of
all Margulis tubes, T (y, n) for which the core curve y has length at most n;. If
T €J, we write L(dT) for the “vertical length” of 97, i.e. the length of the circle
obtained by collapsing each longitude to a point. (In other words, d7 has area
nL(aT).) It turns out that L(97) is bounded away from 0, but there is no upper
bound in general. The point of the band decomposition is that most of the vertical
length of such a torus lies inside the union of the bands.

We write © (M) for the closure of M \ | J I — the “thick part” of M. We equip
® (M) with the induced path metric, d.

Definition. A horizontal surface in M is an unknotted surface, F, such that F
meets each T € 7, if at all, either in a single annulus whose boundary is precisely
FNoT, or else in one or two (euclidean geodesic) longitudes of a7, both of which
are boundary curves of F'. Moreover, each boundary curve of F is a longitude of
some element of J.

We write 77 (F) C J for the set of tubes meeting F in annuli.
Note that, under x, F' determines a homotopy class of subsurface of X, which
we denote by ¢ (F).

Definition. We say that two horizontal surfaces F, G are parallel if they are disjoint

and ¢ (F) = ¢(G).
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Definition. A band, A, in M is a subset of M homeomorphic to & x [—1, 1],
where @ is a proper subsurface of X, whose horizontal boundary, dg A = & x
{—1, 1} consists of two horizontal surfaces (necessarily parallel) and whose vertical
boundary, o0y A = 0P x [—1, 1] is a disjoint union of annuli, each lying in the
boundary of some Margulis tube.

We denote the horizontal boundary components of A by _A and d4 A. (There is
a canonical choice.) Any two parallel horizontal surfaces determine a band, A, with
{0_A, 04 A} ={F, G}. We write A = (F, G). Write ¢p(A) = ¢p(0_A) = ¢ (0+A).

Let 7;(A) € J be the set of Margulis tubes completely contained in A. Each
other tube meets A, if at all, in one or two vertical annuli, or else in a subsolid
torus bounded by annuli of the form TN 0d_A or T Nd; A (either one of which may
be empty).

Definition. The width, W (F'), of a horizontal surface, F', is the maximum diameter
of a component of F N O (M) as measured in the path-metric, d, on ® (M).
The width, W (A), of aband, A, is defined as W (A) =max{W(0+A), W(3_A)}.

In some ways, it would be more natural to define “width” in terms of intrinsic
diameter in the surface (in the induced path-metric) rather than using the ambient
diameter in M. The problem is that our topological constructions will make it
difficult to control intrinsic diameter, whereas the fact the that ambient diameters
remain bounded is elementary.

Let s be a collection of bands in M. We write |_J o for their union. Given a
Margulis tube, T, we write L(0T, sd) for the total vertical length of the union of
annuli 37 \ | «.

In the discussion that follows, properties (A1), (A2), (A3), (AS), (A6) and (A9)
will be proved later in the paper. Properties (A4), (A7) and (A8) are simple con-
sequences, or can be assumed without loss of generality.

We shall show:

Theorem 0. There are constants, Wy, Lo, depending on the topological type of &
(and choice of Margulis constants) such that for any hyperbolic 3-manifold with a
homotopy equivalence to %, we can find a collection, A, of bands satisfying:

(A1) The elements of A are disjoint.
(A2) Foreach A € A, W(A) < W,.
(A3) ForeachT € 7, L(0T, d) < Ly.
We will see later that the bound on width in (A2) means that every point of
A lies in a fibre of bounded width. As we will discuss below, we can strengthen

(A1) to control the minimum distance between distinct bands, but at the cost of
increasing the constant Lg of (A3).
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Note that if two bands, A and B are parallel (i.e. ¢ (A) = ¢ (B)) then they bound
a third parallel band C. Thus A and B can be replaced by A U C U B. We see that
there is no loss in assuming, in addition, that:

(A4) No two distinct elements of s are parallel.

We also note that the bands can all be assumed to lie in the convex core of M.
(See the discussion of the “general case” below.)

There are a number of refinements we can make to Theorem 0.

Suppose A is a band. We write T9(A) = T;(A) UT(0_A) U T;(0+A). The
exterior length, [(;r, A) of a path w in A is the total (rectifiable) length of 7 \
UTo(A).

Definition. The height H(A) of aband A is the infimum (in fact minimum) exterior
length of any path in A connecting 0_A to 0+ A.

In other words, H (A) is the shortest distance we need to travel to get across A,
where travelling in the Margulis tubes (other than those that contain the vertical
boundaries of A) costs us nothing.

We want a more quantitative way of saying that bands of & are disjoint, in fact
a bounded distance apart. This can be expressed using the notion of a “collar”.

Definition. If A is a band, a top (respectively bottom) collar of A is a band meeting
A precisely in d_A (respectively 0+ A).

In other words, it has the form (F, 04 A) or (F,d_A), where F is a parallel
horizontal surface.

Note that if A, and A_ are top and bottom collars of A, then A= ALUAUA_
is another band containing A. We refer to A, or more precisely, the pair (A, A) as
a collared band. Given h > 0, we say that A is h-collared if it admits a collar so
that H(Ay) > h and H(A_) > h.

Addendum to Theorem 0. There is some Wy depending on the topological type of
Y such that given any Hy, H > 0, we can find Lg (depending on Hy, H, and the
type of X), so that we can find a system of bands, i, satisfying (A1)—(A4) above,
together with:

(AS) Each band of A is Hy-collared.
(A6) If A € A, then H(A) > H,.

We can also assume if we want that W(A) < W, for all A € . By choosing
H; > 0, we can assume that for each band, A, A N ®(M) is connected (see the
discussion of “primitive” bands in Section 3).

We shall see (Lemma 4.5) that H(A) is uniformly bounded whenever ¢ (A) is

a 3-holed sphere. Thus, by choosing Hy or H; large enough, we can assume in
addition:
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(A7) If A € A, then ¢ (A) is not a 3-holed sphere.

Putting together (A3) and (AS), we see that there must be a bound on the number
of components of 3T \ | s for any T € J. This must in turn be at least the number
of bands that meet 7. We deduce:

(A8) There is some Ny such that for all T € I, at most Ny elements of s meet
oT.

Here Ng depends on the topological type of X.
Finally, by choosing Hy and/or H; large enough, we can ensure that our bands
satisfy a topological property (defined in Section 2), namely:

(A9) The elements of A are unlinked in M.

As we have stated it, Theorem 0 says nothing about the intrinsic geometry of
the bands. However, one could apply a similar construction to the interior of each
band (compare the discussion of the general case below). Altogether, this would
give us a larger system of bands, say %, which are nested (see (A1’) below), rather
than disjoint (as was required by (A1)), but which in addition satisfies a relative
version of (A3), namely:

(A3) Foreach BB and T € To(B) we have L(dT N B, B(B)) < Ly.

Here B(B) € B is the set of bands strictly contained in B. In practice, we shall
construct such a system % directly, and recover & as the set of outermost bands
of %.

There are some further refinements one can make to the band system 9.

Definition. Given k > 0, we say that two bands, A and B, are k-nested if one of
the following three conditions holds: N(AN®(M), k) S B, N(BNO(M),k) C A
or d(ANO®(M), BNO(M)) > k. They are nested if they are k-nested for some
k > 0.

Here d is the path-metric on ® (M), and N(., k) denotes k-neighbourhood in
OWM).
We can replace (A1) by:

(A1) The elements of B are nested.

There is a final elaboration, alluded to earlier. Given any H, > (0, we can assume
that the elements of 9B are H,-nested. However, in this case, the constant L of
(A3') will depend also on H,.

The basic construction of the band system & is fairly simple. The constant Wy, is
determined by the geometry of M (see Section 4.2). We choose some H, > 0 large
enough in relation to Hy and H;. If A is a band with W(A) < Wy and H(A) > Hy
then we choose such an A so as to maximise H(A) among such bands with the
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same base surface ¢ (A). (Here we really mean “minimise” up to a small positive
constant.) We can now find a subband, B € A, so that by setting B=A, Bis
an Hy-collared band. By choosing Hy large enough, we can ensure that any two
such bands will be disjoint, at least modulo minor modification if one base surface
should be contained in the other. We let % be the set of bands arising in this way.
Most of the work is in verifying (A3). In fact, we will verify inductively a stronger
version of (A3), starting with bands whose base surfaces have minimal complexity
and working upwards to X. This procedure is discussed in Section 6.

In this section, we have only dealt explicitly with a special case. In general,
we need to allow for parabolic cusps. One can also, in principle, account for the
nonorientable case. Most of this will be outlined in Section 8. The main differences
will be that in (A3) we should measure only vertical length in the convex core, but
we can also allow for boundaries of accidental Margulis cusps. We may also need
to allow for a finite number of “long bands” where one or more of the horizontal
boundary components is at infinity.

We finally remark on the special case where X is a one-holed torus or four-
holed sphere. This case is well analyzed in [Minsky 1999]. We know by (A7) that
B = @. Using (A3), we recover the fact that in such a manifold, the boundary of
any Margulis tube has uniformly bounded vertical length, and hence bounded area.

3. The topology of M

First we consider band systems from a purely topological point of view. To simplify
the exposition, we assume that ¥ is a closed surface. (For the general case, see
Section 8.)

Let X be the set of simple closed curves in ¥, defined up to homotopy. Unless
otherwise stated, a subsurface, ®, of ¥ will be assumed to be connected, proper
and essential (i.e. ® # &, ® # X and & is not homotopic to a point). Indeed we
shall normally assume that ® is not an annulus, and that each boundary component
of @ is essential. (We allow for the complement of @ in ¥ to contain annular
components.) We regard @ as defined up to homotopy (or equivalently isotopy) in
Y. We write % for the set of (homotopy classes of) such surfaces. Given ® € ¥,
we write X (®) C X for the set of curves that can be homotoped into &, and
X (0®) C X (D) for the set of homotopy classes of boundary curves. (Note that two
curves in d® that bound an annular complementary component will get mapped
to the same element of X (0®).)

Given @, ¥ € &, we write ® C WV to mean that ® can be homotoped into
W. Note that this is equivalent to saying that X (®) € X (V). A convenient way
to imagine this would be fix any hyperbolic structure and identify the interior,
int &, of ® with an open subsurface with geodesic boundary. Such a realisation
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is unique. Moreover, ® C W in the sense above, if and only if their realisations
satisfy int & C int V.

Definition. Given ®, ¥ € ¥, we say that Q € % is a component of ® NV if we
can homotope ®, W and €2 so that €2 is a connected component of ® N W in the
usual sense.

The following is easily verified:

Lemma 3.1. Suppose ®©, V, 2 € F. Then Q2 is a component of ® NV if and only
FXQCTX@)NXW) and X(02) C X(0D)U X (0W). O

Given @ € &, write |d®| for the number of boundary components. (This will
be bigger than | X (0®)| whenever there is a complementary annular component.)

Definition. The complexity, k (), of ® is defined by « (P) =3 genus(X)+|0P|-3.

Note that if ® C W, then « (®) <k (V), with equality only if & = W. Moreover,
k(@) =0 if and only if ® is a 3-holed sphere.

Now let M = ¥ x R, and let x : M — X be the projection map. We want
to express various topological notions without making explicit reference to any
coordinate system on M.

Definition. A fibre of M is the image of an injective homotopy equivalence of X
to M.

It turns out (see [Brown 1966]) that any fibre is ambient isotopic to X x {0}.
Continuing inductively, we see thatif Sy, ..., S, are disjoint fibres, then S;U- - -US,,
has the form ¥ x {1, ..., n} up to isotopy (and permutation).

Definition. By an unknotted surface in M we mean a subsurface F of a fibre S,
whose projection to X lies in & LI {X}.

This projection is well defined up to homotopy. We denote it by ¢ (F) € FL{X}.

Definition. A collection of disjoint (unknotted) surfaces, Fi, ..., F, is unlinked if
there are disjoint fibres, Sy, ..., S, with F; C S; for each i.

One can generalise this to an infinite locally finite collection. In this case, the
ambient fibres are disjoint, locally finite, and indexed by N or Z.

We can extend these definitions to include closed curves in M (necessarily sim-
ple and essential in X). A collection of disjoint solid tori in M are said to be
unlinked if their cores are unlinked. We define ¢(y) € X and ¢(T) € X in the
obvious way for an unknotted curve, y, or solid torus, 7.

As discussed in Section 2, if T € M is an unknotted torus, then o7 has a well
defined meridian and longitude up to homotopy. (Together these generate H;(d7').)
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Pushing surfaces. We describe a procedure for “pushing” one fibre off another to
make them disjoint. We normally want to do this while fixing some subsurface or
curve in the fibre. The main applications of this process (and its variants discussed
later) will come in Section 7.

Suppose that S, Z € M are fibres and that F C Z is an essential surface or curve
not meeting Z. We will produce a fibre, S’, containing F, disjoint from Z, and
contained in an arbitrarily small neighbourhood of SU Z.

We can assume that S and Z meet transversely. Let G be the closure of the
component of S\ Z containing F.

Step 1: We first arrange that each boundary curve of G g is essential. For if not, start
with a homotopically trivial boundary curve, o € dGsNZ, which is innermost in Z
among such boundary curves. It bounds a disc, Dy, in S and a disc, Dz, in Z. Since
F is essential, we have F N Dy = @. Now replace Dg in S by Dz pushed slightly
off Z, and adjoin Dz to Gy to get rid of the boundary curve «. We continue to
perform such disc replacements until we rid ourselves of all such trivial boundary
curves. Our new surface, S, may not be embedded. (It may intersect itself along
certain trivial curves.) However it remains a homotopy equivalence, and Gg is
embedded in M and still contains F'. Moreover, Gs N Z = 30Gy.

Step 2: Since each boundary curve of G is essential, there is a subsurface Gz C Z
with 0Gz = dGs € M and with ¢(Gz) = ¢(Gy) (allowing for the possibility
that Gy and Gz are both annuli). There is thus a natural bijection between the
components of S\ Gy (as an immersed surface) and those of Z \ Gz. We can thus
replace each component of S\ Gy with the corresponding component of Z \ Gz,
pushed slightly off Z. (Note that G5 is connected, and hence lies to one side of Z.)
Since ZN Gg = 3G, the resulting surface is embedded. It is clearly a homotopy
equivalence, and hence a fibre containing F, as required.

Here is a simple consequence of the pushing process:

Lemma 3.2. Suppose the Sy, ..., S, are a set of fibres of M and for each i, F; C S;
is an unknotted surface or curve. If F; N S; = & for all distinct i and j, then the
surfaces, F;, are unlinked in M.

Proof. Assume inductively that we have disjoint fibres, Sj, ..., S, with F; € S’
for all j <m, and F; N S} = @ for all i > m. Now inductively push S, off each
of the fibres S} to obtain a fibre §;, | containing Fy 1, disjoint from each of the
other § }, and contained in a small neighbourhood of S+ U i<m S}. We see that
FiNS,, . =@ forall k >m+2. We eventually get the F; lying in disjoint fibres
as required. U

Thick surfaces. A “thick surface” will give us a topological formulation of band.
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Definition. An (unknotted) thick surface, A, in M is the image of an embedding
of ® x [—1, 1] for some ® € %, such that ® x {r} is unknotted for some, hence
every, t € [—1, 1].

We can assume that these surfaces map back to & under the projection x. We
write ¢ (A) = ©. We refer to ¢ (A) as the base surface of A.

We can write 0A = dyAUdy A, where dgyA = ® x {—1,1} and dyA = 9P x
[—1, 1] are respectively the horizontal and vertical boundaries of A. Indeed we
can write dy A = 01+ ALIJ_A, where 01 A lies in a fibre S1, where S, separates S_
from the positive end of M. One can check this is well-defined. By a fibre of A
we mean the image of an injective homotopy equivalence of ® into A\ dy A, with
dd=®dNayA. As with M, a fibre of A, is isotopic in A to & x {0}.

Lemma 3.3. Suppose A C M is a thick surface and F C M is an unknotted surface
with FNoyg A = &. Let G be a nonannular component of F N A meeting dy A only
in essential (core) curves. Then ¢ (G) is a component of ¢ (F) N ¢ (A).

Proof. 1t is easy to see that X (¢(G)) € X(¢(F)) N X(¢(G)) and X (0¢(G)) <
X(0¢(F))UX(0¢(A)), and so the result follows by Lemma 3.1. O

Corollary 3.4. Suppose A C M is a thick surface and S C M is a fibre with
SNogA = &. Suppose S meets each component of dy A if at all in a single core
curve. Then S N A is either empty or a fibre of A.

Proof. If SN A # &, let G be a component of $ N A. This cannot be an annulus.
We apply Lemma 3.3 with F = X to see that ¢ (G) is a component of ¢ (A), and
hence equal to it. Thus the inclusion of G in A is a homotopy equivalence. Since
dG C dy A, it follows that G is a fibre. In particular, G meets each component of
dyA,and so G = SN A. ([

Definition. We say that a set of disjoint thick surfaces in unlinked if some (hence
any) set of disjoint fibres thereof is unlinked.

Horizontal surfaces and bands. We now bring our topological Margulis tubes into
play. Suppose that J is a locally finite disjoint collection of unlinked solid tori in
M. There is a map ¢ :  — X, which we assume to be injective. We also assume
that for each T € 7, 0T comes equipped with a foliation by longitudes (referred
to as horizontal longitudes if we need to clarify). We write © (M) for the closure
of M\ |J 7. For surfaces, the use the term “horizontal” to mean that it intersects
the Margulis tubes nicely. More precisely:

Definition. A horizontal surface is an unknotted surface, F* C M, such that there
are two disjoint subsets 73 (F) and J;(F) of J such that:

(1) Forall T e T\ (T (F)UJH(F), TNF =2.
(2) Forall T € J;(F), T N F is an annulus whose boundary is precisely 07 N F.
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T(F)
A
o I
k72)<F>

Figure 3

(3) Forall T €T 3(F), TNF=TNJF consists of one or two horizontal longitudes.
4) IF CUTa(F).
(See Figure 3.)

Definition. A horizontal fibre is a horizontal surface that is also a fibre.
Clearly, if F is a horizontal fibre, then J3(F) = &. Otherwise, F € &
Definition. Two horizontal surfaces are parallel if p(F)=¢(G) and FNG = .
This implies that T (F) = T 3(G).
Definition. A horizontal surface, F, is primitive if T;(F) =

Definition. A piece of a horizontal surface, F, is a connected component of F N
OWM).

Note that a piece of F is a primitive horizontal surface. (Note also that FN® (M)
might be connected even if F' is not primitive.)

Next we come to the notion of a band. As discussed earlier, this a thick surface
whose vertical boundary lies in the boundary of tubes. All other tubes, meet it, if
at all, in solid tori. We need to allow for the possibility of a tube cutting all the
way through a band, from the top to the bottom surface. If this doesn’t happen, the
band will be called “primitive”. Here is a formal account.

Definition. A band is an unknotted thick surface, B C M, such that there are
subsets T3(B), T;(B), T +(B) and T_(B) of J satisfying:

(1) The three sets I 3(B), T;(B) and I (B) U _(B) are mutually disjoint.

Q UTeIT\(TyB)UT(BYUT (B)UT_(B))then TNB = @.
B)UTeI;(B),thenT CBandTNdrLB=2.

@4 T eJy(B),then TN B =0T N B has one or two components, (each of)
which is a component of dy B and lies between two horizontal longitudes of
aT.

(S) davB<JTy(B).
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(6) f T € T (B), then T Nd, B is an annulus whose boundary is 7 N d4+ B and
consists of two horizontal longitudes of 97

(7) As with (6) with — instead of +.
(See Figure 4.)

Note that d4 B is a horizontal surface, with J5(0+B) = J3(B) and J;(0+B) =
J+(B). U T eI (B)UIT_(B), then T meets B in a subsolid torus. (Note that its
complement in 7" will have two components if T € I (B) NI _(B).)

We write To(B) =T ;(B)UT . (B)UT _(B).

Clearly 04 B and d_ B are parallel. Conversely, if F and G are parallel horizontal
surfaces, then F and G determine a unique band, B, with {F, G} = {0+ B, 0_B}.
We write B = (F, G).

Definition. A band, B, is primitive if T, (B)NJ _(B) = @.

Definition. A piece of a band B is the closure of a connected component of B \
JT +(B)NT _(B)) (see Figure 5).

T(B)NTy(B)

) )
N\ [ N\
) U \\

To(B)> O < 75(B)
N\ N\ [
OO guU

\_/ \_/
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Note that a piece of a band is a primitive band.
Definition. A horizontal fibre of aband B is a fibre of B that is a horizontal surface.

We note that a fibre, F, of a band, B, divides F into two bands, namely (F, o_B)
and (F, 0. B). We also note the following consequence of Lemma 3.3 and Corol-
lary 3.4:

Lemma 3.5. Let B be a band.

(1) If F € M is a horizontal surface with F N0+ B = & and G is a component of
F N B, then G is a horizontal surface with ¢ (G) = ¢ (F) N ¢p(B).

(2) If S is a horizontal fibre with SN B # & and SNJ0+B = &, then SN B isa
horizontal fibre of B. O

Pushing horizontal fibres. We need to elaborate on the pushing procedure de-
scribed earlier, in order to take account of the positions of the tubes.

Suppose that S, Z are horizontal fibres, and that F is an essential surface or
curve lying in some piece of F, with F N Z = &. As before, we want to “push” S
off Z to obtain a fibre S’ containing F. We need to refine our previous “pushing”
procedure slightly in order to ensure that the resulting fibre is horizontal.

We can assume that S meets Z transversely. We can also assume that if 7'
TS NIT;(Z),then 0T N SN Z = &, and that the annuli SNT and ZN T, meet,
if at all, in single core curve. Let G be the closure of the component of S\ Z
containing F. Thus, each boundary curve of Gy is either a core curve of some
solid torus, or else lies in a piece of Z.

Step 1: First get rid of the homotopically trivial components of dGg as before,
noting that each of the discs, Dz, lies in some piece of Z.

Step 2: Let Gz C Z be the subsurface with 0Gz = 0Gg and ¢(Gs) = ¢(Gz).
Let S; be the surface obtained by replacing the components of § \ Gs with the
corresponding components of Z \ Gz. As before, S; is a fibre containing F'.

Step 3: We may need to adjust S so that it becomes horizontal. Suppose that T € J.
Now S1 N T is empty or consists of one or two annuli (each of the form SN T or
ZNT pushed slightly, or obtained by surgery on SN7T and ZN7T in the case where
they intersect in a core curve.) Thus, the only thing that can go wrong is that we
may have a torus, 7', with S N7 = P U Q, where P, Q are annuli. These are
homotopic in S| and hence bound a third annulus, R € S;. Now if SN F = &,
then we can just push R into 7" so that S N T becomes a single annulus. After
doing this a finite number of times, we obtain our horizontal fibre.

It remains to worry about the case where F' meets, and hence is contained in R.
Now we cannot have G 5 C R (otherwise the process of obtaining S; would not have
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produced any such double annuli). Nor can we have R C Gy (since Gs C S, and
we are assuming S to be horizontal). It follows that the annulus V =GsNR C F
has one boundary component, «, in 7 N S, and the other boundary component, 3,
indGg C Z.

At this point, we forget about Step 2, and instead do:

Step 2': Recall that we have FCV C Swith VNT =, VNZ =4,V =aLp and
TNZ#@.Now TNZ and B bound an annulus, W C Z. Let y be the boundary
curve of T N Z on the other side of W N T. We connect y to « by an annulus
Y C T, and now replace (TN Z)UW in Z by Y U V. Pushing this surface slightly
off Z, we get our desired horizontal fibre, S’.

We finally note that this pushing process can be applied to subsurfaces in the
following sense.

Suppose that S is a fibre, and F € SN (M) is an essential surface or curve.
Suppose that J C S is a horizontal surface containing F, and that K is another
horizontal surface with ¢ (K) = ¢(J), and with K NS C J. We can form a fibre
Z with K € Z and with Z agreeing with S on all complementary horizontal sur-
faces. Now applying the procedure above, we see that S remains unchanged on
the complement of K (modulo modifications in the solid tori containing boundary
components of K). We have thus effectively pushed S off K, while retaining F
unchanged.

4. Metric properties

So far, we have only considered the topological structure of M. In this section we
summarise its key metric properties. We shall assume that M is (constant curvature)
hyperbolic, though the essential points can be interpreted for more general metrics,
for example, in pinched negative curvature.

Again, we assume that M has no parabolic cusps, and admits a homotopy equiv-
alence x : M — X to a closed surface X. By [Bonahon 1986], M is homeomorphic
to £ x R. By [Otal 1995; 2003] the set J of Margulis tubes is unlinked. We write
Y = core(M).

Recall that ® (M) is the thick part of M, with induced path metric d. At least
once the essential properties are derived, only the geometry on ® (M) will be rel-
evant to future discussion.

We note the following four geometric features of M.

4.1. Geometry of tori. We shall assume that the “thick part” of M is defined in
such a way as to simplify the handling of constants. The standard definition of thick
part involves fixing a sufficiently small Margulis constant, € > 0, and defining it to
be the set of points where the injectivity radius is at least €. In this way, the thin
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part is a disjoint union of tubes. However, we get a similar qualitative picture if
we allow for different tubes to be defined by different injectivity radii, provided
they range between two fixed positive constants. This allows us to make certain
additional metric assumptions about the tubes that will simplify further discussion.

Suppose T' € J. The geodesic core of a Margulis tube lies in the convex core,
Y, of M. The boundary, 97, is a euclidean torus, foliated by geodesic longitudes.
It meets dY, if at all, in a collection of geodesic longitudes. In fact, T either lies
in Y or meets Y is a solid torus bounded by one or two annuli.

It is convenient to assume that all geodesic longitudes of all 37 they all have
the same length, say 5. This can be achieved by noting that every longitude in
dT NY lies inside some horizontal fibre. (This follows from work of Otal; see the
discussion in Section 4.2 below.) In general, its length will necessarily be bounded
between two positive constants, and so, using the observation of the preceding
paragraph, it can be assumed to be fixed. The constant, 7, can be chosen to depend
only on the complexity, (%), of X (though could also be taken to be arbitrarily
small). These geodesic longitudes are deemed to be horizontal. We can also assume
that there is a lower bound on the distance between two such Margulis tubes, which
we can also take to be n. We will also want to assume that the boundaries of a
Margulis tube T has extrinsic curvature close enough to 1 (the extrinsic curvature
of a horosphere). This can be achieved by assuming the length of the core geodesic
is small in relation to 7, so that it lies deep inside 7'. (Again, using the principle
of the first paragraph.) Note that, by definition, there is some lower bound on the
lengths of closed geodesics in the thick part, ® (M). This depends on the Margulis
constant, 7, we have fixed, and the maximal lengths of core curves of tubes that
we are allowing.

4.2. Horizontal fibres. There is some constant, Wy, depending on «(X) (and 7)
such that any point of Y N ® (M) is contained in a horizontal fibre S C Y of width
W (S) < Wp. (Recall that W (S) is defined as the maximal diameter of any piece of S
measured in the path metric d on ®(M).) In particular, any horizontal longitude of
any torus is contained in such a surface. Note that by taking strict inequality, we can
push such a surface slightly off itself to give a disjoint surface while maintaining
the same bound.

This can be achieved using various standard arguments. The main ideas of the
construction can be found in [Otal 1995; 2003]. We first need to use the fact that
every point of M lies in the image of a uniformly lipschitz homotopy equivalence,
¢ : X — M, where X carries some hyperbolic metric. The usual argument for
this is based on some form of interpolation of pleated surfaces; see [Thurston
1979]. A technically simpler approach is to use singular hyperbolic surfaces of the
type described in [Bonahon 1986]. In particular, the “filling theorem” of [Canary
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1996], gives us what we need. (The latter gives us a singular hyperbolic metric
on X, but that works just as well.) Now the intrinsic diameter of each component
of ¥ N¢~'®(M) is bounded in terms of () (and n). We can homotope ¢ a
bounded distance so that the preimage of the set of tubes is a set of nonparallel
essential annuli in 3, whose boundary curves are horizontal. We can now perform
a variant of the construction of [Freedman et al. 1983], as described in [Otal 2003],
to give us an embedded surface, F, in an arbitrarily small neighbourhood of ¢ (X).
(Some care is needed to ensure that the original longitude remains in F.) Now, the
ambient diameter of each component of FN® (M) remains bounded. (In principle,
one can achieve a bound on the intrinsic diameters of such components, but this
would require more work.)

4.3. Bounded geometry. Since the injectivity radius of ® (M) is bounded below,
it has “bounded geometry”. One way of exploiting this, following [Gromov 2007],
is this. Let r > 0 be the lower bound on injectivity radius, as in Section 4.1,
and assume that any pair of distinct tubes are distance at least 2r apart. A subset
V CYNO(M) is said to be r-separated if d(x, y) > r for all distinct x, y € V. We
can form a graph, A(V), with vertex set V, and with x, y € V adjacent in A(V) if
d(x,y) < 3r. Bounded geometry implies that the degree of any vertex of such a
graph is uniformly bounded. We note that we could choose V' so that ® (M) lies in
a (2r)-neighbourhood of V. Such a set is called an r-net. In this case, the “nerve”,
A(V), approximates distance in ® (M) to within linear bounds.

From our choice of r, the r-ball about any point x € ®(M) a distance at least
r from any tube will be isometric to an r-ball in hyperbolic 3-space. If x is close
to a tube T, then it will have a piece of this tube removed, and slightly distorted
geometry. (Since we are defining balls in terms of the metric d.) In any case, it is
a nice contractible set.

4.4. Three-holed spheres. The following (while not really essential to the con-
struction) will tell us that no band in our system has base surface a 3-holed sphere.
(In retrospect, this explains why boundaries of Margulis tubes have bounded area
in the case of a 1-holed torus or 4-holed sphere.)

Lemma 4.5. There is a constant, Hy > 0 such that if B C M is a band with base
surface, ¢ (B), a 3-holed sphere and with W (B) < Wy, then we can connect 04+ B
to 0_B by a path in B of length at most Hs.

Proof. Let T3(B) = To(B) = {T}, T», T3}, and let y= = T; N3+ B. There is a path,
al.i in ®(M) connecting yl.i to yli , of length at most Wy (taking indices mod 3).
Since we are dealing with a 3-holed sphere, we see that each aﬁ is homotopic to o;
rel 3T; U T; . Lifting this picture to H3, we get six paths, 6l.i connecting the three
sets T, each of these sets being a uniform neighbourhood of a bi-infinite geodesic.
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Simple hyperbolic geometry now gives us a bound on the distance between &f and
o, in the boundary of T;. Projecting back to M gives the result. U

We shall assume henceforth that we have fixed the constants 1 and r (depending
on x(X)). The constants Wy and H3 are thus determined.

We remark that there are other important properties of the geometry of M, for
example the “Uniform Injectivity Theorem” for pleated surfaces (which seems
central to the Ending Lamination Conjecture). However, we make no use of this
here — which means that all our constants are, in principle, computable functions
of k(2).

5. The band system
We now describe more carefully the construction of a nested band system, %.

Definition. The exterior length, [(7), of a path = in M is the rectifiable length of
T NOWM).

Definition. A vertical fibre of a band, A, is a path in A \ dy A connecting d; A to
0_A.

Definition. The height, H(A), of a band, A, is the infimum of the exterior lengths
of vertical fibres.

Note that A is primitive if and only if H(A) > 0. In fact, when this is positive
it is more convenient to take H(A) to be this infimum plus an arbitrarily small
positive constant. Thus we can assume we have a vertical fibre of length at most
H(A).

Definition. Given x € A, the depth of x in A, denoted D(x, A) is the infimum of
[(7r) as 7 varies over all paths in A connecting x to dy A in A\ dy A.

If 9 C A, we write D(Q, A) =inf{D(x, A) | x € Q} for the depth of Q in A.

Again it is convenient to add a small positive constant, or to pretend that the
infimum is attained.

Let v = v(X) be minus the Euler characteristic. This is the number of 3-holed
spheres in any pants decomposition of X. It thus bounds the number of pieces in
any horizontal surface in M.

Lemma 5.1. Suppose A is a band, F € M is a horizontal surface, and x € F N A
with D(x, A) > vW(F). Let G be the component of F N A containing x. Then G
is a horizontal surface with ¢ (G) a component of ¢ (F) N ¢ (A). In particular, if
F is a horizontal fibre of M, then F N A is a horizontal fibre of A.

Proof. By Lemma 3.5, it’s enough to show that FNdg A = .
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If not, we could find a path 7 in F connecting x to 0y A never entering twice the
same piece of F. We can straighten this to a path, 7’ in A, with [(7") < vW (F),
giving the contradiction that D(x, A) < vW (F). O

Indeed continuing the same argument, we see easily that D(G, A) > D(x, A) —
vW (F).

Definition. A horizontal surface, F, is said to be narrow if W(F) < Wj.

Thus the analysis in Section 4.2 tells us that every point of ® (M) is contained
in a narrow fibre.

Let Do =vW,.

A particular case of Lemma 3.1 and the subsequent remark is:

Corollary 5.2. If A a band and S is a narrow horizontal fibre and x € S N A with
D(x, A) = Dy, then S N A is a horizontal fibre of A. Moreover, D(SN A, A) >
D(x, A) — Dy. O

In particular every point of depth at least Dy in A is contained in a narrow
horizontal fibre of A.

Definition. A band B is narrow if W(B) < W,.

Recall, from Section 1, the definition of a “collared band”, B C B , where B=
B_UBU B, and B_ and B, are the top and bottom collars of B. Note that
D(B, é) = min{H (B_), H(B+)}. We say that B is narrow as a collared band if
both B and B are narrow. We say that B is h-collared if D(B, é) > h.

We will observe that sufficiently long bands will always contain parallel collared
bands of bounded width. This will ultimately reduce us to considering only collared
bands. One advantage of this is that they satisfy a certain nesting property, stated
in Lemma 5.3 below. This nesting property, a priori, only applies to base surfaces.
The bands themselves need not be nested. This is a complicating factor, that will
need to be addressed later (after the proof of Lemma 5.4.)

Lemma 5.3. Suppose h > 0 and A is a band with H(A) > 2h + 4Dy. Then
A contains a narrow band B with h < D(B, A) < h 4+ Dy and with H(B) >
H(A) —2h —4D,.

Proof. Let w be a vertical fibre of A with [(w, A) = H(A). Let x+ be points
of 7\ |JJ0(A) at external distance h + Dy away from d+A. By Corollary 5.2
there are narrow horizontal fibres, Fi, of A containing x+. As in the proof of
Lemma 5.1, we see that H({(Fy, 0+A)) >h+ Dy— Do=h and H({(F_, Fy)) >
H(A)—2(h+ Dy) —2Dyg=h—4Dy. We set B=(F_, F). O

In particular, if we set B= A, we get an h-collared band, (B, é).

Lemma 5.4. Suppose that By, B, are narrow primitive (2Dg)-collared bands. If
BN By # @, then either ¢ (B1) C ¢(By) or ¢ (By) € ¢(By).
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Proof. Letx € BiN Bz NO(M). By Section 4.2, x lies in a narrow horizontal fibre,
S, of M. Now D(x, B; ;) > Dy and so by Corollary 52, F; =8N B is a horizontal
fibre of Bl containing x. Moreover, D(F;, B,) > 2Dy — Dy = Dgy. Let G be the
component of F| N F, containing x. Thus, ¢ (G) is a component of ¢ (B1) N¢ (B>).

Suppose that ¢ (Bp) is not a subset of ¢(B), or equivalently that F; € F,.
There must be a boundary curve, say «, of G contained in the interior of Fj.
Thus o € dF,. Now « is a longitude of some T € J. Since F; is a fibre of Bz,

a(Bz) = J3(By). Since « lies in the interior of F|, T ¢ J3(B1). Moreover,
from the last paragraph, we see that D(07, B)) > Dy.

Now T € J3(0+By). Let yr € T N d+ By be longitudes of d7 on the same
side of T as «, i.e. so that y, y_ and « all lie in the same component of dy B>.
Since D(y4, lA?l) > Dy, by Lemma 5.1, it follows that there are horizontal subsur-
faces, G4, of 04 containing y4, so that ¢ (G4) and ¢(G_) are both components
of p(B1) N (0+B2) = ¢(B1) Np(By). Since y, and y_ are on the same side of
T, with respect to B;, they must map to the same boundary curve of ¢ (B;). In
particular, ¢ (G4+) NP (G-) # F,and so p(G1) = p(G_) = J, say.

Now if ¢(B2)  ¢(B1), there must be some boundary curve, 8, of J lying in
the interior of ¢(B;). We have B8 = ¢(T) for some T € J. Since 8 C 9¢p(G+)
there must be curves 61+ € dG+ which are longitudes in 7. Since §+ are not
boundary curves of d4 B, It follows that T € J;(0+By) = J+(B3). In particular,

T +(By) NI _(By) # &, contradicting the assumption that B; is primitive. O

We remark that by the same argument, we can arrive at the same conclusion
assuming, for any k > 0, that By and B, are (2D + k)-collared, and that d(B; N
OM), B,NOM)) <k.

It would be nice if we could go on to conclude that collared bands were nested.
However, it is still possible that a horizontal boundary component of the larger
band (the one with larger base surface) may cut through the smaller band. This is
a phenomenon that will need to be described and dealt with. This is the purpose
of the following discussion.

Let B be a band. Note that the horizontal boundary, dy B = 0+ B U d_ B meets
® (M) precisely in the relative boundary of BN® (M) in ® (M). If A is a primitive
band, then A N ® (M) is connected. We see easily thatoneof AC B, ANB=0
or ANdy B # 0 must hold.

Recall that A, B are nested if AC B, BC A or AN B = @. Suppose that
A, B are nonnested primitive narrow (2Dg)-collared bands. Since AN B # &,
applying Lemma 5.4, we have either ¢ (A) € ¢(B) or ¢(B) € ¢(A). Suppose
that ¢p(A) € ¢(B). Since A £ B, we have A NdygB # &, so without loss of
generality, AN d; B # @. Applying Corollary 5.2, we see that F = AN dyBisa
horizontal subsurface of B that is a fibre of A. In particular, T3(F) = T3(A) C
T(0+B)UT1(04B) = T5(B)UT (B).
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Before continuing, we remark that the same argument would apply if we assume
that A and B are not k-nested and that A and B are (2D + k)-collared. Note that
N(AN®(M), k) is connected, so in this case d(ANO(M), odyBNO(M)) <k,
which is sufficient to make the argument work.

Now suppose that ¢ (A) # ¢ (B), so that F is a proper subsurface of 0, B. We
see that T3(A) \ T35(B) # &. Note that T3(A) \ T3(B) € I,.(B). (We also
remark that it follows that AN J_ B = &, otherwise a similar argument would give
T3(A)\Ty(B) €I _(B), showing that T3(B)NT _(B) # &, and contradicting the
assumption that B is primitive.) One can also see easily that A C B (see Lemma
5.5 below).

Now let B’ be the band with d_ B’ = d_ B and with 9, B’ the horizontal surface
obtained from d4 B by replacing F C 94 B with the parallel surface d_ A, pushed
downwards slightly so that if becomes disjoint from d_A. The remainder of 04 B
remains unchanged apart from suitable adjustments of the annuli in the tubes of
T5(A)\ T3(B). We can assume that B’ remains narrow. Clearly ¢(B’) = ¢(B).
In fact:

Lemma 5.5. We have AN B’ = @ and B' € B. Moreover, H(B) < H(B') and
D(B, B) < D(B', B).

Proof. That AN B’ = & follows easily from the construction. Let # = D(B, B).
Choose some T € T3(A)NT;(B). Now D(T, B) > h. Moreover T € J4(0+A)
and A is a assumed to be narrow. Thus

D(A, By= D@y A, B) > h— Dy > Dy.

In particular, AC Bandso B' C B.

Let 7 be a path in B \ 8Vé with (close to) minimal external length /(7) that
connects d_B = d_B’ to 34 B’. Let x be its endpoint in 9, B’. Now if x lies
the subsurface we pushed off d_A, then 7 has to cross A_ = (J_A, B,A). This
contributes at least (almost) 2Dg to [(r), so it would have been quicker simply
to follow 8+A to T (straightening in ®(M)) and then go through 7 to reach the
unaltered part of 3, B’. In other words, we arrive at a point of 3, B, and so H(B’) >
L(w)> H(B).

The fact that D(B’, l§) > D(B, é) is similar, but even simpler. Note that it
would be stupid for a vertical fibre of B’, to go all the way through A, and A
in order to reach d_A, when it could just go directly to 7. Moreover, the bottom
collar, B_ remains unchanged. U

These results show us how to arrange any pair of (2Dg)-collared bands to be
nested, except possibly if ¢ (A) = ¢ (B). The construction of the band system will
involve choosing at most one band (of almost maximal height) with a given base
surface, so that the last situation will not arise.



24 BRIAN H. BOWDITCH

Recall that we have fixed constants Wy, Dy and H; depending on x(X) (as
described in Section 4). We fix further constants, Hy > 2D and H; > 0, and let
Hy = H| +2Hy+ 4Dy. We assume that Hy > Hj.

The aim is to construct a set, 9, of bands satisfying:

(B1) The elements of 9B are nested.

(B2) No two elements of & have the same base surface.
(B3) Each element of % is a narrow Hpy-collared band.
(B4) Each B € B has H(B) > H.

(BS) If F is a narrow horizontal surface parallel to B € %, then either
H((F,0+B)) <Hy+2Dy or H((F,0-B)) < Hy+2Dy.

(B6) If A is any narrow band with H (A) > Hj, then there is some band in % with
the same base surface.

To construct 9B, let % be the set of ® € & for which there is a narrow band, A,
with ¢ (A) = ® and H(A) > H,. For convenience, we assume that the maximal
height is attained, say by A. Lemma 5.3 then gives us a subband B C A, so that
setting B= A, we get a Hy collared band, with H(B) > H(A) —2Dg—4Dy > H;.
Properties (B2)—(B6) are more or less immediate. To obtain nestedness, (B1),
we need to carry out the modification procedure described above. We start with
bands with base surfaces of minimal complexity, and proceed inductively over
complexity. A given band B might meet other bands A with ¢ (A) strictly contained
in ¢ (B). Inductively, the set of all such bands A meeting B is nested. We can thus
perform the construction described before Lemma 5.5 to the set of outermost such
bands simultaneously (or in any order) to give us a band, B’. We now replace B by
B’. After a finite number of such modifications, we arrange that B is nested with
all other bands. We do this for all bands with the same complexity, and then move
on to bands with the next higher complexity. By the time we reach x(X) — 1, we
obtain our nested band system .

Note that the existence of collars (B3) also implies that d(0- BN ® (M), o_B N
®(M)) < Hp; thus a band does not approach itself on the outside.

It is possible to refine the procedure above slightly. As we have stated it, if
A and B are bands with ¢(A) € ¢(B), then it is possible for d_A to be very
close to 04 B. There is a slight modification of the process that will ensure that
d(ANBO®M), BNO(M)) > H, for an arbitrarily chosen constant, H, > 0. To
achieve this, we construct our initial bands to be doubly collared. In other words,
for each B € R is initially contained in two larger bands, B € B C é, with H <
D(B, B) < H»+ Dy and H; < D(B, B) < H,+Dy. If A €% with ANd, B #0, then
we can assume there is a horizontal subsurface, F, of 04 B, with ¢ (F) = ¢ (A).



SYSTEMS OF BANDS IN HYPERBOLIC 3-MANIFOLDS 25

We modify d, B replacing F by d_A. Similarly, if C € B with C N3, B # 0, then
there is a subsurface, G, of 3, B with ¢ (G) = ¢(C). We modify 3, B by replacing
G with 9_C. We do this for all such A and C, and proceed inductively for over the
complexity of ¢ (B). We can do the same thing for the bottom surfaces (swapping
+ and —). Finally we forget about the intermediate bands, B, and get a system of
collared bands as before.

Putting this together with the earlier remarks, and by taking our bands to be at
least (2Dg + H,)-collared, we can assume that the set & is H-nested.

We want to explore properties of 8. Most of the work, carried out in Section
6, is to verify property (A3) of Section 1. We begin here with some preliminary
discussion of pushing surfaces off bands. As one consequence of this, we will
deduce that our bands are unlinked in M. For the remaining discussion of this
section, we will not need (B6). We note that properties (B1)-(B5) pass to any
subset of %, in particular to the set of outermost bands of .

We recall the process of pushing fibres. Suppose that S, Z are horizontal fibres,
and F C S\ Z an essential subsurface or curve contained in a piece of S. Let S’
be the horizontal surface obtained pushing S off Z as described in Section 3.

Now each piece of S’ is obtained by gluing together subsets of pieces of S and Z.
Some of the subsets of Z may be discs, but there is a combinatorial bound in terms
of k¥ (X) on the number of nondisc components glued together in this way. Thus,
W (S’) is bounded above by some (linear) function of W(S) and W(Z). The same
discussion applies to pushing S off a horizontal surface K parallel to a horizontal
subsurface of S. In this case, we get a (linear) bound in terms of W(S) and W (K).

Now, let % be a collection of bands satisfying (B1)-(B5) above. Let 4 C % be
the subset of outermost bands. Clearly | J 4 = | %.

Suppose that S is a narrow horizontal surface, and F € SNO(M) \ [J B is an
essential subsurface or curve. Suppose that B € & and SN B # &. By Corollary
52,G=8N B is a horizontal fibre of B. If FN G = &, then we can replace G
is S by 04 B, pushed slightly off B. The fibre S remains narrow. After doing this
for each such B, we can assume that F NG # &, and so F C G. In this case we
can apply the pushing construction so as to push S first off K = d, B and then off
K = 0_B. The resulting fibre still contains F, does not meet B, and has width
bounded above in terms (depending on « (X)) of W(S) < Wy and W(B) < W,.
We now apply this successively to all such B. Since they are each parallel to a
horizontal subsurface of our original fibre, there is a combinatorial bound on the
number of such B in terms of «(X). We thus finally obtain a fibre, S’ O F with
S'NUB = 2, and with W(S’) bounded above by some constant W; depending
only on k (X).

Putting this together with the property in Section 4.2, we obtain, in particular:
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Lemma 5.6. If T € I and « is a horizontal longitude of 3T disjoint from | B,
then « is contained in a horizontal fibre, S, with W(S) < Wy and SN JB = @.
O

We can apply this to show that the set, &, of outermost bands of & are unlinked
in M. Given any A € s, let S(A) be any narrow horizontal fibre in M meeting A in
a fibre, F(A), of A. Now the collection of bands s \ {A} also satisfies (B1)—(B5)
above, so applying the construction above, we can push S(A) off each element of
A\ {A} while keeping F(A) unchanged. We thus obtain fibres (S'(A))acq With
F(A) C o and F(A)NS'(B) = & for all distinct A, B € s{. Now Lemma 3.2 tells
us that the surfaces, F(A), and hence, by definition, the bands A are unlinked. In
other words, we have shown:

Lemma 5.7. A set of outermost bands satisfying (B1)—(B5) is unlinked in M.

6. Bounding vertical lengths

The main purpose of this section is show that a set of bands satisfying (B1)—(B6)
of Section 5 will also satisfy (A3) of Section 2. Having constructed such a set of
bands in Section 5, this will prove the main result, namely Theorem O.

Given T € 7, recall that L(3T, %) is defined as the total vertical length of
T \ U . We aim to show:

Proposition 6.1. There is some L such that forall T € I, L(0T, B) < Ly.
Here, L depends on «(X) and the choice of Hy and Hj.

Convention. Throughout this section, we will use the term “band” only to refer to
elements of 9. Other bands (as we have defined them) will be termed “strips”. Un-
less otherwise stated, each “horizontal surface” will be assumed disjoint from (_J %,
and any strip will be assumed nested with the elements of %, and not contained in
any element of %.

A horizontal surface, F, will be said to be “narrow” if its width, W (F), is less
than W;.

We have thus strengthened the notion of “horizontal surface”, but weakened the
definition of “narrow” (as given in Sections 2 and 5 respectively). By Lemma 5.6,
it remains the case that every point of M lies in a narrow horizontal surface.

To exploit bounded geometry, we will use the following variation of the nerve of
a covering. The construction will also be used in Section 7. Recall, from Section
4, the definition of an “r-net”, V C ®(M). It will be convenient to construct V as
follows. Given T € 7, let V(9T) be an r-net in dT. The condition on r ensures
that (J,.q V(9T) is r-separated in ®(M). We now extend | ;.4 V(3T) to an
r-net, V, for ®(M).
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Let A be the graph with vertex set V(A) =V and x, y € V adjacent if d(x, y) <
3r in ®(M). The vertices of A have bounded degree. Note that if R € ® (M), then
RCN(P,r), where P=V NN(R,r).

Given T € J, let Y(dT) be the complete graph on V(dT) = V NaT. Let
T=AU UT e Y(0T). In other words, Y has the same vertex set, V, but we have
added more edges across the Margulis tubes.

The idea behind this construction is that T approximates the geometry of M
after each Margulis tube has been shrunk to bounded diameter. Lengths in Y thus
correspond to exterior lengths in M to within linear bounds. Here is a more precise
formulation.

If p is a path in Y, then we obtain a path w = 7w (p) in M as follows. Suppose
x, y are adjacent vertices of p. If the edge between them lies in A, then we connect
x to y by a path of length at most 3r in @ (M). If it lies in Y (07T) forsome T € J,
then we connect x to y by any path in the interior of 7. (Its homotopy class in T’
will not be important.)

Conversely, given any path in M, recall that [(rr) is its exterior length, i.e. the
length of 7 N ®(M). We can find a path p = p(;r) in Y, whose combinatorial
length is at most /() /r and for which 7 (p(;r)) remains within a distance 3r of &
in ®(M).

We also recall the straightening process used in Section 5, for example in the
proof of Lemma 5.1. If & is a path in M, then we can replace any segment of
7 N O(M) by a shortest path with the same endpoints, give us another path 7’
(not assumed to be homotopic to 7). Thus, /(r) will be at most the sum of the
diameters of the components of w N® (M). This straightening is necessary because
the bounds on width refer only to the ambient diameters in ® (M) rather than
intrinsic diameters. However, it is a technical point that can be ignored for the
purposes of following the overall logic.

Here is a key step in the proof of Proposition 6.1:

Lemma 6.2. Given L, W > 0, there is some E = E(L, W) with the following
property. Suppose that A is a strip in M with ¢ (A) # X and W(A) < W. Suppose
that LOTNA,B)<LforallT € To(A). IfT' € T3(A), then LOT'NA,B)<E.

(Recall that To(A) =T ;(A)UTL(A)UT_(A).)

Recall that our eventual aim is to prove (A3), namely that the vertical length of
the boundary of each Margulis tube in the exterior of the bands is bounded. This
lemma will deal with the inductive step in the argument. It says that if we know
this for the intersections of tubes in J(A), then we know it also for the tubes in
Ty(A).

Lemma 6.2 would follow fairly easily if we could bound the total volume of
A\, in other words, the number of components of A\ | %3, and the volume of
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each such component. For the latter, by general principles of bounded geometry,
it would be enough to bound the diameter of each component. We can deal with
these two issues simultaneously by making a combinatorial approximation to the
geometry. This uses the graph, Y, defined above. We can reinterpret the volume in
terms of the number of vertices. To bound this, in turn, it is sufficient to bound the
diameter of Y and the degree of its vertices. In the case where the height, H(A),
is bounded, the diameter bound follows from the fact that every fibre of M must
meet A_ Umr U A, where m is any vertical fibre of A. For the degree bound, we
use the bounded geometry of ® (M), together with the hypothesis on the Margulis
tubes in Jo(A). If H(A) is very large, on the other hand, by construction of the
band system, there will be a band, B € %, with the same base surface as A. We
can then apply the above to the components of A \ B.
We now give a formal proof.

Proof of Lemma 6.2. First suppose that H(A) is less than some constant H, and
give a bound in terms of L, W and H. (Note that we allow the possibility for A
be nonprimitive, i.e. H(A) =0.)

Let  be a vertical fibre of A \ dy A with [(;w) < H. Let a1 be its endpoint in
d+A. We can assume that m meets the boundary of each Margulis tube in at most
two points.

If x € 01 A, then we can connect x to a4 by a path, 7, in d1 A which only enters
Margulis tubes in 7¢(A), and then at most once. We can thus straighten to 7 to a
path 77’ in ® (M), with [(z") < vW(A) < vW, and which only meets boundaries
of Margulis tubes in points of A \ | %.

Suppose y € AN O(M) \ [JB. By Lemma 5.6, y is contained in a narrow
horizontal fibre of M (in the sense above). This fibre must intersect 7 U dg A at
some point x. As above, y can be connected by a path of exterior length at most
vWj, and entering and leaving Margulis tubes only in points of A \ [ %.

We see that any two points, v, w € A\ | J% can be connected by a path 7 in
M with [(t) < H+2vW +2vWy, and if T meets T € 7, then T € Jy(A) and
1N AT € R(@T), where ROAT) = QT Na)U@T NA\UB). Ifv,w eV,
then we can connect v and w by a path p = p(x) in T of combinatorial length at
most [(t)/r. Moreover, if x, y are adjacent vertices of p connected by an edge in
Y(T) forsome T € J, then T € Ty(A) and x and y lie in N(R(dT), 2r). But
now 7w NaT consists of at most two points, and by assumption, the vertical length
of ANAT \|J M is at most L. It follows that there is a universal bound, in terms of
L, for the number of possible x and y, and hence on the number of possible edges
along which p can cross Y(07).

Given the bound on the degrees of vertices in A and on the length of p, we see
that there is a bound on the number of possibilities for such a path p, in terms of
L, W and H. This bounds the cardinality of V in terms of L, W, H. Indeed (given
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the bound on the degrees of vertices in A), we get a bound on the cardinality of
P=VNNA\U®SB,2r).

But now, since V is an r-net in @ (M), we have AN O(M) € N(P,r). In
particular, if 7 € J5(A), then dT N A\ [ JPB C N(P,r). But the intersection of
dT with N(P, r) has bounded area for all x € ®(M). This places a bound on the
area, and hence vertical length of 97 N A\ & in terms of L, W and H as claimed.

We finally need to remove the dependence on the height of A.

First, suppose there is no band of 9B with base surface ¢ (A). By property (B6),
this means that any strip, B, with ¢ (B) = ¢(A) and with W(B) < W, must have
H(B) < Hy = Hy +2Hy+4Dy. Applying Lemma 5.3 (with 4 = 0) we see that
H(A) < Hy+4Dy. Thus, we can apply the preceding result with H = Hy +4Dy.

Secondly, suppose there is some B € B with ¢(A) = ¢(B). There are two
subcases. Either BC AorANB=0.

Suppose first that B C A. Now, B has two collars in A, namely AL = (04 B, 9+ A)
and A_ = (04 B, 0_A). Consider A;. By hypothesis, W(d1A4) = W(0,A) < W,
and W(0_A;) = W(94+B) < Wy. We can assume that W > Wy, so W(A) <
W. We also have H(A,) < Hy + 4Dy, otherwise, as in Lemma 5.3, we could
find a horizontal fibre, F, in A4 with D(F, 0+ B) > Hy+ 3Dy and W(F) < W.
In particular, (F, A;) would be narrow and of height greater than Hy + 2Dy, in
contradiction to (B5). (Note that we cannot apply (B5) directly to F = 04, A,
since the bound on its width might not be sufficient— W may be bigger than W,.)
We can now see that the hypotheses of the lemma are satisfied by the band A,
since if T € To(A4) € To(A), then LOT NAL, B) < LOTNA,B) < L. The
bounded height case of the lemma now shows that if 7/ € T3(A) = T35(A,), then
LT’ N AL, B) is bounded. Similarly we see that L(3T' N A_, B) is bounded.
But LOT'NA,B)=LOT' NA,,B)+ LOT' NA_,RB), and the result follows
in this case.

The remaining case is when A N B = &. But now a similar argument, using
Lemma 5.3 and (B5) shows that H(A) is bounded, and we are reduced to the
earlier case. O

We return to the pushing process. We say that a strip, C, is full if ¢(C) = X.
Suppose that C is a full strip, that § € M is a fibre, and that F € SN O (M) is
an essential curve or surface. Pushing S successively off 0, C and d_C, we obtain
another fibre, S’ 2 F, with W(S’) bounded above in terms of W(S) and W (C).
(As usual, S, 35 C and S’ are all assumed disjoint from (_J %.)

Applying Lemma 5.6, we obtain:

Lemma 6.3. There is a nondecreasing function, f :[0, co) — [0, 00) such that if C
is a horizontal strip, T € T and « is a horizontal fibre of T contained in A\ | B,
then « is contained in a horizontal fibre, S of C with W(S) < f(W(C)). U
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Note that S divides C to two full substrips, each of width at most f(W (C)).

Given n > 1, define W, inductively by W, = f(W,), starting with Wy, the
constant of Lemma 5.6.

The following lemma represents the core of the argument. We deal inductively
with tubes lying in bigger and bigger strips. To give the idea, suppose, for example,
we have some T € J;(A), lying in the interior of a strip, A, with L(dT, B) very
large. We can find two fibres, S and S’ cutting through T, so that on one side, they
bound an annulus, 2 € 97, with L(€2, B) also very large. Now € is the vertical
boundary component of a piece, A’, the full strip, (S, S’), so that A’ C A has smaller
complexity. Using induction and Lemma 6.2, we then bound L(2, &), which
would give a contradiction. This argument therefore bounds L(d7, &B). Of course,
there are also other cases to be considered. To make the induction hypothesis work
smoothly, we shall phrase everything in terms of pieces of full strips. Here is a
precise statement:

Lemma 6.4. Suppose k € {1,...,k(X)}. Suppose that C is a full strip with
W(C) < Wa(s)—2«, and suppose that A is a piece of C with k(¢(A)) < k. Then
there is some L, such that for all T € To(A) we have L(0T N A, B) < L,.

Here L, depends only on « and « (X). In the case where k =k (X), we interpret
the statement by setting A = C = M, and the conclusion means that L(07, B) <
Ly (x) forall T € J. This will therefore imply Proposition 6.1 on setting Lo = L (x).

Proof of Lemma 6.4. The proof will be by induction on «. First note that the case
k = 0 is vacuously true, since ¢ (A) is then a 3-holed sphere and so Ty(A) = @.

Now suppose that we have verified the statement for some k < x(X). If ¥ <
k(X)—1,let A, C be as in the hypotheses, with x (¢ (A)) =k + 1, so that W(C) <
Wai(sy—2¢—2. (The case where k =k (X) — 1 will be commented upon at the end.)
Let T € T9(A). We wanttobound [ = L(0T N A, RB).

Suppose first that T € J;(A). Choose any horizontal longitude, «, of 7.
By Lemma 6.3, there is a horizontal fibre S C C, containing o with W(S) <
SW(O)) < f(Was)—2c—2) = War(x)—2¢—1. Let B be the other intersection of
S with oT. This is another horizontal longitude of d7. Thus, o and 8 together
bound an annulus, Q C a7, with L($2, B) > 1/2.

Let o’ €97 \|J% be the horizontal longitude that cuts €2 into two annuli, each
having equal vertical length in the complement of | % (Figure 6). This vertical
length must be at least /4. As before, o’ lies in some fibre, §’ C C, disjoint from
S, with W(S") < f(W(S)) < Wa(x)—2. Let B’ be the other intersection of S’ with
dT. Since SNS' = &, we see that B’ C Q. Swapping « with g if necessary, we can
assume that 8’ does not lie in the annulus, ' C €2, bounded by « and «’. Now §
and S’ bound a strip, C' € C, with W(C’) < W (z)—2c. Also T € T (CHYNT_(C")
and ¥ C aT NC’. Thus, & is a vertical boundary component of some piece, A’,
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of C'. Thus, W(A") < W(C’) < Wa(s)—2- Since dg A’ NIy C = &, we see that
A’ C A, and so ¢p(A’) € ¢(A). Moreover, since T ¢ T,;(A"), ¢p(A) # ¢(A) and
s0 k(¢ (A") < k(¢ (A)). Thus k(¢(A’)) < k. Now the induction hypothesis tells
us that LOT' NA’,B) < L, forall T" € Ty(A’). Thus, Lemma 6.2 tells us that
L(Q,B) < E(Ly, Waezy—2¢), and so [ <4L (', B) is bounded as required.

We next consider the case where T € J1.(A). Without loss of generality, T €
J +(A). The discussion only differs from the above in the choice of o and §.

Let/ =LOT NA,®RB) as before. Let o’ divide 7 N A into two annuli, each of
vertical length / /2 in the exterior of | 9. Let S C C be a horizontal fibre containing
a with W(S) < Wa(sy—2¢—1, and let B be the other intersection of S with d7'. Let
Q C 9T N A be the annulus bounded by « and 7 Nd A not containing 8. Let C’ be
the strip bounded by S and 94 A, and let A’ be the piece of C’ containing 2. Thus
Q is a vertical boundary component of A’ (Figure 7). As before, k(¢ (A’)) <« and
we get a bound on L (2, B) and hence on [ as required.

This proves the induction step when « < k (X) —1. We can define L, in terms
of the bounds we have obtained for /.

Finally, we should comment briefly on the final step of the induction, namely
when k =« (%) — 1. In this case, we deal with an arbitrary 7 € J in the same way
as we did with T € J;(A) above. We obtain two disjoint fibres, S and §’, with
W(S) < W, (by Lemma 5.6) and with W (S") < f(W;) < W,. Thus, W(C) < W, =
Wai(z)—2¢, and we proceed as before. O
Proof of Proposition 6.1. This is just Lemma 6.4, interpreted for k = x(X) and
setting Lo = Ly(x). O

Proof of Theorem 0. Let & be the band system constructed in Section 5, and
let i € 9B be the set of outermost bands. Properties (A1), (A2), (A4), (AS) and
(A6) are immediate from the construction, and property (A8) follows directly from
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Figure 7

these. Property (A7) follows by Lemma 4.5, and (A9) by Lemma 5.7. Finally (A3)
is Proposition 6.1. ]

We note that we also have the following relative version, (A3’), for the intrinsic
geometry of the band. Again, we suppose that % satisfies (B1)—(B6). Given B € AR,
let B(B) be the set of bands of & strictly contained in B. Given T € Jy(B), write
L(dT N B, B(B)) for the total vertical length of 37 N B\ | J B(B).

Proposition 6.5. There is some Lgy such that if B € B and T € To(B), then
LOT NB,RB(B)) < Ly.

Proof. The proof is essentially the same as that of Proposition 6.1. In this case a
“horizontal surface” is assumed to be disjoint from 3y B and | B(B). Only tori
in Jo(B) and bands in B (B) are relevant to the discussion. O

As mentioned in Section 5, we can also assume (A1’), namely that the bands in
9B are Hp-nested.

7. Volume growth

The aim of this section is to prove:

Theorem 7.1. There is a sequence, (f,)ven of polynomials, with f, of degree v,
with the following property. Suppose that M is a complete hyperbolic 3-manifold
admitting a type-preserving homotopy equivalence to a compact orientable surface
Y, withv(X)=v. Let ®(M) be the thick part of M and core(M) the convex core of
M. Suppose that x € core(M)NO (M) and that N (x, t) is the ball of radius t about
x in ®(M) for any t > 0. Then the volume of core(M) N N (x, t) is at most f,(t).

Recall that v(X) is minus the Euler characteristic of X. The sequence (f)),
depends only on the choice of Margulis constant. The “type-preserving” condition
means that each boundary curve of X corresponds to a parabolic cusp of M. The
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“thick part”, ® (M), of M consists of M with the interior of the Margulis tubes and
Margulis cusps removed. The ¢-ball, N (x, ), is taken with respect to the induced
path metric.

The existence of such a polynomial bound was conjectured by McMullen and
proven in [Brock et al. 2004].

The idea of the argument is as follows. Given B € %, we write v(B) = v(¢ (B)).
If v(B) = 1, the boundaries of the Margulis tubes it contains all have bounded
vertical length by (A7) (see [Minsky 1999]) and we see that B has linear growth.
We then proceed inductively. For a general band, B, (or M itself) only linearly
many outermost subbands C € B with v(C) < v(B) are reached in a given time,
and by induction, each of these has growth at most polynomial of degree less than
v(B). Thus the growth rate of B is at most polynomial of degree v(B).

