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GLOBAL CONIC SHOCK WAVE FOR THE STEADY
SUPERSONIC FLOW PAST A CONE: ISOTHERMAL CASE

DACHENG CUI AND HUICHENG YIN

We establish the global existence and stability of a steady symmetric conic
shock wave for the perturbed supersonic isothermal flow past an infinitely
long circular cone with an arbitrary vertex angle. The flow is assumed to
be described by a steady potential equation. By establishing the uniform
weighted energy estimate on the linearized problem, we show that the sym-
metric conic shock attached at the vertex of the cone exists globally in the
whole space when the speed of the supersonic incoming flow is appropriately
large.

1. Introduction

We study the steady conic shock wave problem for the symmetrically perturbed
supersonic gas past an infinitely long circular cone. Such a problem has been
extensively studied both computationally and theoretically under some suitable
conditions. See [Bertin 1994; Chen et al. 2003; Chen et al. 2002; Courant and
Friedrichs 1948; Cox and Crabtree 1965; Cui and Yin 2006; Keyfitz and Warnecke
1991; Li and Yu 1985; Lien and Liu 1999; Tsien 1946; Xin and Yin 2006; Yin
2006; 2002; Zheng 2001] and the references therein. As noted by Courant and
Friedrichs [1948], if there is a uniform supersonic flow (0, 0, gp) with constant
density pp > O coming from minus infinity, and the flow hits the circular cone
(xf +x22) 172 — py x5 in the direction of the x3-axis, a conic shock (xl2 +x22) 12 = sox3
for so > b will arise and attach to the cone’s apex when by is less than a critical
value b* (b* is determined by the parameters of the incoming flow).

When the supersonic incoming flow is perturbed, a natural problem arises: is the
conic shock globally stable? Our goal is to establish the global existence and sta-
bility of a conic shock for the perturbed hypersonic isothermal gas past an infinitely
long conic body (x7+x3)!/2 = box3 with any fixed constant by (this means that the
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critical value b* can be arbitrarily large for the isothermal gas with an appropriately
hypersonic flow). The so-called isothermal gas means that the pressure P and the
density p of the gas are described by the state equation P = Ap for some constant
A > 0. In this case, the sound speed is a constant independent of the density p.

We will use the potential equation to describe the motion of the supersonic
isothermal gas; this model is also recommended, for example, in [Majda 1991;
1984; Majda and Thomann 1987]. Let ®(x) be the potential of velocity u =
(uq, us, us), that is, u; = 0; . Then it follows from Bernoulli’s law that

(1-1) V@ +h(p) = Co,

where h(p) = A In p is the specific enthalpy, V = (91, 92, d3), and Co = %qg—i—h(po)
is Bernoulli’s constant, which is determined by the uniform supersonic flow coming
from negative infinity with velocity (0, 0, go) and density pg > 0.

By using (1-1), we can express the density function p(x) as

Co— 3|V

(1-2) P =6XP( A

>EHN®.

Substituting (1-2) into the mass conservation equation Z?: 1 9i (pu;) =0 yields

(1-3)  ((1P)* — AT, P + ((2D)* — A)335, P + ((33D)* — A)d3; P
+ 281 D3, D37, D + 20, I3 PO D + 20, D3 D3P = 0.
Due to the geometric property of the cone surface (x12 + x%)l/ 2 = box3 and the
symmetric property of the perturbed incoming flow which we will discuss later,

as in [Chen et al. 2002], we may assume ®(x) = P (x3,r). It is convenient to
introduce cylindrical coordinates (x3, ) as

(1-4) r= x12+x22 and x3 = x3.

Set ® = gox3 + ¢ with ¢(x) = @(x3,r). Then, in the new coordinates (1-4),
Equation (1-3) can be rewritten as

A
(1-5) ((qo+d59)> = A)d30+((30)* = A3} 9 +20,¢(qo+83¢)d 730 — =0, =0.

Denote by ¢~ (x3, r) the flow field before the possible shock front r = x (x3)
with x(0) = 0, and let ¢t denote the corresponding flow field behind the front.
Then the system (1-5) can be split into two equations. The equation for ¢~ (x3, r)
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is
(1-6) (g0 +3397)* = A)d3p~ + (B9 )* = A)d¢™
+20,¢7 (g0 + B39 )30 — éarw_ =0
and holds for r > x(x3) and x3 > 0, or x3 < 0. The equation for ¢ (x3, r) is
(1-7) (o +83¢7)* = A)d3¢™ +((3r9")? = A)dfe™
+20,0" (qo+ g0 — Lot =0
and holds for r < x(x3).
It is easy to verify that (1-6) and (1-7) are strictly hyperbolic with respect to x3

for 03 &+ > /A, where \/Z is the sound speed.
On the cone surface r = boxs, the flow field ¢ satisfies

(1-8) —(qo+ 339 )bo+ 3,97 =0 for r = byxs.

Meanwhile, on the possible conic shock r = x (x3), we apply Equation (1-3)
and the symmetric form of ¢(x3, r) to the Rankine—Hugoniot condition to obtain

(1-9) — ((qo+330)H) x'(x3) + 8,9 H =0 for r = x(x3).
Also, the potential ¢ (x3, ) is continuous across the shock:

(1-10) @" (x3, X (3)) = 97 (x3, X (x3)).

In addition, we impose initial conditions on ¢~ (x3, r) as

(1-11) ¢ (0,r)=¢¢y(r) and 93¢ (0,r) =qo+ep, (r),

where ¢ > 0 a small constant and ¢, (r), ¢; (r) € C3°(0, [) with some fixed positive
number [ > 0.
Our main result is this:

Theorem 1.1. Under the above assumptions, for any given by > 0 and appro-
priately large constant qq, there exists a small constant gy such that the problem
(1-6)—-(1-7) with (1-8)—(1-11) has a global C* shock solution (@t (x3,7), x(x3))
for e < &g. Also, the quantities (Vy, ;¢ (x3, 1), x(x3)) tend to the corresponding
ones for the uniform supersonic incoming flow (0, 0, qo; po) past the circular cone
r = boxz with the rate (1 +x3)*/>~1 where p is any fixed constant with 0 < pu < 2.

Remark 1.2. By Remark 2.2, for any fixed by > 0, we know that there appears
a unique supersonic conic shock r = spx3 when the uniform supersonic incoming
flow (0, 0, go; po) hits the cone r = box3 and g is appropriately large. This im-
plies that the critical value b* can be large for the isothermal gas and hypersonic
incoming flow (the main reason is that the sound speed is a constant independent
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of the density). However, for the polytropic gas described by the state equation
P(p) = Ap? with 1 < y < 3, there exists a critical value

1/ [y+7 )

= /=,/——1
b 2 ( y—1

such that the attached supersonic shock r = sgx3 with u3 > c(p) only appears for

the potential equation and hypersonic flow when by becomes less than b,. See [Cui

and Yin 2006] for details.

Remark 1.3. As in [Chen et al. 2002; Cui and Yin 2006; Godin 1997; Xin and
Yin 2006; Yin 2006], we emphasize that there are no other discontinuities in the
solution other than the main conic shock front. This means that the conic shock is
structurally stable in the whole space for the isothermal gas. This coincides with
the phenomena observed in physical experiments and numerical computations.

Remark 1.4. If there is no main shock for the Equation (1-7), then its classical
solution will blow up; see for example [Godin 2005; Sideris 1985]. This means
that the main shock can absorb possible compressions of the flow and prevent the
formation of new shocks between the main shock and the fixed boundary.

