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We show that every supersingular K3 surface in characteristic 2 with Artin
invariant at most 2 is obtained by the Kummer-type construction of Schréer.

1. Introduction

We work over an algebraically closed field k. A K3 surface X is called supersin-
gular (in the sense of Shioda) if the rank of the Néron—Severi lattice NS(X) of X
attains the possible maximum of 22. Supersingular K3 surfaces exist only when
chark is positive. The Artin invariant o (X) of a supersingular K3 surface X is
defined in [Artin 1974] by

disc NS(X) = —p20 X,

where p = char k > 0. It is known that o (X) is a positive integer < 10.

Let A be an abelian surface, and let ¢t : A — A be the involution x — —x.
If chark # 2, then the minimal resolution of the quotient surface A/(t) is a K3
surface, which is called the Kummer surface associated with A.

An abelian surface A in positive characteristic is called supersingular if A is
isogenous to a product of supersingular elliptic curves. Ogus [1979; 1983] proved
that if char k > 2, the supersingular K 3 surfaces with Artin invariant <2 are exactly
the Kummer surfaces associated with supersingular abelian surfaces. (See also
[Shioda 1979].) On the other hand, Shioda [1974] and Katsura [1978] observed
that if char k = 2, then the minimal resolution of the quotient of a supersingular
abelian surface by the involution x — —ux is a rational surface.

Schroéer [2007] presented a Kummer type construction of supersingular K3 sur-
faces in characteristic 2. We assume that char k = 2 in this paragraph. Let C x C
be the self-product of the rational curve C with one ordinary cusp. We put

C = Spec k[uz, u3] U Spec k[u_l] for the first factor,
C = Spec k[vz, v3] U Spec k[v_l] for the second factor.

MSC2000: 14]28.
Keywords: supersingular K 3 surface, characteristic 2.

379


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm.2007.232-2
http://www.ams.org/msnmain?fn=705&pg1=CODE&op1=OR&s1=14J28

380 ICHIRO SHIMADA AND DE-QI ZHANG
Let r and s be constants in k such that (r, s) # (0, 0). Then the derivation
d d
(1-1) WU 24+r)—+ W 2 +5)—
ou av

defines a global vector field § on C x C satisfying 8? = 0. Hence § corresponds to
an action of the infinitesimal group scheme a; on C x C. Let X, ; be the minimal
resolution of the quotient surface (C x C)/ay.

Theorem 1.1 [Schroer 2007]. The surface X, s is a supersingular K3 surface with
Artin invariant

1, ifr=0o0rs=0orr’=s?

o(Xy5) = {

2, otherwise.
The purpose of this paper is to prove:

Theorem 1.2. Let X' be a supersingular K 3 surface in characteristic 2 with Artin
invariant < 2. Then there exist constants r, s € k with (r, s) # (0, 0) such that X’
is isomorphic to Schroer’s Kummer surface X, s.

Even though the moduli curve of marked supersingular K3 surfaces with Artin
invariant < 2 is constructed [Rudakov and Shafarevich 1981; Ogus 1983], it is
not separated. Hence the existence of the complete family of Schroer’s Kummer
surfaces of dimension 1 does not imply Theorem 1.2 immediately.

The main ingredient of the proof is the following structure theorem for Néron—
Severi lattices of supersingular K3 surfaces:

Theorem 1.3 [Rudakov and Shafarevich 1981]. Let X and X' be supersingular
K3 surfaces defined over the same algebraically closed field. If o (X) = o (X'),
then the lattices NS(X) and NS(X') are isomorphic.

Indeed, the Néron—Severi lattice NS(X) of a supersingular K 3 surface X in charac-
teristic p is p-elementary ([Rudakov and Shafarevich 1981, Theorem in Section 8];
see also [Artin 1974]). If p =2, then NS(X) is of type I [Rudakov and Shafarevich
1981, Proposition in Section 5]. Hence the classification theorem of even hyper-
bolic p-elementary lattices [Rudakov and Shafarevich 1981, Theorem in Section
1] implies Theorem 1.3.

We outline the proof of Theorem 1.2. First note that, by [Schréer 2007, Propo-
sition 6.2], if o (X, ) = 2, then Schroer’s Kummer surface X, ; is birational to a
purely inseparable double cover Y, of P? defined by

w2:x(y4+s2y2)+y(x4+r2x2),

which has rational double points of type 4D4+5A1. Let us assume, for simplicity,
that the given supersingular K3 surface X’ is of Artin invariant 2. We choose
one of Schréer’s Kummer surfaces X with Artin invariant 2 (for example, we put
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X := X, s with s ¢ F4). Using the isomorphism between NS(X) and NS(X'), we
can show that X’ is also birational to a double cover Y’ of P> with rational double
points of type 4D4+5A. Using the notion of half-lines and splitting lines, we can
show that the covering morphism Y’ — [P? is purely inseparable, and then we can
determine the defining equation of Y. It turns out that the defining equation of Y’
is equal to that of Y, ; for some nonzero constant ¢ € k. Therefore X’ is isomorphic
to Schroer’s Kummer surface X, ;.

A surface birational to a purely inseparable cover of P? is called a Zariski
surface, and its basic properties have been studied in [Blass and Lang 1987].
In [Shimada 2004a; 2004b], we showed that every supersingular K3 surface in
characteristic 2 is birational to a purely inseparable double cover of P? with 21
ordinary nodes, and we studied the Néron—Severi lattice of such a surface. Using
the results obtained in [Shimada 2004b], we determined in [Shimada 2006] the
moduli curve of polarized supersingular K3 surfaces with Artin invariant <2 and
with 21 ordinary nodes. Schréer [2007] showed that, as » and s varies, his Kummer
surfaces X, ; form a smooth family over the projective line Projk[/r, v/s]. It
would be an interesting problem to investigate the relation between the moduli
curve in [Shimada 2006] and Schrder’s projective line.