There is a subtle issue involved in obtaining the degree, v(X). If one proceeded
simply by induction on complexity as previously defined, we would end up with a
polynomial of degree k (¥). The refinement arises from the observation that a band,
A, may contain a subband, B, whose base surface, ¢ (B) is obtained from ¢ (A) by
removing some set of annuli, so that v(B) = v(A) (whereas x (B) < k(A)). In such
a case, BNO®(M) disconnects AN O (M) — a fact that allows us to discount bands
of this sort from the discussion. This will be the purpose of Lemma 7.7 below.

To make the argument more precise, it will be convenient to reformulate it in
combinatorial terms. We will construct a graph, I1, and a uniform quasi-isometry,
6 : I1 - ©(M), where IT has growth bounded by a uniform polynomial of de-
gree at most v(X). Here, and in what follows, “uniform” is interpreted to mean
dependence only on v(X) and on the Margulis constant defining ® (M).

First, we make some general remarks.

Let IT be a graph (not necessarily connected) and let P C IT be a full subgraph
(that is, a maximal subgraph with given vertex set). We write I1/ P for the quotient
graph obtained by collapsing each component of P to a single vertex. (Thus, IT\ P
injects into I1/P.) If Q C P is full, then

/P =I1/Q)/(P/Q).

Also, if TT" C IT is any subgraph, then IT'N P is full in IT’, and we write 1"/ P for
IT'/(TT' N P) viewed as a subgraph of I1/P.

Definition. If IT is a graph and f is a nondecreasing function, we say that IT is
O(f) if for all x € V(IT) and all n > 0, the number of edges in the combinatorial
n-ball about x is at most f(n)/2. (Note that the degree of I1 is bounded above by

f/2.)

For us, this a convenient way of bounding volume growth in view of the follow-
ing easily verified lemma.
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Lemma 7.2. Suppose I is a graph and P C 11 is a full subgraph. If P is O(f)
and T1/P is O(g), then Il is O(fg). ([

Thus if @ =TIg C I1; € - - - C [T, =I1 is an increasing sequence of full subgraphs
and IT; /T1;_1 is O(f;), then I1is O(f1 fo--- fn)-

A subset, Q, of a graph Il is said to be k-quasidense in Il if IT is the k-
neighbourhood of Q. The degree of a graph IT the maximal degree of its vertices.
The following is a simple observation.

Lemma 7.3. Given ki, ky € N there is a linear function f such that if Il is a graph
of degree at most k| containing k;-quasidense geodesic, then Il is O(f). ([

Now let M be a manifold as in the hypotheses of Theorem 7.1. It will be
convenient to assume that X is closed and that M is doubly degenerate so that
core(M) = M. The general case will follow by simple reinterpretation of the
arguments.

We will use various graphs that approximate the geometry of M. As before, A
approximates the thick part, ® (M), and T approximates the thick part (or M itself)
after each Margulis tube has been collapsed to bounded diameter. (These graphs
have already been described in Section 6.) These constructions make no reference
to our band system 9% (other than assuming their vertex sets to be in general position
with respect to %B). For purely technical reasons, we will introduce another graph,
[1, obtained by adding some extra edges to A, depending on &B. The graphs, I1,
and [TUY, can also be viewed as approximating ® (M), and ® (M) with collapsed
tubes, respectively. To each band, B € %, we will associate full subgraphs, A(B)
and IT(B) of A and II. The purpose of introducing IT is that IT(B) will be nicely
embedded in I, whereas it is difficult to ensure that A(B) is nicely embedded
in A (since our control over the local geometry of dy B is rather weak). For the
purposes of understanding the overall logic, one could simply imagine each band
of % to be nicely embedded locally, and just pretend that A and IT are identical.
We now proceed to a more formal argument.

Let 9% be a nested system of bands satisfying (A2)—(A9) and (A1’) and (A3') of
Section 2.

As in Section 4 we fix some uniform r > 0 suitably small in relation to the
Margulis constant, as well as the constants featuring in the properties of %B. We
construct an r-net, V, for ®(M) as in Section 6, as follows. First we choose an
r-net for T for each T € 7, and then extend UTeg V(T) to an r-net, V, for
®(M). We can assume that V N oy B = & for all B € 3.

Let A be the graph with vertex set V(A) = V and with x, y € V adjacent
if d(x,y) < 3r. We construct a map 6 : A — ©O(M) as the identity on V and
mapping each edge to a (in fact, the) shortest path between its endpoints in ® (M).
Thus 6 is a uniform quasi-isometry.
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Given Q € M, write A(Q) for the full subgraph of A with vertex set V N Q.
Note that | J; .4 A(dT) is a full subgraph of A, and that 6(A(3T)) C 9T

Given B € B, let E(B) be the set of edges of A with exactly one endpoint in
B. Write Vg (B) for those vertices of | J Ey(B) which lie in B. If e € Eg4(B),
then 6 (e) crosses 0y B (an odd number of times). We can thus partition Eg(B)
as E(B)U E_(B) depending on whether 6(e) crosses 04 B or 0_B. We similarly
partition Vg (B) as Vi (B)U V_(B).

Given A € B, let B(A) ={BeB| B A, B # A}, and write U = B(A) C B.
Thus A(U) = |_|B€%(A) A(B).

Suppose T € To(A). By (A8) at most Ny elements of B(A) meet o7, and by
(A3, dT \ U has vertical length at most L. It follows easily that:

Lemma 7.4. The quotient graph, A(0T N A)/AOT NU) had uniformly bounded
diameter. U

Now Vg (A)NU = & and so we can regard Vg (A) as a subset of A(A)/A(U).
Moreover, we can connect V,(A) to V_(A) by a path g in A(A) (obtained by
approximating any vertical fibre of A by a path in the image of 8). This gives a
path g/A(U) from V. (A) to V_(A) in A(A)/A(U). Indeed any such path p C
A(A)/A(U) has this form: if p passes through the vertex obtained by collapsing
some A(B) € A(A) we can lift this vertex to a path in A(B) € A(A) connecting
the two incident edges of g.

Recall, from Section 6, that Y (d7) is the complete graph on VN a7, and T =
AUreq Y(OT). Given Q € M, write Y (Q) for the full subgraph of Y on VN Q.

Now let g be a path in A(A) connecting V,(A) to V_(A). The endpoints of
0(g) € ©(M) lie within distance 3r of 0L A N O (M). It is possible that 6(g) may
cross dy A, but by taking a subpath and/or adding short paths to the endpoints, we
get a path 7 € BN O(M) connecting d4 B to d_B.

Any point x € VN B lies in a horizontal fibre, S, of M with W (S) < W,. Clearly
SN UdyA) # J, and so we get a path, s, of bounded length connecting x to
qUVg(A) in Y (A). This path may cross certain graphs Y (d7"). However, we can
apply Lemma 7.4 to get around these in A(ANJT)/A(UNIT) € A(A)/A(U),
adding a bounded amount to the length of s /A(U). Thus x lies a bounded distance
from (¢g/AU)) U Vg(A) in A(A)/A(U). As observed above, any path p from
Vi(A) to V_(A) in A(A)/A(U) has the form ¢g/I1(U). We conclude:

Lemma 7.5. If p is any path from V,.(A) to V_(A) in A(A)/A(U), then pUVg(A)
is uniformly quasidense in A(A)/A(U). U

We would like to say that p is itself quasidense. However there is the technical
irritation that the boundary of A may be rather wriggly. We can get around this by
adding some extra edges to A so as to reduce the diameter of Vi (A). This will
give us our graph, IT, referred to earlier.
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Suppose B C 9B, and that F' is a piece of d+B. Let E(F) C EL(B) be the set
of e € E+(B) such that 6(e) crosses F. Since W(0+B) = W(B) is bounded, so
is the diameter of F in ® (M), and it follows that E(F) is of bounded diameter in
A. We extend E(F) to a complete bipartite graph by connecting each vertex of
VN BN|JE(F) to each vertex of V N E(F) \ B. Note that Ey (B) is a disjoint
union of such sets £ (F). We perform this construction for all such F and all B € 3.
This gives us a graph IT 2 A with the same vertex set V. Moreover (since W (B) is
bounded), we can extend 6 to a uniform quasi-isometry 6 : I1 — & (M). Bounded
geometry tells us that IT has uniformly bounded degree. The earlier discussion
of A applies equally well to I1. In particular, given Q € M, we write [1(Q) for
the full subgraph of IT on V N Q. Also we have a graph IT U T on the vertex
set V. This time, we see that if A € 9%, then V4 (A) has bounded diameter in
[TUTY, and so applying Lemma 7.4 as before, we see that it has bounded diameter
in IT(A)/ITI(U). Now A(A)/A(U) is a subgraph of IT(A)/I1(U) with the same
vertex set, so putting this together with Lemma 7.5, we deduce:

Lemma 7.6. Any path connecting V,(A) to V_(A) in T1(A)/T1(U) is uniformly
quasidense in T1(A)/T1(U). O

This observation is sufficient to tell us that IT(A)/IT(U) has linear growth (com-
pare Lemma 7.8 below). This, in turn, is enough to give us polynomial growth of
[T and hence of ® (M) (compare Lemma 7.9). However, to obtain a polynomial of
degree v(X), we need to refine this as follows.

Suppose B € B(A) with v(B) =v(A). Now d4 B can be extended to a horizontal
fibre of A by adding a number of annuli in Margulis tubes (in T3(B) \ T5(A)).
This follows from the condition that v(B) = v(A). (Indeed we can extend B to
a nonprimitive band C € A with ¢(C) = ¢ (A) by adding some subsolid tori in
Margulis tubes.) It follows that 0. B N ®(M) and d_B N ®(M) both separate
0LANOM) from 0_ANOM) in AN O(M). In other words, any path from
d;A to 0_A in AN O (M) must pass through B. Interpreting this in terms of the
graph I1, we see that any path from V,(A) to V_(A) in I1(A) contains a subpath
connecting V(B) to V_(B) in I1(B). It is possible that B may itself contain other
subbands of this type, so we will need to give an inductive argument.

Now let By(A) = {B € B(A) | v(B) < v(A)} and write Uy = | Bo. We refine
Lemma 7.6 as follows: (If one does not care about the degree of the polynomial,
one can go straight to Lemma 7.8, replacing B¢ by %, Uy by U and v by «.)

Lemma 7.7. Any path connecting Vi (A) to V_(A) in T1(A)/I1(Uy) is uniformly
quasidense in T1(A)/T1(Uy).

Proof. There is a uniform combinatorial bound on the length of a strictly increasing
sequence of bands, By C B C--- C B, = A with B; € B and v(B;) = v(A). We
prove Lemma 7.7 by induction in the maximal such length, n = n(A).
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If n =1, then By(A) = B(A), so Lemma 7.7 reduces to Lemma 7.6.

Suppose n(A) = n, and we have verified the lemma for n — 1. Let p be any
path in TT(A)/I1(Uyp) from V. (A) to V_(A). This has the form ¢g/I1(Up), where
q connects Vi (A) to V_(A) in TI(A). Let B;(A) be the set of bands C € B(A)
that are outermost in B(A) and satisfy v(C) = v(A). Thus

U =[JBA) = JBo(4) UB1(4) = Uy U UL,

where U; = | B (A).

Suppose C € B1(A). Then n(C) =n — 1 and By(C) = Bo(A) N B(C). Thus
[1(C)/T1(Up) = T1(C)/T1(J Bo(C)). Now g contains a subpath, g¢, connecting
V4(C) to V_(C) in T1(C). By the induction hypothesis, g¢ is uniformly quasidense
in T1(C)/T1(Uy).

By Lemma 7.6, ¢/I1(U) is uniformly quasidense in IT1(A)/IT1(U). Thus, if
x € VN A, then x can be connected to ¢ by a path s in I1(A) with s/IT(U)
of bounded length. If ¢ N I1(U,) = &. then s/I1(U) = s/I1(Uy) and we are
happy. If not, then s enters some C € %B;(A) for the first time at some y € [1(C).
From the previous paragraph, we see that there is a path, ¢, from y to ¢ in I1(C)
with ¢/ I1(Up) of bounded length. By joining together s/I1(Uy) and t/I1(Up) we
see that x is a bounded distance from ¢g/I1(Uy) in I[1(A)/T1(Uyp), and the lemma
follows by induction. (|

Another point to note is that since W (B) is bounded for all B € %, there is a
bound on the number of edges e of IT such that 8(e) crosses dy B. Thus there is a
bound on the number of edges of T with exactly one endpoint in I1(B), and hence
on the degree of IT/T1(| J%') for any subset B’ of . In particular, the degree of
[T1(A)/I1(Up) is uniformly bounded.

Putting this observation together with Lemma 7.3 and Lemma 7.7, taking any
shortest path from V,(A) to V_(A) in I1(A)/I1(U), we conclude:

Lemma 7.8. There is a uniform linear function, f, such that for all A € B, the
quotient T1(A)/T1(Uy) is O(f), where Uy = | Bo(A). U

(Here f, may depend on v(X).)

Now exactly the same argument applies to M itself, taking a bi-infinite geodesic
in I1/I1(Uy), where Uy = By, and Bo={B € B | v(B) <v(X)}. Thus, I1/I1(Vy)
is also O(f).

Now, givenne{l,2,...,v(X)—1},letB,={B B |v(B)=n}. Let6, CRB, be
the set of bands of %&,, that are outermost, and let € = UZS)_I €,. Thusif A, B
with B strictly included in A, then v(B) < v(A). If A € € then By(A) =B(A)NE.

Given n, let U, = J 6, = B,, and let I1,, = [1(U,). Each component of IT,
has the form IT(A) for some A € €,. Each component of I1,_; inside I1, has the
form I1(B) for some B € B(A)NG =By(A). Thus IT,_; NIT(A) = TT(U(Bo(A)),
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and so T1(A)/I1,—; = I1(A)/TTI({JBo(A)) is O(f) by Lemma 7.8. Since this
applies to each component of I1,,, we see that I1,/I1,_; is O(f).

Now setting IT, = IT and using the remark following Lemma 7.8, we see that
IT,/I,_1 is O(f). Also, I1p = &, and so we have an increasing sequence of full
subgraphs, @ = Iy C I1; € --- C I1, = I, where I1,,/I1,,_1 is O(f) for all n.
Applying Lemma 7.2, we see that ITis O(f"). But g, = f" is a polynomial of
degree v. We have shown:

Lemma 7.9. There is a sequence, (g,), of polynomials, g, of degree v, such that
any graph I1 constructed in this way is O(g,). ([

Since 6 : IT — ©(M) is a uniform quasi-isometry, and since IT has uniformly
bounded degree, it follows easily that the volume growth of ® (M) about any point
is bounded by some uniform polynomial, f,, of degree v = v(X).

We have assumed that M is doubly degenerate, and pretended that X is a closed
surface, but the general case proceeds in essentially the same way (see Section 8).

This proves Theorem 7.1.

8. The general case

In most of this paper, we have only dealt explicitly with the special case where X
is a closed orientable surface, and M is orientable and without cusps. Moreover,
we have mostly supposed that M is doubly degenerate. This has been mainly to
simplify the exposition. The general case of a manifold admitting a type-preserving
homotopy equivalence to a compact surface can be dealt with by fairly routine
reinterpretations of various definitions and constructions as outlined below. In
particular, Theorem 7.1 remains valid as stated in the general case.

Let M be a complete orientable hyperbolic 3-manifold admitting a homotopy
equivalence to a compact surface X. We assume that this is type-preserving, that
is, each boundary curve of X corresponds to a cusp of M. We write X (X) for the
set of homotopy classes of nonperipheral closed curves in X. We shall assume for
the moment that ¥ and M are orientable.

After fixing some Margulis constant, we have, as before, a set, 7, of Margulis
tubes. In addition, we have a set, %, of Margulis cusps. If P € P, then 0P is
a euclidean cylinder foliated by euclidean geodesic “longitudes” of fixed length.
We write N(M) = M \ |Jpg int P for the noncuspidal part of M, and @ (M) =
N(M)\ Uyeq int T for the thick part of M.

Let %3 (M) be the set of Margulis cusps that correspond to boundary components
of ¥,and let Q(M) =M \ UPE%(M) int P. (Thus ®(M) C N(M) € Q(M).) By
tameness [Bonahon 1986], Q (M) is homeomorphic to ¥ x R. We refer to the ends
¥ x [0, 00) and X x (—oo, 0] as the positive and negative ends of Q (M). Note that
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00(M) = UPG%(M) dP =0X% xR. A fibre of Q(M) is the image of a homotopy
equivalence from X to Q (M) where the preimage of d Q (M) in X is precisely 0 2.

Let P4(M) =P\ Py(M). These are the accidental parabolic cusps of M. We
can write P4 (M) = P (M) uP_(M) depending on whether the cusp lies in the
positive or negative end of Q(M). Each P € %4(M) is homotopic to a curve
a(P) € X(X). The set {a(P) | P € PL(M)} a multicurve in X, i.e. the elements
are mutually disjoint. In particular, 1 (M) and hence % are finite.

A surface ® € & is assumed to have the property that each boundary curve in ®
that is peripheral in ¥ is equal to this boundary curve, and that all other boundary
curves of ® lie in int X. As before, we can define an unknotted surface, F C M,
where we assume that F N9 Q(M) are precisely the boundary curves of F' that are
peripheral in Q(M). Again, we have ¢ (F) € %\ {X}. We can similarly define a
thick surface.

We need to modify the definitions of “horizontal surface” and “band”.

A horizontal surface is now an unknotted surface, F C Q (M), such that there
are two disjoint subsets, 73(F) and J;(F) of I, satisfying (1)—(3) as before, and
in addition, two disjoint subsets, P;(F) and P;(F) of % which satisfy (1")—(3'),
where I, 73(F) and J;(F) are replaced by P, P (F) and P;(F). Condition (4)
gets replaced by

@) daF CUTy(F)UlJPy(F).

Necessarily, P;(F) C P4 (M).

We similarly modify the definition of a band. It is now a thick surface, B, in
Q (M), with subsets T 3(B), I;(B), T+ (B), T_(B) C J satisfying (1)—(4), (6) and
(7), as before, together with subsets P5(B), P (B), P;(B) € P satisfying (1"), (2'),
(4", (6") and (7’) where I gets replaced by P etc., and P; (B) = &. Condition (5)
gets replaced by
(5") dyB < JTy(B)UlUPy(B).

As before, we assume that ¢ (B) # X.

We necessarily have 1 (B) € P4(B) and P_(B) NP (M) € P, (B) and
PL(B)YNP_(M) C P_(B). We say that B is primitive if T, (B) N T_(B) =
PL(B)NP_(B)=9. Inthis case, P (B)NP_(M)=P_(B)NPL (M) = 2.

Let Y = core(M) be the convex core of M, and let Y denote the boundary of
Y in M. The inclusion of Y N ®(M) into Y is a homotopy equivalence. Each
component, F, of 9Y N N (M) is a horizontal surface with P;(F) = T3(F) = .
Moreover, F cuts N (M) into two components, one of which, C (F), homeomorphic
to F x [0, o). We can refer to F, and hence the corresponding component of 97,
as positive or negative depending on whether C (F) lies in the positive or negative
end of Q(M). We write 0_Y (respectively 0 Y) for the union of positive (negative)
components, so that dY =9, Y L1d_Y.
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Now each Margulis tube, T € I, meets Y. Indeed, we can write
T=FT,NHUIT_(Y)UTL(Y)

withT;(Y)N(T(Y)UTL(Y))=g,sothatforall T € T;(Y), T C Y, and for all
T € T.(T), 0+Y meets T in an annulus.

Let’s first consider the case where M is geometrically finite. This means that
Y N ®(M) is compact, so that J is finite, and ¥ N N (M) is compact. Indeed we
can find disjoint horizontal fibres Sy and S_ of Q(M) such that

StNNM)=0LY NN(M).

Now S;+ and S_ bound a compact region, K, in Q(M). In fact, K, is like a band
in Q(M), with T (K) =T (Y), T+(K) =T +(Y), Ty(K) =, P+(K) =P+ (Y)
and P3(K) = P3(M), except that ¢ (K) = X, which we have disallowed.

The statement of Theorem 0 is similar to that given in Section 2. We construct
a nested set, %, of bands satisfying (B1)-(B6) of Section 5. This time, we assume
that each band lies in the interior of Y. We let 4 C % be the set of outermost bands.
These bands satisfy (A1), (A2) and (A4)—(A9) of Section 2. Property (A3) should
now say that L(OT NY,A) < Lo forall T € J, and L(OPNY,d) < Ly for all
P € P 4(M). To the statement of (A3"), we should add that L(dPN B, B(B)) < Ly
forall P € P4(M).

The case where there are no accidental parabolics — % 4 (M) = @ —is similar.
In this case, each of 0, Y and 0_Y is either empty or a horizontal fibre, and so we
have a division into geometrically finite, singly degenerate and doubly degenerate
cases. The statement of Theorem O is as for the geometrically finite case above.

For a manifold with accidental parabolics that is not geometrically finite, the
situation a bit more complicated. One way of dealing with it is to allow for “long
bands” where one of the horizontal boundary components may be at infinity.

More precisely, a semi-infinite thick surface, B, is the image of a proper em-
bedding of ® x [0, co) into Q(M), where ® € &F. We write dy B for the image of
@ x {0} and 9y B for the image of 0P x [0, 00). A long band is now a semi-infinite
thick surface B, with dy B € | J % and with 3y B a horizontal surface.

We now allow & to contain (a necessarily finite number of) long bands. We can
assume that 9B satisfies (B1)-(B6). For a long band, %, (B4) is redundant and (B5)
means that if F is parallel to B, then H({(F, dgB)) < Hy+ 2Dy. If A is the set
of outermost bands, then conditions (A1)—(A9) are satisfied, with (A3) and (A3')
modified as above. Indeed, if P € P4(M), then 9P NY \ |J o4 is compact.

Let € C % be the set of innermost long bands. These are disjoint. If C € €, and
P e P, then PNC C JP, otherwise we could find smaller long bands contained
in €. Thus C € N(M). Let F be the union of 05 C as C varies over positive
bands in €. We can find a horizontal fibre, S, of Q(M) such that S, " N(M) =
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(Fr U0 Y)N N(M). We can similarly find a disjoint fibre, S_. Let K be the
compact region of Sy and S_.

We see that K behaves like the compact region K constructed in the geometri-
cally finite case. (Note K NN (M) need not be connected.) Similarly, each band of
% behaves like the convex core of a singly degenerate manifold with smaller base
surface. Thus, in some sense, the general case is a union of geometrically finite
and singly degenerate cases.

Finally, we remark that the nonorientable case can also be similarly accounted
for. In this case, Margulis tubes may be solid tori, and boundaries of Margulis
cusps may be Mdbius bands. Also, there may be no canonical choice of “positive”
or “negative” boundaries of bands.
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CLASSIFICATION OF FIBER SURFACES OF GENUS 2 WITH
AUTOMORPHISMS ACTING TRIVIALLY IN COHOMOLOGY

JIN-XING CAI

Let S be a complex nonsingular projective surface of general type with a
fibration of genus 2, and let G C Aut S be a nontrivial subgroup of automor-
phisms of S, inducing trivial actions on H*(S, Q). We give a classification
for pairs (S, G) from the point of view of moduli. Consequently, we show
that there exist surfaces S of general type (with p, arbitrary large) with an
involution acting trivially on H’(S, Z) for all i.

1. Introduction

Let S be a complex minimal nonsingular projective surface of general type, and let
G C Aut S be a nontrivial subgroup of automorphisms of S inducing trivial actions
on H*(S, Q). Peters [1979] proved that, if the canonical linear system |Kg| is
basepoint free, then either K 2 =8y (Os) or K§ = 9x(0s). Recently, we showed
that |G| < 4 if x(Os) > 188 [Cai 2004]. When S has a fibration of genus 2, we
have a numerical classification for pairs (S, G):

Theorem 1.1 [Cai 2006a; 2006b]. Let S, G be as above. Assume that S has a
relatively minimal fibration of genus 2 and x (Og) > 5. Then |G| = 2, and either

(i) K3=4x(0s)—4a (a=0, 1), or
(i) KZ=8x(05)—6b (b=0, 1, 2).

There are some examples in [Cai 2006a; 2006b] to show that such pairs (S, G)
exist, besides the well known ones (products of two hyperelliptic curves). An
interesting question is whether it could be possible to classify all possible pairs
(S, G) in Theorem 1.1.

In this note we give a classification for pairs (S, G) in Theorem 1.1 from the

more general point of view of moduli. Roughly speaking, our main result is this
(see Theorems 2.5 and 4.7 for precise statements):

Theorem 1.2. Let S, G be as in Theorem 1.1.

MSC2000: primary 14J50; secondary 14J29.
Keywords: surfaces of general type, automorphism groups, fibrations.
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(1) If S is as in Theorem 1.1(i), then S is birationally equivalent to a double cover
of certain elliptic fiber bundle. The configuration of the ramification divisor
of this covering is determined.

(1) If S is as in Theorem 1.1(ii) with b =0, then S >~ (F X C‘)/G, where F and C
are curves of genus g(F) =2, g(C) > 2, and G is one of the following groups:
Z/mZ (m <10,m #17,9), (Z/27)?, Z/6Z@Z/2Z Dg (the dihedral group of
order 8); a complete description for the action of G on F x C is given.

We note that, for K3 and Enriques surfaces S, Aut S acts faithfully on H>(S, Z)
(see [Burns and Rapoport 1975; Ueno 1976]). As an interesting consequence of
Theorem 2.5, we show that the analogous question for surfaces of general type has
a negative answer:

Theorem 1.3 (Corollary 2.11). Let n > 3 be an integer. There exist an infinite series
of surfaces S, of general type with Kgn =dn, py(Sy) =n, q(S,) = 1 admitting an
involution acting trivially on H'(S,, Z) for all i.

We work over the complex number field and use standard notation as exemplified
by [Barth et al. 1984]. We also use freely the notation from [Cai 2006a; 2006b].

2. Surfaces whose canonical map being composite with a pencil

2.1. Let S be a complex nonsingular projective surface of general type with p(S)
at least 3 and let f: S — C be a relatively minimal fibration of genus 2. Consider
a nontrivial subgroup G C Aut S of automorphisms of S inducing trivial actions on
H?(S, Q). In this section, we assume that the canonical map ®g of S is composite
with a pencil. By [Cai 2006a, Theorem 3.2], we have |G| = 2, the generator o of
G is a bielliptic involution of f (thatis, f oo = f, and for a general fiber F of f,
o|r 1s a bielliptic involution of F), and § has numerical invariants

(2.1.1) K2=4x(0s) and ¢(S) =g(C) =1, or
(2.1.2) KZ=4x(05)—4,¢(S)=1and g(C) =

The hyperelliptic involutions of smooth fibers of f glue together to give a bi-
rational C-involution T of S, which is everywhere defined by the uniqueness of

the minimal model of f. We call t the hyperelliptic involution of f: S — C. Let
A =o0ot. Clearly A is a bielliptic involution of f. We have a commutative diagram

S
pl
S
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where p is the blowup of all isolated fixed points of A, A is the induced involution
on S, « is the blowdown of all —1-curves contained in fibers of /A — C, and p
is the induced relatively minimal elliptic fibration.

We can describe p : T — C explicitly:

Proposition 2.2. Let E, be an elliptic curve, and set E4 = C/(Z +iZ) and E3z =
Ec=C/(Z+EZ), for & a primitive third root of unit.

() If Sisasin (2.1.1), then C is an elliptic curve, and
(p:T—C)=(Ty:=(C'"xEyg))Zy— C']Zy)

for some d € {2, 3, 4, 6}, where C’ is an elliptic curve and Z; acts on C' x Eg4
via a product action: Z4 acts on C' as a translation of order d such that
C'/7;>~C,and Zg actson Egby (1) et —eifd=2;(2) er+> Eeifd =3;
B)erieifd=4;4)er—> —Eeifd =6.

Moreover, KT = p*n, where n € Pic’ C , which determines the étale cover

C'— C.

(i) If S is as in (2.1.2), then C = P!, T = C x E and p is the projection to the
first factor, where E is an elliptic curve.

Proof. By [Cai 2006a, Proposition 4.12] and its proof, p: T — C is an elliptic
fiber bundle with a section. By the proof of Theorem 3.2 of the same reference,
we have g(T)=g(C)=1if Sisasin (2.1.1),and g(T) =1, g(C)=0if Sis asin
(2.1.2). Note that p,(T) = 0. Now the proposition follows from the well-known
result of Bagnera and de Franchis on the classification of bielliptic surfaces (see
[Beauville 1983, VI, 20], for example). O

Proposition 2.3. Let T; be as in Proposition 2.2. Then H\(Ty, Z)or = Z> X Z5,
73, 7, 0ifd =2, 3, 4, 6, respectively.

See [litaka 1971; Suwa 1969; Serrano 1991] for proofs.

Notation 2.4. Let p : T — C be a fiber surface and A C T a bisection of 7', that
is, an irreducible curve with AP =2, where P is a fiber of p. We say that a point
t € A is a ramification point of pjao : A — C if ¢ is in the image of the set of
ramification points of pja o ¢ : A — A — C under ¢, where ¢ : A — A is the
normalization of A.

For any point ¢ € A, let [(¢; A) be the number of times we must blowup ¢t € T
and its infinitely near points to get the strict transform of A being nonsingular at
the inverse image of ¢.

For any two curves D, D" and t € D N D', we denote by I (D, D’; t) the inter-
section number of D and D’ at the point ¢.
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Theorem 2.5. Let f: S— C,p: T - C,w,anda beasin2.1. Letw : S'—> T
be the Stein factorization of a o7, and let (B, 6) be the singular double cover data
corresponding to . Then (B, 0) has the following properties:

(1) 8 = C1 4 p*D, where C\ is a section of p and D is a divisor on C of degree
n:=pg(8) =3,

(i) B=A+> ", p*ci, where A € |2C, + p*(2D — >_I"_, ¢;)| is a bisection of
pandc; (i =1, ..., m) are different points of C,

(iii) ANC| is contained in the set of ramification points of p|a. As a set, ANC| =
{t1, -, ty}, where t; = p*c; NCy. Forany i, (A, Cy;t;) =21(t;; A)+1. So
YL Lt Ay =n—m.

Conversely, let p : T — C be as in Proposition 2.2, and let (B, 0) be the sin-
gular double covers data satisfying conditions (i)—(iii) above. Let w: S’ — T be
the double cover corresponding to (B, 0). Let S” be the desingularization of S’,
and f': S" — C the induced fibration. Let f: S — C be the relatively minimal
fibration of f'. Denote by t the hyperelliptic involution of f, and A the involution
corresponding to the double cover w. Let =t o L. Then S is as in (2.1.1) (resp.
(2.1.2)) with pe(S) =n if T is as in (i) (resp. (ii)) of Proposition 2.2 and o acts
trivially on H?(S, Q).

Proof. We assume that T is as in Proposition 2.2(i). The proof of the other case
is similar and is left to the reader. Since B has no essential singularities, by the
formula for double covers, we have h°(K7 ® 0) = n. Note that p:T—Cisa
fiber bundle, and (K7 ® ) P =1 for a fiber P of p. We have K7 ® 0 = C1+ p* D/,
where Cy is a section of p and D’ is an effective divisor on C. Clearly C; is the
fixed part of |C; + p*D’|. So deg D' = h°(D’) = h°(C; + p*D’) = n. Note that
K71 = p*n, where 7 is as in Proposition 2.2. So 8 = C{ + p*D, where D = D' ®n
is a divisor on C of degree n.

Since B is a reduced divisor, we may write B = A + Y .| p*c;, where A is
a reduced horizontal divisor with respectto p, m >0, and ¢; (i = 1,...,m) are
different points of C.

2.6. We show that A is irreducible. Otherwise, A = Aj + A,, where A; are
sections of p. Clearly A{A; =0. So m > 0. Then locally around p*c; the branch
locus B of  has the configuration

Al [

Ay |
pra;

So (pom)*cy is a multiple fiber and S’ has two rational double points on it, and
hence f*c; is a fiber of type (bg). This contradicts [Cai 2006a, Lemma 4.7(ii)].
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Lemma 2.7. Ift € ANCy, then t is a ramification point of p|a , and
I(A, Cis1)) =21(t; A) + 1,
where [(t; A) is as in Notation 2.4.

Proof. let c = p(¢) and [ =1(¢t; A). First we assume that ¢ is a smooth point of A.
If  is not a ramification point of p|a , then p*cN A consists of two different points,
tandt’. We have t +1' —2t = A|oc —2C1|prc = p* 2D —Yi", ¢i)|prc =0. This
implies  =t" on p*c, which is a contradiction since p*c is not rational.

Now we may assume that ¢ is a singular point of A. If ¢ # ¢; for any i, then
mult;B=2. Let p : T — T be the blowing up at #, and E the exceptional curve.
For any irreducible curve Z in T, we denote Z the strict transform of Z in 7. Set

B=p*B—2E, 6=p"0—E=C,+p*p*D.

Let 7 : § — T be the double cover corresponding to (B, ). Clearly ¢ o7 (notation
as in 2.1) factors through 7. Since C; and p ¢ meet transversally only in one
point ¢, we have N p*c = @. This implies 9|p - is trivial. So 7* p*c has two
disconnected components, and hence f*c is of type (a;). This contradicts [Cai
2006a, Lemma 4.6].

So we can assume ¢ = ¢; for some i. If # € A is not a ramification point of p|a,
then (p o @)*c has the following configuration:

where A and p?gi are the strict transforms of A and p*c;, thick lines mean branch
locus of 77, and superscript numbers without brackets are multiplicities and super-
script numbers within brackets denote self-intersections. This implies f*c; is of
type (by;), which is a contradiction by [Cai 2006a, Lemma 4.7(ii)].

Now ¢ € A is a ramification point of pja. Let H = («¢ o 7)*Cy. By [Cai
2006a, 4.8, 4.11 and 4.12], we have (f o p)jg : H — C is étale. So the strict
transform C 1 of Cy in S /5\ does not meet the branch locus of 7. This implies
I(A, Cy;t) =241 by a standard calculation; see, for instance, [Hartshorne 1977,
Chapter V, Propositions 3.2 and 3.6]. (]

By the proof of Lemma 2.7, the image of A N C; under p is contained in the
set {c1,...,cm}. Now suppose there is a point ¢; € {c1,...,cn}\ p(ANCy). If
p*ci N A consists of two points, then p|a is étale at ¢; and we get a contradiction
as in 2.6. Hence p*c; N A is a single point. By the choice of ¢;, p*c; N A & Cj.
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So p*c¢;NCy # p*c;i N A, and hence p*c; N C must be a smooth point of B. This
implies the strict transform C‘l of C; does meet the branch locus of 7. This is
impossible since H — C is étale.

Now we prove the converse of the theorem. Let 7 be as in (i) of Proposition
2.2, and let (B, 0) be the singular double cover data satisfying conditions (i)—(iii) in
Theorem 2.5. Let r : §” — T be the double cover corresponding to (B, 6). Then S’
has only canonical singularities. Let € : § — S’ be the minimal desingularization.
We have

Ks=(moe) (p"(n+ D)+ Cy).

So S has the following numerical invariants:
K2=4n, py(S)=n, q(5) = L.

Now f:=pomoe:S— C is afibration of genus 2. Denote by t the hyperelliptic
involution of f, and by A the involution of S corresponding to 7. Then (X, 7) =
Zy @ Z,. Take 0 = t o . Now the result follows by the following lemma. ]

Lemma 2.8. The involution o acts trivially on H' (S, Q) for all i.

The idea of the proof of Lemma 2.8 is to analyze the action of ¢ around the
singular fibers of f, and to apply the topological Lefschetz formula to o. The
proof is longer and is postponed until the next section; see also [Cai 2006a, 3.3]
for a proof in the special case when the bisection A < B is smooth.

Remark 2.9. Let A be as in Theorem 2.5. If A is smooth, then /(#;; A) =0 for all i
and hence m = n. In this case, by the proof of Lemma 2.7, the points in ANCy are
necessarily ramification points of p|a. So the only condition for (S, o) being as
in 2.1 is that the n fibers p*c; contained in B pass through the n points of ANCj.

Corollary 2.10. (i) The moduli space M of surfaces (S, o) as in (2.1.1) with
P (S) = n has four irreducible connected components. Among them one has
dimension 2n + 1 and the others have dimensions 2n.

(i) The moduli space M' of surfaces (S, o) as in (2.1.2) with p,(S) = n is irre-
ducible and of dimension 2n — 1.

Proof. We prove (i); the proof of (ii) is similar and is left to the reader. By Theorem
2.5, M is a disjoint union My U M3 U My U Mg, where My = {S € M | T >~ Ty}, for
T, is as in Proposition 2.2. Let %, € |20]| be a flat family of curves such that %
is the branch locus B of 7 : §" — T and %, is smooth. Let ¥, be the flat family
of surfaces corresponding to the double cover data (%, ). Since the branch locus
By of 1 — T is ample, we have 71 (¥F1) =~ m1(T) by [Cornalba 1981]. Since
PBo = B has no essential singularities, S’ = ¥( has only rational double points.
By [Atiyah 1958], the minimal desingularization S of ¥ is diffeomorphic to ¥;.
Hence we have m1(S) >~ 7 (T). By Proposition 2.3, the sets /M, are open. Given
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T,, for generic [S] € My, S is determined by (B, 8), where 8 = C; + p*D, D is
a divisor of degree n on C, B=A+Y ", p*c;, A € |2Cy + p*D| (cf. Remark
2.9). Up to automorphisms of Ty, C; is uniquely determined. Given a smooth
curve A € [2Cy + p* D], the choice of 6 is unique up to a torsion element of order
2 of Pic? T,;. Clearly A depends on h@c; + p*D) —1=2n—1 (by Riemann—
Roch) parameters. Note that 7; depends on two parameters if d = 2, and on one if
d =23, 4, 6. So the dimension of M, is2n+1ifd =2,and 2nifd =3, 4, 6. O

Corollary 2.11. Let (S, 0) be as in (2.1.1). If S € Mg, where Mg is as in the proof
of Corollary 2.10, then the involution o acts trivially on H' (S, Z) for all i.

Proof. If § € Mg we have 1 (S) ~ w1 (T) by the proof of Corollary 2.10, and hence
H\ (S, Z)tor = 0 by Proposition 2.3. By the Poincaré duality for the torsion part
of homology, we have H 2(S,Z)or = 0. Hence H*(S, Z) is torsion-free, and the
result follows from Lemma 2.8. U

3. Proof of Lemma 2.8

We keep the notation of Theorem 2.5. Since g (S) = g(C), by Hodge theory, o acts
trivially on H'(S, @). To check that the involution o acts trivially on H?(S, @),
we analyze the action of o around the singular fibers of f. Letz; (j =1,...,u)
be the ramification points of pja . After suitable reindexing, we may assume that
{t1, ..., tu}=ANCyasaset. Lett,. (k=1, ..., v) be the singular points of
A\{t;|1 < j <u}. Setl; =I(tj; A), where [(t;; A) is as in Notation 2.4. We have
l;>0for j=1,...,u,andl; > 1 for j =u+1, ..., u+v. By the definition of

[j, we have
u—+v

JACSEF{OSED I
j=1
where ¢ : A — A is the normalization of A. Applying the Hurwitz formula to
DA o ¢, we get
2¢(A)—2=u.

By the adjunction formula,
m 2
2pa(A) =2 = <2C1 +p*<2D -y cj)) — 4020 —m).
j=1

Combining these three equalities, we have

u+v
(3.0.1) dm~4+u+2 ) 1; =28n.
j=1
Let o: T" — T be the morphism composed of /; times blow-ups of #; and its
infinitely near points (j = 1, ..., u + v). The exceptional divisor o*(¢;) equals
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I . . .
Y E }l, where E }l is the exceptional curve corresponding to the (/ — 1)-th near

points of 7;. Then the strict transform A’ of A is smooth, and for j =1,...,u, A’
meets E’ j, in one point t; and is tangent to it there. Let ¢": 7" — T" be the blow-
upoft’(jzl .,u)andsjl':E;l ]ﬂE/ G=1,...,m1=1,...,1;) (for

convenience, here we set E'; = (p*c;)). Let E/] = Q’*(t ) and Dﬂ =0""(s)1)
be the exceptional curves. Then E7/ /41 and the strict transform A" of A" meet
transversely at point £7. Let

w: T —T"

be the blow-up of t}’ (G=1,...,u). Let Ej,lﬁg = ,u*(t}’) (j=1,...,u) be the
exceptional curves. For any irreducible curve Y in T, we denote by Y’, Y” and Y
the strict transform of Y in 77, T” and T, respectively. Set

- u+v l/ m m l_j y u
Bi=u ( (QB 222115) 2ZE,1+1 Zzpﬂ)—zzEj,w
j=li=1 j=1

j=lIl=1

~ mo__ m 1 ~ u //
=A+ ) prei+ 2 Y Ey+ X Ej
j=1 j=1i=1 j=ma1
- o il utv 1 , moo m 1 . u
0:=n (Q (99 ZZZEJZ)_ZIEj,lJ+1_ZII IDJI)_ZlE]lJ"Z
, - u+v j , m lj ~,
=(@o0 o) D+Cr1— . ZZE > > D
j=m+1l= j=1li=

m - u B
— Y LE =Y Blapea— Y@L+ DEe.
j=m+1 Jj=1 j=m+1

We have B is a smooth divisor on 7, and B =25. Let 77 : S — T be the morphism
associated with the double cover data (B, S). By the canonical resolution [Persson
1978], we have a commutative diagram

~:

y=gooou

T,

where f is a desingularization of §’, and ¢ is the contraction of —1-curves on S.
Clearly f has only u + v singular fibers f*c; (j =1, ..., u +v). For j =
1, ..., m, locally around a singular fiber, 7: (f o &)*c; — (p o y)*c; has the
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following configurations:

=(—=2)1
J.li+1

where A is the inverse image of A, thick lines mean ramification or branch locus
of 77, and superscript numbers without brackets are multiplicities and superscript
numbers within brackets denote self-intersections. Hence

Lj j
frej=0], 1 +0%, 1 +20), ,H+ 2121 O+ 2121 @' +2r;

is as in (bzg_/.+1) of [Cai 20064, 2.6]. ®;; (I =1, ...,1;) are A-fixed —2-curves and
I"; is an A-fixed elliptic curve.
For j=m+1,...,u,7: (foe&)*c; — (poy)*c; has the configurations

Since &7, = Ci|5¢, — Ely 7, (= Ciype, — Ejiy42) 57, when [j = 0) is

o~

nontrivial, the inverse image I'; of p*c; is connected. Hence

L L
frfej=30;+3 0)+T;
I=1 =1
(here we also denote by ® il and @’jlj the image of ® il and @’ﬂj in §) is as in (V)
of [Cai 2006a, Lemma 4.9]. The chain of —2-curves in f*c; is of type A21j and
Oji; ﬂ@;. I is a nonisolated A-fixed point. (When/; =0 f*c; is an irreducible curve
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with exactly one node p;, which is a nonisolated A-fixed point. The normalization
of f*a; is an elliptic curve.)
For j=u+1,...,u+v,m: (fo&)*c;j — (poy)*c; has the configurations

2} (-1
' b I

. S A .. . . ) oyl
Since 5|p*c,~ =C; l7e; — Eji|p7e; 18 nontrivial, the inverse image I'; of p*c; is
connected. Hence
I -1
frej _121®ﬂ+ 121 0;+T;

is as in (v) of [Cai 2006a, Lemma 4.9]. The chain of —2-curves in f*c; is of type
Ao

Forj=1, ..., m,A o is an involution with fixed points
22

q; =0,;;N ®/J',lj+2’ q} =ANO; 142

(the former equals I'; N ®’j 142 when [; = 0). See the picture above. Since A is
T-invariant, q} is t-fixed. From

(3.0.2) e*Ks=(yom)*(p*(n+ D)+ Cy),

we see that
L L
(j+ 1)(@4’1]_+1 + ®,//{,1,»+1) + @l + 1)@;,,#2 —l—l; 210 +1—1(2l — 1)@;-1

J

is contained in the fixed part of |Kg|. By [Cai 2006a, 2.9], f*c; is not of type
V in the sense of Horikawa. So by [Cai 2006a, 2.8], g;, q} are isolated t-fixed
points and there are three nonisolated t-fixed points r;, r2;, r3; on I";. So @’j, 142
is o-fixed (otherwise, (A, ) < Aut @;.’ 1420 which is a contradiction since (A, T)
is not cyclic) and ry, 2, r3; are o-fixed points. Similarly we see easily that @; !
(l=1,...,1;) are o-fixed. Hence

e((f*c)?)=2j+1)+3=21;+5 forj=1,..., m.
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For j =m+1,...,u+v, since f*c; is reduced, by [Cai 2006a, 2.4], o has
no fixed curves on f*c;. Since each component of f*c; is o-invariant, each node
point of f*c; is o-fixed. We show that they are isolated o-fixed points. If there
is a o-fixed point x € f*c; which is not isolated, then there is a o-fixed curve
D (necessarily being horizontal with respective to f) passing through x. Since
D is contained in the fixed part of |Kg|, Df*c; = 2. This implies there are three
o-invariant curves meeting in x with distinct tangent directions, and hence the
induced linear action of o on the tangent space at x must be ¢id for some ¢ € C,
a contradiction. (Whenm +1 < j <wu and /; =0, then p; is a nonisolated 7-fixed
point by [Cai 2001, Lemma 2.4], both t and A exchange the local branches at p;.
So o fixes the local branches at p;, implying that p; is an isolated fixed point of
o.) Hence

e((fe))) = {2[1 +1, ] =m-+1,...,u;
215, j=u+l,..., u+v.

Let H C S be the inverse image of C;. Both 7|y and Ay are involution of H.
(Clearly by (3.0.2), H is contained in the fixed part of |Kg|. So H is t-invariant
and H|f is a gé on F, where F is a general fiber of f. If t|y = identity, let
HNF ={s, s}, then s+s"= Hp =2s, which implies s'=s on F, a contradiction.)
So H is a o-fixed curve. Clearly H is the only o-fixed curve which is horizontal
with respective to f. we show that g : H — C is étale. In particular, this implies
r1j,r2j, r3; are isolated o-fixed points. Suppose x € H is a ramification point of
fig. Let F/' = f*(f(x)). Since HF' =2, we have H N F' = {x}. Since H is
A-invariant, we have x is (t, A) -fixed. Since (7, 1) is not cyclic, x is a singular
point of F'. If F' = f*c; for some j, m+1 < j <u+v, then x is one of the node
points of f*c;, which is a contradiction since these points are isolated fixed points
of 0. Now we suppose F’' = f*c; for some j, 1 < j <m. Since ®/j,l,-+2 is o-fixed,
®/j,1,»+1 is not o-fixed. So there is a o-fixed point o; on ®/j,l,-+1 \(**)’J.JJ_Jrl N ®/j,lj+2‘
By [Cai 2001, Lemma 2.4], H passes through o;, which is a contradiction. Since
H is étale over C, e(H) = 0. Summing-up, we have

u-+v m u u-+v
e(S7) =Y e((ffcp))+eH)= D QL +5+ Y QL+D+ > 2
j=1 j=1 Jj=m+1 j=u+1
u+v
=2y lj+4m +u.
j=1

By the Noether formula, e(S) = 8n. Applying the topological Lefschetz formula
to o [Atiyah and Singer 1968, p. 566], namely

e(S) +8(q(S) —dim HO(S, 24)7) — 2(H*(S, Q) — dim H*(S, @)7) = e(5%),
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we get

u+v
2(dim H2(S, @) — dim H2(S, Q@)%) = 8n — (2 S 1 +4m+ u) —0
j=1

by (3.0.1). Thus o acts trivially on H?(S,Q), and Lemma 2.8 is proved. O

Remark 3.1. Here is a sketch of an alternative proof of Lemma 2.8 suggested
by the referee if T is as in Proposition 2.2(i). In this case g(S) = g(C), and we
can use Theorem 3 of [Shioda 1999] to compute the rank of the Néron—Severi
group NS(S)g = NS(S) ® Q of S. Consequently, NS(S)q is generated by H,
F and all irreducible components of singular fibers of f. By the construction of
S, we can check that H, F and each such component are o-invariant. Hence o
acts trivially on NS(S)g. Let T(S) be the orthogonal complement of NS(S)g in
H?(S, Q). Note that T(S) is the smallest rational subspace of H 2(S, Q) such that
the complexification of T(S) contains H 2.0(8). Since the involution o acts trivially
on H%(ws), we have T(S)° = T(S). Hence o acts trivially on H>(S, Q).

4. Surfaces with K3 = 8x (Os)

In this section, we describe explicitly families of pairs (S, o), where S is a fiber
surface of genus 2 with K § = 8x(0y), and o is an involution of § inducing trivial
action on H2(S, Q).

Throughout the section, we denote by tp the hyperelliptic involution of a hyper-
elliptic curve D; for a point e in an elliptic curve E, we denote by ¢, the translation
by e.

Example 4.1. Let (S,0) = (F x C, tr X 17¢), where F and C are hyperelliptic
curves with g(F) =2 and g(C) > 2. This example is well known.

Example 4.2. Let F be a curve of genus 2 with a bielliptic involution Ag. Let
B=P'and Y an involution of B.letn:C — B:= 3/()/3) be a double cover
with g(C) > 2, such that the branch points of B — B/ (vg) = B are contained in
that of 7. Let C be the normalization of C x 3 B and Ve € AutC the lift of V-
(Note that C is hyperelliptic since the involution corresponding to C — B is the
hyperelliptic one.)

Let (S,0) = ((F x C)/{Ap X Y&)s TF X 1), where Tf X 74 is the involution of
(F x C‘)/(AF X Y¢) induced by T X T4,

Example 4.3. Let G be one of the groups Z, (a =2,3,4,5,6,8,10) or Z, & Z»
(b=2,6). Let F be a curve of genus 2 on which G acts faithfully and g(F/G) =0.
Let B be an elliptic curve and G a subgroup of translations of B. Let C — B :=
é/G be a double cover with g(C) > 2. Let C = C xp B. Then G induces a
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faithful action on C. Let A¢ be the involution of C corresponding to the double
cover C — B.

Let (S,0) = ((F x C)/G, tF x Az), where G acts on F' x C via a product
action.

Example 4.4. Let F be a curve of genus 2 with a bielliptic involution Ar. Let B
be an elliptic curve, and e € B a nontrivial 2-torsion point. Let 7 : C — B :=
B/ (te, —1 3) be a double cover such that the branch locus of B — B is contained
in that of 7. Let C be the normalization of C x B f?, and —1 B 1, € Aut C the lifts
of —1z,1, € Aut B respectively. Let A be the involution of C corresponding to
the double cover C — B.

Let (S,0) = (F x O)/ {tr X fu, Ar x (—1)), TF X 1g).

Example 4.5. Let B be an elliptic curve, and e € B a nontrivial 4-torsion point.
Let G := (te, —1 E) =~ Dg (the dihedral group of order 8). Let F be a curve of genus
2 on which G acts faithfully. Let 7 : C — B := B/G be a double cover such that
the branch locus of B — B is contained in that of 7. Let C be the normalization
of C xp B. Then G induces a faithful action on C. Let A& be the involution of C
corresponding to the double cover C — B.

Let (S,0) = (F x C)/G, TF X Ag).

Remark 4.6. Let (S, o) be as in one of Examples 4.1-4.5. Clearly S has a fibration
of genus 2 with K % =8x(0s). Applying the topological and holomorphic Lefschetz
formula to o (see [Atiyah and Singer 1968, p. 566]) or by [Cai 2006b, 3.1], we
can check easily that o induces trivial actions on H>(S, Q).

Theorem 4.7. Let S be a complex nonsingular projective surface of general type
with x(0s) > 5, and f: S — C be a relatively minimal fibration of genus 2. Let
G C Aut S be a nontrivial subgroup of automorphisms of S, inducing trivial actions
on H*(S, Q). Assume that the canonical map ¢s of S is generically finite. Then
|G| =2, g(C) > 2, the generator o of G induces a hyperelliptic involution or a
bielliptic involution 6 of C such that 6 o f = f oo, and either

4.7.1) K§=8x(0s) and g(C) < q(S) < g(C) +2,
(4.7.2) K§=8x(05) —6and g(C) < q(S) <g(C) + 1, or
(4.7.3) K2 =8x(0s) — 12 and q(S) = g(C).
Moreover, if S is as in (4.7.1), then (S, o) belongs to one of Examples 4.1-4.5.

Proof. The first part of this theorem follows from [Cai 2006b, Theorem 1.1]. Now
we let f: S — C,o be as in (4.7.1). Let t be the hyperelliptic involution of
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f:S8— C,and A =0 o t. We have a commutative diagram

T

S < S——~ S/

P T n
where p is the blowup of all isolated fixed points of A, A the induced involution

c % B:=C/5
on S, and 7 is the blowdown of all —1-curves contained in fibers of S/A — B.
Then p,(T) =0, and h: T — B is a relatively minimal fibration of genus 2. The
configurations of reducible fibers of % is as in Table 1 (see [Cai 2006b, 2.9]), where
qr=q(S)—g(C), and 4(by), etc (column 5) means 4 having 4 reducible fibers of
type (bo) and no other reducible fibers.

qr g&B) q(T) K % configurations of reducible singular fibers of &
1 0 0 0 0 4(by)
2 0 1 1 0  anontrivially analytic fiber bundle
3 1 0 1 -4 2(by)
4 2 0 2 —8 atrivial fiber bundle

Table 1

Since f is a fiber bundle by [Xiao 1985, p. 18], /& has constant moduli. Let F
be a general fiber of 4. There exists a finite group G acting on F and on some
smooth curve B such that  is birationally isomorphic to (F x B)/G — B/G.

If & is as in line 4 of Table 1, then clearly (S, o) is as in Example 4.1.

Case 1: h is as in line 3 of Table 1. In this case g(F/G) =q(T)—g(B/G) = 1.
So |G| =2 by the Hurwitz formula. Since p,(T) = 0, we have B~P! SoTis
birationally isomorphic to (F x B)/ <A F X yg), where Ap is a bielliptic involution

of F, and yj is an involution of B. We have a commutative diagram

6J>CXBB4>B
c—" .8

where 7 is as in the beginning of the proof and p is the normalization. Let A~ be
the involution of C corresponding to the double cover C — B, and Y& € Aut Cis
the lift of yz. Since the image of reducible fibers of 4 is contained in the set of
branch points of 7, the branch points of B — B are contained in that of 7. This
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implies C - C~C/ <yé> is étale. We have a commutative diagram

Fx(CxgB) ~Cxg(FxB) Fx B

Cxp(FxB)/(hpxy)— (FxB)/(hrxy)

Hence S = (F xC)/ (hp x y¢)and o = (tp x idz)(idF x 72) =7 X t¢. S0 (S, 0)
is as in Example 4.2.

Case 2: his as in line 2 of Table 1. In this case, T >~ (F x B)/G, where F, B
and G are as in Example 4.3. (Since G is an abelian subgroup of AutF, we have
|G| <4g(F)+4=12(<4g(F)+2=10if G is cyclic). Moreover, when tr ¢ G,
since (tr, G) is also abelian, we have |G| = %| (tr, G) | <2g(F)—+2=06. Finally
G # 7, & Z4 by the Riemann’s existence theorem (see, for instance, [Broughton
1991, Proposition 2.1 or Theorem 4.1]). By the same argument as in Case 1, we
get (S, o) is as in Example 4.3.

Case 3: his as in line I of Table 1. Let B’ — B be the double cover branched
at four points, which are the image of four singular fibers of type (bg) of h. Let
T” — T xp B’ be the normalization, and ' : T’ — B’ the relatively minimal
fibration induced by contracting —1-curves contained in the fibers of 7" — B’.
Since & has only 4 reducible fibers of type (bo(lp)), (bo(11)) or (bo(I1)) (see [Cai
2006b, Table 1]) and no other reducible fibers, by the construction, each singular
fiber (if any) of &’ is irreducible and reduced. Since 4’ has constant moduli, this
implies 4’ is a fiber bundle. By [Cai 2006b, Lemma 2.5], ¢(T’) = 1. So (k" :
T' — B') ~ ((F x B)/G — B/G), where F, B and G are as in Example 4.3.
This implies & has only 4 reducible fibers of type (by(lp)) and no other singular
fibers. Hence, for any z € B, the order of the stabilizer G of z in G is at most
2, and if G is not trivial for some z € B, then |G|/|G,| < 4 and the generator of
G, acts on F as a bielliptic involution. So |G| =4 or 8. If |G| =4, then G ~~ Z%
and T is birationally isomorphic to (F x E)/ (rF X te, Ap X (—13)), where e € B
is a nontrivial 2-torsion point, and A is the involution of F' corresponding to the
generator of G,. If |G| =8, then G >~ Zg, Qg or Dg by [Broughton 1991, Theorem
4.1]. Since G — Auté, G >~ G| X G, (a semidirect product), where G is a group
of translations and G, C AutB is a subgroup preserving the group structure. Since
B/G = P!, G, #0, thus G ~ Z,, (m = 2 or 4). This implies G % Zg or Qs.
Hence G =~ (t,, —1;) > Dg, where e € B is a nontrivial 4-torsion point. Now by
the similar argument as in Case 1, we get (S, o) is as in Examples 4.4 and 4.5. [J

Remark 4.8. Let S be a surface isogenous to a product of curves of genus at least 2
(see [Catanese 2000; 2003] for properties of these surfaces), and G C Aut S be a
nontrivial subgroup of automorphisms of S, inducing trivial actions on H>(S, Q).
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It is interesting to classify pairs (S, G). Note that fiber surfaces of genus 2 with
K % = 8 (Oy) are isogenous to products of curves. Theorem 4.7 gives a classifica-
tion for such pairs under the condition that one curve of the products has genus 2.
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VECTOR FIELDS, TORUS ACTIONS AND EQUIVARIANT
COHOMOLOGY

JIM CARRELL, KIUMARS KAVEH AND VOLKER PUPPE

We give an explicit connection between the holomorphic equivariant co-
homology as defined by Carrell and Lieberman and the usual equivariant
cohomology of Borel and Cartan.

Let X be a smooth complex projective variety equipped with a C*-action
with fixed point set Z. By results of Carrell and Lieberman, there exists a
filtration Fy c F; C --- of H*(Z, C) such that GrH*(Z,C) = H*(X, C) as
graded algebras. We give here an explicit connection between this filtration
and the C*-equivariant cohomology of X.

1. Introduction

Let X denote a compact Kihler manifold, and suppose V denotes a holomorphic
vector field on X whose zero set Z is nonempty. Let Qf( denote the sheaf of
holomorphic p-forms on X. The contraction operator iy defines a complex of
sheaves
0— Q’)’(—>Q’)’{l—>---—>9§—>§2?{—>0,

where n = dim X, and an old result of the first author and David Lieberman [1973;
1977] states that the spectral sequence associated to this complex degenerates at its
E| term, namely H*(X, Q*) (see Section 2 for a review of this result). This fact,
which uses the Deligne Degeneracy Criterion, implies the vanishing statement

HP(X, Q1) =0 if|p—q| <dimZ,

and yields a description of the Dolbeault cohomology algebra H* (X, Q%) of X as
the graded C-algebra associated to the filtration of the hypercohomology H*(Kx),
which is a ring since iy is a derivation. Although this result has enabled descrip-
tions of cohomology in a number of special cases, for example, algebraic homo-
geneous spaces [Akyildiz 1982; Carrell 1992], Schubert varieties [Carrell 1992]
and toric varieties [Kaveh 2005], the proof itself in [Carrell and Lieberman 1977]
doesn’t give any insight into how the filtration can be described. This problem is the
motivation of the present paper. In fact, we will show that equivariant cohomology
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Keywords: equivariant cohomology, holomorphic vector field, equivariant vector field, torus action.
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and localization give a more transparent way of approaching the theory, provided
that V is generated by a C*-action, which also solves the filtration question.

Throughout the paper, V will denote a holomorphic vector field generated by
a C*-action. The only assumption on the fixed point set Z of this action is that
it be nonempty. It is well known that Z is also a smooth Kihler subvariety. Let
HP9(X) = H1(X, QP), and recall the Hodge decomposition of the cohomology
algebra of X:

H*(X.C)= @ H(X).
ptq=*

Also, for each s € Z, put

W)= P HMX).
q—p=s
Then 9¢*(X) is a graded C-algebra. Note that H*(X, C) = P, #*(X) (but not as
graded algebras). The following result summarizes what is known in this setting.

Theorem 1.1. Let X be compact Kihler and admit a C*-action with a nonempty
fixed point set Z. Let V be the holomorphic vector field on X determined by this ac-
tion and K, the hypercohomology determined by the spectral sequence associated
to V. Then, forall s € 7:

(i) dim H*(K}) = dim 7€ (X);
(ii) there exists a C-algebra isomorphism
H(KY) = 3#'(2);
(iii) we have
> dimHP(X)= ) dim H"(Z);
q—p=s q—p=s
(iv) there exists a filtration of #*(Z) that yields an isomorphism of graded rings

EB H(X) = Gr*(2).

In the above, (i) follows from the degeneracy of the spectral sequence of V. The
isomorphism (ii) is proven in [Carrell and Sommese 1979], and (iii) follows from
the first two parts. The last is in fact treated in several papers, for example, [Carrell
and Sommese 1979; Fujiki 1979; Ginzburg 1987]. Also see [Feng 2003] for a proof
that doesn’t use C*-actions but assumes V' vanishes transversely along Z.

Spaces admitting a C*-action often have the property that H”4(X) = 0 if
p # g (for example, algebraic homogeneous spaces, projective toric varieties
and, more generally, spherical varieties). For such X, H 2r(X,C) = HP (X, QP)
and H>PT1(X,C) = 0 for all p > 0. By (iii), the same is true for Z. Thus,
%5 (X) = H*(X, C) and similarly %*(Z) = H*(Z, C). Hence the map in (iv)
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reduces to the graded C-algebra isomorphism
H*(X,C) = GrH*(Z, 0).

We note, however, that the filtration on H*(Z, C) has nothing to do with the natural
filtration arising from the usual grading of cohomology.

The plan of the paper is as follows. We will use Section 2 to review the spectral
sequence of a holomorphic vector field and Section 3 to recall some basic facts
about equivariant cohomology and the Cartan complex. Our main results, The-
orems 4.2 and 4.4, are proved in Section 4. Theorem 1.1 follows readily from
these two results. In Section 5, we give a simple proof of a result in [Carrell 1995]
on regular actions, namely, actions of the 2 x 2 upper triangular matrices over
C of determinant one such that the unipotent subgroup has a unique fixed point.
The equivariant cohomology of these varieties was described in [Brion and Carrell
2004]. In Section 6 we consider some examples.

A few comments about the proofs in Section 4 are in order. Let T denote the
compact torus in C*, and suppose H7} (X, C) denotes the T -equivariant cohomology
of X over C. One knows H} (X, C) is a free C[¢]-module of rank H*(X, C), so,
as a C[t]-module, H} (X, C) = C[t] ® H*(X, C). Recently, Teleman [2000] and
Lillywhite [2003] have defined Dolbeault equivariant cohomology groups H, 7{7”; (X)
for X and showed that H} (X, C) admits the usual Hodge decomposition provided
X is compact Kihler. This allows us to define the groups 3¢5 (X) analogous to the
groups #°(X) defined above. We will show that evaluating polynomials at t = 1
gives a map (of C-algebras) #7 (X, C) — H*(Ky). (This idea is suggested by a
paper of the third author [Puppe 1979/80].) The key result Theorem 1.1(ii) follows
from localization in equivariant cohomology. The filtration of H*(K%) essentially
turns out to be the image of a canonical filtration of #7.(Z, C) — H*(K,) =#*(Z)
via the above “strange” map.

