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ZITING ZENG

We present modules for the extended affine Lie algebra g/[;@C/q) by using
the idea of free fields. We give a necessary and sufficient condition for the
modules to be unitary.

1. Introduction

Extended affine Lie algebras are a higher dimensional generalization of affine
Kac—Moody Lie algebras introduced by Hgegh-Krohn and Torrésani [1990] and
systematically studied in [Allison et al. 1997; Berman et al. 1996]. It turns out that
any extended affine Lie algebra of type A can be coordinatized by a quantum torus
(or a nonassociative torus for some small rank cases). Representations for extended
affine Lie algebras coordinatized by quantum tori and Lie algebras related to quan-
tum tori have been studied in [Jakobsen and Kac 1989; Berman and Szmigielski
1999; Gao 2000a; 2000b; 2002; Eswara Rao 2004; 2003; Eswara Rao and Batra
2002; Gao and Zeng 2006; Eswara Rao and Zhao 2004; Lin and Tan 2004; 2006;
Golenishcheva-Kutuzova and Kac 1998; Varagnolo and Vasserot 1998; Miki 2004;
Zhang and Zhao 1996; Billig and Zhao 2004; Su and Zhu 2005; Lau 2005; Bara-
novsky et al. 2000] and elsewhere.

Wakimoto’s free fields construction [1986] provides a remarkable way to realize
affine Kac—-Moody Lie algebras; see also [Feigin and Frenkel 1990; Etingof et al.
1998]. In [Gao and Zeng 2006], we used Wakimoto’s idea to construct a class of
representations for m) and found the necessary and sufficient condition for the
representations to be unitary. Here, we will continue to construct representations
for g[?@/q). As witnessed in [Feigin and Frenkel 1990], the realization for m)
is much more subtle and complicated than the one for gTZFC/q). This construction
for mﬂ might shed light on the general construction for ngFC/q) with n > 4.

We then construct a hermitian form and determine when the form is positive
definite (so the representations are unitary). Unlike [Gao and Zeng 2006], in which
we defined the form on the monomial basis for the module (this idea goes back to
[Wakimoto 1985]), we define the form directly on the basis consisting of certain
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iterated module actions on a “highest weight vector” 1. This facilitates verifying
that the defined form is hermitian.
Let g be a nonzero complex number. A quantum 2-torus associated to ¢ [Manin

1991] is the unital associative C-algebra C, [sT1, r*1] (or, simply C,) with gener-

il’ til

ators s and relations

—1

=t t=1 and ts=gst.

Define a C-linear function « : C;, — C by
(") = 8m.n).(0.0)-
Let dy, d; be the degree operators on C, defined for m, n € Z by
di(s"t"y =ms™t", d;(s"t") =ns"t".

Let gl5(C,) be the Lie algebra of 3 by 3 matrices with entries in C,. We form
a natural central extension of gl;(C,) as

a13(C,) = gh(Cy) ® Ce, ® Cey
with Lie bracket
(1-1)  [Eij (™™, E(s™1™)]
— 5jkqnlm2Eil(Sml+m2tnl+n2) _ 5il¢]n2mlEk.j(sml+m2tnl+n2)
+mlqn1m28jk8”8ml+m2s08"1+"250c3 + nlqnlngjkailfsml-ﬁ-mz,ogm+n2,0Ct

formy,my,ni,np € Zand 1 <i, j, k,1 <3, where E;;(s™t") is the matrix whose
only nonzero entry is s”'¢" at the (i, j) position, and c¢s and ¢; are central elements
of g13(C,).

The derivations dy and d; can be extended to derivations on gl;(C,). Now we
can define the semidirect product of the Lie algebra m) and those derivations:

gG(Cy) = g15(C,) & Cd, & Cd,.
The Lie algebra m) is an extended affine Lie algebra of type A, with nullity
2. See [Allison et al. 1997] and [Berman et al. 1996] for definitions.
2. Module for g/[;tfq)

In this section, we use Wakimoto’s idea [1985] to construct mymodules as
was done in [Gao and Zeng 2006].

