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In 1986, Hardt, Kinderlehrer and Lin established the existence and par-
tial regularity of minimizers of the liquid crystal energy with the Oseen—
Frank density. Motivated by the earlier results of Bethuel-Brezis—Coron
and Riviere on harmonic maps, we prove the existence of infinitely many
equilibrium configurations of the liquid crystal energy prescribing the same
nonconstant boundary data.

1. Introduction

Let  C R3 be a domain with smooth boundary 92, and let y : 9Q — S2 be smooth
boundary data. The equilibrium configuration of a liquid crystal is described by
a unit vector field u on 2. For any map u € H)} (2, §?) with y : 9Q — S, the
integral

d(y)=1 /Q [tr(Vu)* — (divu)?] dx

depends only on y [Hardt et al. 1986]. According to the Ericksen—Leslie the-
ory [Giaquinta et al. 1998], the Oseen—Frank bulk energy of a configuration u €
H'($2, §?) can be reduced to

(1-1) E (u, Q) =/ W (u, V) dx,
Q

where W (u, Vu) is the Oseen—Frank density
(1-2) W(u, Vu) = «|Vu|?
+(k; — o) (div u)2 ~+ (ky — o) (u - curl u)2 + (k3 — o) |u x curl ul2 ,

with constants k; > 0, kp > 0, k3 > 0, and o = min{ky, k», k3}.
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For the above density W (i, Vu), we set V (u, p) = W(u, p) —a |p|* with p =
Vu. As in [Hardt et al. 1986], the equilibrium system associated to E is of the
form

(1-3) —div (Wp(u, Vu) —u @ uVy(u, Vu)) + Y (u, Vu) =0 in L,
where
Y (u, Vu) = —u®@u) Wy, (u, Vu) — Vu (uV, (u, Vu)) — (Wp (u, Vi) - Vu) u

satisfies |Y (u, p)| < C |p|* for all p = (p)3x3 with p!/ € R.
A static equilibrium configuration u corresponds to an extremal of the functional
(1-1) in HY(Q, §?), that is, u € H'(R, S?) is a weak solution of system (1-3).
In a special case k; = ky = k3, the equilibrium system (1-3) is

Au+|VulPu=0 ing,

which is the equation for harmonic maps. When k| = k, = k3 = 1, Bethuel et al.
[1990] first proved the existence of infinitely many harmonic maps for some special
boundary values y. Riviere [1995] proved the existence of infinite many harmonic
maps for all nonconstant boundary values. See further generalizations to higher
dimensions in [Isobe 1995] and [Pakzad 2001].

In general, (1-3) is not always elliptic for every choice of the constants k;, and so
the system (1-3) is much more complicated than the harmonic map equation. Hardt
et al. [1986], in a fundamental paper, proved the existence and partial regularity of
a minimizer u, which is a weak solution of system (1-3) that gives the energy E
in H) (82, S) given boundary data y : 9Q — §2. One questions whether one can
prove there exist infinitely many weak solutions of the liquid crystal system (1-3)
prescribing the same boundary data. Here, we prove the existence of infinitely
many equilibrium configurations prescribing the same nonconstant boundary data
y in:

Theorem 1.1. Let y : 3Q — S? be a nonconstant smooth map. Assume that the
constants ki, ko and ks in (1-2) satisfy |ky — k2| <min{k, k2}4(1—In2)/In2. Then
there exist infinitely many stable weak solutions of system (1-3) in H' (2, §?) with
the same boundary value y.

The key to proving Theorem 1.1 is generalizing the idea of Riviere [1995] to the
liquid crystal energy. Riviere’s idea relies on constructing dipoles and the relaxed
energy of the Dirichlet energy in [Brezis et al. 1986] and [Bethuel et al. 1990].
More precisely, Riviere inserts a dipole into nonconstant maps and finds a way to
confine the energy to strictly less than 87 times the length of the dipole.

In this paper, we extend a key result of Riviere to the liquid crystal:
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Theorem 1.2. Assume that the constants ki, ky and k3 in (1-2) satisfy the condition
|k1 — ko| < min{ky, kp}4(1 —In2)/In2. Let u € HY(Q, $?) be a nonconstant and
smooth map, and let xy be a point inside 2 such that Vu(xg) # 0. For any p > 0
with B,(xo) C 2, there exist two points P, N € B,(xo) with middle point xo and
|P —N| =20 <2pandamapvin H (2, $) N COY(Q\{P, N}, §?) such that

v=u in Q\B,(xp), deg(v, P) = —deg(v, N) = +1,
and

/ W), Vux))dx < / W(u(x), Vu(x))dx +8aT'(ky, ko, k3) |P — N|.
Q Q

For the proof of Theorem 1.2, thanks to Giaquinta et al. [1990], the dipoles and
relaxed functional of the liquid crystal energy E was given: Forany u € H'($2, §?),
the vector field D(u) is defined by

D(u) = (U tUyy Ny, U-Uyy AUy, U-Uxy NlUyy).

Given u° € HJ} (22, §?), we set

1
L(u, u®) = sup / [Dw) — D] V& dx
£:Q—R, Q
IV&llzo0 <1

for maps u € H)}(Q, S?). The relaxed functional F,o of the liquid crystal energy
E is given by

Fpo(u) = / W(u(x), Vu(x))dx + 8n I (ky, ko, k3) L (u, uo),
Q

where

1
F(kl,kz,kg)zw/kkgf \/l+(k/k3—l)s2ds >, k=min{k;, ky}.
0

More precisely, F,o(u) is lower semicontinuous in the weak H '-topology and any
minimizer of F,o(u) in H)} is also a weak solution of system (1-3) prescribing the
boundary value y. One key to proving Theorem 1.2 is obtaining new estimates on
the irrotational and solenoidal dipole in [Giaquinta et al. 1990] for inserting a small
dipole into nonconstant map. More precisely, for k; > k1, one finds the irrotational
map u (with u - curlu = 0) on R2 x (0, 1) of the form

u(x) = (g(r))%, g(r)% sign(1—r) /1 — g2<r>) o=yl + a3

such that E(u) =8m (T (ky, k2, k3), where g € C([0, 00); [0, 1]), g'(r) >0o0n (0, 1),
and g’(r) <0 on (1, 00). Similarly, for k, < k1, one finds the solenoidal map (with
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divu = 0) on R? x (0, 1) of the form

— 2 ot N PR
M(X)—(g(")r’ g(r)r,SIgn(l 1 g(r))

such that E(u) = 8xIT (k1, k2, k3), where g € C([0, 00); [0, 1]) and g’(r) > 0 on
(0, 1), and g’(r) <0 on (1, 00). In this paper, we derive new estimates on g(r) and
also prove that g’(0) exists, is positive, and is bounded by a constant depending on
k 1s k2 and k3.

The second key step is to improve the method in [Riviere 1995] (also [Brezis and
Coron 1983]) of inserting a small dipole into a nonconstant map. During the proof,
it is important that g’(0) is positive and bounded. Due to the differing constants &y,
ko, and k3, the liquid crystal is more complicated and involved than the harmonic
maps.