On the other hand, in [Shimada and Zhang 2007], we investigated supersingular
K 3 surfaces with 10 ordinary cusps. Such supersingular K3 surfaces exist only
in characteristic 3. An example is obtained as a purely inseparable triple cover of
P! x P!. Here, the proof that ¥’ — P? is purely inseparable uses an argument
developed in [Shimada and Zhang 2007].

The plan is as follows. In Section 2, we collect some definitions and facts from
the lattice theory. The very elementary Lemmas 2.4 and 2.5 play an important
role in the proof that Y is purely inseparable over P2, In Section 3, we review
some properties of the Néron—Severi lattice of a K3 surface. We then introduce
the notion of half-lines and splitting lines for a polarized K3 surface of degree 2
in Section 4. After investigating the purely inseparable double cover Y, ; — P2
birational to Schroer’s Kummer surface X, ;, we prove Theorem 1.2 in Section 6.

2. Preliminaries on lattices

A free Z-module A of finite rank with a nondegenerate symmetric bilinear form
2-1) AXA—>7Z
denoted by (u, v) — wuv is called a lattice. Let A be a lattice. The dual lattice

AY of A is the Z-module Hom(A, Z). Then A is naturally embedded into A" as a
submodule of finite index. The discriminant group of A is, by definition, the finite
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abelian group AY/A. There exists a unique symmetric bilinear form
(2-2) AV x A = Q

that extends (2-1). An overlattice of A is a submodule N of A" containing A such
that the bilinear form (2-2) takes values in Z on N x N. If A is a sublattice of
a lattice A’ with finite index, then A’ is embedded into A" in a natural way and
hence is regarded as an overlattice of A.

We say that A is even if u> € 27 holds for every u € A. The signature (s, s_) of
a lattice A lists the number of positive and negative eigenvalues of the intersection
matrix of A. We say that A is negative-definite if s = 0 and that A is hyperbolic
if s; = 1. By abuse of language, a positive definite lattice of rank 1 is also called
hyperbolic.

Let A be an even negative-definite lattice. A vector r € A is called a root if
r? = —2. We denote by Roots(A) the set of roots in A. We define an equivalence
relation ~ on Roots(A): r ~ r' if there exists a sequence ro =7, 71, ..., Fm—1, 'm =
r" of roots in A such that r;r;y; #0fori =0,...,m — 1. Let Ry, ..., R; be the
equivalence classes of ~. We call the decomposition

Roots(A) = Ry U---U Ry

the irreducible decomposition of Roots(A). Suppose that we are given a linear
form
a:A—->R

such that a(r) # 0 for any r € Roots(A). We put
(2-3) RFf:={reR | a(r)>0}.

Arootr e R;r is called decomposable if there existry, rp € R;r such that r =r{+r,
and r is called indecomposable if it is not decomposable. For the proof of the
following results, see [Bourbaki 1981] or [Ebeling 2002], for example.

Proposition 2.1. Let r be an element of R;r . Then r can be written uniquely as a
linear combination of indecomposable elements of Rl-+. Moreover the coefficients
are all nonnegative integers.

Proposition 2.2. Let A; be the sublattice of A generated by the roots in R;. Then
A1, ..., A form an orthogonal direct sum in A. The indecomposable elements of
Rl-+ form a basis of the lattice A;, and the intersection matrix of A; in this basis is
a Cartan matrix of type ADE multiplied by —1.

The indecomposable elements of R;r have the following characterization:

Corollary 2.3. Let ¢y, ..., &4 be elements of R;r such that every element of R;r
is written uniquely as a linear combination of €1, . . ., &4 with nonnegative integer
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coefficients. Then {e1, ..., &4} is equals to the set of indecomposable elements of
R'.
l

Proof. Suppose that ¢; is decomposable. There exist r, ) € R;r such that ¢; =
r1 + r». Since each of r; and r; is written as a linear combination of &1, ..., &4
with nonnegative integer coefficients, we obtain a contradiction to the uniqueness
of writing ¢; as a linear combination of ¢, ..., &4 with nonnegative integer coef-
ficients. Therefore each of ¢, ..., g4 is indecomposable.

Suppose that r € R;r is indecomposable. We can write r as a linear combination
of €1, ..., &g with nonnegative integer coefficients. Since each ¢; is indecom-
posable, the uniqueness of writing r as a linear combination of indecomposable
elements of Rl.+ with nonnegative integer coefficients implies that » is equal to one
of e1,...,&4. O

Let 7; be the ADE-type of the Cartan matrix of the intersection matrix of A; given
in Proposition 2.2. We define the root type of A to be the formal sum 7; +- - - + 7.
We say that A is a root lattice if A is generated by Roots(A). For later use, we
present properties of root lattices of type A; and Dy.
Let A be the root lattice of type A1, and let @ € A be a root that generates A.
We put a¥ := —a/2, which generates AY. Then the discriminant group of A is
isomorphic to Z/27Z. The proof of the following is elementary:

Lemma 2.4. Let v € AY be a vector such that va > 0. If v =0 mod A, then we
have v* = 0 or v> < =2, and v* = 0 holds if and only if v = 0. If v =a" mod A,
then we have v’ = —1/2 or v> < —9/2, and v> = —1/2 holds if and only ifv=a".
Let A be the root lattice of type D4 generated by the roots dy, . . ., ds whose inter-

section numbers are given by the Dynkin diagram in Figure 1. Letd}’, ..., d, be
the basis of AY dual to dy, ..., ds. We have

1 —1/2 =1 —1/2 |
—1/2 =1 -1 —-1;2
-1 -1 -2 -1
—1/2 =12 =1 -1

(2_4) [di/’ dg/v d};/v dz?./] = [dlv d27 d37 d4]

The discriminant group of A is isomorphic to (Z/27) & (Z/27) and is generated
by d) mod A and d; mod A.