Let K ={Bm+1,3n+1) | m,neZ}and K_1 ={Bm —1,3n—1) |m,n e Z}
sothat Ko = —K;. f A= GBm+1,3n+1) € K;, we always write A; =m and
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Ay = n, and similarly, if B= 3m —1,3n—1) e K_{, then By =m and B, = n.
Let
\% =C[)CA,XB tAe€ Kl, B < K_l]

be the (commutative) polynomial ring of infinitely many variables. The operators
X(m.n) and 0/0x¢y,») act on V by the usual multiplication and differentiation.
Form a family of 2 x 2 lower triangular matrices

0
Xm,n = (a(m,n) ) € SLZ(C)
Cmam) dm.n)

for (m, n) € Ky UK_; (so that a(m,n)d(m,n) =1). Set

d
and =c — +d
DX () Q (m.n) (m,n) DX ) + dn,n) X (m,n)

for (m,n) € K; UK_;. Then for A, A’ € K; and B, B’ e K_,,
[Pa, Pa1=104, Qg 1=1[Pp, Pp1=108, Qp1=0
[Pa, Pl =1[Pa, Ol =104, Opl=1[Pp, Q4l=0
[Pa, Qal=064 4
[PB, Opl=90pp-

Fixing a complex number ., we define operators on V. For the rest of this paper,
sums involving A and A’ (or any other decorated A) will range over ;. Similarly,
the B’s range over [<_;. That is, we write ) _ 4, simply as . and so on.

Pn,ny = agm,n)

(u

) _
ey (my,n)) = —q ™"

UP_G3m,—1,3n,—1)

n A +Arm+Ar A’
— > g TR A Gy =130, —1) PA Par
AA

niAi+Bym+BrA
— > gm0 s B Bmy—1.3n,—1) PA PB,
AB

(1)
ely (my,n1) = QGm+1,3n,4+1)

et my,ny) = L8 ). 0.0 + 2 ™ Q 4t Gy 3n1) Pas
A

6%)(?711, ny)=— %,ucs(m,,nl),(o,O)

— 2 ™" QutGmyn) Pa— 2 4% OBy 31 PB,
Y B

(u

) _
ey (my,ny) =—q "™

WP_(3m 41,30, +1)
niB{+Aym|+A>B
— > g TR EN O By Gmy+1.3n,+1) Pa PB
AB
_ Z qn133+32m1+32
B.B

B/
"OB4+B'+3mi+1,30,+1) PB Pp/,
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625)(17’11,”1) = Q(3In|—],3n1—l)»
A
eglf)(ml’ n) =Y q"" QA+@3m —2.3n,-2)Pa.

A
e(M)(m ) _ Z Bn Q P
13 1.11) = = q B+Q@Bmi+2,3n1+2)I'B>

egl;) (my,ny) = %Ws(ml,nl),(o,O) + % %" QB+ Gmy.3n) P,

DWW =Y A104Ps+ Y B1QpPs,
A B

DY =Y A4,04Ps+Y B20pPs.
A B

Although the operators are infinite sums, they are well defined as operators on
V. Now we have the following result:

Theorem 2.1. The linear map  : 9[3/@) — EndV given by

ndy)=DW,  7w(c) =0,

T(Eij(s™t™)) = ™ (my, ny),
n(d) = DY, 7(c) =0,

formy,ny € Zand 1 <i, j <3isa Lie algebra homomorphism.

Proof. The proof is straightforward. However, we will provide a few details. It

suffices to check the Lie bracket (1-1). We will do this systematically so that we
won’t miss any cases.

First, we have

[¢)11(my, ny), €911 (ma, n2)]

A A
=[>a"™" QGmin)+aPas 24" Oy 3y +4' Pa’]
A A

_ (my+A)n+A'n 1 myn
=D g TR O 34 Gma3n) A Par T+ 30" Sy 4my .y 412).0.0)
A/

= %: g A g ) Gma.3n)+ A PA = 50" U my tma.ny 40, 0.0)
=q"" W11 (my +ma, ni+n2) — g™ e 11 (my +ma, ni +na).

The next two brackets are easy.

