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We investigate Mobius isoparametric hypersurfaces in the (n+1)-Euclidean
unit sphere S"**! with three distinct Mobius principal curvatures. As direct
consequence of our main result, we establish the complete classification for
all such hypersurfaces in S°.

1. Introduction

Let x : M" — S"*! be a hypersurface in the (n + 1)-dimensional unit sphere
S"*! without umbilic point. We choose a local orthonormal basis {ef, - - , e}
with respect to the induced metric / = dx - dx and the dual basis {61, --- , 6,}.
Leth = Zi’ j hij0i ®0; be the second fundamental form of x, with squared length
|h|> = Zi’j(h,-j)2 and mean curvature H = %Z[ hj;, respectively. Define p? =
n/(n — 1) - (|h]|> — nH?). Then the positive definite form g = p?dx - dx is a
Mobius invariant and is called the Mobius metric of x : M* — S"*!. The M&bius
second fundamental form B, another basic Mobius invariant of x, together with
g determine completely a hypersurface of S"*! up to Mobius equivalence; see
Theorem 2.2.

An important class of hypersurfaces for Mobius differential geometry consists of
the so-called Mdbius isoparametric hypersurfaces in $"*!. Recall that, according
to [Li et al. 2002], a Mobius isoparametric hypersurface of $"*! is an umbilic-free
hypersurface of S"*! such that the Mébius invariant 1-form

O =—p' 3" {ei(H) + Y (hij — Hje;llog p) |6
i J

vanishes and all of its Mdbius principal curvatures are constant. Note that by
Mobius principal curvatures, we mean the so-called eigenvalues of the Mobius
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shape operator W := p~!(S — H id) with respect to g; here S denotes the shape
operator of x : M" — S"+!. This definition of Mobius isoparametric hypersurfaces
is meaningful when compared with that of (Euclidean) isoparametric hypersurfaces
in S"*!. The images of all hypersurfaces of the sphere with constant mean cur-
vature and constant scalar curvature under Mobius transformation satisfy & = 0,
and the Mobius invariant operator W plays the same role in Mdbius geometry as
S does in Euclidean geometry (see Theorem 2.2). Standard examples of Mobius
isoparametric hypersurfaces are the images of (Euclidean) isoparametric hyper-
surfaces in $"*! under M&bius transformations, but there are other examples that
cannot be obtained in this way. For example, they occur in our classification for
hypersurfaces of S"*! with parallel Mobius second fundamental form; this means
that the Mobius second fundamental form is parallel with respect to the Levi-Civita
connection of the Mobius metric g. See [Li et al. 2002; Hu and Li 2004] for
details. On the other hand, it was proved in [Li et al. 2002] that any Mobius
isoparametric hypersurface is in particular a Dupin hypersurface, which implies
from [Thorbergsson 1983] that for a compact Mobius isoparametric hypersurface
embedded in S"*!, the number y of distinct principal curvatures can only take the
values y =2, 3,4, 6.

Li et al. [2002] classified locally all Mobius isoparametric hypersurfaces of "1
with y = 2. By relaxing the restriction of y =2, Hu and Li [2005a] and Hu et al.
[2007] classified all Mobius isoparametric hypersurfaces in S* and S°, respec-
tively. To be precise, they showed that a Mobius isoparametric hypersurface in S*
is either of parallel Mobius second fundamental form or Mdbius equivalent to the
Euclidean isoparametric hypersurface in S* with three distinct principal curvatures,
that is, a tube of constant radius over a standard Veronese embedding of RP? into
S*. However, a hypersurface in S° is Mdbius isoparametric if and only if it satisfies
either of two properties: First, it has parallel Mobius second fundamental form or
is Mobius equivalent to the preimage of the stereographic projection of the cone
%: N3 xRt — R’ defined by X (x, 1) =tx, where t e Rt and x : N> - S* — R’ is
the Cartan isoparametric immersion in S§* with three principal curvatures. Second,
it is Mébius equivalent to the Euclidean isoparametric hypersurfaces in S° with
four distinct principal curvatures. All these results remind us of their counterparts
in Dupin hypersurfaces; see [Thorbergsson 1983; Pinkall 1985; Niebergall 1991;
1992; Cecil and Jensen 1998; 2000].

Because all Mobius isoparametric hypersurfaces have been classified both for
n < 4 in [Hu and Li 2005a; Hu et al. 2007] and for all n» > 2 with two distinct
Mobius principal curvatures in [Li et al. 2002], we will consider here Mobius
isoparametric hypersurfaces M" in $"*! with three distinct Mobius principal cur-
vatures for all n > 5. For further background, we note that the classification of
all such hypersurfaces under the Mdobius transformation group equivalence can
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be compared with that of the Dupin hypersurfaces with three principal curvatures
under the Lie sphere transformation group equivalence established by Cecil and
Jensen [1998]. We find it interesting that the Lie sphere transformation group con-
tains the Mobius transformation group in S"*! as a subgroup and the dimension
difference is n 4 3. Therefore, the Mobius differential geometry for hypersurfaces
in spheres seems essentially different from the Lie sphere geometry and therefore
merits more attention.

Nevertheless, for simplicity, we focus on when one of the three distinct Mobius
principal curvatures has multiplicity one. For Mobius isoparametric hypersurfaces
with nonparallel Mébius second fundamental form and three distinct Mobius prin-
cipal curvatures — all of which have multiplicity not smaller than two — the clas-
sification is much more involved and will be given in a forthcoming paper.