Theorem 1.1 is a consequence of Theorem 1.2. Riviere [1995] also used Theo-
rem 1.2 to construct weak harmonic maps having singularities almost everywhere
in 2. With Theorem 1.2, we conjecture that one can construct a weak solution of
system (1-3) having singularities almost everywhere in €2 for different constants
kl, kz, and k3.

In the last part, we deal with the partial regularity of weak solutions of system
(1-3). The partial regularity of weak solutions of elliptic systems and weakly
harmonic maps has been of great interest (for example [Giaquinta 1983; Giaquinta
et al. 1998]). For the liquid crystal, Hardt et al. [1986; 1988], in fundamental
papers, proved the partial regularity of minimizers of the liquid crystal energy E.
Here, we investigate the partial regularity of the weak solutions that minimize a
modified relaxed functional of the liquid crystal energy E.

For a parameter A € [0, 1], as in [Bethuel and Brézis 1991], we consider the
modified A-energy

(1-4) E; (1) := E ) + 287 (ky, ka, k3) L(u, u®)

for a map u € H]}(Q, $2). It follows from [Bethuel et al. 1990] and [Giaquinta
et al. 1990] that there exists a minimizer u) of E; in H)l (€2, 5?), and u, is a
weak solution of (1-3). The author in [Hong 2004] proved the partial regularity
of minimizers u, for 0 < A < A9 =/ ' (ky, ko, k3) with ["(ky, k2, k3) > . It was
not clear then whether one can establish the partial regularity of minimizers u; of
(1-4) for A € [Ag, 1]. Now we make progress with:

Theorem 1.3. For any parameter A with 0 < A < 1, let u, be a minimizer of E),
in H)} (2, S?). Then u;,_ is smooth in a set Q2 C Q and #P (Q\QO) = 0 for some
positive B < 1, where #P is the Hausdorff measure.
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The paper is organized as follows. In Section 2, we derive some new estimates
for the irrotational dipole and the solenoidal dipole. In Section 3, we prove Theo-
rems 1.1 and 1.2 for k; > k;. In Section 4, we prove those theorems for k; > k.
In Section 5, we complete a proof of Theorem 1.3.

2. Improving estimates for irrotational dipole and solenoidal dipole

Proposition 2.1 [Giaquinta et al. 1990]. There exists a C™ function ii(x) from R?
into S* C R such that

() @ = q at infinity, where q is the south pole of S* C R;
(i) @, seen as a map from S? into S?, has degree 1;
(iii) if Q:=R? x (0,1) and ug : Q — S? is defined as
ug(xr, x2, x3) = u(xy, x2),
we have
(2-1) E (ug, R* x (0,1)) = 87IT (ky, k2, k3).

Now we will improve Proposition 2.1 so we can apply it to prove Theorem 1.2.
Consider the dipole

To=G,+Lx[[S*]l, where L =1(0,0,x3):0<x3<I]],

that is, P = (0,0, 0) and N = (0, 0, /) with [ > 0, where G, is the current by the
graph of the constant function q.
From [Giaquinta et al. 1990], we have

E (Tp, R* x (0, 1)) =2z/ \/k2n§+kk3(1 —n3)dH*(n),
S2

where n = (n1, n2, n3) € S%. Then

1
E (ug, R* x (0,1)) = E (Tp, R* x (0,1)) = 8nkl/ \/kg/k+ (1 —ks/k)z2dz
0

1 _ 2
_ Snklf VIZAY 4.
0 1—y2

where B =1 —k3/k.

The irrotational dipole. Assume ky > ki = k. We consider the all maps u =
(u1, uz, u3) : R* — S2 of form

X X Vv1—2g2(@), forO0<r <1,
=g, =2, w0 = 8 () ==
r r —/1—g°(r), forr > 1,



182 MIN-CHUN HONG

where g : [0, +00) — [0, 1] is continuous and satisfies g(0) =0, g(1)=1, g(r) -0
asr — 400, g’(r) >0o0n (0, 1), and g’'(r) <0 on (1, +00).
By a standard calculation, we have
2
1
(divu)® = () + % +2gg'-,
r r

20,12
|u x curlu|2 = |cur1u|2 = |Vu3|2 = &,
l—g2

and
e
w-curlu =0, |Vui|>+|Vus|* = (g')* + -
’
The Oseen—Frank density becomes

2 1— 2 1
(2-2) W (u, Vie) = ky [g—z +g/2%} +2(k — a)gg -,
r 1—g r

where 8 =1 —k3/k. Then

o, 5
1_
E(u,sz(O,l))=2nkl/[—g 4?17 P8 ]rdr.
0

r2 1—g2
So
E(To):4nkl/§g’%rdr §2nklf [g_ﬁg,z 1— ﬁ82 :|rdr=E(u),
r — r -
0 & 0 8

with equality if and only if

g V1-g°

—=———, forr>1,
ry1-Bg?

(2-3) g =

, for0O<r<l.

First we consider the case 0 <r < 1. We will prove that there is a solution of
the equation

(2-4) g =

with g(0) =0 and g(1) = 1. Moreover, g’(0) exists and is positive and bounded.

Case I: k > k3.
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Since 0 < 8 <1, we have 1 — g?> <1 — Bg? < 1. Then

g > § 1 —8 > g 1 _g2'
ror\1—-pgg* r
We consider two auxiliary equations
81
g ==
’
/ 82 2
=—,/1—g5.
8=, 5

It is easy to see that g{(r) = r solves the first with g;(0) =0 and g;(1) = 1 and
gr)y=2r/1+ r? solves the second with g2(0)=0and g,(1) =1.
By the comparison theorem, there is a solution g of (2—4) such that

(2-5) r<gs=——> g0)=0, g)=1

Using Equation (2-3), we have
g,,(r)_g_ Vi-g* g J1-g ¢ g8’ L 8V1-gfssg
r 1-pg 2 J1—pg r1-g2/1—pg2 r (1—pgHi~
_eVi-g (V1-¢g ) &% 1-p “0
r2J1—Bg2 \V1—- ro(1=gH2(1 - pghH?3 ~

Therefore g'(0) =lim,_,o g'(r) exists and is finite because g (0) =1 and g5(0) =2.
More precisely, we know

1<g'(0)<2.

Case ll: k3 > k.
Since B <0, we have 1 — 8 > 1 — Bg? > 1. Then

1 —— \/; /;2
./1—ﬁ'§ 1-¢ S%/1_ &

Then we consider two auxiliary equations:

UR S iy

IV TARER
82

g=""y1-8.