2. Zeros of holomorphic vector fields and cohomology

The purpose of this section is to review the spectral sequence associated to a
holomorphic vector field [Carrell and Lieberman 1973; 1977]. Let X denote a
connected compact Kéhler manifold of dimension n with sheaf of holomorphic
functions Ox and sheaves Qf( of holomorphic p-forms for p > 0. The contraction

operator iy : fo — Qf(_l defines the Koszul complex
0— Q’&—)Q')’(_le---eﬁﬁf—)@x—)&
In addition, for all ¢, w € Q%,

ivigrhw)=ivp Ao+ (—DPoANiyw
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if ¢ € Q. Let AP9(X) denote the smooth forms on X of type (p, q). The 3
operator A9 — AP-4*1! anticommutes with iy, so (9 —iy)? = 0. Put

(1) Ky= P ar,
q—p=s

and define D : K — K3 to be § —iy. Then because D?> = 0, we obtain
cohomology groups H*(K%). Moreover, K is a differential graded algebra under
the exterior product, so the cohomology groups form a graded C-algebra H*(K%).
Let Fy=FyC F| C F, C - -- C F), be the filtration of the double complex A™*(X),
with F; =@p, _; A»*(X). Since iy is a derivation, we obtain filtrations Fy H*(K})
for all s such that

F,H (KY)F;H'(KY) C Fiy jH(K).
Now consider the spectral sequence
(2) E 7" =HI(X, Q) = HI"P(K%).
The main result is:

Theorem 2.1 [Carrell and Lieberman 1973; 1977]. If V has zeros, then all differ-
entials in (2) are trivial. Consequently E1 = E~, and there are C-linear isomor-
phisms

3) HP™ (X, Q%) = F,H (KY)/Fp_1 H* (K}),
for every p > 0 and s which give an isomorphism of bigraded C-algebras

(4) P Hrx. Q) =P F,H (K})/ Fpo 1 H (K).
p.s p.s

3. Remarks on equivariant cohomology

In this section, we will briefly recall the two basic definitions of equivariant co-
homology due to Borel and Cartan, and state a recent result of Teleman [2000,
Theorem 7.3] and Lillywhite [2003, §5.1] on equivariant Dolbeault cohomology.
Suppose G is a compact topological group acting on a space M. It is well known
that there exists a contractible space EG with a free G-action. The quotient
BG = EG/G is called the classifying space of G. Put

Mg =M x EG)/G.
The equivariant cohomology of M over C is defined to be

Hi(M) = H*(Mg, C).
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If G is a compact torus, say 7', then Hj (point) = H*(BT) is identified with the
polynomial ring S = C[Lie(7T)], which is graded by assigning degree two to linear
forms on Lie(T). Thus, H; (M) is an S-module (via the natural map 7 : M7 —
BT), and one has the following fundamental fact:

Theorem 3.1 (Localization Theorem). Suppose the compact torus T acts on a
space M which admits an equivariant imbedding into a representation of T. Then
the kernel as well as the cokernel of the canonical map

i*: Hy (M) — Hj(M")

induced by the inclusion i : MT < M are torsion modules over S. Thus if Hi (M)
is a free module over S, then i* is injective. Moreover, i* becomes an isomor-
phism after inverting elements of a finitely generated multiplicative subset of the
polynomial algebra S.

If H} (M) is a free S-module, then the action of 7" on M is said to be equivariantly
formal. Equivalently, M is equivariantly formal if the spectral sequence of the
fibration M7 — BT collapses.

Remark 3.2. By a result of Frankel [1959], a C*-action with fixed points on a com-
pact Kihler manifold is equivariantly formal for the compact torus 7 = S! c C*.
More generally, by a theorem of Kirwan, every Hamiltonian 7'-action on a compact
symplectic manifold is equivariantly formal [ 1984, Proposition 5.8]. Moreover, the
hypotheses of Theorem 3.1 hold in the compact symplectic (in particular, compact
Kiéhler) case. For further examples of equivariantly formal spaces, see [Goresky
et al. 1998, §14.1].
To recall Cartan’s construction of equivariant cohomology [1951], we will assume
the space M is a smooth manifold on which T acts smoothly. Let Q*(M) be the De
Rham complex of C-valued forms on M. Define 7} (M) to be the complex con-
sisting of all the polynomial maps f : Lie(T) — (2*(M))”. Here the superscript
denotes the T-invariants. This is equivalent to defining Q7. (M) = (Q*(M) ®@c S ).
In particular

Q% == Q% (point) = ST = S.
The grading on Q7.(M) is defined by deg(f) =n +2p, if x — f(x) is of degree
pinx and f(x) € Q"(M). The differential

dr : Q5(M) — Q5.(M)
of this complex is defined by
(dr f)(x) =d(f(x)) =iy, f(x),

where iy, is the contraction with the vector field V, on M generated by x € Lie(T').
Then dr odr = 0 and dr increases the degree in Q*(M) by 1.
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Theorem 3.3 [Cartan 1951]. H} (M) and H*(25.(M), dr) are isomorphic graded
C-algebras.

If M is a complex manifold and 7 acts via holomorphic transformations, a Dol-
beault version of T -equivariant cohomology is constructed in a similar way. For
x € Lie(T), let V, = W+ W, be the splitting of the generating vector field of x into
holomorphic and antiholomorphic components. Imitating the Cartan construction,
let A?’*(M) be the complex of all polynomial maps f from Lie(7") to (AP*(M)T.
(Note again that this is the same as defining A7?*(M) = (AP*(M) ®¢ S)7).
Giving bidegree (1, 1) to the generators of S defines a bigrading on the algebra
AT (M) =@, , A7 (M). Define the differential 37 on A} (M) by

@7 [)(x) =3(f () —iw, f(x).

The g-th cohomology of the complex (A‘T”*(M ), d7) is called the (p, ¢)-th equi-
variant Dolbeault cohomology of M. It is denoted by H; “(M). Finally, put

HY'-(M)= € HM).
ptq=m

We now state a recent result of Lillywhite [2003] and Teleman [2000].

Theorem 3.4 (Equivariant Hodge Decomposition). If X is a compact Kéhler man-
ifold with an equivariantly formal T -action by holomorphic transformations, then
H; 5(X ) is a free S-module, and there exists an isomorphism

H7(X)= H;‘g(X)
of graded C-algebras.

Finally, we recall the definition of the equivariant Chern classes of a vector bundle.
Let E be a complex vector bundle over the a space M on which T acts, and suppose
E has a linear action of T lifting the action of 7. The projection map p : E — M
defines a map from Er = E x7 ET to My = X xp ET. This makes Er a vector
bundle over M7. The r-th equivariant Chern class of E, denoted by ch (E), is
defined to be the r-th Chern class of E7. It is clear that ch (E) € H%r (M).

Remark 3.5. We will need the following fact in Section 5: suppose M is connected
and the action of T on M is trivial. Let E be a line bundle with a T -action as above.
Let the weight of action of T on each fibre of E be w. Then

5) ] (E)y=—w+ci(E)

in H2(X) = (S ® H*(X))a.
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4. The main results

Now let X denote a connected compact Kéhler manifold of dimension » having a
C* action with nonempty fixed point set Z, and let T be the compact torus in C*.
Let V be the generating vector field of 1 € C = Lie(C*), and, as before, let K}
denote the total complex of the Koszul complex of the vector field V. It is well
known that X7 = Z. From now on, S = C[f].

The purpose of this section is to derive the results about the spectral sequence of
V (in particular, to prove Theorem 1.1) using Dolbeault T -equivariant cohomology
and to obtain a new picture of the filtration F, = Fy C F1 C--- C F, of H*(K}).

We first define a chain map Py : AT*(X) — K}. Recall that an element of
AZ*(X) is a polynomial map f : t — (A**(X))". By Definition (1), if f €
AD9(X), then f(1) € K% 7. Therefore, put

d(f)= ().

Proposition 4.1. @ is a cochain map. That is, for f € AT (X), we have
@71 f) = D(®(f)).

Proof. ®(1 f) = B f(x) —iv, f(x)) =3 f () —iv f(1) = D(f (1)) = D(D([)).
Here V, and V are the generating vector fields of x € Lie(T') and 1 € Lie(T). U

It is now convenient to put #3.(X) = €, H;’iﬂ (X). Note that by Theorem
3.4, H}(X) =, #%(X). This gives a new grading on H;(X) by S-submodules.
We will denote H; (X) with this grading by 3¢} (X). By the above proposition, o
induces a map

6) Oy, #p(X) —> H (Ky).

It is not hard to check that the ®x ; give a C-algebra homomorphism.
Let 7 denote the natural map = : H{f P +S(X ) — HPP*5(X) induced by the
inclusion X < X 7. By equivariant formality, the ordinary cohomology sequence

(7 0— STHX(X) = H}(X) = H*(X)—> 0

is exact (compare [Brion 1998, Section 1]), so by the equivariant Hodge decom-
position, 7 is surjective for all p, s.

Let #*(X) denote H*(X, C) and grade it with the decomposition H*(X) =
@S 3t*(X), as defined in Section 2. For any C-vector space V and a € C, let V[a]
denote the S-module structure on V where ¢ acts via multiplication by a. Note
that dim V[a] is the same for all a. By (7), we have another exact sequence of
S-modules

0— ST (X) — H3(X) — 3 (X)[0] — O,
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where ST denotes the ideal generated by . Hence
% (X)[0] = 963 (X) /ST (X) = 97.(X) ®5 Cl0],
and therefore

dim (9} (X) ®s C[0]) = dim % (X) = )  dim H""*(X),

We now prove the first three assertions of Theorem 1.1. First, notice that the
chain map ®y ; in (6) induces a map Py : 5 (X) ®s C[1] — H ' (K})[1] =
H*(K}).

Theorem 4.2. The following statements hold for each integer s.
1) CTDX,S 1 95.(X) @5 C[1] — H*(KY) is a C-linear isomorphism.

(i1) The inclusion mapping iz : Z — X induces a C-algebra isomorphism
iy H*(KY) = H (K}) =% (2).
(iii) In particular,y"; dim H*(X) = )", dim H"'*(Z).

Proof. The Localization Theorem 3.1 implies the map %, induces an isomorphism
¥ (X) ®s Cl1] = 97(2) ®s C[1].

Since #%.(Z) ®s C[0] = #°(Z) = H*(K ), and since dim(9}. (X) ®s Cla]) is the
rank of ¥ (X) as a free S-module for any a, we get an isomorphism 7. (X) ®s
C[1] = H*(K7), which is nothing more than i}ciJX,s. It follows that CiDX,S is injec-
tive.

To prove part (i), it remains to show P x.s 18 surjective. It suffices to show that
dy s is. By standard reasoning about the spectral sequence of a double complex,
we have an edge map e, : F,H'(K%) — HPP*5(X) whose kernel contains
F,_1H*(K}%). Let f(t) = Y., wit', where each w; € AP~"PT~I(X) represents
a class in H{f’pﬂ (X). By definition, ®x (f) = Y_; w;. Moreover,

r(f)=wo=ep(D_wi).

i

In other words, we get the following commutative diagram.

Dy s
HT{”P“(X) O F,H*(K%)
A
H[),[H-S(X)

Since 7 is surjective, it follows from this that @y  is surjective. This concludes
the proof of (i). The statements (ii) and (iii) follow immediately. U
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Remark 4.3. Theorem 4.2(i) is analogous to the corollary in [Puppe 1974, p. 13].
The proof of Theorem 4.2 implies that the subcomplex of the Koszul complex
consisting of T-invariant forms is quasi-isomorphic to the Koszul complex itself.
By first proving this result directly (which is similar to the well-known result that
invariant forms in the deRham complex determine the deRham cohomology) and
then using that the equivariant Dolbeault evaluated at + = 1 is just the invariant
Koszul complex, one gets an alternative proof of Theorem 4.2. In this context,
the evaluation at = 1 is exact, and hence commutes with homology, whereas the
evaluation at t = 0 is not.

Theorem 4.2 realizes two of the goals of the paper: a simple proof that i, is a quasi-
isomorphism, and a proof of the isomorphism (3) of Theorem 2.1 that doesn’t use
the Deligne Degeneracy Criterion. We note that the isomorphism (4) is a formal
consequence of the fact that iy is a derivation.

Let us now comment further on the filtrations. Let ®y : #7(X) ®s C[1] —
H*(K%) be the morphism obtained by combining the P x.s- Note that oy is a
C-algebra isomorphism, but not an isomorphism of graded algebras. However,
#75(X) ®s C[1] and H*(K%) are both canonically filtered, the former being the
filtration induced from the grading on #7 (X) and the latter being the filtration in-
troduced in Section 2. More explicitly, if p > 0, put F,%.(X) = ey H;’Hs (X).
If ®x ; is the map defined in (6), then, by definition,

i<p

(8) Dy (Fp95 (X)) C FyH (K).

Note that @y ; can be described as the map obtained by composing ) x.s and the
natural map from 7. (X) to #7.(X) ®s C[1] sending @ to a ®g 1.

We can now give a geometric description of the filtration of H*(KY). Let Ry
denote the algebra #%.(X)/ST % (X). Since the ideal ST%2.(X) is homogeneous
with respect to the grading of #7 (X), R x inherits a grading from %7 (X).

Theorem 4.4. The mapping @ is a surjection of filtered rings. That is, for all s,
Dy (Fpdt (X)) = F,H* (K}),

and Ry is isomorphic to both #*(X) and Gr H*(K}) as graded algebras.

Proof. This follows from (8) and Theorem 4.2(i). [l

Since the inclusion map iz : Z — X induces a quasi-isomorphism, we immedi-
ately obtain a description of the filtration of H*(K ) whose associated graded is
H*(X).

Corollary 4.5. For each p > 0,

cbzoi;< D H;"“(X)) = F,H (K3).

O<i<p
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We will give an example of how to use this result in the next section. Note also
that the natural map

A, HPPP(X) — F,HS(K%) — HP (X, QF™)

can be described as the p-th derivative map

1
Ap(f)=—fP ().
p:

We now use Theorem 4.2 to prove a vanishing theorem which extends the van-
ishing result H”9(X) =01if |p —q| > dim Z.

Theorem 4.6. If |p — q| > dim Z, then H}"? (X) = 0.
Proof. Since H}(Z) = S ®c H*(Z), it follows that

HMZ)= @ S'®@H'(2).

i <min(p,q)

But|p—gq|=|(p—i)—(g—1i)| >dimZ, so H;”q(Z) = 0 as well. By Theorem
3.4, HI'(X) ¢ HE'(X), so the result follows from the Localization Theorem
3.1 since i*(HP (X)) ¢ HE(Z2) ¢ HET(2). O

5. An application

The purpose of this section is to apply our main result to give a simple proof of
a fact about the cohomology ring of a regular variety originally proved in [Carrell
1995]. A smooth projective variety X over C that admits an action of the upper
triangular subgroup B of SL,(C) whose unipotent radical {{ has a unique fixed
point o is said to be regular. Let T denote the diagonal torus in B, and let T be the
maximal compact torus in €. One knows [Carrell 1995] that X T = XT is finite,
and, moreover, 0 € X' . In fact, let A : C* — ¥ be the isomorphism

t—)to
0¢1)°

Then the Bialynicki—Birula cell X, = {x € X | lim;_ o A(f) -x = 0} is a T-invariant
open set in X isomorphic with C" for n = dim X, and there exist affine coordinates
ui,...,u, on X, that are quasihomogeneous of positive degree with respect to the
G-action on X induced by A. This grading on C[X,] = Cluy, ..., u,] is called
the principal grading. The principal filtration P, of C[X,] is given by

PCIX,]1 =) CIX,V,

Jj<i
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where C[X,]/ denotes the subspace generated by the homogeneous elements of
degree j. Finally, let
1 a
/"L(a) - (0 1) ’

and let T, (a € C*) be the torus u(a)T u(a)~!. We will now prove the following
result.

Theorem 5.1. Suppose X is regular. Then X'« C X,, so H*(X'*) is a quotient
of C[X,] for any a € C*. Hence it inherits a natural filtration from the principal
filtration of C[X,], so let Grp H*(X«) denote the associated graded ring. Then

H*(X) = GrpH(XT).

Proof. We will only prove the theorem for @ = 1. The proof for other values of a
is similar, after the map ®x has been modified. Put X T ={xq,...,x,}. Now the
diagonal action of B on X x P! is also regular, with fixed point (o, 0), where 0
represents [1, 0] in P!, Let

,
Z=J (e - xi,u=t) [u #0}.
i=1

Let % be the reduced intersection Z N (X, x C). Clearly, % is T-stable, hence its
coordinate ring C[#] has a natural (principal) grading. In addition, the projection
p2 induces a C[v]-module structure on the coordinate ring C[%], where v denotes
a coordinate function on C.

By a result of Brion and the first author [2004, Theorem 1], the coordinate ring
C[%] is isomorphic as a graded C-algebra to the equivariant cohomology algebra
H7(X). In fact, an isomorphism

p: Hj (X) — C[¥]

is defined as follows. Since the odd cohomology of X is trivial (because X7 is
finite), the action 7" : X is equivariantly formal, so the restriction map i : H; (X) —
H3(XT) is injective. Note that

p
Hy(x") = P Clvl;.
i=1
where v is an indeterminate and C[v]; = Hj({x;}). Thus each o € H;(X) is
determined by an r-tuple of polynomials (1, ..., s,) in C[v]. Now if (x,a) €
%—(0,0),thenx =p(a"')-x j for aunique index j, where a # 0. The restriction of
« at x; is a polynomial function & ;(v). The isomorphism p is defined by making
p () the unique function on & defined by p(a)(x, v) =9 ;(v), if x = wa™h “Xj.
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Now note that H}(X) = ?C‘%(X ). Furthermore, (1) : X — X defines an iso-

morphism Hj(X) = H;il (X). Thus, we obtain a sequence of maps

-1
il £ vy (0 M a0 25 HOk ) =P,
xT

where K% denotes the complex associated to the holomorphic vector field gener-
ated by the torus 7}. The composition Wy of these maps sends F € C[¥#] to the
r-tuple o~ Y(F)(1) = ®xp~'(F), which, by Theorem 4.4, gives us the result. [J

6. Examples

The first example deals with a ,,-action on P" having two components of different
dimensions.

Example 6.1. Let X = P", and let C* act on X via
t'[a()?al? "'aan]:[a()aala -"7tan]'

Then X7 = X U X,, where X; = {[0,0,...,0, 1]}, and X, = V(a,) = P* 1.
Because H}”q(X) = 0 for p # g, we have H{?’p(X) = H%p(X), #:(X) =0
for s # 0, and %5.(X) = H(X). Similarly, H(XT) = %#3.(XT). The image of
H7(X)in Hy (XT) consists of all triples (a, B, ) satisfying o € H7i (X)) =C[t];
B € Hj(X3) = C[t] ® H*(X3) with a(0) = By(0), where fy is the component of
Bin Clt]® H°(X,); and y =" ¢ (E;), where the E; are vector bundles on X7 .
Recall from (5) that clT(E ) =mt+c(E;), where ™ is the weight of the G,,-action
on the bundle on X that restricts to E;. The cochain map ®x sends r — 1.

Example 6.2 (Toric varieties [Kaveh 2005]). Let M = (C*)", and let X be a
smooth projective M-toric variety. Let t = Lie(M) and tg C t be the real vector
space generated by the lattice of characters of M. Let y be a 1-parameter subgroup
of M in general position in the sense that the fixed point set Z of the C*-action
defined by y coincides with X”. Hence H?4(X) = 0 if p # q, so it follows that
#°(X) = H*(X, C). Now let

FpCF C---CF,=H"Z,0C)

be the associated filtration. Finally, let ¥ be the fan of X in t{g. Each z € Z
corresponds to a cone of maximal dimension o, in X.

The equivariant cohomology Hj (X, C), where T = (SH™ ¢ (C*)", can be
described as the algebra o of all continuous functions on tg whose restriction
to each cone of X is given by a polynomial (conewise polynomial). Under this
identification, H%i (X, ©) corresponds to the subspace #; of o consisting of those
functions whose restriction to each cone of maximal dimension is homogeneous
of degree i.
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Let Q denote the compact torus y (S!). Then one can verify that the map ® oi 7
HE(X ) = H%(Z, C) in Corollary 4.5 sends the restriction to Q of a continuous
conewise polynomial function g to an element g : Z — C defined by

8(2) = g0, (¥)-

It follows from Corollary 4.5 that g € s; if and only if g € F;. The fact that
Fi/F,_1=H 2 (X, C) was verified in [Kaveh 2005] using [Carrell and Lieberman
1977].

Example 6.3 (The flag variety G/B). Let G be a connected semisimple group
over C, B a Borel subgroup and X = G/B the flag variety of G. Let H be a
maximal (algebraic) torus in B and h = Lie(H). Recall that the fixed point set X
under left multiplication by H is in one-to-one correspondence with the Weyl group
W = Ng(H)/H under the map w =nH — nB. Since H?4(X) =0 for p # q,
it follows that H*(K%) = 0 if s # 0 for the holomorphic vector field induced by
any one parameter subgroup of H. Now, H}; (X, C) is isomorphic as a C-algebra
to S®gw S where SV denotes the subalgebra of W-invariants (see [Brion 1998, §2
Examples]).

We will first consider the regular case, which is well known but will be used in
treating the general case.

(a) Suppose & € b induces a regular one parameter subgroup. That is, Z = X,
Equivalently, the isotropy group W), of A is trivial. Thus H%(K Y =H %z,0) =
C" under the identification Z = W. The map H;,(G/B,C) — H 0(Z, C) obtained
by localizing and setting t = 1 is described as follows. Let S = C[h]. Now,
H}, (X, C) is isomorphic as a C-algebra to S ®gw S where S" denotes the sub-
algebra of W-invariants (see [Brion 1998, §2 Examples]). Since H*(G/B, C) is
generated by the Chern classes of line bundles, and such line bundles are always
H-equivariant, we need only consider the image of an equivariant Chern class
c{i (L,), where L, denotes the line bundle corresponding to a weight A € h*. But
it can be shown that cff(LA) == pew 1 ®(w-2), and so cff(Lk) is sent to the
element f, € H°(Z, C) defined by the condition

©)) fHw) =—(w -4, h).

This coincides with the representative of c;(L;) on H 0(Z, C) calculated, for ex-
ample, in [Carrell 1992]. The upshot is that F is the image of h* under the quotient
map S — C[W - h]. This reproves the result that H*(X, C) = Gr C[W - h], where
the grading is taken with respect to the filtration obtained as the image of the
filtration of S associated to its natural grading. Note that C[W - h] is the algebra of
polynomials on the Weyl group orbit W - A.
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(b) Suppose the element 4 is nonregular. Let ¢ be the root system of (G, H) and
O, ={a € ®|a(h) =0}. Put

ho = ﬂ ker o,

aedy,

and let Hy C H be the corresponding torus. Finally, let L denote the Levi subgroup
L = Zs(Hy). For example, if G = GL(n, C), and H is the diagonal torus, put 4 =
diag(ail,, axly,, ..., an I, ), where I; is the [ x/ identity matrix, n1+- - -+n, =n
and a; #a; wheni # j. Then L = GL(ny,C) x --- x GL(n,, C). Then the Weyl
group Wy, of L is the isotropy subgroup of 2 in W. Now Z = X is a union of the
flag varieties of L. More precisely, for w € W, let Z,, be the connected component
of Z containing wB € X*. One sees that each Z,, is isomorphic to L/L N B and
Zy = Zy for w, w’ in the same right coset of W, . Thus

Hence H*(Z,C) = @weWL\W H*(L/LN B). To obtain the filtration of H*(Z, C),
take an element ¢ € h that determines a regular 1-parameter subgroup of H. Let
% C h@h be the W-orbit of (&, t), where W acts diagonally on § @ h. One can

write
2= J 2.
weW \W

where %, = {(w™!-s, w™'u"-1) | u € W.}. The elements of % are in one-to-one
correspondence with X*7, and each %,, corresponds to the H-fixed points in Z,,.
Let C[¥] and C[%¥,] denote the coordinate rings of % and %,,, respectively. From
part (a), H*(Z,) = Gr C[%,,] for any w € W\ W, where the filtration on C[%,,]
is induced by the degree. Hence

HYZ.O)= P GrC,
weW \W

Put 4 = @, cw,\w OrC[%,]. The following shows that the filtration on s is
induced by the natural filtration on C[%] given by the degree.

Proposition 6.4. An element (f,) € A lies in F; if and only if there exists an
element f € C[¥] with degree < i and whose restriction to %,, is a representative

for fy, in GrC[%,].

Proof. Note that the result of part (a) implies that H*(X, C) is generated by
H?(X, C). Hence the filtration is generated by Fj, that is, F; consists of all poly-
nomials in the elements of F of degree <i. Hence it is enough to verify the claim
for F. Consider the line bundle L; on X corresponding to a dominant weight A,
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and let L, ,, be the restriction of L, to the small flag variety Z,,. Then, for each
w € W \W, the weight of the action of s on L;_,, is (A, w™! -s5). From (5),

(10) (L) =—, w5y +c1(Liw),

where ¢} denotes the equivariant Chern class for the C*-action induced by s. Then,
from Theorem 4.4, (9) and (10) it follows that c¢; (L, ,,) corresponds to the element
(fo.w) represented by the function

(11) w s, lu D -0 w sy =L w e ).

Now let f; be the linear function on h @ § given by f(x, y) = —A(x) —A(y). From
(11), the restriction of f; to %,, gives a representative for f,, € GrC[%,]. The
Proposition now follows because the ¢1(L;) span H 2(X, 0). O
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UNIQUENESS OF THE CHEEGER SET OF A CONVEX BODY
VICENT CASELLES, ANTONIN CHAMBOLLE AND MATTEO NOVAGA
We prove that if C c RV is of class C? and uniformly convex, the Cheeger

set of C is unique. The Cheeger set of C is the set that minimizes, inside C,
the ratio of perimeter over volume.

1. Introduction

For a nonempty open bounded subset Q of RV, the Cheeger constant of Q is the
quantity

0 o PO
°T Ko (K|

Here | K| denotes the N-dimensional volume of K and P (K') denotes the perimeter
of K. The minimum in (1) is taken over all nonempty sets of finite perimeter
contained in Q. A Cheeger set of Q2 is any set G C 2 which minimizes (1). If Q
minimizes (1), we say that it is Cheeger in itself. We observe that the minimum in
(1) is attained at a subset G of 2 such that dG intersects 0€2: otherwise we could
diminish the quotient P(G)/|G| by dilating G.

For any set K of finite perimeter in RY, define

_ P&
AT

Thus Lg = h¢ for any Cheeger set G of 2. Moreover, G is a Cheeger set of 2 if
and only if G minimizes

2) min P(K) — Ag|K|.
KCQ

We say that a set Q@ C R is calibrable if Q minimizes the problem
(3) min P(K) — ro|K]|.
KCQ
MSC2000: primary 35J70; secondary 49J40, 52A20.
Keywords: convex bodies, variational problems.
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Any Cheeger set G of 2 is clearly calibrable. Thus, €2 is a Cheeger set of itself if
and only if it is calibrable.

Finding the Cheeger sets of a given 2 is a difficult task. The task is simplified
if Q is a convex set and N = 2. In that case, the Cheeger set of 2 is unique and
equals the set Q® @ B(0, R), where QF := {x € Q : dist(x, Q) > R} is such that
QR =7R*and A@B:={a+b:ac A, be B}, for A, B C R? [Alter et al.
2005b; Kawohl and Lachand-Robert 2006]. In particular, in this case the Cheeger
set is convex.

A convex set  C R? is Cheeger in itself if and only if ess sup, cyoka(x) < Aq,
where kg (x) denotes the curvature of 92 at the point x. This has been proved in
[Giusti 1978; Bellettini et al. 2002; Kawohl and Lachand-Robert 2006; Alter et al.
2005b; Kawohl and Novaga 2006], though it was stated in terms of calibrability
in the second and fourth of these references. The proof in [Giusti 1978] had a
complementary result: if €2 is Cheeger in itself then €2 is strictly calibrable, that is,
for any set K C €2, we have

0= P(Q) —ra|Q| < P(K) — ralK]|.

(This implies that the gravity-less capillary problem with vertical contact angle at
the boundary, given by

. Du .
—div————=Ag 1n €2,

V1+|Dul?

D
20 21 inaq,

VI+1Duf?
has a solution. Indeed, the two problems are equivalent [Giusti 1978; Kawohl and
Kutev 1995].)

Our purpose in this paper is to extend the preceding result to R", that is, to
prove the uniqueness and convexity of the Cheeger set contained in a convex set
Q c RN. We have to assume, in addition, that € is uniformly convex and of class
C?. This regularity assumption is probably too strong, and its removal is the subject
of current research [Alter and Caselles 2007]. The characterization of a convex set
Q C RN of class C1! which is Cheeger in itself (also called calibrable) in terms of
the mean curvature of its boundary was proved in [Alter et al. 2005a]. The precise
result states that such a set Q is Cheeger in itself if and only if xko(x) < Ag for
almost any x € 92, where kq(x) denotes the sum of the principal curvatures of
the boundary of €2, which is to say, N—1 times the mean curvature of 92 at x.
In [Alter et al. 2005a] it was also proved that for any convex set  C R" there
exists a maximal Cheeger set contained in 2 which is convex. These results were
extended to convex sets €2 satisfying a regularity condition and anisotropic norms
in R" (including the crystalline case) in [Caselles et al. 2005].

“)
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In particular, we obtain that Q C R" is the unique Cheeger set of itself, whenever
Q is a C?, uniformly convex calibrable set. We point out that, by Theorems 1.1
and 4.2 in [Giusti 1978], this uniqueness result is equivalent to the existence of a
solution u € WIL’COO (€2) of the capillary problem (4).

In Section 2 we collect some definitions and recall results about the mean cur-
vature operator in (4) and the subdifferential of the total variation. In Section 3 we
state and prove our uniqueness result.

2. Preliminaries

2.1. BV functions. Let Q be an open subset of RY. A function u € L' () whose
gradient Du in the sense of distributions is a (vector valued) Radon measure with
finite total variation in €2 is called a function of bounded variation. The class of
such functions will be denoted by BV (2). The total variation of Du on 2 turns
out to be

(5) sup {f udivzdx :z € Cyo (2 RM)Y, 1zl Lo (@) = esssup,cqolz(x)| < 1} ,
Q

(where for a vector v = (vy, ..., vy) € RN we set |v]? := ZlN:l vl.z) and will be

denoted by | Du|(€2) or by fQ |Du|. The map u — |Du|(£2) is L}OC(Q)—lower semi-
continuous. BV (L2) is a Banach space when endowed with the norm fQ lu| dx +
|Du|($2). We recall that BV (RV) € LN/ V=D(RN).

A measurable set E € R" is said to be of finite perimeter in RY if (5) is fi-
nite when we substitute for u the characteristic function xz of E and Q = RV.
The perimeter of E is defined as P(E) := |Dxg|(R"). For more information on
functions of bounded variation we refer to [Ambrosio et al. 2000].

Finally, we denote by %" ~! the (N—1)-dimensional Hausdorff measure. We
recall that when FE is a finite-perimeter set with regular boundary (for instance,
Lipschitz), its perimeter P(E) also coincides with the more standard definition

HV-1DE).

2.2. A generalized Green’s formula. Let Q be an open subset of R". Following
[Anzellotti 1983a], let

X2(Q) :={z € L®(2; RY) : div z € L*(Q)}.
If z € X>(R) and w € L?(22) N BV () we define the functional
(z-Dw): CF () - R
by the formula

((z- Dw), @) := —/ wgodivzdx—/ wz-Vodx.
Q Q
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Then (z - Dw) is a Radon measure in £2,
/ (z- Dw) =/ z-Vwdx forwe L2 (Q)NW"(Q).
Q Q
Recall that the outer unit normal to a point x € 3K is denoted by v (x). We

recall the following result proved in [Anzellotti 1983a].

Theorem 1. Let Q C RY be a bounded open set with Lipschitz boundary. Let 7 €
X»(82). Then there exists a function [z-v9] e L® Q) satisfying || [z-v%] Lo <
|zl oo (@:rN)> and such that for any u € BV (£2) N L%(Q) we have

/udivzdx—i—/(z-Du): [z-v¥u dgeN L.
Q Q 02

Moreover, if ¢ € C1(Q) then [(pz) - v¥] = @[z - v¥].
This result is complemented with the following.

Theorem 2 [Anzellotti 1983b]. Let Q@ C R be a bounded open set with a boundary
of class C'. Let z € C(Q; RY) with div z € L*(R2). Then

[z-v9)(x) = z(x) - v (x) %N —1_ae.on .

2.3. Some auxiliary results. Let Q be an open bounded subset of R with Lips-
chitz boundary, and let ¢ € LY(Q). For all € > 0, we let \IJ; 1 L2(Q) = (—00, +00]
be the functional defined by

2 2 . . 2
6)  Wo(u):= /Q € +|Dul +/mlu o| if ue L*(Q)NBV(Q),
+00 if uel*(Q)\BV(Q).

As it is proved in [Giusti 1976], if f € W1(Q), then the minimum u € BV ()
of the functional

) Wi+ [ fut) - 0P dx
Q
belongs to u € C>t%(Q), for every o < 1. The minimum u of (7) is a solution of
Lgiv 24— f(r) i
u——div———==f(x) inQ,
®) A &2+ |Dul?
u=gq on 89,

where the boundary condition is taken in a generalized sense [Lichnewsky and
Temam 1978], i.e.,

D
|:—u vQ:| € sign(p — u) #N-1_a.e. on dQ.

Je+ Dul>
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Observe that (8) can be written as

1
9) u+xa\lf;(u) > f.

We are particularly interested in the case where ¢ = 0. As we shall show below
(see also [Alter et al. 2005a]) in the case of interest to us we have # > 0 on d€2 and
thus,

D
|:—u v9:| =—1 %N-1.ae. on 3.

Ve2+|Dul?
It follows that u is a solution of the first equation in (8) with vertical contact angle
at the boundary.
As € — 0T, the solution of (8) converges to the solution of
1
u-+ xaww(u) = f(x) in €,
u=gq on 9€2.

(10)

where W : L?(Q2) — (—o00, 4+00] is given by

/|Du|+/ lu—¢| if ueL>(Q)NBV(Q),
RN a2

(11) W, (u) =
+00 if uelL?*(Q)\BV(RQ).

In this case dW,, represents the operator —div |Du with the boundary condition

D
u = ¢ in 92, as shown by: ul
Lemma 2.1 [Andreu et al. 2001]. The following assertions are equivalent:
(@) vedW,(u).

(b) u € L3(2) N BV (), v € L3(), and there exists z € X»(Q2) with ||z|le < 1,
such that v = —div z in 9'(Q), z - Du = |Dul|, and

[z-v¥] € sign(p — u) #N—1_a.e. on 9%

Notice that the solution u € L2(R2) of (10) minimizes the problem

ueBV (2)

(12) min f|Du|+/ |u<x)_¢(x>|d%fv1<x>+§/|u(x)_f(x>|2dx,
Q Yo 2 Ja

and the two problems are equivalent.

3. The uniqueness theorem

‘We now state our main result.

Theorem 3. Let C be a convex body in RN. Assume that C is uniformly convex,
with boundary of class C?. Then the Cheeger set of C is convex and unique.
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We do not believe that the regularity and the uniform convexity of C is essential
for this result (see [Alter and Caselles 2007]).

Theorem 4 [Alter et al. 2005a, Theorems 6 and 8, Proposition 4]. Let C be a
convex body in RN with boundary of class C''. For any A, & > 0, there is a unique
solution u. of the equation

1 . Du, .
Ug — —div—=1 inC,
(13) A /&2 + |Du,|?
u, =0 on 0C

such that 0 < u, < 1. Moreover, there exist Ao and &y, depending only on 0C, such
that if . > Ao and & < gy, then u, is a concave function such that u, > o > 0 on
aC for some a > 0. Hence, u. satisfies

Du* C . €
(14) ———— v | =sign(0—u)=—1 onaC.

Ve + | Duc|?

As ¢ — 0, the functions u, converge to the concave function u minimizing the
problem

. N—1 A 2
(15) min / |Du| +/ lu(x)| d#” " (x) + —/ lu(x) — 1" dx;
) Je aC 2 Jc

ueBV(C

equivalently, if u is extended with zero out of C, the extension minimizes

A
f|Du|—|——/ lu— xc|*dx.
RN 2 RN

The function u satisfies 0 < u < 1. The superlevel set {u > t}, for t € (0, 1], is
contained in C and minimizes the problem

(16) min P(F) —A(1=0)|F|.

It was proved in [Alter et al. 2005a] (see also [Caselles et al. 2005]) that the set
C* = {u = maxc u} is the maximal Cheeger set contained in C, that is, the maximal
set that solves (1). Moreover, one has u =1 —h¢/A > 01in C* and h¢ = Ac+.

If we want to consider what happens inside C*, and in particular whether there
are other Cheeger sets, we have to analyze the level sets of u, before passing to
the limit as € — 0. To do this, we introduce the following rescaling of u.:

Ug — Mg

=0,

Ve =
&
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where m, = maxcu, — 1 — hc /) as ¢ — 0. The function v, is a generalized
solution of the equation:

gV, — 1 isz —m, inC,
(17) A \/1+|DU5|2
vez—% on dC.

We define the vector field

2e = Dug /v e* +|Due|* = Dvg/y/ 1+ | Dvg|?;

it lies in L°°(C), has uniformly bounded divergence, and satisfies |z,| < 1 a.e. in
C and, by (14), [z¢ - v¢] = —1 on dC.

We now study the limit of v, and z, as ¢ — 0. By the concavity of v,, for each
& > 0 small enough and each s € (0, |C]), there exists a (convex) superlevel set
C? of v, such that |C{| = s. Moreover, {v, = 0} is a null set: otherwise, since
v, 1s concave, it would be a convex set of positive measure, hence with nonempty
interior. We would then have v, = divz, =0, hence 1 — m, = 0 in the interior of
{ve = 0}. This is a contradiction with Theorem 4 for & > 0 small enough.

Hence we may take C5 := {v, = 0} and Cfa := C. The boundaries 9C{ N C
define a foliation in C, in the sense that for all x € C, there exists a unique value
of s € [0, |C]] such that x € 9C?.

A sequence of uniformly bounded convex sets is compact both for the L' and
Hausdorff topologies. Hence, up to a subsequence, we may assume that the C¢
converge to convex sets Cy, each of volume s, first for any s € QN (0, |C]) and
then by continuity for any s. Possibly extracting a further subsequence, we may
assume that there exists s, € [0, |C|] such that v, goes to a concave function v in
C; for any s < s, and to —oo outside C, := Cs,. We may also assume that z, —
weakly* in L>°(C), for some vector field z satisfying |z|] < 1 a.e. in C. From (13)
we have in the limit

(18) —divz=A(1—u)  in 3'(C).

Moreover, —div z € dWy(u) by the results recalled in Section 2. We then see from
(18) that

(19) —divz=he  inC*

while —divz > h¢ a.e. on C \ C*.
Set s* :=|C*|, so C* = Cy=. By Theorem 4, for s > s*, the set C is a minimizer
of the variational problem

(20) glglgP(E)—ulel,
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for some ;> he (1 is equal to the constant value of —divz=A(1—u) on dC;NC;
see (16)). Notice that u, is bounded from above by P(C)/(|C| — s): indeed,

. N—1 o [Du|
- divze(x)dx =% (0C\aCy) — P(C)
C\Cg 9

- - <
acenC /14 |Dug|>
for ¢ > 0, since the inner normal to C{ at x € 0C; N C is Du,(x)/|Dug(x)|. On
the other hand,

[ dvaedr= [ a-ueodrz el
C\C; C\C:
where £ is the constant value of A(1 —u,) on the level set 9C; N C, and goes to
us as € = 0. A more careful analysis would show, in fact, that

_PO-PC)
~ ICl-s

For s > s*, we have s > h¢ and the set C; is the unique minimizer of the
variational problem (20). As a consequence (see [Alter et al. 2005a; Caselles et al.
2005]) for any s > s* the set C; is also the unique minimizer of P (E) among all
E C C of volume s.

Lemma 3.1. We have s, > 0 and the sets Cs are Cheeger sets in C for any s €
[s, s*].

Proof. Let s, <s < |C|. If x € dC¢ \ 0C, then

0—ve(x) < Dug(x) - (Xe —x)

C]=

where v, (X;) = maxc ve. Hence, lim, ¢ infyce\gc | Dve| = +-00. Since [z, - v
—1ondC and P(CY) — P(C;), we deduce

— [ [ze(x) - vS (0)1d%V T (x)
ace

D
_ f wd%l\’*l(x) + #N1BCENIC) — P(Cy)
ICENIC

V 1+ [Dve(x)?

as ¢ — 0T. Hence,

/ [z-vE] asN ! :/ divz=lim | divz
dCs

s e—0 C§

= lim [ [ze-veeldHN 1 =— P(Cy).
e—0 ace §
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Since |z| < 1 a.e. in C, we deduce that [z - v&] = —1 on dC; for any s > s, (in
particular, |z| =1 a.e. in C \ C,). Using this and (19), we have for all s, < s < s*
P(Cy)
(21) =hc.
|Cs]

This has two consequences. First, from the isoperimetric inequality, we obtain
P(Cy) P(B))
c= = )
ICsl = (1B(|V-1s)UN

if s € (54, s¥], so that s, > 0. Moreover, Cy is a Cheeger set for any s € (s4, s*],
and by continuity C, is also a Cheeger set. U

Since the sets C are convex minimizers of P(E) — us|E| among all E C C, for
§ > s,, their boundary is of class C1! [Brézis and Kinderlehrer 1974; Stredulinsky
and Ziemer 1997], with curvature at most iy, and equal to u, in the interior of C
(note that uy = h¢ for s € [sy, s*]).

Remark 3.2. Either s, =s*, and so C, =C*, or s, < s*, and so C* = USE(S*’S*) Cs.
In the latter case, the supremum of the sum « ¢+ of the principal curvatures on dC*
is equal to h¢. Indeed, if this were not the case, by considering C’ C int(C*) with
curvature strictly below /¢, together with the smallest set Cy with s > s, containing
C’, we would get k¢ (x) > k¢, (x) = he at all x € 3C’' N ICy, a contradiction. In
particular, C = C, if the supremum of x¢ on dC is strictly less than P(C)/|C|;
this condition also implies C = C* by [Alter et al. 2005a].

From the strong convergence of Dv, to Dv (in L?(C,) for any s < s), we
deduce that z = Dv//1+ |Dv|? in C,. It follows that v satisfies the equation

Dv
- —h¢
V' 1+ |Dv|?

Integrating both sides of (22) in C,, we deduce that

(22) —div in Cy.

Dv c
— ™ [=—1 onadC,.
V' 1+ |Dvl|?

Lemma 3.3. The set C, is the minimal Cheeger set of C; that is, any Cheeger set
of C must contain C,.

Proof. Let K € C* be a Cheeger set in C. We have

helK| = —/ divz = —/ [z-v&1d%N ! = P(K),
K K

so [z-vK]=—1ae.on dK. Let v¢ and v be the vector fields of unit normals to

the sets C and Cs, s € [0, |C|], respectively. By the Hausdorff convergence of C;
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to Cy as € — 0T for any s € [0, |C|], we have v¢ — v a.e. in C. On the other hand,
|ze +v¢| — 0 locally uniformly in C \ C,: indeed, in C,

D, Dv, |Dvg| :
V14 |Dv.|? Dl V1+|Dv,|?

Since | Dv.| — oo uniformly in any subset of C at positive distance from C (see
the first lines of the proof of Lemma 3.1), this shows the uniform convergence of
|ze + V€] to O in such subsets.

These two facts imply that z=—v a.e. on C\ C. By modifying z in a set of null
measure, we may assume that z = —v on C \ C,. We recall that the sets Cy, s > s,
are minimizers of variational problems of the form mingcc P(K)—u|K|, for some
values of p (with u =h¢ aslong as s <s* and ;= g > he continuously increasing
with s > s*). Since these sets are convex, with boundary (locally) uniformly of class
C!!, and the map s — Cj is continuous in the Hausdorff topology, we conclude
that the normal v(x) is a continuous function in C \ int(C,).

Since |z| < 1 inside Cy and [z - vK] = —1 a.e. on 3K, by [Anzellotti 1983a,
Theorem 1]) we have that the boundary of K must be outside the interior of C,,
hence either K D C, or K N C, = & (modulo a null set). Let us prove that the last
situation is impossible. Indeed, assume that K NC, = & (modulo a null set). Since
9K is of class C! out of a closed set of zero %" ~!-measure (see [Gonzalez et al.
1983]) and z is continuous in C \ int(C,), by Theorem 2 we have

lze + v =

(23) z(x) vE () =—1 #N-1.ae. ondkK.

Now, since K N C, = @ (modulo a null set), then there is some s > s, and some
x € 3C;NAK such that vE (x) +v(x) =0. Fix 0 < € < 2. By a slight perturbation,
if necessary, we may assume that x € 9C; N 0K with s > s, (23) holds at x and

(24) IvK(x) +v(x)| <e.
Since by (23) we have v(x) = —z(x) = vX (x) we obtain a contradiction with (24).
We deduce that K D C,. O

Therefore, in order to prove the uniqueness of the Cheeger set of C, it is enough
to show that

(25) C.,=C"

Recall that the boundary of both C, and C* is of class C L1 and the sum of its
principal curvatures is less than or equal i¢, and constantly equal to A¢ in the
interior of C. We now show that if C, # C* and under additional assumptions, the
sum of the principal curvatures of the boundary of C* (or of any C; for s € (s,, s*])
must be /¢ out of C,.
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Lemma 3.4. Assume that C has C* boundary. Let s € (54, s*] and x € 9C; \ 0C,.
If the sum of the principal curvatures of 0Cy at x is strictly below hc¢, then the
Gaussian curvature of 9C at x is 0.

Proof. Let x € 9C; \ 0C, and assume the sum of the principal curvatures of dCy at
x is strictly below h¢ (assuming x is a Lebesgue point for the curvature on 9Cy).
Necessarily, this implies that x € dC. Assume then that the Gauss curvature of 0C
at x is positive: by continuity, in a neighborhood of x, C is uniformly convex and
the sum of the principal curvatures is less than Ac. We may assume that near x,
dC is the graph of a nonnegative, C? and convex function f : B — R where B is
an (N — 1)-dimensional ball centered at x. We may as well assume that dC; is the
graph of f; : B — R, which is C!'! [Brézis and Kinderlehrer 1974; Stredulinsky
and Ziemer 1997], and also nonnegative and convex. In B, we have f; > f >0,

and D
Df > ol and div—2l — _p

V1+I|Df|?
with i € C°(B), h < he, a > 0, while
Df

Tl)flz =hxir=f)+hexis>s
S

(where x{ 7=y, has positive density at x).
We let g = f; — f > 0. Introducing the Lagrangian W : R¥~! — [0, 4-00) given
by W(p) = +/1+|p|?, we obtain, for a.e. y € B,

(hc —h(y)) Xig>01()
=div (DW(Df,(y)) — DY (Df (y)))

1
_ div (< /0 D2W(DF(y) +1(Df(y) — DF()) dr) Dg(y)) ,

div

so that, letting A(y) := fol D>W(Df(y)+tDg(y))dt (which is a positive definite
matrix and Lipschitz continuous inside B), we see that g is the minimizer of the
functional

w > fB (AWDw(y) - Dw(y) + (he — h(y)w(y)) dy

under the constraint w > 0 and with boundary condition w = f; — f on 0B.
Adapting the results in [Caffarelli and Riviere 1976] we get that { f = f;} ={g =0}
is the closure of a nonempty open set with boundary of zero %" ~!-measure.

We therefore have found an open subset D C dC N dCs, disjoint from dC,, on
which C is uniformly convex, with curvature less than A¢c. Let ¢ be a smooth,
nonnegative function with compact support in D. One easily shows that if ¢ > 0 is
small enough, 0C — eV is the boundary of a set C. which is still convex, with
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P(C))/IC.| > P(Cs)/|Cs| = hc (just differentiate the map € — P(C.)/|C.]), and
the sum of its principal curvatures is less than /. This implies that for € > 0 small
enough, the set C' := C/ is calibrable [Alter et al. 2005a], which in turn implies
that ming - P(K)/|K|= P(C’)/|C’|. But this contradicts C, C C’, which is true
for ¢ small enough. (]

Proof of Theorem 3. Assume that C is C? and uniformly convex. Let us prove that
its Cheeger set is unique. Assume by contradiction that C* # C,. From Lemma
3.4 we have that the sum of the principal curvatures of 3C* is h¢ outside of C,.

Let now x € 0C* N dC, be such that 9C* N B,(x) # 0C, N B,(x) for all p >
0 (0C* N aC, # @ since otherwise both C* and C, would be balls, which is
impossible). Letting T be the tangent hyperplane to dC* at x, we can write dC*
and dC, as the graph of two positive convex functions v* and v,, respectively, over
T N B,(x) for p > 0 small enough. Identifying 7 N B,(x) with B, C RV-1, we
have that vy, v* : B, — R both solve the equation

. Dv
(26) —div ——==,

J1+ Dvf?

for some function f € L*°(B,). Moreover, it holds v, > v*, v,(0) = v*(0) and
v«(y) > v*(y) for some y € B,,. Notice that f = A¢ in the (open) set where v, > v*,
in particular both functions are smooth in this set. Let D be an open ball such that
DcC B,, v, > v* on D and v,(y) = v*(y) for some y € 3D. Notice that, since
both v* and v, belong to C*(D)NC! (D), the fact that v,(y) = v*(y) also implies
that Dv,(y) = Dv*(y). In D, both functions solve (26) with f = A¢. Letting
w = v, —v*, we obtain w(y) =0 and Dw(y) =0, while w > 0 inside D. Recalling

the function W (p) = /1 + |p|2, we have, for any x € D,
0 = div (D (Dv,(x)) — DV (Dv*(x)))

1
=div ((f D*W(Dv*(x) 4 1 (Dvy(x) — Dv*(x))) dt) Dw(x)) ,

0

so that w solves a linear, uniformly elliptic equation with smooth coefficients.
Then Hopf’s lemma [Gilbarg and Trudinger 1983] implies that Dw(y)-vp(y) <O,
a contradiction. Hence C,, = C*. O

Remark 3.5. As a consequence of Theorem 3 and the results of [Giusti 1978], if
C is of class C? and uniformly convex, Equation (22) has a solution on the whole
of C, if and only if C is a Cheeger set of itself, i.e., if and only if the sum of the
principal curvatures of dC is less than or equal to P(C)/|C].

Remark 3.6. The results of this paper can be easily extended to the anisotropic
setting (see [Caselles et al. 2005]) provided the anisotropy is smooth and uniformly
elliptic.
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DIMENSION ESTIMATE OF HARMONIC FORMS ON
COMPLETE MANIFOLDS

JUI-TANG RAY CHEN AND CHIUNG-JUE ANNA SUNG

We consider the space of polynomial-growth harmonic forms. We prove
that the dimension of such spaces must be finite and can be estimated if
the metric is uniformly equivalent to one with asymptotically nonnegative
curvature operator. This implies that the space of harmonic forms of poly-
nomial growth order on the connected sum manifolds with nonnegative cur-
vature operator must be finite-dimensional, which generalizes work of Tam.

1. Introduction

Let (M™, g) be an m-dimensional manifold with complete Riemannian metric g,
where m > 3. We assume that the curvature operator of M is asymptotically non-
negative and we focus on the space of polynomial-growth harmonic p-forms of
degree at most d on the manifold. Classical de Rham—Hodge theory implies that
in the compact case the dimension of the space of harmonic forms is a topological
invariant of the manifold, hence independent of the choice of the Riemannian met-
ric. For complete noncompact manifolds, this topological invariance is no longer
true. Nonetheless, it is an important question to study the space of harmonic forms
and to seek topological and geometrical links. Yau [1975] proved that any positive
harmonic function on a manifold with nonnegative Ricci curvature must be con-
stant; hence the strong Liouville property holds. Saloff and Coste [1992] extended
the result to the case where any Riemannian metric g’ is uniformly equivalent to
g. Thus, the space of positive harmonic functions is stable under a quasi-isometry
for (M, g).

A complete manifold M is said to satisfy a Sobolev inequality S(A, v) if there
exist a point ¢ € M and constants A > 0, v > 2, such that for all » > 0 and all
f e C§(By(r)), we have

[ s carvigny [ qwstars,
By (r)

B, (r)
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where V (g, r) is the volume of the geodesic ball B, (r). Examples include minimal
submanifolds with Euclidean volume growth in R and manifolds with a nonneg-
ative Ricci curvature. If a manifold satisfies a Sobolev inequality when endowed
with a certain complete Riemannian metric, it obviously satisfies such an inequality
(possibly with a different A) for any uniformly equivalent metric.

Li and Wang [1999], extending earlier work of Li [1997], proved that the di-
mension of the space H (?(M ) of polynomial-growth harmonic functions of growth
order at most d has an estimate

dim H)(M) < C(A, v)d"

provided that the underlying manifold satisfies the Sobolev inequality S(A, v). So
the finite dimensionality of the space HC?(M ) is valid on such a manifold with
respect to any uniformly equivalent metric.

Concerning general harmonic p-forms, Li [1997] established a dimension es-
timate of the space of polynomial-growth harmonic forms. Assuming that K,
defined as the curvature operator on M if p > 1, is nonnegative, Li proved that

dim HY (M) < Cd™ ",

where H f (M) denotes the space of polynomial-growth harmonic p-forms on M of
growth order at most d. Recently, Chen and Sung [2006] showed that the stability
of finite dimensionality of the space of H 5 (M) holds true under any uniformly
equivalent metric on such manifold M.

Interestingly, Tam [1998] proved that if M is a complete manifold with non-
negative Ricci curvature outside a compact set, and if each unbounded component
of M\ D, where D is a compact smooth domain in M, satisfies a certain kind
of volume comparison property, then the space of polynomial-growth harmonic
functions of degree at most d is finite dimensional. Furthermore, he proves the
finite dimensionality of the space of polynomial-growth harmonic forms with a
fixed growth rate on manifolds with asymptotically nonnegative curvature oper-
ator and the volume comparison property. The curvature operator K, of M is
asymptotically nonnegative if K, > —K (r), where K(r) : [0, 00) — [0, 00) is a
nonnegative nonincreasing continuous function of distance r to a fixed point g € M
which satisfies the integrability condition

/OorK(r) < 0.
0

In view of the preceding results on the space H, ; (M), one would naturally to
ask if the dimension of the space H f (M) is stable under a uniformly equivalent
metric on M with asymptotically nonnegative curvature operator. An objective of
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this paper is to establish that the dimension of the space H f (M) remains finite
under a uniformly equivalent metric on M.

It is proved in [Li and Tam 1992] that if the Ricci curvature of M is asymp-
totically nonnegative then M has finitely many ends. Also, by [Li and Tam 1995,
Proposition 3.8], the volume comparison condition holds on M if M is a complete
noncompact manifold with asymptotically nonnegative sectional curvature. How-
ever, it remains an open question whether an end of M will satisfy the volume
comparison condition, if we only assume that M has nonnegative Ricci curvature
outside a compact set.

Main Theorem 1.1. Let (M™, g) be a complete Riemannian manifold. Suppose
that the curvature operator K, is asymptotically nonnegative on (M, g) and the
metric g’ is uniformly equivalent to g on M. Then there exist constants C > 0 and
v > 2 such that the dimension of the space H dp (M, g') is finite and satisfies the
inequality

dimH)(M,g)<Cd’
foralld>1,p > 1.

Remark 1.2. For p = 1, the curvature operator becomes Ricci curvature on M, we
must assume that the first Betti number of M is finite so that the volume comparison
condition holds true; compare [Li and Tam 1995]. Under this assumption, the
theorem is valid.

An immediate consequence is that the space of polynomial-growth harmonic
forms on the connected sum manifolds with nonnegative curvature operator must
be finite-dimensional under quasi-isometry. Moreover,

Corollary 1.3. Let (M, g) be a complete Riemannian manifold has nonnegative
curvature operator outside a compact set, with finite first Betti number. If the
metric g’ is uniformly equivalent to g on M. Then there exist constants C > 0
and v > 2 such that the dimension of the space H f (M, ') is finite and satisfies the
inequality

dimH)(M,g)<Cd"
foralld>1,p>1.

We say g’ is uniformly equivalent to g if there is some positive constant ¢ such
that c~!g’ < g < cg’ in the sense of bilinear forms. In other words, the Riemannian
manifolds (M, g) and (M, g’) are then called quasi-isometric. Clearly, quantities
such as the distance and volume are uniformly equivalent under quasi-isometry; in
particular, a Riemannian manifold quasi-isometric to a complete manifold is also
complete. However, in general, any quantity involving derivatives of the Riemann-
ian metric will not be comparable under a quasi-isometry; in particular, the same
curvature condition is not expected to hold under a uniformly equivalent change
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of the metric. We overcome the difficulty by relating the space of harmonic forms
to the eigenvalues of the Hodge Laplacian on the Busemann balls of the manifold
with respect to the absolute boundary conditions. This idea was first introduced
and successfully pursued in [Li and Wang 1999] for the harmonic functions. Here,
our additional steps are to give the lower bound estimate of the eigenvalue of p
form on Busemann balls of M, also show that such eigenvalues on each end of
manifold are comparable under a uniformly equivalent change of the metric. We
obtain a lower bound estimate of eigenvalue by modifying an argument from [Li
1980] in Section 2. Our main result is then proved in Section 3.

Throughout the paper, we assume that the first Betti number of M is finite for the
case of p=1.

2. Eigenvalue estimates

Let (M™, g) be a complete, oriented Riemannian manifold with dimension m.
The Hodge-Laplace—Beltrami operator A acting on the space of smooth p-forms
AP (M) is defined as

A=dé+éd,

here d denotes the exterior differential operator and § = *d *, where the linear
operator x* is defined point-wise by

*(WI A AWp) =Wpyt A AWy

for a positively oriented orthonormal coframe {w;, ws, ..., w,} at the point. A
p-form w € AP(M) is called a harmonic p-form on (M, g) if

Agw =0.

Let g denote a point on (M, g) and let r, (x) represent the geodesic distance func-
tion from x € M to the point g. For each d > 0, we denote the space of polynomial-
growth harmonic p-forms of degree at most d by

HJ(M,g)={weA’(M)| Agw=0, and |w|= 0D}

For a bounded smooth domain B C M, a p-form w is said to satisfy the absolute
condition on B if the tangential component of both w and w on the boundary d B
are zeros. On the boundary 0B, let Nyp (respectively N g‘B‘ ) represent the inward
unit normal vector (respectively covector) field. Now, denote exterior multiplica-
tion by exz(-) and dual exterior multiplication by inz(-). It is not difficult to verify
that A is a self-adjoint nonnegative operator on the space A? (B) of smooth p-forms
on B satisfying the absolute boundary condition. By the standard elliptic theory, we
see that A has a countable set of eigenvalues and the multiplicity of each eigenvalue
is finite. If we list all the eigenvalues with multiplicity in nondecreasing order by
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{A, k=1,2,3,...}, then Ay — o0 as k — co. Moreover, the i-th eigenvalue can
be characterized as
Ai= inf  sup R(w),
dim V=i weV\{0}
where V is a subspace of A?(B) and the Rayleigh—Ritz quotient R(w) is defined
by
(dw,dw) + (bw, Sw)

R(w) = (0. )

for w € A”(B) and the L? inner product for two forms v and w in A?(B) is defined
by

(v, w) 2/ (v, w)dx
B

with (v, w) being the point-wise inner product between v and w.

On the other hand, the Hodge-de Rham theorem provides an orthogonal de-
composition of the space A?(B) of differential forms of degree p on B. For any
w € AP(B), w can be uniquely written as

w=h+dv+du,

where h € H,(B), the space of harmonic p-forms satisfying the absolute boundary
condition and v € A?"1(B), u € APT(B). Clearly, the operator A leaves this
decomposition invariant, and the eigenvalues of A on the subspace H,(B) are
Zeros.

Denote by { ,uj (g)| j = 1} the eigenvalues of A acting on the subspace d A~ (B)
of exact p-forms, and by {u;°(g) | I > 1} those corresponding to the subspace
SAPTI(B) of coexact p-forms. Then the eigenvalues {A;(g) | i > dim H,(B)} is
equal to the reordered union of {,u‘]". (&) | j =1} and {u;°(g) |1 = 1}. We have,

{hi(g) i >dim Hy(B)} = {u5(g) [ j = 13U {u°(g) |1 = 1}.

The next lemma is essentially due to [Dodziuk 1982]; a proof is given in [Chen
and Sung 2006].

Lemma 2.1. Let (M, g) be a complete manifold with Riemannian metric g. Let g’
denote another Riemannian metric on M which is uniformly equivalent to g. Then

dim H,(B, g) = dim H,(B, g'),
and there exists a positive constant C such that
C71hi(8) < Ai(g) = Chi(g)

foralli > 1.
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We will obtain a lower bound estimate of the eigenvalues of p-forms satisfying
the absolute boundary condition on Busemann balls of a manifold with asymptot-
ically nonnegative curvature operator. The argument closely follows those in [Li
1980] and [Chen and Sung 2006].

An end E of a manifold M is an unbounded component of the complement of
some compact smooth subset D of M. In this case, E is called an end correspond-
ing to D. We say that M has finitely many ends if there exists b < oo such that
the number of ends corresponding to D is less than or equal to b for any compact
subset D C M. Let Ey, E>, ..., Er be the ends of M with respect to D. We say
that E satisfies volume comparison property if there exists a constant ¢ > 0 such
that

(1) Ve =¢vi().

for all x € 9 Bg(r) and for r large enough. Here we use B (r) to denote B, (r)NE,
0Bg(r) =0B,(r)N E, and Vg(r) is the volume of Bg(r). Also, denote

Be(ry,r) = Bg(r)\Bg(r1),

and
0Bg(r1,r) =0Bg(r)UdBg (r1),

where r; <r. By [Tam 1998, Lemma 1.1], the volume doubling property holds on
ends {E;}[— of M, that is for r > 2ry,

2 Ve, ((1+e)r) <(1+e)" Vg (r)

where 1 > 0 is a constant depending only on m. Moreover, given any 1 > 0, there
is r| > 2rg such that for all x € d Bg (R), with R > r{, and for all %R >r'>r>0,
we have

() V()= (2) .

Let y : [0, c0) — M be a ray with y(0) = ¢, a fixed point in M; namely, y
is a geodesic of (M, g) and the geodesic distance r(y (¢), ¥ (s)) between y (t) and
y(s) is equal to |t —s| for all  and s in [0, 00). We define b;(x) =t —r(x, y(¢))
for + > 0. For any fixed x, b,;(x) is a nondecreasing function of ¢ and b,(x) =
r(q,y(t)) —r(x,y()) <r(q,x). Therefore b, (x) = lim,_,  b;(x) exists for all
x € M. In fact, b;(x) converges uniformly on compact sets to b, (x). Set

B(x) =sup{b, (x) | y is aray from p}.

Since for each x and for any ray y, b, (x) <r(x, p), B(x) is well defined and finite.
We call 8(x) the Busemann function of (M, g) (based at point p).
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We define B(a) ={x | B(x) <a} as a Busemann ball on M, for some positive con-
stant a. It is well known that B(x) is proper and convex if the curvature operator of
M is nonnegative. Therefore, the boundary of the Busemann ball is convex. Denote
a Busemann ball on end E as Bg(a) = B(a) N E. The boundary of the Busemann
ball Be(a) is convex if the curvature operator is nonnegative on each end. We
will obtain a lower bound estimate of the eigenvalues of p-forms satisfying the
absolute boundary condition on Busemann balls of a manifold with asymptotically
nonnegative curvature operator. The argument closely follows those in [Li 1980]
and [Chen and Sung 2006].

Lemma 2.2. Let M™ be a complete manifold with asymptotically nonnegative
curvature operator. If E is an end of M with respect to a compact subset B, (rg) C
M, ro > 0, for a large enough r > 2ro, such that B, (ro) is contained in Busemann
ball B(r), then there exist constants C > 0 and v > 2 such that

dim H,(B(r)) < C

and, for each k > dim H,(B(r)), there exists a constant C depending only on v,
m, p and n such that

A (B(r)) > Ck*Vr2.

Proof. Let V" be the k-dimensional space spanned by the eigen p-forms corre-
sponding to the first k eigenvalues {A, ..., Ax} on B(r). Then there exists w € V,
w # 0, such that

k .
(4) 7 1wz < lwlis - min{G), &},
where V =V (B(r)) denotes the volume of B(r). This is a result in [Li 1980].

On the other hand, we claim that there exist constants C > 0, kg >0 and v > 2
such that for w € V,

(5) lwiiZ, < V= n" w3

for all k > kq. It is easy to see that the Lemma follows by combining inequalities
(4) and (5). To prove (5), by the convexity of Busemann function and [Donnelly
and Li 1982, Lemma 6.2], we first observe that for w € A?(B(r)),

d|w|?