Lemma 2.5. Let v € A be a vector such that vd; > 0 holds fori =1, ...,4. If
v =0 mod A, then we have v> = 0 or v> < =2, and v> = 0 holds if and only if
v=0. Ifv= aflv mod A, then we have v? = —1 or v? < =3, and v* = —1 holds if
and only if v=d,'.
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dy
ds
dy

d>
Figure 1. The Dynkin diagram of type Dj.
Proof. The first assertion is obvious. Suppose that v = d" mod A. Then we can

put
v=d) +x1d + x2ds + x3d3 + x4dls,

where xi,...,x4 € Z. From the condition vd; > 0 fori = 1,...,4, we obtain
inequalities:
1 —2x1+x3>0, —2x34+x3 >0,
(2-5)
X1 +x2—2x3+x4 >0, x3 —2x4 > 0.

Using (2-4), we calculate

v =—1 —2(x12+x%+x§+xf—x1 — X1X3 — X2X3 — X3X4)

= —1—{(1 = 2x; +x3)> + (=2x2 + x3)* + (x5 — 2x4)* + (x3 — 1)* = 2} /2.

2

Therefore v is a negative odd integer, and v> = —1 holds if and only if two of the

four integers 1 — 2x; + x3, —2x3 + X3, x3 — 2x4, x3 — 1 are =1 and the other two
are 0. Combining this with the inequalities (2-5), we see that v> = —1 holds if and
only if x;) =xp =x3=x4=0. O

3. The Néron—Severi lattice of a K3 surface

In this section, we work over an algebraically closed field of arbitrary characteristic.
Let X be an (algebraic) K3 surface, and let NS(X) be the Néron—Severi lattice
of X, which is an even hyperbolic lattice. For a divisor D on X, we denote by
[D] € NS(X) the class of D.

3A. The nef-cone. We put
Nef(X) :={v e NS(X)®R | v[D] > 0 for any effective divisor D on X }.
Let A be an ample divisor on X, and let 6™ (X) be the connected component of
(veNS(X)®R | v>2 >0}
that contains [A]. For a vector v € NS(X), we put

(g ={weNS(X)®R | vw=0}.
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Then the family of hyperplanes {(r)§ | 12 = =2} of NS(X) ® R is locally finite in
%1 (X). It is well known and easy to prove that [A] ¢ (r)ﬁg for any vector r with
r2 = —2 and that Nef(X) is equal to the closure in NS(X) ® R of the connected
component of

¢too\ g

that contains [A]. By the argument of Proposition 3 in [Rudakov and Shafarevich
1981, Section 3], we obtain:

Proposition 3.1. Let X and X' be two algebraic K 3 surfaces such that NS(X) and
NS(X’) are isomorphic. Then there exists an isomorphism ¢ : NS(X) — NS(X')
such that ¢ @ R maps Nef(X) ro Nef(X').

3B. Polarizations.

Proposition 3.2. Let H be a divisor on an algebraic K3 surface X such that
[H] € Nef(X) and H?> > 0. The following conditions are equivalent:

(i) The complete linear system |H | has no fixed components.

(ii) There are no vectors e € NS(X) such that e[H] = 1 and * = 0.

Proof. That (i) = (ii) follows from the proof that (4) = (1) in [Urabe 1988,
Proposition 1.7], and (ii) = (i) follows from [Nikulin 1991, Proposition 0.1]. [J

Definition 3.3. A polarization of an algebraic K3 surface X is a divisor H on X
satisfying [H] € Nef(X), H> > 0 and the conditions (i) and (ii) in Proposition 3.2.
The positive integer H? is called the degree of the polarization H. By [Nikulin
1991, Proposition 0.1], if H is a polarization of degree d, then |H| is base-point
free by Saint-Donat [1974, Corollary 3.2], and we have dim |H| =14-d/2.

A pair (X, H) of a K3 surface X and a polarization H of X is called a polarized
K3 surface.

Combining Propositions 3.1 and 3.2, we obtain the following:

Corollary 3.4. Let X and X' be two K3 surfaces such that NS(X) and NS(X’)
are isomorphic, and let H be a polarization of X. If ¢ : NS(X) = NS(X') is an
isomorphism such that ¢ ® R maps Nef(X) to Nef(X"), then ¢ ([H]) is the class of
a polarization H' of X'.

A curve C on X is called a (—2)-curve on X if it satisfies the equivalent conditions:

(i) C is a smooth rational curve;
(ii) C is reduced irreducible with negative self-intersection;

(iii) C is irreducible and C* = —2.
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Let (X, H) be a polarized K3 surface. Then the complete linear system |H| de-
fines a morphism @z from X to a projective space P (N = 1+ H?/2) that is
generically finite over the image. We denote by

(3-1) x & v L pV

the Stein factorization of ®y; that is, p is birational, Y is normal, and 7 is finite.
The normal K3 surface Y has only rational double points as its singularities, and
hence p is a contraction of an ADE-configuration of (—2)-curves [Artin 1962;
1966]. Let € be the set of (—2)-curves that are contracted by p. The classes [E]
of E € ¢ are determined by the following procedure. Let [H]* be the orthogo-
nal complement of [H] in NS(X). Since NS(X) is even hyperbolic and [H 1% is
positive, [H]* is even and negative-definite. We can therefore consider the set
Roots([H]*) of roots in [H]*.