We will establish these classification results:

Main Theorem. Let x : M" — S™' (n > 5) be a Mébius isoparametric hyper-
surface with three distinct Mobius principal curvatures such that one of them is

simple. Then x is Mobius equivalent to an open part of one of these hypersurfaces
in S"*1:

(1) The preimage of the stereographic projection of the warped product embed-
ding

F:S7(a) x SY(V1—a?) x Rt x R*=P~4~1 5 gl

withp>1,qg>1,p+q<n—1,and 0 < a < 1, defined by

n

x@ u’ t,u")=@u, tu’, tu'",
(

where u' € SP(a), u” € S1(W1—a?),t € RT, and u” e R*—rP—4—1,
(i) Minimal hypersurfaces defined by
R = (i, B M = N (<L) s e,

where %1 = y1/yo, X2 = y2/yo0, with yo € R, y1 € R, y» € R"™3. Here y; :
N3 —> §* («/ 6n/(n— 1)) — R is Cartan’s minimal isoparametric hypersur-
face with vanishing scalar curvature and principal curvatures £/(n — 1) /2n,
0. Also (yg, y2) : H* 3 (—(n — 1)/6n) — L"=2 is the standard embedding of
the hyperbolic space of sectional curvature —(n — 1)/6n into the (n — 2)-
dimensional Lorentz space with — yg + y% =—6n/(n—1).

If n =5, then hypersurfaces with three distinct Mdbius principal curvatures
trivially satisfy the assumption that at least one of the principal curvatures is simple.
Hence we have immediately:
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Corollary 1.1. Let x : M — S° be a Mébius isoparametric hypersurface with three
distinct Mobius principal curvatures. Then x is Mobius equivalent to an open part
of one of these hypersurfaces in S°:

(i) The preimage of the stereographic projection of the warped product embed-
ding

F:87(a) x S1(v1—a?) x Rt x R¥ 777 — RS,

withp>1,g>1,p+qg <4,and 0 < a < 1, defined by

"

xw u” t,u"y=@u, tu”, tu'"),

where u' € SP(a), u” € S1(V/1—a?),t e RT, u" e R¥P74.
(ii) Minimal hypersurfaces defined by

F= (X1, %) : M°>=N>x I]-I]z(—%) — S

with X1 = y1/Y0, X2 = y2/y0, where yo € RT, y; € R>, y, € R%. Here
yi : N3 — S*(V/30/2 < R’ is Cartan’s minimal isoparametric hypersur-
face with vanishing scalar curvature and principal curvatures :i:«/m/S, 0,
and (o, y2) : H? (=2/15) < 13 is the standard embedding of the hyperbolic
space of sectional curvature —2 /15 into the 3-dimensional Lorentz space with
—y2+yi=—15/2.

Remark 1.2. The hypersurfaces in (i) consist of two families both of which are of
parallel Mdbius second fundamental form, whereas (ii) has only one hypersurface
whose Mdbius second fundamental form is not parallel.

This paper has four more sections. In Section 2, we first review some elemen-
tary facts of Mobius geometry for hypersurfaces in $"*!, and then we present
classifications for hypersurfaces of S"*! with parallel Mabius second fundamen-
tal form and for those with two distinct constant Blaschke eigenvalues. These
classifications have been achieved in [Hu and Li 2004] and [Li and Zhang 2007],
respectively. In Section 3, by investigating Mobius isoparametric hypersurfaces of
S"*+! with nonparallel Mobius second fundamental form and having three distinct
Mobius principal curvatures, one of which is simple, we show its Mobius principal
curvature must be zero with multiplicity n — 2. Furthermore, we prove Theorem
3.7, which gives a preliminary classification for such hypersurfaces. In Section
4, we prove Proposition 4.2, Proposition 4.5 and Proposition 4.6 by calculating
the Mdbius invariants of the hypersurfaces appearing in Theorem 3.7. Finally, in
Section 5, we complete the proof of Main Theorem.
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2. Mobius invariants for hypersurfaces in S"*!

Here, we define Mobius invariants and recall structure equations for hypersurfaces
in S"*1. For more detail, see [Wang 1998]. Let "3 be the Lorentz space, namely
R™+3 with inner product (-, - ) defined by

(x, w) = —xowo +x W1 + -+ Xp2Wpi2

for x = (x0, X1, +++ , Xp42) and w = (wo, i, -+ , Wp42) € RPT.

Letx : M" — S"T! < R"*2 be an immersed umbilic-free hypersurface of S"*!,
We define the Mobius position vector field Y : M" — L"+3 of x by Y = p(1, x),
where

2_ N 2 2
p—n_1(||h|| nH?)> 0.

Then we have this classical result:

Theorem 2.1 [Wang 1998]. Two hypersurfaces x,% : M" — S"' are Mébius
equivalent if and only if there exists T in the Lorentz group O(n + 2, 1) in "3
suchthatY =YT.

It follows immediately that g = (dY,dY) = p%dx -dx is a Mobius invariant, and
it is defined as the Mobius metric of x : M" — S"T1.
Let A be the Beltrami—Laplace operator of g. Defining

(2-1) N=—%AY—#(AY, AY)Y,

one can show that

02 (AY,Y)= —n, (AY,dY) =0, (AY, AY)=1+n’R,
(Y,Y)=0, (N,Y)=1, (N,N)=0,

where R is the normalized scalar curvature of g and is called the normalized
Mébius scalar curvature of x : M" — S"*1,

Let {E{,---, E,} be a local orthonormal basis for (M", g) with dual basis
{wi, -+, w,}, and write Y; = E;(Y). Then it follows from (2-1) and (2-2) that

(Y;,Y)=(Yi, N) =0, (Yi, Yj) =dij, l<i,j=n

Let V be the orthogonal complement to the subspace span{Y, N, Yy, ---, Y, } in
L"*3. Then along M we have the orthogonal decomposition

L = span{Y, N} @span{Y, .-+, ¥,} ® V,

where V is called the Mobius normal bundle of x : M" — S"*!. A local unit vector
basis E = E, 4 for V can be written as

E=E, 1:=H, Hx +e,41).