<0
on

on dB(r), where d/dn is the outward unit normal of d B(r). Since curvature op-
erator K, is asymptotically nonnegative, it means K, > —K(r), where K (r) :
[0, c0) — [0, 00) is a nonnegative nonincreasing continuous function of distance
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r to a fixed point ¢ € M which satisfies the integrability condition

/oorK(r) < 00.
0

By the argument in [Saloff-Coste 1992], we obtain a local weak Poincaré inequal-
ity on the Busemann ball B(r). Also, using doubling volume condition and the
local weak Poincaré inequality for the Busemann ball B(r), we have the Sobolev—
Poincaré inequality on B(r) (see [Hajtasz and Koskela 1995])

(v=2)/v
( f |f — fB|2”/<“—2>) < AV7Hvp? / IV £I2,
B(r) B(r)

where v > 2, fg = V"~ (B(r)) fB(r) f, A > 1 is a constant depending only on
m and n, and V = V (B(r)) is the volume of B(r). Moreover, by [Li 1980], we
observe that the Neumann Sobolev-type inequality

v=2)/v
©) (f |f|2”/<”—2>> sAV—Z/“rZ(/ IVf|2+r‘2/ |f|2>
B(r) B(r) B(r)

holds on B(r).
Let {w; }i.‘:] be the p-eigenforms satisfying the absolute boundary condition with
the corresponding nonzero eigenvalues {)»,-}f | and we also assume {w,-}f.‘: | are or-

thonormal and span V. If w € V', then there exist {a; }f.‘zl such that w = Zf: 1 Giw;,
that is, Aw = Zle Aia;w;. By the Bochner formula,

IAwl* < (Aw, w) — [Vw]* + K |w]?,

where K is the lower bound of curvature for all x in B(r). Using the fact in [Li
1980, Lemma 8],

IV w|* < [Vw|*.
Thus,

(7) TN W < (Aw, w) — |V [w| + K [w]*.

Let @ > 1, and we multiply both sides of this inequality ((7)) by lw[**~% and
integrate over B(r),

1
8) —/ w2 AJw|?
B(r)

2
5/ |w|2“—2<Aw,w>+/ K|w|2“—/ w22 |V ] 2.
B(r) B(r) B(r)
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Using the absolute boundary condition, the left-hand side of this inequality be-
comes
1

—/ WP Al = @—1) | [wP*(VIwl|, Vw?)
2 JBo) B(r)

_2a—1)

2

(VIw*, VIw),
o B(r)

and the third term in the right-hand side of (8) can be rewritten as

1
| e = [ vl
B(r) o™ JB@r)

Hence, (8) becomes

2 —1)

) 5 |V lw|*
o B(r)

1
<[ wPaww [kl [ (vieref.
B(r) B(r) a” JB(r)

With f = |w|, this can be rewritten as

|2

200—1

o?

(10)

/ vrP< [ 22w [k
B(r) B(r) B(r)

Applying Neumann Sobolev-type inequality (6) to the function f%, one has

1/8
(11) (/ |f|2ﬁ“) sAv2/”r2(/ |Vf°‘|2+r2/ f2“>,
B(r) B(r) B(r)

where 8 = —-%. Thus (10) and (11) suggest

v=2"
2 o’ 2/v..2 202
(12) 11355 < AV Aw, w)
2ep 20 — 1 B(r)
2
AV 2,2 K 2 -2 2a )
+ P aai ), K

By the Holder inequality, we have

/Kfza < BV </ (fza)q/(q—l)>(q1)/q

Blg—1)—q
)

_ 1
< By (/ﬁ“) q(B (/fw)qwn’
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where g > Ll = % and B = (V7' [, |K|‘1)1/q. However, applying the in-
equality p-

he < 3<s—1>/eh+3181/(1—s><l _ 1)
&

Blg—1)—g
g G—1)

_q(B=1) -1
ﬁ(q D—q
h = (za_lABV(U 2q)/qv 2) (/fZa) (/f%{ﬁ)

Then
D

2 Blg—1H—q q—B(g—1)
@ ABV(V 2q)/qv 2(/f2a) q(B=1) (/f2“ﬂ> qB(B—1)
200 — 1
2 —22‘1 %1
—V
58561)/8<2:{__1A3v(v—2q)/qu2> a (/f2a> (/fZaﬁ)

4600 (l_ 1>.
&

> 1, Equation (12) can be rewritten

by setting &€ =

If we select §; small enough, and since
as

o
200—1
2q

1 o MV a0
171 = g (g ) AV

% ( f2a—2 (Aw, w) + ((SU/(U 2fI)BZq/(Zq v)(ArZ)v/(Zq v) + ) ||f|| )
B(r)

Leta:,Bi, i=0,1,2,.... Then

(13) ||f||2ﬂ,+ls (B()fzﬂi_z(Aw,w)+(K+ r7?) ||f||2ﬂ,>.

where
2q
2

S ( - )ZWAV—Z/”r2 and K = B/C0—V) (571 4r2)" 2070,

1-61c(e) \ 20 — 1
When i =0, (13) gives

2 1 —2/v.2 / % -2 2
IIfllzﬂS—l_alc(g)AV r ( B(r)(Aw,w)-i-(K-i-r )||f||2>.

Since

/ (Aw,w>=/ </\iaiwi,ajwj)=/\ia?§kka,-2=)»k/ (w, w),
B(r) B(r) B(r)
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this implies

113 < 5 AV 0u+ K+ (If13.

1
—81c (8)
By the Holder inequality,

A3 < VEDE Y £13,
We conclude that

1 _
VBV f1E s — AV (g + K 472 IR
||f||2_1—51c(8) P (v +K+r2) 1 flI3

Now we claim that for 1 <i < o0,

(14) v=B=D/eby g3

i ,821 2q
2g—v
=11 <2ﬂf - 1)
j=0

where A7 = Ay + K +r~2. Assuming this inequality (14) is true for o = 87,
j=0,...,i —1, by induction, we need to show that (14) is still valid for j =i.
Suppose g = |w|, where w € V" with the property that

B’ 1 2 o ZZ:O B’ 5
(e )k,

llgll2g . lwl
lgll, lwll,

Without loss of the generality, we may use the scaling and assume |/g|l, = 1. By
the Holder inequality, Equation (13) implies

(15) forall w €.

(16) lgli3es <€ ( / g2 (AW, ) + (K +r72) ||g||§z)
B(r)

< C(Igl3 |AD 5y + (K +772) 1glI3%).

We also note that if s > 2, then there exists a subset {o} C {1, 2, ..., k} such that

k
Z rwi| < Z AWy || -
i=1 N o N

This is proved in [Li 1980, Lemma 17]. Hence, let w = > b;w;, then Aw =
> xibjw; and we have

Zk biw;
z:b(,w(7

20

|Aw”2a -
20

Z )\.kbo‘ Wqo
g

by (15)

Zbgwg

< Mcllgll2e

2

<A Mgl -
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It is obvious that (16) gives
Igl3%s < Caj llgllss .
where A} = Ax + K +r~2. By the method of iteration, we obtain
181345 < Ci GHE==F" |Igl13,

where o = B’ and

L 2j \24/Qq—v)p~ 1 Ym0 B
=TI (o av)
i \2p1 =1 1-3ic(s)

On the other hand, by Holder inequality, we have
N3, < VEVP g3,
Therefore,
~ i g

a7) VDR g3, < G (1) gl
Applying (15) to (17), it is easy to check that

VB | 12 < G- ODERP T FIS.
Letting i — 0o, due to } 72, B~/ =v/2 and

00 ,sz ﬁ*j 1
H <2ﬁf—1) < expm = c1(v),

j=0

we conclude that
_ 2
LFI < C, @) (AV=2r2) 2 11 £113,

where A is a positive constant depending only on m and n. This means, for all
w €V, w satisfies

lwli, < C, n.m)V=r (1) wi3
for all ¢ > v/2, where
M=h+K+r? and K =600 g2/ (4,2)"C17Y
In fact, by the assumption of curvature, we have B < 1; hence

18)  lwl’ < Cw,n, M)V (i 4 (81, v)r?/ @7 41722 3.

We note that the Hodge Laplace Beltrami operator A = d§ + &d is nonnegative
and self-adjoint on B(r) under the absolute boundary condition. Hence, using the
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standard elliptic theory, if we assume A; be the first nonzero eigenvalue, then we
have

O<i =< — 00

This means, there exists ko large enough such that the k-th nonzero eigenvalue
(19) M > max{c(8y, v)r?/ G4 72
Thus, by (18) and (19), we have

lwlz < CO.nmyV="r'a w3,

for all w belong to the space V" spanned by the p-eigenforms corresponding to the
first k nonzero eigenvalues. Therefore, the dimension estimate (4) gives
f 2 m 2 —1,v4yV/2 2
and we conclude that
M (B(r)) > Ck*/'r~?

for all k > kg, where C = C (v, n, m, p) is a positive constant. O

3. Main Result

Let (M™, g), m > 3, be a complete noncompact manifold with Riemannian metric
g. We consider the manifold M with its curvature operator K, (x) is asymptotically
nonnegative. By [Li and Tam 1992], we know that M has finitely many ends if the
curvature operator K, (x) of M is asymptotically nonnegative. Assume E, ..., Ef
be the ends of M with respect to a compact smooth domain B, (r9) in M. Let
B be a n-dimensional vector bundle over M with a metric. For r > 4ry > 0,
with B, (ro) C B(r), where B(r) is a Busemann ball in M . We define a positive
semidefinite symmetric bilinear form S, on the space of section I" (8) of ‘B by

(20) S n)=V7'e) [ (uv)
B(r)
for u, v € I' °B). In particular, S, is always positive definite, and (8,S,) is an
inner product space in B(r).
Suppose each end satisfies volume comparison property, the volume doubling
property holds on ends {El}lL:l of M, that is for r > 2rg and ¢ > 0,

Ve, (14+8)r) < (A 4+e)* Vg (r),

where 1 > 0 is a constant depending only on m. Moreover, given any 1 > 0, there
is r1 > 2rg such that for all x € 9 Bg (R), with R > rq, and for all %R >r'>r>0,
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we have N
Ve (r') < (r_) Ve (r).
r
The curvature operator K, on M is defined by

K> _K— {lower bound of curvature operator  if p > 1,

b= lower bound of Ricci curvature if p=1.
Concerning the asymptotically nonnegative curvature operator, the volume com-
parison property holds on each end for p > 1 [Li and Tam 1995, Proposition 3.8].
For the case of p = 1, the curvature operator is the Ricci curvature, the volume
comparison property holds on ends of M if we assume that the first Betti number
of M is finite.

Lemma 3.1. Let V' be a k-dimensional subspace of a vector space W. Assume
that W is endowed with an inner production L and a bilinear form ®. Then for
any given linearly independent set of vectors {w1, ..., wi_1} C W, there exists an
orthonormal basis {vy, ..., v} of V with respect to L such that ®(v;, w;) =0 for
alll < j<i<k

Lemma 3.2. Let M be a complete Riemannian manifold with asymptotically non-
negative curvature operator. Let V' be a k-dimensional subspace of H f (M, g),and
let E, Ez, ..., E be the ends of M with respect to B, (ry), ro > 0. For any fixed

0 < e < 4, r > 4rg and any subspace Y of V', lf{vsH, ..., U} is an orthonormal

Z’
basis of inner production S(1y¢) on Y. Then

8 (1 d
Z S, (i, v7) < (;f) 3 AT B+,

i=s+1 i=s+1
where u > 0 is a constant depending only on m.
Proof. Let A; (B((1 + &)r)) denote the i-th nonzero eigenvalue of p-forms on Buse-
mann ball B((14¢)r) satisfying the absolute boundary conditionon dB ((1 +¢) r).
Let ¢ be a nonnegative function defined on B((1+¢)r) satisfying these conditions:
¢=1 on B(r),
0<¢p<1 on B((1+¢e)r),
¢=0 on dB((1+¢)r),

and

2
Vol < —.
Er

Observing that by the property of unique continuation, V" is a k-dimensional sub-
space because

¥ c L2 (B((1+¢&)r), pdv) N L? (B(r), dv) .
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Applying Lemma 3.1 with {wy, ..., wi} as the eigen p-forms of Busemann ball
B((1 + ¢)r) corresponding to the nonzero eigenvalues

(M B+, ..., i (B(L+e)r)},
we get an orthonormal basis {vy, ..., v;} of ¥ with respect to the inner product
S(14¢)r satistying
Saver (visv;) =V (1 +e)r) (vi, vj).
B((1+e)r)

Hence
@(vi,wj)=/ <vi,wj)¢dv=0
B((1+e)r)

for 1 < j <i <k. Thus, for any 1 <i <k, let |v;|* = (v;, v;), llvill> = (vi, v;) =
f (vi, v;) and sgn = (—=1)"P*+D+1 We have

Q1) A (B((1+8)r) vl dv < ||d(pvi) > + 118 (P |1* .
B((1+e)r)

The right-hand side of this inequality can be rewritten as
(22)  (d(¢vi), d(Pv))) + (8(Pv;), 8(¢vi))

= (d(,b A V; +¢dv,-, d¢ A V; +¢dv,)
+ (¢p8v; + sgn (dp A *v;) , pSv; + sgn*(d A xv;))

= |ldp AvilI* + 2(pdvi, dp A vi) + | pdvi ]| + | pSu; ||
+2 (¢8v;, sgn x(dep A xv;)) + lldep A xvi||* .

On the other hand,
0= / ¢ (vi, Avy) dv = (¢7v;, Av;) = (8(¢°1), 8v;) + (d(¢*vy), dvy)
B((14¢)r)
= (Pdv;, Pdv;) +2(Pdv;, sgnx(dp A *v;)) + (pdv;, ¢dv;) + 2 (pdv;, dp N v;) .
Then (22) gives

(23)  (d(@v),d(@v) + (8(pvi), 8(dv)) = lldp Avill* + ldgp A v ||
= 25UPg((14e)r) VoI - [lvill®

IA

8
mv((l—i-b“)”),

since v; is orthonormal on B((1 + ¢)r). Therefore, (21) and (23) imply
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(24) f i P dv < / vy dv
B(r) B((1+¢&)r)

<27 ' (B +2)) {lId@v) I + 18 (pv)1I?}
8

< V(1 .
= 82r2)\i(B((1+8)7')) (( +8) I")
Hence, if we let Y represent the space spanned by {vsy1, ..., vi}, we get
dimY =k—s
and
a 8
vi* dv < V((d+e)r).
”ZH fgm ’ i; e2r2i (B((1 +6)r))
Therefore,

k k
B > 8 V((+e)r)
2. Vi@ vl dvfl,;l 2L B((+or)) V)

i=s+1 B(r)

Moreover, volume doubling property holds on each end of M which implies
Vd+e)r) =(d+eF V)

for r > 2rg, where p > 0 is a constant depending only on m. We conclude

8 (1 ¢
Z S, (v, v1) < (;f) 3 T B+ o). O

i=s+1 i=s+1

Lemma 3.3. Let E1, ..., Ep be the ends of M with respect to B (rg), ro > 0, and
let V' be a k-dimensional vector space with polynomial growth of degree at most d.
Then for all 0 < ¢ < ‘11 and ry > 4ry, there is r > ry such that if {uy, ..., uy} is an
orthonormal basis for V' with respect to S(14¢)r, then

k
DS i) =k (1)~ @D,

i=1

Proof. Denote the trace of S, with respect to S(14¢)r by tr4¢)-Sr. and the deter-
minant of S, with respect to S(14¢)r by det(14e) Sr. Suppose the lemma is false.
Then, for some 0 < ¢ < th and r| > 4rg such that for all » > ryq,

tI'(l—i—a)rSr = tr(H—s)rSr <k(1 +8)_(2d+]) )
On the other hand, the arithmetic geometric mean asserts that

(det1eyr SOVE <k7Mtr (140 S
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This implies that
det(i 4oy Sr < (14)7*HD

Setting r = r1 4 1 and iterating this inequality j time, we obtain
(25) det |z, Sy < (14&)/HHD

However, for a fixed S, orthonormal basis {u; }f.‘zl of ¥, and the polynomial growth
assumption imply that there exists a constant C > 0, depending on %', such that
3 . i \2d
Siigeyiy (i up) =V (1 +e) r)f C (ui i) <C((1+e)r)
B((14¢)r)
forall 1 <i <k. Hence
det, Spey, < KICK ((146) 7)™
This contradicts (25) since j — oo. [l
We are now ready to prove the Main Theorem, which we restate here.

Main Theorem. Let (M™, g), m > 3, be a complete noncompact manifold with
metric g, and q € M be a fixed point. Suppose curvature operator K, is asymptot-
ically nonnegative. Let E1, E, ..., Er be the ends of M with respect to B, (o),
ro > 0. Then for any uniformly equivalent metric g’ on M and for all d > 1, the
space H dp (M, g, is finite-dimensional and its dimension satisfies the inequality

dimH)(M,g)<Cad’
for some constants v > 2, u > 0,n>0and C =C(m, p,v, u,n) > 0.

Proof. For any k-dimensional subspace V" of H j (M). By Lemma 3.3, if we set
& = 1/5d, there exists r > 4ry such that

tr(1+6)rSr >k(1+ 8)_(2d+1) .

Let A; be the k-th eigenvalue of the Hodge Laplacian acting on p-forms on Buse-
mann ball B((1+4+¢)r) D B(rg) satisfying the absolute boundary condition on
dB((1 + &)r) under the metric g’. Then by Lemma 2.1, Lemma 2.2 and the
assumption of K, we have

> CkYY (14+6)72r 2,

fork > s = ZledimH » (B((1+¢€)r)), where C is a positive constant depending
only on m, p, v and n. Combining with Lemma 3.2, we find there exists a subspace

Y in V' with
L

dimY =dim¥ — " dim H,(B((1 +&) r)),
=1
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and a positive constant p such that

k k 5
8(1+e)* B 8(14+g)ut2
Z Sr (Vi v;) < — 53 Z A 1(B((1+g)r)) < 8—2]‘1 2/v.
i=s+ko+1 er i=s+1

where ¢ = 1/5d. Hence

k(1+6)" % <tr(146)p (V) < tr(1 40y Sy (Y) +dim Hy (B((1+£) 1))
< Cdz kl—Z/v.

where we have used Lemmas 2.1 and 2.2. Therefore k < C d”. Since ' is arbitrary,
we conclude that

dimHY(M,g)<Cd"
foralld > 1. O

Suppose M has nonnegative curvature operator outside a compact set, with finite
first Betti number, In this case, even thought it is not exactly true that each end of
M satisfies volume comparison property for p = 1, however, it is almost true so
that by modifying some arguments of main theorem still holds for such a manifold;
see [Li and Tam 1995, Corollary 6.2] in particular. Hence we have Corollary 1.3.
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TRANSVERSE POISSON STRUCTURES TO ADJOINT ORBITS
IN SEMISIMPLE LIE ALGEBRAS

PANTELIS A. DAMIANOU, HERVE SABOURIN AND POL VANHAECKE

We study the transverse Poisson structure to adjoint orbits in a complex
semisimple Lie algebra. The problem is first reduced to the case of nilpo-
tent orbits. We prove then that in suitably chosen quasihomogeneous co-
ordinates, the quasidegree of the transverse Poisson structure is —2. For
subregular nilpotent orbits, we show that the structure may be computed
using a simple determinantal formula that involves the restriction of the
Chevalley invariants on the slice. In addition, using results of Brieskorn and
Slodowy, the Poisson structure is reduced to a three dimensional Poisson
bracket, which is intimately related to the simple rational singularity that
corresponds to the subregular orbit.

1. Introduction

The transverse Poisson structure was introduced by A. Weinstein [1983], stating
in his famous splitting theorem that every (real smooth or complex holomorphic)
Poisson manifold M is, in the neighborhood of each point m, the product of a
symplectic manifold and a Poisson manifold of rank 0 at m. The two factors of
this product can be geometrically realized as follows. Let S be the symplectic leaf
through m, and let N be any submanifold of M containing m such that

Tn(M) = T,n(S) @ T (N).

There exists a neighborhood V of m in N, endowed with a Poisson structure, and
a neighborhood U of m in S such that, near m, M is isomorphic to the product
Poisson manifold U x V. The submanifold N is called a transverse slice at m to
the symplectic leaf S. The Poisson structure on V C N is called the transverse
Poisson structure to S; up to Poisson isomorphism, it is independent of the point
m € S and the chosen transverse slice N at m: given two points m, m’ € S with
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transverse slices N, N’ to S, there exist neighborhoods V of m in N and V' of m’
in N’ such that (V, m) and (V’, m’) are Poisson diffeomorphic.

When M is the dual g* of a complex Lie algebra g and is equipped with its
standard Lie—Poisson structure, we know that the symplectic leaf through p €
g* is the coadjoint orbit G - p of the adjoint Lie group G of g. In this case, a
natural transverse slice to G -  is obtained in the following way. We choose any
complement n to the centralizer g(u) of i in g, and we take N to be the affine
subspace 1 4+ nt of g*. Since g(u)* = adz u, we have

Tu(g*) = T;L(G M) @ T;L(N)v

so that N is indeed a transverse slice to G - u at u. Furthermore, defining on nt

any system of linear coordinates (g1, ..., gx) and using the explicit formula for
Dirac reduction (see formula (4) below), one can write down explicit formulas for
the Poisson matrix Ay :=({gi. ¢;},). 1 <i, j <k of the transverse Poisson struc-
ture, from which it follows easily that the coefficients of Ay are actually rational
functions in (g1, ..., gx). As a corollary, in the Lie-Poisson case, the transverse
Poisson structure is always rational [Saint-Germain 1999]. One immediately won-
ders, for which cases — more precisely, for which Lie algebras g, coadjoint orbits,
and complements n—is the Poisson structure on N polynomial?

Partial answers have been given in the literature for (co)adjoint orbits in a semi-
simple Lie algebra. P. Damianou [1996] computed explicitly how the transverse
Poisson structure to nilpotent orbits of gl, for n < 7 correspond to a particu-
lar complement n; in this case the transverse Poisson structure is polynomial.
Cushman and Roberts [2002] proved that there exists for any nilpotent adjoint
orbit of a semisimple Lie algebra a special choice of a complement n such that
the corresponding transverse Poisson structure is polynomial. For the latter case,
H. Sabourin [2005] gave a more general class of complements having a polynomial
transverse structure, using essentially the machinery of semisimple Lie algebras;
he also showed that the choice of complement n is relevant for the polynomial char-
acter of the transverse Poisson structure by giving an example where the structure
is rational for a generic choice of complement.

When the transverse Poisson structure is polynomial, one is tempted to define
its degree as the maximal degree of the coefficients {g;, ¢}, of its Poisson matrix,
as was done in [Damianou 1996] and [Cushman and Roberts 2002], where several
conjectures about this degree are formulated. Unfortunately, as shown in [Sabourin
2005], this degree depends strongly on the choice of the complement n, and hence
it is not intrinsically attached to the transverse Poisson structure. We show in
Section 3 that the right approach is to use the more general notion of quasidegree;
that is, we assign natural quasidegrees @ (g;) to the variables ¢; (i = 1,...,k)
and we show that, in the above mentioned class of complements, the quasidegree
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of the transverse Poisson structure is always —2, irrespective of the simple Lie
algebra, the chosen adjoint orbit, and the chosen transverse slice N! In fact, the
weights @ (¢;) have a Lie-theoretic origin and are also independent of the particular
complement. It follows that {q,-, q j} N for 1 < i, j <k is a quasihomogeneous
polynomial of quasidegree @ (q;) + @ (¢q;) — 2.

Another result, established in this article, is that the study of the transverse
Poisson structure to any adjoint orbit G-x can be reduced, via the Jordan—Chevalley
decomposition of x € g, to the case of an adjoint nilpotent orbit. Thereby we explain
why we are merely interested in the case of nilpotent orbits.

The transverse structure to the regular nilpotent orbit 0,., of g is always trivial.
So, the next step is to consider the case of the subregular nilpotent orbit Oy, of g.
Then N = C*+2, where ¢ is the rank of g. The dimension of Oy, is two less than the
dimension of the regular orbit, so that the transverse Poisson structure has rank 2.
It has ¢ independent polynomial Casimir functions yi, ..., x¢, where y; is the
restriction of the i-th Chevalley invariant G; to the slice N. In this case, the trans-
verse Poisson structure may be obtained by a simple determinantal formula instead
of the usual, rather complicated Dirac constraints. That formula is as follows. In
linear coordinates ¢q1, ¢2,...,qer2 on N,

df NdgANdy1 N---Ndxye
dql/\dQ2/\.../\dqg+2

ey {f, 8laet ==

defines a Poisson bracket on N that coincides (up to a nonzero constant) with the
transverse Poisson structure on N.

As an application of formula (1), we show in Theorem 5.6 that the Poisson
matrix of the transverse Poisson on N takes, in suitable coordinates, the block
form

0 oF oF
0qe42  0qe4
1~\N=(0 g) where Q=| — oF 0 8_F
0 9qe+2 9q¢
oF oF
0 0 )
dqe+1 9qq
The polynomial F = F(uy,...,ue—1,qe, qe+1, ge+2) 18 precisely the one that de-

scribes the universal deformation of the (homogeneous or inhomogeneous) simple
singularity of the singular surface N N N, where N is the nilpotent cone of g.
The uy, ..., u,—; are the deformation parameters, which are also Casimirs for the
Poisson structure on N. In particular, the restriction of this Poisson structure to
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N NN is given by

daFy dFy 0 Fy

{x’y}za_z’ {y’z}= ax’ {Zyx}zga

where Fy(x,y,z) = F(,...,0,x,y,z) is the polynomial that defines N NN as
a surface in C. As we will recall in Section 5, Brieskorn [1971] showed that, in
the ADE case, the so-called adjoint quotient G = (G, ..., Gy) : g — C*t is, when
restricted to the slice N, a semiuniversal deformation of the singular surface N NN
this result was generalized by Slodowy [1980a] to the other simple Lie algebras.
Our Theorem 5.6 adds a Poisson dimension to this result.

The article is organized as follows. In Section 2, we recall a few basic facts
concerning transverse Poisson structures, and we show that a general orbit in a
semisimple Lie algebra can be reduced to the case of a nilpotent orbit. In Section
3, we recall the notion of quasihomogeneity, and we show that, for a natural class
of slices, the transverse Poisson structure is quasihomogeneous of quasidegree —2.
In Section 4 and the end of Section 5, we show, in the Lie algebras g, sog, and
sl4, how the transverse Poisson structure can be computed explicitly, and we use
these examples to illustrate our results. In Section 5, we prove that, in the case of
the subregular orbit, the transverse Poisson structure is given by a determinantal
formula; we also show that this Poisson structure is entirely determined by the
singular variety of nilpotent elements of the slice.

2. Transverse Poisson structures in semisimple Lie algebras

In this section, we recall the main setup for studying the transverse Poisson struc-
ture to a (co)adjoint orbit of a complex semisimple Lie algebra g, and we show
how the general orbit is related to the case of a nilpotent orbit. We use the Killing
form (-|-) of g to identify g with its dual g*. This leads to a Poisson structure
on g that is given for functions F, G on g at x € g by

2 {F,G}(x) = (x| [dF(x),dG(x)]),

where we think of dF(x) and dG(x) as elements of g = g* = T*g. Since the
Killing form is Ad-invariant, the isomorphism g = g* identifies the adjoint orbits
G - x of G with the coadjoint orbits G - i, and so the symplectic leaf of { -, - } that
passes through x is the adjoint orbit G-x. Also, as a transverse slice at x to G-x, we
can take an affine subspace N := x +n, where n is any complementary subspace
to the centralizer g(x) := {y € g|[x,y] =0} of x in g and L is the orthogonal
complement with respect to the Killing form. To give an explicit formula for the
Poisson structure { -, -} transverse to G- x, let (Zy, ..., Z;) be a basis for g(x),
and let (Xq, ..., X»,) be a basis for n, where 2r = dim(G - x) is the rank of the
Poisson structure (2) at x. These bases lead to linear coordinates gy, ..., gktor
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on g, centered at x, defined by ¢; (y) :=(y —x | Z;),fori =1, ..., kand gx+; (y) :=
(y—x|X;),fori=1,...,2r. Sincedq;(y)=Z; fori =1, ...,k and dg;+; (y) =

X; fori=1,...,2r, it follows from (2) that the Poisson matrix of {-,-}at y € g
is given by
3) (a4} )12 jpaar = ( _g(é))T gg; )
where
Aij(y) = <)/| Z,,Z]), for1 <i,j <k;
i,m(Y) IlZi, Xnl), forl <i <k, 1 <m <2r;
Crm) =X, Xnl), for1 <[,m <2r.

It is easy to see that the skew-symmetric matrix C(x) is invertible, and so C(y) is
invertible for y in a neighborhood of x in g, and hence for y in a neighborhood
V of x in N. By Dirac reduction, the Poisson matrix of {-,-}; at n € V in the
coordinates q1, .. ., g (restricted to V), is given by

) An(n) = A(n)+ B(n)C(n) 'B(n)".

According to the Jordan—Chevalley decomposition theorem, we can write x =s+e,
where s is semisimple, e is nilpotent, and [s, e] = 0. Moreover, the respective
centralizers of x, s and e are related as follows:

(&) g(x) =g(s) Ngle).

This leads to a natural class of complements n to g(x). Since the restriction of
(-|-) to g(s) is nondegenerate [Dixmier 1996, Prop. 1.7.7.], we have a vector
space decomposition of g as

g=g(s) Dny,

where ny = g(s)1. Notice that ny is g(s)-invariant, that is, [g(s), ny] C ny, since

(9(s) [ [g(s), ns]) = ([g(s), g()] I ng) C (g(s) I ng) = {0}
Choosing any complement n, of g(x) in g(s), we get the following decomposition
of g:
g=g(x) Sn, dny.
We take then n := n, @ n,, and we denote N, := x +n=. It follows that, if n € N,
such that n € g(s), then (n | [g(s), ns]) C (g(s) | ng) = {0}. In particular,

(6) (n]lg(x),ng]) ={0} and  (n][n., ny]) ={0}.

Let us assume that the basis vectors X1, ..., Xo, of n have been chosen such that
X1,...,Xop eneand X541, ..., Xor € ng. Then the formulas (6) imply that the
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Poisson matrix (3) takes at n € N, the form

A(n) B.(n) O

A()=| —B.(m)" C.(n) 0 ,
0 0 Cin)
where
Aij(n) =11z, Z;1), for1 <i,j <k

Be;i,m(”)=<n|[ziaxm] s for1 <i <k, 1 <m<2p;
Ce;l,m(n) = (I’l | [le
(

)
X, for 1 <, m <2p;
Cs;l,m(n) =(nl|[X, Xm])

, for2p+1<I, m <2r.

It follows from (4) that the Poisson matrix of the transverse Poisson structure on
Ny is given by

(7) An, (n) = A(n) + B,(n)Co(n) "' B,(n)".

Let us now restrict our attention to the Lie algebra g(s), which, being reductive,
decomposes as

g(s) = 3(s) @ gyss(5),

where 3(s) is the center of g(s) and g, (s) = [g(s), g(s)] is the semisimple part
of g(s). At the group level we have a similar decomposition of G(s), the centralizer
of s in G whose Lie algebra is g(s), namely,

G(s) = Z(5)Gys(5),

where Z(s) is a central subgroup of G(s) and Gg(s) is the semisimple part of
G(s) with Lie algebra gs(s). Since e € g(s), we can consider G(s) - e as an adjoint
orbit of the reductive Lie algebra g(s). We may think of it as an adjoint orbit of
a semisimple Lie algebra, since G(s) - e = Gy,(s) - e; similarly we may think of
a transverse slice to the adjoint orbit G(s) - e as a transverse slice to Gg;(s) - e
up to a summand with trivial Lie bracket. Denoting by L, the (-|-) orthogonal
complement restricted to g(s), we have that N := e + neL“ is a transverse slice to
G(s) - e, since

g(s) = g(x) B ne =5(5) O gys(s)(e) D ne.

We have used that g(x) = g(s)(e) is the centralizer of e in g(s), which follows
from (5). In the chosen bases (Z1, ..., Z;) of g(x) and (X1, ..., X2,) of n,, the
Poisson matrix at n € N takes the form

A(n)  B.(n)
_Be(n)T Ce(n) ’
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which leads by Dirac reduction to the transverse Poisson structure Ay on N:
An(n) = A1) + Be(m)Ce() ™' Be(n) ",

where n € N. This yields formally the same formula as (7), except that it is
evaluated at points n of N rather than at points of N,. However, since ngt =
g(s) ﬂnj = rlsL ﬂneL = (ny+n,)t =n", the affine subspaces N, and N only differ
by a translation, N, = s + e +n' = s+ N. Thus they, and their Poisson matrices
with respect to the coordinates ¢, . . ., g, can be identified, leading to:

Proposition 2.1. Let x € g be any element, G - x its adjoint orbit, and x = s + e its
Jordan—Chevalley decomposition. Given any complement n, of g(x) in g(s) and
putting v :=n, ®n,, where ng = g(s)*, the parallel affine spaces Ny :=x +n* and
N := e+ are respectively transverse slices to the adjoint orbit G - x in g and to
the nilpotent orbit G(s) - e in g(s). The Poisson structure on both transverse slices
has the same Poisson matrix, namely that of (7), in the same affine coordinates
restricted to the corresponding transverse slice.

In short, the transverse Poisson structure to any adjoint orbit G-x of a semisimple
(or reductive) Lie algebra g is essentially determined by the transverse Poisson
structure of the underlying nilpotent orbit G(s) - e defined by the Jordan—Chevalley
decomposition x =s+e. A refinement of this proposition will be given in Corollary
3.5.

3. The polynomial and the quasihomogeneous character of the tranverse
Poisson structure

In this section we show that, for a natural class of transverse slices to a nilpotent
orbit O which we equip with an adapted set of linear coordinates centered at a
nilpotent element e € O, the transverse Poisson structure is quasihomogeneous (of
quasidegree —2) in the following sense.

Definition 3.1. Let v = (vy, ..., vg) be nonnegative integers. A polynomial P in
Clxi, ..., xq] is said to be quasihomogeneous (relative to v) if, for some integer «,
P(t"'xq, ..., t%xy) =t“P(x1,...,xg) forallteC,

and « is then called the quasidegree (relative to v) of P, denoted o (P). Similarly,
a polynomial Poisson structure {-, -} on C[xy, ..., x4] is said to be quasihomo-
geneous (relative to v) if there exists k¥ € Z such that, for any quasihomogeneous
polynomials F and G, their Poisson bracket { F', G} is quasihomogeneous of degree

o({F,G) =o(F)+w(G)+«;

equivalently, for any 7, j the polynomial {x,-, X j} is quasihomogeneous of quaside-
gree v; +v; +«. Then « is called the quasidegree of { -, - }.
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We first show that, given 0, we can choose a system of linear coordinates on g,
centered at some nilpotent element e € 0, such that the Lie—Poisson structure on g
is quasihomogeneous relative to some vector v that has a natural Lie-theoretic
interpretation. To describe how this happens, we need to recall some facts from
the theory of semisimple Lie algebras, which will be used throughout this paper.
First, one chooses a Cartan subalgebra ) of g, with corresponding root system
A(h), from which a basis I1(h) of simple roots is selected. The rank of g, which is
the dimension of b, is denoted by £. According to the Jacobson—Morosov—Kostant
correspondence (see [Tauvel and Yu 2005, paragraphs 32.1 and 32.4]), there is a
canonical triple (4, e, f) € g associated with O and completely determined, up to
conjugation by G (h), by the following properties:

o (h,e, f)is asl-triple, that is, [k, e] = 2e, [h, f]1=—2f, and [e, f]=h;

« h is the characteristic of O, that is, & € h and a(h) € {0, 1, 2} for any simple
root « € T1(h).

e 0=G-e.

The triple (4, e, f) leads to two decompositions of g.
First, g decomposes into eigenspaces relative to ady,. Since each eigenvalue is

an integer, we have
s=P ),
ieZ
where g(i) is the eigenspace of ad;, with eigenvalue i. For example, e € g(2) and

feg(=2).
Second, let s be the Lie subalgebra of g isomorphic to sl, that is generated by
h,e and f. The Lie algebra g is an s-module, hence it decomposes as

QZEBan,

j=1

where each Vi, is a simple s-module, with n; + 1 = dim Vi, and adj-weights
nj,nj—2,n;—4,...,—nj. Moreover, k = dim g(e), since the centralizer g(e) is
generated by the highest weight vectors of each V. It follows that

k
(8) > nj=dimg—k=dim(Ge) =2r.
j=1

We center at e a system of linear coordinates on g by using the action of Slodowy
[1980b]: First, he considers the one-parameter subgroup of G,
A:Cr > G
t +— exp(Ah),



TRANSVERSE POISSON STRUCTURES 119

where A; is a complex number such that e=* = ¢. The restriction of Ad to this
subgroup leaves every eigenspace g(i) invariant and acts for each ¢ as a homothecy
with ratio =% on g(i):

) Adyyx =t"'x forall x € g(i).

Since ¢ € g(2), the action p of C* on g—defined for + € C* and for y € g by
or -y = t? Ad, ) y—fixes e. We refer to p as Slodowy’s action. To see how
it leads to quasihomogeneous coordinates, let us define for x € g the function
F(y) :=(y—e]|x) for y € g. Then (9) and the Ad-invariance of the Killing form
imply that if x € g(i) then

(07 F2) ) = (o1 -y —elx) =172 (Ady 1y (v —€) | x)
=t y—e|l Adyy x) =1ty —e|t7x) =t 2 F, ().

It follows that the quasidegree @ (¥, ) of F, isi+2 for x € g(i). According to (2),
one has, for any x, y, z € g,

(10) {Fe. Ty} @ = (2| [x, y]) = Fay)(@ + (e | [x, ¥]) .
If x e g(i) and y € g(j) with i 4+ j # —2, then (e | [x, y]) =0 and so
w({%m gy}) —w (Fy) — w(gzy) = w(@[x,y]) —w(Fy) — w(%))
=i+j+2—(G0+2)—(+2)=-2.

This result extends to the case i + j = —2, since then @ (¥, y) =i+ j+2=0,
which is the quasidegree of the constant function (e | [x, y]). This proves:

Proposition 3.2. Let g be a semisimple Lie algebra identified with its dual using its
Killing form. Let O be a nilpotent adjoint orbit of g with canonical triple (h, e, f).
Let xy, ..., xq be any basis in g, where each xy, belongs to some eigenspace g(iy) of
ady, and let &y, be the dual coordinates on g centered at e as Fy(y) :=(y —e | xx) .
Then the Lie—Poisson structure { -, - } on g is quasihomogeneous of degree —2 with
respect to (w (F1), ..., @ (Fg)) =01 +2,...,iq+2). O

We now wish to show that, upon picking a suitable transverse slice N to O at e,
the transverse Poisson structure on N is also quasihomogeneous (of degree —2).
Following [Sabourin 2005], we consider the set N, of all subspaces n of g that are
complementary to g(e) in g and are adj,-invariant. For n € N), we let N := e +n-t,
which is a transverse slice to G-e. The adj-invariance of n implies on the one hand
that p leaves N invariant: if y € e +n* then

0=(y—el Ad;;-1yn)=(Adiy(y —e) In) =172 (p; -y —e|n),

so that indeed p; - y € e + nt. On the other hand, it implies that n admits a basis
consisting of eigenvectors of fj. Thus we can adapt the above basis x1, ..., x4 ton.
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We can choose a basis (Z, ..., Z;) for g(e) and a basis (X, ..., Xp,) for n so
that:

e each Z; for 1 <i <k is a highest weight vector of weight n;;
e each X; for 1 <i < 2r is a weight vector of weight v;.

The linear coordinates (centered ate) ¥z, ..., ¥z, when restricted to N, will be
denoted g1, . . ., gx. By the above, their quasidegrees are defined as @w (g;) :=n;+2.
That the transverse Poisson structure is polynomial in these coordinates was first
shown in [Sabourin 2005, Thm 2.3]. We now refine this statement.

Proposition 3.3. In the notation of Proposition 3.2, the transverse Poisson struc-
ture on N := e +n', where n € N, is a polynomial Poisson structure that is quasi-
homogeneous of degree —2 with respect to the quasidegrees ny + 2, ..., ng + 2,
where ny, ..., ni denote the highest weights of g as an s-module.

Proof. According to (4), we need to show that for any 1 <i, j <k the functions A;;
and (BC~!BT);; are quasihomogeneous of degree @ (¢;)+@ (g;)—2=n;+n;+2.
For A;; this is clear, since A is part of the Poisson matrix of the Lie—Poisson
structure on g, which we know is quasihomogeneous of degree —2. Similarly, we
have @ (B;,) = n; +v, + 2. Since

@ (BipCpl Bjs) =ni+nj+v,+v,+4+w(C,)),
we must show that
(11) @ (Cp)=—v, — v, —2.

This follows from 212;1 (vi +1) =0, which is itself a consequence of (8). Indeed,

consider a term of the form C; ;=Cijy-..C , where

i2r—1J2r—1
{ilviZ,---,in—l}={152,---»2r}\{s}’
{j17i29"'ajzr—l}:{1727"'92r}\{p}'

Then

2r—1

T(Cl) =) i+ +2)=—v,—v, -2,

k=1
A typical term of Cljsl is of the form C l’ ] /A(C), where A(C) is the determinant
of C. As C is of quasidegree zero, A(C) is constant by the previous argument.
This observation was made in [Sabourin 2005, Theorem 2.3]. This gives us (11).

O

Remark 3.4. Our referee pointed out that the quasihomogeneity of the transverse
Poisson structure is implicit in [Gan and Ginzburg 2002] and [Premet 2002] for
the special transversal n = Kerady. Using the eigenspaces of ady,, these authors
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consider a filtration on the universal enveloping algebra AUg of g, which yields a
grading on the transversal Poisson algebra for this n. With the quasidegrees that
we use, the filtration’s graded algebra is Sym(g*).

Let us consider now any adjoint orbit G- x and x = s + e, the Jordan—Chevalley
decomposition of x. We already considered this case in Proposition 2.1. A well-
known result [Tauvel and Yu 2005, par. 32.1.7.] says that there exists an sl,-triple
(h, e, f) such that [s, h] = [s, f] = 0. Consequently, (&, e, f) is an sl,-triple of
the reductive Lie algebra g(s), and we can also suppose that, up to conjugation
by elements of G(s), & is the characteristic of G(s) - e. Let N j be the set of all
complementary subspaces to g(x) in g(s) that are ad,-invariant. Then, by applying
Proposition 3.3, we get:

Corollary 3.5. As in Proposition 2.1, let ng = g(s)*, n, € Ngpandn=n, ®n,.
Let N, := x +nt, which is a transverse slice to G - x. Then the transverse Poisson
structure on Ny is polynomial and is quasihomogeneous of quasidegree —2.

From now on, a transverse Poisson structure given by Proposition 3.3 will be
called an adjoint transverse Poisson structure or ATP-structure.

4. Examples

We want to show in two examples how to compute the ATP-structure. In the first
example, we consider the subregular orbit of g,, and we compute it without choos-
ing a representation of g,. In the second example, the subregular orbit of sog, we
use a concrete representation rather than referring to tables of the Lie brackets in
a Chevalley basis. These two examples will also serve later to illustrate the results
we will prove on the nature of the ATP-structure. Both examples correspond to
subregular orbits and lead to two of the simplest nontrivial ATP-structures in the
following sense. If O is an adjoint orbit in g, then the ATP-structure to O has rank
dimg — ¢ —dim O at a generic point of any slice transverse to O, since the Lie—
Poisson structure on g has rank! dim g — ¢ at a generic point of g. For the regular
nilpotent orbit O, the ATP-structure is trivial because dim0,., = dimg — ¢.
So, the first interesting nilpotent orbit to consider is the subregular orbit, denoted
by Oy,. We recall two well-known facts [Collingwood and McGovern 1993]:

(1) the subregular orbit Oy, is the unique nilpotent orbit that is open and dense in
the complement of 0, in the nilpotent cone;

(2) dim0;, =dimg— £ — 2.

It follows that the ATP-structure of the subregular orbit had dimension ¢ 4 2 and
generic rank 2. In both of the following examples, we give the characteristic triplet

IRecall that £ denotes the rank of g.
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(h, e, f) that corresponds to the orbit; we derive from it a basis of the ad;,-weight
spaces, which leads to basis vectors Z; of g(e) and X; of an adj-invariant com-
plement to g(e) in g. The Lie brackets of these elements then lead to the matrices
A, B and C in (3), which, by Dirac’s formula (4), yields the matrix Ay of the
transverse Poisson structure.

The subregular orbit of type G,. We first consider the case of the subregular orbit
of the Lie algebra g := g,. Denoting the basis of simple roots by Il = {«, 8}, where
B is the longer root, its Dynkin diagram is given by

e=———"19¢}
B o

and it has the positive roots
Ay ={a, B, a+ B, 20+ B, 3o+ B, 3a+28}.

The vectors in the Chevalley basis” of g are denoted by H,, Hpg for the Cartan
subalgebra, X, for the six positive roots y € A, and Y,, for the six negative roots
—y,where y € A;. According to [Collingwood and McGovern 1993, Chapter 8.4],
the characteristic & of the subregular orbit Oy, is given by the sequence of weights
(0, 2), which means that (o, ) =0 and (8, h) =2 and yields h =2H, +4Hg. The
decomposition of g into ady,-weight spaces g(i) consists of five subspaces:

9(4) = (X3q+28),
9(2) = (Xp, Xo+p, X2a+p, X3a+p),
(12) 9(0) = (Hy, Hp, Xqo, Ya),
9(=2) =Yg, Yoip, Yourp, Yatp)
9(—=4) = (Yzai28)-

Taking for e and f an arbitrary linear combination of the above basis elements
of g(2) and g(—2), respectively, and using [e, f] = h, one easily finds that the
sl,-triple corresponding to Oy, is

e = X}g —|—X3a+'3, h=2H, +4Hﬁ, f :ZYﬁ+2Y3a+}g.

Picking the vectors in the positive subspaces g(i) that commute with e leads to
basis vectors of g(e):
Zy=Xp+ Xza1p, Zo= Xoou+p,

(13)
Z3=Xuip, Z4= X3g128-

2The Chevalley basis that we use is explicitly described in [Tauvel 1998, Chapter VIL.4].
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We obtain an adj-invariant complementary subspace n of g(e) by completing these
vectors with additional vectors taken from the bases (12) of the subspaces g(i). Our
choice of basis vectors for n, ordered by weight, is

X, = X;, Xo =Y,

X2 = Xo, X7="Yuasp,
X3 =H,, Xg =Y 1p,
X4 = Hpg, X9 =Y3a48,
X5 =Yy, X10 = Yaa+28-

The Lie brackets of these basis vectors for g, which are listed in [Tauvel 1998,
Chapter VIIL.4], yield the Poisson matrix ((A, B), (—BT, C)) of the Lie—Poisson
structure on g in the coordinates ¥z, ..., ¥z,, Fx,,..., Fx,, on g, as

Aij =1F2.F2,} = Fz,2,) +elZi, Z,])

(see (10)), and similarly for the other elements of the Poisson matrix. We give
the restriction of the matrices A, B and C to the transverse slice N := e + n+

only, which amounts to keeping in the Lie brackets only the vectors Zy, ..., Z4,
as Fy(n) = (e—n|X)=0for X enand n € N = e +nt. In the coordinates
q1,...,q4 on N, where g; is the restriction of ¥z, to N, we get
0 0 0 o0
1 0 0 3¢g4 O
1 0 34 0 0
0 0 0 o0
0 0 0 -9 0 q-92 g3 00
B— 0 3g1 -¢2 0 2g3 0 O O 0 O
0 2¢o g3 g3 O O O O O O |’
g+ 93 3¢ 1 ¢ 0 0 0 00
0 330 0 00 OO 01
-3¢ 000 OO 3 000
0O 00 0O30O0-30
0O 000 O0O=200T1P0
C— l 0O 00 0OOOZ3O00D0
3 0O 032 00O0O0O0OD0O
0 -30000O0O0O0OD0O
0O 00 0300000
0O 03-1 00 0O0O0ODO
-1 00 0 O0O0O0O0O0OTO
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Substituted in (4), this yields the Poisson matrix for the ATP-structure:

0 0 0 0

0 0 -3 2 — 242
14 A= q4 qlzqz 43

0 3q4 0 295 —2q193

0 —2q192+29; —2q3 +2q193 0

It follows from (12) and (13) that the quasidegree of g, g, and g3 is 4, while the
quasidegree of g4 is 6. One easily reads off from (14) that, with respect to these
quasidegrees, the ATP-structure is quasihomogeneous of quasidegree —2.

The subregular orbit of type Dy. We now take g = sog and we realize g as the
following set of matrices:

Z, Z ‘ ‘
{(Zl ZZT) | Z; € Maty(C), with Z,, Z3 skew-symmetrlc} .
374

Let h denote the Cartan subalgebra of g consisting of all diagonal matrices in g.
Clearly, h is spanned by the four matrices H; := E; ; — E44; 4+i, | <i <4. Define
fori =1, ..., 4 the linear map ¢; € h* by
ei(z agHy) = a;.
Then the root system of g is
A:={Fexe;|1=<i,j<4,i#j},
and a basis of simple roots is IT := {«], o, a3, o4}, where
ap=e|—ey, y=ey—e3, 03 =e3—e4, 04 =e3+e4.
It leads to the following Chevalley basis of g:
Xei—e; = Eij — Eatjati,
Xei+e; = Eiatrj— Ejati, i <]J,
X_e—e; = —Eatij+ Eatji, 1<,
He,-—ej = Hi - H]’
He,-—i—ej =H; + Hj.

According to [Collingwood and McGovern 1993, Chapter 5.4], the characteristic
h of the subregular orbit is given by the sequence of weights (2, 0, 2, 2). It follows
that

h=4Hy, + 6H,, +4H,, +4H,,.
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The positive adj,-weight spaces are

9(0) =h® (Xo,, X—q,),
9(2) = (Xala X()t}v Xol4’ X()l]-i-olzv X(x2+()t3v X(X2+Ol4>v

9(4) = (Xot1+oz2+a3’ Xocz+a3+a4: X(11+O[2+(¥4>v

15)

9(6) = (Xa1+(xz+a3+a4, Xa1+2a2+cx3+a4>-

As in the first example, it follows that the canonical sl,-triple associated to Oy, is

€= Xotl + XO!H-Otz - X()l2+a4 +2X(¥3
h=4H,, +6H,, +4H,, +4H,,,

- XO{4’

F=X o +3X o, -0r—3X vy +2X 0, — X _a,.

We can now define the basis vectors Z; of g(e) and X ; of an ad,-invariant com-
plementary subspace n to g(e) in the Chevalley basis:

Zl = Xa1+a2

ZZ = X(x1+a2+a3+a4 )

Z3 = X(¥1+2(¥2+013+Ol49

(16)

Zy =X,

- X()l49

- X()l2+0t4 + 2XO[3 )

Zs = X(x2+a3 =+ Xa2+a4 - on3 - on4,

Ze= Xa1+az+a3 + Xa1+ozz+a4

Xl = XO[1+O{2+O[3’

X2 = Xa2+a3+oz4,

X3 = Xq,,
X4 =X,
X5 = Xoytau
X6 = Ha,,
X7=H,,,

If we denote by Z1, ..
of the basis Z, ..

Xg = Hy,,
X9 = Hy,,
X10 = Xy,
Xi1=X_4,,
Xi2=X_q,
Xi3 =X g5,
X4, =—X_q,,

- Xa2+a3+ot4’
X15 = Xfalfo{zv
Xi6 = X—O(z—ajw

X17 - _X—Olz—(x47
X18 = _X—Otl—olz—a3a

X19 = _Xfotlfazfau s

X20 = _X—Olz—()l3—a4s
X21 = _X—()ll—()lz—()l3—<)l47
X22 - _X—a1—2a2—a3—a4-

., Zg the dual basis (with respect to (X | Y) = % Trace(XY))
., Z¢ of g(e), then a typical element of the transverse slice N =
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e+ntise+ 21'6:1 gi Z;, that is,

0 1 1 0 0 0 O O
g 0 0 O 0 0O 0 -1
gt 0 0 20 0 0 -1
0 ¢s 0 00 1 1 0
(17 0= 0 g3 g2 0 0 —q4 —q1 O]’
3 0 g 0-1 0 0 —gs
@ - 0 0-1 0 0 0
o 0 o0 0 o0 o0 -2 o0

and we can compute the matrix A restricted to N by A;; = (Q |[[Z;, Z j]), and
similarly for the matrices B and C. A direct substitution in (4) leads to the Poisson
matrix for the ATP-structure:

0  qg496 —qag6 0 296 2qi6
-q4q6 0O 0 9496 —9596 —2q36
1| gag6 O 0 —qg496 9596 2936

(18) Ay =2 ,
2 0 -qaq6 qaq6 O  2g6 —2q16
296 9596 —49596 296 0 2gs6
-2q16  2q36 2936 2q16 2956 O
where
916 =242 — 4194 — qaqs + 43
(19) 436 = 4394 — 4294 — 4295,

456 = 243 — 2q2 — g% + qaqs — q19s.

It follows from (15) and (16) that the quasidegrees of the variables ¢; are @w (q;) =
w(q4) =@ (q5) =4, w(q2) = w(q3) =8, and @w (g¢) = 6. That the ATP-structure
is quasihomogeneous of quasidegree —2 can again be easily read off from (18).

5. The subregular case

In this section we will explicitly describe the ATP-structure of the subregular orbit
O, C g, where g is a semisimple Lie algebra. Since in the subregular orbit the
generic rank of the ATP-structure on the transverse slice N is two, and since we
know dim(/V) — 2 independent Casimirs, namely the basic Ad-invariant functions
on g restricted to N, we will easily derive that the ATP-structure is the determi-
nantal structure (also called Nambu structure) determined by these Casimirs, up to
multiplication by a function. What is much less trivial to show is that this function
is only a constant. For this we will use Brieskorn’s theory of simple singularities,
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which is recalled in Section 5 below. First we recall the basic facts on Ad-invariant
functions on g and link them to the ATP-structure.

Invariant functions and Casimirs. Let O, = G - ¢, be a subregular orbit in the
semisimple Lie algebra g. Let (&, e, f) be the corresponding canonical sl,-triple,
and consider the transverse slice N := e +nt to G - ¢, where n is an adj-invariant
complement to g(e). We know from Section 3 that the ATP-structure on N, when
equipped with the linear coordinates qi, ..., gk, is a quasihomogeneous polyno-
mial Poisson structure of generic rank 2. Let S(g*)% be the algebra of Ad-invariant
polynomial functions on g. By a classical theorem due to Chevalley, S(g*)¢ is a
polynomial algebra generated by £ homogeneous polynomials (G, ..., G¢) whose
degree d; := deg(G;) = m; + 1, where my, ..., my are the exponents of g. These
functions are Casimirs of the Lie—Poisson structure on g, since Ad-invariance of
G; implies that [x, dG;(x)] = 0, and hence the Lie—Poisson bracket (2) is

{F,Gi}(x) ={x| [dF(x),dGi(x)]) = = ([x,dG;(x)] |[dF(x)) =0

for any function F on g. If we denote by yx; the restriction of G; to the transverse
slice N then, it follows that these functions are Casimirs of the ATP-structure. The
polynomials x; are not homogeneous, but they are quasihomogeneous.

Lemma 5.1. Each x; is a quasihomogeneous polynomial of quasidegree 2d; rela-
tive to the quasidegrees 2 +ny, ..., 2+ ny).

Proof. Since yx; is of degree d; and yx; is Ad-invariant, we get
PF (i) = Xiopr-1 = xi 0 (t 2 Ady-1(y) =t 2 i 0 Adyr ) =1 x4,

so that x; has quasidegree 2d;. ([

Simple singularities. Let ) be a Cartan subalgebra of g. The Weyl group W acts on
h, and the algebra S(g*)C of Ad-invariant polynomial functions on g is isomorphic
to S(h*)", the algebra of W-invariant polynomial functions on h*. The inclusion
homomorphism S(g*)G — S(g*), is dual to a morphism g — h/W, called the
adjoint quotient. Concretely, the adjoint quotient is given by

G:g — C*

(20) x = (G1(x), Ga(x), ..., G¢(x)).

The zero-fiber G~!(0) of G is exactly the nilpotent variety N of g. As we are
interested in N NN = N NG~ (0) = x~'(0) — which is an affine surface with
an isolated, simple singularity — let us recall the notion of simple singularity (see
[Slodowy 1980a] for details). Up to conjugacy, there are five types of finite sub-
groups of SL, = SL,(C), which are denoted by 6,,,%,,, 7, 0, and $. Given such a
subgroup F, one looks at the corresponding ring of invariant polynomials Clu, v]¥.
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In each of the five cases, Clu, v]¥ is generated by three fundamental polynomials
X, Y, Z, subject to only one relation R(X, Y, Z) = 0; hence the quotient space
C?/F can be identified, as an affine surface, with the singular surface in C? defined
by R =0. The origin is its only singular point; it is called a (homogeneous) simple
singularity. The exceptional divisor of the minimal resolution of C?/F is a finite set
of projective lines. If two of these lines meet, then they meet in a single point, and
transversally. Moreover, the intersection pattern of these lines forms a graph that
coincides with one of the simply laced Dynkin diagrams of type A,, D¢, E¢, E7,
or Eg. This type is called the type of the singularity. Moreover, every such Dynkin
diagram (that is, of type ADE) appears in this way; see Table 1.

For the other simple Lie algebras (of type By, Cy, F4 or G»), there exists a
similar correspondence. By definition, an (inhomogeneous) simple singularity of
type A is a couple (V,I') consisting of a homogeneous simple singularity V =
C?/F and a group I' = F’/F of automorphisms of V, according to Table 2.

The connection between the diagram of (V, I") and that of V can be described
as follows. The action of I on V lifts to an action on a minimal resolution of V
that permutes the components of the exceptional set. Then, we obtain the diagram
of (V,I') as a I'-quotient of that of V. It leads to Table 3, which is the nonsimply-
laced analog of Table 1.

We can now state an extension of a theorem of Brieskorn.

Proposition 5.2 [Slodowy 1980a, Theorems 1 and 2]. Let g be a simple complex
Lie algebra with Dynkin diagram of type A. Let O5, = G- e be the subregular orbit,
and let N = e +n" be a transverse slice to G - e. The surface N NN = x~1(0) has
a (homogeneous or inhomogeneous) simple singularity of type A.

To finish this section we illustrate the results above for the examples of Section 4.
In both cases we give the invariants restricted to the slice N and their zero locus,

Group F Singularity R(X,Y,Z)=0 Type A

@pi1 X' 4vyz=0 Ay
Bp_n X4 Xy2422=0 Dy
T X*4+Y3+22=0 Es
0 X3Y+v3+27%=0 E;
9 X +Y34+22=0 Eg

Table 1. The basic correspondence between finite subgroups F
of SL,, homogeneous simple singularities defined by an equation
R(X,Y, Z) =0, and simply laced simple Lie algebras of type A.



TRANSVERSE POISSON STRUCTURES 129

the surface x ~!(0).
First, for the subregular orbit of g, the invariant functions restricted to the
slice N are

X1 =41,

(21) 3 3 2
X2 = 12q192q3 — 495 — 4935 + 945,

which leads to an affine surface x ~'(0) in C* that is isomorphic to the surface in
C? defined by
495 +4¢3 — 997 =0.
Up to a rescaling, this is the polynomial R that was given in Table 3.
Second, for the subregular orbit of sog, the invariant functions restricted to the
slice N are found as the (nonconstant) coefficients of the characteristic polynomial

Type A 1% F F’ =F'/F
By Ay 6y Dy Z2/27
Ce Dep1 Der Do 2/27
Fa Es T 0 7/27
G, Di 9 o 7/37

Table 2. List of all possible inhomogeneous singularities of type
A = (V,T'), where V is one of the homogeneous simple singu-
larities and I' = F’/F is a group of automorphisms of V. The
labels By, Cq, F4 and G, for these types will become clear in
Proposition 5.2.

Type A  Singularity R(X, Y, Z)=0 I"-action
By X*+vY7Z=0 (X,Y,2) — (—X,Z,Y)
Cy X'+ XY24+2722=0 X,Y,2) — (X, -Y,—-2)
Fy X44+Y34722=0 (X,Y,72) — (=X, Y, —-27)
G X3+Y34+272=0 (X,Y,Z) — (aX, %Y, Z)

Table 3. For each of the inhomogeneous simple singularities of
type A (see Table 2), the corresponding homogeneous simple sin-
gularity V = C?/F is given by its equation R(X, Y, Z) = 0 to-
gether with the action of I' = F'/F on V. In the last line, « is a
nontrivial cubic root of unity.
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of the matrix Q (see (17)):
X1 =—2q1 —2qa,
X2 = —12g> — 4q3 — 4qaq5 + (q1 + q4)°,

(22)
X3 = —q2+ g3 — q4qs,

x4 = —4q192—1642q5 — 1234+ 12q2qa +4q1 43 +4q2 g5 +4q19aq5 — 4q2.

By linearly eliminating the variables g, g2 and g3 from the equations x; = 0 for
i=1,2,3, we find that X_l (0) is isomorphic to the affine surface in C3 defined by

4q2qs —2q4q2 +q2 =0.

Its defining polynomial corresponds to the polynomial R in Table 1, after putting
X =iyqs, Y =y(q5—qa), and Z = gs, where y is any cubic root of 2i.

The determinantal Poisson structure. We prove here the announced result that
the ATP-structure in the subregular case is a determinantal Poisson structure deter-
mined by the Casimirs. Let us first point out how such a structure is defined. Let
Ci,...,Cq_2 be d—2 (algebraically) independent polynomials in d > 2 variables
X1, ..., xq. For a polynomial F in the variables x1, ..., x4, let us denote by V F its
differential dF, expressed in the natural basis dx;, that is, VF is a column vector
with elements (VF); = 0 F/dx;. Then a polynomial Poisson structure is defined
on C¢ by

(23) {F, Glg :=det(VF, VG, VCi, ..., VCi_s),

where F and G are arbitrary polynomials. It is clear that each of the C; is a Casimir
of { -, - }4et» SO that in particular the generic rank of { -, - }4.; is two. Notice also that
if the Casimirs C; are quasihomogeneous with respect to the weights @; := @ (x;),
then for any quasihomogeneous elements F' and G we have

d-2 d

w(F, Gle) = (F)+@(G)+ Y o (Ci)— Y .

i=1 i=1
This follows easily from the definition of a determinant and that if F is any quasi-
homogeneous polynomial, then 0 F'/dx; is quasihomogeneous and @ (0 F/dx;) =
w (F) — ;. It follows that { -, - } 4., is quasihomogeneous of quasidegree «, where

d-2 d
(24) k=Y w(C)—) .
i=1 i=1

Applied to our case, it means that we have two polynomial Poisson structures on
the transverse slice N that have x, ..., x; as Casimirs on N = Cctt2?, namely, the
ATP-structure and the determinantal structure constructed by using these Casimirs.
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Remark 5.3. The determinantal Poisson structure first appears (without proof that
it is a Poisson structure) in [Damianou 1989], who attributes the formula to H.
Flaschka and T. Ratiu. The first explicit proof appears in [Grabowski et al. 1993].
A more conceptual proof appears in [Takhtajan 1994, Remark 1 and Theorem 4].

In our two examples (see Section 4), these structures are easily compared by
explicit computation. For the subregular orbit of g, we have, according to (23),

(Adge)ij =det (Vg; Vg; Vi Vx2) .

where x; and x, are the Casimirs (21). This leads to

0 0 0 0
0 0 —3q4 29192 — 243
Adet =—6 2
0 3q4 0 295 —2q193
0 —2q192+ 245 —293 +2q193 0
In view of (14), it follows that Agee = —6Ay, so that both Poisson structures
coincide. For sog, one finds similarly, using the Casimirs 1, ..., x4 in (22),
0  qsg6 —qags O  —2g96 2q16
—q4q96 0O 0 qaq6 —g596 —2q36
Age = —128 q4q6 0 0  —quq6 49596 2936 ’

0 —q4q6 qags O 296 —2q16
296 9596 —q596 —296 0  2qs6
—2q16 2936 —2q936 2916 —2q56 O )

where ¢16, ¢3¢ and gsg are given by (19). In view of (18), both Poisson structures
again coincide, Aget = —256A .

To show that, in the subregular case, the ATP-structure and the determinantal
structure always coincide, that is, they differ only by a constant factor, we first
show that both structures coincide up to a rational function.