[ 11(m1, n1), €9 12(ma, na)] = g™ €% 12(my + mo, ny +n2),

[e")11(m1, n1), e¥13(m2, n2)] = g™ ¥ 13(my +ma, ny +n2).
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Next,

[e")11m1, n1), €921 (m2, 1) ]

A —
=2 (=g " [ QA+ Gmy 300 Pas P—Gmy—13n,-1)]
A
A,AA
Z qA1n1+n2A1+Bzm2+BzA1[

A1n1+;1,n2+;42m2+;12;1/ _
q ! [Qa+am 3 Pas Q44+ my—1.3m-1) Pa Pi]

4 Q A+Gm,.,3n1) Pa, QA+B+(3m2—1,3n2—1)PAPB]
A,AB

= g~ AR P 13 4 —1)

_ (A]—&—A,l +m2)n1+n2;§/1 -‘,—Azmz—&—AzA; o _ _
2.4 Q(aml,3n1)+A+A’+(3m2—1,3n2—1)PAPA’

AA
Aini+ny(mi+A)+Arma+Ar(mi+A1) A _ _
+2 9 QA4 Gmy 3n)+A+Gma—1,3m,-1) Pa PA

AA
Al”l1+”2A/|+(nl+A2)m2+(nl+A2)A/1 _ _
+ Z,q Q 44 Gmy 3n)+A"+Gma—1,3m,- P2 A
AA
Ani+na(mi+A)+bdbamr+Br(m+A
+ 3 gArmtmmtADthdbmat BamAAD G 4 B Gma—1.3n0—1) PB Pa,
AB

(using that the second and fourth term cancel each other)

= —g"" (=g~ TIP3 1)

A(i+n2)+Az(mi+ma)+A; A _p.
= 2 g TR O 5 iy a1 300y 4m) )+ A+ A P2 PA
A A

A B B>+A
_ Z q 1(n1+n2)+Ba(m+ma)+Br+A QA+B+(3(m1+m2)71,3(n1+n2)71)PB P4)
A,B

= — g™y (my 4+ ma, ny +n7).

We easily verify the next seven brackets.

e™ 11 (my, ny), W

e

e

e(u)

e(u)

e™15(my, ny), eW

1(my, ny), e

1(my, ny), e™

1(my, ny), e

12(my, ny), e

[
[
[
[e(")u(ml,nl),e(“)
[
[
[

2(m2, ny)

23(m2, n2)

31(m2, n2)

9’

33(ma, n2)

12(m2, n2)

’

I=
]
]
3(m2,n2)| =0
=0
]=0
]=o.

13(m2, n2)

g™ e Wy (my +my, ny +ny),
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Next we have

[e"12(m1, n1), €921 (ma, 1) ]

= Mqimznza(mhnl),(—mzynz)

ny A +nyma+n A’
+> ¢ YO Gy +1,3m + D+ A'+Gma—1,3n—1) Pa’

A/
noymi+Asmo+Arm
+ ) gmmTARmRTAM ) 4L G 41,3041+ Gma—1 3na—1) Pa
A
noymi+Boymy+Bom
+ ) gm0 41+ B+(3ma—1,3n2—1) PB
B
__ nyimy (n1+n2) A 1
=¢""(Xq VO A+ Gy 3my 3m 1300 Par + 380mn0), (cmana)
A/

A
—¢""(-Xq 20m2H) ) 4 4 Gy +3ma, 31 4+3n2) Pa
A

B 1
— > gB Mt O g+ 3ma, 30y +3n0) PB — 381, (—man))
B

nimy , (1)

=q 11 (my +ma, ny +ny) — g™ e (my +my, ny +no).

The following six brackets can be checked easily.

= g"im2 (1)

[ 15(my, n1), e (ma, ny) 12(my +ma, ni +na),

mm2 U0 3 (my +my, ny +ny),

I=q
[e™ 12(m1, n1), e o3 (ma, n2)] = q
[e%12(m1, 1), e 31(ma, no)] = — g™ W3 (my +ma, ny +n2),
[ 12(my, 1), e 32 (ma, n2)] =0
[e")12(m1, ny), e 33(ma, n2)] =0,
[ 13(m1, n1), e 13(ma, n2)] = 0.