294 ZEJUN HU AND DEYING LI

Then, along M", {Y, N, Yy, - ,Y,, E} forms a moving frame in L"+3. Unless
otherwise stated, we will henceforth use the range 1 <1, j, k, [, t < n for indices.
We can write the structure equations as:

=2 Yiw;,
i
dN = ZAija)jYi —f—ZCia)iE

2-3
(2-3) dY, = — ZA,Ja)JY wlN—i-Za)UY +ZB,J0)J

J
dE = —ZCa)lY ZB,]wJ 3

where w;; is the connection form of the Mdbius metric g and is defined by the
structure equations dw; = Z wijAwj, w;ij+wj; =0. The tensors A = Z Ao ®
wj, ®=)", Ciw;, and B= Z . Bijw; ® w; are respectively called the Blaschke
tensor, the Mobius form, and the Mobius second fundamental form of x : M" —
S"*!. The relations between ®, B, A and the Euclidean invariants of x are given
by [Wang 1998]:

Ci=— ,o_z(ei(H) + Z(hij — Hd;j)ej(log ,0)),
j
2-4) Bij = p~ ' (hij — H&;j),

Ajj = — p~*(Hess;;(log p) — ei (log p)e;(log p) — Hhj)
—5p (IVlog p” = 14+ H?)8yj,
where Hess;; and V are the Hessian matrix and the gradient operator with respect

to the orthonormal basis {e;} of dx - dx.
The covariant derivatives of C;, A;;, B;; are defined by

(2—5) ZCi,jwj:dCi—l—ZCjwﬁ,
J J

(2-6) Y Aijrox =dAij+ Y Airorj + Y Akjwk,
% % %

2-7) Y Bjjrwr =dBij+ Y Birwij + Y Bijwii.
% % %

The integrability conditions for the structure equations (2-3) are
(2-8) Aijk — Aik,j = BixCj — BijCy,
(2-9) Ci,j—Cji=7) (BixArj — Aix Byj),
k

(2-10) Bjjx — Bik,j = 6;jCr — 8k Cj,
(2-11)  Riju = BiuBji — By Bji +8ixAji + 81 Aik — 8i1A jk — 8 At
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where
(2-12) Rij =) Rijx =— ) BuBjx + (tr A)3;j + (n —2) Ay,
k k
-1 1
(2-13) L Bi=0.  Y(B)’="—  uwA=Y Ai=g-(1+n’R).
i ij n i n

Here R;jy; is the curvature tensor of g defined by the structure equations
1
(2—14) da),-j — ; Wik NWgj = — E % R,-.,-k[a)k N wy,

and R = m > i Rijij is the normalized Mobius scalar curvature of x : M" —
N L
Sn—i—l.
The second covariant derivatives of B;; are defined through

(2-15) Y Bijuw =dBijr+ Y Bijrwi+ Y Biuxwij+ Y Bijiwi.
1 7 7 7
By exterior differentiation of (2-7), we have the Ricci identity

(2-16) Bij i — Bij i = Z B;j Ryjxs + Z Bi R ju-
t t

From the second of (2-4), we see that the Mdbius type operator of x : M" — S"+1

takes the form
v = pil(S - Hld) = Z B,-ja),-Ej,
i

which implies that for an umbilic-free hypersurface in $"*!, the number of distinct
Mbobius principal curvatures is the same as that of its distinct Euclidean principal
curvatures.

One can easily show that all coefficients in (2-3) are determined by {g, W} and
thus we obtain:

Theorem 2.2 [Akivis and Goldberg 1996; 1997; Wang 1998]. Two hypersurfaces
x:M" — S"and ¥ - M" — St (n > 3) are Mébius equivalent if and only if
there exists a diffeomorphism F : M — M" that preserves the Mobius metric and
the Mobius shape operator.

Recall that an umbilic-free hypersurface x : M" — S"*+! is said to have parallel
Mobius second fundamental form if B;; ; = 0 for all i, j, k. Hu and Li [2004] es-
tablished a complete classification for hypersurfaces of S"*! with parallel Mobius
second fundamental form. In particular, we have:
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Theorem 2.3 [Hu and Li 2004]. Let x : M" — S™! (n > 2) be an immersed
umbilic-free hypersurface with parallel Mobius second fundamental form and with
three distinct principal curvatures. Then x is Mobius equivalent to an open part of
the image of o of the warped product embedding

F:S7(a) x SY(V1—a?) x Rt x R*=P~4=1 5 R+l

withp>1,g>1,p4+qg<n—1,and 0 < a < 1, defined by

"

x  u” t,u"y=@u, tu”, tu’")

withu' € SP(a), u" € S1(v/1 —a?),t € RY, and u"” € R*~P~97. The conformal
diffeomorphism o : R"T! — S"t1\ {(=1,0,---,0)} is the inverse of the stereo-
graphic projection and is defined by

1—|u> 2u
— , , GRI’H—I.
o) <1+|u|2 ) T

To prove our main theorem, we also need the following partial classification of
umbilic-free hypersurfaces in $"*! with two distinct Blaschke eigenvalues.