Note that g; (r) =2r¢/1 4 r* with ¢ = 1//T — B solves the first with g; (0) =0 and
g1(1) =1and go(r) =2r/1 + r2 solves the second with g2(0) =0and go(1) = 1.
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By the comparison theorem, there is a solution g of the equation with g(0) =0
and g(1) =1 such that

2r 2r¢
<g= .
1472 1472
Then
1 1 2 },,20
TR SR T S RPY T

(1 +r20)2'

> = A —
J1-Bg2 ~ 1-pBg? 1-Bg?
Note that as » — 0, g|(r) — +00. So we need to consider the auxiliary equation
ri 83
2-6 b= 1—4 — ) =./1-= 2
( ) g3 ( |13| (1+r2C)2) r g3
with g3(0) =0 and g3(1) = 1. The solution to Equation (2-6) is

Bl 1—r* 2 2111 —r
g3(r) =2rexp <71—|—r2“ 1+r“exp 1))

By the comparison theory, we have
2-7)

(ry<gl) <g3(r)=2rex L‘ill_rk 1+7”26X Ml—l"zc
s =8 =8 B P C 1—|—r26‘ p c 1+r20

It is easy to see that g’'(0) exists and is finite because g5(0) =2 and g5(0) = 2elbl/e.
More precisely, we have

2 <g'(0) < 2PV,

In both Cases I and II, there is a solution with g(0) =0, g(1) = 1 and with g’(0)
positive and finite.

If r > 1, take h(r) = g(r— '), where g(r) solves Equation (2-4) with g(0) =0
and g(1) = 1. Using Equation (2-4), we have

#e=g () () = DL oy D

5r) g(r), forO<r <1,
r) =
h(r), forr > 1,

is the required solution of Equation (2-3) with g(r) = g(r ).

VIR
N

Then

The solenoidal dipole. Assume k; > k; = k. Consider all maps u = (uy, us, u3) :

Q — S of the form
_ X2 _ X1 _ V1—2g%@r), forO<r<1
u () = g2, ur=—gt, us(x) = 2
r r —/1—g°(r), forr > 1,
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where g : [0, 4+00) — [0, 1] is continuous and satisfies g(0) =0, g(1) =1, g(r) -0
asr — +00, g'(r) >0on (0, 1), and g'(r) < 0 on (1, +00). Then we have

00 2 N2
8 (g")
E (u, R* x (0, l)):2nkl/o |:r—2(1—ﬂg2)+1_g2]rdr

such that E (Ty, R* x (0, 1)) < E(u), with equality if and only if

dg . g
2—8 —_— = 1 — = 1 ) 1 _ 2
(2-8) o, = sign(l —r) r\/ 8 \/ Bg

This equation has a solution g(r) such that g : [0, +00) — [0, 1] is continuous
and satisfies g(0) =0, g(1) =1, g(r) > 0 as r — +o0, g'(r) > 0 on (0, 1), and
g'(r) <0on (1, +00). Moreover, g’(0) exists and is positive and bounded.

3. Proof of Theorems 1.1 and 1.2 for k; > k;

3.1. The construction of u® for ky > ki. We assume Theorem 1.2 that Vu (xg) #0.
Without losing generality, we also assume xg = 0. Note that

W(Qu, OVuQT) =W, Vu), forall Q € O(3).

After a rotation Q on both x, u € R, we can choose an orthonormal basis {, J, K}
of R3 for both x, u € R? as in [Brezis and Coron 1983] such that u(0, 0, 0) = K.
Uy, (0,0,0)-uy(0,0,0) =0 and uy, (0,0, 0) #0.

Without loss of generality, we may choose
uy, (0,0, x3)
K(x3) =u(0,0,x3), [I(x3)=—""""—.
|ux, (0,0, x3)|
to form a basis {I (x3), J (x3), K (x3)} of R3 depending on x3. We write

u=1u1(x3)+urJ(x3) + 3K (x3)

with 1 (0, 0, x3) = 112(0, 0, x3) = 0 and #3(0, 0, x3) = 1. More precisely, there are
two numbers a > 0 and b > 0 — this is true after a rotation in R>: after a rotation
in the subspace R? of R3, the conclusion of Theorem 1.2 does not change — such
that

ux, (0,0, x3)=(a+0(x3)) I (x3), 1y, (0,0, x3)=0(x3)1(x3)+(b+0(x3))J (x3).
We use polar coordinates for (x1, x2) € R2, that is,

X]=rcosf, xp=rsinb,
and consider the cylinder C? in R? defined by

C'={(r1,x,x3) eR |0<r <5+8°, —6—8" <x3<86+8%}.
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As in [Riviere 1995], we construct a map

u® =051 (x3) + 057 (x3) + a5 K (x3)
such that

(i) u® = u outside C?.

(ii) Inside C?, for each x3 € [—8 + 82, § — §2] (that is, the subcylinder of C?%), we
construct #® in three different cases:

(a) If r > 282, we set u®(x) = u(x);
(b) If r < 82, we set

ud (x1, x2, x3) =
g (r/%) ? I(x3)+g (/0 % T (x3) +sign (1—r) /1= g2 (r/2) K (x3).
(c) If 8% < r <282, we set

u‘s(x) =

(A1r4B1) I (x3)+(A2r4B2) J (x3)++v/ 1—(A1r+B1)2—(Aar+By)? K (x3),

where Ay, As, By, By, depending only on 68, § and x3, are determined by

28%A1 + By = i11(28% cos 0, 28% sin 0, x3),

282 A5+ By = ii(28% cos 0, 28% sin 6, x3),
82A1 4+ By = g(8% /1) cos 0 = g(1/8%) cos b,
82As + By = g(8% /1) sin6 = g(1/8°) sin 6,

(-1

and g(r) is the solution of Equation (2-3) with g(0) = 0, g’(0) > 0,
g(H)y=1,g(r)=¢g(/r),and A = ¢8*, where ¢ will be determined later.

(iii) Inside C?, for each
x3 €[=8, =8+ 82 U8, § — 8],

we let P =(0,0,68) and N = (0,0, —§) in a small cylinder c‘; (or cf\,). The
cylinder is centered at P (or N) with radius 282, length 282, and its axis along
the x3-axis. If we denote by IT* (or I1_) the radial projection centered at
P (or N) onto the boundary of c‘}, (or c}s\,), the transformed map u® is the
composition of T (or IT_) and the value of #° on this boundary.

3.2. The estimate of the energy of u® for ky > kyi. Case 1. The estimate of the
energy of u® on the domain of x3 € [—8 + 8%, 8§ — 8%] and 8% < r < 252
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Notice that ; (0, 0, x3) =0 fori = 1, 2 and

8121 ’22

_(Oa 09 X}) =a-+ 0(-x3)’ _(0’ O’ x3) = 0(-x3)a

0x1 dx1

8121 8122

——(0,0,x3) = O(x3), ——(0,0,x3) =b+ O(x3),
0x2 9x2

g(c8?) =88 (0)+ 0(8%)
Then we have
28%A; + By =2a8%cos 6 + 0(8%),
282 Ay + By = 2b8% sin6 + O (8%),
82A1 4 By = g'(0)c8% cos 6 + O (8%),
82A2+ By = g'(0)c8? sin6 + O (8%).

Solving these equations, we have

A; = (2a —cg'(0)) cos§ + 0(3),
Ay = (2b—cg'(0)) sin + O(8),
By =28%(g'(0)c — a) cos 6 + O(8%),
By =28%(g'(0)c — b) sin + O(8°).