Next,

[e)13(m1, ny), €921 (ma, n2)]

=2 ¢®"™ Qb1 Gmi+2.3m+2 PBy =4 """ W P_ Gy —1 3n0—1)
B

ny A\ +Army+Ar A
— 2 g A Gimy—1.3ny—1) PA Pa’

AA
nyA1+Boma+BrA
— 3 gArmrRA Y g Gmy—1,3n,—1) PA PB]
AB

A|+B+my)ni+ny+A1+Bymy+BrA
=—Y gWtBirtmmtntditbmtBdi g o 3421 AL B+ Gma—1.3n2—1) Pa P
AB

+B)+A +A +B|)+B
+ 3 grmitBoTAamat A BOTBI ) 0 30,424 B4 Gma—1.3,—1) PA P
AB

—many+(—mij—ma)n
g P 1~ —3na— 1)
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+ Z qnzA/l+(n1+Bz)m2+(n1+Bz)A/1+Bln|QA,

+Gm 42,301 42)+ B+Gma—1,3m—1) Pa’ PB
A B
na (B, +my)+Bymo+Bo(B +m)+B'\n
+ Y g BrtmotBamat Ba(Byimo+B "O B+ (Gmi+2,31142)+B+Gma—1,3n,—1) P’ PB
B.B'

(using that the first and fourth terms cancel each other)

=q"" <q_(ml+m2)("1+"2),uP—(3m1+3m2—1,3n1+3n2—1)

(n14n2)A"+Ar(mi+my)+Ar A
+ D g MTRATRUTIITRA Q) 4 A Gmy+3ma—1.3m43n0—1) PA Par
AA

12) A1+ Ba(my+ma)+ B2 A
— Y gmtn)AvtBamitma) B 1QA+B+(3m1+3m2—l,3n1+3n2—1)PAPB)
AB
= —q"™ e 3 (my +ma, ny +n).

The following two brackets are easy.

[e)13(m1, n1), €922 (ma, n2)] =0,
[e13(m1, ny), €¥23(m2, n2)] = 0.
Next,

— [e"13(ma, n2), €31 (my, n1)] = [e¥31(m1, ny), €% 13(m2, 1) ]

Ay+myB
=Y ¢"M" PO Gm 2,30 -2 +4 PA, QGmat2.3m+2)+8 PB]

)

Bi+ny(my+B
=Y gnBitmmtB G s 301300+ B PB
B

A+ +A
— Y g ATt AD O s 30130 +A PA
A

B B |
=" (X g™ P B QG 3y 314300+ B PB + 3 8(m, tmamy 12),(0.0))
B
A A 1
—q"" (Z q" rhnamit Ay O 3my+3my.3n,43n)+A Pa + E'ug(ml+M2,n|+n2),(0,0))
A

=q""eW33(my +ma, ny +n3) —q""e™ 11 (my +ma, ny +ny).

The next two brackets are easy.
[e¥13(m1, n1), e 32(ma, n2)] = g™ 12(my +ma, ny +n2),
[ 13(my, ny), e¥33(ma, n2)] = g™ 13(my +ma, ny +n).
[e)21(my, ny), €921 (m2, 1) ]

- —my—ma— A+ Asma+Ay(—my —may— A
S mlnlzq( my—my—A)na+Aymy+Az(—mi—ms I)PAP(—3m1—3m2,—3n1—3n2)—A
A
—mon n A\ +(—nj—ny—AL)mi+(—n1—nr,—A,) A
— g " Y g A A AP P s —3m—3nn)— A
A/
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/

"OQA+A'+Gmy—1,3nm—1) Pa Py,

ny AN +Army+Ar A
Z/CI ! 'O A+ A+ Gmo—1,3m—1) PAPo']
AA

nlA/ +Aomi+AA
+[ X gmh
AA

/

n A’-‘,—Azm +A,A
+[ X gt ] 'O A+ A'+Gmy—1,3n—1) Pa Py,

AA
A1+Bymy+B>A
> gt RAig g Gmy—1.3n,-1) Pa PB]
AB
Ay+Bomi+BA
+[ X MM By 3mi—1,3n,—1) Pa P,
A.B