Theorem 2.4 [Li and Zhang 2007]. Let x : M" — S"*(n > 3) be an immersed
umbilic-free hypersurface with two distinct, constant Blaschke eigenvalues and
vanishing Mobius form. If x has three distinct principal Mobius curvatures, then it
is locally Mobius equivalent to one of these two families of hypersurfaces in " :

(i) Minimal hypersurfaces defined by
X =(%, %)  M"=NP x H" P (—r %) — "M
where X1 =y1/Yo0, X2=y2/Y0,

with yo e RT, yi e RPY2, y, e R*™ P, 2<p<n—1,andr > 0. Also, y :
NP — SPTL(r) < RP*2 is an immersed umbilic-free minimal hypersurface
in the (p + 1)-dimensional sphere of radius r with constant scalar curvature

po_ =D —(—Dr
1= nr? ’

(y0, y2) : H* =P (—=r~2) — L"~P*1 is the standard embedding of the hyperbolic

space of sectional curvature —r =2 into the (n — p + 1)-dimensional Lorentz

space with —yg + y% =—r2

(i1) Nonminimal hypersurfaces defined by
X = (3?1,3?2) . Mn = NP x §”*P(r) — §n+l’

where X1 =y1/yo, X2=Yy2/Y0,
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with yo € Rt, y1 e RPT! y, e R"PF 2<p<n—1,andr > 0.Also (o, y1):
NP — HPFL(—r72) < LP¥2 with —y} + y? = —r?, is an immersed umbilic-
free minimal hypersurface in the (p + 1)-dimensional hyperbolic space of
sectional curvature —r 2 and with constant scalar curvature

B _np(p—l)—f—(n—l)rz‘

nr2

vy 1 S"7P(r) — R*P¥L s the standard embedding of (n — p)-dimensional
sphere of radius r.

3. Mobius isoparametric hypersurfaces with y =3

Here, we consider Mdbius isoparametric hypersurfaces x : M" — S"*! of any
dimension n > 5 with three distinct principal curvatures with multiplicities m; >
my = ms.

For our choice of the local orthonormal basis {E;}i<;<,, that ¥ has constant
eigenvalues is equivalent to that the matrix (B;;) has constant eigenvalues. From
® =0 and (2-9), we see that, for all i, j,

(3-17) > (BixAij — AiByj) = 0.
k
This implies that we can choose { E; } to simultaneously diagonalize (A;;) and (B;;).
Let us write
(3-18) (Bij) = diag(by, - - - , by), (Ajj) =diag(Ay, -+, Ap),

where the {b;} are constants. By assumption and without loss of generality, we can
put

blz"':bml :Bl’
(3'19) bm1+1 == bm1+mz = B,
bm1+m2+] === bl’l = B3’

with distinct By, By, and B3. From (2-13), they satisfy the conditions

(3-20) miBy; +myBy +m3B3 =0, mlBlz+m2322+m3B§:nn;1_

In this section, if not stated otherwise, we use the further index conventions
I<a,b<m,
mi+1=<p,qg=<mi+my,

m+my+1<a,B<m;+mr+m3=n.
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Applying the condition ® = 0 to (2-8) and (2-10), we see that both B;;; and
A;j k are totally symmetric. As usual we define

wjj = Z F,i(ja)k, Flicj = _Fifi‘
k
From this, (2-7), (3-18), and that {b;};<;<, consists of constants, we get

Biji = (bi —=b)T}; = (bj — b)T) = (b —b)T%;,  forall i, j, k.

Jjir
Thus we see that
(3-21) Bii,j = Bij,i = Bab,j = qu,j = Baﬁ,j = 0, for all i, j, a, b, p.q,q, ,3,

and the only possible nonzero elements in {B;; x} are of the form By, .
From now on in this section, we assume B;; ; # 0 and m3 = 1. Then we can
prove three lemmas:

Lemma 3.1. The set { By, ,} has only one nonzero element.

Proof. From the calculation

Z Bup, piwi =dBap, p + Z Bip pwia + Z Bi pwip + Z Bup,iwip
l 1 l

= Bnb,pa)na + Ban,pwnb = Z(Bnb pF + Bna P qb)a)q
q

Z nbp naq+Bna anbq
— B “a
we have for all a, b, p, i that

Bnb,ana,i + Bna,anb,i
B3 — B

On the other hand, from the calculation

2Brza,anb,p

3-22 B, ,i =
( ) ab, pi 33 — Bl

) Bap,pp =

2B,y » By
Y Bpp.aiwi=2)_ Bipawip=2Bnp awnp=27 Bnp,aFprb = Z TRRPTOP
i i b

- B3 — B;
we have for all a, b, p, i that
2By ani P 2By anb P
3_23 B L= ;’ B =
( ) pp.ai B3 — Bz pp,ab B3 — Bz
For a # b, using (3-18), (3-19) and (2-11), we obtain from (2-16) that
(3'24) Bpp,ab = Bpa,pb = Bpa,bp = Bab,pp-

From (3-22)—(3-24), we obtain
(3-25) Bua,pBup,p =0, foralla, b, pwitha #b itm;>2.
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Similarly, we can show

2 Zp Bna,anb,p

(3'26) Bnn,ab == 32 — B3 s for all a, b;
(3-27) Bupap =0, foralla,b, p;
B.. »Bpi Bu o By
(3-28) Bpgai = ———"A + Bhnag P foralla,i,p,q;
' B;— B>

(3-29) Bua,pBnag =0, foralla, p,q with p #¢q if my > 2.
From (3-22), (3-28) and that

Bab,pg = Bpg.ap, ifa#borp#gq,
we obtain
(3-30)  Bua,pBub,g + Bna,gBup,p =0, foralla, b, p, g with (a, p) # (b, q).
As B;jr # 0, we can take indices a and p to satisfy
Buap #0, aef{l,--- ., m}, pe{m +1,---,m +my}.
Then from (3-25) and (3-29), we have
Bu,5 =0, forallb#aifmy>2, By;4,=0, forallg# pifm;>2,

and this, together with (3-30), gives Bz, Bup,q = 0 for all (b, q) # (a, p). There-
fore, we have By, , = 0 for all (b, q) # (a, p). O

Lemma 3.2. For the indices a, p in Lemma 3.1, the B,; 5 are constant.