(3-2)

In a way similar to (3-2), it follows from (3-1) that

dA, L
=5 = —(2a —cg ' (0))sinf + O (6),
Az /
—— =(2b—-cg'(0))cosb + O (6),
36
(3-3) 5B
a_el = —28%(cg’ (0) — a) sin6 + 0(8°),
B
3_92 =25%(cg’(0) — b) cos 0 + O(8).

In polar coordinates, we know

26 sin 6 20 cos 6 or or .
_— = — = —— =cos6, a—:sm@.

ax1 r’ ax2 ro’ x| X2

Using #11(0, 0, x3) = 12(0, 0, x3) = 0 in (3—1), we obtain, for §* < r <262,

8A1 8A2 831 3B2

(3-4) — =00), —==0), —=0(>), —==0>.

0x3 0x3 0Xx3 0x3

187
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and, by the chain rule,

a_m{_a_ﬁg_a(AlrJrBl)_a(Aszz)

0xy  0xp 9x7 0x1
_A(Arr+By) 30 N d(Air+ By) or  9(Aar+By) 90 3(Aar + By) Or
o 90 dx» ar dx» 90 9x; or 9x;

0A| 060  0A, 90 or or 0By 00 0B, 96
=l——-————|r+|A—A— )|+l —————— ).
00 0x; 00 0xy 0x2 0x1 00 0xp 00 dx;
It follows from (3-3), (3—4) that

dA; 00 0A, 36 , .
— — ———)r=—(2a—cg (0))sin6 cos @
a0 dxp 060 dx

—(2b—cg’ (0)) rcos 6 (—Si%e) + 0 (8)

=2(b—a)sinf cosb + O (J),

9 9
A a—r _ Aza—r —(2a — ¢g'(0)) cos 0 sin @ — (2b — cg' (0)) cos 8 sin 6 + O (5)
y X1
=2(a —b)sinf cosO + O(5),

and

0B 80 0B 90 _ o) g ) (00
50 3% 30 8x1_(28 (cg’ (0) a)s1n9+0(8))( )

r

r

— (262 (cg’ (0) — b) cos 0 + O (8%)) (— sin6 )

1 1
=26%(a —b)sinf cosd—+ O (5°) —.
r r

These imply that, for 82 < r < 252,
~5 ~5
dui _ 93

1
=28%(a — b) sin 0 cosH— + O ().
0xy  0xp r

Since [@5]> = 1 — || — [u5|?, we have

A8
5 ous

~8 ~8 5 3 3
ouy .50, 50U Y o] dits
3 —= u i
8X1

8L 4 -3
! 8)61 2 aX1 ’ 3 3XQ ! 3)62 8)62

and i1 = 1+ O(8%). Then for §? < r <282, we have

ol o’
(3-5) M_06d., o oed.
0x1 0x7



INFINITELY MANY EQUILIBRIUM CONFIGURATIONS OF A LIQUID CRYSTAL 189

We consider a new map 2° = ﬁ‘il + 123] + ﬁgl( , and thus obtain

1
|- curl @’ |* = 48*(a — b)* sin 6 cos> 60— + 0(3),
(3-6) r

|@° x curl @ |* = 0(5).

Moreover, we have

i d(Ar+ B)) dA, 9B\ 06 ar
3-7 —1 = —+A—+0(@
=7 x1 ox1 (aer+ 89)8x1+ 1oy, T 0@

sin” 6

r

= (2a —cg'(0)) +28%(cg'(0) —a) + 0.

Similarly,

o)  9(Ar+B 20
ou _ 9(Ar+By) _ (2b — cg'(0)) +26%(cg' (0) — b) ==

3-8
(5-8) 0x7 9x7 r

+ 0 ().

It follows from (3—4), (3—7) and (3-8) that

8cg'(0) 52(@ sin® @ + b cos® )
r

(div %) :4(a—|—b—cg/(0)+ -

)2+0(8)

48%c2(g'(0))2  48*(asin® 6 + b cos? H)?
2 + 2
r
asin® 6 + b cos2 0

= 4(a+b)* +4c*(g'(0)* +

—8(a +b)cg'(0) + 88%(a + b)@ —88%(a+b)

852¢2(g'(0))2 a sin® 0+b cos? 0 a sin® 0+b cos? 0

+88%cg’(0) -
;

85%cg’ (0)

Combining this estimate with (3—6) yields

21 282
/ (diva®)? + | curl 2’ |? dx1dxy = / / (diva®)? + | curl @ rdr do
82<r<262? 0 52

= 1278* ((a +b)* + *(g'(0))* — 2(a + b)cg (0)) + 1678* (a + b)cg' (0)
—878*(a +b)> —1675*c*(g'(0))? + 878%¢cg'(0)(a + b)
2
+45%1n2 / [c?(g'(0))? —2cg’(0)(a sin® O + b cos> 6)] d6
0
2
+48*1n2 f [a® sin* 6 + b? cos* 6 + (a2 + bz) sin® 6 cos” 0] d6
0

— 4784 ((a +b)* — g'(0)°2 + (a® + b +2(¢'(0)¢)> — 2ag'(0)c — 2bg'(0)¢) In2).
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It follows from [Brezis and Coron 1983] that

/2 Vi Pdxidx, = / [12, 17 + 143, 1> + 0(8) ] dx1dxa
82<r<26

82<r<252

/ 0 22
= 4784 (a® + b — % + (a® + b2 +2(g'(0)0)2 — 2ag' (0)c — 2bg' (0)c) In 2)
+0(8).

It follows from (3-3), (3—4) and (3-5) that

(3-9) W@, Vi) dxidx,

82<r<282

:af yva5}2 dxldxz—i—/ (ky — o) (div u)? dxidx,
82<r<262 82<r<262

+/ [(ky — )|’ - curl @ |* + (ks — &) |@® x curl @’ |*] dx1dxa
82<r<24?

g'(0)°¢?

=dans*(a® +b* - — (a® +b* +2(g'(0)c)* — 2ag’ (0)c — 2bg'(0)c) In2)

(ki — )4 ((a+b)> = g0 + (a2 + b +2(g'(0)c)?) In2)
—8ans* (ag'(0)c +bg' (0)c) In2+ 7 (ky — k1)8*(a — b)* In2+ O(8°).

On other hand, we see

8”8 _ 81/! n 0(5) 8],[8 _ 8128 —|—0(6)
dx;  Ox dxy  Oxz
and
du®  ong GITH T 5dl(x3) . 5dJ(x3) . 5dK(x3)
—1 —J —K .
I 9ns (x3) + (x3)+ (x3) +uj dxa up dxs u3 dxs

For 82 < r <282, we have

~§ ~§ ~§
oug

0 0
T _o0@)., =06, Z=o006Y,
BX3 aX3 8X3
and, moreover,

i@’ (x1, x2, x3) = 4°(0, 0, x3) + 0(8%) = K (x3) + O(8°).
It follows from u(0, 0, x3) = K (x3) that for §2 < r < 282, we have

ou’
—(Xl X2, X3) = —(0 0, x3) + O(8%).
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Using |u| =1 and u3(0, 0, 0) = (0, 0, 1), we have du3/9x3(0, 0, 0) = 0. Thus

aL()ﬂ,)@,)@)——(o 0, x3) + 0(8%) = 0(3).