Now we cite work directly related to this paper. Chen et al. [2002], assuming
a uniform supersonic incoming flow and a sharp angle for the curved conic body,
showed that a curved conic shock exists globally when the supersonic polytropic
flow passes a symmetrically curved cone. On the other hand, Z. Xin and H. Yin
[2006] established the global existence of a multidimensional conic shock for the
uniform supersonic incoming flow past a generally curved sharp cone under a
certain boundary condition on the conic surface (physically, that boundary con-
dition meant that the body is perforated or porous). In addition, by using Glimm’s
scheme, W. C. Lien and T. P. Liu [1999] obtained the global existence of a weak
solution and the long distance asymptotic behavior in the symmetric case under the
suitable conditions on the large Mach number, the sharp vertex angle and the shock
strength. Our main interest here is to establish the global existence of a shock for
the perturbed supersonic isothermal gas past an infinitely long conic body with an
arbitrarily large angle when the speed of the incoming flow is large; especially,
we remove the smallness assumption on the sharp cone. This assumption, used in
[Chen et al. 2002; Lien and Liu 1999; Xin and Yin 2006; Yin 2002], was essential
to the proofs there.

Next, we comment on the proof of Theorem 1.1. To prove it, we intend to
use the continuity method to establish a priori estimates for the solution and its
derivatives. To achieve this as in [Chen et al. 2002], [Cui and Yin 2006; Godin
1997] and [Xin and Yin 2006; Yin 2006], we need to derive some global uniform
weighted energy estimates for the linearized problem of (1-7)—(1-10). Based on
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such estimates we can obtain the existence and the asymptotic behavior of the
solution to the perturbed nonlinear problem. The main method for obtaining the
weighted energy estimates is to search for appropriate multipliers. As in [Chen
et al. 2002; Xin and Yin 2006], finding such a multiplier is complicated by our
self-similar background solution which strongly depends on the vertex angle of
the cone, the Mach number of incoming flow, and the state equation of the gas.

Although some strategies for proving Theorem 1.1 are similar to those of [Chen
et al. 2002; Xin and Yin 2006], many new difficulties appear in the isothermal
case, and the possible largeness of by must be overcome; in contrast, the small-
ness of by plays an essential role in those works. Also, it seems difficult to find
the “dissipative” property — needed for deriving uniform a priori estimates on the
solutions — on the boundary conditions (1-8)—(1-10) as in the polytropic case of
[Cui and Yin 2006], because, in our case, the higher-order asymptotic expansions
of the background solutions are of exponent-type. The polynomial properties of
higher order asymptotic expansions on the polytropic gas play the key role in the
analysis of [Cui and Yin 2006].

The paper is organized as follows. In Section 2, we show for large g¢ that there
exists an attached shock r = sgx3 for any fixed by > 0, and we then derive some basic
estimates for the background self-similar solution, which will help subsequently
find the appropriate multiplier. In Section 3, we reformulate the problem (1-7)-
(1-10) and derive some useful estimates on the coefficients of the resulted nonlinear
equation and its boundary conditions. In Section 4, we establish the weighted
energy estimate for the linearized problem, where the appropriate multiplier is
given. Also, we will explain in detail the sometimes subtle search for the multiplier.
Using the energy estimate in Section 4, we prove Theorem 1.1 in Section 5. Some
complicated and tedious computations are given in the Appendix.

We will use the following notations: O (g, Y)Y(v > 0) and O(e_‘“’(%)(u > 0)
denote the bounded quantities, which admit the bound |O (g, | < Mgy Y and
|0(e_’“1§ )| < Mge_“qg , where the generic constants M and M, depend only on
bo and A. O(¢) means there exists a generic constant M3, such that |O (¢)| < M3e,
where M3 depends on by, gg, and A.

2. The self-similar solution and some of its properties

Here, we will discuss for large gg the existence of a self-similar shock solution
for the supersonic isothermal flow past the circular cone (xl2 +x§)1/ 2 = pox3 with
fixed constant by. Meanwhile, we will give some precise estimates and detailed
properties of the background solution by using the expressions for gg and by. These
estimates will play an important role in obtaining a priori estimates in the subse-
quent sections.
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Suppose that a uniform supersonic isothermal flow with velocity (0, 0, go) and
density pg > 0 comes from minus infinity, and suppose the flow hits the circular
cone (xl2 +x§)1/ 2 = box3 along its axis. From Lemma 2.1, we can show that there
will appear a conic shock r = sgx3 (for so > by) attached at the tip of the cone for
large go. Also the corresponding density and velocity functions (p, u1, us, u3) are
self-similar, that is, in the cylindrical coordinates (x3, r), these functions between
the shock front and the surface of cone have the form p=p(s), u1 =U (s)x; /7, uy =
U(s)xy/r,and us =us(s), where s =r/x3. It follows the steady compressible Euler
equation that (p(s), U(s), us(s)) satisfies for by < s < s¢ the nonlinear ordinary
differential system

feey pU(sus—U)
pis)= s(A0+s)—Gus—U))’
i AU
-1 U'(s) = AT - Ga )
/ AU
uz(s) =

A(l+52) = (su3 =U)*’

From Lemma 2.1, it can be shown that the denominator satisfies A(1 + s2) —
(su3 — U)? > 0 for by < s < so. This means that the system (2-1) makes sense.

On the shock front r = sgx3, it follows from the Rankine—Hugoniot conditions
and Lax’s geometric entropy conditions on the 2-shock that

(2-2) pU —sopuz =0 and uz+soU =0
and
VA
(2—3) )»1(.5‘0) <S50 < )»z(S()) and — < 50,
2
do — A

where 112(s) = (U (s)u3(s) FVAU(s) +u3(s) — A)'/2) /(ud(s) — A).
Additionally, the flow satisfies on s = by the fixed boundary condition

(2-4) U (s) = bous(s).

For large g and fixed by, now we show the existence of the solution to system
(2-1) with (2-2)—(2-4) and give some needed estimates.

Lemma 2.1. . Ifuz(bg) > VA, then the free boundary problem (2-1)—(2-4) has a
smooth supersonic shock solution for by < s < sg. Also, one has

(i) U'(s) <0, uj(s) >0, p'(s) <0, and us(s) > VA
(i) U(s) > 0and A(1 +s%) — (susz(s) — U(s))* > 0.
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Remark 2.2. For any fixed by > 0, if g is appropriately large, then we can verify
that u3(bg) > ~/A and u3(s) > ~/A; see Remark 2.4. Thus, the problem (2-1)—(2-4)
has a smooth supersonic shock solution in this case.

Proof of Lemma 2.1. Set Uy = lims_,5,_o U(s) and u3 = limy_, 3o u3(s). Also
set p4 = limy_, 4,—0 p(s). Then from the Rankine—Hugoniot conditions (2-2) and
Bernoulli’s law (1-1), we arrive at

_ S090(P+—pPo)
(+sDHpy 2202 2
N hps) — hipo) = DA LE_L0),
_ 5590(p+—po) 2(1+sy)px
(I+53)0+
By the entropy condition (2-3) (which leads to py < p+), we find Uy > 0. Also,
from (2-5) and a direct computation, we can derive that
$0£0490
—_— >
P+

(2-5)
usyL =4qo

Sousz — U+ = 0.
Since (souz, —Uy)/(1+ sé)l/ 2 is the normal velocity on the shock front, the
entropy condition also implies

(2-6) M < VA.

(1 + So)l /2
The physical explanation to (2-6) is that across the shock front the normal velocity
of the supersonic flow becomes subsonic.

By the continuity of p(s), U (s), and u3(s), (2-6) is also valid in so — 3y < 5 < 50
with small §p > 0, and then (2-1) makes sense in this interval. Also, by (2-1), we
obtain p’(s) <0, U'(s) <0, and u5(s) > 0in so — 8y < s < so. Hence the function
VA- (sous(s)—U(s))/(1 +sHY2isa decreasing function of s in 59 —§p < s < s9.
From this and (2-6), we find

A(1+s%) — (sus(s) — U(s))?