Lemma 3.5. Let r be an element of Roots([H]*). Then there exists a unique
effective divisor E such that r = [E] or r = —[E] holds. Moreover, the integral
component of E is a (—2)-curve.

Proof. By the Riemann—Roch theorem and the Serre duality, we see that either r
or —r is the class of an effective divisor. Replacing r with —r, if necessary, we
can assume that r is the class of an effective divisor E. Let E = F + M be the
decomposition of E into the sum of the fixed part F and the movable part M. Since
[H] e Nef(X), wehave HF >0and HM > 0. Because H E =0, we have HM =0.
Since [H]* is negative-definite and M? > 0, we get M = 0. Therefore E is unique
and every irreducible component of E has negative self-intersection number. Thus
the reduced part of every irreducible component of E is a (—2)-curve. O

Let Roots([H]+) = R U- - -U Ry, be the irreducible decomposition of Roots([H 1)
defined in Section 2. We choose an interior point a of Nef(X) (for example, the
class of an ample divisor on X), and let o : NS(X) — R be the linear form given
by a(x) :=ax. By Lemma 3.5, we see that «(r) # 0 for any r € Roots([H]1). We
thus can define R;r by (2-3) and consider the indecomposable roots of R;r . Note
that R;r C R; does not depend on the choice of the interior point a of Nef(X).

Proposition 3.6. Let Sing(Y) be the set of singular points of Y. There exists a
bijection from the set {Ry, ..., Ry} to Sing(Y) with the following property. Let
P; € Sing(Y) be the point corresponding to R;. Then the classes of (—2)-curves
contracted by p to P; are exactly the indecomposable roots of Rl-+.

Proof. Let r be an element of Rl.+. By Lemma 3.5 and «a(r) > 0, r is the class
of a unique effective divisor of the form aE| + --- + a;E;, where Eq, ..., E;
are (—2)-curves and ay, ..., q; are positive integers. Since [H] € Nef(X) and
r € [H]', we have [E,] € [H]* forv=1,...,I. In particular, we have E, € €
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forv=1,...,[. Let A; be the sublattice of [H I generated by the roots in R; for
j=1,...,k. Since Ay, ..., A form a direct sum in NS(X), the uniqueness of
the effective divisor representing r € A; implies that [E], ..., [E;] are all in R;.
Since a([E,]) > 0, we have [E,] € R;r . Thus we have shown that every element
of Rl.+ is uniquely written as a linear combination of the classes of (—2)-curves in
Rl.+ with nonnegative integer coefficients. By Corollary 2.3, we see that r is the
class of a (—2)-curve in € if and only if r is indecomposable in R;r . U

Let (X', H') be another polarized K3 surface. Let

x Loy I opV
be the Stein factorization of the morphism @,z defined by |H’|, and let ¢’ be the
set of (—2)-curves contracted by p’.

Corollary 3.7. Suppose that there exists an isomorphism ¢ : NS(X) = NS(X')
such that ¢ @ R maps Nef(X) to Nef(X') and that ¢ ([H])) is equal to [H']. Then
the ADE-type of Sing(Y) coincides with that of Sing(Y’). Moreover, there exist
bijections

b€ —> € and sing : Sing(Y) — Sing(Y")
such that the following diagram is commutative:

NS(X) -2 NS(X')

(3-2) l;j o, ;/
! !

Sing(¥Y) 2% Sing(Y')

where the up-arrows are given by E +— [E] € NS(X) and E' — [E'] € NS(X'),
respectively, and the down-arrows are given by E +—> p(E) € Sing(Y) and E' +—
p'(E") € Sing(Y'), respectively.

3C. Polarizations with maximal rational double points.

Definition 3.8. We say that a polarized K3 surface (X, H) has maximal rational
double points if the total Milnor number of Sing(Y') is equal to rank NS(X) — 1 or,
equivalently, if Roots([ H]") generates a root lattice of finite index in [H]™*.

Let (X, H) be a polarized K3 surface with maximal rational double points. Con-
sider the Stein factorization (3-1) of ®z|. For P € Sing(Y), we denote by €p C €
the set of (—2)-curves that are contracted to P by p, by A p C NS(X) the sublattice
generated by the classes [E] of the curves E € €p, and by Ap the discriminant
group A} /Ap of Ap. We also denote by Ay C NS(X) the sublattice of rank 1
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generated by [H] and by Ay the discriminant group A},/Ap of Ay, whichis a
cyclic group of order equal to H2. We then put

A=Ap® P Ap and A:=AY/A.
PeSing(Y)

We have natural decompositions

Av:A\IfI@ @ A\;, and A=Ay & @ Ap.
PeSing(Y) PeSing(Y)

By the assumption, A is of finite index in NS(X), and hence NS(X) is an overlattice
of A. Let v be a vector of NS(X). Using the direct-sum decomposition of A" and
the natural embedding NS(X) < A", we can define the H-component vy € AY,
and the P-components vp € A}, of v. We denote by v € A the class of v modulo
A. Then the H-component vy € Ay and the P-components vp € Ap of v are also
defined.