Proposition 5.4. Suppose {-,-} and {-, -} are two nontrivial polynomial Pois-
son structures on C? that have d — 2 common independent polynomial Casimirs
Ci,...,Cq_o. Then there exists a rational function R € C(xy, ..., xg) such that
{.,.}:R{.,.}/.

Proof. Let M and M’ denote the Poisson matrices of {-,-} and {-,-} in the
coordinates xp, ..., xg. If we denote R := C(x1, ..., xy4), then M and M’ both
act naturally as skew-symmetric endomorphisms on the %-vector space R¢. The
subspace H of R4 spanned by VCyq, ..., VC4_» is the kernel of both maps; hence
we have two induced skew-symmetric endomorphisms ¢ and ¢’ of the quotient
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space %/ H. Since the latter is two-dimensional, ¢’ and ¢ are proportional, that
is, ¢’ = Ry with R € R. Since M and M’ have the same kernel, M' = RM. [

Applied to our two Poisson structures {-, -}y and { -, - } 4., the proposition yields
that {-,-}y = R{-, - }4er» Wwhere R = P/Q € %R. We show next that R is actually
a (nonzero) constant and thereby characterize completely the ATP-structure in the
subregular case.

Theorem 5.5. Let Oy, be the subregular nilpotent adjoint orbit of a complex
semisimple Lie algebra g, and let (h,e, f) be the canonical triple associated
to O,p. Let N = e + n+ be a slice transverse to Os,, where n is an ad,-invariant
complementary subspace to g(e). Let { -, -}y and { -, - }4; denote respectively the
ATP-structure and the determinantal structure on N. Then {-, -}y =c{-, -} for
some ¢ € C*.

Proof. By the above, {-, -}y = R{-, - }4er, Where R € R. If R has a nontrivial de-
nominator Q, then all elements of the Poisson matrix of { -, - }4., must be divisible
by Q, since both Poisson structures are polynomial. Then along the hypersurface
Q =0, the rank of (Vxj, ..., Vx) is smaller than ¢; hence x ~'(0) is singular
along the curve x~1(0) N (Q = 0). However, by Proposition 5.2, we know that
x ~'(0) has an isolated singularity, which leads to a contradiction. This shows that
Q is a constant and hence that R is a polynomial.

To show that the polynomial R is constant, it suffices to show that the quaside-
greesof {-, -}y and {-, - }4. are the same, which amounts (in view of Proposition
3.2) to showing that the quasidegree of {-, -}y, is —2. This follows from the
following formula due to Kostant [1963, Thm 7], which expresses the dimension
of the regular orbit in terms of the exponents m; of g:

L
ZZm,- = dim0,,, = dimg — .
i=1

Indeed, if we apply this formula, Lemma 5.1, and (8) to the formula (24) for the
quasidegree of { -, - }4.;, then we find

12 L+2 14 +2
k=) o)=Y wa)=2) di—) (ni+2)
i=1 i=1 i=l i=1
14 442

:2Zm,~—2n,~—4
i=1

i=1
—dimg— ¢ — (dimg— ¢ —2) —4 = —2. O
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Reduction to a 3 x3 Poisson matrix. Let Oy, be the subregular nilpotent adjoint or-
bit of a complex semisimple Lie algebra g of rank £. Let (&, e, f) be its associated
canonical sl-triple, and let N := e+ nt be a transverse slice to Oy,, where n is an
ad,-invariant complementary subspace to g(e). Let {-, -}y be the ATP-structure
defined on N. Recall that N is equipped with linear coordinates ¢, . .., g4 de-
fined in Section 2, and that {-, -}, has independent Casimirs i, ..., x¢, which
are the restrictions to N of the basic homogeneous invariant polynomial functions
on g.

Our goal now is to show that, in well-chosen coordinates, the ATP-structure
{-,-}y on N is essentially given by a 3 x 3 skew-symmetric matrix which is
closely related to the polynomial that defines the singularity. More precisely:

Theorem 5.6. After possibly relabeling the coordinates q; and the Casimirs x;, the
£+ 2 functions

xi,1<i<l—1, and qu, qey1, qes2

form a system of (global) coordinates on the affine space N. The Poisson matrix of
the ATP-structure on N in these coordinates is

0 Oxe _ 9x
0qe42 0G4
~ 00 dXe Oxe
25 A =( ), where Q=c | — 0 -1,
M=o @ 0qe42 0q¢
Ixe _% 0
0ge+1  9qq

for some nonzero constant c'. It has the polynomial x; as Casimir, which reduces
to the polynomial that defines the singularity if we set x; =0for j=1,2,...,£—1.

Proof. The non-Poisson part of this theorem is due to Brieskorn and Slodowy.
Before proving the Poisson part of the theorem, namely, that the Poisson matrix
takes the form (25), we explain for the reader’s convenience the basics of singu-
larity theory used in their proof, but see [Slodowy 1980a] for details. Let (Xg, x)
be the germ of an analytic variety Xy at the point x. A deformation of (X, x) is
a pair (P, 1) where ® : X — U is a flat morphism of varieties with ®(x) = u and
where the map 1 : Xg — & (u) is an isomorphism. Such a deformation is called
semiuniversal if any other deformation of (Xo, x) is isomorphic to a deformation
induced from (P, z) by a local change of variables in a neighborhood of x. The
semiuniversal deformation of (Xo, x) is unique up to isomorphism. It can be ex-
plicitly described in the following case. Let (Xy, 0) be a germ of a hypersurface
of C? that is singular at 0, and say X is locally given by f(z) = 0. Then the
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semiuniversal deformation of (X, 0) is the (germ at the origin of the) map

®: ChxC? —» CFxC
u,z) = (u, F(u,z)),

where k
Fu,2)=f@+ ) g@u
i=1
and where the polynomials 1, g1, g2, ..., gk represent a vector space basis of the
Milnor (or Tjurina) algebra
Clzi, - - -, 24l Clzi, - - -, 24l
(26) M(f) = =

<fﬁ ﬁ) <ﬂ %)
T9z1T T 0zg dz1 7 dzy

The last equality is valid whenever f is quasihomogeneous, which is true in this
case. The dimension dim JL(f) = k + 1 is called the Milnor number of f.

We can now formulate Brieskorn’s result. It says that the map x : N — C¢,
which is the restriction of the adjoint quotient (20) to the slice N, is a semiuniversal
deformation of the singular surface N N N. More precisely, when the Lie algebra
is of the type ADE, then the map

D ct-1x 3 — C-1xC
(X1 -+ s Xe—=1)s (Ges Gev1, ges2)) = (X1 -+ o5 Xe—1)s Xe)

is the semiuniversal deformation of the singular surface N N N; for the other
types one has to consider I'-invariant semiuniversal deformations, as was shown
by Slodowy [1980a], see Table 2. It is implicit in Brieskorn’s statement that
(X1»+++» Xe—1>9e> Ge+1, qe+2) form a system of coordinates on N, which comes
from the fact that one can solve the ¢ — 1 equations y; = y;(gq) linearly for £ — 1
of the variables ¢g;. That is, the Casimirs have the form

X1 q1 Fi1(qe, qev1, qev2)
@) 3 Y B ; ,
Xe—1 qe—1 Fo1(qe, qev15 qes2)

where A is a constant matrix with det A # 0; this will be illustrated in the examples
below.

We now get to the Poisson part of the proof. Since the coordinate functions
X1, ---» Xe—1 are Casimirs, the Poisson matrix Ay has with respect to these coor-

dinates the block form
N — 00
N — 0 Q )

where €2 is a 3 x 3 skew-symmetric matrix. We know from Theorem 5.5 that the
ATP-structure is a constant multiple of the determinantal structure. Since det A
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lies in C*, it follows from (27) that, for £ <i, j < {42,
Aiji=cdet(Vg; Vq; Vi ... Vxo) =c det(V'q; Vq; Vo),

where ¢ and ¢’ are nonzero constants and V’ denotes the restriction of V to C3,

namely,
. (8F OF F )T
V'F=— .
dq¢ 9qe+1 9942
The explicit formula (25) for €2 follows at once. U

6. Examples

The subregular orbit of g,. For this we have, according to (21), that x; = ¢;.
Then x, expressed in terms of q2, g3, g4, and x; is

x2 =943 — 45 — 443 + 1219245

The Poisson matrix (14) of the ATP-structure is already in the form (25), with
¢’ = —1/6 (and x; = q1). Since the Milnor algebra (26) is given in this case by
MO9q3 —4g5 — 493) = Clq2, g3, 941/ (43, 43. 4), one easily sees that 1 and the
coefficient g,g3 of u; indeed form a vector space basis for the I"-invariant elements
of the Milnor algebra (see Table 3); compare [Slodowy 1980a, page 136].

The subregular orbit of sog. Recall from (22) that its ATP structure has Casimirs
X1, ---> X4. As stated in the proof of Theorem 5.6, we can solve three of them
linearly for g1, g2, g3 in terms of x;, x2, x3 and the last three variables g, gs,
and g¢. We obtain

q1 = —q4 — %Xl,
g = & (xi — 16x3 — 4x2 — 32qugs) ,

6
q3 6

i
& (xf +48x3 — 4x2 +32qugs) -

Substituted in x4, this yields

X4 = 8q4q3 — 16395 — 4qg — 4x1q4q5 + (X2 — 3 X +4x3)q5 — 16x394 — 21 X3,

so that
%4 = 8q4q3 — 16q3qs — 4q¢ — 4X194q5 + X2q5 — 16x3q4,

where 37 := x2 — %)(12 +4x3 and x4 := x4 + 2x1x3 can be used instead of x, and
X4 as basic Ad-invariant polynomials restricted to N. Using (18), expressed in the
coordinates x1, X2, X3, 4, g5 and gg, we find that the matrix 2 is indeed of the
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form (25) with ¢/ = —%, since
1934 , 1 1, 13)4
) = =S > ) = 2 - 2 - A = - -
{94, 95} = g6 8 906 {94, 96} = 2q4q95 — 24, 2)(1614+ s 2=73 34
1 10x4
(g5, g6} = —q2 +4qaqs + = x1q5 + 203 = —= .
2 8 0qa

It follows easily that the Milnor algebra is given by

M(8gaq? — 16435 — 4q2) = Clqs, g5, g61/ (g6, 94(q5 — q4), 45(q5 — 4qa)),

so that 1 and the coefficients g4, g5 and g4q5 of x4 indeed form a vector space basis
for it.

The subregular orbit Oy, in sly. This example is from [Damianou 1996]. It was
also examined by Sabourin [2005], who showed that the slice, originally due to
Arnold [1971], belongs to the set Nj. It is the orbit of the nilpotent element

0100
loo 10
““lo 0 0 0

0000

The transverse slice in Arnold’s coordinates consists of matrices of the form

0O 1 0 O

0O 0 1 O
0=

q1 492 43 44

gs 0 0 —g;3

The basic Casimirs of the ATP-structure, as computed from the characteristic poly-
nomial of Q, are

XN =@+4d, x=q+agp. x5=q95 +q4qs.

If we solve the first two equations for the variables g1, ¢, in terms of x;, x» and
43, q4, g5, and substitute the result in x3, then we find that

X3 = 61§ +qaqs5 — )(16132 + X293-

Using the explicit formulas for the ATP-structure given in [Damianou 1996], ex-
pressed in the coordinates x1, x2, g3, g4 and g5, we find that the matrix €2 is indeed
of the form (25) with ¢’ = 1, since

0

X3
@Gy =qa=—"—, g3,95} =—q5=— S
q4

9gs
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o
dq3
It can be read from these formulas that the Milnor algebra is given by

{g4. 95} =443 —2x103+ X2 =

M(g5 + qaqs) = Clqs, g4, 451/ (G4 G5, 43).

so that the coefficients 1, g3 and q% of x3 indeed span its vector space.
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STILL ANOTHER APPROACH TO THE BRAID ORDERING

PATRICK DEHORNOY

We develop a new approach to the linear ordering of the braid group B,,
based on investigating its restriction to the set Div(A?) of all divisors of A¢
in the monoid BJ, that is, to positive n-braids whose normal form has length
at most d. In the general case, we compute several numerical parameters
attached with the finite orders Div(Aﬁ). In the case of 3 strands, we more-
over give a complete description of the increasing enumeration of Div(A‘3’ ).
We deduce a new and especially direct construction of the ordering on B3,
and a new proof of the result that its restriction to B;' is a well-ordering of
ordinal type w®.

This paper investigates the connection between the Garside structure of Artin’s
braid groups and their distinguished linear ordering, sometimes called the De-
hornoy ordering. This leads to a new, alternative construction of the ordering.

Artin’s braid groups B, are endowed with several interesting combinatorial
structures. One of them stems from Garside’s analysis [1969] and is now known as
a Garside structure [Dehornoy 2002; McCammond 2005]. It describes B, as the
group of fractions of a monoid B;" with a rich divisibility theory. This theory gives
a unique normal decomposition of every braid in B, into simple braids, which are
the divisors of Garside’s fundamental braid A,,, a finite family of B, that is in one-
to-one correspondence with the permutations of n objects. One obtains a natural
graduation of the monoid B;} by considering the family Div(A?) of all divisors
of Aﬁf ,
most d.

On the other hand, the braid groups are equipped with a distinguished linear
ordering which is compatible with multiplication on the left and admits a simple
combinatorial characterization [Dehornoy 1994]: a braid x is smaller than another
braid y if, among all expressions of the quotient x !y in the standard generators
o;, there exists at least one expression in which the generator o, with maximal
(or minimal) index m appears only positively, that is, o, occurs, but o, I does
not. Several deep results about that ordering have been proved, for example, that

which also are the elements of B,” whose normal forms have length at

MSC2000: primary 20F36; secondary 05A0S5, 20F60.
Keywords: braid group, orderable group, well-ordering, normal form, fundamental braid.
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its restriction to B is a well-ordering. A number of equivalent constructions are
known [Dehornoy et al. 2002].

Although both are combinatorial, the previous structures remain mostly uncon-
nected—and connecting them is among the most natural questions of braid com-
binatorics. For degree 1, that is, for simple braids, the linear ordering corresponds
to a lexicographical ordering of the associated permutations [Dehornoy 1999]. But
this connection does not extend to higher degrees, and almost nothing is known
about the restriction of the linear ordering to positive braids of a given degree. In
particular, no connection is known between the Garside normal form and the al-
ternative normal form constructed by S. Burckel [1997; 1999; 2001] which makes
comparison with respect to the linear ordering easy. For example, the Garside
normal form of A%d is (o010201)%¢, while its Burckel normal form is (0’20'120'2)d 012‘1.

This paper investigates the finite linearly ordered sets (Div(A?), <). A nice way
of thinking about this structure is to view the increasing enumeration of Div(AY) as
a distinguished path from 1 to A? in the Cayley graph of B,. Completely describing
this path would arguably solve optimally the rather vague task of connecting the
Garside and the ordered structures of braid groups. The combinatorics of such a
description seems to be extremely intricate, and it remains out of reach for the
moment, but we prove partial results in this direction.

(1) In the general case, we determine some numerical parameters associated with
(DiV(Aﬁ), <), which in some sense measure its size. For small values of n
and d, we find explicit values.

(i1) In the special case n = 3, we completely describe the increasing enumeration
of (Div(AY), <).

Specifically, the parameters we investigate are the complexity and the heights.
The complexity c(A?) is defined as the maximal number of o,_; occurring in
an expression of A? containing no an__ll. We connected the complexity with the
termination of the handle reduction algorithm in [Dehornoy 1997], but left its deter-
mination as an open question. The r-height i, (A¢) is defined to be the number of
r-jumps in the increasing enumeration of (DiV(Af’,), <) (augmented by 1), where
the term r-jump refers to some natural filtration of the linear ordering < by a
sequence of partial orderings <,. When r increases, the r-jumps are higher and
higher, so hr(Ag) counts how many big jumps exist in (DiV(Aﬁ), <). Here, we
prove that the complexity c(A;f) equals the height A,_ I(AZ) (Proposition 2.19),
and that, for each r, the r-height &,(A%) is the number of divisors of A? whose
d-th factor of the normal form is right divisible by A, (Proposition 3.11). Together
with the combinatorial results of [Dehornoy 2007], this allows for computing the
explicit values listed in Table 1, and for establishing various inductive formulas
(Propositions 3.15 and 3.17, among others).
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Besides the enumerative results, we also prove a general structural result that
connects the ordered set (Div(A?), <) with subsets of (Div(AY_)), <) (Corollary
3.6). This result suggests an inductive method for directly constructing the in-
creasing enumeration of (DiV(Az), <) starting from those of (DiV(AZ_l), <) and
(Div(Aﬁ’l_l), <). This approach is completed here for n = 3 (Proposition 4.6). In
some sense, 3 strand braids are simple objects, and the result may appear as of only
modest interest; however, the order on B; is a well-ordering of ordinal type w®
and hence not such a simple object. The interesting point is that this approach
leads to a new, alternative construction of the braid ordering, with, in particular,
a new and simple proof for the so-called Comparison Property at the heart of the
construction (it guarantees the ordering’s linearity). In this way, one obtains not just
another ordering construction among many [Dehornoy et al. 2002] but, arguably,
the optimal one. After the initial inductive definition is correctly stated, it makes
all proofs simple and also makes explicit the connection to the Garside structure.

The paper is organized as follows. After an introductory section recalling basic
properties and setting the notation, we introduce the parameters c(Aﬂ ) and A, (AZ)
in Section 2 and establish how they are connected. In Section 3, we connect in turn
hr(AZ) to the number of n-braids whose d-th factor in the normal form satisfies
certain constraints, and deduce explicit values. Finally, in Section 4, we study
(DiV(Agl), <), describe its increasing enumeration, and construct its braid ordering.

1. Background and preliminary results

Our notation is standard, and we refer to textbooks like [Birman 1974] or [Epstein
et al. 1992] for basic results about braid groups. We recall that the n strand braid
group B, is defined for n > 1 by the presentation

oo i 122
(1-1) Bn=<01,...,o,,_1; oioj=ojo;  forli—j] >

ojojo; =0j0;0; forli—j|=1

while, for n = 1, we let By be the trivial group. The next group B; is freely
generated by o;. The elements of B,, are called n strand braids, or simply n-braids.
We use B, for the group generated by an infinite sequence of o;’s subject to the
relations of (1-1), that is, the direct limit of all B,,’s with respect to the inclusion
of B, into B, 1.

By definition, every n-braid x admits (infinitely many) expressions in terms of
the generators o;, 1 <i < n. Such an expression is called an n strand braid word.
Two braid words w, w’ representing the same braid are said to be equivalent; the
braid represented by a braid word w is denoted [w].

1A. Positive braids and the element A,. We denote by B,T the monoid admitting
the presentation (1-1), and by B2, the union (direct limit) of all B,"’s. The elements
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of B;} are called positive n-braids. In BX, no element except 1 is invertible, and
we have a natural notion of divisibility:

Definition 1.1. For x, y in B\, we say that x is a left divisor of y, denoted x Xy,
or, equivalently, that y is a right multiple of x, if y = xz holds for some z in B;.
We denote by Div(y) the (finite) set of all left divisors of y in B;r .

The monoid B, is not commutative for n > 3, and therefore there are distinct,
but symmetric, notions of a right divisor and a left multiple; however, we shall
mostly use left divisors. Note that x is a (left) divisor of y in the sense of B, if
and only if it is a (left) divisor in the sense of BJ, so there is no need to specify
the index n.

According to Garside theory [1969], B, equipped with the left divisibility rela-
tion is a lattice: any two positive n-braids x, y admit a greatest common left divisor
gcd(x, ), and a least common right multiple Ilem(x, y). A special role is played
by the Iem A, of oy, ..., 0,—1, which can be defined inductively by

(1-2) A]:l, An20’10’2...0’n_1 An—l-

It is well known that A% belongs to the center of B, (and even generates it for
n > 3), and that the flip automorphism ¢,, of B, corresponding to conjugation by
A, exchanges 0; and 0,,_; for 1 <i <n—1.

In B, the left and the right divisors of A, coincide, and they make a finite
sublattice of (B;Ir , <) with n! elements. These braids will be called simple. When
braid words are represented by diagrams as mentioned in Figure 1, simple braids
are those positive braids that can be represented by a diagram in which any two
strands cross at most once.

By mapping o; to the transposition (i, i + 1), one defines a surjective homo-
morphism 7 of B, onto the symmetric group &,,. The restriction of 7 to simple
braids is a bijection: for every permutation f of {1, ..., n}, there exists exactly one

1 2 i i+1

|l ] ] X
s X

Figure 1. One associates to every n strand braid word w an n
strand braid diagram by stacking elementary diagrams as above.
Two braid words are equivalent if and only if the associated dia-
grams are the projections of ambient isotopic figures in R?, that is,
one can deform one diagram into the other without allowing the
strands to cross or moving the endpoints.
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simple braid x satisfying (x) = f. It follows that the number of simple n-braids
is nl.

Example 1.2. The set Div(A;) consists of six elements, namely 1, o1, 02, 02071,
o102, and Aj. In examples, we shall often use the shorter notation a for o1, b for
07, etc. Thus, the six simple 3-braids are 1, a, b, ba, ab, aba.

1B. The normal form. For each positive n-braid x distinct from 1, the simple
braid ged(x, A,) is the maximal simple left divisor of x, and we obtain a dis-
tinguished expression x = x1x’ with x; simple. By decomposing x’ in the same
way and iterating, we obtain the so-called normal expression [El-Rifai and Morton
1994; Epstein et al. 1992].

Definition 1.3. A sequence (x1, ..., x4) of simple n-braids is said to be normal if,
for each k, one has x; = gcd(A,, Xk ... xq).

Clearly, each positive braid admits a unique normal expression. It will be con-
venient to consider the normal expression as unbounded on the right by completing
it with as many trivial factors 1 as needed. In this way, we can speak of the d-th
factor (in the normal form) of x for each positive braid x. We say that a positive
braid has degree d if d is the largest integer such that the d-th factor of x is not 1.
We shall use the following two properties of the normal form:

Lemma 1.4 [El-Rifai and Morton 1994]. Suppose (x1, ..., xq) is sequence of sim-
ple n-braids. It is normal if and only if, for each k < d, each o; that divides xy1
on the left divides xy on the right.

Lemma 1.5 [El-Rifai and Morton 1994]. For x a positive braid in B;}, the follow-
ing are equivalent:

(i) The braid x belongs to Div(AY), that is, is a (left or right) divisor of A%;
(ii) The degree of x is at most d.

Example 1.6. There are 19 divisors of A?, which also are the 3-braids of degree at
most 2. Their enumeration in normal form—in an ordering that may seem strange
now, but should become familiar soon—is: 1, a, a-a, b, ba, ba-a, b-b, b-ba, ab,
aba, aba-a, ab-b, ab-ba, a:ab, aba-b, aba-ba, ba-ab, aba-ab, aba-aba.

By Lemma 1.5, every divisor of A¢ can be expressed as the product of at most
d divisors of A,, so we certainly have #DiV(Aﬁ) < (n)? for all n, d.

1C. The braid ordering.

Definition 1.7. Let w be a nonempty braid word. We say that o, is the main

!occurs in w, but no o*l.jEl with i > m does. We say that

w is o -positive if the main generator occurs only positively in w, and similarly it

generator in w if o,, or o,

is o -negative if that generator occurs negatively.
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A positive nonempty braid word, that is, one that contains no ai_l at all, is o-
positive, but the inclusion is strict: for instance, o 10’2 is not positive, but it is
o -positive, as its main generator, namely o, occurs positively (with one o) but
not negatively (no 02_1).

The following two properties have received a number of independent proofs
[Dehornoy et al. 2002]:

Property A. A o-positive braid word does not represent 1.

Property C. Every braid except 1 can be represented by a o -positive word or by a
o -negative word.

Building on these results, it is straightforward to order the braids:

Definition 1.8. If x, y are braids, we say that x < y holds if the braid x ~'y admits
at least one o -positive representative.

It is clear that the relation < is transitive and compatible with multiplication on
the left; Property A implies that < has no cycle and hence is a strict partial order,
and Property C then implies that it is actually a linear order.

As every nonempty positive braid word is o-positive, x < y implies x < y for
all positive braids x, y. The converse is not true: o is not a left divisor of o5, but
o1 < 07 holds because o 102 is a o-positive word.

Example 1.9. The increasing enumeration of the set Div(A,) is
1l <a<b<ba<ab<aba.

For instance, we have ba < ab, that is, 0201 < 070, because the quotient, namely
o ! 02_10102 (or ABab), also admits the expression 020, ! , a o-positive word. Sim-
ilarly, the reader can check that the increasing enumeration of DiV(A%) is the one

given in Example 1.6.
Lemma 1.10. The linear ordering < extends the left divisibility ordering <.

Proof. By definition, 1 < o; holds for every i. As the ordering < is compatible with
multiplication on the left, it follows that x < xo; holds for all i, x, and, therefore,
x < xy holds whenever y is a nontrivial positive braid. (]

Lemma 1.10 implies that 1 is always the first element of (DiV(Aﬁ ), <), and AZ
is always its last element. A deep result by Laver [1996] shows that, although <
is not compatible with right multiplication in general, nevertheless x < o;x always
holds, that is, < also extends the right divisibility ordering.

By Property C, every nontrivial braid admits at least one o -positive or o -negative
expression. In general, such a o-positive or o-negative expression is not unique,
but the main generator in such expressions is uniquely defined:
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Lemma 1.11. If a braid x admits a o -positive expression, then the main generators
in any two o -positive expressions of x coincide.

Proof. Assume that w, w' are o-positive expressions of x, and let o, o, be their
main generators. Assume for instance m < m’. Then w™!
and it represents the trivial braid 1: this contradicts Property A. ([

w’ is a o -positive word,

Thus, there will be no ambiguity in referring to the main generator of some
nontrivial braid x: this means the main generator in any o -positive (or o -negative)
expression of x.

Remark 1.12. Our definition corresponds to the order <? of [Dehornoy et al.
2002]. It differs from the one most used in the literature in that the definition of
a o-position refers to the maximal index rather than the minimal one. Switching
from one definition to the other amounts to conjugating by A, that is, to applying
the flip automorphism. The results are entirely similar for both versions. However,
it is much more convenient to consider the “max” choice here, because it guarantees
that B;! is an initial segment of B: 41~ Using the “min” convention would make
the statements in the following sections less natural.

2. Measuring the ordered sets (Div(Aﬂ )y <)

To investigate the finite ordered sets (Div(Afl ), <), and, more generally, the sets
(Div(z), <) for positive braids z, we shall define numerical parameters that reflect
their size. The first parameter involves the length of the o -positive words that are, in
a natural sense defined below, drawn in the Cayley graph of AZ. It will be called the
complexity of Aﬁ, because it is directly connected with the complexity analysis of
the handle reduction algorithm of [Dehornoy 1997]. The other parameters involve
a filtration of the linear ordering by the o;’s, and they will be called the heights of
A¢ because they count the jumps of a given height in (Div(AY), <).

2A. Sigma-positive paths in the Cayley graph. The first parameter we attach to
(Div(z), <) involves the o-positive paths in the Cayley graph of z.

We recall that the Cayley graph of the group B, with respect to the standard
generators o; is a labeled graph: it has the vertex set B, and is such that there
exists a o;-labeled edge from x to y if and only if y = xo;. The Cayley graph of
the monoid B, is obtained by restricting the vertices to B;. Note that the Cayley
graph of B, (and a fortiori of B;") can be seen as a subgraph of the Cayley graph
of Bo.

Definition 2.1. (See Figure 2.) For z a positive braid, we denote by I'(z) the
subgraph of the Cayley graph of B, obtained by restricting the vertices to Div(z)
and removing the edges do not connect two vertices in Div(z).
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Because every element of B is a left divisor of A¢ for sufficiently large d, the
Cayley graph of B;! is the union over all d of the graphs F(A,‘f).

2 2 2 2
02 (7201 (72(71 (72(71 (o))

Q=== NO—»Q
Iop) 0701 UZC/ 0001 . A301 Y Azo10n
O »C\ ----- w\‘ ©0—0,
1 oy 1 : 0 A2

< K :
O—>0 o——>Q  _Og=== >
o] 0102 o1 0102 T 3az/ A3070]
) R
,O—0 O-z--»

2 2
Jl 0102 0102 (710201

Figure 2. The graphs of I'(A;) and F(A%); the dotted edges rep-
resent oy, the plain ones o;; observe that the graph of A% is not
planar; in grey: two o -positive words traced in the graphs, namely
aAbab and bbabAbab (see Lemma 2.3).

A path in the Cayley graph can be specified by its initial vertex and the listed
labels of its successive edges, that is, by a braid word. For each i < n and each x
in B, there is in B,,’s Cayley graph exactly one o;-labeled edge leading into x and
exactly one other going out of it. Hence, in the complete Cayley graph of B,, for
each initial vertex x and each n-braid word w, there is always one path labeled w
starting from x. When we restrict to some fragment I, this need not be the case,
but we do have an unambiguous notion of w being drawn in I from x. Formally:

Definition 2.2. If T" is a subgraph of the Cayley graph of By, and x is a vertex
in I', we say that a braid word w is drawn from x in I" if, for every prefix vo;
(resp. val._l) of w, there exists a o;-labeled edge starting (resp. finishing) at x [v]
inl.

For instance, we can check on Figure 2 that the word 012 is drawn from o7 in
I'(A?), but not in I'(A;). In algebraic terms,

Lemma 2.3. Assume that 7 is a positive braid, and w is a braid word. Then w is
drawn from x in I'(z) if and only if x[v] < z holds for each prefix v of w.

Proof. The condition is sufficient. Indeed, assume it is satisfied by w, and vo; is a
prefix of w. Then, by hypothesis, x[v] and x[v]o; are left divisors of z. Hence are
vertices in I'(z), and, therefore, there is a o;-labeled edge between x[v] and x[v]o;
in I'(z). The argument is similar for a prefix of the form vai_l. Using induction
on the length of w, we deduce that w is drawn from x in I"(z).
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Conversely, if there is a w-labeled path from x in I'(z), then, for each prefix v of
w, the braid x[v] represents some vertex in I'(z). Hence it’s a left divisor of z. [J

For z a positive braid, we shall investigate the o -positive words drawn in the
graph I'(z). It is clear that, even if Div(z) is a finite set, arbitrary long words are
drawn in I"(z) whenever the latter contains at least 2 vertices, that is, z is not 1. The
example of Figure 2 shows that restricting to o -positive words does not change the
result: for instance, for each k, the word (0101_1)"020102 is a o -positive expression
of A3, and it is drawn in I'(A5). So we cannot hope for any finite upper bound on
the length of the o -positive words drawn in I'(z) in general. The situation changes
if we concentrate on the main generators, that is, we forget about the generators
with nonmaximal index.

Lemma 2.4. Assume that T is subgraph of the Cayley graph of B, and w is
a o-positive word drawn in I'(z). Then the number of occurrences of the main
generator in w is at most the number of nonterminal vertices in I.

Proof. Assume that w is drawn from x in I'. Let o, be the main generator in w.
As there is at most one o,,-labeled edge starting from each vertex of I, it suffices
to show that the number of ¢,,’s in w is bounded above by the number of o,,-edges
in I'. Hence, it suffices to show that the path y associated with w cannot cross the
same o,-edge twice. Now assume that some o,,-edge starts from the vertex y, and
that y crosses this edge twice. This means that y contains a loop from y to y. Let
v be the subword of w labeling that loop. By construction, v begins with o,, it

contains no o,, ! and no o' with i > m as it is a subword of w, and it represents

1

the braid 1 as it labels a loop in the Cayley graph of B..: this means that v is a
o -positive word representing 1, which contradicts Property A. ([

Lemma 2.4 applies in particular to every graph I'(z) in which z is a positive
braid. We can introduce our first parameter measuring the size of the ordered set
(Div(z), <):

Definition 2.5. (See Figure 2.) When z is a positive braid with main generator o,
the complexity c(z) of z is defined to be the maximal number of 0;,’s in a o -positive
word drawn in I"(z).

Example 2.6. The word 070107 is a o-positive word drawn from 1 in I'(A;),
and it contains two 03’s. Hence we have c(A;) > 2. Actually, it is not hard to
obtain the exact value ¢(A;) = 2. Indeed, if a o-positive path y contains the two
oy-edges starting from 1 and o007, it cannot come back to oy without crossing
the third o,-edge; and if y contains the o;-edge that starts from o7, it can never
come back to 1 or to op07 and therefore contains at most one op-edge. As we have
A‘zf = (0201072)¢, we deduce c(Ag) > 2d for every d. This value is certainly not
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optimal: Figure 2 contains five 0;’s, proving c(A%) > 5. The exact value here is 6,
and, more generally, we have c(Aff ) =24+ _ 2 as will be seen in Section 3.

Remark 2.7. Restricting to o-positive words drawn in I'(z) is essential: for in-
stance, for each k, we have

2-1) Az = 02k+1010201_k,

a o -positive word containing k 4 2 letters o,. Now, for k > 1, the word involved in
(2-1) is not drawn in F(Aé), because its prefix 022 is not. Thus the parameter c(z)
does involve the left divisors of z.

Directly applying Lemma 2.4 gives:

Proposition 2.8. Every positive braid has a finite complexity; more precisely, for z
of length € in BF with n > 3, we have c(z) < (n — 1)*.

Proof. The number of nonterminal vertices in I'(z), that is, the number of proper
left divisors of z, isat most 1 +(n — 1)+ (n — 1)*+---+ (n — )¢ 1. O

As the length of any positive expression of A, is n(n — 1)/2, we obtain in
particular for all n, d

(2-2) c(AD) < (n— 1= D2,

Before going further, we observe that, in defining the complexity of z, we can
restrict to decompositions of z, that is, instead of considering paths starting and
finishing at arbitrary vertices, we can restrict to paths going from 1 to z:

Lemma 2.9. Assume that 7 is a positive braid with main generator o,,. Then c(z)
is the maximal number of o,,’s in any o -positive decomposition of z drawn in T (z).

Proof. Let ¢/(z) be the number involved in the above statement. Clearly we have
c'(z) < ¢(z). Conversely, assume that w is drawn in I'(z) from x, and that the
w-labeled path starting at x finishes at y. Let u be a positive expression of x, and
v be a positive expression of y~!z. The latter exists as, by hypothesis, y is a left
divisor of z. Then uwv is a o-positive decomposition of z drawn in I'(z). Hence
we have ¢’(2) > ¢(2). O

Remark 2.10. We call Property A* the statement that all numbers C(AZ) are finite.
Above, we derived Property A* from Property A. The two properties are actually
equivalent, that is, we can also deduce Property A from Property A*. For that,
assume that some o -positive braid word w represents 1. The word w may involve
negative letters. We must find a vertex x that begins a path labeled w in some
F(AZ ). Let 0, be the main generator in w. The word w has finitely many prefixes,
say wo, ..., we. By Garside theory, each word w; is equivalent to one the form
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u; i, with u;, v; positive. Let x be the least common left multiple of the positive

braids
[uol, ..., [uc].

For each i, the braid x[w;] is positive. Moreover, there exist n and d such that

x[wol, ..., x[we]

are all divisors of AZ. Thus the word w is drawn from x in F(AZ ), and the associ-
ated path is a loop around x. It follows that w* is drawn in F(AZ) from x for each
k. By construction, w* contains at least k generators o,,. Hence c(Aﬁ) cannot be
finite.

2B. Connection with handle reduction. Handle reduction [Dehornoy 1997] is an
algorithmic solution to the word problem of braids that relies on the braid ordering.
It is the most efficient method today. The method converges, and the argument in
[Dehornoy 1997] shows the complexity upper bound to be exponential in the input
word length, an estimate seemingly very far from sharp.

Each step of handle reduction involves a specific generator o;, and, for an in-
duction, the point is to obtain an upper bound on the reduction steps involving the
main generator. The latter will naturally be called the main reduction steps. The
connection between handle reduction and the complexity as defined above relies
on the following technical result:

Lemma 2.11 [Dehornoy 1997]. Assume that 7 is a positive braid with main gener-
ator oy, and that w is drawn in I' (z). Then, for each sequence of handle reductions
from w—that is, each sequence w with wy = w such that wy is obtained by re-
ducing one handle from wy_1 for each k —there exists a witness-word u that is
o -positive, drawn in Div(z), and such that the number of o,,’s in u is the number
of main reductions in W.

It follows that the number of main reduction steps in any sequence of handle
reductions starting with a word drawn in I'(z) is bounded above by c(z). In partic-
ular, if we start with an n strand braid word w of length ¢, then it is easy to show
that w is drawn in I'(AY), and, applying the upper bound of Equation (2-2), we
deduce the upper bound on the number of possible main reductions from w, and it
is exponential in £.

A natural way to improve this coarse upper bound would be to determine c(A%)
more precisely. This will be done in Section 3 below. However, the explicit for-
mulas show that, for n > 3, the growth in d really is exponential, thus dashing any
hopes of proving a polynomial upper bound for the number of reduction steps by
this approach.
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2C. A filtration of the braid ordering. We now introduce new numerical param-
eters for the ordered sets (Div(z), <). These numbers connect with a natural fil-
tration of the ordering <, using an increasing sequence of partial orderings.

By Lemma 1.11, the index of the main generator of a nontrivial braid is well
defined. We can use this index to measure the height of the jump between two
braids x, y satisfying x < y:

Definition 2.12. For x, y in By, and r 2> 1, we say that x <, y holds or, equivalently,
that (x, y) is an r-jump, if x~'y admits a o -positive expression in which the main
generator is o, with m > r.

Lemma 2.13. For eachr > 1, the relation <, is a strict partial order that refines < ;
the relation < coincides with <, and r < q implies that <, refines <,.

Proof. That <, is transitive follows because the concatenation of a o-positive
word with main generator o, and a o-positive word with main generator o, is a
o -positive word with main generator omax(m,m’)- U

In the sequel, we consider the <,-chains included in Div(z), and their length:

Definition 2.14. For z a positive braid and r > 1, we define the r-height h,(z) of
Z to be the maximal length of a <,-chain included in Div(z).

Before giving examples, we observe the connection between 4, (z) and the in-
creasing enumeration of the set Div(z):

Lemma 2.15. Let 7 be a positive braid and r > 1. Then h,(z) — 1 is the number of
r-jumps in the increasing enumeration of (Div(z), <).

Proof. 1f the number of r-jumps in the increasing enumeration of Div(z) is N, — 1,
we can extract from Div(z) a <,-chain of length N,. Conversely, assume that
(Yo, -..YynN,) 1s a <,-chain in Div(z). Let zop < ... < zx be the increasing enu-
meration of Div(z). As <, refines <, there exists an increasing function f of
{0,..., N,} into {0, ..., N} such that y; = z¢(; holds for every i. Now the hy-
pothesis z ¢y <, z ri+1) implies that there exists at least one r-jump between z ¢(;
and z¢(;+1). Indeed, by Lemma 1.11, it is impossible that a concatenation of m-
jumps with m < r results in a r-jump. So the number of r-jumps in (zg, ..., ZN)
is at least N,. O

In other words, to determine /, (z), there is no need to consider arbitrary chains:
it is enough to consider the maximal chain obtained by enumerating Div(z) ex-
haustively.

Example 2.16. Refining the increasing enumeration of Div(A;) of Example 1.9
by indicating for each step the height of the corresponding jump, we obtain:

(2-3) 1 <ia<ysb<yba<yab <y As,
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where we recall a, b, ... stand for o1, 07, .. .. For instance, (ba, ab) is a 2-jump,
because we have in (ba)!(ab) = ABab = AabA = bA a o-positive decomposition
with main generator o,. The number of 1-jumps in (2-3), that is, the number of
symbols <, with r > 1, is 5, while the number of 2-jumps is 2, so, by Lemma 2.15,

we deduce 11(A;) = 6 and ha(A;) = 3. Similarly, we obtain for A%

1 <ya<qaa<yb<yba<ibaa <;bb <4 bba <y ab <1 aba <4 abaa <5 abb

<41 abba <5 aab <4 aaba <4 aabaa <5 baab <4 baaba <4 baabaa,
leading to /11 (A3) =19 and hp(A3) =7.
Proposition 2.17. (i) For every braid z in B, we have
hi(z) =#Div(z) 2 ha(z) = -+ = hy(2) = 1.
(ii) For all positive braids z, 7' and r > 1, we have
(2-4) he(z2') = he(2) + b, (2).

Proof. (i) A <-chain is simply a <-chain. Hence every subset of Div(z) gives
such a chain. So the maximal <i-chain in Div(z) is Div(z) itself, and % (z) is the
cardinality of Div(z).

On the other hand, no <,-chain in Bj has length more than 1, as the main
generator of a o-positive n-strand braid word cannot be o, or any generator above
it. Thus A, (z) is 1.

Then, for g <r, every <,-chain is a <,-chain, which implies 4, (z) > hg(2).

Point (i1) is obvious, as the concatenation of two <,-chains is a <, - cham. O

From (2-4) we deduce %, (z%) >d-h,(z) forall r, z. By Lemma 1.5, every divisor
of A,‘f can be decomposed as the product of at most d divisors of A,. There are n!
such divisors, so we obtain the (coarse) bounds

d-he(A,) < h (A < (n))?,
for all r, n, d. Better estimates will be given below.

Remark 2.18. Instead of restricting to subsets of By, of the form Div(z), we can
define the complexity and the r-height for every (finite) set of braids X. Most of
the general results extend, but, when X is not closed under left division, nothing
can be said about the number of o,’s involved in an r-jump. Considering such an
extension is not useful here.

2D. Connection with the complexity. We shall now connect the complexity c(z)
with the numbers /4, (z) just defined. The result is simple:
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Proposition 2.19. For z a positive braid with main generator o,,, we have
c(z) =hnu(z)—1.
In particular, forn > 2 and d > 0, we have
(A =h, (A —1.
One inequality is easy:

Lemma 2.20. For z a positive braid with main generator oy, we have c(z) <
hm(z) — 1.

Proof. The argument is reminiscent of the one used for Lemma 2.15 but requires
a little more care. Assume that w is a o-positive word drawn in I'(z) from x
containing N, occurrences of o,,. By Lemma 2.9, we can assume x = 1 without
loss of generality. Let zg < z; < ... < zy be the increasing enumeration of Div(z).
By definition, all prefixes of w represent divisors of z, so, letting ¢ be the length
of w, there exists a mapping f : {0,...,£¢} — {0, ..., N} such that, for each %,
the length k prefix of w represents z ). By construction, we have f(0) =0 and
f)=N.

The difference from Lemma 2.15 is that f need not be increasing. Now, let
Dt ---, PN, be the N, positions in w where the generator o,, occurs, completed
with pg = 0. Then, in the prefix of w of length p;, that is, in the subword of w
corresponding to positions from pg + 1 to py, there is one o0, plus letters aiil
with i < m (Figure 3). This subword is therefore o-positive. Hence we must have
Zf(po) < Zf(p1)» Whichrequires f(po) < f(p1). Moreover, the quotient Z;(]po)zf(pl)
is a braid that admits at least one o -positive expression containing o,,, and hence
Zf(po) <m Zf(p1)- Now the same is true between f(p1) and f(p»), etc. Hence the
number of m-jumps in the increasing enumeration of Div(z) is at least N,,, that is,

we have h,,(z) > N, + 1. O
------------ > .
| |.‘::::;| o -positive
| i | expression of z
R | J10)
lf(O) lf(Z) lf(l) f@ | f3 fG& | f6) ] ]
o — o) M b e M increasing

enumeration of Div(z)

Figure 3. Proof of Lemma 2.20. The main generator o, corre-
sponds to the bold arrow: the function f need not be increasing,
but the projection of a bold arrow upstairs must include at least
one bold arrow downstairs, that is, at least one m-jump.
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It remains to prove the second inequality in Proposition 2.19, that is, to prove
that, if z is a positive n-braid satisfying %,,(z) = N + 1, then z admits a o -positive
expression containing N generators o,,. The problem is as follows: if z is a positive
braid and x, y are left divisors of z satisfying x < y, then, by definition, the quotient
x~ !y admits some o -positive expression w, but nothing a priori guarantees that w
be drawn in I'(z). In other words, we might have x < y but no o -positive witness
for this inequality inside Div(z). It turns out this cannot happen, but the proof
requires a rather delicate argument.

Proposition 2.21. Let 7z be a positive braid. Then, for all x,y in Div(z), the
following are equivalent:

(1) The relation x < y holds, that is, there exists a o -positive path from x to y in
the Cayley graph of B

(ii) There exists a o -positive path from x to y in the Cayley graph of B;
(iii) There exists a o -positive path from x to y in I'(2).

Proof. Clearly (iii) implies (ii), which in turn implies (i). We shall prove that (i) im-
plies (iii) — and thus reprove that (i) implies (ii), which was first proved in [Larue
1994] — by using the handle reduction method of [Dehornoy 1997; Dehornoy et al.
2002]. The problem is to prove that, among all o -positive paths connecting x to y
in the Cayley graph of B, at least one is drawn in I"'(2).

Now, let u, v be positive words representing x and y. Then the word u~lv
represents x ~'y, and, by hypothesis, it is drawn in I'(z) from x. Handle reduction
transforms a braid word into equivalent words and eventually produces a o -positive
word if it exists. It is proved in [Dehornoy 1997] that, for every n strand braid word
w, there exists a finite fragment I',, of the Cayley graph of B and a vertex x,,
of I'y, such that w and all words obtained from w by handle reduction are drawn
from x,, in I"y,. Moreover, when w has the form «~'v with u, v positive, then all
vertices in Iy, are the left divisors of the least common right multiple of the braids
represented by u and v, here x and y, while x,, is the braid represented by u, that
is, x. As x and y are divisors of z, so is their least common right multiple, and the
graph I, is included in I"(z). It follows that every word obtained from u~'v using
handle reduction is drawn from x in I'(z). The termination of handle reduction
guarantees that, among these words, at least one is o -positive, so (iii) follows. [

A direct application of Proposition 2.21 is the existence of o-positive quotient
sequences drawn in the Cayley graph. The definition is as follows:

Definition 2.22. Assume that z is a positive braid and X is a subset of Div(z).
Let xo < ... < xy be the increasing enumeration of X. We say that a sequence of
words w = (wy, ..., wy) is a quotient sequence for X if, for each k, the word wy
is an expression of xk__llxk for each k. We say that w is o -positive if every entry in
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w is o-positive, and that w is drawn in T'(z) (from x¢) if wy is drawn from x;_;
in I'(z) for each k.

Corollary 2.23. Assume that 7 is a positive braid. Then every subset of Div(z)
admits a o -positive quotient sequence drawn in I' (z).

Example 2.24. (Figure 4) By computing the successive quotients in the increasing
enumeration of Div(A%) given in Example 1.9, we easily find that

(a, a, AAb, a, a, AADb, a, AADb, a, a, bAA, a, bAA, a, a, bAA, a, a)

is a o-positive quotient sequence for DiV(A%) drawn in F(A%). This sequence
turns out to be the unique sequence with the above properties, but this uniqueness
is specific to the case of 3-braids (see Figure 8 below).

We can now easily complete the proof of Proposition 2.19:

Proof of Proposition 2.19. Let (zp,...,2zy) be the <-increasing enumeration
of Div(z). By Corollary 2.23, there exists a o-positive quotient sequence w for
Div(z) thatisdrawnin I'(z). Let w =w; ... wy. By construction, w is a o -positive
word drawn in I'(z), and the number of occurrences of the main generator o, in w
is (at least) the number of m-jumps in (zo, ..., Zy). So we have c(z) = h,,(z) — 1.
Invoking Lemma 2.20 completes the proof. ([

Remark 2.25. Assume that w is a o-positive quotient sequence for Div(z), and
o, is the main generator occurring in w. Then each word w; contains zero or one
letter o,,,. Indeed, if w; contained two o,,’s or more, then the vertex reached after
the first o, ought to lie in the open <-interval determined by two successive entries
of Z, and the latter is empty by construction since all elements of Div(z) occur in Z.

O====3Q . O—>Q
) .
Y
----- >Q O——Q
X .
1 R
¢ 3

Figure 4. The increasing enumeration of the divisors of A2,
and a o-positive quotient sequence drawn in F(A%): the associ-
ated path visits every vertex, and is labeled aaAAbaaAAbabAAa
aAAbabAAaabAAaa; it crosses 6 ox-edges (and no o, l).
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3. A decomposition result for (Div(z), <)

In this section, we establish a structural result describing (DiV(A,‘f), <) as the
concatenation of C(Aﬁ) + 1 intervals isomorphic to subsets of (DiV(Az_l), <).
We deduce an explicit formula connecting %,(A9) with the number of braids in
Div(A%) whose d-th factor is right divisible by A,, which in turn enables us to
finish computing c(Ag) and h,(Aﬁf ) for small values of r, n and d.

3A. B,-classes. To analyze the linearly ordered sets (DiV(Aff), <), and, more
generally, (Div(z), <) for z a positive braid, we introduce convenient partitions.
As B, is a group for each r, it is clear that the relation x~'y € B, defines an
equivalence relation on (positive) braids, so we may put:

Definition 3.1. For r > 1 and x, y in BY, we say that x and y are B,-equivalent if
x~'y belongs to B,.

By construction, B,-equivalence is compatible with multiplication on the left.
In the sequel, we consider the restriction of B,-equivalence to finite subsets of B,
of the form Div(z), that is, we use B,-equivalence to partition Div(z) into subsets,
naturally called B,-classes.

Example 3.2. As B is trivial, Bj-equivalence is equality, and so, therefore, the
Bj-classes are singletons. On the other hand, any two elements of B, are B,-
equivalent for each r > n, so, for z in B,‘f , there is only one B,-class for r > n, and
the only interesting relations arise for 1 < r < n. For instance, Div(A;) contains
three B,-classes, while DiV(A%) contains seven of them (Figure 5).

Saying that there is an 7-jump between two braids x and y means that x 'y is
o -positive and does not belong to B,, so, for x < y, we have the equivalence

(3-1) (x, y are not Br—equivalent) — (there 1S @ rjump between)

between x and y

O---->Q_ ,0—>Q

Figure 5. The B,-classes in Div(A;) and DiV(A%).
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Lemma 3.3. Assume that z is a positive braid. Then, each B,-class in Div(z) is an
interval for < and there is an r-jump between each B-class and the next one.

Proof. Assume x <y € Div(z). By (3-1), if x and y are not B,-equivalent, there is
an r-jump between x and y and hence also between x and any element of Div(z)
above y. Thus no such element may be B,-equivalent to x. This implies that each
B, -class is an <-interval. O

Corollary 3.4. For each r > 1, the number of B,-classes in Div(z) is h,(2).

Proof. By (3-1), there is no r-jump between two elements of the same B,-class,
and there is one between two elements not in the same B,-class. Thus the number
of B,-classes is the number of r-jumps in the <-increasing enumeration of Div(z)
augmented by 1. Hence, by Lemma 2.15, it is A, (z). (]

With B,-equivalence, we can partition (Div(z), <) into finitely many subinter-
vals. The interest of this partition is that we can describe B,-classes rather precisely
and, typically, connect them with subsets of B,. In particular, this will allow for
connecting the ordered sets (Div(Aff), <) with the sets (Div(Ag_l), <).

Proposition 3.5 (Figure 6). Assume z € B;g andr > 1. Let C be a B,-class in
Div(z), and let a, b be its <-extremal elements. Then a divides every element of
C on the left, and the left translation by a establishes an isomorphism between
(Div(a~'b), %, <) and (C, <, <). In particular, (C, <) is a lattice.

Proof. By Lemma 3.3, C is the <-interval determined by a and b, that is, we have
C ={x eDiv(z);a < x < b}.

We know that Div(z) is a lattice with respect to left divisibility: any two elements
x, y of Div(z) admit a greatest common left divisor, here denoted gcd(x, y), and a
least common right multiple, denoted Icm(x, y). Firstly, we claim that C is a lattice
with respect to left divisibility, that is, the left gcd and the right lem of two elements
of C lie in C. So assume x, y € C. Let xg, yg be defined by x = gcd(x, y)xo and
y = ged(x, y)yo. The hypothesis that x !y belongs to B, implies that there exist
x1,y1 in B satisfying x 1y = xflyl. By definition of the gcd, there must exist
a positive braid z; satisfying x; = z1x9 and y; = z;y9. Because z; is positive,
X1 € B;r implies xg € B;r , and hence gcd(x, y) € C. As for the Icm, the conjunction
of x = ged(x, y)xp and y = ged(x, y)yo implies

lem(x, y) = ged(x, y) lem(xg, yo).

As xo, yo € B;f implies lem(xo, yo) € B, we deduce Iem(x, y) € C.

As C is finite, it follows that C admits a global gcd. Because the linear or-
dering < extends the partial divisibility ordering <, this global gcd must be the
<-minimum a of C. Symmetrically, C admits a global lcm, which must be the
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Figure 6. Decomposition of (Div(z), <) into B,-classes: each
class C is a lattice with respect to divisibility; the increasing enu-
meration of Div(z) exhausts the first class, then jumps to the next
one by an r-jump, etc. The number of classes is 4, (z).

<-maximum b. So, at this point, we know that a is a left divisor of every element
in C, and b is a right multiple of each such element, that is, we have

(3-2) CC{xeBl;a<x<b}

Moreover, a < x < b implies a < x < b. Hence x € C, and so the inclusion in (3-2)
is an equality.

Now, put F(x) = ax for x in Div(a~'b). As BZY is left cancellative, F is
injective. Moreover, for x a positive braid, x < a”'bis equivalent to ax < b, so
the image of F is {x € Bf,; a < x < b} = C. Finally, by construction, F preserves
both < and <. O

For r =1, each B,-class is a singleton, and Proposition 3.5 says nothing; sim-
ilarly, if the main generator of z is o,,, there is only one B,-class for r > m, and
we gain no information. But, for 1 < r < m, and specially for r = m, Proposition
3.5 states that the chain Div(z) is obtained by concatenating 4, (z) copies of sets
of the form Div(z") with z’ of index at most r. In particular, for z = AZ, we have:

Corollary 3.6. For each n and r such that r < n, the chain (DiV(AZ), <) is ob-
tained by concatenating hr(Aﬁ) intervals, each of which, when equipped with <,
is a translated copy of some initial sublattice of (DiV(Af ), ).

The case of A% and A, are illustrated in Figure 7 and Figure 8.
3B. Extremal elements. The next step is to observe that extremal points in B,-
classes admit a simple characterization in terms of divisibility.
Proposition 3.7. Assume that 7 is a positive braid.

(1) Anelement x of Div(z) is the maximum of its B,-class if and only if the relation
xo; X zfailsfor1 <i <r.
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(ii) An element x of Div(z) is the minimum of its B,-class if and only if no o; with
1 <i < rdivides x on the right.

Proof. (i) The condition is necessary: if xo; lies in Div(z) for some i withi < r,
then xo; lies in the same B,-class as x, and it is larger both for < and <, so x
cannot be maximal in its B,-class. Conversely, assume that x is not maximal in
its B,-class. Then there exists y satisfying x < y and y is B,-equivalent to x.
Now, by Proposition 3.5, the Icm of x and y is also B,.-equivalent to x, which
means that there exists y; in B;' satisfying Icm(x, y) = xy;. Now x < y implies

&

b
. "
o
S .

Figure 7. Decomposition of (Div(A%), <) into Bp-classes. The
increasing enumeration of (DiV(A%), <) is the concatenation of
the increasing enumeration of the successive classes, separated by
2-jumps (compare with Figure 4); in this case, B;-classes are sim-
ply chains with respect to divisibility.

Figure 8. Decomposition of (Div(A,), <) into Bz-classes. The
o3-arrows (thick) corresponding to 3-jumps are not unique; in this
case, all B3-classes are isomorphic to the lattice (Div(4;), <, <),
that is, to the Cayley graph of As.
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y1 # 1, so there must exist i < m such that o; is a left divisor of y;. Then we have
xo; <X xy1; < z. Hence xo; <X z.

(i1) The argument is symmetric. If x = yo; for some positive braid y and i < r, then
y belongs to the B,-class of x, and x cannot be minimal in its B,-class. Conversely,
assume that x is not minimal in its B,-class. Then there exists y satisfying y < x
and y is B,-equivalent to x. By Proposition 3.5 again, the gcd of x and y is also B,-
equivalent to x, which means that there exists yo in B;" satisfying ged(x, y)yo = x.
As y < x implies yg # 1, there must exist i < m such that o; is a right divisor of
yo and hence of x. ([l

When we apply the previous criterion to the braids A4, we obtain:
Proposition 3.8. For x in Div(A?) and 1 < r < n, the following are equivalent.

(1) The element x is <-maximal in its B,-class.

(ii) The element xo; belongs to DiV(AZ ) fornoi <r.
(iii) The d-th factor of x is right divisible by A,.
(iv) The (d + 1)-st factor of x A, is A,.

Proof. The equivalence of (i) and (ii) is given by Proposition 3.7(i). It remains
to establish the equivalence of (ii)—(iv). For r = 1, (ii) is vacuously true, while
(iii) and (iv) always hold. So the expected equivalences are true. We henceforth
assume r > 2.

Let x belong to Div(Aff), and let x; be the d-th factor in the normal form of
x. For i < n, saying that xo; does not belong to DiV(AZ) means that the normal
form of xo; has length d 4+ 1. Hence, equivalently, that the normal form of x,0;
has length 2. This occurs if and only if o; is a right divisor of x;. So, for r < n,
(ii) is equivalent to x4 being right divisible by all 0;’s with 1 <i < r and hence to
x4 being right divisible by the (left) lcm of these elements, which is A,.

Finally, (iii) and (iv) are equivalent. Indeed, if the d-th factor x4 in the normal
form of x is divisible by A, on the right, then (x4, A,) is a normal sequence as
no o; with i < r from A, may pass to x4. Hence (x1, ..., x4, A;) is a normal
sequence and necessarily the normal form of xA,. Conversely, assume that the
normal form of xA, is (x1, ..., x4, A;). The hypothesis that (x;, A,) is normal
implies that x; is divisible on the right by each o; with i < r. Hence is divisible
on the right by A,. Now (xq, ..., xg4) is the normal form of x. O

Observe that, for r > 2, an element of Div(Ag) that is <-maximal in its B,-class
cannot belong to Div(AY~!), that is, it cannot have degree d — 1 or less because
the d-th factor of its normal form cannot be 1.
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Similar conditions characterize the minimal elements of the B,-classes. Because
the normal form has a privileged orientation, the results are not entirely symmetric
with those of Proposition 3.8

Proposition 3.9. For x in Div(A?) and 1 < r < n, the following are equivalent.

(1) The element x is <-minimal in its B,-class.
(i) No o; withi < r is a right divisor of x.
(iii) The degrees of x and x A, are equal.

Proof. The equivalence of (i) and (ii) is given by Proposition 3.7(ii), and everything
is obvious for r = 1. So it remains to establish the equivalence of (ii) and (iii) when
r > 2. Now, assume that (ii) holds and x has degree d. The hypothesis that o; is
not a right divisor of x implies that xo; is a divisor of A4. As this holds for each
i <r,thelem of xoy, ..., x0,_1, namely xA,, also divides AZ, which means that
x A, has degree (at most) d. So (ii) implies (iii).

Conversely, assume that o; divides x on the right. Then the degree of xo; is
strictly larger than that of x, and, a fortiori, the same is true for x A,. ([

3C. Determination of h,(AZ). A direct application of the previous results is a
formula connecting the number #, (Aff ) of B,-classes in DiV(AZ ) with the number
of braids whose normal form ends with some specific factor.

Definition 3.10. For n, d > 1 and for s a simple n-braid, we denote by b, 4(s) the
number of positive braids of degree at most d, that is, of divisors of A,‘f , whose
d-th factor is s.

Proposition 3.11. For 1 <r < n, we have

(3-3) he(A) = > bn.a(s) =bn.ar1(Ar).
s right divisible by A,

In words, the number of r-jumps in (Div(AZ ), <) is the number of n-braids of
degree at most d whose d-th factor is right divisible by A,.

Proof. By Corollary 3.4, hr(AZ ) is the number of B,-classes in DiV(Aﬁ). Each
class contains exactly one maximum element, and, by Proposition 3.8, its d-th
factor is right divisible by A,. The first equality in (3-3) follows. The second one
follows from the equivalence of (iii) and (iv) in Proposition 3.8. O

For r =1, as every simple braid is divisible by 1 on the right, Equation (3-3)
reduces to

hi(AD) =Y bua(s) =byari(D),
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a special case of the relation h,(z) = #Div(z) of Proposition 2.17. For r = n, be-
cause the only normal sequence of length d that finishes with A, is (A,, ..., A,),
Equation (3-3) reduces to

ha(A) =1,
already noted in Proposition 2.17. Finally, for » = n — 1, we obtain using Propo-
sition 2.19:

Corollary 3.12. For n > 2, we have

n
(AN =hy 1 (AD) = 1= bya(0i0it1 .. 0n18p-1) =bpar1(By—1) — 1.
i=2
Proof. The simple n-braids that are right divisible by A,_; are the braids of the
form 0;0i41...0,—1 with 1 < i < n. Indeed, it is clear that every such braid is
simple and right divisible by A,,_;. Conversely, the only possibility for zA,_; to be
simple is that z moves the n-th strand to some position between 1 and n without in-
troducing any crossing between the remaining strands. Finally, o105 ...0,-1A,—;
is A,, and, remembering that b, 4(A,) is 1, we obtain the first equality. O

3D. Computation of b, 4(s). By Lemma 1.4, normal sequences are characterized
by a local condition involving only pairs of consecutive elements. It follows that
the set of all normal sequences is a rational set, that is, it can be recognized by
a finite state automaton. Standard arguments then show that the numbers b, 4(s)
obey a linear recurrence. Building on this observation, seemingly first used for
braids in [Charney 1995], we can obtain explicit formulas for the parameters c(Aﬁ)
and hr(Ag) for small values of r, n, or d. We shall not go into details here but
refer to [Dehornoy 2007] where we established the formulas and, more generally,
investigated the rich combinatorics underlying the normal form of braids.

In the sequel, we write (M), , for the (x, y)-entry of a matrix M. The general
principle for computing the numbers b, 4(s) for some fixed n is as follows:

Lemma 3.13. Forn > 1, let M,, be the square matrix with entries indexed by simple
n-braids defined by

1 if (s, t) is normal,
(Mp)s,e = :
0 otherwise.

Then, for every simple t and d > 1, we have b, 4(t) = ((1,1,...,1) M,‘f_]),.
The proof is an easy induction on d.

Example 3.14. The matrix M, is (1), corresponding to by 4(1) = 1. For n = 2,
using the enumeration (1, o7) of simple 2-braids, we find M, = ((1,0), (1, 1)),
leading to by 4(1) = d and b, 4(01) = 1, giving d + 1 braids of degree at most
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d. The first d are the braids of with e < d in which the d-th factor is 1; the
last is crld, whose d-th factor is A,, that is, 0. For n = 3, using the enumeration
(1, o1, 02, 0201, 01072, A3) of simple 3-braids, we obtain

00000
10010

e e
—_ = O =
—_ = O =

_ 0 = O
-0 O O

from which we can deduce b3 3(1) = 19 or b3 4(01) = 15 using Lemma 3.13.
Using Proposition 3.11, we deduce:
Proposition 3.15. With M, as in Lemma 3.13, we have forn >r > 1 andd > 1
(A =((1,1,..., 1) M4,
B (AD) = ((1, 1,..., 1) M9)4, .

-1,

Corollary 3.16. (i) For fixed n, r, the generating functions for the sequences
C(Aﬁ) and h,(Az) are rational.

(ii) For fixed n, r, the numbers c(AZ) and hr(Aﬁ ) admit expressions of the form
(3-4) Pid)p{ + -+ P(d)pf.

where p1, ..., pr are the nonzero eigenvalues of M, and P, ..., Py are poly-
nomials with deg(P;) of at most the multiplicity of p; in M.

Because the matrix M, is an n! x n! matrix, completing the computation is not
so easy, even for small values of n. Actually, it is shown in [Dehornoy 2007]
how to replace M, with a smaller matrix M, of size pmn) x p(n), where p(n)
is the number of partitions of n. The property is connected with classical results
of Solomon [1976] about the descents of permutations. With such methods, one
easily obtains the values listed in Table 1.