. ’ suz(s) —U(s) suz(s) —U(s)
_(1+s)(\/Z——1+s2 )(«/Z+—l+s2 )

Ny
zﬂ(1+bg)(ﬂ—s“3j—+;) > 0.
S

This result means that the denominator in (2-1) is bounded away from zero as
long as the solution of (2-1) exists. Therefore, by the continuity extension method
we know that this result holds in the whole interval [bg, so], and the solution of
(2-1) exists and satisfies

U'(s) <0, ui(s)>0, p'(s)<0O.
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By a direct computation, we have

(u3(s) B ﬂ)/ - A(l +s2)ﬁlisu3 —U)? >0,
and this yields
usz(s) — VA > us(bg) — VA >0.
Thus (2-1)—(2-4) has a supersonic shock solution. O

For the isothermal gas and large ¢, the following estimates on the background
solution are fundamental to our subsequent analysis.

Lemma 2.3. If qq is large and by < s < so, then, with mo = b}/ (4A(1 + b)),

() 0= bo+ O (e "%));

.. _ boC]o —moqg .
(i) U(s) = 1+b3(1+0(6 );
(iii) u3(s) = —2 (14 O(e ™)),

1+ b

Remark 2.4. It follows from (iii) of Lemma 2.3 that the assumption u3(bg) > ~/A
in Lemma 2.1 holds when g is large.

Proof of Lemma 2.3. It follows the third equation in (2-5) that

2.2
5040 (l_p_%).

Inpy —Inpy= —240__
Pro = oaa+sH\ T 2

Setting A = p4/po, we get

2 22
So4o

—— IhA=——F—,
A2 —1 2A(1+53)
which implies

2
) _ 2 1 g2
A =ex (—0 2(1 4 O (e ™% ) and — = O(e "),
A a1+ 0E™ ™) £ = 0"
where my is as assumed.
This, together with (2-5), yields

+ o0 (e™"0%),

_l—l-sg

5040 (1 1) 5040
+

A l—l—sg

2-7)

2
q0 < S()) q0 —mgg?
Uy = 1+ +qoO (e "W).
34 1 S(% 1 S(% CIO ( )
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Following from the monotone property of U (s) in Lemma 2.1, we have
(2-8) Uyp <U(s) < U(bo) = bous(bo) < bous .

By using (2-7) and (2-8), we get

so = by + O (e™™0%).

This proves (i). Then (ii) and (iii) follow from (i) and (2-7)—(2-8). ]
In contrast to the situation in [Chen et al. 2002] and [Xin and Yin 2006; Yin
2006], the proofs of Lemmas 2.1 and 2.3 do not require the smallness of by for

the isothermal hypersonic gas.

Lemma 2.5. Under the assumptions of Lemma 2.3, we have

. reey q0 —mogdy).
0 U'6) = = s 1+ 06 ):
(i) y(s) = — 2040 (14 O(e™™40)).,

(1+5})?
Proof. According to the system (2-1) and Lemma 2.3, we obtain (i) as

Ab — 2
Il (14 0 (e7mo))

U/(S) = - 5 5 2 2 2
Abo(1 +bj) + g5 0 (e "0%) + qo O (e~ ")
q0 —mog?
= —— L (14 0@ mn)y).
(1+ bg)Z( ( )
By (2-1), we have u(s) = —sU’(s), and then (ii) follows from (i). d

We next estimate the eigenvalues A (s) and A, (s) in (2-3) when g is large.

Lemma 2.6. For large qo and fixed by, we obtain

A1+ b3)*?
M(s)zbo—ﬂ;")+0(q52)+0(e‘m043),
q0
VA1 +b3)3?
16 = b+ HHE 1 0(g5 ) + 0 )
0

Hence, My (s) > so and )1 (s) < s for large qo.
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Proof. By using the expression for A;(s), Lemma 2.3 and Taylor’s formula, we
arrive at

_(_bogg % > / @ —mog?
“(s)_((ubﬂ W) [ G =) roe

by A A(1+h0
(1453)? 1+b2 a;

= + O(e %)

( A(1+b§>2
(H—bz)2 a4
1+ bg)*/?
Ibo—\/_(—o)—l-O( )+0(€_m0q0)
q0
We estimate A, (s) similarly. O

3. Reformulating problem (1-6)—(1-11)

Here, we first prove the global existence of a smooth solution to Equation (1-6) with
conditions (1-11). Next, we reformulate the problem (1-7)—(1-10) by decomposing
its solution as a sum of the background solution with a small perturbation. Finally,
using the analysis of the background solution from Section 2, we estimate the
coefficients that in the reformulated problem when g is large.

We have this global existence result for (1-6) and (1-11) on the left hand side of
the shock:

Lemma 3.1. Equation (1-6) with initial data (1-11) has a C* solution ¢~ (x3, 1)
in the domain Q_ = {(x3,7) : x3 > 0,r > x(x3)}. Also ¢~ (x3,7) € C°(2-), and
there exists a positive constant Cy independent of € such that

o~ (x3, ") llck_y < Cre  for any fixed k € N.

Proof. The system (1-6) is quasilinear strictly hyperbolic in the x3-direction for the
supersonic flow u; > V/A. The initial condition (1-11) is of a small perturbation
with compact support. The lemma then follows for large g¢ from the entropy
condition (2-3), the finite propagation property of hyperbolic equations, and the
Picard iteration (or see [Li and Yu 1985; Smoller 1983]). Il

We now start reformulating the nonlinear problem (1-7)—(1-10). For conve-
nience, we henceforth omit all the “+” superscripts in (1-7)—(1-10).

Because the denominator of the system (2-1) is positive in [bg, sg], we can use
(2-1) to extend p, U, u3, and ¢ to [sg, so + no] for small 5y satisfying 0 < ng <
e~Mod; (so — bp). We shall denote the extensions of p, U, us, and ¢ in the domain
{(x3,7) :x3 >0, box3z <r < (so+no)x3} by p, U, i3, and ¢, respectively.
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Let ¢ be the solution of (1-7)—(1-10), and let ¢ be the perturbation of the back-
ground solution, that is, ¢ = ¢ — @. Then by a direct computation similar to [Chen
et al. 2002], Equation (1-6) can be reduced to

B-1) L= fu( vxa,rsb)a%wfu(;—g»Vn,rcb)afgqb

r

x3’
. .1 .

+f22(;_37 VX3,r(p)ar2(p + ;fo(xL:}’ vx3sr(p)’

for box3 <r < x(x3), where

Ly =039 +2P, (;—3)833¢ + Pz(xr—3)a,2¢+ P3(x3, 1)d3¢ + Py(x3, 1,9,
_ 136U )
O=Ger-a
_ UXs)—A
POTGer-a
P3(x3,7r) = — 2S2ﬁ3(s)’2/3(s)+2520(S)ﬁ/(5) _ Ps(s)
S () ) B
_2sU()U'(s) — A —25203(s)U'(s) _ 1 5
Py(x3,r) = r((ﬁ3(s))2 — A) = ;P4(s).

Also fij(s,0,0) =0, and fo(s,0,0) =V, fo(s, g1, g2)l4q—0 = 0.
Meanwhile, on r = bgx3, we have

(3-2) 0@ = bod3¢.

On the free boundary r = x (x3), we can use the continuity condition (1-10) to
rewrite (1-9) as

(3-3) H(Vo)((3:9)* + (339)* + q0d39) — pogodse =0 for r = x(x3).
As in [Chen et al. 2002; Godin 1997], we introduce the notation

X (x3) — s0x3
X3 '

§(x3) =
Then we can rewrite (3-3) as

(3-4) B10,¢ + By03¢ + B3¢ =k (&, V,, ,¢) forr= x(x3),
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where
0
By = — f(Ui +us; U3y —qo)) Uy +2p,. Uy,
P+ 12
By = — X(UJr +u3y (U3g — qo) )usy + 201 (U3 — qo) + (P4 — po0)qo.