Proof. From Lemma 3.1 and (2-15), we have dB,,; ; = Zi B, jiw;. Seeing that
the four indices in B,; ;; are totally symmetric, using (3-22), (3-27) and (3-28),
we get for all b, g that

B pb = Bab,jn =0,  Bna,jqg = Bjg.an =0, Bua,pn = Bunap =0. U
Lemma 3.3. We have these results for the sectional curvature:

2B%

na,p
~ (Bi— B3)(B,— By)
2B2; 5 ‘
" (Bi—By)(Bs—By)
2B 5

- (B> — B1)(B3— By)

Rupap =0, forall (a, p) # (a, p); Rijap

’

Rnana = O» fOl’ all a ?é C_l; Rnéné

Rupnp =0, forall p # p; Ryjpnj
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Proof. Now we have the facts

" . Buajp

wip =0, if (a, p) #(@, p);  wap = Bi—B "
. _ Bna,

wne =0, ifa#a; Wna = B3—Bw’3;
— D]

—o. i _ By

wpp =0, if p# p; Onp =g gV

According to this, (2-14), and B,z 5 being constant, we have, for all a # a and
pP#D,

1
-3 Z Rap,‘ja)i ANwj = da)ap — Zwai Nwip = 0,
iJ i

B.- -
1 na,p
—EZRaﬁija)i/\a)j :dwaf,—z:wai/\a)i,;:—waa/\wa,;:—mwaa/\wn,
i,j i
1 R- - w: _d _ . R o - Bn&,ﬁ _
_52 ap,Ja),/\a)J_ a)ap—Za)m/\a),p— —(j)ap/\a)pp——m(j)n/\(j)pp,
i,j i
1 Bna, 5
-3 ZRnaija)i/\wj :dwna_zwni/\a)ia = — Wpg NWaq = _ﬁwﬁ/\w[m»
LJ 1
LSS p _d A — o By
_EZ npijWi NWj = wnp—Za)m/\a),p— —a)np/\a)pp——mwa/\wpp,

LJ 1
1 n
-3 ZRnaijw,- ANwj=dwp; — Za)m Awig =d(T505) — Onp A ©pa
2% 1
n n
= F[)El Za)ﬁi N —Wpp NWpg = F;;L—l((,()ﬁﬁ N wg +(1)‘5n /\a)n) — Wpp N Wpg
i

2B2.

na,p
= P wy N\ Wg.

(B — By (Bs — By)

Similarly,
2B2

na,p

~ (Ba—B))(B;— B))
233[.4’[3

(B — B3)(B,— Bs3)

1
—EZRnﬁija)i/\a)j=da)n13—2a)m-/\a)i1;= wn \NWp,

i,j i

1
—ZZRaI;ija)i/\wj:da)gl[-,—Za)ai/\a),-,;: wWag \NWp.
ij i
From the equations above, we come to the conclusion immediately. g

Now, we are ready to prove:

Proposition 3.4. Let x : M" — S"' (n > 5) be a Mébius isoparametric hy-
persurface with three distinct Mobius principal curvatures of multiplicities my >
my > m3. If the Mobius second fundamental form is not parallel and ms = 1, then
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my = 1 and the Mobius principal curvatures are By = 0 with multiplicity n — 2 and

Bz = —B3 = :E«/(I’L— 1)/21’1

Proof. From Lemma 3.3 and the Gauss Equation (2-11), we obtain the equations

(3-31) Rupap=B1By+A,+A; =0, a#a,

(3-32) Raipap=B1By+A; +A, =0, pPED

(3-33) Rapap = B1Ba+As+ A, =0, a#a, p#p,

(3-34) Ruana = B1B3 + A, +A, =0, a#a,

(3-35) Rupnp = B2B3+ A, + A, =0, pP#D,

(3-36) R B 2Bia.;

- nana = 1B3+Aé+An:(Bl—Bz)(B?,—Bz)’

2B 5

(3-37) Rupnp=B2B3+A; +A, = (B,—B)(B; _B))
2B 5

(3-38) Rijap =B1By+Az+A; =

~ (B1—B3)(B,—B3)’

If m, > 2, then we can form (3-31)+(3-36) —(3-34) — (3-38) and (3-32)+(3-37) —
(3-35) — (3-38), which giVC (Bz — B3)(2B] — By — B3) =0 and (B] — B3)(2Bz —
By — B3) =0, respectively. Therefore we have

2By — B —B3=2B,—B; — B3 =0,

which implies B; = B, = Bs. This contradiction thus means we should have m, =1.