’

ny A +Arma+ArA
> gt L Gy 1 3m,— 1) Pa Py

AA

Ay+Bomi+B>A
+[ X gm ARG g Gmi—1,30,—1) Pa P,

AB
nyA1+Byma+BrA
> gt RAg g Gma—1.3n,—1) Pa PB]
AB

(the first and second terms cancel each other)

— Z q”ll(Al+A/1+m2)+142m1+A2(A1+A,1+m2)+n2A/1+A2m2+A2A/1

- =7 = -/
4.4.4 XQ p 4 A A +Gmi—1,3m -+ Gma—1,3m—1) PAPA PR
+ Z qnlA/l +(A2+A,2+n2)m1+(;42+A/2+nz)A'1 +n2;1/1 +A2m2+A2A/1

73 al R - _
A.4,4 XQ AL A +Gmi—13m—1)+Gma—1,3m—1) A Pa Py

-y qnz(A1+A’l+m1)+A2m2+A2(A1+A’1+m1)+n1A’l+A2m1+A2A’l
A.A"A X QA4 A"+ A+Gmi—1,3m—D)+GBma—1,3n—1) Pa Pa Py

) qnzA’l+(A2+A’2+nl)mz+(A2+A’2+nl)A’l+nlA’1+Azml+AzA’1

AA A XQ 4 A4 A 4 Gmi—1,3m— 1)+ Gma—1,3mn—1) PAPA Py
- ¥ qnz(A1+A’1+m1)+Bzmz+Bz(Al+A’1+m1)+n1A’1+A2m1A2A’l

AA'B X QA4 A'+B+Gmy—1,3n1—1)+Gma—1,31—1) Pa P4’ PB
+ Z qnl(Al+A’l+m2)+Bzml+Bz(Al+A’1+m2)+nzA’1+Azm2+A2A’l

AAB X QA4 A"+ B+Gmi—1.3m—1)+Gmy—1,3n,—1) PaAPo P
+ Z q”]Al+(A2+B2+n2)ml+(A2+B2+”2)A]+”2A]+B2m2+BZAI

AAB X QAL A+ B+Gm—1,3m—D+Gma—1,31—1) PAP3 PB
- qn2A1+(A2+Bz+n1)m2+(A2+Bz+nl)A1+n1A1+Bzm1+B2A1

AAB X QA4 A4 B+Gmi—1,301—D)+Gma—1,3n—1) FA P4 PR

=0,

where we used that the first term cancels the fourth, the second term cancels the
third, the fifth term cancels the seventh, and the sixth term cancels the eighth. Next,
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— [¥)21(m2, n2), €W oa(my, n))] = [€W 02 (my, ny), €921 (2, 1)

=Y g™ ™™ O, 3004 Pas P—Gmy—1.3m—1)
A

Aomi+ny A +Ayma+Ar Al - _
+ X g ! [ OQGmi3n)+4Pas O3y 4t Gmy—1.3my—1) Pa Pi

A A A
Apmi+ny A +Bama+BrA, _
+ Z q [Q(3m1,3n|)+APAa QA+B+(3m2_1,3n2_1)PAPB]
A,AB
Bomi+nyA1+Bamy+Br Ay _ _
+ 2 4 [QGmy3n)+B Ps, QA+B+(3m2—1,3n2—1)PAPB]
A,B,B
—mony+(—ny—ny)m
= —pug "M 1 =30 —3ny 4]
(A2+A, +n2)m1+n2A' +A2m2+A2A'
+ > q 2 ! YO Gy 301+ A+A+GBma—1,3n—1) PA Py’
A A
_ na(mi+A1)+Aymy+As(mi+A1)+Am, _ _
Z q O A+ A+Gmy,3n)+Gma—1,3—1) PP
A A