By = p4 (2U4 U’ (s0) + 2(u34 — qo)id3 (s0) + qotds' (s0))
+ 5 (s0) (U + us 1 (35 — qo0)) — pogotis (s0),

and the generic function « (§, V,, ,¢) will be used to denote the quantity dominated
by C|(&, V,.,®)|*, where the generic constant C doesn’t depend on .

By Lemma 3.2 below, we know that By # 0 in (3-4) for large gg. Thus Equation
(3-4) can be reduced to

(3-5) Bg+pa =k (§, Vg rp)  forr = x(x3),

where B¢ = 0,¢ + 193¢ with u; = Bo/B; and uy = B3/ B;.
Besides, (1-10) implies x'(x3) = — d3¢/9,¢ for r = x(x3). By an analogous
computation in [Chen et al. 2002], we have

(3-6) 83 (x36 + Ui+¢<x3, X(3)) = k(€. Vi, 9).

In addition, it follows from Lemma 3.1 for the solution ¢~ (x3,7) € C;°(2-)
in (1-6) that, near the vertex of the cone r = byx3, by the hyperbolicity of (1-7)
with respect to x3 and the finite propagation property of hyperbolic equations, the
solution ¢ (x3, r) is actually the background solution ¢(x3, r). To prove Theorem
1.1, we use that the local existence and stability result for the shock solution from
the appendices of [Godin 1997] or [Godin 2005] imply that we need only solve
the problem (3-1) with the boundary conditions (3-2), (3-5)—(3-6), and the small
initial data of @ (x3, 7)|x;=1, 03¢(X3, r)|x;=1, and & (x3)|,=1 in the domain {(x3, r):
x3 > 1, boxz <r < x(x3)}. Here the smallness means that

d's
l . _
(-7) SV, ¢l and Y ‘E‘ga for x3 = 1,

[<kg 1<kg

where kg € N with ky > 5.
For later use, now we give detailed estimates of the coefficients in (3-1), (3-4),
and (3-5).
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Lemma 3.2. If qq is large and by < s < sy + 19, then

Aby(1 + b?)? B
Pi(s) =bo+ ————5——+ 0(qy ),
99
A1+ Db3)(1 + 3b3 ~ 1 m
Pi(s) = —1 - ALHIUHID) | oty Bys) = 09,
N )
A —b)(1 +b2)? - A(l 4+ b)? _
Py(s) = bj — ( 0)2( i +0(gh,  Pals) = ————5"=+0(g,").
90 99
4AD3 (1 +b?) B
Pj(s) = —2by — —>—— 4+ 0(gy ™,

4y

Proof. We only compute P{(s), as the other terms can be treated similarly. Since
(ﬁ(s), 13(s)) is the extension of (U(s), uz(s)) in [bg, so + no] and also ny <
e~Mogs (so — bo), it’s enough for our computations to use (U (s), us(s)) instead of
(U (s), ii3(5)).

It follows a direct computation and Lemmas 2.3 and 2.5 that

us($HU ) +uz()U'(s)  2u3(5)U (s)ujy(s)
u3(s) — A U3 (s) — A)?

B by —1 B 263

- (1+b3)(1—%§”5)2) (1+b3)(1-%§’5)2)2

P/(s) =

+ O (e7"04)

A(144b2 + 3b%
S ) 0)+O(q0_4). O
qp
With respect to B; fori =1, 2, 3) in (3-4) and p; for j =1, 2) in (3-5), we have
this:

Lemma 3.3. If qq is large, then

2b

By = 2580 (14 0(emoy),
% —mog?

= 1+ 0 (e %)),
1 — bZ M1 (
e
0 po = — —2 (14 0(e %)),
2(1+ b2
bop+q; 2 (1+bp)
By= — ——2(1+ 0(e %)),

(1+b3)?

Proof. The lemma follows from a direct computation, which we omit, using Lem-
mas 2.3 and 2.5. g
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4. Uniform estimate on problem (3-1) with conditions (3-2) and (3-5)-(3-7)

Here, as in [Chen et al. 2002] and [Xin and Yin 2006], we will choose the ap-
propriate multiplier to derive an energy estimate for the linearized problem, that
is the linear parts of problem (3-1) with conditions (3-2) and (3-5)—(3-7). Finding
such a multiplier is rather complicated for the following reasons. First, to verify
the global existence, we need to establish a global estimate independent of x3 for
the solution and its derivatives on the boundary and in the interior of its domain.
This yields several restrictions on the multiplier and makes the computation very
delicate. Second, because our background solution is self-similar on a fixed domain
and depends on the vertex angle of the cone and the speed of the incoming flow,
the coefficients of the linearized problem are variable. This implies that we should
search for the multiplier by solving a system of ordinary differential inequalities
with very complicated coefficients. Third, the boundary condition on the surface
of body is of Neumann type rather than Dirichlet type, and the coefficients of the
nonlinear problem depend on the incoming flow. These two facts induce some
essential differences with the treatment of [Godin 1997], (although the ideas there
will give us some heuristics). In particular, Godin could assume that the shock is
arbitrarily close to the fixed boundary, a fact essential to his analysis. In addition, he
could use the Poincare inequality because of the Dirichlet boundary value; however,
this is not the case in our problem. Finally, compared with the methods in [Chen
et al. 2002; Xin and Yin 2006], we need to choose the multiplier to overcome the
new difficulties induced by the possible largeness of by and the special asymptotic
expansion of the background solution in the isothermal case.

Theorem 4.1 (Energy estimate). Set Dy = {1 <x3 <T, boxz <r < x(x3)} for any
T > 1. Assume that ¢ € C 2(Dy) satisfies the boundary conditions (3-2) and (3-5),
and |&(x3)| + |x3&' (x3)| < Ce for some small ¢ > 0 and x3 € [1, T). Then for fixed
u € R, we can choose a multiplier M = ra()%)@y,(ﬁ + x_gb(xlg)a,gb such that

x(T)

@4-1) c;7+*! /

1V, ¢(T. 1) Pdr + C f / MV ol2dr dxy
boT Dr

+C / x5 " o3 Pdl + Ca / xy " lsg Pl
r'r

Br

< / / ;M LoMdrdxs + Cs / x; " Bg|dl
DT l—‘T

x (1)
+Cs / (161, PP + 1,61, P P)dr,
bo

where U'r ={1 <x3<T,r=x(x3)}, Br ={1 <x3 <T, r =boyx3}, and the positive
constants C; fori =1, ..., 6 are independent of T and ¢ (but depend on by, qo and
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). Also,
_ N Aby(1+b5)"?

2q0

C (b, _ _
Cszw—kO(qo 3) + 0 (e %),

90
with C (bg, ) > 0 a constant depending only on by and 1.

4 +0(gy%) + O(e™9),

Remark 4.2. The values of constants C4 and Cs will play an important role in the
energy estimates for the nonlinear problem (3-1), (3-2), (3-5)-(3-7); see Section
5. By the choices of C4 and Cs, together with the shock equations (3-5) and (3-6),
we can show that the term Cj; fl“r Xy putl |Bg|*dl can be absorbed by the left side

of (4-1).
Proof. Integrating by parts, we have
x(T) x (D

4-2) // x;”L(ngbdrd)Q = T_“/ K5(T, r)dr —/ K5(1, r)dr
Dr boT bo

[ oks = Kodt+ [ 57K Ko,
Br r

T
+ / / x; " (Ko(339)* + K1(3,9)* + K20398,¢) )drdxs,
Dt

where

Ko= — "93a | xs0:b —8r(rP1a)+rP3a+M—;a,

2 2 2x3
Ki= — 8303 P1b) + 5d3(Paa) — 50 (Pab) +x3 Pab+ 5 —(2xs Pib —r Pya),
3
Ky, = —03(x3b) — 0, (r Pya) + x3P3b +r Pya+ ub,
P .
50,9,