Using the reduced matrices

1 0000

100 114100
Ms= and Ms=|53210],

111 6 4220

1 1111

we obtain the following explicit form for (3-4) involving the nonzero eigenvalues
(1,1,2) of M3 and (1, 1, 3 4+ +/6) of My:
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Proposition 3.17. Let p =3+ J6. Then, for d > 1, we have
hi(A9) =8-27 —3d -1,
ha(A) =c(AD) +1=2-27 -1,

3 128
h(Aaf =Y 532+ 13v6)pd — 5 24 4 6d +17,
+

1 16
h(ah=>" 532+ 13v/6) 0. — < 24 41,
+

1 8
(A =c(AH +1=) —@+£vV6)pd +-- 27 —1.
3(AD) =c(A]) + ;20< 0L+
These formulas show each parameter grows exponentially in d, with estimate
0(2%) for n = 3, and O((3 + v/6)?) for n = 4. For practical purposes, it may be
more convenient to resort to recursive formulas, for instance,

(3-5) hi(AD) =2k (A +3d +1,
(3-6) hi(AD) = 6h1(AF") = 3hi (A +32-29 — 12d — 34,

together with initial values 21 (A9) = h1(AY) = 1, =1 (A}) =24 (or hy(A;") =0).

3E. Small values of d. Another approach is to keep d fixed and let n vary. Once
again, we only mention a few results, and refer the reader to [Dehornoy 2007] for
the proofs and additional comments. For d = 1, it is easy to determine all values:

Proposition 3.18 [Dehornoy 2007]. Forn > r > 1, we have

n!
he(A,) = -
r!

For d = 2, it is easier to complete the computation for /,_,(A2).

Proposition 3.19 [Dehornoy 2007]. Forn > r > 1, we have
hnr (A =7+ 1"+ Py ",
i=1
for some polynomial P; of degree at most r — i + 1. The values forr = 1,2 are

hno1(A)) =2" —1,
Bp (A2 =2.3"—(n+6)- 2" 1.
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For h, (Aﬁ) itself, no general formula is known. We mention the case of /1 (Aﬁ),
which follows from results of Carlitz et al. [1976]:

Proposition 3.20 [Dehornoy 2007]. The numbers hl(A,%) are determined by the
induction

n—1 2
mMAH =1, h(ah) =3 (=1 (’Z) hi(aD).

i=0

Their double exponential generating function is, with Jo(x) is the Bessel function,

h1<Aﬁ>—=( (—1>"—> =

12 12

o n! —~ n! Jo(y/2)

Finally, for d =3, the computation can be completed at least in the case n—r =1:

Proposition 3.21 [Dehornoy 2007]. For n > 1, we have, with e = exp(1),

n—1

!

3 n.
hn_l(An)zzi—'an!eJ—l.

i=0 "’

d 0 1 2 3 4 5 6
hadh 12 3 4 5 6 7
hiad) 16 19 48 109 234 487
hy(Ad) 13 7 15 31 63 127
hy (A%) 1 24 211 1,380 8,077 45252 249,223
hp(Ay) 112 83 492 2,765 15,240 83,399
hy(Ad) 1 4 15 64 309 1,600 8,547
hi(ad) 1120 3651 79,140 1,548,701 29,375,460 551,997,751
hy(Ad) 1 60 1,501 30,540 585,811 11,044,080 207,154,921
h3(ad) 120 311 5,260 94,881 1,755,360 32,741,851
hy(Ad) 15 31 325 4,931 86,565 1,590,231
hi(Ad) 1 720 90921 7,952,040 634,472,921 49477263360 3,836,712,177,121
ha(Ad) 1 360 38,559 3,228,300 254,718,389 19,808,530.620 1,535.016,069.499
h3(AY) 1 120 8727 649260 49654757  3,831,626,580  296,361,570,667
hy(Ad) 130 1075 61,620  4387,195 332578230 25612893355
hs(ad) 16 63 1,956 116,423 8,448,606 643,888,543

Table 1. First values of h,(AZ) for 1 < r < n—the value is 1
for r > n. For instance, the number hl(Ag) of 3-strand braids
of degree at most 2 is 19 (see Example 2.16), while the maximal
number c(Aﬁ) of 03’s in a o-positive word drawn in F(Ai)—
which is h3(Aj) — 1, according to Proposition 2.19 —is 308.
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Using Proposition 2.19, we deduce the following explicit values for c(Ad ), that
is, for the maximal number of occurrences of o,,_; in a o-positive word drawn in
the Cayley graph of Ag:

n—1
n!
c(A)=n—1,  c(A2)=2"-2, c(Ai):ZE— 1=|nle| —

i=0

The formulas listed above show that a number of different induction schemes ap-
pear, suggesting that the combinatorics of normal sequences of braids is very rich.

4. A complete description of (DiV(A‘3’ )y <)

Our ultimate goal is a complete description of each chain (DiV(AZ), <). Typically,
this means that we are able to explicitly specify the increasing enumeration of its
elements. The goal remains generally out of reach, but we can show how the
process can be completed when n = 3. The counting formulas of Section 3 play
a key role in the construction, and, in particular, the Pascal’s triangle of Figure 9
connects directly with the 2¢ factor in the inductive formulas of Proposition 3.17.
As an application, we deduce a new proof of Property C and of the well-ordering
property and hence a complete reconstruction of the braid ordering when n = 3.
The general principle is to make the decomposition of Corollary 3.6 explicit.
The latter shows that, for all n and d, the chain (DiV(Aif ), <) can be decomposed
into c(Aﬁ) subintervals each of which copies some fragment of (DiV(Afil), <).
Moreover, the approach of Section 3 suggests an induction on d as well. We are
led to seek a recursion for (DiV(AZ), <) in (DiV(Az_l), <) and (DiV(Aff_l), <);
here this means expressing (Div(Ag), <) in (DiV(Ag), <) and (DiV(Ag_l), <).

4A. The braids 0, ,. The subsequent construction will appeal to a double series
6y, p of braids, and we begin with a few preliminary properties.

Definition 4.1. For n > 2, let 0,, | and o ;, denote the braid words 0,,_10,,—3 ... 0]
and 0107 ...0,—1. For p > 0, we define 5,1 p as (the braid represented by) the
length p prefix of the right-infinite word (0,,101,,)®, and let 6, , be (the braid
represented by) the length p suffix of the left-infinite word *° (o, 1071 ).

For instance, we find 630 =1, 631 =b, 032 =ab, ..., 034 =baab, ..., 037 =
aabbaab, etc. Similarly, we have 646 = cbaabc and more generally, Gn p—n =
Qn 2n—2 = 0p,101 . Note that, as words, 6, , is the reverse of Hn p-

Lemma 4.2. Forn > 2 and p, q > 0 satisfying p+q = d(n — 1), we have

(4-1) On.p N

n—1

o Ad
Oy = AL
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Proof. We first prove using induction on d the relation
4-2) On,d(n—1) An 1= An’

that is, (4-1) with ¢ = 0. For d = 0, (4-2) reduces to 1 = 1. Assume d > 1
By deﬁnition, Qn,d(n_” is On,1 9,1’(‘1_1)(”_1) for d odd and is Ol,n Qn,(d—l)(n—l) for d
even. In either case, we can write
Ondin—1) = O (01.1) On,(d—1)(n—1)»

where we recall ¢, denotes the flip automorphism of B, that exchanges o; and
0,—i. Using the induction hypothesis and (1-2), we find

Ondn—1) ALy = ¢ (01,0) On =1y n—1) Af’,:} Ap—i

=g o) AT Ap i = AT o Ap = AT A, = AL

We return to the general case of (4-1). For d even, we have 6, 4,—1) = 9,, Adn—1)

and hence 9,, g n hp = = Op.dn—-1)- If d is odd, we have 6, 4;,—1) = qbn(Q,,,d(n )

which implies ¢, (Gn,q) On,p = On,a(n—1)- SO ¢,§’(5n,q) O, p = On,a(n—1) holds in both
cases. Now, using (4-2), we find

¢n(§n,q) en,p Ai_] gn,q = en,d(n—l) Az_l gn,q = Az gn,q = ¢n(§rz,q) AZa

from which we deduce (4-1) by cancelling ¢, (@,,q) on the left. O
Lemma 4.3. For 1 <i <n—2 we have
(4-3) On.d(n—1) i = Oite ndmn-1)

withe =0 ifd is even and e = 1 if d is odd.

Proof. For 1 <i < n—2, we have 01, 0; = 0j+101, and 0,1 0j4+1 = 0; Oy 1,

as an easy 1nduct10n shows. This implies o0, 1 01, 0; = 0; 04,1 01,, and therefore
d d :

(On101,n)" 01 =0; (Op,101.0)%, that is, en’zd(n_l) 0} =0 Qn,zd(n_l) for every d. On

the other hand, we have 6, 24+1)(1—1) = 01,1 On,24(n—1) and hence

On,2d+1)(n—1) Oi = 01,0 0; O 2d(n—1) = 0i1 01,0 O 2d(n—1) = Oi+1 Op, 2d+1)(n—1)»

as was expected. ([

4B. A Pascal triangle. We shall now construct for every d a sequence of positive
braids Sg that will be the increasing enumeration of (DiV(Ag ), <). The construc-
tion relies on an induction similar to Pascal’s triangle. To make it easily under-
standable, we start with the (trivial) cases n = 1 and n = 2.

Because B; is the trivial group, for every d, 1 is the only element of degree at
most d, and we can state:
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Proposition 4.4. Define Si] ford >0 by
sS4 = (1).
Then Sf is the increasing enumeration of DiV(A‘ll).

The group Bj is the rank 1 free group generated by o;. The braid A; is just o7,
and the braids of degree at most d, that is, the divisors of A4, consist of the d + 1
braids 1, o1, ..., o]d. On the other hand, we have o1, =021 =01, and 61 ; = oli
for every i.

Notation 4.5. If S;, S, are sequences (of braids), we denote by S;+ 55 the (ordered)
concatenation of Sy and S,. If S is a sequence of braids and x is a braid, we denote
by xS the translated sequence obtained by multiplying each entry in S by x on the
left.

In these terms, the sequence (1, o, ..., 01‘1 ) can be expressed as a sum of se-
quences 63 o(1) +62,1(1) +--- 462 4(1). Hence:

Proposition 4.6. Define S¢ for d > 0 by
(4-4) S5 =6208] +0218] +- -+ 6245
Then Sg is the increasing enumeration of Div(Ag).

We repeat the process for n = 3, introducing a sequence Sg’ by a definition
similar to (4-4) that involves Sd and Sd_l. The result we shall prove is:

Proposition 4.7. Let S¢ be defined for d > 0 by

4-5) S¢ =65085 + S3’ + 6318 446320159 + Sgi’Zd + 632459,

where Sgl’l, cee Sg’Zd are defined by Sg’l = Sg’Zd =Qand, for2 < p<2d-—1,
oy (4P 1+93,, 1SN STy for p=0 (mod 4),
0201 (S5 P 403, 1SS ST forp=1 (mod 4),

d,p
S =
: (ST L0y, 1S E ST forp=2 (mod 4),

0102(85 P2 463, 1S4 4 88T forp =3 (mod 4).

Then S3d is the increasing enumeration of Div(Agl).

The general scheme is illustrated in Figure 9. The sequence Sgl is constructed
by starting with 2d 4 1 copies of S;l translated by 65, ..., 6324 and inserting
(translated copies of) fragments of the previous sequence Sd_l.

Example 4.8. The difference between the deﬁnltlon of Sd in (4-5) and that of Sd in
(4-4) is the insertion of the additional factors S P between the consecutive terms
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63,089

03081 (S3") 6318} (83%) 6525)
N — e’
oy, 0103

03082 (S3) 63183 S77 63283 537 05357 (57%) 03452
—_— N— —_—

(27%/ \O’]O'z- 40'}/ \0‘20‘1-
03083 (S3') 63183 S 05283 S37 03383 St 0348) ST 05453 (S3°) 6365)
N—— N — N ——
02/ \0102‘ 01] \({201' Uz/ \0102'

Figure 9. The 1nduct1ve construction of Sd as a Pascal triangle:
the subsequence S P s obtalned by translating and concatenating

the previous subsequences S ~17~1and Sd L P or S;i LP=2 and
S;l Lp=l , depending on the parity of p. The bracketed sequences

are empty; if we remove the subsequences 93,qS§ , we have the
Pascal triangle.

934551 . Because Sg ! and Sgi 24 are empty, the difference occurs for d > 2 only.
The first values are:

83 =63083 = (1),
Sy =0308) +83" +6518) +8,7 465,

=(l,a)+ 3 +b(l,a)+ T+ ab(l,a) = (1, a, b, ba, ab, aba),
S2=03083 453" +05183 4+ 537 + 03285+ 527 + 63357 + 83 + 603457

= (1, a,aa)+ d+0b(l, a, aa) + b(b, ba) + ab(l, a, aa)

+ ab(b, ba) + aab(l, a, aa) + J + baab(l, a, aa)
= (1, a, aa, b, ba, baa, bb, bba, ab, aba, abaa, abb, abba, aab,
aaba, aabaa, baab, baaba, baabaa).
It is easy to check directly that the sequence Sgi provides the increasing enumeration

of Div(A9) ford =0, 1, 2.

The proof of Proposition 4.7 will be split into several pieces, each of which is
established using an induction on the degree d.

Lemma 4.9. All entries in ng are divisors of Ag .

Proof. The result is true for d = 0. Assume d > 1. By construction, each entry
in Sd either is of the form 63 yof with 0 < g < 2d and 0 < e < d or belongs to
some subsequence S P with2 < p <2d — 1 In the first case, 65 407 is a right
divisor of 63 5407, Wthh itself is a left divisor of 93,26101 . By Equation (4-1), the
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latter is Ad Hence each 93 ,q07 1s a divisor of Ad As for the entries coming
from some subsequence S P by definition they are of the form xy with x one of
03, 0102, 01, 0201 and y an entry in Sd ! Then x is a divisor of A3, while, by the
induction hypothesis, y is a divisor of Ag_l. Thus xy is a divisor of Ag . (]

Lemma 4.10. The length of the sequence S;l equals the cardinality of DiV(Agl).

Proof. Let £, denote the length of S;l . Computing £; by recursion is not very
difficult but also unnecessary. Indeed, we saw in Section 3 that the cardinality
hl(Agl) of Div(Agl) obeys the inductive rule (3-5). So it will be enough to check
that £, satisfies the relation

(4-6) Cg=204_1+3d+1

and starts from the initial £; = 6 (or £y = 1). The latter point was checked in
Example 4.8.

Figure 9 shows that most entries in Sg_l generate two entries in Sgl . More
precisely, each entry of Sgl ! not belonging to a factor of the form 65 5, Sg -1 gen-
erates two entries in Sg’, and, conversely, each entry in Sg not belonging to a factor
93,qS§’ comes from such an entry in Sgl_l. The d factors 65 5 Sg_] in Sgi_] each
have length d, and the 2d + 1 factors 63 5,4 Sg in Sgl each have length d + 1. So we
obtain

€y — Q2d+1)(d+1) =2(l4—1 —d?),
which gives Equation (4-6). U

At this point, we cannot (yet) conclude that each divisor of Ag occurs exactly
once in Sgl, as there could be some repetitions.

4C. A quotient sequence for Sg. Our next aim is to show that Sgl is <-increasing.
To this end, we shall explicitly determine the quotient of adjacent entries in S¢,
that is, we shall specify a quotient sequence for Sd in the sense of Deﬁmtlon 2.22.
We begin by determining the first and the last entries of the sequence S P For
S a nonempty sequence, we denote by (S), and (S)_ the first and last entry in S.

Lemma 4.11. For 1 < p < 2d, we have
(S4P), =03, 100 and (STP) 02=6 0.

Proof. The result is vacuously true ford =0, 1. Assume d >2 with p=0 (mod 4).
Using the definition, the induction hypothesis, and (4-3), we find

d—1,p—1
(S Py =01(S5 T ) =0103p000="03 100,

P d—1,p d—1 d
(S3 )00(72=O’1 (S3 )00(72=O’1 93,p0’1 =93,p(71.



170 PATRICK DEHORNOY

Similarly, for p =1 (mod 4), we have

d, d—1,p—2
(837), = 0201 (83 777), = 020163300 =03 p_1 02,

d,p d—1,p—1 d—1 d d
(53 )00(72=O'20'1 (SS )000’2=0201 93,1,_10'l =O’293’p_101 =93yp0'1.

Then, for p =2 (mod 4), we have

(S3d"’)l =0 (5‘;171’1771)l =003 p-200="03 102,
(SIP) =02 (ST oy =026 007 =63, (.
Finally, for p =3 (mod 4), we find
(S;‘;i’p)l = 0102 (Sg"l”"z)l =010203,p300 =03 102,
(Sgi,p)oo 0) = 0102 (S;iil’pil)oo 0) = 0102 (93,[,_1 O’ldil = 01020102 (93’[)_3 o’ldfl
= 01010201 93,1,_3 (Tld_l = 010102 03,17_3 (Tld = 93yp O’ld. O

We shall now construct an explicit quotient sequence for S¢, that is, a sequence
of braid words representing the quotients of the consecutive entries of Sgl. Before
doing it for Sgl , let us consider the (trivial) cases of Sf and Sg . As Sf consists of
one single entry, it vacuously admits the empty sequence as a quotient sequence.
As for S¢, we can state:

Lemma 4.12. Ford > 0, let wf be the empty sequence, and let wg be defined by

wf =wi + (o) +wi + -+ wi + (01) + wf,

d times (01). Then wg is a quotient sequence for Sg .

In a similar way, we shall prove:
Proposition 4.13. Let w‘31 be the sequence defined by wg = and
4-7) wg = wg + (al_dog) + w’zi + (a]_do*z) + wg’z + (O‘go‘l_d)

+wd + (07 %) + wl + (o0, + - -

+ wg + (Ul_dag) + w;i,Zd—l + (ogol_d)
with +wj + (Gzafd) + ws,
wgz,z _ w§’3 _ wg—l n (o_zo_l—d-i-l) + wgi—l,z’
w(31,2d—2 _ wgl,Zd—l _ wgl—l,Zd—3 + (al—d+102) + wg—1,
wgﬂp _ wgl,2p+l _ wglfllpfl + (de+102) + wgfl 4 (agcrfd“) + wngl,zp’

for4 <2p <2d —4. Then wg is a quotient sequence for Sgi .
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Example 4.14. We find w} = w} + (Ab) + w) + (bA) + w} = (a, Ab, a, bA, a), and
w3 = w3 + (AAb) + w3 + (AAb) 4+ w3 + (bAA)

+ w} + (AAD) + w2 + (bAA) + w3 + (bAA) + w3

with wg 2 w% 3 = w% = (a), whence

w3 = (a, a, AAb, a, a, AADb, a, bAA, a, a, AAb, a, bAA, a, a, bAA, a, a).

Proof of Proposition 4.13. We prove using induction on d that wgl is a quotient
sequence for Sgl with the 4d —2 terms in (4-7) corresponding to the 4d — 1 nonempty
terms in (4-5). In particular, for 2 < p < 2d — 1, the subsequence wg’p is a quotient
sequence for Sd’p The result is vacuously true for d = 0. Assume d > 1. By
definition, the sequence Sd consists of the concatenatlon of the 2d + 1 sequences
93,0S2, <o, 03, 384, in which the 2d —2 sequences S ng 2d=1 are inserted.
We shall consider these subsequences separately and then consider the transitions
between consecutive subsequences.

First, since wg is a quotient sequence for ¢, it is a quotient sequence for ev-
ery sequence 63 qS as well, because, by definition, the quotients we cons1der are
invariant under left translation. Then, by construction, each subsequence S P or
Sgl 2pH appearing in S is obtained by translating some subsequence S of Sd !
namely

S=871 gy, 89T 4 s

By the induction hypothesis, the sequence

d—1.2p—1

, _ d 1.2
w5 + (o7 o) +wi™ (oo tw L

which by definition is precisely wg *? and wd Pt , 1s a quotient sequence for S.
The property remains true in the special cases p = 1 and p =d, which correspond
respectively to removing the initial term S5 4=1-27~1 4nd the final term Sgi ~127 Then

gl 2P and wd 2P are also quotient sequences for any sequence obtained from §
by a left transla‘uon and, in particular, for S5’ 420 and S;i 2L

It remains to study the transitions between the consecutive terms in the expres-
sion (4-5) of ¢, that is, to compare the last entry in each term with the first entry
in the next term. Four cases are to be considered, namely the special cases of the
first two terms and of the final two terms, and the generic cases of the transitions
from 93#551 to Sg’pH and from S;l’p to 93,qS§1.

As for the first two terms 03,0S§l = Sg and 03,1S§l = 0,5, the last entry in Sg
is old , while the first entry in ozSg is 07, SO al_do*z is a quotient. For the last two
terms 93,2d,1S§’ and 6’3,2ng, the last entry in 93,2d,1S§! is 63241 01‘1, while the
first entry in 93,2dS§l is 63.24. Now, by (4-1), we have 63 241 G]d(fz =034 Gld, SO
020, ¢ expresses the quotient.
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Consider now the transition from 93,qS§ to Sgl 4t The last entry in Gg,ng is
03,4 al‘i, while, by Lemma 4.11, the first entry in S;l’qH is 03 4 02. Hence al_daz
represents the quotient. Finally, consider the transition from S;i "’ to 93’qS§l . By
Lemma 4.11 again, the last entry x in 03’4551 satisfies x 0 =03 4 o*]d , while the first

entry in 63 ;¢ is 65 ,. Hence on0, “ represents the quotient. O

Corollary 4.15. For each d the sequence S;l is <-increasing; so, in particular, it
consists of pairwise distinct braids.

Proof. By definition, every word in wg is o-positive. Hence, by Property A, it does

not represent 1. U

As Sg’ consists of pairwise distinct divisors of Afi , Lemma 4.10 implies that
every divisor of Agl occurs exactly once in Sgl . Then, as ng is <-increasing, it
must be the increasing enumeration of DiV(Agl ), and the proof of Proposition 4.7
is complete.

Remark 4.16. Once we know that Sgl is the increasing enumeration of DiV(Agl)
and that wgl is a o -positive quotient sequence for S¢, we can count the 2-jumps in
ng and obtain the value of hz(Ag ) directly. This amounts to forgetting about all
alﬂ in the construction of wgi , and it is then fairly obvious that there only remains

24 _ 2 times o5.

4D. Larger values of n. The same construction can be developed for n = 4 and
beyond. The general scheme is to define Sff using an inductive rule

S = 04088 + 8" +0418§ + - 404301 + 7 + 6043455,

where the intermediate factor Sj’p is constructed by concatenating and translating
convenient fragments of Sff_l. Owing to the inductive rule (3-6) satisfied by the
number of elements /1 (AZ ) of Div(Af{), we can expect the generic entry of Sff_l to
be repeated six times in S¢, but with some entries from Sff_2 repeated three times
only. After completing the inductive definition of S¢, showing that the sequence
is <-increasing and counting its entries should be easy. As we have no complete
description so far, we leave the question open here.

4E. A new construction for the linear ordering of B3. In pursuing the approach
described above, we were interested in connecting the Garside structure of B, with
its linear ordering. In the process, we found something more: a new, independent
construction of the braid ordering, at least for B3, which is currently the only
completed case.

As recalled in the introduction, the existence of the linear ordering of braids
relies on two properties of braids, namely Property A and Property C. These prop-
erties have received a number of independent proofs [Dehornoy et al. 2002]. In
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particular, Property A has now a very short proof based on Dynnikov’s coordiniza-
tion for singular triangulations of a punctured disk [Dehornoy et al. 2002, Chapter
9]. As for Property C, no really simple proof exists so far. Even without the initial
argument involving self-distributive algebra, the remaining arguments—the com-
binatorial proofs based on handle reduction or on Burckel’s uniform tree approach,
or the geometric proofs based on standardization of curve diagrams—all require
some care. For now, it seems that the optimal proof of Property C is forthcoming.
Here is a direct application of our construction of the sequence S3d :

Proposition 4.17. Property C holds for Bs; that is, every nontrivial 3-braid admits
a o -positive or a o -negative expression.

New proof. We take as an hypothesis that Property A is true, so that the relation <
is a partial ordering, but we do not assume that < is linear. As every braid in Bs
is the quotient of two positive braids in B;r , proving Property C for B3 amounts to
proving that, if x, y are arbitrary elements of Bfr, then the quotient x ~!'y admits a
o -positive or a o-negative expression.

Now the construction of S;’ is self-contained, as is that of wgl. Then, by con-
struction, every word in wgl is o-positive. As any concatenation of o-positive
words is o-positive, it follows that, if x, y are any braids occurring in Ud Sgl,
then the quotient x~'y admits a o-positive or a o-negative expression, according
to whether x occurs before or after y in Sg. To conclude Property C is true, it
remains to check that each positive 3-braid occurs in | J, Sgi. Because every entry
of Sgi belongs to DiV(A‘;), this is equivalent to proving that each divisor of Ag
occurs in Sgl . Property A guarantees that the entries of Sgl are pairwise distinct
(Corollary 4.15), so it suffices to compare the length of Sg with the cardinality of
DiV(Agl), and this is what we made in Lemma 4.10. O

The construction of Sgl gives more. The approach developed by S.Burckel
[1997] introduces a convenient notion of normal braid words such that every posi-
tive braid admits exactly one normal expression. For 3-strand braids, the definition
is as follows. Every positive 3-strand braid word w can be written as an alternating
product of blocks o and o5. Then we define the code of w to be the sequence of
the sizes of these blocks. To avoid ambiguity, we consider the last block to be a
block of o7’s, that is, we decide that the code of o is (1), while the code of o, is
(1, 0). For instance, the code of 022013025 is (2,3,5,0).

Definition 4.18. A positive 3 strand braid word w is said to be normal in the sense
of Burckel if its code has the form (e, ..., e¢) withey =22 for2 <k <€ —2.

Burckel [1997] shows that every positive 3-braid admits a unique normal ex-
pression and, moreover, that x < y holds if and only if the normal form of x
is ShortLex-smaller than the normal form of y, where ShortLex refers to the
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variant of the lexicographic ordering of sequences in which the length is given
priority: (ey, ..., e¢) <snortLex (€],...,e,) always holds for £ < ¢ and, when
¢ = ¢/, it holds when (ey, ..., /) is lexicographically smaller than (e, ..., e}).
Burckel’s method defines an iterative reduction process on nonnormal braid words.
Our current approach provides for a simpler method. First, a direct inspection
shows:

Lemma 4.19. Let §§l be the sequence of braid words defined by the inductive rule
(4-5). Then §‘31 consists of words that are normal in the sense of Burckel.

Then, by construction, every braid in Sg’ is represented by a word of §‘31. As
every positive 3-braid occurs in |_J $¢, we immediately deduce:

Proposition 4.20. Every positive 3-braid admits an expression that is normal in
the sense of Burckel.

This in turn enables us to obtain a simple proof for the following deep, and so
far not very well understood, result due to Laver [1996] and to Burckel [1997] for
the ordinal type:

Corollary 4.21. The restriction of < to B3+ is a well-ordering of ordinal type w®.

Proof. The ShortLex ordering of sequences of nonnegative integers is a well-
ordering of ordinal type w®, so its restriction to codes of normal words in the
sense of Burckel is a well-ordering as well. The type of the latter cannot be less
than w®, as one can easily exhibit an increasing sequence of length w®. ([

Burckel’s approach extends to all braid monoids B,. Burckel introduces a
convenient notion of a normal word, but the associated reduction process is very
intricate. Hopefully, the above approach will provide a much simpler approach
to completing the construction of the sequences Sf and, more generally, Sff. In
particular, once the correct definition is given, all subsequent proofs should reduce
to easy inductions.
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EXISTENCE OF INFINITELY MANY EQUILIBRIUM
CONFIGURATIONS OF A LIQUID CRYSTAL SYSTEM
PRESCRIBING THE SAME NONCONSTANT BOUNDARY
VALUE

MIN-CHUN HONG

In 1986, Hardt, Kinderlehrer and Lin established the existence and par-
tial regularity of minimizers of the liquid crystal energy with the Oseen-
Frank density. Motivated by the earlier results of Bethuel-Brezis—Coron
and Riviere on harmonic maps, we prove the existence of infinitely many
equilibrium configurations of the liquid crystal energy prescribing the same
nonconstant boundary data.

1. Introduction

Let 2 C R3 be a domain with smooth boundary 92, and let y : 92 — S2 be smooth
boundary data. The equilibrium configuration of a liquid crystal is described by
a unit vector field # on Q. For any map u € H)}(Q, S?) with y : 9Q — S2, the
integral

@(y):%/g[tr(Vu)z—(divu)z] dx

depends only on y [Hardt et al. 1986]. According to the Ericksen—Leslie the-
ory [Giaquinta et al. 1998], the Oseen—Frank bulk energy of a configuration u €
H'(2, $%) can be reduced to

(1-1) E@u, Q) =/ W (u, Vu) dx,
Q

where W (u, Vu) is the Oseen—Frank density

(1-2) W(u, Vu) = «|Vu/|?
+(ky — a)(divu) + (ky — o) (u - curl u)? + (k3 — ) |u x curlu|?,

with constants k; > 0, kp > 0, k3 > 0, and o = min{ky, k», k3}.

MSC2000: primary 35J50; secondary 35Q99.
Keywords: liquid crystal, equilibrium configurations, harmonic maps.
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For the above density W (u, Vu), we set V(u, p) = W(u, p) —« |p|2 with p =
Vu. As in [Hardt et al. 1986], the equilibrium system associated to E is of the
form

(1-3) —div (W, (u, Vu) —u®uV,(u, Vu)) + Y (u, Vu) =0 in Q,
where
Y (u, Vu)= (I —u®@u) Wy, (u, Vu) — Vu (uVy (u, Vu)) — (Wp (u, Vi) - Vu) u

satisfies |Y (u, p)| < C |p|* for all p = (p])3x3 with p!/ € R.
A static equilibrium configuration u corresponds to an extremal of the functional
(1-1) in HY(Q, §?), that is, u € H'(Q, S?) is a weak solution of system (1-3).
In a special case k| = ko = k3, the equilibrium system (1-3) is

Au+|VulPu=0 ing,

which is the equation for harmonic maps. When k; = k, = k3 = 1, Bethuel et al.
[1990] first proved the existence of infinitely many harmonic maps for some special
boundary values y. Riviere [1995] proved the existence of infinite many harmonic
maps for all nonconstant boundary values. See further generalizations to higher
dimensions in [Isobe 1995] and [Pakzad 2001].

In general, (1-3) is not always elliptic for every choice of the constants k;, and so
the system (1-3) is much more complicated than the harmonic map equation. Hardt
et al. [1986], in a fundamental paper, proved the existence and partial regularity of
a minimizer u, which is a weak solution of system (1-3) that gives the energy E
in H} (S, §*) given boundary data y : 9Q — S2. One questions whether one can
prove there exist infinitely many weak solutions of the liquid crystal system (1-3)
prescribing the same boundary data. Here, we prove the existence of infinitely
many equilibrium configurations prescribing the same nonconstant boundary data
y in:

Theorem 1.1. Let y : 3Q — S? be a nonconstant smooth map. Assume that the
constants ki, ky and ks in (1-2) satisfy |k — kz| <minfk, k2}4(1—In2)/In2. Then
there exist infinitely many stable weak solutions of system (1-3) in H' (2, §?) with
the same boundary value .

The key to proving Theorem 1.1 is generalizing the idea of Riviere [1995] to the
liquid crystal energy. Riviere’s idea relies on constructing dipoles and the relaxed
energy of the Dirichlet energy in [Brezis et al. 1986] and [Bethuel et al. 1990].
More precisely, Riviere inserts a dipole into nonconstant maps and finds a way to
confine the energy to strictly less than 8m times the length of the dipole.

In this paper, we extend a key result of Riviere to the liquid crystal:
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Theorem 1.2. Assume that the constants k1, ky and k3 in (1-2) satisfy the condition
|k1 — ko| < min{ky, k}4(1 —In2)/In2. Letu € HY(Q, $?) be a nonconstant and
smooth map, and let xo be a point inside 2 such that Vu(xg) # 0. For any p > 0
with B,(xo) C 2, there exist two points P, N € B,(xo) with middle point xo and
|P—N| =20 <2pandamapvin H (2, $%) N COY(Q\{P, N}, S?) such that

v=u in Q\B,(xo), deg(v, P) = —deg(v, N) = +1,
and

f W (x), Vu(x))dx < / W(u(x), Vu(x))dx +8aT'(ky, kp, k3) |P — N|.
Q Q

For the proof of Theorem 1.2, thanks to Giaquinta et al. [1990], the dipoles and
relaxed functional of the liquid crystal energy E was given: For any u € H'(Q2, §2),
the vector field D(u) is defined by

D(u) = (- txy Ny, U-Uyy NUy, U Uy NlUyy).

Given u” € H}} (22, §%), we set

1
L@u,u® :=— sup /[D(u)—D(uo)]-vgdx
A7 eoor, Jo
IV&llpe <1

for maps u € H]}(Q, 5?). The relaxed functional F,o of the liquid crystal energy
E is given by

Fo(u) = / W(u(x), Vu(x))dx +8nI'(ky, ko, k3)L(u, uo),
Q

where

1
F(kl,kz,kg,):\/kkg/ \/1+(k/k3—1)szds >, k=min{ki, ka).
0

More precisely, F,o(u) is lower semicontinuous in the weak H'-topology and any
minimizer of F,o(u) in H}} is also a weak solution of system (1-3) prescribing the
boundary value y. One key to proving Theorem 1.2 is obtaining new estimates on
the irrotational and solenoidal dipole in [Giaquinta et al. 1990] for inserting a small
dipole into nonconstant map. More precisely, for k; > k1, one finds the irrotational
map u (with u - curlu = 0) on R? x (0, 1) of the form

u(x) = (g(r)% 82, sign(1 —1) \/1—g—2(r>) =Y+

such that E (u) =8x [T (ky, k2, k3), where g € C([0, c0); [0, 1]), g’(r) >0o0n (0, 1),
and g’(r) <0 on (1, 0o). Similarly, for k; < ky, one finds the solenoidal map (with
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divu = 0) on R? x (0, ) of the form

— X2 ot 102
u(x)—(g(r)r, 8(”)r751gn(1 /1 8(F))

such that E (1) = 8xIT (ky, k2, k3), where g € C([0, 00); [0, 1]) and g’(r) > 0 on
(0, 1), and g’(r) <0 on (1, 00). In this paper, we derive new estimates on g(r) and
also prove that g’(0) exists, is positive, and is bounded by a constant depending on
k 1s k2 and k3.

The second key step is to improve the method in [Riviere 1995] (also [Brezis and
Coron 1983]) of inserting a small dipole into a nonconstant map. During the proof,
it is important that g’(0) is positive and bounded. Due to the differing constants &y,
k>, and k3, the liquid crystal is more complicated and involved than the harmonic
maps.

Theorem 1.1 is a consequence of Theorem 1.2. Riviere [1995] also used Theo-
rem 1.2 to construct weak harmonic maps having singularities almost everywhere
in 2. With Theorem 1.2, we conjecture that one can construct a weak solution of
system (1-3) having singularities almost everywhere in €2 for different constants
kl, kz, and k3.

In the last part, we deal with the partial regularity of weak solutions of system
(1-3). The partial regularity of weak solutions of elliptic systems and weakly
harmonic maps has been of great interest (for example [Giaquinta 1983; Giaquinta
et al. 1998]). For the liquid crystal, Hardt et al. [1986; 1988], in fundamental
papers, proved the partial regularity of minimizers of the liquid crystal energy E.
Here, we investigate the partial regularity of the weak solutions that minimize a
modified relaxed functional of the liquid crystal energy E.

For a parameter A € [0, 1], as in [Bethuel and Brézis 1991], we consider the
modified A-energy

(1-4) E; (1) := E ) + 287 (ky, ka, k3) L(u, u®)

for a map u € H}} (2, S?). It follows from [Bethuel et al. 1990] and [Giaquinta
et al. 1990] that there exists a minimizer u); of E; in H}} (2, S?), and u, is a
weak solution of (1-3). The author in [Hong 2004] proved the partial regularity
of minimizers u; for 0 < A < Ay =/ I'(ky, ko, k3) with ['(ky, ko, k3) > o. It was
not clear then whether one can establish the partial regularity of minimizers u; of
(1-4) for A € [Ag, 1]. Now we make progress with:

Theorem 1.3. For any parameter ) with 0 < A < 1, let u, be a minimizer of E),
in H)} (2, S?). Then u;_is smooth in a set Q C Q and %ﬂ(Q\QO) = 0 for some
positive B < 1, where #P is the Hausdorff measure.
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The paper is organized as follows. In Section 2, we derive some new estimates
for the irrotational dipole and the solenoidal dipole. In Section 3, we prove Theo-
rems 1.1 and 1.2 for k; > k;. In Section 4, we prove those theorems for k; > k.
In Section 5, we complete a proof of Theorem 1.3.

2. Improving estimates for irrotational dipole and solenoidal dipole

Proposition 2.1 [Giaquinta et al. 1990]. There exists a C* function ii(x) from R?
into S* C R? such that

() @ = q at infinity, where q is the south pole of S* C R?;
(i) i, seen as a map from S* into S?, has degree 1;
(iii) if Q:=R? x (0,1) and ug : Q — S? is defined as
uo(x1, x2, x3) = (x1, X2),
we have
(2-1) E (ug, R* x (0,1)) = 87IT (k1, k2, k3).

Now we will improve Proposition 2.1 so we can apply it to prove Theorem 1.2.
Consider the dipole

To=G,+ L x[[S*]l, where L =1(0,0,x3):0<x3<I]],

that is, P = (0,0,0) and N = (0,0, /) with / > 0, where G, is the current by the
graph of the constant function q.
From [Giaquinta et al. 1990], we have

E (Tp, R* x (0, 1)) zzzf \/k2n§+kk3(1 —n2)dH*(n),
S2

where n = (n1, n2, n3) € S%. Then

1
E (ug, R* x (0,1)) = E (Tp, R* x (0,1)) = Snkl/ \/k3/k + (1 —ks/k)z2 dz
0

1 _ 2
_ 8nkl/ VIZPY
0 J1—y?

where 8 =1 —k3/k.

The irrotational dipole. Assume k; > k; = k. We consider the all maps u =
(uy, uz, u3) : R* — S? of form

X X V1—g2(@r), forO0<r <1,
=g, =2, w) = 8 ()
r r —/1—=g°(r), forr > 1,



182 MIN-CHUN HONG

where g : [0, +00) — [0, 1] is continuous and satisfies g(0) =0, g(1)=1, g(r) -0
asr — 400, g’'(r) >0o0n (0, 1), and g’'(r) <0 on (1, +00).
By a standard calculation, we have

: 2 N2 g2 /1
(divu)” = (g") +r—2+2gg o

g%(g)?

lu x curlu|® = | curlu|? = |Vus|? = ;
1—g?

and
e
w-curlu =0, |Vu|>+|Vus* = (g')* + -
’
The Oseen—Frank density becomes

2 1— 2 1
(2-2) W (u, Vie) = ky [g—z +g/2%] +2(k —a)gg -,
r 1—g r

where f =1 —k3/k. Then

2 1— 2
E (1, R? x (0, 1)) = 27kl |:g—+g/2 'Bg}rdr.

r2 1—g2

So

]rdr =E(u),

§ V1—g? 1-g2

with equality if and only if

E(To) =4nkl /
0

o0
V1—Bg2 2 1-Bg?
8y ﬂgrdrgznkz/[g—erg’z P
r r
0

(2-3) g =

forO<r <1.

First we consider the case 0 < r < 1. We will prove that there is a solution of
the equation

2-4) g =5
;

with g(0) = 0 and g(1) = 1. Moreover, g’(0) exists and is positive and bounded.

Case I: k > ks.



INFINITELY MANY EQUILIBRIUM CONFIGURATIONS OF A LIQUID CRYSTAL 183
Since 0 < B <1, wehave | —g><1—8g%<1. Then
5 § vl—-g" 2
r r \/—

We consider two auxiliary equations:

*:I%

1—g=

r_ 81

/=_ 1_2
1) . 87

It is easy to see that g;(r) = r solves the first with g;(0) = 0 and g;(1) = 1 and
g(r)=2r/1+ r? solves the second with g2(0)=0and g,(1) =1.
By the comparison theorem, there is a solution g of (2—4) such that

(2-5) r<g<——>, g0)=0, gH=1

Using Equation (2-3), we have
() = g_/\/l—g2 g Vi—-g* ¢ gs’ L 8V1-8’Beg’
rT=pg P 1-pg? 1 T-g1-pg? r (=B
_ 8 1—g2 Vi-gt ) _ &% 1-8 -0
-2 1= Bg2 \J/1-Bg? ro(1—g?)l2(1— g3 ~

Therefore g'(0) =1lim,_,o g’(r) exists and is finite because g{(0) =1 and g5(0) =2.
More precisely, we know

1<g'(0) <2

Case ll: k3 > k.
Since B <0, we have 1 — 8 > 1— Bg? > 1. Then

L 8 /i_pc8¥Iz8
VI=-Br rJ1—Bg2

Then we consider two auxiliary equations:

2

< 1—g-.

8
-

g/_ 1 81 2

TR v
&2

g=""y1-8.

Note that g; (r) =2r¢/1 4 r* with ¢ = 1//T — B solves the first with g; (0) =0 and
g1(1)=1and g(r) =2r/1 + r2 solves the second with 22(0) =0and g,(1) = 1.
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By the comparison theorem, there is a solution g of the equation with g(0) =0
and g(1) = 1 such that

2r 2r¢
=8= .
1472 14 r2
Then
1 1 Bg* ) r¥
> =l+——>1- >1—-4|8| ——.
Jipe o iopg tiopga =!I Bl Ty

Note that as r — 0, g{(r) — +00. So we need to consider the auxiliary equation
2¢
r 83
2-6 b= 1—4 _— = /1= 2
( ) g3 ( |ﬂ| (1 +r26)2) r g3
with g3(0) =0 and g3(1) = 1. The solution to Equation (2-6) is

Bl 1—r* 2 2111 —r
g3(r)=2rexp(71+r2C 1 +r“exp 152 ))

By the comparison theory, we have
(2-7)

Bl 1—r% 2 o (2Bl —=r%
g(r) <g(r) < g3(r)=2rexp (71+r20>/(1+r exp (Tl—l—rz“))

It is easy to see that g’(0) exists and is finite because g5(0) =2 and g5(0) = 2elPl/e,
More precisely, we have

2<g'(0) <2elflVe,
In both Cases I and II, there is a solution with g(0) =0, g(1) = 1 and with g’(0)
positive and finite.
If r > 1, take h(r) = g(r—'), where g(r) solves Equation (2-4) with g(0) =0
and g(1) = 1. Using Equation (2—4), we have

We)=g (r_l) (_r—z) _8 (r—l) 1—g2 (_r_z) _ g

rot V- pg?

3(r) g(r), forO<r <1,
F) =
h(r), forr > 1,

is the required solution of Equation (2-3) with g(r) = g(r—1).

N
N

Then

The solenoidal dipole. Assume ky > k; = k. Consider all maps u = (uy, us, u3) :

Q — $? of the form

X2 X1 V1 —=g%(r), forO<r<1
) =g, ur=—g)=, us(x) = 2

N r —/1—g2(r), forr > 1,



INFINITELY MANY EQUILIBRIUM CONFIGURATIONS OF A LIQUID CRYSTAL 185

where g : [0, +00) — [0, 1] is continuous and satisfies g(0) =0, g(1)=1, g(r) -0
asr — 400, g’'(r) >0o0n (0, 1), and g’(r) <0 on (1, +00). Then we have

00 2 "n2
8 (&")
E(u,[Rizx(O,l))=2nkl/0 [r—z(l—ﬁgz)-i—l_gz}rdr

such that E (Tp, R?* x (0, 1)) < E(u), with equality if and only if

dg . g
2—8 —_— = 1 — = 1 _ 02 1 _ 2
(2-8) 5, = sign(l =) r\/ 8 \/ Bg*,

This equation has a solution g(r) such that g : [0, +00) — [0, 1] is continuous
and satisfies g(0) =0, g(1) =1, g(r) = 0 as r — 400, g’(r) > 0 on (0, 1), and
g'(r) <0on (1, +00). Moreover, g’(0) exists and is positive and bounded.

3. Proof of Theorems 1.1 and 1.2 for k; > k;

3.1. The construction of u® for ky > ky. We assume Theorem 1.2 that Vu (x() #0.
Without losing generality, we also assume xg = 0. Note that

W(Qu, OVuQ') = W(u, Vu), forall Q € O(3).

After a rotation Q on both x, u € R?, we can choose an orthonormal basis {/, J, K}
of R3 for both x, u € R? as in [Brezis and Coron 1983] such that u(0, 0, 0) = K.
Uy, (0,0,0) - uy,(0,0,0) =0 and u,, (0, 0,0) #0.

Without loss of generality, we may choose
Uy, (0,0, x3)
K(x3) =u(0,0,x3), [(x3)=—""".
|MX1 (07 Oa -x3)|
to form a basis {I (x3), J (x3), K (x3)} of R3 depending on x3. We write

u=ru1l(x3)+urJ(x3) + 3K (x3)

with 21 (0, 0, x3) = 112(0, 0, x3) = 0 and #3(0, 0, x3) = 1. More precisely, there are
two numbers a > 0 and b > 0 — this is true after a rotation in R>: after a rotation
in the subspace R? of R3, the conclusion of Theorem 1.2 does not change — such
that

uy, (0,0, x3) =(a+0x3)I(x3), ux,(0,0,x3)=0(x3)1(x3)+(b+0(x3))J (x3).
We use polar coordinates for (x1, x) € R2, that is,

X;]=rcosf, xp,=rsin0,
and consider the cylinder C? in R? defined by

CO={(x1,%2,x3) eR? | 0<r <§+68%, —8—8><x3<8+8}.
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As in [Riviere 1995], we construct a map

u® = 251 (x3) + 057 (x3) + 45K (x3)
such that

(i) u® = u outside C?.

(ii) Inside C?, for each x3 € [—8 + 82, § — 82] (that is, the subcylinder of C?%), we
construct u#® in three different cases:

(a) If r > 282, we set u®(x) = u(x);
(b) If r < 82, we set

ub (x1, x2, x3) =
g (r/%) ? I(x3)+g(r/0) % T (x3) +sign (1 —r) /1= g2 (r/3) K (x3) .
(c) If 82 < r <2682, we set

u‘S(x) =

(A1r+B1) I (x3)+(A2r+Ba) J (x3)+v 1—(A1r+B1)2—(Aar+B2)? K (x3),

where A1, A>, By, By, depending only on 6, § and x3, are determined by

282A1 + By = i11(28% cos 0, 28% sin 6, x3),

282 A5+ By = i(28% cos 0, 28% sin 0, x3),
82A1 + By = g(8% /1) cos 6 = g(1/8%) cos b,
82A>+ By = g(8%/A) sin6 = g(1/8°) sin 6,

(-1

and g(r) is the solution of Equation (2-3) with g(0) = 0, g’(0) > 0,
g(H)y=1,g(r)=¢g(/r),and A = ¢8*, where ¢ will be determined later.

(iii) Inside C?, for each
x3 € [=8, =8 + 82U 8, 8 — 871,

we let P =(0,0,6) and N = (0,0, —§) in a small cylinder c‘j, (or cfv). The
cylinder is centered at P (or N) with radius 282, length 282, and its axis along
the x3-axis. If we denote by IT" (or I1_) the radial projection centered at
P (or N) onto the boundary of c‘} (or c?\,), the transformed map u® is the
composition of TT* (or IT_) and the value of #° on this boundary.

3.2. The estimate of the energy of u® for ky > kyi. Case 1. The estimate of the
energy of u® on the domain of x3 € [—8 + 82, 8 — §2] and 8% < r < 2682
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Notice that ;(0, 0, x3) =0 fori = 1, 2 and

8121 3122

_(Oa 07 .X'3) =a+0(-x3)’ _(0’ 09 X}) = 0(X3),

8x1 axl

8121 8122

——(0,0,x3) = O(x3), —(0,0,x3) =D+ O(x3),
0x) dx2

g(c8%) =c8%g'(0)+ 0 (8%
Then we have
28%A| + B =2a8%cos 0 + 0(8?),
282 A, + By = 2b8%sin 6 + 0(8%),
82A1 + By = g'(0)c8% cos 6 + O (8%,
82As+ By = g'(0)c8? sin 6 + O (8%).
Solving these equations, we have
A = (2a —cg'(0)) cos 6 + O (9),
Ay = (2b—cg'(0)) sind + O(5),
B, =28%(g'(0)c —a) cos 0 + O(8%),
B, =28%(g'(0)c — b) sin 6 + O (8).

(3-2)

In a way similar to (3-2), it follows from (3-1) that

dA; L
=5 = —(2a —cg'(0))sinf + O (§),
3A, ,
—— =2b—cg' (0))cosb + O (),
36

(3-3) 5B
a_el = —28%(cg’(0) — a) sin 6 + O(8°),
IB
8_02 =25%(cg’ (0) — b) cos 0 + O (8%).

In polar coordinates, we know

20 sin 20 cos 6 ar or .
_— = — = —— =cos6, 8—=sm9.

0x1 r’ 9xp ro o 0x X2

Using i1 (0, 0, x3) = 12(0, 0, x3) = 0 in (3—1), we obtain, for §* < r <262,

8A1 3A2 881 aBZ

(3-4) — =00), —=0@), —=0(>), —==0>.

0x3 0x3 0x3 dx3

187
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and, by the chain rule,

a_mi_a_ag: 3 (Air+B1) 3 (Aar+ By)
0xy  0xp

0x7
_0(Ayr+ By) 90

0(Air+By) ar 03(Ayr+By) 00 3(Ar + Bp) or
200 0x) or 0x7 00 0x1 or dxy
0A; 00  0A, 30 or or 0By 06 0B, 30
=|——-——|r+(A——Ap— |+ | ————— ).
00 0x, 00 9x x> 00 0x, 06 0xy
It follows from (3-3), (3—4) that

0A1 060 0A, 00
060 0x2

90 0x > r= —(2a—cg' (0))sin6 cos 6

0X1

—(2b—cg' (0)) r cos 6 (—ﬁ) + 0 (8)
=2(b—a)sinfcosH + O (8),

9 9
Ala—r - Aza—r —(2a — ¢g'(0)) cos O sin 6 — (2b — cg' (0)) cos 0 sin 6 + O (5)
y X1
=2(a —b)sinf cosd + O(5),
and
dB, 30 9B, 90

30 9x, 90 ox;

= (~282 (cg' (0) —a) sinf + O (6%)) (COSQ)

r

~ (268 (g’ (0) — b) cos 0+ O () (_ Si‘;e)

1 1
=26%(a —b)sinf cos—+ O (8°) -
r r
These imply that, for §> < r < 252,

Gl T 5 , 1
— — —==26(a—b)sinf cos— + O(5).
0xy  0Xx] r
Since [#5]> = 1 — [@8|? — [u}|?, we have
~5 ~5 ~5 3 ~5
,25%__125%_,25% ,;8% ~5 0

3 = U 2 ) 3

0x1 0x1 dx1 9x2

and 4 = 1 + O(8?). Then for §% < r < 282, we have

o ol
(3-5) 06y, Do,
0x] 0x2
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We consider a new map 2% = ﬁ‘f[ + ﬁ‘SZJ + ﬁgK, and thus obtain

I
|22 - curl @] = 48*(a — b)* sin 6 cos? 0 + 0(8),
(3-6) r

@ x curl @ |* = 0(8).

Moreover, we have

9’ d(Ar+ B)) 9A, 9By 96 or
Sold ox1 x1 (aer+ 89>8x1+ o, 0@

sin? 6

r

= (2a —cg'(0)) +28%(cg'(0) — a) + 0.

Similarly,

ol d(A B 2]
ouy _ 9(Aar+By) _ (2b — cg'(0)) +26%(cg' (0) — b) >

3-8
(5-8) 0x7 ax7 r

+ 0 ().

It follows from (3—4), (3—7) and (3-8) that

8%cg'(0) 52(@ sin® @ + b cos? 0)
r

(div %) :4<a+b—cg/(0)+ .

)2+0(8)

48%c%(g'(0)2  48*(asin® 0 + b cos? 0)?
=4(a+b)* +4c*(g'(0)* + (i' @) n ( L )

r

cg'(0) asin®6 + b cos? 6

—8(a +b)cg (0) + 85 (a + b=~ 88%(a +b)

852¢2(g'(0))2 a sin® 0+b cos? 0 a sin® 6+b cos? 0

+85%¢g'(0) R
;

88%cg’ (0)

Combining this estimate with (3-6) yields

2 282
/ (diva®)? + | curl 2°|? dx1dxy = / f (diva®)? + | curl 2% rdr do
82<r<26? 0 82

=1278* ((a +b)* + (g (0)* — 2(a + b)eg (0)) + 1678*(a + b)cg'(0)
—878*(a +b)* — 1678*c*(g'(0))* + 878%¢cg'(0)(a + b)

2w
+45*1n2 / [c?(g'(0))? —2cg’(0)(a sin® @ + b cos® 6)] db
0

2
+48%*In2 / [a2 sin* 0 + b% cos* 6 + (a2 + bz) sin® 0 cos? 01do
0

= 4754 ((a +b)* — g'(0)°2 + (a® + b +2(¢'(0)¢)> — 2ag' (0)c — 2bg' (0)c) In 2).
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It follows from [Brezis and Coron 1983] that

/2 Vi Pdxidx, = / [123, 1> + 142, 1> + 0(8)] dx1dxz
82<r<246

82<r<262

(0 2.2
= 4784 (a® + b — % + (a® + b2 +2(g'(0)0)2 — 2ag' (0)c — 2bg' (0)c) In 2)

+0(8).
It follows from (3-3), (3—4) and (3-5) that

(3-9) W@, Vi®) dxidx;

82<r<26?

= (x/ |v125\2 dxidx> +f (ki — ) (div u)? dx;dxs
82<r<24? 82<r<2§2

+/ [(ky — )|’ - curl @ |* + (ks — ) |@® x curl @’ |*] dxdxa
82<r<262?

4.2, 12 8/(0)202 2 2
=4amws*(a®+b —T—i-(a +b* +2(g'(0)c)” — 2ag'(0)c — 2bg' (0)c) In 2)

(ki —)4r8* ((a+5) = g0 + (a2 +b* +2(/(0))?) In2)

—8ans* (ag'(0)c +bg' (0)c) In2+ 7 (ky — k1)8*(a — b)* In2+ O (8°).
On other hand, we see

du® i’ +o®), ou® o’ +06)
0x1 o 0x1 0x2 N 9x7

and

oul 814 BAS 8”S X dJ(x dK(x
—Lrx )+—J(x3)+—K(x3)+ izl 3)—i-ug (x3) il ( 3).
aX3 0x3 dx3 dx;3

dX3
For 8% < r < 282, we have

~§ ~§ ~§
ou

u ou
= 0%, —2=00%, — =00,
o3 (67) o3 (67) o3 (6)

and, moreover,

2% (x1, x2, x3) = 2°(0, 0, x3) + O(8%) = K (x3) + O(8?).
It follows from u(0, 0, x3) = K (x3) that for §2 < r < 282, we have

ou’ 2
—(X1,Xz,X3) = —(0 0, x3) + 0(87).
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Using |u] =1 and u3(0, 0,0) = (0, 0, 1), we have du3/dx3(0, 0, 0) = 0. Thus
du dus 5
—(x1,x2,x3) = — (0,0, x3) + O(5°) = 0(9).
0x3 0x3

For 82 < r <282, we have

(3-10) div u®)?> = @ivi®)>+ 0©), @® curlu®)? = @° - curli®)> + 0(5)

and
ou’ 2 us 2
(3-11) W’ x curlu®)? = @° x curl i®)? + |—L| +|=—2| +0()
0x3 0x3

=@ xcurla®)? +d*+ 2+ 0(9),

where we have set 9 5
u
d=220,00. f=22(0.0,0).
8)63 8)63

It follows from (3-9), (3—10)-(3—11) that

882
/ dx; / dxidx; W(u‘s, Vu5)
—8+82 82<r<25§?

582
= / dx; f dxidxy W(il, Vi) 4+ 6wkss>(d* + ) + 0(8%)
—5+82 82<r<24?

— 8ans’ <a2 +b2— g/%)zcz +(a® + 5% +2(g'(0)c)> — 2ag' (0)c — bg'(0)c) In 2)
+878% (k1 — o) (@ +)? = g/ (072 + (¢ + b + 2 ©))%) In2)
—1678” (ky — &) (ag'(0)c + bg'(0)c) In2 + 27 (ky — k1)8° (@ — b)* In2
+6mk383(d* + ) + 0(8%).

52
Next, we estimate fisjaz dx3 f05r562 dxidxy; W, Vu®).
Let ug be the map defined by ug = ii(x1, x2) in the Section 2. By (2-1) and
(2-2), we know

(3-12) W@, Vi) dxdx, = / W (1o, Vo) dxidx;
r<s? r<1/cs?
1/c8? 2 1/c8?
=47tk1/ g dr+47r(k1—oz)/ g’ dr
0 r 0

> g*(r) > g 4 2, 1rmn2 5
=4k, dr —4mk = rdr+2n(k — )8 c (g (0))” 4+ 0(8)
0 1

r /C32 r2

= 8nT(ky, ko, k3) — 2ma8* [/ (0))* + O (8,
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because g(r) = g'(0)r + O(r?) and g(r) = g(1/r).
On other hand, we see

ud  9n’ aut  ond
3-13 " 10 o _ 90U s
( ) dx1  0xi +00), dxs  9xn +00)
and

ou _ oyl dJ dK
(3-14) W o dI ) | s dI5) | s dK(x3)

8)63_ ! dX3 2 dX3 3 dX3
which implies

a_uf} 5 dJ(x3) s AK (x3)

=iy——" 1 1+ 0(3),
3)63 "2 dX3 +M3 dX3 + ( )
duy  sdI(x3) s AK (x3)

—Z=a——=J - J+0(9).
8)63 " d)C3 +M3 dX3 + ( )

From the results in the Section 2, we have

. g(r/A) st
3-15 Vil <C <C .
(3-15) Vil < CE < C gy
We estimate the term
au3 auz A s d1(x3) 5 A K (x3)
0@ (— 0 )( J J+00 )
8x28x (1+ ()) +00) dx Tt +00)

_ (_g (p) g (p)cosesm9> (g(p) “ind jzi?) mdl((xs) 1)

/1 —g(p)? X3
’\8

+0(3) +0(5),

where p = r/A. Integrating the above identity and using (3—15), we have
dud du 8 (2m Bu
/ u—> zdxldxz_/ / du3 0 2d9 dr = 0(8 In(1/8)).
r<8? 3)62 ax3 3X2 X3
Similarly, we obtain
du us
/ W25 M s = (55 ns).

r<s2 ~0X1 0x3

By a similar argument, we also have

8u3 8u1 5 8143 8u2 5
dxidx) = 0(8°Iné), dxidx) = 08’ Iné).

0x1 0x3 0x7 0x3

r<é? r<s?
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From (3-14), it is easy to see that

/r583

By combining above estimates with the identity |curlu

ou’ 2 6
(1,20, 1)| A, = 065°).
0x3

‘3|2 = |Lt-curlu‘S 2 +

2 .
, We obtain

|u x curl u®

5—82
(3-16) f dxs / dxidxy W(u®, Vu®)
—54-82 r<g3

§—82
:/ dX3/ dxidx, W@°, Vii®) + 0(8°In8).
—5+62 r<é&3
For 8% < r < 82, it follows from (2-5) and (2-7) that
rA
(3-17) g(r/x) < sz 5= 0(8)

for some constant C. Using (3—17), it follows from (3—-13)-(3—14) that

582
/ dx; / dxidx; W(u‘s, Vua)
—5+82 83<r=<s?

567 A5 b 8u‘f 2 8u2 2 6
— dixs dxidx; (W@, Vi )+k3H—‘ +‘—‘ ])+0(5 Ins).
§+82 $3<r<s? dx3 dx3

Combining this with (3—12)and (3-16) yields

5—82
/ a’x3/ dxidxs Wu®, Vu®) =167 (8—8*)T (k1 ka, k3)—4mas’c?[g'(0)]?
—5482 r<s?

+21k38 (d* + f2) 4+ 0(8°1n ).

Case 2. Estimate for E (u°) in c‘;, and C?v-
Let G p be the little cone inside c‘}, with vertex P = (0, 0, §) given by

Gp={(r1,x2,x3) €R | (x))* + (x2)* (B —x3)>, §—8"<x3<6}.
Its end is the disk
Dy = {(xi, x5, X3) € R } P =x" +y’2 <8, x5 =38 —52}.

Let x = (x1, x2, x3) be a point in G p and let x" = (x{, x}, x}) be its projection
x' =17 (x) on the disk Dy as

52 82
x/:n+(x):( oo 8—82).
5—)(3 5—X3
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% is constant on the rays passing by P, that is,

Now u
s ) 2
u’(x1, x2, x3) = u’(x}, x5, 8 — 8).

Using the chain rule, it follows from the previous two equations that for a point
(x1, x2,x3) € Gp,

dul 8 out
- bl bl = D ) ,8_82
o1 (x1, X2, x3) 5—x3 ox] (x5 x5 )
du’ 82 ud
(3-18) 8—)62()61,)62,)63) . 8—/()6{,36&,3—32)
ou’ xp ul xb Oud
a—xS()q,xz,m)—(S = ,(xl,xz,(S 82 )+8— o ox /(xi,xé,é—éz).

Using the third identity of (3—18), we have

u’ 2
/ —(Xl,xz,x3)‘ dxidxydx;
Gpl0X3
1 ou’ u’ 2
= dx3/ dxidx; ——— (x’— +x/—> (x!, x5, 8 —8%)
]£52 < (5rs)? G—-xp2 \lax) Faxy) TR

VAR LA LA
= /‘,<82 5 (xig +xéa—xé) (x}, x5, 8 — 8%) dx|dx).
r'< 1

On other hand, from the results in the Section 2, we obtain
Ve’ P(x], x5, 8 — 8%) + | Vigu P (x], x5, 8 — 8%)
’ 2 2 8
Cg(r /cé7) - A <c 1) ’
712 (}\2 +r’2)2 (58 +r’2)2

where A = ¢8*. Combining the previous two equations, we obtain
86},/2

iy "= 0(8°%1n(s)).

auzs 2 52
/ —(x1, XQ,X3)‘ dxldxgdx3§C/
Gpl0x3 0

A simple calculation yields

ou ou’ 8u8
3-19 ( 5 2 ) x5 — 82
( ) Uy xi (xl axi a ) (xl X )

x)
g(rﬂ)+g0/m< gU/AO )(i#l—g%wujhymecme,

where we use polar coordinates x| = r’cos§ and x} = r’sin6.
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By (3-18) and (3-19), we calculate

8 ou’ dud

d dxidxs ul —3 —L

X3 x1dxp uy(xy, X2, X3) —=(x1, X2, X3) — (X1, X2, X3)
882 r<é—x; 9x1 dx3

1 s 8145 au8 au‘s
=5 )’ dxrdiey (uh222 (x] 2= b)) (], 5, 6= 6%) = 0.
82 /552 5 ./rf552 e ax; (¥ x| +x28x§) (x1, % )

Similarly, we have

) § S
8u3 ouj .
dx3 dxidxy —=(x1, X2, x3) —(x1, X2, x3) =0,
582 r<é—x3 dx; dx3

) 9 ) 9 )
8 ) Uy
dx3 dxidxy ui(x1, x2, x3) — (x1, X2, Xx3) —=(x1, X2, x3) =0,
582 r<é—x dx2 dx3

8 du dud
dx; dxidxy —=(x1, x2, x3) —=(x1, x2, x3) = 0.
582 r<é—x3 dx2 dx3
Combining these estimates with (3—12) yields

W (u®, Vu®)(x1, x2, x3) dx1dx2dx3
Gp

8

= fa ; dx} / . dxydxy Ww®, Vul) (x|, x5,8 —8%) + 0(8°In 8)

=87 (k1, ko, k3)8% + O(8°In 8).
Since u is regular and |Vu?| is bounded by a constant, we obtain

f W, Vu®) dxidxadxs = 0(8°).
cp\Gp
Therefore, it follows from the previous two equations that
/ Wu®, Vu®) dxidxrdxs = 87w 8°T (ky, ko, k3) + O (8% In 8).
&
Similarly, we get / W@®, Vu®) dxidxrdxs = 87w 8%T (ky, ka, k3) + O (8% In 8).
N

Proof of Theorem 1.2 for ky > k. Since u is smooth, we have

5482
/ dx3 / dxidxy W(u, Vu)(xy, x2, x3)
—5—62 r<282

8+82
=/ dx3/ dxidx; [e(a®>+b%) + (ki —a) (@ +b)* +k3(d*+ fH)]+ 0 (8%
—5—82 r<282

= 878°[a(a® +b*) + (ki — &) (a +b)? +ks(d* + fH)] + 0(59).
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Also

/ W (u, Vu) dxidxadx; = O(8%), f W (u, Vu) dx1dxadx; = O(8%).
e, e,

Finally, we have
E (u°, Q) — E(u, Q) — 167 (ki, ka, k3)8
— — 8k 78’ (g'(O)zcz — (a* +b* +2(g'(0)c)* — 2ag’ (0)c — bg'(O)c) In 2)
+278% (ky — k1) (a — b)* In 2+ 0(5°1In §).
When k; — k1 < k14(1 —In2)/In2, we choose g’(0)c = max{a, b} to obtain

ko — ki

' (0’ — (a>+b* +2(g'(0)¢)> — (2a +b)g'(0)¢) In2 — (a—b)*In2> 0.