4. Polarizations of degree 2 in characteristic 2
From now on, we assume that the base field k is of characteristic 2.

Let (X, H) be a polarized K3 surface of degree 2. Then the Stein factorization
of @ is of the form
x 5L v 5 op?
where 7 : ¥ — P? is a finite double cover. We have h°(X, Ox (mH)) = m?+2 for
every m > 1 by [Nikulin 1991, Proposition 0.1]. Therefore the finite double cover

7 Y — P? is defined by the equation
4-1) w? +w C(x0, x1, ¥2) + G (x0, X1, ¥2) = 0

in the total space of the line bundle V — P? corresponding to the invertible sheaf
Op2(3), where w is a fiber coordinate of V, [xg : x1 : x2] is a homogeneous coor-
dinate system of P, and C and G are homogeneous polynomials of degree 3 and
6 that are regarded as sections of V and V®2, respectively. If C # 0, then 7 is
separable, while if C = 0, then 7 is purely inseparable.

Definition 4.1. An irreducible curve F' C X is called a half-line of (X, H) if
FH =1 holds. A line L C P? is said to be splitting in (X, H) if the proper
transform of L in X is nonreduced or reducible, or equivalently, if the scheme-
theoretic preimage 7 ~!(L) C Y of L by 7 is nonreduced or reducible.

Let F be a half-line of (X, H). Then ®4| induces an isomorphism from F to a
line L C P2, and this line L is splitting in (X, H). In particular, a half-line is a
(—2)-curve.
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Definition 4.2. If L C P? is a line splitting in (X, H), then the proper transform of
L in X is written as F + F’, where F and F’ are half-lines of (X, H). These half-
lines are said to be lying over L. We say that L is of nonreduced type if F = F’,
while L is of reduced type if F # F’.

Lemma 4.3. Suppose that w is separable. Then the number of splitting lines of
nonreduced type is at most 3.

Proof. Let L be a splitting line of nonreduced type. We choose homogeneous
coordinates [xg : x1 : x2] of P? such that L is defined by x5 = 0. Putting x; =0 in
the defining Equation (4-1), we see that the curve defined by

(4-2) w? 4+ w C(xg, x1, 0) + G(x0, x1,0) =0

in the total space of the line bundle V|, — L on L is nonreduced. Let y (w, xq, x1)
be the left-hand side of (4-2). Since chark = 2, we have dy/dw = C(xg, x1, 0).
Therefore C(xg, x1, 0) is constantly equal to zero. Thus we have shown that the
defining equation of a splitting line of nonreduced type divides C (xo, x1, x2). Thus,
if C #0, then the number of splitting lines of nonreduced type is at most deg C =3.

[l

Next we investigate the case where 7 is purely inseparable. Then 7 is given by
the equation

(4-3) w? 4+ G (xo, x1, x2) = 0.
Note that every splitting line is now of nonreduced type.

Remark 4.4. Let I'(xg, x1, x2) be a homogeneous polynomial of degree 3. Then
the equations w?> = G and w? = G + I'? define surfaces isomorphic over P2,

We have the following relation between splitting lines and rational double points of
Y. See [Artin 1977] or [Greuel and Kroning 1990] for the normal form of defining
equations of rational double points in characteristic 2.

Lemma 4.5. Let L C P? be a line defined by €(xg, x1, x2) = 0.

(1) The line L is splitting in (X, H) if and only if there exist homogeneous poly-
nomials Q(xg, x1, x2) and " (xg, X1, x2) of degree 5 and 3, respectively, such
that G =£Q +T'2.

(2) Suppose that L is splitting in (X, H), and let Q be a polynomial of degree 5
such that G +£Q is a square of a cubic polynomial. We denote by T C P? the
quintic curve defined by Q = 0. Let p be a point of L, and P the point of Y
such that w(P) = p. Then P is a smooth point of Y if and only if p ¢ T, and
P is an Ay-singular point of Y if and only if T intersects L transversely at p.
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Proof. We can assume that £ = x,. Since the curve defined by w? 4G (xg, x1,0)=0
in V| is nonreduced, we see that G (xg, x1, 0) is the square of a polynomial of
degree 3. Hence the claim (1) follows. Let (x, y) be an affine coordinate system of
P2 with the origin p such that L is defined by y =0. We write (4-3) as w? =g(x, y).
Let g;; be the coefficient of x'y/ in g. Then P is a smooth point of Y if and only if
go1 #0or g10 #0, and P is an A;-singular point of Y if and only if go; = g10=0
and gi; # 0. Let g(x, y) be the inhomogeneous polynomial corresponding to O,
and let g;; be the coefficients of x'y/ in g. Then, up to a multiplicative constant,
we have go1 = qoo0, g10 =0, g11 = gq10. Therefore the claim (2) follows. O

Remark 4.6. The polynomials Q and I' such that G = £Q +I'? are not determined
uniquely by G and £. However, the homogeneous polynomial Q|L on the line L
is determined uniquely by G and ¢.

5. Schroer’s Kummer surfaces as Zariski surfaces

Let r and s be constants in k such that % 0, s # 0 and > # s3. Then Schroer’s
supersingular K3 surface X, s, defined in the introduction, is of Artin invariant
2. By Proposition 6.2 of [Schroéer 2007], the quotient surface (C x C)/ay of the
ap-action on C x C defined by the vector field (1-1) contains an open subset U
isomorphic to

Speckla, b, c]/(* +a(b* + s*b*) + b(a* +r?a?)).