For 82 < r < 282, we have
(3-10) (div u®)?> = @divi®)>+ 0©), @® curlu®)? = @° - curli®)> + 0(5)
and

2
+0(6)

8

duy
+ 8_)63

=@ xcurla®)? +d*>+ 2+ 0(9),

du’ 2
(3-11) (u‘s X curlu’s)2 (u X curlu’s)2 —1

0x3

where we have set 5 9
u
d= ﬂ(o 0,0), f=220,0,0).
an,

It follows from (3-9), (3—-10)-(3—11) that

582
/ dx3/ dxidx; W(u’s, Vu‘s)
—5482 82<r<262

5—82
= / dx; / dxidx; W@, Vi®) + 6wkss>(d* + ) + 0(8%)
—54-82 §2<r<282

— 8ans° (a2 +b7— g/%)zcz +(a® + 5% +2(8'(0)¢)* — 2ag' (0)c — bg'(0)c) In 2)
+878% (1 — o) (@ + ) = g/ (02 + (¢ + b7 +2(g (0))?) In2)
—1678° (k1 — @) (ag'(0)c + bg'(0)c) In2 + 27 (ky — k1)8 (@ — b)* In2
+67k387(d* + )+ 0(8°).

2

Next, we estimate ffaﬁaz dx; f05r582 dxidxs W, Vu?).

Let ug be the map defined by uy = it(x1, x2) in the Section 2. By (2-1) and
(2-2), we know

(3-12) W@, Vi) dxidx, =/ W (1o, Vo) dxidx;
r<é8? r<l1/cé?
1/c8? gz(r) 1/c8? /
=4k, dr +4n (k] —a) gg' dr
0 r 0

> g (r) * g 4 20 1,2 5
=4k, dr —4mk; —zrdr+2n(k1 —a)§7c? (g (0)"+0()
0 r 1/e82 7

= 8nT(k1, ko, k3) — 2ma8* [/ (0)]* + O (8Y),
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because g(r) = g'(0)r + O(r?) and g(r) = g(1/r).
On other hand, we see

ou’  an’ au’  and
3-13 —=—4+0 —=—40(
( ) 0x1 0x1 +00), 0x> 0x2 +00
and

du’ dl dJ dK
(3-14) = () 4 @I | ppdR )

0x3 dX3 2 dX3 3 d)C3

which implies
iy _pdd ) oy dK ()

u . u
axs 2 dxs 3

ud dI dK
Qg _pdls) gy g d(x3) T+00).
X3

I+ 0(),

3X3_ ! dX3

From the results in the Section 2, we have

. g(r/r) s
3-15 vl <C C .
(3-15) Vil < CEE < C gy
We estimate the term
8u3 8u2 "y s dI(x3) s AK (x3)
o) —=+0(@ -J J+0(@
8x28x ( + ())( + ())< dx T + ())
2
g (p) g (p) cos@sm@)( o dJ(x3) dK(x3) )
=|- (p)siné I +4/1—g(p)? ¥
( A1 —g(p)? ¢ dx3 $00 s
8’\8
+0(5) +0(3),

where p = r/A. Integrating the above identity and using (3—15), we have
oud dul 8% p2m 8u dud
f ul—2—2 dx;dx; = f / —3 240 rdr = 0(8°In(1/8)).

r<82 3XZ 8X3 3)(2 X3

Similarly, we obtain
8u3 8141 5
u — —dx1dx; = 0(5° Iné).
r<é? axl dx3

By a similar argument, we also have

8u3 8u1 5 8143 8u2 5
—=——dx1dx, = 0(8’Iné), —=—=dx1dx, = O(8° In$).
0x1 0x3 0xy 0x3

r<s? r<s?
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From (3-14), it is easy to see that

[583

By combining above estimates with the identity |curlu

ou’ 2 6
1, a2, 1)| dnid, = 0(69).
dx3

5|2 = |u-curlu‘S 2 +

2 .
, We obtain

|u x curl u®

§—82
(3-16) / dxs / dxidxa W(u®, Vu®)
—8+682 r<83

5—82
:/ dX3f dxidx; W(@e, vi®) + 0(8%1n 8).
—5482 r<s3

For 8% < r < 82, it follows from (2—5) and (2-7) that
(3-17) /) <C—" — o)
_ , _
& Az 42

for some constant C. Using (3—17), it follows from (3-13)-(3-14) that

582
/ dX3/ dxidxy W(u‘s, Vu‘s)
—5+482 83<r=8?
8 8
duy? |2

§5—82 2 2
=f dx3/ dxydxs (W(ﬁa,va5)+k3U ] +] ] ]>+0(86ln8).
5+62 83<r<8? dx3 0x3

Combining this with (3—12)and (3—16) yields

582
/ dx; / dxidx; Wu®, Vu®) =167 (8—8H)T (ki ka, k3)—4mas’c?[g'(0)]?
—5+82 r<és?

+27k383(d* + ) + 0(8%1né).

Case 2. Estimate for E (1°) in c‘}, and c;s\,.
Let G p be the little cone inside c‘}, with vertex P = (0, 0, §) given by

Gp={(r,x2, 1) R | (@)* + ()? < 6 —x3)?, §-8% <x3<5}.
Its end is the disk
Dy:{(xi,xé,xé)é[l@‘r’Z:x'2+y’2§84, xy=8—8%}.

Let x = (x1, x2, x3) be a point in G p and let x" = (x{, x}, x}) be its projection
x' =I1"(x) on the disk Dy as

32)61 32)62

5—)(3’ 5—X3

x/=n+(x)=( ,5—32).
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3 is constant on the rays passing by P, that is,

Now u
5 5 2
u’(x1, x2, x3) = u®(x, x5, 8§ — 8°).

Using the chain rule, it follows from the previous two equations that for a point
(x1, x2, x3) € Gp,

du’ 8 oub ,
P ) ) = - 7 ) s8_82
o1 (x1, X2, X3) 5—x3 ox] (x1, X )
du’ 82 oub )
(3-18) 3_xz(x1’x2’x3) ZS—X3 W(x{,xé,(S—(S )
Bu‘s( - x; du 5( 557 1 Xy du 5( 5—52).
- ) ) — ) ) x 9x )
s B =T a’x1x2 5—38/12
Using the third identity of (3—18), we have
9 2
/ L(Xl X2,X3)’ dxidxydxs
GplOx3
1 u’ u’ 2
= dx dxidx, ——— x/—+x/—> X!, xh, 8 — 82
/Hz 3/,2<(M3)2 25— )2 < Pox| ' 2, (1. 12 )

1 oud ou’ 2
N / 52 87 (xia—x; +xé@) (x}, x5, 8 — 8%) dx{dx).