Choosing § sufficiently small, Theorem 1.2 is proved. U

Remark 3.1. Letug e HJ} (2, S?) for smooth boundary data y with deg(y) #0. For
amap u € HJ} (2, S?), in similar fashion to arguments of [Giaquinta et al. 1998,
Chapter 4], there is a one-dimensional rectifiable current L, ,, with —9L, ,, =
P (u) — P(up) that minimizes the mass among all one-dimensional rectifiable cur-
rents L with —0L = P(u) — P (ug), where P (u) is the zero-dimensional current in
Q determined by u (see [Giaquinta et al. 1998, Chapter 4]). Moreover, we have

M(Lu,uo) = L(u, up).
For u € H)} (2, §?), consider
Mull :={T = Guy + Luuy x [S*1 | T —[Gooll € Cart> (2 x RY), ur =u}.

Define
E([[ul)) =/ W(u(x), Vu(x))dx + 8l (ki, ko, ko) M (Ly,uy) = Fuo(u, 2).
Q

Then the semicontinuity € implies that F,,(u, 2) is also lower semicontinuous
with respect to the weak convergence in HMIO(Q, 52) (see [Giaquinta et al. 1989;
1998)).

Proof of Theorem 1.1 for ko > ky. If there are infinitely many distinct minimizers
for E in H; (2, §?), the proof of Theorem 1.1 is completed. Now we assume that
there are only a finite number of minimizers wy,...,w,, for £ in HJ} (2, SZ).

By the partial regularity of [Hardt et al. 1986], with the fact that y is not a
constant, there is a new subdomain ; of € such that w; is smooth in £, and
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there is some xg € €21 with Vw;(xg) # 0. For sufficiently small p, it follows from
taking v; = w® in Theorem 1.2 that

E(vy) < Fy (wy) = E(wy) +8n'(ky, ka, k3)L(vy, wy).

Let u; be a minimizer of F,, in H)}(Q, $2), and let u; be a weak solution of
Equation (1-3) with boundary value y.

For § sufficiently small, we shall prove that u; is different from all minimizers
w; of E in H}}(Q, 52). We have two cases.

(i) L(wg, wy) =0 for some k. It is easy to see L(vy, w;) = L(vy, wg). Noticing
E(w) = E(wy), it follows the minimality of u; that

Fy (u1) < E(vy) < E(wy) +8m'(ky, k2, k3) L(vy, wy) = Fy, (wy).
This implies that u; # w.
(i1) L(wg, wy) > 0. We know
L(wg, v1) + L(vy, wy) > L(wg, wy).
This implies
Fy, (wi) = E(wg) +8m ' (ky, ka, k3) L(wy, v1)
> E(wy) + 8" (ky, ko, k3) (L(wi, wi) —2p).
Choose p > 0 sufficiently small so that

L(wg, wy)
—
This gives L(wg, wy) —2p > 2p > L(vy, wy). Therefore

0<2p<

Fvl(wk) > Fvl(wl) > Fvl(ul)'
So u; is different from all minimizers wy of E.

We construct by induction a sequence u; of distinct weak solutions of (1-3) in
H; (2, S?) which are also different from the minimizer w;. Choose p j+1 such that

0 <2pjy1 <min {L(wg, wy)/2, with L(wg, wy) > 0}

and

E(u)—E
(3-20) 0<2pj+1<min{ ;) — E(wy) ':1,...,]'}.

8L (ki ko, k3)
By taking p = p; 11 and u = w in Theorem 1.2, there existsa vy and §; 1 < ;41
such that

E(vjt1) < E(wy) + 167U (k1, k2, k3)8 41
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Let uji, be a minimizer of F,,,, in H)}(Q, $2). The same argument as above
assures that u;; is different from all w;. Next we prove that u ;| # u; for all
i < j. From the above estimates, we know

(3-21) Fy,,,(ujy1) < Fy,,,(vj11) = E(jq1) < E(wy) + 167 (ky, k2, k3)pj+1-
From (3-20) we have
167p; 11 (k1, ko, k3) < E(u;) — E(wy).
Combining this with (3-21) yields

Ej) < Foyy (ujp1) < E(ui),

which implies u ;1 #u; fori =2, ..., j. Letting j — 00, we see that there exist
infinitely many solutions {u j}?';l of (1-3) in H}} (2, $?). This proves Theorem 1.1
for ky > k. O

4. Proof of Theorems 1.1 and 1.2 for ky > k,

As in Section 3.1, for a sufficiently small § and x3 in [—6 + 82,8 — 8%], we may

choose
uxl (09 O’ x3)

K(x3) =u(0,0, x3), I(x3) = m

to form a basis {/ (x3), J(x3), K (x3)} of R? depending on x3. We write
u=rul(x3)+urJ(x3) + 3K (x3)

with 11 (0, 0, x3) =u>(0, 0, x3) =0, u3(0, 0, x3) = 1. There are two numbers a > 0
and b < 0 (for a suitable rotation of R3) such that

Uy, (0,0, x3)=(a+0(x3))J (x3), ux,(0,0,x3)=(0b+0(x3))1 (x3)+0(x3)J (x3).
We consider the cylinder C? in R?® defined by
C'={(x1.x2.x3) eR | 0<r=<6+8, —8—08<x3<8+68}.

As in Section 3.1, we construct a map u® = ﬁ?[(]@) + ﬁg](xg) + ﬂgK(X3) as
follows:
(i) u® = u outside C?®.
(ii) Inside C?, for each x3 € [—8 + 82, § — §2] (that is, the subcylinder of C %), we
construct u’ in three different cases:

(a) If r > 282, we set u®(x) = u(x).
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(b) If r < 8%, we set, with p = r/A,
u® (x1, x2, x3)
X2 X1 . 5
= g(p)7 I(x3) — g(p)T J(x3) +sign(l —r) /1 —g=(p) K(x3).
(c) If 82 < r <2682, we set

ul(x) =

(A1r+B1) I (x3)+(Aar+Ba) J (x3)+v 1—(A1r+B1)2—(Aar+B2)? K (x3),

where Ay, Ay, By, B> depend only on 6, §, and x3 and are determined by

25%A| + By = i;(28% cos 0, 28 sin 6, x3),

28%As + By = 12(28% cos 0, 287 sin 0, x3),
82A1 + By = g(8?/0) sin6 = g(1/8?) sin 6,
82As 4+ By = —g(8%/1) cos = —g(1/8%) cos b,

(4-1)

and g(r) is the solution of Equation (2-8) with g(0) = 0, ¢’(0) > 0,
g(1)=1, g(r) = g(1/r) and A = c8*, where c will be determined later.

(iii) Inside C?, for each
x3 €[—8, =8 +821U[8, 8 — 821,

we let P = (0,0, 8) and N = (0, 0, —3), in a small cylinder ¢4, (or ¢,). The
cylinder is centered at P (or N) with radius 262, length 282, and its axis along
the x3-axis. If we denote by IT* (or I1_) the radial projection centered at
P (or N) onto the boundary of c‘}, (or c;s\,), the transformed map u® is the
composition of IT+ (or I1_) and the value of #° on this boundary.

The proof of Theorem 1.2 for k, < k; is very similar to the one for k; < k; on
page 195. We only need to make a few modifications.
For 82 < r <262 and for each

x3 € [—8+8%,8— 8%,
we solve Equation (4-1) for A|, A>, B| and B; to obtain
Ay = (2a —cg'(0))sinf + O(9),
Ay = (2b+cg'(0)) cosb + 0(9),
Bi =28%(g'(0)c —a) sin6 + O(8%),
By = —25%(g' (0)c 4 b) cos O + O(8°).

(4-2)
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and

0A] ,
5 = (2a — cg'(0)) cos 8 + O(9),

0A,
00
9B 2/ .1 3

=0 =26(cg’(0) —a)cosO + O(5°),
0B

8_92 =28%(cg'(0) + b) sin6 + O(8°).

= —(2b+cg'(0))sinf + O (),
(4-3)

Using (4-2) and (4-3), we have

an  (dA; 9B\ 90 ar
S ()
30 30

— 4+ A —4+0(
0x1 8x1+ ]8x1+ ®

2 cos 0 sin 6
=—20%(cg (0) —a)———+ 009),

sinf cos 6

s 3(A B
ﬁ:w=252@g’(o)+b)—+0(a),
r

0x) dx2

8&8 (A r + B COS2 0

i _ AT BY _ oy g (0)) +262(cg (0) — a) +005),
0Xx7 dx2 r

8&8 I(Arr + B sin2 0

Wy A HBY) ot (0)) — 282cg’ )+ 5) 0 4 06).

0x1 0x] r

Consider a new map #° = 151 + i15J + i K. Then we have

1
|div@?|* = 45%(a + b)* sin 6 cos? 0 — + O(3),
r

‘ﬁ‘s X curlﬁ‘sl2 = 0(%),

282¢cg’(0) 552 (@ cos? 0 — bsin’ )
r r

(curl 2%)? = [Z(a —b)—2¢cg'(0) + ]2 +00).

Using this, we have
f (divi®)? + | curl 2% | dx dx,
82<r<24?
= 418*((a —b)* — g'(0)°c® + (a® + b +2(g'(0)¢)® — (2a — 2b)g'(0)c) In 2).

We know that
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. . , cos? 9 sin @
3,12 +102, 12 = 48% 8/ 0)c —a)* == +48* (¢ (0)c +b)* 5~ + (2a — g'(0)c)’
cos? 8
+(2b+ g'(0)¢c)* +48%(2a — g'(0)¢) (g’ (0)c — a) ;
2
0
—482(2b + &' (0)c) (g'(0)c + b) 22
p

Using this, we have
/ Vil 2dx dx, :/ (13,1 + 143, |* + 0(8)] dxydx,
82<r<24? 82<r<25§?

/ 22
_ 4n54<a2 - % + (@® +b* +2(g'(0)0)2 — 2(a — b)g'(0)c) In 2)
+0(8).
From arguments similar to those in Section 3.2, we finally have
EW’, Q) — E(u, Q) — 16xT(ky, ka, k3)8
— — 8k 78 (g’(0)2c2 — (a® + 5% +2(g'(0)c)* — 2(a — b)g'(0)c) In 2)
+278%(ky — k1) (a +b)* In2 + 0(5°1In8).
When 0 < k; — ky < k24(1 —In2)/In2, we choose g’(0)c = max{a, —b} to obtain

ky —k
14k1 2(a+b)*In2 > 0.

g'(0)°¢® — (a® + b +2(g'(0)c)> — 2(a — b)g'(0)c) In2 —

Theorem 1.2 follows from choosing § sufficiently small.
The proof of Theorem 1.1 for the case k; > k; is the same as one for the case
kr > ki in Section 3.2. We omit details here. O

5. Partial regularity of the weak solutions
We will now complete a proof of Theorem 1.3. We recall that
W(u, p) = a|pl+ (ki —a)(tr p)* + (ko — o) (g - w)” + (ks — ) |g x ul’,

where p = ( pl.j )3x3 and g is the axial vector of p — pT, that is, the vector defined
in coordinates by
8i =& jkP]](‘
with ¢; j; being the components of the Levi-Civita tensor. For simplicity, we assume
a=1.
There exists a positive constant A > 0 such that

11> < W(u, p) < Alp|.
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Lemma 5.1. For any A € [0, 1), let u) be a minimizer of E; in H]} (2, S?). Then
uy is a quasiminimizer of the functional E in HJ} (2, S, that is, E(u,, B) <
QE(w; B) for any w € HMIK(B, $?) and any subdomain B C Q with Q = (1 +
A /(1 =A).

Proof. Let R}° be a set of all maps in H)} (2, §?) having a finite number of singular
points, of which {P;} are of positive degree 41 and {N;} are of negative degree —1
inside €2. Let u be a map in R.°.

As in [Giaquinta et al. 1989; 1998], the function

['(n, &) :=inf{Wn, G) | M2(G) =&, G"n=0]}

is given at every n € S?and € =t Ae(n) € A3(R? x T,8?), where |t| = 1, €(n) is
the unit 2-vector associated to 7,52, and G7 is the transpose of the matrix G. A
calculation (see [Giaquinta et al. 1989; 1998]) yields

I'n,§) = 2\/k2(t, n)? +kk3z(1—(t,n)?)%+ (k — a)(t, n).

Thus
D(u(x))

W(u(x), Vu(x)) > T(n, Ma(Vu(x)) = F((”, D)

A e(n)) |IM>(Vu(x)|.

Integrating over B and using the co-area formula, we then have

D
E(u, B) > /B r (n, % /\e(n)) |M>(Vu(x)| dx

3/ d%z(n)/ F(n,M/\e(n)> dase'.
s2 u=1(n) [D(u(x))]

We know that u~!(n) is the union of curves of two kind of curves oriented by
D(u)/|D(u)|:
(i) closed curves I'f U5 U---UT/;
(i) curvesjoining dBN{P*}*_ N{N}*_,, where {P", N!}*_, are all singularities
of u inside B.

For any positive singularity P/, there is a curve C;(u) joining P/ to another
point N}, which is either a negative singularity of the map u or a point y; on the
boundary 9B.

Since I'(n, - A €(n)) is convex and one-homogeneous, Jensen’s inequality im-
plies

/ r <n D) /\e(n)) d%' > T (n/ D) d%l/\e(n))
C; |D(u(x))] ¢ 1Du(x))]
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Note that for any vector ¢ with || = 1, we have [Giaquinta et al. 1990]

/ C(n,t Ae(n))d¥(n) =8 (ky, ka, k3).
S2

Let w € R]‘j" and w —u € H(} (B, R3). Then w~!(n) is the union of curves of
two kind of curves oriented by D(w)/|D(w)|:

(iii) closed curves 'Y UTY U---UT}";

(iv) curves joining d BN {Piw}i.‘:1 N{N”}L,, where { P, N"}i"_| are all singular-
ities of u inside B.

If 1\71.” is a boundary point y; with u(y;) = n joining a curve to a positive sin-
gularity P/ by a curve C!(u) inside the set u~!(n), there is a positive singularity
P" of w joining to y; by a curve C (w) inside the set w~!(n). As in [Giaquinta
et al. 1998], we note that D(u(x)) is the tangent to the level line u(x) = n. For an
oriented curve C;(u) joining P/ to Nf‘ and a curve C;(w) joining P to 1(7;", we
have

/ D(u(x)) 49 = —(P' — §) f D(w(x)) 43" = —(PP — N,
Ciwy 1D (x))] l 7 e ID(w(x))]

where Ni“ is either a negative singularity of u or a boundary y; with u(y) =n, and
N/ is either a negative singularity of w or a boundary y; with w(y) = n.
Then

k

2 D(u(x)) 1
E(u, B)+ E(w, B) > /Szd% (n)Zr(n,/Ci(u) md% /\e(n))

= Dw()
3o (n [ DO )
+sz (")Z " J o DG 7 €M
k
= 2PN
+ |Pw _Nwl (
Z 52 |p” — N/

_Snr(kl,kz,k@(DP" Rel+ Y 1P = N2))

i=1 i=1
>8I (ky, ko, k3)L(u, w),

Pu _Nu 5
( — /\e(n)) d#*(n)
lp — N/l

l i

Piw_Nw > 2
—/\e(n) d¥#H-(n)

where L (u, w) is the minimal connection of w and u, that is, the minimal connec-
tion between {P/}*_, U{N»*}" | and {N!}*_, U (PP},
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By the density result of [Bethuel 1990], the last equation is true for all w, u €
H}(B, §%) with w —u € Hj (B, $?).

Now, taking u = u; for 0 < A < 1, let w be any map H}}(Q, Sz) with u; —w €
HJ (B, $?) with an arbitrary subdomain B C . By the minimality of u;, we have

E(uy, 2) + A8 U (ky, ko, k3) L(u;., uo) < E(w; Q) + A8 '(ky, ka, k3) L(w, uo),
Moreover, we know
L(w, ug) — L(uy, uo) < L(w, uy).

For 0 < A < 1, we have

1+x
E(ux;B)SﬁE(w; B)

forall w e HulA (B, S?). This proves our claim. U
Using Lemma 5.1 with an extension lemma in [Hardt et al. 1988], we have:

Proposition 5.2 (Caccioppoli’s inequality). For any 0 <A <1, let u, be a minimizer
of E, in H)} (2, S2). Then for all xy € Q and R < dist(xg, 0€2), we have

(5-1) / |V, |? SCR_Z/ |, — 0. r] dx.
Bry2(x0) BRr(x0)

Next, we have:

Proposition 5.3 [Hong 2004]. Let u € H'(Q, %) be any weak solution of (1-3)
and assume that u satisfies the Caccioppoli inequality (5-1). Then u is smooth in
an open set 2y C 2 and #P(Q\Qo) = 0 for some positive p < 1.

Proof of Theorem 1.3. 1t follows from Propositions 5.2 and 5.3. O

Finally, it seems that there exists no monotonicity formula for the minimizers
of F,, in H'. It is a challenging question whether one can establish the partial
regularity of minimizers of F,, in H!(S, $?) for a given map ug € R;jo .
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SUR LE DEPLOIEMENT DES FORMES BILINEAIRES EN
CARACTERISTIQUE 2

AHMED LAGHRIBI

This article deals with the standard splitting of bilinear forms in characte-
ristic 2. The first part is devoted to the study of bilinear Pfister neighbors
(the definition of such a bilinear form is slightly different from the clas-
sical definition of a Pfister neighbor quadratic form). In the second part,
we introduce the degree invariant for bilinear forms and we prove that for
any integer d > 0, the d-th power of the ideal of even dimensional bilinear
forms coincides with the set of bilinear forms of degree > d (this is a posi-
tive answer to the analogue of the degree conjecture for quadratic forms).
In the third part, we classify good bilinear forms of height 2, and we give
information on the possible dimensions of bilinear forms of height 2 which
are not necessarily good.

1. Introduction

Le but de cet article est d’étendre la théorie de déploiement standard aux formes
bilinéaires en caractéristique 2. Cette théorie a été introduite en premier par M.
Knebusch dans les années soixante-dix dans le cas des formes quadratiques en
caractéristique # 2 [Knebusch 1976; 1977]. On la connait plutdt sous le nom de
la théorie de déploiement générique, puisque dans ce cas la suite de déploiement
standard d’une forme quadratique reflete des informations liées au comportement
de la forme sur les extensions du corps de base. Récemment, en caractéristique 2,
Knebusch et Rehmann ont étudié le déploiement standard des formes quadratiques
de radical de dimension < 1, et ont montré sa généricité comme ce qui est le cas en
caractéristique # 2 [Knebusch and Rehmann 2000]. Ceci ne se généralise pas au
cas des formes quadratiques de radical de dimension > 2 [Hoffmann and Laghribi
2004, example 8.15]. Pour ces dernieres, le déploiement standard a été traité dans
[Laghribi 2002b], et une autre notion de généricité a été introduite dans [Knebusch
> 2007].

MSC2000: 11E04, 11E81.
Keywords: symmetric bilinear form, function field of a bilinear form, standard splitting of bilinear

forms, bilinear Pfister neighbors.
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Pour la suite de cet article, on fixe F un corps commutatif de caractéristique
2, et 'expression “forme bilinéaire” signifiera “forme bilinéaire symétrique de
dimension finie et de radical nul”.

A une forme bilinéaire B d’espace sous-jacent V, on associe une forme qua-
dratique B définie par : B (v) = B(v, v) pour v € V. Cette forme quadratique est
totalement singuliére! et est unique a isométrie pres, on I’appelle la forme qua-
dratique associée a B. Le corps de fonctions de B, qu'on note F(B), est défini
comme étant celui de B. On note dim B (resp. Ban) la dimension de B (resp. la
partie anisotrope de B).

La tour de déploiement standard d’une forme bilinéaire B non nulle est une suite
(Bi, F;)o<i<n donnée par :

Fo=F et By= By
Pourn>1: F,=F,1(By,-1) et B, =((By-1)F,)an-

La hauteur (standard) de B, qu’on note h(B), est le plus petit entier & vérifiant
dim B;, < 1. En plus de la hauteur, on montre qu’il existe une d-forme bilinéaire
de Pfister = unique telle que By(p)—; soit semblable a une sous-forme de 7 de
dimension 2¢ —1 ou 2¢ suivant que dim B est impaire ou paire. L’entier d s appelle
le degré de B et on le note deg(B) (voir section 4).

On traitera le déploiement standard des formes bilinéaires en paralleéle avec ce
qui a été fait pour les formes quadratiques. Plus particulierement, on s’intéressera
a I'invariant degré et au probleme de classification par hauteur et degré. Nos mé-
thodes sont propres aux formes bilinéaires en caractéristique 2. Pour les faire deux
difficultés se sont posées. D’une part, I'utilisation de 1’analogue du théoréme de
la sous-forme (théoréme 3.5) dont la formulation est basée sur la notion de forme
bilinéaire et forme totalement singuliere associées, qui est moins forte que la condi-
tion de sous-forme (ou de domination) utilisée dans le cas des formes quadratiques.
D’autre part, on manque pour les formes bilinéaires d’un objet analogue a 1’algebre
de Clifford d’une forme quadratique.

Maintenant on détaille le contenu de notre travail. Pour garder 1’autonomie de
cet article, on rappelera dans la section 2 quelques notions de base sur les formes
bilinéaires et quadratiques en caractéristique 2.

La section 3 sera consacrée aux formes bilinéaires voisines de Pfister et vient
compléter des résultats établis récemment dans [Laghribi 2005, Section 5]. Dans la
sous-section 3A, on donnera des généralités sur les formes bilinéaires voisines. La
définition d’une telle forme utilise la notion de forme bilinéaire et forme totalement
singuliere associées. En terme de déploiement sur les corps de fonctions, on sait
d’apres [Laghribi 2005, Cor. 5.6] qu’une forme bilinéaire anisotrope B est une

1Cest-a-dire, une forme quadratique dont le radical coincide avec son espace sous-jacent.
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voisine de Pfister si et seulement si il existe C et D des formes bilinéaires telles
que (Cr(By)an = DF(p) et que B~C (=~ désigne I’'isométrie). Contrairement au cas
des formes quadratiques voisines, on va donner un exemple ot la forme bilinéaire
C L D est isotrope, et un autre o (Bf(p))an =2 D},(B) avec B L D’ isotrope
(Exemple 3.11). De plus, on va voir qu’une forme bilinéaire anisotrope B peut
étre une voisine de Pfister sans que la forme (Br(p))an soit définie sur I (Exemple
3.12). On finira cette sous-section par un fait important affirmant que toute forme
bilinéaire anisotrope devient une voisine de Pfister anisotrope apres extension des
scalaires a un corps convenable (proposition 3.13). Ce résultat nous sera tres utile
dans la sous-section 5C pour les formes bilinéaires de hauteur 2. La sous-section
3B sera consacrée a la classe des formes bilinéaires voisines anisotropes B pour
lesquelles la forme (Bp(p))an €st définie sur F. On utilisera les formes de cette
classe pour suggérer une définition de forme bilinéaire excellente.

Dans la section 4, on abordera I’invariant degré en montrant que 1’ensemble des
formes bilinéaires de degré > d coincide avec 1I’idéal 1¢ F pour tout entier d > 0
(théoreme 4.5). Pour cela, on va se ramener au cas des formes quadratiques en
associant a toute forme bilinéaire B la forme quadratique B ® [1, t~1] avec ¢ une
variable sur F. Ceci va permettre d’utiliser quelques résultats récents dus a Aravire
et Baeza [2003].

La section 5 sera consacrée aux formes bilinéaires bonnes, c’est-a-dire, celles
dont la forme bilinéaire de Pfister correspondant a 1’avant-derniere forme de leurs
tours de déploiement standard est définie sur F. Plus particulicrement, on clas-
sifiera les formes bilinéaires bonnes de hauteur 2 (proposition 5.9 et théoréme
5.10). Pour cela, on utilisera entre autres une généralisation aux formes bilinéaires
d’un résultat récent de Karpenko sur les dimensions des formes quadratiques de
I en caractéristique # 2 (proposition 5.7). Notre classification fait paraitre une
classe de formes bilinéaires bonnes de hauteur 2 dont on n’a pas un analogue pour
les formes quadratiques en caractéristique # 2 (Commentaire apres le théoreme
5.10; Exemple 5.11). Finalement dans la sous-section 5C on donnera des infor-
mations sur les éventuelles dimensions des formes bilinéaires de hauteur 2 non
nécessairement bonnes (corollaire 5.20), et ce en utilisant une version raffinée de
la décomposition de Witt d’une forme bilinéaire (proposition 5.15).

2. Quelques rappels

Soit ¢ une forme quadratique (resp. une forme bilinéaire) d’espace sous-jacent
V. On dit que ¢ est isotrope s’il existe v € V — {0} tel que ¢(v) = O (resp.
¢(v,v) = 0). Dans le cas contraire, on dit que ¢ est anisotrope. On désigne par
Dp(¢) I'ensemble des scalaires de F* représentés par ¢ (resp. ’ensemble des
scalaires ¢(v, v) € F* avec v e V).
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Pour n > 1 un entier et B une forme bilinéaire (ou quadratique), on désigne par
n X B la somme orthogonale de n copies de B.

Deux formes bilinéaires (ou quadratiques) B et B’ sont dites semblables si B >~
a B’ pour un certain « € F*.

Le radical d’une forme bilinéaire B (resp. d’une forme quadratique ¢) d’espace
sous-jacent V est I’espace {v € V | B(v, V) = 0} (resp. le radical de la forme
bilin€aire B, associ€e a ¢).

Une forme quadratique est dite non singuliere si son radical est nul.

On sait qu’une forme quadratique non singuliere (resp. totalement singuliere) est
isométrique 2 une somme orthogonale de formes de type [a, b] = ax* + xy + by?
(resp. de type [a] = ax?).

On note W (F) (resp. W, (F)) I’anneau de Witt des formes bilinéaires (resp. le
groupe de Witt des formes quadratiques non singulieres).

2A. Décomposition de Witt.

2A1. Cas des formes quadratiques. Toute forme quadratique ¢ se décompose, a
isométrie pres, comme suit :

(D @ > @an L1 x[0,0] L jx[0]

ol ¢,y est une forme anisotrope, qu’on appelle la partie anisotrope de ¢ [Hoffmann
and Laghribi 2004]. L’entier i s’appelle I’indice de Witt de ¢ et on le note iy ().
Une forme quadratique non singuliére ¢ est dite hyperbolique si dim ¢ =2iw (¢).

2A2. Cas des formes bilinéaires. On note (a; : b : ap) la forme bilinéaire B dont
I’espace sous-jacent a pour base {e;, e;} qui satisfait les conditions B(e;, e;) =a; et
B(ey, e2) =b. Un plan métabolique est une forme bilinéaire isométrique a (a : 1 : 0)
pour un certain a € F.

Toute forme bilinéaire B se décompose de la mani¢re suivante :

2) B~M L By,

ou M est une somme orthogonale de plans métaboliques, et B,, est une forme
bilinéaire anisotrope. La forme Bj, est unique a isométrie prés [Milnor and Huse-
moller 1973; Knebusch 1970] ; on I’appelle la partie anisotrope de B. L’indice de
Witt de B, qu’on note iy (B), est I’entier % dim M.

Une forme bilinéaire B est dite métabolique si dim B = 2iw (B).

On renvoie a la proposition 5.15 pour une version raffinée de la décomposition
donnée dans (2).

Deux formes quadratiques (resp. deux formes bilinéaires) B et B’ sont dites
équivalentes, qu’on note B ~ B’, lorsque les formes By, et B;, sont isométriques.
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2B. Formes bilinéaires et formes quadratiques de Pfister. On note (aj, ..., d,)
la forme bilinéaire er-‘zl a;x;y; avec di, ..., a, € F*. Une n-forme bilinéaire de
Pfister est une forme isométrique a (1, a1)®- - -®(1, a,). On lanote ({ay, ..., a,)).

La partie pure d’une forme bilinéaire de Pfister B est I’'unique forme B’ vérifiant
B=(1) LB
Une (n+1)-forme quadratique de Pfister est une forme isométrique a

<<a1’ o ,an» ®[1’b]5

ol ® est I’action de module de W (F) sur W, (F), etay,...,a, € F*,be F.

Soit 1 F I’'idéal de W (F) formé des formes bilinéaires de dimension paire. On
pose I"F =(IF)" et I/*'F =I"F ® W, (F) pour tout n > 0 (avec I'F = W (F)).

On sait que " F (resp. I;“ F) est engendré additivement par les n-formes bi-
linéaires de Pfister (resp. les (n+1)-formes quadratiques de Pfister).

Une n-forme quadratique de Pfister est dite de degré n [Hoffmann and Lagh-
ribi 2004; Laghribi 2002b]. Notre définition de degré differe de celle adoptée par
Aravire et Baeza [2003]. La notre étend la définition de degré en caractéristique

£2.

2C. Formes quadratiques voisines. Soient ¢ et ¢’ deux formes quadratiques d’es-
paces sous-jacent respectifs V et V’. On dit que ¢ est dominée par ¢, qu’on
note ¢ < ¢’, s’il existe une application linéaire injective o : V. — V' telle que
¢’ (o (v)) = ¢(v) pour tout v € V. On renvoit a [Hoffmann and Laghribi 2004, lem.
3.1] pour une description équivalente a cette définition. Notons que la relation de
domination n’est autre que la relation de sous-forme lorsque les formes ¢ et ¢’ sont
non singulieres ou totalement singulieres

Une forme quadratique ¢ est dite voisine d’une forme de Pfister 7 si 2dim ¢ >
dim 7 et ap < 7 pour un certain a € F*. Lorsque ¢ est voisine de 7, alors 7 est
unique et pour toute extension K /F, la forme gk est isotrope si et seulement si
Tk est isotrope.

On sait qu’une forme quadratique voisine ne peut étre totalement singuliere.
Mais pour les formes totalement singulieres on a aussi la notion de forme voisine
(Définition 3.7).

3. Les formes bilinéaires voisines

3A. Généralités sur les formes bilinéaires voisines. Lanotion de forme bilinéaire
et forme totalement singuliere associées va jouer un rdle essentiel dans cet article.
Le lemme qui suit donne une définition équivalente a cette notion :

Lemme 3.1. Une forme quadratique totalement singuliére ¢ est associée a une
forme bilinéaire B si et seulement si dim B = dim ¢ et Dp(B) = Dr(@).



212 AHMED LAGHRIBI

Démonstration. D’apres [Laghribi 2004a, lem. 2.1], on sait que deux formes qua-
dratiques totalement singulieres sont isométriques si elles sont de méme dimension
et représentent les mémes scalaires de F*. O

Remarque 3.2. (1) Notons qu’une forme bilinéaire B est isotrope si et seulement
si B est isotrope.

(2) La correspondance B +— B est compatible avec la somme orthogonale et la
multiplication par des scalaires de F™*.

Notations 3.3. Pour ¢ une forme quadratique totalement singuliére, on notera s¢(¢)
I’ensemble de toutes les formes bilinéaires associées a ¢.

Définition 3.4. Une forme bilinéaire B est dite une sous-forme d’une autre forme
C si C ~ B 1 B’ pour une certaine forme bilinéaire B’.

La définition d’une forme bilinéaire voisine est motivée par I’analogue du thé-
oreme de la sous-forme dont voici la formulation :

Théoreme 3.5 [Laghribi 2005, prop. 1.1]. Soient B et C deux formes bilinéaires
anisotropes telles que B devienne métabolique sur F(C). Alors, pour tout o €
Dp(C)Dp(B), il existe B' une sous-forme de a B telle que B’ € &4(5). En particu-
lier, dim C < dim B.

Définition 3.6 [Laghribi 2005, section 5]. Une forme bilinéaire B est dite voisine
d’une forme bilinéaire de Pfister 7 si 2dim B > dim 7 et s’il existe B’ € #(B)
semblable a une sous-forme de 7.

Dans le cas des formes quadratiques totalement singulieres, les notions de formes
de Pfister et leurs voisines se définissent comme suit :

Définition 3.7. (1) Une forme totalement singuliere est une quasi n-forme de Pfister
si elle est associée a une n-forme bilinéaire de Pfister.

(2) Une forme totalement singuliere ¢ est dite une quasi-voisine de Pfister s’il
existe une quasi-forme de Pfister  tels que 2dim¢ > dimmw et ap < 7w pour un
certain a € F*,

On renvoie a [Hoffmann and Laghribi 2004] et [Laghribi 2004a] pour plus de
détails sur les formes quasi-voisines et leurs déploiements standard.

Les formes bilinéaires voisines et les formes quadratiques quasi-voisines se cor-
respondent mutuellement comme le montre la proposition suivante :

Proposition 3.8. Une forme bilinéaire anisotrope B est une voisine de Pfister si et
seulement si B est une quasi-voisine de Pfister.

Démonstration. Soit B une forme bilinéaire anisotrope.
Supposons que B soit voisine d’une forme bilinéaire de Pfister 7. Alors on a
2dim B > dim 7 et il existe B’ € s4(B) qui est semblable a une sous-forme de 7.
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Puisque B~ B, laforme B est semblable 2 une sous-forme de 7. Ainsi, B est une
quasi-voisine de 7.

Réciproquement, supposons maintenant que B soit quasi-voisine d’une quasi-
forme de Pfister 7. Soit C une forme bilinéaire de Pfister telle que C~r. Puisque
TF(B) estisotrope, la forme Cr(p) estisotrope et donc elle est métabolique [Laghribi
2005, prop. 3.3]. Par le théoréme 3.5, il existe B’ € &Q(E) qui est semblable a une
sous-forme de C. Puisque 2dim B > dimt = dim C, la forme B est bien une
voisine de C. ]

On se servira souvent de la proposition suivante qui montre qu’une forme bi-
linéaire anisotrope est une voisine de Pfister lorsqu’elle devient métabolique sur le
corps de fonctions d’une autre forme bilinéaire de dimension suffisamment grande :

Proposition 3.9 [Laghribi 2005, cor. 5.4]. Soient B et C deux formes bilinéaires
anisotropes. Si Brc) est métabolique et 2dim C > dim B, alors B est semblable
a une forme bilinéaire de Pfister 1, et toute forme bilinéaire B’ € 5&(5 ) est voisine
de . En particulier, C est voisine de .

Comme dans le cas des formes quadratiques voisines ou quasi-voisines, les
formes bilinéaires voisines vérifient certaines propriétés classiques :

Proposition 3.10 [Laghribi 2005, prop. 5.2, 5.3, cor. 5.6]. Soient B et C deux
formes bilinéaires anisotropes avec C une forme bilinéaire de Pfister.

(1) Si B est voisine de C, alors pour toute extension K /F les formes Bg et Cg
sont simultanément isotropes ou anisotropes.

(2) B est voisine de C si et seulement si 2dim B > dim C et C(p) est isotrope.
(3) B est une voisine d’une forme bilinéaire de Pfister si et seulement si il existe
B’ € sA(B) telle que la forme (B}(B))an soit définie sur F.

Cependant, d’autres propriétés sur les formes quadratiques voisines ou quasi-
voisines ne se généralisent pas aux formes bilinéaires voisines. Par exemple, une
forme bilinéaire peut étre voisine de deux formes bilinéaires de Pfister non isomé-
triques. De plus, contrairement a un résultat classique de Fitzgerald [1981, th. 1.6],
I’exemple suivant illustre un cas d’une forme bilinéaire voisine anisotrope B et
d’une forme C € &ﬁ(E) telles que (Cr(g))an = Dr(p) pour une certaine forme D
mais que C L D est isotrope.

Exemple 3.11. Soient xy, ..., x4, u, v des variables sur un corps Fy de caracté-
ristique 2 (d > 1), F = Fo(x;, u, v) et R = ({x1, ..., xg)). Soient
B=(1,14u,v,uv)@ R, C={1,u,u+v,uv)®R

et m = ({u, v)) ® R qui sont des formes anisotropes. Alors :
(1) B est une voisine de 7.
2) (BF(B))an = (u, 1+u)® R)rpyet B L (u, 1 +u) ® R est isotrope.



214 AHMED LAGHRIBI

(3) C € S(B).
@) (Cr))an = ((v,u+v) @ R) ) et C L (v, u+v) ® R est isotrope.

Démonstration. Puisque les formes (1, 1 +u, v, uv) et (1, u, u + v, uv) sont as-
sociées a la forme quadratique [1] L [u] L [v] L [uv], on déduit que B~7~C.
Ainsi, B est voisine de 7 etCesﬂ(E). OnaB~n7nl{u,1+u)®@RetC~m L
(v,u+v) ® R. Puisque mr(p) est isotrope et les formes ((u, 1 +u) ® R)r(p) et
({(v, u +v) ® R) r(p) sont anisotropes (par raison de dimension et le théoréme 3.5),
on déduit que (Br(g))an > ((tt, 1 +u)@R) p(p) et (Cr(p))an = ((v, u + V) ®R) F ().

O

L’exemple qui va suivre montre qu’une forme bilinéaire anisotrope B peut étre
une voisine de Pfister sans que la forme (Br(p))an soit définie sur F :

Exemple 3.12. Soient x, y, z des variables sur un corps Fy de caractéristique 2, et
F = Fy(x, y,z). Soit B=(x,y,xy,1+x,z, (14+x)z). Alors, B est une voisine
de Pfister mais la forme (BF(p))an n’est pas définie sur F.

Démonstration. Puisque [x] L [1+x]>~[1] L [x]et[z] L [z(Q1+x)]~[z] L [xz],
on obtient que B est voisine de ({x, y, z)). On a nécessairement dim(BFp))an = 4
puisque Br(p) ne peut étre métabolique. Ainsi, B est de hauteur et de degré 2. De
plus, par le théoreme 5.10 B ne peut étre bonne et donc la forme (Bf(p))an n’est
pas définie sur F. U

On finit cette sous-section par un résultat qui montre qu’une forme bilinéaire
anisotrope devient une voisine de Pfister anisotrope apres extension des scalaires
a un corps convenable. L’ingrédient essentiel qu’on utilise est la notion de degré
normique d’une forme totalement singuliere. On renvoie a [Hoffmann and Laghribi
2004, section 8] pour plus de détails sur cet invariant et certaines de ses applica-
tions. Rappelons tout de méme que le corps normique d’une forme quadratique
totalement singuliere non nulle ¢, qu’on note Ng(¢), est défini par Nr(¢) =
F*(ab | a,b € Dr(p)). Le degré [Np(¢) : F?) s’appelle le degré normique de
@, et on le note ndeg - (¢).

Proposition 3.13. Soient n > 1 un entier et B une forme bilinéaire anisotrope telle
que dim B € 12", 2"1]. Posons ndeg - (B) = 2'.

(1)Onal =n+1, et B est une voisine de Pfister si et seulement si | =n + 1.

(2) Sil >n+1, alors il existe une suite de formes bilinéaires 7w;_,,_» C - - - C g telle
que chaque m; soit une (I — i)-forme bilinéaire de Pfister et Bx soit une voisine de
Pfister anisotrope, on K = F (mg) - - - (7Tj—p—2).

Démonstration. (1) L'inégalité [ > n+1 provient de [Hoffmann and Laghribi 2004,
prop. 8.6]. De plus, par [Hoffmann and Laghribi 2004, prop. 8.9] on a que B est
une quasi-voisine de Pfister si et seulement si / = n + 1, et par la proposition 3.8
ceci équivaut a dire que B est une voisine de Pfister.
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(2) On reprend la méme preuve de [Laghribi 2004b, prop. 1.9] appliquée a la
forme B, et on utilise la proposition 3.8. ([

3B. Les formes bilinéaires voisines strictes.

Définition 3.14. Une forme bilinéaire anisotrope B est dite une voisine stricte s’il
existe une forme bilinéaire anisotrope C telle que (Br())an = Cr(B).

Supposons que B L C soit anisotrope.

Lemme 3.15. Soient B, C, C’ des formes bilinéaires anisotropes telles que

(BFB))an = CF(B) = Cp)-
Si B L C est anisotrope, alors B 1. C’ est aussi anisotrope.

Démonstration. Par la proposition 3.9, la forme B L C (resp. (B L C")yy) est
semblable a une forme bilinéaire de Pfister 77 (resp. 7,) dont B est voisine. Puisque
B est semblable a une sous-forme de 7%, et que B est isotrope sur F (;r1), on déduit
que 5 est isotrope sur F'(777) et donc elle est métabolique sur F (7). En particulier,
dimm; < dimmp. Comme dim 7, < dimry, on a nécessairement dim(B L C) =
dim(B L C")ay. Ainsi, B L C’ est anisotrope. O

Soit B une forme bilinéaire voisine stricte et C une autre forme bilinéaire telle
(BFr(B))an = Cr(p). Par le lemme 3.15, B est de I'un des deux types suivants qui
s’excluent mutuellement :

TypeI:si B L C estisotrope.
Type IL : si B L C est anisotrope.

Voici une propriété sur les formes voisines strictes de type II qui les rapprochent
des formes quadratiques voisines :

Proposition 3.16. Soient B et C des formes bilinéaires anisotropes. Si (BF(p))an =
Cr) et B L C est anisotrope, alors B L C est semblable a une forme bilinéaire
de Pfister et la forme C est unique.

Démonstration. Soit n > 1 un entier tel que dim B € ]2"~!, 2""]. Puisque dim B >
dim C et (B L C)Frp)y ~ 0, alors on obtient par la proposition 3.9 que B L C est
semblable d’une m-forme bilinéaire de Pfister dont B est voisine. Ainsi, n = m et
dim C <2"~! < dim B. Si C’ est une forme bilinéaire telle que (BF(B))an = C}(B),
alors par le lemme 3.15 B | C’ est anisotrope. Comme pour la forme C, on a
dim C’ < 2"~ < dim B. Puisque (C L C')p) ~ 0 et 2dim B > 2" > dim C +
dim C’, on obtient par la proposition 3.9 que C ~ C’. O

Cette proposition motive la définition suivante :



216 AHMED LAGHRIBI

Définition 3.17. Soient B et C deux formes bilinéaires anisotropes telles que
(Br))an = Cr(p) et B L C est anisotrope. La forme C est appelée la forme
complémentaire de B.

Lemme 3.18. Soit B une forme bilinéaire anisotrope qui est une voisine stricte de
type Il et de forme complémentaire C. Si K est une extension de F telles que By
et Cg soient anisotropes, alors (Bg(gy)an == Ck (B).

Démonstration. La condition (Bp)y)an = Cr(p) donne Bg ) ~ Ck(py. Comme
B est de forme complémentaire C, on obtient que dim B > 2" > dim C pour un
certain entier n > 1. Comme Bk et Cg sont anisotropes, on a par [Hoffmann and
Laghribi 2006, th. 1.1] que Cgp) est anisotrope et donc (Bk (g))an = Ck (). U

Définition 3.19. Soient B et C des formes bilinéaires anisotropes telles que dim B >
dim C. Un couple de formes bilinéaires (B’, C’) est dit lié au couple (B, C) s’il
existe une forme bilinéaire n telleque : B~ B' 1L n,C~C’' L net (B L C)y >
B’ L C'. Dans ce cas, on note (B, C) --» (B', C').

Le résultat suivant montre que de toute forme voisine stricte on peut se ramener
au cas d’une forme voisine stricte de type II :

Proposition 3.20. Soient B et C des formes bilinéaires anisotropes telles que
dim B > dim C. Soient B’ et C' des formes bilinéaires telles que (B, C) --»
(B, C".

(1) On a équivalence entre les assertions suivantes:

(1) (BF(B))an = CFr(B)-

(ii) (B}(B/))an o~ C%(B,), B%(B) est isotrope et C(p) est anisotrope.

(2) Si I’une des conditions équivalentes de (1) est vérifiée, alors B et B' sont voi-
sines de la méme forme bilinéaire de Pfister, et B’ est une voisine stricte de type II.

Démonstration. Soient B” et C’ des formes bilinéaires telles que (B,C) --» (B’,C’).
(1) (i) = (ii) Supposons que (Br(p))an = Cr(B). Alors, Cr(py est anisotrope
et (B" L C")r(p) ~ 0. Puisque B’ L C’ est anisotrope et

dim(B’ L C’) <dim(B L C) <2dim B,

on déduit par la proposition 3.9 que B’ L C’ est semblable a une n-forme de Pfister
dont B est voisine. En particulier, Bz, est isotrope puisque dim B’ > dim C’ (car
dim B > dim C). Comme dim B’ > 2"~! > dim C’, on déduit par [Hoffmann and
Laghribi 2006, th. 1.1] que C} p,, est anisotrope. Puisque (B" L C')ppy ~ 0, on
obtient (B},(B,))an ~ C;-(B,).

(i) = (i) Puisque (B}?(B/))an ~ C},(B,), la proposition 3.9 implique que B’ L C’
est semblable a une forme bilinéaire de Pfister. De I’isotropie de B;( ) On déduit
que (B" L C") gy ~ 0. Ainsi, (B L C) gy ~ 0. Comme Cr(p) est anisotrope, on
a bien (BF(B))an >~ CF(B)-
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(2) Si on a I'une des conditions équivalentes de (1), il est clair que B’ est une
voisine stricte de type II. Comme dim B > dim B’ et B}( p) est isotrope, on obtient
par la proposition 3.10 que B et B’ sont voisines d’une méme forme bilinéaire de
Pfister. (]

En vue de I’introduction de la notion de forme complémentaire dans le cas des
formes voisines strictes de type II, on suggere la définition suivante d’une forme
bilinéaire excellente :

Définition 3.21. Une forme bilinéaire anisotrope B est dite excellente si dim B < 1
ou bien dim B > 1 et B est une voisine stricte de type II et de forme complémentaire
une forme excellente.

Voici une description de la tour de déploiement standard d’une forme bilinéaire
excellente :

Proposition 3.22. Soit B une forme bilinéaire anisotrope excellente de dimension
> 2 et de tour de déploiement standard (B;, F;)o<i<n()- Alors, h(B) > 1 et il existe
une suite de formes bilinéaires (C;)o<i<n(B) telle que:

(1) B; = (Cy)F, pour touti € {0, ..., h(B)}.

(2) C; est une voisine stricte de type Il et de forme complémentaire C;4| pour tout
i€{0,...,h(B)—1}

Démonstration. 1l est évident que h = h(B) > 1. Supposons que B soit excellente.
Alors, il existe une suite (C;)o<;<x de formes bilinéaires telles que Co = B, Cy est
la forme nulle, et C; soit une voisine stricte de type II et de forme complémentaire
Ci+1. Supposons qu’on ait B; 2~ (C;)f, pour un certain i < h(B). Alors, Fijy1 =
Fi(Cy)etona

3) (Bi)Fuy ~ Biy1 ~ (CFrcy ~ (Cix1)Fyy-

Comme C; est une voisine de forme complémentaire C; 1| et que C; est anisotrope
sur F;, alors la forme C;; est aussi anisotrope sur F;. On déduit par le lemme 3.18
que ((Ci)F.(c;))an = (Cit1) Fyy > €t la relation (3) implique que B >~ (Cit1)Fy, -

Ainsi de suite, on aboutita Bj,_1 >~ (Cy—1)F,_, et donc la forme C}, est forcément
nulle. En particulier, k = h(B). U

4. L’invariant degré pour les formes bilinéaires

Pour introduire le degré d’une forme bilinéaire, on se basera sur le théoreme
suivant qui classifie les formes bilinéaires de hauteur 1 :

Théoreme 4.1. Soit B une forme bilinéaire anisotrope. Alors, B est de hauteur 1 si
et seulement si B est semblable a une forme bilinéaire de Pfister ou est semblable
a la partie pure d’une forme bilinéaire de Pfister.
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Démonstration. Le théoreme a été prouvé dans [Laghribi 2005, cor. 5.5] lorsque
dim B est paire. Supposons que dim B soit impaire. Alors, par hypothese on a
(BF(B))an = (@) p(p) avec o = det B. Par conséquent, (B L (@))rp) ~ 0. On a
B L {(a) #0, et le théoeme 3.5 donne dim B < dim(B L (&))a,. Ainsi, B L () est
anisotrope. Par la proposition 3.9, B L (a) >~ B avec m une forme bilinéaire de
Pfister et 8 € F*. Par la multiplicativité d’une forme bilinéaire de Pfister [Baeza
1978, cor. 2.16, page 101], et ’unicité de la partie pure d’une telle forme (cor. 2.18,
ibid.), il est clair que o B ~ 7’. O

Corollaire 4.2. Soit B une forme bilinéaire non nulle de tour de déploiement stan-
dard (F;, B;i)o<i<n avec h = h(B). Alors, il existe une unique forme bilinéaire de
Pfister m telle que By soit semblable a w ou semblable a la partie pure de
suivant que dim B est paire ou impaire.

Démonstration. On utilise le théoreme 4.1 et le fait que By, est de hauteur 1, ainsi
que la multiplicativité et I’unicité de la partie pure d’une forme de Pfister. ]

Définition 4.3. Soit B une forme bilinéaire non nulle de tour de déploiement stan-
dard (F;, Bi)o<i<n avec h =h(B) > 1.

(1) Le corps Fj—; s’appelle le corps dominant de B.

(2) La forme dominante de B est I’unique forme bilinéaire de Pfister correspondant
a Bj,_1 au sens du corollaire 4.2.

(3) Si dim B est paire, le degré de B est I’entier d tel que dim Bj,_; = 24.Si dim B
est impaire, on dit que B est de degré 0. Dans les deux cas, on désigne par deg(B)
le degré de B.

Notations 4.4. Pour tout entier n > 0, on désigne par :

€))] J,f (F) I’ensemble des formes bilinéaires de degré > n.

(2) I"F le quotient ["F/I"T'F.

(3) I"(K /F) le noyau de I’homomorphisme I"F —> I"K induit par I’inclusion
FCK.

Le résultat principal de cette section est le théoréme suivant :
Théoreme 4.5. Pour tout entiern > 0,ona I"F = J,f’(F).

On introduit quelques résultats préliminaires nécessaires pour la preuve de ce
théoreme.

Lemme 4.6. Soient t une variable sur F, B une forme bilinéaire sur F et ¢ =
B®I[1,t" . Alors:

(1) B est isotrope si et seulement si @ est isotrope.

(2) iw(¢) = 2iw(B). En particulier, B est métabolique si et seulement si ¢ est
hyperbolique.
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Démonstration. (1) Si ¢ est anisotrope, alors B est aussi anisotrope. Supposons
que B soit anisotrope. On pose B =~ {(a;) L --- L {(a,) pour ai,---,a, € F*
convenables. Ona g ~a;[1,t~ 11 L--- La,[1,+~']. Supposons que ¢ soit isotrope,
et soit (1,41, ..., Pn, qn) € F()*" — {0} tel que :

n
) Y ai(pP+pigi+1'q)) =0.
i=1

Sans perdre de généralités, on peut supposer que pi, g1, - .., Pn, gn SOnt des po-
lyndmes non tous divisibles par . On multiplie (4) par ¢, on substitue 0 a ¢, et on
utilise 1’anisotropie de B pour déduire que les polyndomes ¢g; sont tous divisibles
par ¢. On substitue de nouveau 0 a ¢ et on utilise I’anisotropie de B pour déduire
cette fois-ci que ¢ divise tous les polyndmes p;, une contradiction.

(2) Soit B~ M L By, la décomposition de Wittde B.Onagp~M@[1,t~ '] L
B ®[1,t " etla forme M ®[1,17'] est hyperbolique. Par (1) on a que By, ®
[1,77 '] est anisotrope. Ainsi, iy (¢) = dim M = 2iy (B). O

Lemme 4.7. Soient t une variable sur F', B une forme bilinéaire non nulle de degré
d. Alors,deg(B®[1,t7 ') <d + 1.

Démonstration. Posons K = F(t). Soient (F;, B;)o<i<n €t (K, ¢j)o<j<k les tours
de déploiement standard respectives de B et ¢, avec h = h(B) et k = h(¢). On
a donc dim(Bfg, )an = 24 Par le lemme 4.6, dim(¢k.F,_)an = 241, Puisque
(K, 9j)o<j<k estla tour de déploiement générique de ¢ [Knebusch and Rehmann
2000], il existe 1 < j <k — 1 tel que dim¢; = 297!, Ainsi, deg(p) <d+1. O

On donne I’analogue du Hauptsatz d’ Arason-Pfister pour les formes bilinéaires.
Baeza a prouvé le méme résultat dans le cas des formes quadratiques en caracté-
ristique 2 [Baeza 1973] :

Lemme 4.8. Soit n > 0 un entier et B une forme bilinéaire non métabolique. Si
B € I"F, alors dim B,,, > 2". Si dim B,, = 2", alors B, est semblable a une
n-forme bilinéaire de Pfister.

Démonstration. Sans perdre de généralités, on peut supposer que B est anisotrope.
Soit 7 une variable sur F et = B®[1,t7'].Onagp e I[;‘“F(t). Par le lemme 4.6,
@ est anisotrope. Par [Baeza 1973] dim ¢ > 27+l je., dim B > 2". Si dim B = 2",
alors Br(p) ~ 0 puisque Br(p) € I" F(B). Par le théoréme 4.1, B est semblable a
une n-forme bilinéaire de Pfister. U

On aura besoin du théoreme de la sous-forme dans le cas des formes quadra-
tiques :

Théoréme 4.9 [Hoffmann and Laghribi 2004, th. 4.2]. Soient ¢ et ¢’ deux formes
quadratiques anisotropes telles que ¢’ soit non singuliere et devienne hyperbolique
sur F (). Alors, ¢ < a@' pour tout scalaire o € D () Dp(¢").
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Comme on I’a évoqué dans I’introduction, 1’analogue du théoréeme 4.5 pour les
formes quadratiques en caractéristique 2 est dii a Aravire et Baeza [2003] :

Théoreme 4.10. Pour tout entier n > 1, on a que I g [ est Uensemble des formes
quadratiques non singulieres de degré > n.

Ce théoréme 4.10 permet de déduire le corollaire suivant :

Corollaire 4.11. Soient n > 0 un entier, ¢ € I ;’HF et ¥ une forme quadratique
totalement singuliére anisotrope de dimension > 2". Si ¢py) € I ;+2F (¥), alors
g € IJT?F.

Démonstration. Supposons que ¢ & [ ;“F . Par le théoréeme 4.10, on déduit que ¢
est de degré n + 1. Soient (F;, ¢;)o<i<n sa tour de déploiement standard et 7w sa
forme dominante avec & = h(p). Puisque 7f, () € I"T2F,—1 (1), on obtient par
le lemme 4.8 que 7f, ,(y) ~ 0. Comme ¥ est totalement singuliere de dimension
> 2", on obtient par le théoréme 4.9 que w ~ 0, une contradiction. (]

Lemme 4.12. Soient t une variable sur F, B € I" F une forme bilinéaire telle que
B®I[1,:7 1€ I[I"2F(1). Alors, B € I"t'F.

Démonstration. Posons B=mn, L --- 1w, avecmy, - - - , ,, des formes semblables
a des n-formes bilinéaires de Pfister anisotropes. On proceéde par induction sur m.
Sim < 1, alors le lemme 4.8 implique que B®][1, t~!] est hyperbolique, et donc B
est métabolique par le lemme 4.6. Supposons que m > 2. Sur le corps L = F (i)
et par induction sur m, on a que By € I"*'L. Ainsi, B+ I"t'F € I"(L/F). Par
un résultat de Aravire et Baeza [2003], on déduitque B L. 7w € 1 nt+lp pour une n-
forme bilinéaire de Pfister convenable. Puisque B®[1, ¢ '] e [ Z]HF (1), on obtient
que 7 ®[1,¢711 € I"*2F(t). Les lemmes 4.6 et 4.8 impliquent que 7 ~ 0. Ainsi,
Bel"F. O

Le résultat suivant étend un calcul fait auparavant par Aravire et Baeza unique-
ment dans le cas du corps de fonctions d’une forme bilinéaire de Pfister [Aravire
and Baeza 2003] :

Proposition 4.13. Soit n > 1 un entier et v une forme quadratique totalement
singuliere telle que dim v, > 2". Alors, I_”(F(x//)/F) = {0}.

Démonstration. On sait que si ¥ est isotrope, alors F' () est une extension trans-
cendante pure de F(¥,,). Donc, sans perdre de généralités, on peut supposer
que v est anisotrope. Soient B € I"F telle que B + I"'F e I"(F(Y)/F), et

¢ =B®I[l,t7']. Alors, ¢ € I;“F(t) et o + I;+2F e I; "' (F()()/F(1)). Par
le corollaire 4.11, ¢ € 17> F (). Le lemme 4.12 implique que B € I"*'F. O

On obtient un corollaire qui va permettre de simplifier certains calculs plus tard :
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Corollaire 4.14. Soient ¢y, . . ., @i des formes quadratiques totalement singulieres
anisotropes de dimension > 2" telles que ¢; soit anisotrope sur F(¢g) - - - (0i—1)
pour tout i > 1. Soit L = F(¢o) - - - (¢r). Alors:

(1) 17 (L] F) = {0} pour tout j < n.

(2) Une forme bilinéaire métabolique sur L appartient a I"*'F.

Démonstration. Puisque dim¢; > 2/ pour tous j <neti € {0,---, k}, on peut
appliquer de maniere répétée la proposition 4.13. ([

Démonstration du théoréme 4.5. Soit n > 1 un entier.

() I"F C J,f’(F) : Soient B € I"F non nulle, ¢ une variable sur F' et ¢ =
B®[1,t~!]. Parle lemme 4.7, deg(¢) < deg(B)+1. Comme ¢ € I;“K, on déduit
par le théoreme 4.10 que deg(¢) >n+1, i.e., deg(B) > n et donc B € J,f’(F).

2) J,f’(F )y C I"F : Soit B € J,f(F ) non nulle. On peut supposer B anisotrope
et on procede par induction sur dim B. On a dim B > 2",

Sidim B =2", alors Br(p) est métabolique. Par le théoréme 4.1, B est semblable
a une n-forme bilinéaire de Pfister, et donc B € I"F.

Si dim B > 2". Puisque deg(B) = deg(BF(p)), on obtient par induction que
Br(p) € I"F(B). Par la proposition 4.13, on déduit que si B € I*F avec k < n, alors
B e I*!'F. Ainsi, en appliquant ceci de maniére successive pourk € {1, ..., n—1},
on déduit que B € ["F. O

Maintenant on donne un corollaire qui complete le lemme 4.7 :

Corollaire 4.15. Soient t une variable sur F et B une forme bilinéaire non nulle.
Alors, deg(B) + 1 =deg(B®[1, 7 ')).

Démonstration. Posons ¢ = B®[1,t7'],d = deg(B) et d’ = deg(¢p). Sid =0,
alors il est clair que d’ = 1. Supposons d > 1. L’inégalité d’ < d + 1 provient du
lemme 4.7.Sid +1 > d’, alors B € J[’;,(F) =I?F. Par conséquent, ¢ € I(j’,HF,
une contradiction. O

5. Les formes bilinéaires bonnes

5A. Généralités sur les formes bilinéaires bonnes. La théorie de déploiement
met en évidence une classe importante de formes quadratiques, celle des formes
quadratiques bonnes (“good forms” dans la terminologie de [Fitzgerald 1984]).
Dans cette section, on va étendre certains résultats connus sur ces formes quadra-
tiques au cas des formes bilinéaires en caractéristique 2.

Définition 5.1. Une forme bilinéaire non nulle est dite bonne si sa forme dominante
est définie sur F.

Exemple 5.2. Si B est une forme bilinéaire de dimension paire et de déterminant
d # 1, alors elle est bonne de degré 1 et de forme dominante (1, d);, ot L est le
corps dominant de B.
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Démonstration. Soit w la forme dominante de B. Puisque By ~ m, les formes B
et 7 ont le méme déterminant (modulo un carré). Ainsi, 7 ne peut étre qu'une
1-forme bilinéaire de Pfister et donc @ >~ (1, d); . [l

Voici quelques propriétés générales liées aux formes bilinéaires bonnes :

Proposition 5.3. Soit B une forme bilinéaire non nulle de hauteur h. On note
(Fi, Bi)o<i<n la tour de déploiement standard de B et T sa forme dominante. Po-
sons dim 7 = 29,

(1) Si B est bonne, alors il existe une unique d-forme bilinéaire de Pfister C définie
sur F telle que t >~ Cp, ,.

(2) Si B est de dimension paire, alors B est bonne si et seulement si B L C € [
pour une certaine d-forme bilinéaire de Pfister C. Dans ce cas, Cf,_, est la forme
dominante de B.

(3) Si B est de dimension impaire, alors B est bonne si et seulement si B 1 (det B)
est bonne. Dans ce cas, B et B 1 (det B) ont la méme forme dominante.

(4) Si dim B est paire et C est une d-forme bilinéaire de Pfister telle que B L rC €
1972 F pour r € F* convenable, alors B,_1 ~ (rC)F,_,.

Avant de prouver cette proposition, on donne un lemme préliminaire :

Lemme 5.4. Soient B et C des formes bilinéaires anisotropes avec C une forme
bilinéaire de Pfister. Soit t une variable sur F.

(1) Si B®[1, t~'] est hyperbolique sur le corps de fonctions de C @[1,t~'], alors
il existe ay, ..., a5 € F* des scalaires convenables tels que B~ C 1 --- 1 aC.
(2)SidimB =dimC =2% etaB 1L C € I*T'F pour un certain a € F*, alors B
est semblable a C.

Démonstration. Posons g = BQ[1,t ety =C®[1,¢t7!].

(1) On procede par induction sur dim B. Soita| € Dp(B)Dg(C). Par le théoreme
4.9,0na a1y C ¢. Dulemme 4.6 on obtient «; C C B. Soit B’ une forme bilinéaire
telle que B ~a;C L B’. Puisque (¢ L o19/)an =~ B’ ®[1, t~!] est hyperbolique sur
F(t)(¥) etque dim B’ < dim B, on obtient par induction que B’ ~aC L --- L a;C
pour certains oy, ..., o5 € F*. Ainsi, B~aC L --- L o,C.

(2) Puisque aB L C € It F, on obtient que agp L € 19> F(¢). Par le lemme
4.8, 1a forme ¢ devient hyperbolique sur le corps de fonctions de . Par I’ assertion
(1), on déduit que B est semblable a C. O

Démonstration de la proposition 5.3. Soit B une forme bilinéaire non nulle de
hauteur /, de degré d et de tour de déploiement standard (F;, B;)o<i<p- Soit T sa
forme dominante.

La proposition est clairement vérifiée lorsque 2 = 1. On peut donc supposer
h>2.
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(1) Supposons que B soit bonne. Soit p une forme bilinéaire définie sur F telle
que pf,_, = 1. Alors pf,_, € I9F,_,. Soit k le plus grand entier tel que p € I*F.
Par le lemme 4.8, ona k <d. Si k <d, alors pf,_, € F(Fh_l/F). Par le corollaire
4.14(1), p € I*t1F car Fj,_; est la succession de corps de fonctions de formes
bilinéaires de dimension > 2¢, une contradiction. Ainsi, pel dF et par le lemme
4.8 p est semblable a une d-forme bilinéaire de Pfister C.

Il reste a prouver I’unicité de C. En effet, si C’ est une autre forme bilinéaire de
Pfister telle que T >~ C, , alors (C L C')p, , ~ 0. Le corollaire 4.14(2) implique
que C L C" € I*F'F. Comme C L C’ est isotrope (car 1 € Dp(C) N Dg(C)), on
obtient par le lemme 4.8 que C >~ C’.