The singular locus of U consists of four D4-singular points coming from the fixed
points of the «p-action on the smooth part of C x C. Let

s Yrg —> p?

be the purely inseparable double cover defined by

w? = [xo()ciL + szxfxg) + X1 (xé' + rzxgx%)]xz,
which is a projective completion of U. Then Y, ; is birational to X, s, and hence
there exists a morphism p,, : X,y — Y, that is the minimal resolution. The
pull-back of a line of P2 by 7, s o prs is a polarization H, ; of degree 2 of X, .
Then

pr,s TTr,s 2
X — Yoy — P

is the Stein factorization of ® g, . The singular locus of Y, consists of four
Dy-singular points P (00), P(01), P(10), P(11) in U and five A-singular points
0(0), 0(1), O(w), Q(w), Q(c0) lying on the line defined by x, = 0. Here w is
a primitive third root of 1, and ® = w?. These singular points are indexed so
that their images by 7, are given in Table 1, where p(apB) := 7, (P (ap)) for
apf =00,01, 10, 11, and g(y) 1= m,5(Q(y)) for y =0, 1, w, w, 0co. It is easy to
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p00)=[0:0:1] q(0)=[1:0:0]
pO01)=[0:s5:1] g(l)=[1:1:0]
p(10)=[r:0:1] g(w)=[1:w:0]
pAl)=[r:s:1] qgw)=[1:0:0]

q(oo)=1[0:1:0]

Table 1. The coordinates of the singular points of Y, .

see that the five lines listed below are splitting in (X, g, H;s):
L(00) := {x, =0},
L(0%) :={xo =0}, L(1%) :={xo+rx, =0},
L(%0) :={x; =0}, L(x1) :={x; +sx, =0}.
To simplify the notation, we put
% :={00,01,10,11}, 92:={0,1,w, ®, 00}, <L :={oo, 0%, 1x*, %0, *1}.

Figure 2 gives the configuration of the splitting lines L(A) (A € &) and the points
p(aB) (@B € P)and g(y) (y € 2). For a splitting line L(A) (A € &), we denote by

L(0%) L(1%)

Figure 2. The configuration of splitting lines.
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F (%) the half-line of (X, s, H, ;) lying over L(A). By explicitly blowing up Y, ; at
their singular points, we see that the half-lines F (1) and the exceptional divisors
of p, s : X; s = Y, intersect as in Figure 3. We denote the exceptional curves over
the Dy4-singular points P(af) (af € P) as in Figure 4 and denote the exceptional
curves over the Aj-singular points Q(y) (y € 2) by A(y). The polarized K3
surface (X, Hy ) has maximal rational double points. Consider the sublattice

(5-1 Ars=An® P Arep) ©ED Moo
afeP Y€

of NS(X, ) with finite index, as in Section 3C. The lattice Ay is of rank 1 gen-
erated by h := [H, ], and AE is generated by 4¥ := h/2. The lattice A p(p)
is of rank 4 with basis d’ («B) := [D'(eB)] (i = 1,...,4). We denote the basis

of A}y dual to d'(ap),...,d*@p) by d'(@p)V,...,d*(@B)". The relations

between d' (afB), ..., d*(aB) and d'(@p)", ..., d*(aB)" are given by (2-4). The

lattice Ag(y) is of rank 1 generated by a(y) := [A(y)], and Aé(y)

is generated

F(*l)\i

F (x0)

FO%)  F(1%)

Figure 3. The configuration of half-lines and exceptional curves.
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F(ax) D*(ap)

D' (ap)

- F(xp)

D*(ap)

Figure 4. The exceptional curves over P (af).

by a(y)Y := —a(y)/2. From Figures 3 and 4, we see that the classes of half-
lines F(A) (A € &) are

[F(00)] =hY +a0)Y +a(w)’ +a()’ +a@)" +a(x)",
[F(0x)] =hY +d'(00)¥ +d'(01)" +a(c0)",
52y [FU0I=h"+d'10)" +d' (1) +a(c0)",
[F(x0)] = hY +d*(00)" +d*(10)" +a(0)",
[F(x)]=h" +d* 0DV +d* (11D +a(0)".
We then put
(5-3) Ar,s = (Ar,s)v/Ar,s =A@ @ AP(Olﬂ) ©® @ AQ()’)’

afeP yed

which is an [F;-vector space of dimension 14. Since the discriminant of NS(X, ;)
is —220(Xrs) = 24 we see that NS(X,s)/Ars C A,y is a subspace of dimension
5. It is easy to prove that the five elements

[F)]:=[F(M)]mod A,y (Ae)

of NS(X,5)/ A, s are linearly independent. Therefore NS(X, ) is generated by the
classes h = [H,s], d'(aB) =[D'(a¢B)], a(y) =[A(y)], and [F(1)].

Remark 5.1. Suppose that 73 = s3. Then there exists ¢ € F; = {1, w, ®} such
that s = cr holds. The three points p(00), p(11) and g(c) on P2 are collinear.
Let M be the line passing through these points. Then M is a splitting line for
(Xy.crs Hrer). Let G be the half-line lying over M. By blowing up Y, ., at the
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points P (00), P(11) and Q(c), we see that
[G]=h" +d*(00)" +d*(11)" +a(c)”.

Note that d?(eB)¥ = d'(@B)Y + d*(ap)” mod A pp) by (2-4). Hence [G] :=
[G] mod A, is linearly independent from the set of vectors [F(1)] (A € &) in
Ay r. In particular, the linear subspace NS(X;. ¢)/ Ay cr of A, o is of dimension 6

generated by [F(A)] (A € &£) and [G], and the Artin invariant of X, ., is 1.