_ na A+ (Ar+ny)ma+(Ax+ny) A+ Arm _ i}
2 g7 ! O A"+ A+Gmy 3n)+Gma—13m—1) Pa Pa

A A
A B By(A A
_ Z qnz( 1+my)+Byma+Ba(Aj+my)+ 2m1QA+B+(3m],
A,B
+ Z q(A2+Bz+n2)m1+n2A1+Bzmz+BzA1 QA+B+(3m1,
A,B
Aj+(n+B B))A|+B
_ Z qnz 1+(n1+B2)ma+(ni+B2) A+ 2leA+B+(3m1,
A,B

3n1)+Bma—1,31a—1) Pa PB
3n1)+Bma—1,31a—1) Pa PB

3n1)+Gma—1,31a—1) Pa PB

(using that the second and third terms cancel, as do the fifth and sixth)

=g"" (=g~ PRI P )1 30040~ 1)

’

(n1+n2) A +(m1+ma) Ay +Ar A _ _
-2.q ! 'Q Gy +3ma—13m+3m—1)+4'+a Pa P4

A A
_ Z q(ﬂ1+n2)A1+(m1+m2)Bz+Bz
A,B

A1) O Gy +3ma—1.3n,+3ns—1)+ A+ B Pa PB
=g""™ ey (my +my, ny +n7).

Further,

[e")51(m1, n1), e 23(ma, n2)]

= Mg

—min no(—mi—my—A)+Aymr+Ar(—mi—my—A
1n Zq 2(—=my—my—Ay)+Aymr+Ar(—my—my 1)PAP(—3m1—3m2,—3n1—3n2)—A
A

ni A’ +A2m1+A2A/
+[ X " 'O A+ A" +Gm—13n-1)PaPar,

AA
B+Aymy+A,B
> gnEr At by o 3+ +a+B PAPB]
AB
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—maon niAi+(—nyj—ny—Ax)mi+(—nj—ny—Az)A
— g™ 2Zq1 1+(=ny—ny—Az)m+(—n1—ny—Az) 1PAP(—3m|—3m2,—3n|—3n2)—A
A

Ay+Bam+BrA
+[ X gt G g Gmi—1,30,—1) Pa P,

AB
Bi+Aymy+AsB
> g G 1 30,41 Pa PR
AB

+[ qn1A1+Bzm1+Bz
A,B

A
'O A4+B+GBm—1,3n—-1)Pa Pp,

Z qn23’l+Bzmz+Bz
B.,B’

B/
'Q G3my+1.3m0+ 1)+ B+B P8 PB'|

(the first and third term cancel)

= Y qnl(m2+;‘1+Bl)+A2ml+A2(ml+A1+Bl)+ﬂzBl+A2m2+AzBl
A.AB X QA4 A4 B+Gmy+3my.3n,+3ny) PAPA PB
+ ¥ qnlA’l+(n2+A2+Bz)m1+(n2+A2+Bz)A1+n231+242m2+24231
A A.B x QA/+A+B+(3In|+3m2,3n|+3n2) PA/P;] Pg
- ¥ qnzBl+(Az+A’2+nl)mz+(Az+A’2+nl)Bl+:11A’1+Az;nl+/42,4’1
A.A'B X O A'4 A4 B+GBmy+3my.3n,+3ny) Pa' Pa P
+ ¥ qn1(m2+A1+B/])+Bzm1+Bz(m2+A1+B/])+nzB/]+A2m2+AzB/]
A.B.B X QA+ B+B'+GBmi+3my.3n1+3n,) PA PB Pp'
- qnz(Al+B1+m1)+A2m2+A2(A1+B+m1)+n1A1+Bzm1+BzA1
A.AB X QAL A+B+Gmi+3ma,3m+3ny) PAPA PB
+ Z qmA1+(n2+Bz+B/2)m1+(n2+Bz+B/2)A1+nzB’l+Bzm2+BzB/]
A.B.B X QA+ B+B'+Gmi+3my.3n1+3n,) PAPB Pp’
_ Z qnz(AH-Bl+m1)+32m2+Bz(A1+1_31+m1)+n1A1+Bzm1+1_92A1
A.B.B X QAL B+ B+Gmi+3my.3m +3ny) FAPB P
. Z qnzB/l+(A2+B2+n1)m2+(A2+B2+n1)B’l+n1Al+B2m1+i22A1

A.B'.B X QA4 B'+B+Gm+3my.3n,+3n,) PAPB Pp

where the first term and the third, the second and the fifth, the fourth and the eighth,
and the sixth and the seventh cancel.
The following three brackets are easy.
[e¥21(m1, ny), €¥31(m2, n2)] =0,
—q"™ e M3 (my +ma, ny +na),

0.