(2) Supposons que dim B soit paire. Soit C une d-forme bilinéaire de Pfister
définie sur F.

Sit~Cp, ,,alors Bg, , LCp, | € [9H1F, Puisque B L C € IYF, on déduit que
B LC+I'F e I4(F,_,/F).Parle corollaire 4.14(1), on obtient B L C € I+ F.

Réciproquement, si B L C € I¥T'F, alors xt 1. Cr,_, € I¥T'Fj,_; pour x € Ff
convenable. Par le lemme 5.4(2) et la multiplicativit¢ d’une forme de Pfister, on
déduit que 7 est isométrique a Cr,_,, et donc B est bonne.

(3) Supposons que dim B soit impaire. Posons o = det B.

Si B est bonne, alors par I’assertion (1) il existe C une d-forme bilinéaire de
Pfister tel que 7 >~ Cp,_,. Comme Bj,_; est semblable a la partie pure 7’ de 7,
on obtient par comparaison des déterminants que aBj,_1 >~ t’. Ainsi, aB,_1 L
(1) ~ Cp,_,, etdonc (B L (1) L C)F,_, ~ 0. Comme Fj,_; est une succession
de corps de fonctions de formes bilinéaires de dimension > 2¢ + 1, on obtient par
le corollaire 4.14(2) que B L (1) L C € It F . Ainsi, B L (1) est bonne,
c’est-a-dire, B L (o) est aussi bonne.

Réciproquement, supposons que B L {a) soit bonne. Alors, il existe C une d-
forme bilinéaire de Pfister tel que B L () L C € It F. En particulier, B, L
(o) LC)F,_, € ItV F,_. Comme Bj,_; L (&) est semblable a 7, on obtient par
le lemme 5.4 que T >~ Cpf, , et donc B est bonne.

(4) Supposons que B L rC € I4t?F pour un certain r € F*. Alors, B,_; L
(rC)g,_, € I9"2F;,_1. Par le lemme 4.8 on a que B;,_; ~ (rC)p,_,. a

L’exemple suivant montre que la réciproque de 1’assertion (4) de la proposition
5.3 n’est pas vraie en général :

Exemple 5.5. Soient Fj un corps de caractéristique 2 et x, y des variable sur Fy.
Soient F = Fyo(x,y)et B={(1,x,x+y,xy). Alors :

(1) B est bonne de hauteur 2, de degré 1 et de forme dominante T = (1, y(x + y)).
(2) On a (Br(B))an = (yT) F() mais B L yt ne peut étre dans I’F.

Démonstration. Soit m = ({x, y)). Puisque 7 € sﬁ(E), la forme B est voisine de 7.
De plus, B est de déterminant y(x + y) # 1, donc B est nécessairement de hauteur
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2, de degré 1 et de forme dominante 7. Puisque 7 (p) estisotrope et B~ L yz, on
obtient (Br(p))an 2 (¥T) r(B)- Mais par le lemme 4.8, on ne peut avoir B Lot € I’F
car B est anisotrope. O

5B. Formes bilinéaires bonnes de hauteur 2. La démonstration du lemme suivant
se fait comme dans le cas des formes quadratiques en utilisant la multiplicativité
d’une forme bilinéaire de Pfister :

Lemme 5.6. Soient ay, ..., a; € F* et B une forme bilinéaire de Pfister. Alors,
iw(Li_; @iB) =0o0u>dimB.

On étend aux formes bilinéaires un résultat récent de Karpenko [2004] décrivant
les dimensions de certaines formes quadratiques de /" sur un corps de caracté-
ristique # 2 :

Proposition 5.7. Soient n > 1 un entier et B € I" F anisotrope telle que dim B <
2" Alors, dim B € (2"t —2/ |1 <i <n+1}.

Démonstration. Soit ¢ une variable sur F. On a B®[1,t7'] € I;‘“F(r) qui est
de dimension < 2"t2. En considérant F () comme étant le corps résiduel d’un
corps K de caractéristique 0, complet pour une valuation discrete, on peut utiliser
le résultat de Karpenko [2004] pour déduire qu’un relevement de B ® [1, t~11akK
a pour dimension 2M+2 _Digvec 1 <i<n+2 (enfaitonacecipour2 <i <n+?2
puisque dim B est paire). Ainsi, dim B € {2"T! =2/ |1 <i <n+1). U

Remarque 5.8. La méme idée de la preuve de la proposition 5.7 permet d’avoir
I’analogue du résultat de Karpenko dans le cas des formes non singulieres. Mais
on n’en a pas besoin ici.

Maintenant on donne nos résultats classifiant les formes bilinéaires bonnes de
hauteur 2. Dans le cas d’une forme de dimension impaire on obtient :

Proposition 5.9. Soit B une forme bilinéaire anisotrope bonne de hauteur 2 et de
dimension impaire. Alors:

(1) B est une voisine de Pfister.

(2) 1l existe T semblable a une forme bilinéaire de Pfister dont B est voisine, et C
une forme bilinéaire semblable a la partie pure d’une certaine d-forme bilinéaire
de Pfister telles que: dim B > 2% et B~ C L .

Réciproquement, une forme bilinéaire B vérifiant les conditions de (2) est bonne
de hauteur 2.

Démonstration. Soit B une forme bilinéaire anisotrope de dimension impaire et de
hauteur 2. Soit (B;, Fi)o<i<2 sa tour de déploiement standard. Par le corollaire 4.2,
il existe une unique forme bilinéaire de Pfister T définie sur F tel que By ~«at’ pour
un certain o € F}. En comparant les déterminants, on peut supposer que o € F*.
De plus, si dim 7 =2¢ alors dim B > 2 +1 > 29 puisque dim B > dim B; =29 —1.
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Posons C = at’. Puisque (B L C)p(p) ~ 0 et dim B > dim C, on obtient par la
proposition 3.9 que la forme (B L C),, est semblable a une forme bilinéaire de
Pfister dont B est voisine. La forme m sera alors (B L C),,. D’ou le résultat.
Réciproquement, si B est une forme bilinéaire qui vérifie les conditions de (2),
alors Brp) ~ CFp(p). Puisque dim B > 2¢ > dim C, on obtient par [Hoffmann
and Laghribi 2006] que la forme Cr(py est anisotrope. Ainsi, (Br(g))an = Cr(B).
Comme C est semblable a la partie pure d’une forme bilinéaire de Pfister, on a que
Cr(p) est de hauteur 1, et donc B est bonne de hauteur 2. U

Le résultat suivant classifie les formes bilinéaires bonnes de hauteur 2 et de
dimension paire :

Théoreme 5.10. Soit B une forme bilinéaire non nulle de dimension paire, de
hauteur 2 et de degré d. On suppose que B est bonne de forme dominante C.

(1) Si dim B > 241 alors on a deux cas:

(i) soit dim B est une puissance de 2. Dans ce cas, on ne peut pas conclure.

(i) soit dim B n’est pas une puissance de 2. Dans ce cas, il existe p une forme
bilinéaire de dimension impaire tel que B>~ pQC et B L aC soit semblable a une
n-forme bilinéaire de Pfister avec n > d +?2 et @ = det p.

(2) Si dim B < 29t alors dim B = 241! et B ~ xC L 7 avec x € F* et w une
forme semblable a une (d + 1)-forme bilinéaire de Pfister.

Réciproquement, les conditions dans (1)(ii) (resp. dans (2)) sont suffisantes pour
dire que B est bonne de hauteur 2, de degré d et de forme dominante C.

Démonstration. Soient t une variable sur F', L = F(t), ¢ = B®[1, tetr =
C®I[1,t71]. Puisque (Bfr())an = a(Cr(py) pour un certain a € F(B)*, alors
L) ~ a(tr(p)). Ainsi,

5 oL B) ~ 0.

En particulier, ¢7,(r) )8y ~ 0. Ceci implique que

(6) PL) @) ~ 0

car sinon la forme B L(7)(p) (qui est anisotrope par [Laghribi 2002a]) serait dominée
par (@L(r)(g))an, C€ qui n’est pas possible par le théoreme 4.9 car dim(¢y (r)(p))an <
dim ¢ = 2dim B.

(1) Supposons que dim B > 24! et que dim B ne soit pas une puissance de 2. En
particulier, dim ¢ n’est pas une puissance de 2. La forme ¢y () est nécessairement
isotrope et donc par (6) ¢r(r) ~ 0, car sinon ¢y () serait de hauteur 1 et donc serait
semblable a une forme de Pfister [Laghribi 2002b], en particulier dim ¢ serait une
puissance de 2. Par le lemme 5.4 on obtient B >~ p ® C pour une certaine forme
bilinéaire p. On a dim p impaire car sinon B serait dans /¢! F, ce qui contredirait
deg(B) =d. Pour @ =detp,ona p L (a) € I>F, ainsi B L «C € I“"?F. Puisque
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(BF(B))an €st semblable a Cr(py, on obtient par le lemme 4.8 que (B Lo C) p(p) ~0.
La forme B 1 «oC est anisotrope, car sinon par le lemme 5.6 iw(B L oC) >
dim C = 24, et donc on aurait dim(B L «C),, < dim B — dimC < dim B. Le
théoreme 3.5 impliquerait B L oC ~ 0 et donc B serait isotrope, une contradiction.
Par la proposition 3.9, B L «C est semblable a une n-forme de Pfister. Puisque
dim(B L «C) > 2dim C = 29*!, on obtient n > d + 2.

(2) Supposons que dim B < 2+,

(i) Cas ou B (c) est anisotrope. Puisque Br(p)(c) est métabolique, on déduit par
le théoréme 4.1 que Br(c) est semblable a une forme bilinéaire de Pfister. Ainsi,
dim B = 2¢*! puisque dim B > 2¢.

(ii) Cas ol Bp(c) est isotrope. Par la relation (5) et [Laghribi 2005, prop. 3.9],
on obtient que ¢ (r)c) est hyperbolique. Comme 17,y est isotrope, I’extension
L(C)(t)/L(C) est transcendante pure et donc ¢y (c) est hyperbolique. Par le lemme
4.6, on a que Br(c) est métabolique. Puisque 2¢ < dim B < 29*!, on déduit de
[Laghribi 2005, th. 1.2] que B ~ g1B; L B2B,, ou By, B, sont des d-formes
bilinéaires de Pfister associées a C. En particulier, dim B = 2d+1

Ainsi, dans les deux cas (i) et (ii) on a que dim B = 241,

Soit x € Dr(B). On a 0 < dim(B L xC)u, < 29! + 27 du fait que B L xC
est isotrope mais non métabolique. Puisque B L xC € I?T'F, on déduit par la
proposition 5.7 que dim(B L xC),, =2¢*1. Par le lemme 4.8, il existe 7 semblable
a une (d + 1)-forme bilinéaire de Pfister tel que B L xC ~ .

Réciproquement, si on est dans le cas (1)(ii) ou (2), alors B L C € I d+1F.
La proposition 5.3 implique que B est bonne de degré d et de forme dominante
C. 1l reste a prouver que B est de hauteur 2. En effet, dans le cas (1)(ii) on a
Bry ~ (¢C)p(py. Puisque dim C = 24 < dim B, la forme CF(p) est anisotrope
[Hoffmann and Laghribi 2006]. Ainsi, (Br())an = (@C)F(p) et donc B est de
hauteur 2. Si on est dans le cas (2), alors Br(pyc) ~ 7rB)(c)- Comme dim B =
dimm et Br(p) est isotrope, la forme 7 r(p)c) est isotrope et donc métabolique.
Ainsi, Brpyc) ~ 0. La forme Br(p) ne peut étre métabolique, car sinon B serait
semblable a une (d + 1)-forme de Pfister et donc xC € It F, ce qui contredirait
I’anisotropie de C. Ainsi, 0 < dim(BFf(g))an < 2d+1, Puisque Br(g)cy ~ 0, on a
par [Laghribi 2005, th. 1.2] que (Br(p))an €st semblable a une d-forme bilinéaire
de Pfister et donc B est de hauteur 2. U

On n’a pas une caractérisation des formes bilinéaires indiquées dans I’assertion
(1)(@A) du théoreme 5.10, c’est-a-dire, les formes B anisotropes qui sont bonnes
de hauteur 2 telles que dim B soit une puissance de 2 strictement supérieure a
2dee(B)+1 Cj-dessous on donne quelques exemples de telles formes bilinéaires.

Exemple 5.11. Soient k > 2 etd > 1 des entiers €t X1, ..., Xg—1, Y1, -+ +» Yk—1, U, U
des variables sur un corps Fy de caractéristique 2. Soit F' = Fo(u, v, x;, y;). On
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considere C = ({x1,...,x4-1)), D= ((y1, ..., yk_1)) et T = ({u,v)) ® DR C.
Alors, la forme

B=(1,u,u+v,uv)®C L ({u,v)) @ D'®C

vérifie les conditions suivantes :

(1) B est anisotrope de dimension 2¢¢.

(2) B est une voisine de 7.

BB~ Lv{l,vlu+v)RC.

(4) B estbonne de forme dominante (1, v(u 4+ v)) ® C, de hauteur 2 et de degré d.

Démonstration. La forme bilinéaire (1, u, u 4+ v, uv) est associée a la forme qua-
dratique totalement singuliere [1] L [u] L [v] L [uv]. Ainsi, on déduit facilement
que 7 est associée a B, et par conséquent B est une voisine de 7. Puisque 7 est
anisotrope, la forme B est aussi anisotrope. Aussi, on vérifie que

B~n Lv(l,viu+v)®C.

Par raison de dimension et le théoréme 3.5, la forme (1, v(u# + v))RC est anisotrope
sur F(B). Puisque mF(p) est isotrope, on déduit que

(BrB))an = (v {1, v(u +v)) ® C)r(p).

Ainsi, B est bonne de hauteur 2, de degré d et de forme dominante
(Lviu+v))®C. O

Question 5.12. Soit B une forme bilinéaire anisotrope bonne de hauteur 2, de degré
d et de forme dominante C. On suppose que dim B = 2% > 291 A-t-on B voisine
d’une k-forme bilinéaire de Pfister w et B ~ aw L BC pour certains scalaires
o, BeF*?

5C. Sur les dimensions des formes bilinéaires de hauteur 2. Avant de donner
notre résultat concernant les dimensions des formes bilinéaires de hauteur 2, on
commence par donner un résultat sur la décomposition de Witt des formes bi-
linéaires. Notons tout d’abord que la forme métabolique M intervenant dans la
décomposition (2) n’est pas unique a isométrie pres. En voici un exemple :

Exemple 5.13. Soit ¢ une variable sur F. On a
(t:1:0) L{t)~(0:1:0) L ()
et (t:1:0)22(0:1:0).

Démonstration. Posons B=(t : 1:0) L (¢). Soit {e, f, g} une F(¢)-base de I’espace
sous-jacent a B telle que :
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B(e,e) = B(g, 8) =1,

B(f, f)=B(e,g) = B(f,8) =0,

B(e, f)=1.
La restriction de B a I’espace engendré par {e+ g, f} estla forme (0 : 1 : 0). Ainsi,
(¢:1:0) L (#) ~(0:1:0) L () pour un certain ¢ € F(¢)*. En comparant les
déterminants dans cette derniere isométrie, on trouve que @ = ¢ (modulo un carré).

Finalement, (¢t : 1:0) 22 (0: 1: 0) puisque les formes quadratiques associées a ces
formes bilinéaires sont [¢] L [0] et [0] L [0] qui ne sont pas isométriques. |

Définition 5.14. Une forme bilinéaire est dite un plan hyperbolique si elle est
isométrique a (0 : 1:0). On la note ¥.

La proposition suivante raffine la décomposition de Witt d’une forme bilinéaire.

Proposition 5.15. Soit B une forme bilinéaire de dimension > 1. Alors, il existe un

couple d’entiers (s, t) unique, des scalaires ay, . .., a; € F* tels que:
(MDB~sx#HL{ar:1:0) L---L{a;:1:0)) L By,

(2) La forme quadratique (E)an est associée a la forme bilinéaire {(ay, ..., a;) L
B, N

En particulier, {(ai,...,a;) L By, est anisotrope, t + dim B, = dim(B),, et

dim B — dim(B) g, = 25 + 1.

Démonstration. Soit M une forme métabolique telle que B >~ M L B,,. Parmi toutes
ces décompositions, on choisit celle telle que M contienne comme sous-forme un
nombre maximal de copies de #. Notons ce nombre s. Alors,

(7 Bx~sx#d 1L ({a;:1:0) L---1L{a:1:0)) L By

pour certains ai,...,a; € F* avec (ay,...,a;) anisotrope. Sinon, il existerait
l1,...,1; € F non tous nuls tels que b := Z§:1 aili2 € Dr(Byy). Ainsi, By, >~ (b) L C
pour une certaine forme bilinéaire C, et on vérifie facilement que

8) (ap:1:0) L L{a;:1:0)~(b:1:0) L M’

pour une forme bilinéaire convenable M’. Par unicité de la partie anisotrope, la
forme M’ est nécessairement métabolique. En utilisant la méme preuve que celle
de ’exemple 5.13, on a

9) (b:1:0) L (b)~% L (b)

En substituant (8) et (9) dans (7), on aurait une contradiction avec le choix de s.
Posons C = {(ay, ..., a;) L By,. En prenant la forme quadratique associée a B,
on obtient I’isométrie :

Be@s+0)x[0]LC~jx[0]L(B)am
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pour un certain j > 0. Puisque C est anisotrope, on obtient par la simplification
de Witt [Hoffmann and Laghribi 2004, lem. 2.6] que C >~ (B)a,. En particulier,
j=2s+1t=dim B —dim(B),,. D’ou I'unicité du couple (s, 7). O

Notations 5.16. Comme dans la proposition 5.15, on note i (B) = s et i, (B) =t.

Comme prouvé par Milnor [1971, th. 3], une forme bilinéaire B est déterminée,
a isométrie pres, par sa dimension qui vaut 2 dim(lN?) an—dim B, +2ip, (B), sa partie
anisotrope et le F 2—espace vectoriel Dg(B) U {0}.

La proposition 5.15 se précise beaucoup plus dans le cas d’une forme bilinéaire
voisine de Pfister étendue a son corps de fonctions :

Proposition 5.17. Soit B une forme bilinéaire anisotrope qui est une voisine de
Pfister. Posons dim B = 2" +1 avec 0 <1 < 2", B| = (Br(B))an, S = in(BF(p)) et
t =in(Br(p)). Alors, on a:

(1)2s+t=1ett+dim B =2"

(2) dim B = 2"*! — dim B; + 2s.

Démonstration. Posons C = (BF(p))an. Par la proposition 5.15, on peut écrire :

(10) Brpy=sx#H L({ar:1:0) L---L(a,:1:0))LC

avec (aj, ..., a;) L C anisotrope. En considérant la forme quadratique associée a
Br(p), on obtient :

(11) EF(B):(ZS—{—I)x[O]J_([al]J_‘--J_[a,])La

Puisque B est une voisine de Pfister, la forme B est une quasi-voisine de Pfister.
D’apres [Laghribi 2004a, th. 3.6] et [Hoffmann and Laghribi 2004, section 8], on
sait que

(12) Brg) =1 x[0] L (Brs))am

et donc dim(Ep(B))an =2". Par la proposition 5.15, on at+dim B; =2" et =2s+t,
d’ou I’affirmation (1). (2) se déduit de (1). U
De cette proposition on peut déduire quelques corollaires. Le premier donne

des exemples de formes bilinéaires dont la décomposition de Witt admet des plans
métaboliques non hyperboliques et inversement :

Corollaire 5.18. (1) Si B est une n-forme bilinéaire de Pfister anisotrope, alors
in(Brpy) =0 et in(Brp) =2""1.

(2) Si B est une forme bilinéaire de dimension 6 comme dans [’exemple 3.12, alors
i]1(BF(B)) =1et Im (BF(B)) =0.

Démonstration. Puisque dans les deux cas les formes bilinéaires sont des voisines
de Pfister, on applique la proposition 5.17 sachant que dans le premier cas on a
dim(BF(B))an = 0, et dans le deuxieme cas on a dim(Br(g))an = 4. U
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Corollaire 5.19. Soient B une forme bilinéaire anisotrope et K comme dans la
proposition 3.13. Posons dim B = 2" 41 avec 0 <1 < 2", s = i,(Bgp)) et t =
im(Bk (). Alors, on a:

(D 2s+t=1ett+dim(Bgp))an = 2"

(2) dim B = 2"*! — dim(Bg (B))an + 25.

Démonstration. Puisque Bk est une voisine bilinéaire de Pfister anisotrope, le co-
rollaire se déduit de la proposition 5.17. ([

Voici notre résultat autour des dimensions des formes bilinéaires anisotropes de
hauteur 2 :

Corollaire 5.20. Soit B une forme bilinéaire anisotrope de hauteur 2 et de forme
dominante de dimension 2, non nécessairement bonne. Supposons que 2" < dim B
< 2"*! pour un certain entier n > 1. Alors, dim B appartient & I’ensemble {2" ' —
29 425 4+€|0<s <2971 — ¢}, on € =0 ou 1 suivant que dim B est paire ou
impaire.

Démonstration. Soit € comme dans le corollaire, et K comme dans la proposition
3.13. Sidim B =2"+! —¢, alors dans ce cas dim B € {2"T! —29 4+ 25 +€ |0 <s <
24=1 _ ¢} pour s =29~! —¢. On peut donc supposer que dim B # 2"+! —¢. Posons
C = (Bk(B))an €t By = (BF(B))an. Alors, Bg(g) ~ (B1)k (). La forme (B1)k )
est anisotrope, car sinon dim((B1)g())an = € et donc Bk serait de hauteur 1, en
particulier on aurait dim B = 2"+ _e. Ainsi. C >~ (B1)k(B) etdonc dim C = 24 _e.
Par le corollaire 5.19(2), on a dim B =2"*! —29 425 +€ ot s = i), (Bg (). Puisque
dim B < 2" — ¢, on déduit que 0<s < 24=1 _ ¢ D’ou le corollaire. O

Remarque 5.21. Dans le cas des formes bilinéaires B anisotropes de hauteur 2 et
de degré d > 0, le corollaire 5.20 prend son intérét lorsque dim B > 2¢%!, puisque
dans le cas dim B < 2¢*! ]a proposition 5.7 donne de maniére précise la dimension
de B.

On finit par un commentaire sur les dimensions des formes bilinéaires aniso-
tropes de hauteur 2. On sait par le corollaire 5.20 qu’une telle forme de degré 2 ne
peut avoir que la dimension 2", 2" — 4 ou 2" — 2. Le théoréme 5.10 montre que
les deux premiers entiers sont réalisables comme dimensions de formes bilinéaires
anisotropes (bonnes) de hauteur et degré 2. En ce qui concerne I’entier 2" — 2, on
a montré dans un travail en préparation [Laghribi and Rehmann > 2007] qu’une
forme de dimension 2" — 2 de hauteur et degré 2 qui n’est pas bonne a exacte-
ment la dimension 6 et que I’entier 8§ est aussi réalisable comme dimension d’une
forme bilinéaire de hauteur et degré 2. En ce qui concerne le degré d > 2, on ne
sait pas exactement lesquelles des possibilités données par le corollaire 5.20 sont
réalisables comme dimensions de formes bilinéaires anisotropes de hauteur 2 et de
degré d.
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ASYMPTOTICALLY LINEAR HAMILTONIAN SYSTEMS WITH
LAGRANGIAN BOUNDARY CONDITIONS

CHUN-GEN L1u

We study the multiplicity of the solutions of certain asymptotically linear
Hamiltonian systems with a Lagrangian boundary condition.

1. Introduction and main results

We consider the solutions of the nonlinear Hamiltonian systems with Lagrangian
boundary condition

(1-1) x(t)=JH'(t, x(1)), x(0)eL, x(1)elL.

0 —1I,
=( 7o)
is the standard symplectic matrix with /, the identity in R”, and L € A(n), where
A(n) is the set of all Lagrangian subspaces of (R*", wg) with standard symplectic
form wop = Z?:l dxj Ady;. The Hamiltonian function H € C%([0, 1] x R*", R)
satisfies these conditions:

e (Hy): H'(t,0)=0,t €0, 1].

e (Hy): There exist continuous symmetric matrix functions Bj(¢) and B, (t)
with iy (B1) = i1 (By), vi (By) = 0 such that

where x (1) € R*" and

Bi(t) < H"(t, x) < Bo(1)
for all (¢, x) with |x| > r for some large r > 0 and for all ¢ € [0, 1].

For two symmetric matrices A and B, A > B means that A — B is a semipositive
definite matrix, and A > B similarly means that A — B is a positive definite matrix.

For a Lagrangian subspace L of the standard symplectic vector space (R*", wy),
[Liu 2007] defined the Maslov-type index pair (i (B), vp(B)) € Zx {0, 1,...,n}
for a continuous symmetric matrix function B : [0, 1] — L;(2n) (here Ly(2n) is the
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Keywords: index theory, Hamiltonian systems, Lagrangian boundary conditions.
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set of symmetric 2n x 2n matrices). In the Appendix, we give a brief introduction
of this index theory.

Theorem 1.1. Let H satisfy conditions (Hy) and (Hoo). Suppose J B1(t) = B1(t)J
and By(t) = H' (¢, 0) satisfying one of the twisted conditions

(1-2) Bi(t) + kI < By(1),
(1-3) Bo(t) + kI < By(1),

for some constant k > . Then (1-1) possesses at least one nontrivial solution. If
v (Bg) = 0, the system (1-1) possesses at least two nontrivial solutions.

For the periodic solutions of a asymptotically linear Hamiltonian system, we
refer to [Chang 1981; Long 1993; Conley and Zehnder 1984; Liu 2005b]. We note
that we only need to prove the case

L=Ly={0}®R".

The reason is that there is an orthogonal symplectic matrix P such that PL = L.
All the conditions hold in (1-1) after taking z(r) = Px(t) there. We note that
the problem (1-1) is related to the Bolza problem (see [Clarke and Ekeland 1982;
Ekeland 1990]).

We should briefly review the general study of the problem (1-1). For a general
symplectic manifold (M, w) (usually closed, that is, compact without boundary; an
example nonclosed case is the cotangent bundle of a closed Riemannian manifold
with the zero section as the Lagrangian submanifold) and a closed Lagrangian
submanifold L C M, the problem (1-1) has been widely studied. The multiplic-
ity problems of Hamiltonian systems on a symplectic manifold with Lagrangain
boundary values are related to Arnold’s conjecture about Lagrangian intersections.
The autonomous case of this problem in R?” is related to the Arnold chord conjec-
ture. Generally, a Hamiltonian flow starting from a Lagrangian submanifold does
not necessary return to the Lagrangian submanifold again. Arnold conjectured
that, under some conditions, the Lagrangian intersection number has a lower bound
estimated by the sum of all Beti numbers of the Lagrangian submanifold in the non-
degenerate case; this sum is in turn estimated by the cup-length of the Lagrangian
submanifold (see for example [Conley and Zehnder 1984; Hofer 1988; Floer 1988,
1989; Oh 1995; Ono 1996; Chekanov 1996, 1998; Liu 2005a]). For the Arnold
chord conjecture, we mention [Arnold 1986; Mohnke 2001]. The multiplicity of
the fixed energy problem (1-1) was studied in [Guo and Liu 2007]. The main
differences between this work and the others are that here the symplectic manifold
and the Lagrangian submanifold are not compact and all the topological data of
the Lagrangian submanifold are trivial.
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2. Some further properties of the Maslov type index theory

Liu [2007] developed some important properties of the L-index theory. In this sec-
tion we study the relation between the L-index of solutions of Hamiltonian systems
with L-boundary conditions and the Morse index of the corresponding functional
defined via the Galerkin approximation method on the finite-dimensional truncated
space at its corresponding critical points. Fei and Qiu [1996] treated the periodic
case.

The eigenspace Ej of the operator A = —Jd/dt in the domain

W20, 11, R™) = {z € W"*([0, 1], R*") : 2(0) € Lo, z(1) € Lo}
can be written as
Ep = —JexplkrtJ)a = —J(cos(kmt) o, + J sin(kmt))a,
ar = (ax1, -+ » @, 0, -+, 0) € R,

We define a Hilbert space

Wi, = W,/*2([0.11. R ¢ P Ex
keZ

with Ly boundary conditions

Wy, = {z e 1’| 2= —J explltNar, 2 := 31+ IkDlaxl < oo}.
kez kez

We denote its inner product by (-, -). By the well-known Sobolev embedding
theorem, for any s € [1, +00), there is a constant C; > 0 such that

lzllps < Csllzll  forall z e Wy,.

For any Lagrangian subspace L € A(n), suppose P € Sp(2n) N O(2n) such that
L = PLg. Then we define W = PWp,. We denote by

Wy = @ Ei= {z EGED IR exp(krrtJ)ak}

k=—m k=—m

the finite dimensional truncation of Wy, and W' = PW7 .

Let P" = P/" : W, — W' be the orthogonal projection for m € N. Then
I' ={P™; m € N} is a Galerkin approximation scheme with respect to A defined
in (2-2) below, that is,

P™ — [ strongly asm — oo andP™A = AP".
In this section we still consider the problem (1-1), with H satisfying

2-1) |H"(t,7)] <a(l+]|z|?) forall (t,7) € R x R
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and for some a > 0, p > 1. We consider the functional on W

1
(2-2) f(z)=f(%(—Jz,@—H(r,z))dr:%(Az,m—g(z), ZeW,.
0

A critical point of f on W is a solution of (1-1). For a critical point z = z(¢), we
denote B(t) = H'(t, z(t)) and define an operator B on W, by

1
(B2 0= [ Bz wr.
0
Using the Floquet theory we have
2-3) v (B) =dimker(A — B).

For § > 0, we denote by mj(-), where * = 4,0, —, the dimension of the to-
tal eigenspace corresponding to the eigenvalue A belonging to [, +00), (-4, §),
(—o0, —4], respectively, and denote by m™*(-), where again * = +, 0, — the di-
mension of the total eigenspace corresponding to the eigenvalue A belonging to
(0, +00), {0}, (—o00, 0), respectively. For any adjoint operator L, we define Lf =
(L|imz)~", and we also define P"LP" = (P™LP™)|wn. The following result
is adapted from [Fei and Qiu 1996], where the periodic boundary condition was
considered (see also [Long 1993]).

Theorem 2.1. For any B(t) € C([0, 1], Ly(R**)) having the pair of L indexes
(iL(B), vp(B)) and any constant 0 < § < A—ILII(A — B)?||, there exists mo > 0 such
that for m > mg, we have

my (P"(A—B)P™)=mn—iL(B) —vL(B),
24 my (P"(A—B)P")=mn+ir(B)+n,
md(P™(A— B)P™) =v.(B).
Proof. We follow the ideas of [Fei and Qiu 1996].

Step 1. There is an m; > 0 such that for m > m

(2-5) dimker(P™ (A — B)P™) < dimker(A — B).

In fact, by contradiction it is easy to show that there is a constant m, > 0 such that
form > m,

(2-6) dim P™" ker(A — B) = dimker(A — B).

Since B is compact, there is m| > my such that for m > m,

(1 = P™)B| <23.
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Take m > my, and let W' = P ker(A — B) ® Y™. Then Y™ C Im(A — B). For
y € Y™ we have

y=(A—=B)(A=B)y=(A—B)*(P"(A—B)P"y+ (P" —)By).
This implies
1
(2-7) Iyl < % |P"(A—=B)P"y| forallye Y™
By (2-6) and (2-7) we have (2-5).

Step 2. We distinguish two cases.
Case 1: v (B) = 0. By (2-3) and step 1 we obtain for m > m that

m(P™(A — B)P™) = dimker(A — B) = 0.
Since B is compact, there exists m3 > m such that, for m > ms,
17 = P™)BI < 31I(A = B ",
Then P"(A — B)P™ =(A— B)P™ + (I — P™)BP"™ implies that
IP™(A—B)P"z|| = (A= B)*|7"||z|| forall z € W.

Thus the eigen-subspace M (P™(A — B) P™) with eigenvalue A belonging to the
intervals m3(P™ (A — B) P™) and the eigen-subspace M*(P" (A — B) P™) satisfy

M3 (P"(A— B)P™) = M*(P"(A— B)P") for «=+,0,—.

By Equation (A.5), there is mo > m3 such that for m > m the relation (2—4) holds.

Case 2: v (B) > 0. By step 1, it is easy to show that there exists m4 > 0 such that
for m > my

(2-8) m3(P™(A— B)P™) < v.(B).
Let y € P(2n) be the fundamental solution of the linear Hamiltonian system
z=JB(1)z.
Let y;, 0 <5 <1 be the perturbed path defined by Equation (A.4). Define
Bs(t) = =Jys()y:()~", 1 €[0, 11.

Let By be the compact operator defined as B corresponding to B, (¢). For s # 0,
there holds m°(A — B;) =0 and ||B; — B|| — 0 as s — 0. If s € (0, 1], we have

(2-9) iL(ys) —iL(y—s) =ve(y) =viL(B), iL(y—s) =iL(B) =iL(y).
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Choose 0 < s < 1 such that | B — By|| < §/2. By case 1, (2-8), (2-9) and that
P™(A—By)P™ = P"(A— B)P" + P"(B— B4)P",

there exists mq > m4 such that for m > my

my (P" (A~ B)P™) <m*(P" (A~ By)P™) =mn —i(B) — v.(B),

my (P™(A—B)P™)>m" (P"(A— B_;) P™) — mJ(P™(A — B)P™)

>mn—ir(B) —vr(B).
Hence, mY(P™(A — B) P™) = v, (B) and
my(P"(A—B)P")=mn—ir(B)—v.(B).
Note that dim W' = (2m + 1)n, so
mg (P"(A—B)P")=mn+n+ir(B). O

Corollary 2.2. Let B;(t) € C([0, 1], L, (R?)), j = 1,2. Assume Bi(t) < By (1),
that is, Bo(t) — B1(t) is positive definite for all t € [0, 1]. Then there holds

ir(B1)+vp(B1) <ip(Bo).

Proof. Just as in Theorem 2.1, corresponding to B;(t) we have the operator B;.
Let I' = { P} be the approximation scheme with respect to the operator A. Then
by (2—4), there exists mg > 0 such that if m > mg there holds

my (P"(A—B)P") =mn+n+iL(B),
my (P"(A— By)P"™) =mn +n+iL(Ba),

where we choose 0 < 6 < ||By — By||/2. Since A — B, = (A — B;) — (B, — By)
and B; — By is positive definite in W' = P"W and ((B, — By)x, x) > 25||x||, we
have ((P™(A — By) P™)x, x) < —§||x|| with

x € My (P™(A— B))P™)@® M)(P™ (A — B;)P™).
This implies that mn +n + iy (By) + v (B)) <mn—+n+ip(By). O

Remark. From the proof of Corollary 2.2, it is easy to show that if B{(¢) < B,(¢)
forall0<r <1,

ir(B1) <ip(Bz), ip(B1)+vr(By) <ip(B2)+v.(B>).

Definition 2.3. For any two matrix functions B; € C([0, 1], Ly(R*")), j =0, 1
with By(t) < B;(¢t) for all t € R, we define

I (By, By) = Z v ((1 —s)By+sBy).
sel0,1)
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Theorem 2.4. For any two matrix functions B; € C([0, 1], L, (R2")) with By(t) <
Bi(t) for all t € R, we have

(2-10) I.(Bo, B1) =iL(B1) —iL(Bo).
So we call It (By, By) the relative L-index of the pair (By, B).

Proof. Step 1. By Corollary 2.2, if we denote if(A) = i ((1 — A)Bg + AB)),
v, (A) = v ((1 — A)By + ABy), there holds

(2-11) ir(A2) >ip (A1) +vr (A1), for iy > Ay,

So the function i; (A) is a monotone function in [0, 1].

Step 2. We prove that for any A € [0, 1) there holds
iL(A+0)=iL(A)+vL(),

where iz (A +0) is the right limit of iy (s) at A. In fact, by (2-11), we have iy () +
vp(A) <ir(A+0). We now use the saddle point reduction methods to prove the
opposite inequality iz (A)+vr (L) > i (A40). Define B, (t) = (1—A) Bo(t)+A B (t).
We define in L%([0, 1], R*")

1
£(x) =f [(—J%(t), x(1)) — (Bi()x(t), x(t))] dt for all x € dom(A) = W.
0

Then by the saddle point reduction methods (see Equation (A.5)), we can re-
duce the functional f; in L2([0, 1], R?") to a finite-dimensional subspace X of
L?([0, 1], R?") by ay.(x) = fo.(us(x)), where uy, : X — L?([0, 1], R*") is injective,
and a, is continuous in A. Denote the Morse indices of a; on X at x = 0 by m,_,
mg and m, . If dim X = 2d + n large enough, we have from (A.5)

(2-12)  my =d+n+iL(), mi=vi(x), mi=d—ir(L)—v(D).

For any fixed A € [0, 1), choosing u € (A, 1) U [0, A) sufficiently close to A, we
obtain

+ + +
mi. < m, <mj + v (A).

Then by (2-12), we have iy (A) < ip(u) and i (A) + v (A) > i (w). This im-
plies iz (A) +vp(A) > ip(A+0) and iy (A) <ir(A —0). But by (2-11), we have
ir(A) >ir(A—0),s0ir(A) =ir(A—0). That is to say, the function iz (}) is left
continuous at (0, 1]. Moreover if mg = mY is constant in some interval [A;, A2],
then m, =m™ and m; =m™ are constant in this interval. Thus the function iy (1)
is locally constant at its continuous points, its discontinuous points are those with
with vz (1) > 0, and there holds

iL()=iL+ > v,

0<i<l
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which is exactly (2-10). U

Corollary 2.5. If y € P(2n) is the fundamental solution of the linear Hamiltonian
system with respect to B(t) > 0, there holds

(2-13) iL(y)= Y dim(y()LNL).

O<t<1

Thus we can understand the index ip (y) as a kind of intersection number of the
two Lagrangian paths w(t) =y (t)L and wy(t) = L.

Proof. We take Bi(t) = B(t) and By(¢t) = 0 in Theorem 2.4. We note that the
fundamental solution corresponding to By(#) = 0 is the constant path /. We have

1.(0, B) =i (y) —ir(I).

Butiy(I) =ir,(I) = —n and B(t) = (1 —s5)Bo(t) + sB;(t) = s B(t). The corre-
sponding fundamental solution corresponding to B, (t) = s B(¢) is y (st). Thus

I.(0,B)= Y v.(sB)= ) dim[(y(s)L)NL].

s€[0,1) s€[0,1)

But dim[(y(0)L) N L] =dim L = n, so we have (2—13). O

3. Dual index theory for linear Hamiltonian systems

Let B € C([0, 1], Ly(R*")). Recall that Li(R?") is the set of symmetric 2n x 2n
metrics. Consider the linear Hamiltonian system

(3-1) :=JB({)z, zeR™

We consider in this section the dual Morse index theory of system (3—1) with La-
grangian boundary condition. The dual Morse index theory for periodic boundary
condition was studied by Girardi and Matzeu [1991] for the cases of superquadatic
Hamiltonian systems, and by the author in [Liu 2001] for the subquadratic Hamil-
tonian systems. This theory is an application of the Morse—Ekeland index theory
[Ekeland 1990]. The dual action principal in Hamiltonian framework was first es-
tablished by Clarke [1978; 1979; 1981] and Clarke and Ekeland [1978; 1980], and
has since been adapted by many mathematicians to the study of various variational
problems. The index theory for convex Hamiltonian systems was established by
I. Ekeland (see for example [1990]), whose works are of fundamental importance
in the study of convex Hamiltonian systems.
Let W be the Hilbert space defined by

WL ={z=(x,y)" e W'([0, 1], R*")| z(0), z(1) e L} C L*.
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The embedding j : Wy, — L = L2([0, 1], R?") is compact. Denote by (-, -) and
(-, - )2 the respective inner products on Wy and L. We define an operator A:L — L
with domain Wy by A = —Jd/dt. The spectrum of A is isolated, and in fact,
0(A)=mnZ. Letk ¢ o(A) be so large such that B(¢) + kI > 0. Then the operator
Ar = A+ kI : Wp — L is invertible, and its inverse is compact. We define a
quadratic form in L by

1
Q;B(v,u)zf ((Ce@(®), u@®)) — (AL 'v(@), u(®))dt forallv,u eL,
0

where Ci (1) = (B(t) + kI)~!. Define Q;B(v) = Q;B(v, v). Then

1
(Civ, )2 = /0 (VD). (D)) d

defines a Hilbert structure in L. C} 1A,;1 is a self-adjoint and compact operator
under this inner product. By the spectral theory, there exists a basis e;, j € N of
L, and an eigenvalue sequence A; — 0 in R such that

(Crei, ej)r =&,
(A;'e;, v)2 = (Cyrjej, v)2 forallvelL.

For any v € L with v =} "7 &;e;, there holds

1 00
0} p(v) = — /0 (A7 00, v(0) = (CeOV@), v(@) dt =Y (1 -2 )ED.

j=1
Define

o

L (B)=1> &je;j |§=0if 1 —1; >0¢,
j=1

0 = .

L)(B)y=1{> &je; | & =0if 1 —1; #0¢,
j=1
o0

L{B) =1 &je; [§=0if 1 —; <0
j=1

Observe that L, (B), Lg(B) and L,':(B) are QZ’B—orthogonal, and also that L =
L, (B)®L)(B)®L; (B). Since A; — 0 as j — oo, both L, (B) and L{(B) are
finite subspaces. We define the k-dual Morse index of B by

if(B) =dimL (B), v} (B) =dimL{(B).
Theorem 3.1. There holds

(3-2) i*(B) = iL(B)+n+n [g] . VB =vi(B),
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where [al] =max{j € Z| j <a}.
Proof. We only prove (3-2) for the special case L = Lg. We first define a functional

on
m

wr=lx|x0= ¥ —Jexp(jmrda;, a; eR" @ (0) c R

j=—m

by
1
On(x) = /O [(Aex(®), x(1)) — (Ci ' (1)x, x)]dt

1
:/ [(—=Jx(2), x(t)) — (B()x(t), x(¢))]dt forallx € W".
0

We define two linear operators A and By from W onto its dual space W"* = W™
such that

1
(Arx, y)o = / (Arx(t), y()) dt forall x, y € W™,
0

1
(Brx, ¥)o :/ ((B(t) +kDx(t), y(t))dt forallx,ye W™,
0

Next (-, - )m := (B -, - )2 is a inner product in W"”. We consider the eigenvalues
w; € R of Ay with respect to this inner product, that is,

Akx./‘ = /Lj kaj

for some x; € W™\ {0}. Suppose 1 < pp <--- <y withl =dim W" =2mn+n
(each eigenvalue is counted with its multiplicity), and construct a basis in W of
eigenvectors vy, ..., vy such that, fori, j =1,2,...,1,
(Ui, vj)m = 6ij,
(AmVi, vj)m = Widij,
Om i, vj) = (ui — Ddjj.
The Morse indexes m~(Q,,), mO(Qm) and m™(Q,,) of Q,, satisfy

m(Qu) =" {u;|1<j <l pj<l},
m(Qu) =" ;| 1<j<l, pj>1},
m?(Qn) =F{u;11<j<Il, u;=1}.

By Theorem 2.1, we have for m > 0 large enough

(3-3) m-(Qm) =mn+n+ir(B), m®(Qm) = vi.(B).
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We denote by Qj ,, the restriction of the quadratic Qy to the subspace W™, and
define i’ (B) =m™(Qf ), Vi ,(B) = mO(Q;m). By an argument from [Girardi
and Matzeu 1991], we have i,j’m(B) — if(B) and v}, (B) — v;(B) as m — o0.
Let v;. = Ayvj for j=1,2,...,1 Itis a basis of W” and

0, fori # j,
Oupup={ e
wi(pj—1), fori=j.

O m (v;.) is negative if and only if 0 < ; < 1. We now deduce the total multiplicity
of the negative eigenvalues p; < 0. If one replaces the inner product (-, -),, by
the usual one, that is , one replaces the matrix By by the identity /, the eigenvalues
w; should be replaced by the eigenvalues n; of A, with respect to the standard
inner product. It is easy to check that 1 ; and n; have the same signs. So the total
multiplicity of negative 1 ;’s equals the total multiplicity of negative 7,’s. But we
have
n=hr+k, —m=<h<m,

and each has multiplicity n. Therefore, the total multiplicity of the negative 5, is
n(m — [k/m]). So the total multiplicity of u; € (0, 1) is m™(Q,,) —n(m —[k/7]).
By definition we have

igm(B) =m™(Qp) —n(m —[k/7]).
So for m > 0 large enough, from (3-3) we get (3-2). U
Corollary 3.2. 3.2 Under the condition of Equation (2-3), there holds

I1.(Bo, B1) =i (By) — i} (By).

4. Proof of Theorem 1.1 and some consequences

Lemma 4.1 [Chang 1981, Theorem 5.1, Corollary I1.5.2]. Let f € C 2(L, R) satisfy
the (PS) condition f'(0) = 0 and suppose there exists

r g lm=(f"(0)), m™(f"(0) +m’(f"(0))]

with H, (L, f,; R) =6, ,R. Then f has at least one nontrivial critical point uy # 0.
Moreover, if m°(f”(0)) = 0 and m°(f" (u1)) < |r —m~(f"(0))|, then f has one
more nontrivial critical point uy # u.

Theorem 1.1. Without loss any generality we can suppose H (¢, 0) =0 and L = Ly.
By the condition (H ) and the remark after Equation (2-1), we get that i; (B;) +
v (By) <ip(B>2) +vr(B2), and so we have vy (B1) = 0. We shall first prove that
under the above conditions (1-2) or (1-3), there holds

ir(B1) & [iL(Bo),ir(Bo) +vi(Bo)].
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More clearly, under the condition (1-2), it is claimed
(4-1) ir(B1) =iL(B1)+vL(B1) <iL(Bo),
and under the condition (1-3), it is claimed
(4-2) ir.(Bo) +vi(Bo) <ir(By).
We first prove (4-1). By Equation (2—-1) and condition (1-2), we have
ir(B1) <ip(By+kl) <iL(Bo).

We shall prove
iL(Bl) < iL(B] +k1)

) (Sl ORZ (t)) P

In fact, suppose

T,(r) Ui(2)

is a symplectic path that is the fundamental solution of the linear Hamiltonian
system associated with the matrix function B;(¢). Since JB;(t) = Bi(t)J, one
can show that exp(Jkt)y;(¢) is the fundamental solution of the linear Hamiltonian
system
z=J(Bi1(@t)+kIl)z.

One has

S1(t) coskt — T1(¢t) sinkt Vi(t) coskt — U;(t) sin kt

exp(Jkt)y (1) = . . .

S1(¢)sinkt + T (t) coskt V() sinkt 4+ U;(t) cos kt
The associated unitary n x n matrix Q(¢) defined by (2—-2) with respect to the above
matrix is

Q(t) = [U1(t) — V—=1Vi(OI[U; (t) + =1V ()]~ exp(2k/—11)
= Qy (1) exp(2k~/—11).

In Equation (A.6), A; =6;(1) —6,(0) and A} =6/ (1) —6;(0), associated respec-
tively to Q(#) and Q (), satisfy

Aj=0;(1)—0;(0) = A} +2k = 9}(1) —6}(0) + 2k.
Since k > 7, there holds
(4-3) ir(By)+n<ip(By+klI).

Thus we have proved (4-1), and (4-2) can be proved similarly.
By the condition (Hs), H” (¢, x) is bounded and there exist i1, > 0 such that

(4—4) I<H'(t,x)+pl <p I forall (¢, x).
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We define a convex function N (7, x) = H (¢, x)+ | x| /2. Its Fenchel dual defined
by

N*(I,X) = Sup {(-xv y) _N(t7 Y)}
yeR>

satisfies (see [Ekeland 1990])
N* € C2([0, 1] x R*", R),
N*'(t,y)=N"@t,x)~" fory=N'(t,x).
From (4-4) we have
(4-5) ui' T < NY(t,y) < I forall (z, y).

So we have |x| — oo if and only if |y| — oo with y = N’(¢, x). Thus there exists
r1 > 0 such that

(4-6) (By(t) +puD)" < N*'(t, y) < (Bi(t) +uD)~!

for all ¢, y with |y| > r;. We choose u > 0 satisfying (4—4) and u ¢ o (A). We
recall that (A ,x)(t) = —Jx(t) + px(t). We consider the functional

1
) = —%f [(A u(®), u@)) = N*(t, u(®)] dt forueL.
0

It is easy to see that f € C 2 and satisfies (PS) condition (see [Ekeland 1990]).
There is a one to one correspondence from the critical points of f to the solu-
tions of Hamiltonian systems (1-1). We note that O is a trivial critical point of f
and N*'(t,0) = 0. At every critical point u, the second variation of f defines a
quadratic form on L by

1
(f”(uo)u,u)z—/o (A u(@), u@®) = (N (1, ug(®))u(r), u(t))] dt - forueL.

Its Morse index and nullity are both finite we denote by (i; (ug), v; (ug)) the index

“1yo of (1-1), and

pair. The critical point u( corresponds to a solution xo = A,

N*"(t, ug(t)) = N"(t, xo(t))~!. So by Theorem 3.1, we have
i) = i1 (o) -+ [ =] v) o) = vi. (o).
The index pair (i1 (xo), vz (xp)) is the L-index of the linear Hamiltonian system
y@) = JH"(t, x0(1)y ().
By condition (1-2) and the result (4-3), we have

47 ir(B1) +vp(B1)+n <ir(By).
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By condition (1-3), similarly we have
i(Bo) +vir(Bo) +n < iL(By).
From (4-7) and the above inequality, we have that
(4-8) liL(Bo) —ir(B)| =n and |i%(Bo) —i%(B))| > n.
In the following, we need to prove that the homology groups satisfy
(4-9) H,L, fo.:R)=6,R, ¢=0,1,...,

for some a € R and r = i/j(Bl). fa={x €eL]| f(x) <a} is the level set below a.
We follow the ideas of the proof of Lemma I1.5.1 in [Chang 1981] to prove (4-9).
See [Dong 2005] and [Liu 2005b] for some similar computations.

Step 1. Under the condition (Hy), there holds
L=L,(B)®L"(By),

where L;(B) for * = &, 0 is defined in Section 3. In fact, it is clear that L;(Bl) N
L (By) = {0}. By v(By) = vi(B2) =0, we have L =L (B2) ® L (B2). By

condition (Hy,), we have iZ(Bl) = il’j(Bz) =r. Suppose &, &, - -+ , & is a basis
in L, (By). Decompose §; by §; = Sj_ + S;r with §; € L/jf(Bg). It is clear that
& -+, & are linear independent, so it is a basis for L (B>). For any § € L,

there holds £ = £~ + &+ with £+ ¢ Llf(Bz). Suppose §7 = a1 +--- +a§.
Then

r

E=) ag+ET =) aiEH=8+&

j=1 j=1
with & € L, (By) and & € L (By).

Step 2. For sufficiently small s > 0, from the structure of the symplectic group and
the definition of the Maslov-type index, we know that vy (B; —sI) = vr(B;) =0,
and VL(Bz+SI) = UL(Bg) =0, and so iL(Bl —SI) IiL(Bl) :iL(B2) = iL(Bz+SI).
Denote the so-called deformation space by

Dr=L,(Bi—sD@®{ueLj(By+sI)||ul <R}.
For R > 0 and —a > 0 large, we have the deformation result
(4-10) Hq(La fa;R):Hq(DRaDRmfa;R)-

The proof of (4—10) is standard in the Morse theory [Bott 1982]. We only need to
use the negative flow to deform (L, f,) to (Dg, DN f,;). Forany u =u;+u, €L
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with u; € L/:(Bl —sl)and u, € LZ(Bz + s1), by the self-adjointness, we have

1
(f (), ua —uy) = —/ dt [(A™"u,uz —uy) — (N*(t, u), uz — uy)|

0

1
:/ dt [(A“ul,ul)—(A_luz,uz)]
0

1 1
+/ dt (/ dt N*”(t,ru)(ul—i-uz),uz—ul)
0 0

1 1 1
:/ dt (A_lul,ul)—/ dt (/ dr N*"'(t, ru)ul,m)
0 0 0
1 1 1
—/ dt (A_luz,uz)—i-/ dt (/ dv N*'(, ‘cu)uz,ug).
0 0 0

By (4-5) and (4-6), we have

1 1
/ di (/ dt N*”(t,ru)ul,ul)
0 0

1 h(t,u) 1 1
=/ dt/ dt (N*”(t,tu)ul,m)—l-/ dt/ dr (N*"(t, twuy, uy)
0 0 0 h(t,u)

1
SCO||M||+f dt (Bi(t) + Il —sDuy, uy),
0

where h(t, u) =ry/|u(t)|. Similarly,

1 1 1 1
/dt ([ dt N*”(t,tu)uz,uz)z/ dtf dt (N*'(t. Ti)us. )
0 0 0 h(t,u)

> /01 dt (Ba(t) +pl +sDua, uz) —cllull
for some ¢ > 0. So by the last three relations, we have
(f' ), uz —ur) = crllur|? + ealluz|® = es(llu || + lluz).
Thus for large R with |lu(|| > R or |luz|| > R, we have
“4-11) (—f (), up —uy) < — 1.

We know from (4-11) that f has no critical point outside Dg, and that — f'(u)
points inward to Dg on d Dg. So we can define the deformation by negative flow. In
fact, forany u =u14us ¢ Dg,leto (0, u) =e’u;+e %us, and d, =log || u, | —log R.
We define the deformation map 5 : [0, 1] x L — L by

up +uy, luz]l < R,

0, u) +uy) =
10w +w2) {o<du9,u), luz]l > R.
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The map n satisfies the properties

n(o’)zld’ n(le)CDR’ 77(1’ fa)CDRmfa
n(e’fa)cflb 77(9,')|DR=id|DR-

Thus the pair (Dg, Dr N f,) is a deformation retract of the pair (L, f,).
Step 3. For large R, —a > 0, there holds
Hq (DR, DR N fa) = 8q,rR-

In fact, similarly to the above computation, for large m > 0, we have
1
/ dt N*(t, u(t))
0

1
:f dt(N*(t,O)—i— // drdsr(N*”(z,rsu(z))u(t),u(z)))
0

[0,1]x[0,1]

5/ dt f/ dtds t(N*(t, tsu()u(t), u(t)) + cm
lu(t)|=mry

[0,1]x[0,1]

IA

dt // drds t(N* (¢, tsu()u(t), u(t))

lu(t)|=mr Istu(t)|>r1, t,5€[0,1]
+ / dt /f dt ds t(N*(t, Tsu(t))u(t), u(t)) +cm
lu(t)|>=mry  |stu(t)|<ri, 7,5€[0,1]

1 1
< 5/ dt (By(t) + D)™ u(t), u()) + k||l + .
0

where ¢;, and k,,, are constants depending only on m and k,,, — 0 as m — 4-o00. So
for the small s in the step 2 above, we can choose a large number m such that

1 1
/dtN*(t,u(t))g%/ dt (By(t) +pul —sD)™"u(t), u(t)) +C forallu eL
0 0

for some constant C > 0. Thus for any u = u; + up with u; € L;(Bl —sI) and
u € LY (By +s1) with [luz|| < R, there holds

) < =Cillur* + Calluz || + Cs,

where C;, j = 1,2, 3 are constants and Cy > 0. It implies that f(u) — —oo if
and only if ||u;]| — oo uniformly for u, € LZ(BZ + s1) with |luz]| < R. In the
following we denote by B, = {x € L| ||x|| <r} the ball with radius r in L. Therefore
for —a; > —ay sufficiently large, there exist three numbers with R < Ry < Ry < R3
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satisfying
(L} (By+51) N Br,) ® (L;,)(By —s1)\ Br,) C fa, N D,
C (L (Ba+sI) N Bry) ® (L,)(Bi —s1)\ Br,) C fu, N Di,.
Recall that o (0, u) = e’ u;+e %u,. By definition, we have f (o (0, u)) = f(u) > a

and f(c(0,u)) > —oocasf — oo if u =u;+uz € Dr, N (fa, \ fa,)- It implies
that there exists 6y = 6y(u) > 0 such that f (o (6y, u)) = a;. But by (4-11),

d
%f(a(e, u)) < —1 atany point 6 > 0.

By the implicit function theorem, 6y(x) is continuous in u. We define another
deformation map 7 : [0, 1] x f4, N Dgy — fu, N Dg, by

u u € fq N Dg,,
no(0, u) =

o(Bo@)0,u), u€ Dr,N(fau,\ fa,)-
It is clear that ng is a deformation from f,;, N Dg, to f,, N Dg,. We now define
u, luill = R,

23
ur+——Ry, O0<lull <Ry.

) =d(no(1,u)) withd(u)= {
lloer

This map defines a strong deformation retract:
72 DRy Ndgy — (L7 (B2 +51) N Bry) ® (L, (B —sD) N {u € L| [lu]| = Ri}).
Now we can compute the homology groups

Hy(Dgy, Dg, N fu,; R)

= Hy(Dg;, (L (By4+s1) N Br,) & (L, (B —sI) N{u € L| lu]| = R1}); R)

= H, (L, (B1 —sI)N Bgy, d(L (B1 —sI) N Bg,); R)

= 64R.

From (4-8), (4-9), and (A.2) below, and by using Equation (4-1), we complete
the proof. ([

Corollary 4.2. Let H satisfy the conditions (Hy) and (Hx), and suppose By(t) =
H"(t,0) satisfies one of the twisted conditions:

(1) Bi(t) < By(t), there exists A € (0, 1) such that vy, ((1 —X)B; + ABy) # 0;

(1) Bo(t) < Bi(t), there exists A € (0, 1) such that vy, ((1 —X)By+ AB;) # 0.
Then (1-1) possesses at least one nontrivial solution. Furthermore, if vi (By) =0
and in (i) we replace the second condition by er(o,l) v((1 =A)By+ABy) >=n,or

in (ii) we replace the second condition by er(o,l) v((1 — X)By+ ABy) > n, the
Hamiltonian system (1-1) possesses at least two nontrivial solutions.
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Proof. It follows from (2-3), the proof of Theorem 1.1 and (4-2). In the first
case, we have r =iy (By) ¢ [ir(Bo), ir(Bo) +vr(Bo)]. In the second case we have
lir (Bo) —iL(B1)| = n. O

The proof of Theorem 1.1 in fact proves this:
Theorem 4.3. Let H satisfy conditions (Hy) and (Hy). Suppose By(t) = H" (¢, 0)

satisfies the twisted conditions

ir(By) ¢ [iL(Bo),irL(Bo)+ v (Bo)]

Then the problem (1-1) possesses at least one nontrivial solution. Moreover, if
v (Bg) =0and |ip (B1) —ip(Bo)| = n, then (1-1) possesses at least two nontrivial
solutions.

Remark. The condition B;(t) < B»(t) in Theorem 2.4 can be replaced by B () <
By(¢) for all + and B, — By > & > 0O for some constant § as an operator in L.
So the conditions in parts (i) and (ii) of Corollary 4.2 can be replaced by this
kind of condition. The condition JB;(¢) = B;(¢)J in (Hs) can be replaced by
JBy(t) = Bo(t)J.

Appendix. Maslov-type index for symplectc paths with Lagrangian boundary
condition

We give a brief introduction to the Maslov-type index for symplectc paths with
Lagrangian boundary condition. The details can be found in [Liu 2007]. We denote
the symplectic group by

Sp2n) = {M e LR*) | MTIM = J},
and denote the symplectic path space by
P(2n) ={y € C([0, 11, Sp(2n)) | y (0) = Lo} .
We write a symplectic path y € P(2n), in the form
(A1) y() = (;((?) 58) ,

where S(t), T(t), V(t), U(t) are n x n matrices. The n vectors coming from the
rightmost columns of the above matrix are linearly independent and they span a
Lagrangian subspace of (R*", wy). In particular, at t = 0, this Lagrangian subspace
is Lo = {0} ® R".

Definition A.1. We define the Lg-nullity of any symplectic path y € P(2n) by
(A.2) v, (y) =dimkery,(y (1)) :=dimker V(1) =n —rankV (1)
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with the n x n matrix function V (¢) defined in (A.1).

We define two subsets of P(2n) by
PQ2n)}, = {y € P2n) | v, (y) =0},
PQ2n)}, ={y € PQ2n) | vL,(y) > 0}.

‘We note that

so the complex matrix U (¢) £4/—1V (¢) is invertible. We define a complex matrix
function by

(A.3) Q) = (U@ — V=1V () (U@)+ =1V (1) .

It is easy to see that the matrix Q(¢) is a unitary matrix for any ¢ € [0, 1]. We define

M+—<_1,, 0>’ M__(—Jn 0), J, =diag(—1,1,...,1).

Forapathy € P(2n)*0, we first adjoin it with a simple symplectic path starting
from J = —M_, that is, we define a symplectic path by

> (t) = {I cos(rr/2)(1 —21) + J sin(wr/2) (1 —21), 1 €0, 1/2];
~ly@e-, tell/2,1].

then we choose a symplectic path B(¢) in Sp(2n)}io starting from y (1) and ending
at M, or M_. We now define a joint path by

_ " y(20), 1 €0,1/2],
Bxy =

Bt —1), te[l/2,1].
By the definition, we see that the symplectic path y starting from — M and ending
at either M or M_. As above, we define

(A.4) Q) = (T@0) —vV=1V () (TGO +v=1V ()"
_ (S’(t) V(t)) . o
fory(t) =1 - - . We can choose a continuous function A(¢) in [0, 1] such
that T@) U@)
(A.5) det Q(r) = V1AM,

By the above arguments, we see that the number %(A(l) — A(0)) € Z and it does
not depend on the choice of the function A(1).
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Definition A.2. For a symplectic path y € P(2n); , we define the Lo-index of y
by

. Lo
(A.6) ir,(y) = ;(A(l) — A0)).
Definition A.3. For a symplectic path y € P(Zn)go, we define the Ly-index of y
by
ir,(y)= inf{iL0 P)|ye P(2n)zo, and y is sufficiently close to y } .

We note that A(n) = U (n)/ O (n); this means that for any linear subspace L €
A(n), there is an orthogonal symplectic matrix

A —B
r=(5 %)
with A£+/—1B € U(n) such that PLy = L. P is uniquely determined by L up to

an orthogonal matrix C € O(n). It means that for any other choice P’ satisfying
above conditions, there exists a matrix C € O (n) such that

Cc o0
P =P .
(60)
See [McDuff and Salamon 1998, Lemma 2.31]. We define the conjugated sym-
plectic path y. € P(2n) of y by y.(t) = P_ly(t)P.
Definition A.4. We define the L-nullity of any symplectic path y € P(2n) by

v (y) =dimkerz (y (1)) :=dimker V(1) = n —rankV,(1),

The n x n matrix function V,.(¢) is defined in (A.1) with the symplectic path y

replaced by y., that is,
(S0 Ve
r= (Tc(r) Uc(t))'

Definition A.5. For a symplectic path y € P(2n), we define the L-index of y by
iL(y) =iLy(ve)-

Theorem A.6. If y € P(2n)?, there is a family of paths vy, € P(2n); depend
continuous on s € [—1, 1] such that yo =y, ys € P(2n)}, s #0 and

ir(ys) —ir(y—s) =ve(y) foralls € (0, 1],

and
ir(y)=ir(y—s), s €(0,1].
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For a symmetric matrix function B : [0, 1] — L;(2n), we consider the functional

1
f @ =/ (3(=Jz,2) — (B()z,2))dt, ze Wy,
0

where W, = {z = (x, y)T € W!2([0, 1], R*") | z(0),z(1) € L} C L%. By the
saddle point reduction methods (see [Amann 1979; Amann and Zehnder 1980;
Long 1993; 2002; Liu 2007]), there exists a finite-dimensional subspace X of
Wy with dim X = 2d 4+ n and an injection map X — Wy, such that the function
a(x) = f(u(x))is C? and we have:

Theorem A.7. For any L € A(n),
m (a)=d+ir(B)+n,
m®(a) = v.(B),
m*(a)=d—iL(B) —v.(B),

where m*(a) for * = 4, 0, — are respectively the positive, null and the negative
Morse indices of the function a(x) at the origin.

Theorem A.8. For any symplectic path y € P(2n), there holds

" 0;(1)—06;(0
imw=2EQi%fQ)

Jj=1

where E(a) =max{k € Z |k <a}and A;(t) = V=190 gre the eigenvalues of Q(t)
defined in (A.3).
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