6. Proof of main theorem

Note that supersingular K 3 surfaces with Artin invariant 1 are isomorphic to each
other [Ogus 1983; Dolgachev and Kondo 2003]. Therefore it is enough to prove
Theorem 1.2 under the additional assumption that the Artin invariant of X’ is 2.

We choose a Schroer’s Kummer surface X with o (X) = 2. To fix the ideas, we
choose s € k \ F4, put X := X 4, and set

H:=H, Y: =Y, p:=ps 7"T:=m45 A=A, NAN=~A;.

Let X’ be a supersingular K3 surface with Artin invariant 2. Theorem 1.3 implies
that NS(X) and NS(X’) are isomorphic. By Proposition 3.1, there exists an iso-
morphism ¢ : NS(X) — NS(X’) such that ¢ ® R maps Nef(X) to Nef(X’). We fix
such an isomorphism ¢ once and for all. By Corollary 3.4, we have a polarization
H' of X’ with degree 2 such that [H'] = ¢ ([H]). As before, let

x 2y Zop?

be the Stein factorization of ®,z/. By Corollary 3.7, there exist bijections ¢x :
€ > € and ®sing - Sing(Y) S Sing(Y”’) such that the diagram (3-2) is commutative.
For P € Sing(Y), we write P’ € Sing(Y’) instead of ¢sine(P), and for E € €, we
write E’ € €’ instead of ¢¢(E). Therefore Sing(Y’) consists of four D4-singular
points P(aB) (af € P) and five A;-singular points Q(y)’ (y € 2). For example,
the (—2)-curves contracted to P(aB)’ by p’ are D' (aB)’, D*(@p)’, D?(«pB)’ and
D*(apB)’. We then put

p@p) :==x'(P@p)) and q) :=="(Q()).

We also set
(6-1) Ni=Ap® D Arwpy @EP Aooy
afeP yed
and
(6-2) A= (M) /N =Aw & P Aresy @D Mooy

afe® yed
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as (5-1) and (5-3). Note that ¢ induces isomorphisms
da:A—> A and ¢p:A > A

that are compatible with the direct-sum decompositions (5-1), (6-1), and (5-3),
(6-2).

Let L C P2 be a line splitting in (X, H), and let F be the half-line of (X, H)
lying over L. We can define a line L’ C P? splitting in (X', H') and a half-line F’
of (X', H') lying over L’ as follows.

Claim 6.1. There exists a unique effective divisor D’ that represents ¢ ([F]).

Proof. Since qb([F])2 = —2and ¢ ([F])[H'] = 1, there exists an effective divisor
D’ that represents ¢([F]). Let D' = I'" + M’ be the decomposition of D’ into
the sum of the fixed part I'” and the movable part M’. Suppose that M' # 0. If
M'H’ =0, then M'? < 0 because [H']"* is negative-definite. Therefore we have
M'H' > 0. Since I'"H' > 0, we have M'H’ = 1, which implies that ® g induces
an isomorphism from M’ to a line on P2, Hence M’ is a smooth rational curve,
which is a contradiction. O

Since D'H’ = 1, there exists a unique irreducible component F’ of D’ such that
F'H’ = 1. Then F’ is a half-line of (X', H'). We define L’ C P? to be the image
of F' by p'on’.

Claim 6.2. Let F” be a half-line for (X', H') lying over L’. Then [F"] = [F’]

holds in A/, where [F”] = [F”] mod A’ and [F'] =[F’'] mod A’.

Proof. The case where F' = F” is obvious. Suppose that F' # F”. Then F'+ F”
is the total transform of L’ in X’ minus a linear combination of curves in €', and
hence [F'] 4+ [F"] € A’. Because A’ is a 2-elementary abelian group, we obtain
[F"]=[F']. 0
Claim 6.3. We have ¢ ([F]) = [F'].

Proof. Since ¢ ([F]) = [D'], we have ¢ ([F]) = [D']. Since D' — F’ is effective
or zero and (D' — F’)H' = 0, each irreducible component of D’ — F' is contracted
to a point by p’. Therefore we have [D'] — [F'] € A/, and hence [D'] =[F']. O

Now we have half-lines F'(1)" and splitting lines L(1)" of (X', H’) for each A € &.
By Claim 6.3, the elements [F(1)'] of A’ are distinct from each other. Hence, by
Claim 6.2, the lines L(A)’ are distinct from each other.

Claim 6.4. Let P be a point of Sing(Y). If w(P) € L(A), then 7' (P") € L(A)'.
Proof. If m(P) € L()), then the P-component of [F(A)] € A is not zero by (5-2).
Hence the P’-component of [F(1)'] € A’ is not zero by Claim 6.3. Consequently,

there exists E’ € €/, such that F(1)'E’ # 0. Therefore the image L(1)" of F (1)’
passes through /(P’) € P2 O
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Claim 6.5. The splitting line L(1)" is of nonreduced type for any A € &.

Proof. Let G’ be an arbitrary half-line of (X’, H’) lying over L(A)’. Then the class
g’ :=[G'] e NS(X') satisfies:

() (g)?*=-2; (ii) ¢g'[H'1=1, (iii) g'[E'] = O for every E’ € €.

Suppose that L(1)" is of reduced type. Then there exists a half-line F” lying over
L())' that is distinct from F()1)". Since [F”][F(1)'] >0, we have [F"] £ [F(L)].