Pb . .
B 0,9

We intend to find the positive functions a(r/x3) and b(r/x3) such that all inte-
gralson D7, By, and t =T in the right hand side of (4-2) are definitely positive and
the integral on ' gives a suitable control on ¢. This will be done by following
the steps in [Chen et al. 2002]. However, as already mentioned, many concrete
computations will be different from those in [Chen et al. 2002] because of the
possible largeness of by and the special asymptotic expansion of the background

solution in Lemmas 2.3 and 2.6.
For the notational convenience, we set

K3 = 5 (359)° +x3bd39, ¢ + (x3Pib -

K4 = (rPia— %)(83@2 +rPadzo, ¢ +

b(s)

sa(s)

A(s) =
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Step 1. Estimate of [ x; " (boK3 — K4)dl.
Using 9,¢ = bgdz¢ for r = bgx3, a direct computation yields

boKs — K = x3(059)*( (b (bo) — ba(bo)) (4 + b3 + B Py (bo) = 5 Pa(bo)l})
+boa(bo) (bo + b3 + b} Py (bo) — B Pa(bo) = Pi(bo) — bo Pa(b) ).
It then follows from Lemma 3.2 and a direct computation that

% + b(z) + bgPl (bo) — %Pz(bo)b(z)
_ (1+B)? N AB3(1+b2)3
N 2 2q§

+0(qy " + 0 (™) > 0.

In addition, as in [Chen et al. 2002], we have
bo + by + by Py (bo) — by P2 (bo) — Py (bo) — by Pa(bo) = 0.
Thus
boKs — K4 = x3(33¢)*boa(bo) ((bo) — bo) (3 + b + by P1 (bo) — 3 Pa(bo)bg) > 0
provided that
4-3) A(bo) > bo,

which gives a constraint for a(s) and b(s) on s = by.
In this case, for large ¢, we have

(4-4) /B x3 " (boK3 — Ka)dl = a(bo)(A(bo) — bo)

<bo(1 +52)? AR+ b))
X
2 295

+0(gy ™+ O(emoq§)> / x5 "ozl 2dl.

Br

Step 2. Estimate of T~# fb)f)(TT) K3(T, r)dl.
On the line x3 = T, we can write K (T, r) as

K3 (T, r) = sa()T (3 @30) + 2()0390,6 + (P 3(5) — 1 P2) 0,9)%).
To ensure K (7T, r) > 0, we require
A =2%(s) —2(PiA(s) — 3 P,) <O.
This leads to

(4-5) A1(s) < A(s) < Aa(s).
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Also,

x(T) x(T)
(4-6) T”/ Ks(T,r)dr > C1T7“Jrl / |Vx3,r</')(T, r)|2dr,
bOT b()T

where C; > 0 is a constant depending on g, bg, and .

Step 3. Positivity of the integral on D7 .
We will choose a(s) and b(s) such that

Ko(339)> 4+ K1(8,9)* + K203908,¢ > C2((339)* + 8,9)%),

where C; > 0 is a constant depending on g, bg, and .
The above estimate holds if Ky, K, and K; satisfy

Ko>0 and K37—4KoK; <0.
Set
Qo = a(s)(—P{s — Pi + Py + tus),

Q1 =a(s)(—5Pss _QMP25)+b(S)(P1S_le+(M_1)Pl+ )

Q2 =a(s)(—Pr— Pys+ Pa) +b(s)(u— 1+ T3)'
Then a direct computation yields

Ko = (35> — Pys)d'(s) + 3b'(s) + Qo,
Ky = —1Ps%d'(s) + (Pis — S )b (s) + Q1.
Ky = — Pysa’(s) +sb'(s) + Qa,
and
K3 —4KoK| = (= Pasa(s) —l—sb/(s))2 +205(—Prsa’(s) +sb'(s)) + 035 —4000,
—4((35* = P1s)d'(s) + 3b'(5)2) (=1 Pas?a’ (s) + (P1s — 1 P)b'(5))
+4Q0(3P2s’a’ () — (P1s — 5P (s)) —40Q1((35° — Pys)a’(s) + 5D/ (s))

As in [Chen et al. 2002, Step 3], we introduce the notations

a1 = — PyQas + P,Qos> — Q1 (s* —2Pys),
ay = 025 — Qo(2P1s — P,) — 0y,
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and
ay+aPis

Y =d'(s)+ —
AS2D1

9

Yo = — Pisa'(s)+b'(s) — aggs)’

ax(s) (s —P1)(a +azP1s))
24 245D, ’

where A = —(Py+s%2—2P;s)and D; = P12—P2. Then Ky > 0 and K22—4K0K2 <0
are equivalent to

Y3 = —(Q0+

(S2 — P1s)Y1+Y,—2Y3 >0,
(4-7) P2 2 Fy2 2

To solve the system (4-7) as in [Chen et al. 2002], we must to study the solv-
ability of the differential system

, ai +apyPis s—Py/, , ap
@8 dw+T s - (b (s) — Pusd(s) — Z) Fk(s)als),
/ / az D,
b@»%@a@»TZ=Z(/%@Hw%wﬂﬂ@ﬂn+4@—Mwm@XrJD)

where the new functions 6g(s) > 0 and k(s) > 0 will be determined together with
a(s) and b(s).
In light of Lemma 2.6, if we assume

(4-9) s < A(s) < Aa(s)

then (4-3) and (4-5) hold simultaneously.
We note that the first equation in (4-8) is equivalent to

(s — P(A(s) — Py)

(4-10) (1+ - )a’(s)
1
s—Pi(s)/ ~ -, ar ay+axPys
= — T((A(S)‘i‘&‘)\, (s))a(s)— X) —I—k(s)a(s) —TDI

Under the restrictions of (4-9), Lemma A.1 shows that for large go

(s — P)(A(s) — P1)
14+ D, >

0.

Thus (4-10) can be written as
D,
Dy + (s — P)((s) — Py)

@1 d =00+ K(s) )as),
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where

< (% A ! : 5) Py
= sPl (A(s) + s\ (s) — gi((l))) _ al(vgzaj((;)) s

Dy + (s — P)(A(s) — P1)
If we seta(bg) =1, then (4-11) has a unique positive solution a(s) in [bg, so+10],
as follows:

s, D
= — k dst.
) exP{/ho<Q°(s)+D1+(s—P1>(x(s>—P1) ©) S}

By the analogous treatment in [Chen et al. 2002], the second equation in (4-8)
can be changed to

Qo(s) =

(4-12) Ao(K2(s) + A1 ($)k(s) = As(s).
where
s(A(s) = P1) Dy D, 2 Dis?
A = — — — P - —,
o) (D1+(s—P1)(A(s)—P1> 3¢ ) -

s(A(s) — P\)Dy

Al(s)=2( L +2~1s(s—P1)>
Di+(s—=P)A(s)—P1) A
s (1) 570 = 22 s~ POV ).
a(s)A
ax(s) 2

Ay(s) = — — =

A2\a(s)  a®(s) a(s)A

The Equation (4-12) will have a positive solution k(s) if Ag(s) <0Oand A, (s) <O.

For the negativity of Ay(s), refer to Lemma A.5, and see Lemma A.6 for the

estimate of Aj(s). To ensure the negativity of A,(s), as in [Chen et al. 2002], we
will choose A(s) such that

D? (80(s) 4Y3(s)

)= (1) + 576 = 22 +5G:5) = P 0o ()

4DIYi(s) /- - - - ar(s) \2
(4-13) — 137 o (A(s) 45X (s) + s(A(s) — P) Qo (s) — ap

A2a2(s) ( Do a(s)A>
More concretely, we set Ax(s) = — 1.