On other hand, from the results in the Section 2, we obtain
Vet P(x], x5, 8 — 8%) + | Vg P (x], x5, 8 — 8%)
’7.82 2 8
Cg(r /cé%) - A <c 1) ’
72 ()LZ +r/2)2 (88 +r/2)2

where A = ¢8*. Combining the previous two equations, we obtain

du’ 2 ® g0 6
—(x1, xz,x;;)) dxldxzdx3§Cf ———dr' = 0(5°In(9)).
/G,, dx3 0 (884r73)2
A simple calculation yields
oul au5 a g
(3-19) (ug ( Rt n 1)>(x1, xb, 8 —6%)

X
2 W) +g(r /A)( g'/0) )(j:,/l—gz(r’/)u))r/ sin6 cos 6,

where we use polar coordinates x; =r’cos 6 and x} = r’sin6.
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By (3-18) and (3-19), we calculate

k) S S
5 8u3 oug

dx;3 dxdxy u5(x1, x2, x3) —(x1, X2, X3) — (X1, X2, X3)
582 r<é—x dxy dx3

1 [0 s0ul , ,ous L oud\N\ o, ,
- 8_2 /(;52 dX3 /’;582 dX1dX2 (MZB_xi(xl 8)(1 +x2 a)(é))(x],xZ, §—946 ) =0.

Similarly, we have

B ) S
8u3 ouj B
dx3 dxidxy —=(x1, x2, x3) — (x1, X2, x3) =0,
582 r<8—x3 dx; 0x3

8 ul Au’
d dxydxy u’ -3 —2 =0
X3 x1dxy uj(x1, x2, x3) —(x1, X2, X3) —= (x1, X2, x3) =0,
882 r<é—x dx2 dx3

8 T dud
dxs dxidx; —=(x1, x2, x3) —=(x1, x2, x3) = 0.
5—82 r<8—x3 dx2 0x3
Combining these estimates with (3—12) yields

W (u®, Vu®)(x1, X2, x3) dx1dxod x3
Gp

8

= /8 , dx; / . dxydxy Wb, Vu®) (x|, x5, 8 —8%) 4+ 0(8°In 8)

=87 (ky, ka, k3)8% + 0(8%1n 8).
Since u is regular and |Vu?| is bounded by a constant, we obtain

f W (u®, Vu®) dxidxadx; = O(8°).
cp\Gp
Therefore, it follows from the previous two equations that
/ W u®, Vu®) dx dxrdxs = 87w 8°T (ky, ko, k3) + O (8% In 8).
&
Similarly, we get f W u®, Vu®) dxidxrdxs = 87 8%T (ki1 ka, k3) + O (8% In 8).
cx

Proof of Theorem 1.2 for ky > k. Since u is smooth, we have

5482
/ dX3/ dxidx, W(u, Vu)(xy, x2, x3)
—5—82 r<282

5482
=/ dng dxidx; [e(a®>+b%) + (ki —a) (@ +b)* +k3(d*+ )]+ 0 (8%
—5—52 r<282

=878 [a(a® +b*) + (k1 — @) (a +b)? +ks(d* + fH)] + 0(59).
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Also

/ W (u, Vu) dx1dxadx; = 0(8%), / W (u, Vu) dxidxadx; = O(8%).
cf\, C?’

Finally, we have
E (u®, Q) — E(u, Q) — 167 (k1, k. k3)8
— _ ks’ (g’(O)Zc2 — (a? + b2 +2(2'(0)0)> — 2ag'(0)c — bg'(0)c) In 2)
+278% (ky — k1) (a — b)* In 2+ 0 (5% In §).
When ky — k; < kj4(1 —1In2)/In 2, we choose g’(0)c = max{a, b} to obtain

ky —kq

g0’ — (> +b* +2(g'(0)¢)> — (2a +b)g'(0)¢) In2 — (a—b)*In2>0.

Choosing § sufficiently small, Theorem 1.2 is proved. U

Remark 3.1. Letug € H]} (2, §?) for smooth boundary data y with deg(y) #0. For
amap u € H)}(Q, $2), in similar fashion to arguments of [Giaquinta et al. 1998,
Chapter 4], there is a one-dimensional rectifiable current L, ,, with —9L, ,, =
P (u) — P(up) that minimizes the mass among all one-dimensional rectifiable cur-
rents L with —dL = P(u) — P (ug), where P (u) is the zero-dimensional current in
2 determined by u (see [Giaquinta et al. 1998, Chapter 4]). Moreover, we have

M(Lu,uo) = L(u, up).
Foru € H)} (2, §?), consider
Mull :={T = Guy + Luuy x [S*1 | T =[Gyl € Cart> (2 x R), ur =u}.

Define
E([u]) = f Wu(x), Vu(x))dx + 8T (k1, ko, ko)M (L, ) = Fuy(u, 2).
Q

Then the semicontinuity € implies that F,,(u, 2) is also lower semicontinuous
with respect to the weak convergence in HMIO(Q, 52) (see [Giaquinta et al. 1989;
1998)).

Proof of Theorem 1.1 for ky > kj. If there are infinitely many distinct minimizers
for E in H)} (2, §?), the proof of Theorem 1.1 is completed. Now we assume that
there are only a finite number of minimizers wy,...,w,, for E in H)} (2,8 2).

By the partial regularity of [Hardt et al. 1986], with the fact that y is not a
constant, there is a new subdomain ; of € such that w; is smooth in 1, and
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there is some xg € 21 with Vw(xg) #~ 0. For sufficiently small p, it follows from
taking v; = w® in Theorem 1.2 that

E(v)) < Fy,(wy) = E(wy) +8x T (ky, k2, k3) L(vy, wy).

Let u; be a minimizer of F,, in H)}(SZ, $2), and let u; be a weak solution of
Equation (1-3) with boundary value y.

For § sufficiently small, we shall prove that u; is different from all minimizers
w; of E in H)} (2, S?). We have two cases.

(1) L(wg, wy) =0 for some k. It is easy to see L(vy, w;) = L(vy, wg). Noticing
E(w) = E(wy), it follows the minimality of u; that

Fy (u1) < E(v1) < E(wy) + 8 (ky, ko, k3) L(vy, wy) = Fy (wy).
This implies that u; # w.
(i) L(wg, wy) > 0. We know
L(wg, v1) + L(vy, wy) > L(wg, wy).
This implies
Fy, (wi) = E(wy) + 8 (ky, ka, k3) L(wy, v1)
> E(wy) + 8T (ki, ko, k3) (L(wg, wi) —2p).
Choose p > 0 sufficiently small so that

L(wg, wy)
—
This gives L(wg, wi) —2p > 2p > L(v;, wy). Therefore

0<2p<

Fv. (wi) > Fvl(wl) = Fvl(ul)-
So u; is different from all minimizers wy of E.

We construct by induction a sequence u; of distinct weak solutions of (1-3) in
H}} (2, $%) which are also different from the minimizer w;. Choose p j+1 such that

0 <2pjy1 < min {L(wg, wy)/2, with L(wg, wy) > 0}

and

E(u)—E
(3-20) 0<2,0j+1<min{ () = EQwi) ':1,...,]}.