[e21(m1, n1), €32 (ma, n2)]

[e¥)51(m1, n1), e¥33(m2, n2)]
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Next,
[e") 25 (my, ny), €22 (mo, n) ]

A Al
= Z q amy+ 2m2[Q(3m1,3n1)+APA’ Q(3m2,3n2)+A'PA/]

A,A
Bomi+B.m
+ 3 ¢ QG 30+ B PB . QG 3n)+ B Pr ]
B.,B’

_ (ny+AY)m+ALm
=D g AIMTRMQ  ) G, 3na) 44 Par
A/
Aomi+(nj+A
_Zq it 2)mzQ(3ml,3"1)+(3mz,3nz)+APA
A
(ny+B,)m+B.m
+ Y g TR o s+ G 3n0)+ B PBY

B/
Bomy+(n1+B
— S gBmr et BIm g o Gma,3n0)+ B PB
B

= qn1m2 (_ Z qu(m1+mz) Q(3m1,3n1)+(3m2,3n2)+A Pa
A

B 1
=2 g® ") Q3 301+ Gma.3nn+B PB — §M5(m1+mz,n1+nz),<o,0)>
B

A
- qn2m1 <_ Z q 20mitma) Q(3m1,3n1)+(3m2,3n2)+APA
A

B 1
=g ") Q3 304G, 3nn)+B PB — §M5(m1+mz,n1+nz),(o,0))
B

=q"" ey (my +ma, ny +n3) —g"" ey (my +ma, ny +ny).

[e")22(my, ny), €% 23(m2, 1) ]

=[- Y g™ Qam 3n)+4Pa— X %™ QG 3n)+8 P,
A B

nyBi14+Ayma+A;

- B
—q """ WP_Gimyt1 3n041) — D 4 "Q A+B+Bma+1,3n+1) Pa Pp
AB

! !
_ Z qn2B1+B2m2+BzBIQB’
B.B’
_ (n2+Az2+B2)mi+nyB1+Ayma+Ar By
=>4 QGm,,
A,B

B+ +A +(Ar+ B|+A
— Y grBitmtdymtdatn)Bitdami g o A B Gyt 3004+1) Pa PB
A,

+B+Gmat1,3m+1) PB PB/]

3n)+A+B+(Gma+1,3n+1) PAPB

=

— + — —
MmO P 3ny 1) Gy 3ng)

—q
nay(my+B1)+Army+Ar(mi+B1)+Bym
_Zqz(l 1+Axmy+Az(mi+By) 21Q(3m|,

A,B

ny+By+B,)mi+nyB;+Bymy+B) B,
+ Y getBetBymtmBitbmtBaBig o BB Gmat1.3n0s 1) PB PR
,B'

3n)+A+B+Gma+1,3n+1) PA PB

=
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_ Z qnz(3ﬁ+m1)+32m2+32(33+m1)+B/2
B.B’

_ Z quzB'l+(n1+Bz)M2+(Bz+n1)B/1
B.B’

m
'O 3m,,3n)+B+B'+Gma+1,3m+1) PB PR’

+Bm
"0 iy 3n))+B+B'+Gma+1,3n+1) PB PR’

(the first term cancels the fourth, while the fifth cancels the sixth)

__ ,mon —(mi+my)(ni+n
=g (—q MM EAR) P 1 A 43 ])

_ Z qu(m1+m2)+(n1+n2)Bl+Az
A,B
B’ (n1+n2)+B>(m1+m>)B, B
_ Z q 1(n1+n2)+Bo(mi+m2) B 1)QB+B’
B.B’

B
'O A+ B+Gmi+3ma+1,3n,+3n+1) Pa Pp
+Gmi+3my+1.3m+3n,+1) PB PR/

= qmznle(u)zg,(m] +my, ny+ny).
The next three brackets are easy.