To assure (4-3), (4-5), (4-9), (4-13) and related properties hold, we choose A(s)
as
- so+1no—s 1 s —bo 1

4-14) A(s =—<1——)A s +—(s +— (X2(s0) —s0) ),
@14) 2= (1 el P (so s Gate D)

where 79 is a constant given in Section 3.
In this case, Equation (4-12) has the algebraic solution

—Ai(s) =/ AT(s) —4Ao(s)
k(s) =

2A0(s)

>0
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The corresponding function §yp(s) can be chosen as

_a’ (A% : - - - ax(s)\2 4D?Y(s)
=" ((Res)+si (s)+s(k(s)—P1)Q0(s)—a(s)g) s -1).

where

a(s) = exp{/S<Q0(s) + D = k(s))ds},
bo Dy + (s — P)(A(s) — Py)
b(s) = si(s)a(s).

Lemma A.4 shows that §g(s) > 0. Finally, we arrive at

(4-15) / / x3 " (Ko(@39)” + K13, 9)* + K2d3¢3, §) dxsdr
Dr

zC// X3 Y|V r@* dxsdr.
Dr '

The function ):(s) in (4-14) is chosen to be different from that in [Chen et al.
2002], because we must overcome the new difficulties incurred by the possible
largeness of by and working with an isothermal gas. Next we specify the form of
):(s). First, we let its value be close to A2(sg) on the boundary r = bpx3, so that the
coefficient of x3(83<,b)2 in bgK3 — K4 of Step 1 is of O(1/qp). This eliminates the
influence of the possible largeness of by. Second, we choose its value near sg on
the shock r = x (x3) so that the coefficient of fFT x5 #*11B¢|2dl in the right side
of (4-1) is as “small” as O(I/qé). This will imply that the term fl‘r x;’“rl |Bo|dl
can be absorbed by the left hand side of (4-1), together with the shock equations
(3-5) and (3-6); for details see Section 5. Third, we let the derivative of ):(s) be
large, so that (4-13) holds. Finally, the differences of O (1/qg) between X(so) — 50
and ):(bo) —byg (see the second and third parts of Lemma A.2) will play a crucial role
for overcoming the difficulties induced by the possible largeness of by; see Lemma
A.8, (4-4) and the expressions for C4 and Cs in (4-1). This will allow the right side
term [ x;""'|Bg|?dl to be absorbed by the left side term [, x3 "' |33¢%d!
together with Equation (3-6).

Step 4. The estimate of [;._ x; (K4 — x'K3)dl.
By the assumption on £ (x3) in Theorem 4.1, it follows from the expressions of
K3 and K4 that for r = x (x3)

I = Bo(339)* + B18390,9 + B2 (3,9)°,

K4—X/K3 =x3boa(sg)(I+11), with )
11 = (O(e—moqo) + 0(e))|Vx3,rgb|2,
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where

Bo = Pi(s0) — 50+ 3 (s0 — A(s0)),
B1 = Pa(so) — Sg + 50(s0 — A(50)),
B2 = 50 P2(50) — 55 P1(s0) — (% Pa(s0) — 50 P1(50)) (S0 — A(s0)).

Noting 9,¢ = B¢ — 03¢, we have
1= (Bo—wi1Bi +1iB2)(@39) + (B1 — 211 82) Bodsg + Ba(Bg)>.

By Lemma A.8, we have

Bo— m1B1 + 32 = A(L+b3)*/(4bogd) + O(qq ) + O (e™"0%),
Br —2um1 B = — vV Aby(14+b2)>"2/(243) + O(qo_4) 1 O(em040),
Br= — Abo(1+53)%/(ad) + O(g;>) + O(e"0%).

Noting that inequalities 339 B¢ < $((B¢)* + (33¢)%) and By — 2182 < 0, we
arrive at

A(l +b(%)4 -3 —mog? N2
1> (qu +0(g5") + 0(e™"%) ) (339)
Abo(1 4 bj)? _ - ,
- (5 ol + 0 8g)*
0

Thus, for r = x (x3), we have

(4-16) x; " (Ky— x'K3)dl > (o(e—moq§)+ 0(s)) / 5N el
FT 1—‘T

A1+ b)* 2
rat) [ 5 (P50 06 + ot @
r'r 4qO
ABS(1+b3)? 2
- (—O(qj 24 0"+ 0 ™)) 39 )i
0

with 1 — C(bo, 1) /qo0 < a(sg) < C(bg, n); see Lemma A.7.



278 DACHENG CUI AND HUICHENG YIN

Substituting (4-4), (4-6), (4-15) and (4-16) into (4-2), together with Lemma A.2,
yields

x(T)
c\ T / Vaor ¢(T, P)Pdr +Cs / / 7 Vi dlPdr dxs
boT Dy

A(l +b?)* B )
<—( 20) +0(6]0_3)+0(em°qg)>/ x5 " ozg)2dl
4qO I'r
VAby(1 + b2 _ _
+( ol +5o) +0(q02)+0(e—moq5))/ x5 " osg)2dl
ZQO Br
x(1)
S// xg_“L</3M¢drdX3+C6/ (@1, r) >+ 18391, r) > dr
Dr b()
C (b, ~ _ _ .
+(%+0(g0 4 0(e '"0‘13))/ Bl
0 I'r

where the constants C, C, and Cg are independent of T and e but depends on ¢,
bo and . Therefore, Theorem 4.1 is proved. g

5. Higher-order energy estimates and the proof of Theorem 1.1

To prove Theorem 1.1, we need to obtain higher-order energy estimates, so that
we can derive the decay properties of V., ,¢ and &(x3) for large x3.

Theorem 5.1 (Higher-order energy estimates). Assume that ¢ € C k(Dr) and
£(x3) € Ch[1, T] with kg > 5 is a solution of (3-1) with the initial boundary
conditions (3-2), (3-5)—(3-7). In addition, assume |&(x3)| + |x3&'(x3)| < Ce in
(1, 7],
> xViEeGs. nl < Ce,
0=/<[ko/2]
and & > 0 is sufficiently small. Then for u > 0,

x(T)
_ . 21— .
/ E: T ﬂ+1|v§ji<p(T,r)|2dr+// E: xy MV G1Pdrdxs
by D

o o<i<ko—1 T 0<i<ko—1
2—pu+1 gl+1 -2 2—pu+1 gl+1 -2
+ > X Vi glPdl + > X Vi gl2al
T 0<i<ko—1 BT 0<i<ko—1

x (1)
fc(/ Z|Vfc3,r¢(1,r)|2dr+¢2(1,X(l))+¢2(1,bo)+$2(l)).

bo o<i<k
Here and below C > 0 denotes a generic constant depending on qq, by, and L.

Remark 5.2. As in [Chen et al. 2002; Godin 1997; Klainerman and Sideris 1996],
we will use the vector fields that are tangent to the surface of the cone and nearly
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tangential to the shock front. The higher-order energy estimate then follows by the

standard commutation argument.

Proof. Since the vector field S = x303 + 79, is tangent to the boundary r = byx3s,
then we have 9,5"¢ = byd35™¢ on r = bpx3 in view of the boundary condition
(3-2). So we can apply Theorem 4.1 to S"¢(0 <m < ko — 1) and derive

x(T)
(5-1) T‘ﬂ“/ § |vx3,rsm¢)(T,r)|2dr+/ x;““ §j|vx3,,sm¢|2dz
b Br

0T 0<m<ko—1 0<m<ko—1

—_ .2 —p+1 212

[ at X Wastilrdn s [ Y 9,smgRdl
Dr 0<m<ko—1 Tz 0<m<ko—1

< C(qo, bo, i) (// X3 . Z LS"oMS" ¢drdx;

0<m<kp—1

+f ! Z |BS’”¢|2dl+/ Z IV;';’,gb(l,r)Fdr).
r'r

0<m=<ko—1 bo 0<m<ko—1

x (1)

Following the proof procedure in Theorem 5.1 of [Chen et al. 2002], we can
obtain

x(T)
. 20— .
(5-2) Z T~ “+1|Vf€;“}go(T, r)|2dr+/f Z X3 “IVi;i<p|2drdx3
D

BT g<j<ky—1 T 0<l<ko—1
2l—p+1  Gl+1 2 21 utl gl+1 22
+/ R S\t dl+/ Vg 2l
I g<i<ky—1 BT 0<1<ky— 1

<C<qo,bo,m( > Vi al + / x5 * g Pl
T

I'r 0<i<kg—2
x (D)
[ x},¢<1,r>|2dr).
by

0<I<kg

In particular for ky = 1, the boundary condition (3-5) and Lemma 3.3 give

q2

(5-3)  [Bg(x3,r)|* < PpYE

(1+ 0@™™%)[£(x3)[2 + Ce?| Vs, 101,
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Thus it follows from (4-1) and (5-3) that

x(T)

(5-4) 7! / Veor §(T, 1)+ Cs / / TV 6 Pdrdxs
boT Dr

A(l+ b3
(M
(\/_bo(l +by)""?