87T (ki ko, k3)’
By taking p = ;11 and u = w in Theorem 1.2, there exists a v, and 611 < pj41
such that

E(vji1) < E(wy) + 167 (k1, ko, k3)8 41
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Let u;41 be a minimizer of Fy,,, in H)} (€2, S?). The same argument as above
assures that u ;4 is different from all w;. Next we prove that u ;| # u; for all
i < j. From the above estimates, we know

(3-21) Fy,,,(ujy1) < Fy,, (vj11) = E(jt1) < E(w1) + 167 (ky, k2, k3)pji41-
From (3-20) we have
167p; 1 (k1, ko, k3) < E(u;) — E(wy).
Combining this with (3-21) yields

E(Wj) < Fy; (ujr1) < E(ui),

which implies u 1 #u; fori =2, ..., j. Letting j — 00, we see that there exist
infinitely many solutions {u j}?ozl of (1-3)in H}] (2, $?). This proves Theorem 1.1
for kr > k. Il

4. Proof of Theorems 1.1 and 1.2 for ky > k,

As in Section 3.1, for a sufficiently small § and x3 in [—§ + 82,8 — 821, we may

choose
uy, (0,0, x3)

K (x3) =u(0, 0, x3), I(x3) = m

to form a basis {I(x3), J(x3), K (x3)} of R? depending on x3. We write
u=ul(x3)+urJ(x3)+ 3K (x3)

with 111 (0, 0, x3) =u>(0, 0, x3) =0, 115(0, 0, x3) = 1. There are two numbers a > 0
and b < 0 (for a suitable rotation of R>) such that

ux, (0,0, x3) =(a+0(x3))J (x3), ux,(0,0,x3)=(0b+0(x3))1 (x3)+0(x3)J (x3).
We consider the cylinder C? in R? defined by
CO={(x1,x2,x3) R’ | 0<r<86+8>, —8-6"<x3=<5+5}.

As in Section 3.1, we construct a map u® = ﬁ‘?l(xg) + ﬁg](x3) + I:ZgK()Q,) as
follows:
(i) u® = u outside C?.
(ii) Inside C?, for each x3 € [—8 + 82, § — 82] (that is, the subcylinder of C%), we
construct «’ in three different cases:

(a) If r > 282, we set u® (x) = u(x).
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(b) If r < 82, we set, with p = r/A,
ul (x1, x2, x3)
X2 X1 . 5
= g(p)T I(x3) — g(p)7 J(x3) +sign(1 —r) /1 —g=(p) K(x3).
(c) If 82 < r <282, we set

u‘s(x) =

(A1r+B1) 1 (x3)+(Aar+B2) J (x3)++v/ 1—(A 17+ B1)2—(Aar+B2)? K (x3),

where A1, A», By, B> depend only on 6, §, and x3 and are determined by

28%A1 + By = 11 (28% cos 0, 28% sin 6, x3),

282 A5 + By = i,(28% cos 6, 28% sin 6, x3),
82A1 + By = g(8?/1) sin6 = g(1/8°) sin 6,
82As 4+ By = —g(8%/1) cos = —g(1/8%) cos 0,

(4-1)

and g(r) is the solution of Equation (2-8) with g(0) = 0, g’(0) > 0,
g(1)=1, g(r) = g(1/r) and A = c8*, where ¢ will be determined later.

(iii) Inside C?, for each
x3 € [—8, =8 +821U[8, 8 — 821,

we let P = (0,0, 8) and N = (0, 0, —§), in a small cylinder ¢%, (or ¢). The
cylinder is centered at P (or N)) with radius 262, length 282, and its axis along
the x3-axis. If we denote by T1" (or T1_) the radial projection centered at
P (or N) onto the boundary of c‘}, (or cf\,), the transformed map u® is the
composition of T+ (or IT_) and the value of #° on this boundary.

The proof of Theorem 1.2 for k, < k; is very similar to the one for k; < k; on
page 195. We only need to make a few modifications.
For 8> < r < 28 and for each

x3 € [—8+8%, 86— 8%,
we solve Equation (4-1) for Ay, A,, B| and B; to obtain
A1 = (2a —cg'(0)) sinf + O(9),
Ay = (2b+cg'(0)) cos 8 + 0(9),
Bi =28%(g'(0)c —a) sin6 + O(8%),
By = —28%(g'(0)c + b) cos 6 + O (8%).

(4-2)
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and
dA ,
w5 = 2a —cg'(0)) cos O + 0(9),
04, , .
— =—2b+cg'(0))sinb + O (6),
20

(4-3)
dB; 207 3
=0 =26“(cg’(0) —a)cosO + O(5°),
0B
3_92 —=282(cg’(0) + b) sin 6 + O (83).

Using (4-2) and (4-3), we have

dny  ,dA; 3B\ 90 ar
(2, 0B
36 36

— +AI—+0()

dxy 0x1 0x1

S cos 6 sin 6
= —25%(cg (0) —a)f + 0(),
a_ag _ (Ao + By)
0x> h 0x2

an’  9(A B
i _IATHB) _ op g (0)) +262(cg 0) — )
0x7 0x2 r

o)  3(Ar+B
oy YA HBY) ot g (0)) — 2525 (0) + b)
0x] 0x1 d

2 sinf cos 6
=26%(cg (O)+b)f+0(6),

cosZ 6

+ 0(9),

sin 6

+ 0().
Consider a new map #° = i#{1 + ii5J + 45 K. Then we have
1
|diva?|* = 48%(a + b)* sin 6 cos? 6 — + O (3),
r
|ﬁ8 X curlﬁ‘s‘2 = 0(93),

28%¢cg’ (0) 552 @ cos? 0 — b sin’ 9)
r r

(curl @) = [2((1 —b)—2¢g'(0)+ ]2 +00).

Using this, we have
/ (div %) + | curl 2° | dxd x>
82<r<262
= 418*((a —b)* — g'(0)°? + (a® + b +2(g'(0)¢)? — (2a — 2b)g'(0)¢) In 2).

‘We know that
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sin 6

5 +2a—g'(0)¢)?

n n cos2 9
a8 P+ 1a0, 1> = 48%(g/(0)c _a>2r_2 +48*(g'(0)c+b)?