Now for m, = 1, we form (3-31) + (3-36) — (3-34) — (3-38) once again to
obtain 2B; = B; 4+ B3. On the other hand, the first equation of (3-20) now reads
(n —2)B1 + B, 4+ B3 = 0. These imply that B; = B, + Bz = 0. Now applying the
second equation of (3-20), we obtain

n—1

. O
2n

B=—-B3;==+

In the rest of this section, we assume B;; i # 0 and m> = m3 = 1. Without loss
of generality, we assume that

—1 —1
(3-39) B =0, Bz=,/n2n, B3=—,/n2—n Bapn #0,

where, for simplicity, we use the notation p=n—1, a=n —2.
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Lemma 3.5. With the assumptions above, we have for all a # a that

Waqg = Wap = Wan = 0, Raﬁa[) = Raupan =0,
B - - 2B% .
Wap = rf’p " Rapap = — et —
By — B, (B1 — B3)(B2 — B3)
B - - 2B% .
Win = ——L—w;, Ranan = . ,
By — Bs3 (B1 — By)(B3 — By)
Bna.p 23251,;3
Wpn = o~ Wa, Rpnpn = — —
B, — B3 (B2 — B1)(B3; — By)

Proof. These are direct consequences of (3-21), Lemma 3.3, and the equations that
finish its proof. To make it clear that w,; = 0 for all a # a, we note

Waa Nwj =weg Aw, =0, foralla #a,

which are also implied by the second and fourth equations in the second group in
the proof of Lemma 3.3.

Lemma 3.6. In our situation, we have for all a # a

n—1 n—l\/—
(3-40) Ag=—As=—-A;=—A,=— TR Buap== o 3,

n—1 n—1 n—1
Reaaa =0, Rapap == Ranan=—p— Rpupn=——7—.

Furthermore, also for a # a, the first structure equations can be written as

dw, =Za)ab/\a)b, dwgz =
b#a

dwl;ziF,/’%;nlwg,/\wn, do, =% ,16;1110)& N wp.

Proof. Assuming always that a # a, from (3-39), Lemma 3.5, and the Gauss
Equation (2-11), we now have

Raﬁaﬁ = Aa +Aﬁ = Runan = Aa + An =0,

2
Rapap = Aa+ Ap = Ranan = Aa + Apn = _n—nl B,%(;,,;,

n—1 dn o
Rpupn = = T A+ A= =3 1 P
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From these, we obtain

! ! n—1 2n .2

a P " 4n n—1-nap’
n—1 dn >

Ag, = — an + —n lBﬂé,ﬁ'

On the other hand, because w,; = W, = wa, = 0, we obtain from (2-14) that
Rizqa =0, According to Ryz45 = 312 + A, + Az, we find A, = —A;. Putting this

into the above, we find B,fé’ ;= ((n — 1)/n)?/12. Then our conclusion follows
immediately from Lemma 3.5. U

Lemma 3.6 shows that, in this case, the Blaschke tensor has exactly two distinct
constant eigenvalues. Therefore, as an application of Theorem 2.4, we have proved:

Theorem 3.7. Let x : M" — S"*! (n > 5) be a Mobius isoparametric hypersur-
face with nonparallel Mobius second fundamental form and three distinct Mobius
principal curvatures, one of which is simple. Then locally x can only be Mobius
equivalent to one of these two families of hypersurfaces in S™*:

(€1) Minimal hypersurfaces defined by
¥=(F, %) M"=NP xH" P (—r~%) — S"*,
where X1 = yi/yo, X2=y2/y0,

with yo € RT, yy e RPT2, y, e R* P, 2 < p<n—1,andr > 0. Also, y; :
N? — SPTL(r) — RP*2 is an immersed umbilic-free minimal hypersurface in
the (p+1)-dimensional sphere of radius r and with constant scalar curvature

_ _ _ 2
(3-41) By =" br

(30, y2) : H* =P (=r~2) — L"~P*1 s the standard embedding of the hyperbolic

space of sectional curvature —r = into the (n — p + 1)-dimensional Lorentz

space with —yg + y22 =—r’

(€2) Nonminimal hypersurfaces defined by
¥ =(%,%)  M"=NP xS"P(r) — S"*,
where Xy =yi1/yo, X2=y2/)o,

with yo € Rt, y1 e RPT! y, e R"PF 2<p<n—1,andr > 0. Also (yy, y1):
NP — HPH (—r=2) — LPF2 with —yé + yl2 = —r2 is an immersed umbilic-
free minimal hypersurface in the (p + 1)-dimensional hyperbolic space of
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sectional curvature —r~2 and with constant scalar curvature

_ _ 12
(3-42) R = _mwplp=D+n=Dr

nr?

y2 1 S"P(r) — RPH s the standard embedding of (n — p)-dimensional
sphere of radius r.

To answer which of the hypersurfaces in ¢€; and ¢, are Mobius isoparametric,
we need to calculate their M6bius invariants, and we do this next.

4. Mobius invariants of hypersurfaces in €; and ¢,

Keeping in mind that some of the hypersurfaces in €; and ¢, might be not Mbius
isoparametric, we will sort them out by direct calculation.

Example 4.1. Calculation for hypersurfaces in €;. Compare with [Li and Zhang
2007].
For x = (X1, X) as defined under ¢; in Theorem 3.7, we have

- d 1
(4-43) 5= = (1 y) + —(dy1. dy).
Yo Yo

and then its Euclidean induced metric is given by
['=di-di =y (—dyg +dyi +dy))] -

Let & be the unit normal vector field of y; : N? — SPT!(r) — RP*2. Then
£ = (&1, 0) € R"*2 is a unit normal vector field of . Consequently, by (4-43), the
(Euclidean) second fundamental form h of % is related to the (Euclidean) second
fundamental form 7* of y; by

h=—dE-di=—y; ' (d& -dy) =y, 'h".

Let {Ei}lf,-fp and {Ei}p+1§i§n be the local orthonormal bases on (N7, dylz)
and H"~7(—r~?2), respectively. Then {Ei}lfifn form a local orthonormal basis on
M" with respect to the metric (—dyg + dyl2 + dyzz) |M,, = yéi.