2q0

+0(qy )+0(em040))/ x5 a9 2dl
I'r

—I—O( )—I—O(e—moqo))/ x;“+]|a3¢|2dl
Br
< (caao, 1w+ 0@y + 0<e'"°‘15)> / x5 ") Pl
r'r

x(1)
+06/ (6(1, N2 +1956(1, HP)dr.
bo

It then follows from (5-2) and the induction argument that the crucial step for
proving (5-1) is to estimate the first term on the right side of (5-4). We note that it
has a constant factor C(bg, ) (not a small constant for large by). We will manage
to show that this term can be absorbed into the left side of (5-4) by using Equation
(3-6).

By the assumptions on &(x3), we have

T
(5-5) ‘“+1|g(x3)|2d1_( 1+b(2)+0(8)+0(e*moq3)> / x;“+1|g(X3)|2dx3.
I'r 1

The term f lT Xy ’ +1|.$§()¢3)|2dx3 can be treated as follows:
L T
[ s el =[xt s P
1 1
o -1 1 2
<2 / 057 s )+ s, x (o) iy
1
f | —(x3, x(x3)|*dxs =T+ 1L

Here and below, we use the inequality (x + y)? < 2x? 4 2y repeatedly.
For I, as in [Chen et al. 2002; Godin 1997] for u > 0, we use the Hardy type
inequality to obtain

T
/ —#—l 2(z)dz<—/ a7 (Z)Izdz+ u 2(D).
1
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With the boundary condition (3-6) and the assumptions in Theorem 5.1, we have

16 T —u+1 1 . 2
5:6) 1112 [7 a7 an (vt + g, xoe) e

F2EWD 4 (1)
T
<Clom (& [ 5 e P+ 19 9 x G2 P

+E2 (D) +¢2(1, x(1)).

Now we split I into II; +-II, so that we can estimate II by using the line integral
on r = bpx3 and the double integral in the interior of Dy, where

_ 4 T —u—1, . . 2
I =— [ x37 o3, x(x3)) — @(x3, box3)|“dx3,
Ui

_ 4 ! —p=l . 2
Ih=— [ x3" '[o(x3, box3)|"dxs.
Ui

II; can be treated as follows:

2\2 T x(x3) )
(5-7) || = %(Howmoq@)) / x;“‘l( / 3rgb(X3,r)dr) dxs
040 1 box3
4(14b3)? a2 L, e 5 o | x(x3) — box3
<——55—(1+0¢( m"%))f x ”/ 10,@(x3, )| dr —‘d)@
bo N 1 box3 X3

< (0(e) + 0 (e7™%)) //D x3 19,9 (x3, )| dr dx.

Using again the Hardy type inequality and the boundary condition (3-2), we
have

32(1 +b3)?
(5-8) || <« ——— Cbo. W), 2(] b )+(2;22)(]+0(e—m045))
qO 1< onQ

T
_ . i 2
Xf X3 ”+1|b08r<p(x3,box3)+83<p(x3,b0x3)| dx3
1

_Clbo.) DA+R T
ER 21, by s B (140 ) [ a7t g e boxa) P,
C]o Hn ono 1
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Substituting (5-6), (5-7), and (5-8) into (5-5) and (5-1), we have

x(T)
(5-9) 7! / Verr §(T, 1)+ Cs / / 3T V6 Pdrdics
boT Dr

A(1+b2)* _ .
((—20) +0(gy ) + o(efmoqg)) / x5 "ozl
4qO I'r

Aby(1+b3)7/2 _
+(f o 0) +0(qy Y+ 0™ moqo))/ x; #9500 2dl
ZQO Br

< (C(bo ) .

0(gy™) + 0(e™"%) + 0(e)) f x; " osg17dl
4%

Br

x(1)
+cﬁf (6(1, NP+ 19561, HP)dr.
b

0

In this inequality, the main coefficients of [ By x3 " i |83¢|%dl on the left and right

side are respectively VAby(1 + b(z))7/ 2 /(2q0) and C(bg, 1) /qg. Then for large qq,
with fixed bg and u, one has

VAby(14b3)"/? _ Clho.w)
2510 CIO
Thus Theorem 5.1 follows from (5-9) and (5-10). Il

Proof of Theorem 1.1.

The local existence of the solution to (1-6)—(1-11) can be obtained as mentioned
in Section 3, provided the initial data is smooth and satisfies the compatibility
conditions. If we can show that the maximum norm of ¢, &, and their derivatives
decays with a suitable rate in x3, then the solution can be extended continuously
to the whole domain.

It follows from the Sobolev imbedding theorem (see [Godin 1997, Lemma 14])
and the assumptions of Theorem 5.1 that for box3 <r < x(x3) and 1 <x3 <T, we
have

(5-10)

x(x3)
(5-11) > |x3v;+,¢| <Cxj / D XAV G, ) dr.
b

0</<ko— 5 0=l=ko—1
In addition, Theorem 5.1 implies for p > 0 that
x(x3) .
(5-12) / Z IXAVETL G (x3, r)dr < CePxy ™
boxs  o<i<ky—1

Hence, combining (5-11) with (5-12) yields ZOSIS,CO_ZIXQVEMF < C82x§‘_2 for
boxs <r < x(x3) and 1 < x3 < T. By using kg — 2 > [ko/2] + 1, we derive
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Z,S[k0/2]+l|xgv)’;}¢| < Csxg/z_l. This, together with the equations (3-5) and
(3-6), yields |£(x3)| + |x3&'(x3)] < Cext/*~'. Noting that the constant C is in-
dependent of T and choosing the constant ;1 with O < p < 2, we obtain a global
C? solution to the problem (1-6) and (1-7) with conditions (1-8)—(1-11). Since the
initial boundary values are C* in (1-8)—(1-11), the regularity of solution can be
improved to C*, and the proof of Theorem 1.1 is completed. O

Appendix

Here we prove several results used earlier. For simplicity, we denote by C various
positive constants which are independent of gg but may depend on by and .

Lemma A.1. Assume that (s) is given in (4-14), then for large qo, the coefficient
of ' (s) in (4-10) is positive. Specifically,

A P1)(A(s) — Py)

D :1+0(q0_1)>0, where D1:P12—P2.
1

Proof. 1t follows from Lemma 3.2, the expression for A(s), and a direct computa-
tion that for large go

Al +b2)3
Di(s) = (—20) +0(gy ") + 0 (%) > 0,
)
Abo(1 + b2)?
s—Pi(s)= — M +0(gyH + O(e™40) < 0,
49
and A(s) — Py = O(gy ). The claim follows. O

Lemma A.2. If qg is large and X(s) is given in (4-14), then for by < s < so+ 1o we
have

s < X(s) < M (s),

- VA +b})3?
K0y — 5= YR 4 054+ 0,
9o
- VA1 +b3)3?
A(bo) —bo = % +0(g;H) + O(e™0%),
0
- 1 A(l+ D232 c
)\/(s) = — (\/_( O) + 0(6]62) + 0(€—moq§)> < __emoqg.
50+ 10— bo 490 q0

Proof. The claims follow directly from Lemmas 2.3-2.6. O
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Lemma A.3. If qo is large, then

- A(1+b2)3 )
A= (q;z") +0gy") + 0™,
0
B wo 2AbY(1+b3) » —moq?