/ 2 2 ’ 1 C0S2 0
+2b+g'(0)c) +46°2a — g (0)c)(g' (0)c—a)

p
sin® @

r

—482(2b + g'(0)c) (' (0)c + b)

Using this, we have
/ Vit Pduxdxy = / [123, 12 + 143, > + 0 ®)] dxidxs
82<r=<28? 82<r<282

12 A2
— 4n84<a2 +p2— g(()% + (a®+ b* +2(g'(0)0)2 — 2(a — b)g'(0)c) In 2)
+0(8%).
From arguments similar to those in Section 3.2, we finally have
E@W’, Q) — E(u, Q) — 16xT (k1 ka, k3)8
— — 8k 78 <g’(0)2c2 — (a® + 5% +2(g'(0)c)* — 2(a — b)g(0)c) In 2)
4278 (ky — k1) (a +b)*> In2+ 0 (8% In ).
When 0 < k; — ky < k24(1 —In2)/In2, we choose g’(0)c = max{a, —b} to obtain

ki —k
14k1 2(a+b)*1n2 > 0.

g'(0)°c® = (a® +b* +2(g'(0)c)* = 2(a — b)g'(0)c) In2—

Theorem 1.2 follows from choosing § sufficiently small.
The proof of Theorem 1.1 for the case k| > k; is the same as one for the case
ky > ki in Section 3.2. We omit details here. O

5. Partial regularity of the weak solutions
We will now complete a proof of Theorem 1.3. We recall that
W(u, p) = alpl® + (ki —a)(tr p)* + (ka — @) (g - w)* + (ks — @) |g x ul?,

where p = ( pij )3x3 and g is the axial vector of p — pT, that is, the vector defined
in coordinates by
8i =& jka;'
with ¢;j; being the components of the Levi-Civita tensor. For simplicity, we assume
a=1.
There exists a positive constant A > 0 such that

IpI> < W(u, p) < Alp|.
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Lemma 5.1. For any A € [0, 1), let u) be a minimizer of E, in H)} (2, Sz). Then
uy is a quasiminimizer of the functional E in H)} (2, S?), that is, E(uy, B) <
QE(w; B) for any w € HMIA(B, S?) and any subdomain B C Q with Q = (1 +
A /(1 =2A).

Proof. Let R}° be a set of all maps in HJ} (2, $?) having a finite number of singular
points, of which {P;} are of positive degree 41 and {N;} are of negative degree —1
inside €2. Let u be a map in Rg°.

As in [Giaquinta et al. 1989; 1998], the function

T'(n,&):=inf{Wk, G) | M2(G)=£, G'n=0}

is given at every n € S?and € =t Ane(n) € A3(R? x T,5?), where |t| = 1, €(n) is
the unit 2-vector associated to 7,52, and G is the transpose of the matrix G. A
calculation (see [Giaquinta et al. 1989; 1998]) yields

I'n, &)= 2\/k2(t, n)? +kks(1—(t,n)?)*+ (k —a)(t, n).

Thus

D(u(x))

W(u(x), Vu(x)) > T'(n, M2(Vu(x)) = F((n, m

A e(n)) |M>(Vu(x)|.

Integrating over B and using the co-area formula, we then have

D(u(x))
E(u, B) > fB r (n, m /\e(n)) |My,(Vu(x)| dx

D
3/ d%z(n)/ r <n ﬂm(n)) dyet.
$2 u="(n) [ D(u(x))|
We know that u~!(n) is the union of curves of two kind of curves oriented by
D(u)/|D(u)|:

(i) closed curves I'f U5 U---UT;
.o « e . u k urk
(ii) curves joining 0 BN{ P/}, N{N;

i'Yizi» where { P/, N .”}f.‘zl are all singularities

l
of u inside B.

For any positive singularity P/, there is a curve C;(u) joining P/ to another
point Ni”, which is either a negative singularity of the map u or a point y; on the
boundary 9 B.

Since I'(n, - A €(n)) is convex and one-homogeneous, Jensen’s inequality im-
plies

/ r (n D) /\E(n)) d%' > T <n/ D) g0 /\6(n)>
C; |D(u(x))| ¢ | Du(x))]
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Note that for any vector ¢ with || = 1, we have [Giaquinta et al. 1990]

f C(n,t Ae(n))d¥(n) =8 (ky, ka, k3).
S2

Let w € R;jo and w —u € HO1 (B, R%). Then w~!(n) is the union of curves of
two kind of curves oriented by D(w)/|D(w)|:

(iii) closed curves 'YUTY U---UT}";

(iv) curves joining BN {Pl.“’}f.‘:1 N{N"}"

" » where {P”, N}!', are all singular-
ities of u inside B.

If 1\71.” is a boundary point y; with u(y;) = n joining a curve to a positive sin-
gularity P/ by a curve C!(u) inside the set u~!(n), there is a positive singularity
P!” of w joining to y; by a curve C (w) inside the set w~!(n). As in [Giaquinta
et al. 1998], we note that D(u(x)) is the tangent to the level line u(x) = n. For an
oriented curve C;(u) joining P/ to ]\7[.” and a curve C;(w) joining P" to ]\7;”, we
have

/ D(u(x)) 43 = (P — A / D(w(x)) a3 = —(P¥ — N,
Ciwy 1Du(x))] l Y Jow ID(w(x)]

where ](Q” is either a negative singularity of u or a boundary y; with u(y) =n, and
N/ is either a negative singularity of w or a boundary y; with w(y) = n.
Then

k
> D(u(x)) 1
E(u, B)+ E(w, B) > /szd% (n)gf‘(n,/c[(u) md% /\e(n))
u Dw() ,
o, B o)
+/SZ (”)Z " S DN ™
k pu _Nu )
= Z P — N| ( —/\e(n))d% (n)
01 $? |pi' — N/
+Z|P“’—N“’| (
52

Pw _Nw ) 5
———— Aen) )| d#H*(n)
lp” — N’

= 8T (k. ko, k3)<z IR ARSI
i=1 i=1
> 8T (ki, k2, k3)L(u, w),

where L(u, w) is the minimal connection of w and u, that is, the minimal connec-
tion between {P}5_| U{NP”}" | and {N}}i_ U{PP},
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By the density result of [Bethuel 1990], the last equation is true for all w, u €
H}(B, §*) with w —u € Hj (B, $?).

Now, taking u = u, for 0 < A < 1, let w be any map H;(Q, S2) with u, —w €
HJ (B, $?) with an arbitrary subdomain B C 2. By the minimality of u;, we have

E(uy, 2) + A8 U (ky, ko, k3) L(u;., uo) < E(w; Q) +A8xT'(ky, ko, k3) L(w, uo),
Moreover, we know
L(w, ug) — L(uy, uo) < L(w, uy).

For 0 < A < 1, we have
1+ X
E(MA;B)SﬁE(U); B)

for all w € Hul_A(B, $2). This proves our claim. [
Using Lemma 5.1 with an extension lemma in [Hardt et al. 1988], we have:

Proposition 5.2 (Caccioppoli’s inequality). For any 0 <A <1, let u be a minimizer
of E, in H)} (2, S?). Then for all xy € Q2 and R < dist(xg, 02), we have

(5-1) / Vi |* < CR_Z/ |ty — 0. r] dx.
Br2(x0) Br(x0)

Next, we have:

Proposition 5.3 [Hong 2004]. Let u € H' (2, $?) be any weak solution of (1-3)
and assume that u satisfies the Caccioppoli inequality (5-1). Then u is smooth in
an open set Qo C Q and %ﬂ(SZ\Qo) = 0 for some positive B < 1.

Proof of Theorem 1.3. 1t follows from Propositions 5.2 and 5.3. O

Finally, it seems that there exists no monotonicity formula for the minimizers
of F,, in H'. Tt is a challenging question whether one can establish the partial
regularity of minimizers of F,, in H'(Q, $?) for a given map ug € R
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