Put ¢; = yOE,-, 1 <i <n. Then {¢;}1<i<n is a local orthonormal basis on M"
with respect to the metric /. Thus

hij =h(@, &) = ysh(Ei, E})
(4-44) = yoh*(E:, Ej) = yohj;  if1<i,j<p,

hij =0 ifi >porj>p.
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From this and the minimality of y;, we see that ¥ : M" — S"*! is also minimal,
that is, H = 0. Therefore, by definition, the Mobius factor p of X is determined by

P (SR ) =

i,j=1 i,j=1

where in the last equality, we use that Zl = 1(h* Y=m-1) /n, which is implied
by (3-41) and the Gauss equation of y;. Hence, the Mobius position vector of X is
Y =5(1,%) = (o, y1, y2) € L3 and the Mobius metric of ¥ is

(4-45) §=dV,dV) = (=dy} +dy} +dy3)| ;o = V21

Therefore, {Ei}liiin is in fact a local orthonormal basis of the Mobius metric g.
Furthermore, the Mobius second fundamental form of x is

(4-46) B=/"" Z(h,j HS;j)aj = Zhl]w,wj,
i,j=1 i,j=1

where {®@; }1<;<n 1s the dual basis of {Ei}lfisn on M". Note that (4-46) is equivalent
to

4-47) By =hj,

for1 <i, j<p; B;j =0, fori>porj>p.
Since (4-45) shows that (M ", g) is the Riemannian direct product
(M",8) = (N, dy}) x W' P(=r™),

we can use the Gauss equation to write down the Ricci tensor of g with respect to
{Ei}i<i<n as:

Pr zh Whig, ifl1<ij<p;
4-48 R = —-p—1
(+48) Y o p2 8ij, if p+1<i,j<n;
,
0, for all other cases,

which implies that the normalized scalar curvature R of g satisfies

pp=D—(—pr—p=1 i(ﬁ*)z

(4-49) nin—1)R= >
,

i,j=1
_pp-—DH-m—pr—-—p-1) n-1
= 5 —.
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Thus

plp—DH—mn—-—p)n—p—1)
2(n—1)r? '

From (2-12), (2-13), and (4-47)—(4-50), it follows easily that the Blaschke tensor
of ¥ is given by A = Zf’ =1 A, j@;@;, where the A, ; form a diagonal matrix with
entries A;; =1/(2r?)if 1 <i < p, A;j =—1/@2r?) if p+1 <i <n, and 0 elsewhere.

For the Mobius form & = Z;’:l C‘id)i of x, from (2-4), (4-44) and that H =
0, p = yp, we see, for 1 <i <n, that
4-51)

n p
Ci ==& + Y (hyj — H5)¢;log ) = —y5' D Ié1og yo) =0.
j=1 j=1

1 9=
(4-50) — ({1 +n°R) =
2n

Therefore, we have ® = 0. To summarize the above calculation, we present:

Proposition 4.2. A hypersurface x in €1 is Mobius isoparametric if and only if it
satisfies:

@) p=3;
(i) r =+/6n/(n—1);
(iii) y; : N3 — S* («/6n /(n— 1)) is a minimal isoparametric hypersurface with

vanishing scalar curvature; moreover, it has three distinct principal curva-

tures with values =+/(n — 1)/(2n), 0.

Proof. From (3-40) and the expression for A, we see that p=3 and r = /6n/(n—1).
From (3-41) we find that y; : N3 — S*(r) has vanishing scalar curvature. From
(4-46), we know that all the nonzero Mobius principal curvatures of X are equal
to the nonzero Euclidean principal curvatures of y;. From (3-39), we then deduce

that the principal curvatures of y; are exactly £+/(n — 1)/(2n), 0. O

Remark 4.3. According to E. Cartan [1939], minimal isoparametric hypersurfaces
in S*(r), r = \/6n/(n — 1), with three distinct principal curvatures do exist, and
they are unique. More precisely, the hypersurface is the tube of constant radius
over the standard Veronese embedding of RP? into S*(r) with principal curvatures

+/n—1)/n), 0.

Example 4.4. Calculation for hypersurfaces in €,. Compare with [Li and Zhang
2007].
For x = (X1, X) as defined under ¢, in Theorem 3.7, we have

- dyo 1
(4-52) dx = — —(y1, y2) + —(dy1, dy2),
Yo Yo
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and then its Euclidean induced metric is
[=di-di =y 2(—=dy} +dy} +dyD)| ;-
Let (&g, &1) be the unit normal vector field of
V=0, y1) : NP — HPH (=r72) e LPF2,
where & € R, £; € RP*!. Then we can easily verify that
§=(5,0)—5i cR"™?
is a unit normal vector field of x, and the Euclidean second fundamental form h of
X is given by
h=—d§ - d% = d% - d% — (d&1,0) - d% = —y; ' (=d&odyo +d&1 - dy)) + &l
—¥o (d(Eo, €1, d(yo, y1)) +Eol = yo ' + &0l

where * denotes the Euclidean second fundamental form of y:NP — HPF! (—r~2)
and, in the third equality, we have used d&; - y; = yod&p which is implied by

—&yo+&1-y1 = —&odyo+& -dy; =0.

Let {El-}lf,-ip and {Ei}p+1§i§n be the local orthonormal bases on (N7, dﬁZ)
and $"~?(r), respectively. Then {Ei}l <i<n form a local orthonormal basis on M"
with respect to the metric (—dyg + dyl2 + dyzz) ‘M" = ySIN.