00 =a() (b0 + == =+ 0y + 0 ™).
2=y Abo(1+bp) (1 — (k= 4by) » Cmod?
Ql—a(s)( s o +0(g; " + O(e q)>

A1 402> — (n—2)b2 >
+b(s) (1 = Do — Sk Sl )°)+0(q54>+0(e*m0%>),
bog;
Ab2(—142b% + 3b} )
02 = ats) (0§ + ZATLEZER0) 4 6g5) 4 0

h)

1
+b(s) <u it O(e—moqé)),
0

Also, modulo additive terms of O(q, 4) + O(e_’”oqg ),
Abo(1 4522 ((1 — 2)b(s) + b (als) + 2u — 3)b(s)) — (u — 2)bla(s))
a5
A(1+b5)2(b(s) — b (a(s)m + (1 —2)b(s)) — bia(s))
bog}

ai(s) =

9

ax(s) =

Proof. Using the expressions for A, Q;fori =0,1,2,and a;(s) for j =1,2, a
tedious but direct computation verifies the claims; here we also omit the details. []

Lemma A .4. If we choose X(s) as in (4-14), then for fixed u € R

4D3Y3(s)

A-1 =
(&1 A2a2(s)

) ) ) _ 2
+1<OmwﬂWGHw@@*4”Q“”‘§§%)'

Proof. By Lemmas 3.2 and A.2-A.3, we have the estimates

- ; C
Pos~ S A~ A iz,

N N a(s) 90

Di+(s— PG —P)~S. i) < — Cemai,
90 0
Since
N Pi—s7 _ (P1=s)ar(s) _ a1(8)+as(s)P1s

QO(S) = (P =9 () + = A) a(s)As a(s)As?

D+ (s — P))(M(s) — Py)
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we know that the coefficient of (5\/ (5))? in the right-hand side of (A.2) is

( le~ )2 sz.
Dy + (s — P)((s) — P1) 0

This means for large g¢ the right side of (A-1) is not less than (C/ qg)ez’"oqg .
In addition,

Ys | |b(s) (Pis—ipj+ 2B
a(s)|  la(s) 2D
P\Pjs — PyP[s+ P,Py — P\ Py — 1 P}s? b(s) )
= O(e M%) < C.
+ ( 2D, 2boaty 0| =
So the left side of (A-1) is less than C. Thus (A-1) holds for large go. ]

Lemma A.5. For large g, Ao(s) ~ — C/qg.
Proof. As in [Chen et al. 2002], we factorize Ag(s) = A(l)(s)A%(s), where

s(A(s) — P)) Dy

Ab(s) = +&s(s—P1)+&s D,

T DI+ -PYR)-P) A A ’

Ay = — PO PODL D py P
Di+(s—P)A(s)—P1) A A

Since A = (A2(s) —5)(s — A1 (s)) and A (s) = P; — /Dy, we find
sD1((A(s) — P))(Py — s + /D7) + (s — P))(h(s) — P1) + Dy)
(A2(s) — $)(D1 + (s — P)(A(s) — P1))

B sD}2(h(s) — 11(5)
(2(s) = $)(D1 + (s — P)(u(s) — P1))

By Lemma 3.2 and Lemma A.1-Lemma A.3, we arrive at

AY(s) =

C C - C
D~ 5, ) —s~ =, A —M(s) ~
‘h) q0 q0
This yields A} (s) ~ C/qo.

In addition,

A2() = sDY2(h(s) = 2a(9))
T Ga) = (D1 + (s = PDGs) = P
then by a similar computation, one has A%(s) ~ —C/qo. O

Lemma A.6. If qg is large, we have |A1(s)| < (C/qg) exp(moqg).
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Proof. Set Aj(s) = 25D A{(s)A7(s) with

X(S)—Pl +S—P1
Dy + (s — P)(A(s) — Py) A

) | Gis)— P Bols)
a(s)ﬁ 1RO

Al(s) =

’

Ad(s) = A(s) +sA'(s) —

It follows from Lemmas 3.2, 2.6 and A.1-A.3 that A(s) — Py = A(s) —s +s — P =
O(qo™") and |A{(s)| < Cqo.

We now treat the term A%(s). By Lemmas 3.2 and A.1-A.3, we directly observe
that s D11'(s)/(D1 + (s — P1)(A(s) — Py)) is the main term of A%(s). Moreover, it
follows from the fourth relation of Lemma A.2 that '(s) < — (C /qo)emoqg . This
means that for large go |A%(s)| < (C/qo)emoqg.

The claim now follows from Lemma A.1 and the expression for A (s). O

Lemma A.7. For large qo, we have 1 — C/qo < a(sg) < C.
Proof. After noting

S0/ D1
= = k(s) )ds ¢,
@ eXp{A; <Q°“)+'Dl+«s—-Pn<xu>—-Pn C”> S}

a direct computation yields

- 1
Qo(s) = 5
A(14-b3)3 —
L 0Gg)
1 A3 2bo(1+ 37/
x 1 - +0(40+0«%+004,
{ 50 + 10 — bo ( a; fo %o

then, together with (i) of Lemma 2.3, we have

50

Oo(s)ds = O(qy ).

bo
In addition, by Lemmas A.3, A.5, and A.6, and from A;(s) = — 1, we have
2
0 < k(s) = < Ce™s,
JAT(S) —4A0(s) — A1 (s)
Since
D,

. =14 0(g;") + O (e ™%),
Dy + (s — P)(i(s) — P1) (@ )+ 0t )

the lemma follows from

/SO D1 _ k(s)ds < C. 0
by D1+ (s— P1)(A(s) — Pp)
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Lemma A.8.
A(1+b2)* _

Bo— 11 Bi+ 1B = ——— + 0(gy ) + O (™),

4boq,
VAby(1 + b2)>/2

Br— 2o = — YANUEOTE 4 6 ) 1 (e ey,

2q4
Abo(1 + b})* .
Br= — —+0( 3) 4+ 0(e0%).

qo

Proof. We note that p; = ((1 — bé)/(Zbo))(l + O(e_mo‘fg)). Then by Lemma 3.2,
Lemma A.2, and a direct computation, we have

Bo— 1B1 + uips = <P1 (50) — 50 — 1 (Pa(s0) — s§) + i (so Pa(s0) — s5 Py (So)))

+ (So — A(50)) <% — 150 — 41 (3 Pa(s0) — so Py (So)))

_ (A" (1422 N s o
—( 4bog? +0(q >) (Tw(qo >)0<q0 )+ O(e™™0%)
AU+ by)?

+0 + O(e %
T (45°) ( )

and

B2 = 50 P2(50) — 55 P1(s0) — (1/2P2(s0) — 50 P1(50)) (50 — A(50))

Aby(1 +b})? b3 >
=(—M+0( )+ (2 +006™) 05+ 0e™™4)
‘10
Abo(1 + b3)?
:_% 0(qy )+0(e moqo)
0

Also, it follows from Lemmas 2.3 and 3.2 that

B1 — 241182 = Pa(s0) — 55 — 21 (s0Pa(s0) — 5 P1(50))
+(s0 4+ 211 (3 P2(s0) — 50 P1(50))) (s0 — X(50) )

) bo(1+ b A(1+b3)3?
= oy + () L o) (- YAA+B)P |

: Four)

4o
VAby(1+b})/

== T+ 0(gg ) + 0(e"%),
2q0

where we have used second relation from Lemma A.2 to derive the order of g, 3
in 81 — 21 B2. This yields the constants C3 and Cs in (4-1). ]
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