By Claim 6.2, we have [F(L)'] = [F”] in A’. Consequently, it is enough to show
that there exists only one class g’ in NS(X") satisfying (i), (ii), (iii) above and

(iv) (&) =[FW)1=pa((FMD,

where the second equality follows from Claim 6.3. We denote by g}, and g, the
H’- and P’-components of g’, respectively, where P’ € Sing(Y"). By (ii), we have
gy = [H']/2. Combining this with (i), we have

(6-3) > @hwp) D _ (o) =—5/2.

afeP y€EL

The case where ). = oo. By (iii), (iv), (5-2) and Lemmas 2.4, 2.5, we have
(8ppy)’=00r <=2 and (gp,)" =—1/2 or <-9/2.
Combining this with (6-3), we have
(g/P(O(ﬁ)/)z =0 and (g/Q(y)/)2 = —1/2.
By (iii) and Lemmas 2.4, 2.5 again, we have
8p@py =0 and gy, =—[AY)1/2.

Thus the uniqueness of g’ is proved.
The case where ). = 0x. By (iii), (iv), (5-2) and Lemmas 2.4, 2.5, we have

(g/P(a,B)’)z =—lor <-3, if @B = 00 or 01,
(g/P(a,B)’)Z =0or <-2, ifaf=10o0r 11,
(8g(y)?=—1/20r ==9/2, ify = o0,
(o))’ =0o0r <=2, if y # oo.

Combining this with (6-3), we have

(8po0y)* = (8hiy)* = —1. (8oeor)* = —1/2,
(8}(10)/)2 = (8}1(11)/)2 =0, (g/Q(y)/)z =0, fory # oo.
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By (iii) and Lemmas 2.4, 2.5 again, we have
gpooy =3'(00),
gpory =8'0D),

/ /
8paoy = 8pa1y = 0,

8oy =0, fory # oo,

where
8'(@B) = —[D"(@B)1—[D*(@B)'1/2— [D*@p)1—[D*(@B)']/2.

See (2-4). Thus the uniqueness of g’ is proved.
The other cases A = 1x, %0, *1 can be treated in the same way. U

We have five distinct splitting lines L(1)" (A € &) for (X', H'), which are of non-
reduced type by Claim 6.5. By Lemma 4.3, we see that 7’ : Y’ — P? is purely
inseparable. By Claim 6.4, the configuration of the lines L(1)" and the points
p(aB), q(y) are exactly the same as the configuration depicted in Figure 2 with
superscript prime (') being put to everything.

There exists a homogeneous coordinate system [x : y : z] of P2 such that
g(o0) =[0:1:0],

g(1) =[1:1:0],
q(0) =[1:0:0],

p00) =[0:0:1],
p(10) =[1:0:1].

We put
p(01) =[0:1:1],

where ¢ is a nonzero constant. Then we have p(11)’ =[1:¢: 1] by Figure’ 2. Let
w?=G(x,y,2)

be the defining equation of Y’, where G is a homogeneous polynomial of degree
6, and let G, (I +m +n = 6) be the coefficient of x! y™"z" in G. By Remark 4.4,
we can assume

Gimn=0 if l=m=n=0 mod 2.

Using Lemma 4.5(1), we obtain:
Gois =Go33 = Gos1 =0, because L(0x) = {x = 0} is splitting;
Gios = G303 = Gso1 =0, because L(x0) = {y = 0} is splitting;
G150 = G330 = G510 =0, because L(00) = {z = 0} is splitting.

Therefore
Gx,y,2)=xyzC(x,y,2),
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where C is a homogeneous polynomial of degree 3. By Lemma 4.5(2), the line
L(0%)" = {x = 0} and the quintic curve defined by yz C(x, y,z) = 0 intersect
transversely at g(co)’ and with multiplicity > 2 at p(00)’ and p(01)’. Therefore
there exists a constant A such that yzC (0, y, z) = Ay?z(y +tz)?. In particular, we
obtain

Gi132=G114=0 and Gy =1*Ga.

By Lemma 4.5(2), the line L(*0)" = {y = 0} and the curve xz C(x, y, z) = 0 inter-
sect transversely at ¢ (0)" and with multiplicity > 2 at p(00)" and p(10)’. Therefore
there exists a constant B such that xzC(x, 0, z) = Bx?z(x + z)?. In particular, we
obtain

G312=G114=0 and Gy;3=Gyr.

By Lemma 4.5(2), the line L(c0) = {z = 0} and the curve xy C(x,y,z) =0
intersect transversely at the five points g(y)" (y € 2). In particular, the curve
xy C(x,y, z) =0 passes through ¢(1)’, and hence we obtain

G141+ G231+ G321+ Gap1 =0.
Combining these, we see that Y’ is defined by
w? = xyz(rPayz? + dxz* + ay® + bxy? + cx’y +dx?),

where a, b, c, d are constants such that a+b-+c+d =0. Because L(1%) = {x =z}
is splitting, the polynomial yz2(t>yz> +ay® +bzy>+cz?y) of y and z is the square
of a cubic polynomial. Therefore b = 0. Because L(x1) = {y = tz} is splitting,
the polynomial txz>(dxz? + bt*>xz> + ctx*z 4+ dx3) of x and z is the square of a
cubic polynomial. Therefore ¢ = 0. Because a + b+ ¢+ d = 0, we have a = d.
Therefore Y’ is defined by

w? = xyz(tzyz2 +xz2+ y3 +x%).

Hence Y’ is isomorphic to Schréer’s normal K 3 surface Y; 1, and hence X’ is iso-
morphic to Schroer’s Kummer surface X; j.

Remark 6.6. In [Pho and Shimada 2006], it is shown that every supersingular K3
surface in characteristic 5 with Artin invariant < 3 is obtained as a double cover of
the projective plane with the branch curve defined by y> — f(x) = 0, where f(x)
is a polynomial of degree 6, and hence it is unirational.
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