Put ¢; = yOEi, 1 <i <n. Then {¢;}1<i<, is a local orthonormal basis on M"
with respect to the metric 7. Thus, we have, for 1 <i, j < p,

hij = h(é;, &;) = y3h(E;:, E}) = yoh*(E;, E;) +&ys I (Ei, Ej) = yoﬁ?j +&0dij
and, fori > p or j > p,
hij = ygh(Ei, Ej) = yoh* (Ei, Ej) +Eoyg 1 (Ei, E}) = §08ij.

From this and the minimality of ¥, the mean curvature of ¥ : M" — S"*! is

B n " - n P
p2=n_1(zhi2j—”H2)=n_1y3 > (1) =3

i,j=1 i,j=1

where, in the last equality, we use le =1 (ﬁ;“j)z = (n — 1)/n, which is implied by
(3-42) and the Gauss equation of y.
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Hence, the Mobius position vector of ¥ is ¥ = (1, ) = (yo, y1, y2) € L"*3 and
the Mo6bius metric of X is

(4-53) §=(dY,dY) = (—dy; +dy; +dy3)| ;. = 1.

Therefore, {Ei}lsiSn is in fact a local orthonormal basis of the Mobius metric g.
Furthermore, the Mobius second fundamental form of X is

n p
B=5""Y " (hij—Héjpaa; =Y hiiia;,

ij=1 ij=1
where {@®;}1<i<n 1s the dual basis of {E,-}lf,-f,, on M". This is equivalent to

- fﬁ.‘. 1<i,j<p,
(4-54) By=1{" =hI=P
0 i>porj>p.
Since (4-53) shows that (M", £) is the Riemannian direct product

(M", &) = (N?,d5%) x S" P (r),

we can use the Gauss equation to write down the Ricci tensor of g with respect to
{Eiti<i<n s

p
p—1 PP .
—r—z(Sij—Zh;kkhzj if1<i,j<p,
- k=1
(4-55) Rij = n—p—1 ) .
— i if p+1<i,j<n,
0, for all other cases,

which implies that the normalized scalar curvature R of g satisfies

(n=pn—p=D-p(p-1 _ i %
ij

n(n—1)R = R
.
(4-56) irj=1
_=pn—p-—DH—pp-1) n-1I
B r2 n o’
Thus
1 25 (m=p)n—p—1)—p(p—1)
(4-57) %(l—i-n R) = = ,

From (2-12), (2-13) and (4-54)—(4-57), it follows that the Blaschke tensor of x
is givenby A = Z:’ j=1Aij w;wj, where the A;; form a diagonal matrix with entries
Ai=—1/2r)if 1 <i<p, Ai=1/@2r% if p+1<i <n, and 0 elsewhere.
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To show that ¥ : M" — S"*! has vanishing Mobius form, we can calculate
directly according to its Equation (2-4). Nevertheless, compared with (4-51), it is
not easy this time. Here is a simple argument proving ® = 0: On the Riemannian
direct product (M n g)=(NP,d3y*)xS"~P(r), the Blaschke tensor has two distinct
constant eigenvalues as seen from the expression of A, and their eigendistributions
are both integrable with (N?, d3?) and "7 (r) as their respective integrable man-
ifolds. Then we easily see that the Blaschke tensor is also parallel. Now, according
to [Li and Zhang 2006], we have o =0.

Then, similarly to Proposition 4.2, if we compare the expression of A with (3-40)
and (4-54) with (3-39), we can summarize the above calculation:

Proposition 4.5. If a hypersurface X in &€, is Mobius isoparametric, then must
necessarily satisfy three conditions:

i) p=n-3;
() r=+/6n/(n—1);
(i) y = (yo, y1) : N"3 5> H" 2(—(n — 1)/(6n)) is a minimal isoparametric hy-

persurface with principal curvatures £+/(n — 1)/(2n) and 0 with multiplicity
n—>5.

On the other hand, according to E. Cartan [1938], an isoparametric hypersurface
M" in hyperbolic space H"*! can have at most two distinct principal curvatures,
and M" must be either totally umbilic or else an open subset of a standard product
Sk x H"* in H"*!; moreover, the later must be nonminimal. From this fact and
Proposition 4.5, we have proved:

Proposition 4.6. There are no Mobius isoparametric hypersurfaces in €. More
precisely, any hypersurface in &, if it exists, is of vanishing Mobius form, has two
distinct, constant Blaschke eigenvalues, and nevertheless has nonconstant Mobius
principal curvatures.

5. Proof of the Main Theorem

Let x : M" — S"*! be a Mobius isoparametric hypersurface with three distinct
Mobius principal curvatures, one of which is simple. Then we have two cases:
if x has parallel Mobius second fundamental form, then we apply Theorem 2.3
to obtain that it is locally Mobius equivalent to a hypersurface in (i) of the Main
Theorem; if x has nonparallel Mobius second fundamental form, then we can apply
Theorem 3.7, Proposition 4.2, Remark 4.3 and Proposition 4.6 to conclude that it
is locally Mobius equivalent to the hypersurface in (ii) of the Main Theorem. [J

Final Remark. For the general theory of Mbius submanifolds in S 17 (see [Wang
1998]), the Mobius form @ is an important invariant. In many interesting situations,
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we find that ® = 0 is a very natural condition. For details, we refer to [Guo et al.
2001; Li et al. 2001; Liu et al. 2001; Li et al. 2002; 2003b; Li and Wang 2003a;
Hu and Li 2003; 2004; 2005a; 2005b; Hu et al. 2007; Li and Zhang 2006; 2007],
a series of nice results established in recent years under the condition ® = 0.
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