[eWan(my, 1), e™31(ma, n2)] =0,
[e™ 2 (my, n1), e 3a(ma, n2)l = —q"™ ey (my +mo, ny +na),

0.

e (my, ny), e™33(ma, ny)]

Next,
[¢¥)23(m1, ny), €W 23(ma, n2)]

- Bi+Asmi+A>B

=[=q¢7"" WP_Gm +1.3m+n— 2 " EFAMTAE O g Gmt1,30,+1) Pa P
AB

!

nB'+Bami+B>B
— D g O g By Gmi 41,30 +1) PB PR

B.B’

—mon

—q " UP_Gmyr 13m0+ — D 4G
A,B
_ Z qnzB’1+32Wl2+Bz
B.,B’

Z ,uq_mlnl+n2(_ml_m2_Bl)+Bzm2+B2(_ml_mZ_Bl)
B

nyB+Aymy+ArB
PEITARIETREL O AL B4 Bmo+1,3n0+1) Pa PR

B/
'Q B+ B+ Gyt 1.3m+1) PB PR/ |

X P P_(3m,41,3n141) = Bma+1,3n2+1)— B

o Z /-'Lq —many+nB1+(—ny—n1—By)mi+(—ny—n1—B;) B
B X PB P (3m+1.3m 4+ 1)~ 3mat 13m0+ 1)~ B

+ ¥ qnl(Bq+Bl+m2)+Bzm1+Bz(Bq+Bl+mz)+nzB’l+Bzm2+BQBq
B.B.B' X OBy B+ B+Gmy+1,301+1)+Gma+1,3m+1) PB P Pp
+ Z qnlB’l+(Bz+Bz+n2)m1+B’l(Bz+Bz+n2)+nzBl+Bzm2+BzB,

/ - -
B.B.B X OBy B+ B+Gmi+13m+1)+Gma+1.3ny+1) PB P8 P
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. Z qng(B’l+Bl+m1)+Bzm2+Bg(B’l+I_31+m1)+nlB/]+Bzm1+BzB/|

B.B.B' X Q By B+ B+Gmy+1,30+1)+Gma+1,3m+1) P8 P P

_ Z qnzB/] +(By+Ba+n)ma+(Bo+Bo+ni) B, +n B1+Bym +B, B,

B.B.B' X Q By B+ B+Gmy+1,30+1)+Gma+1,3m+1) P8 P P

+ Z qn1(Bl+B’|+m2)+A2m1+A2(Bl+B’l+m2)+ngB/l+Bzm2+BzB/l

A.B.B' X QA+ B+B'+Gm +1.3m+1)+Gma+1,3n+1) Pa PB P

+ Z qnlBl+(A2+B'2+n2)m1+(A2+B'2+n2)31+ﬂzB’1+A2m2+AzB’1

AB.B X QA4 B+B'+Gm+1.3m+1)+Gma+1,3n:+1) Pa P Pp

_ Z qﬂz(B|+B/1+m1)+A2m2+A2(B|+B’1+m1)+ﬂ1 B\+Bym+B,B)

A.B.B' X Q A4 B+B'+Gm +1,3n,+1)+Gmo+1,3n,+1) PA PB Ppr

_ Z qnzBl+(Az+B/2+n1)m2+(Az+B/2+n1)Bl+n1B’|+Azm1+AzB’1
A.B.B X O A4 B+B'+Gmi+1,3n1+1)+Gmy+1,30,+1) Pa P Pp’
=0,
where the first two terms cancel, as do the third and the sixth, the fourth and the
fifth, and the last two.

[e"o3(m1, n1), e%31(ma, n2)]

- Bi+Aymi +A:B
=[—¢7"" U P_Gmys13m 41 — 2 g PFMTRENO b G130, +1) PAPB
A,B

ny B’ +Bzm|+BzB,
- > " 'O BB +3mi+1,3m+1) PB PR
B.B

> g™ Q3my—2,3m—2)+4 Pa |
A

—miny+(—mi—my)ny

=—q WP Gy 1,304+ 1) = Gma—2,312—2)
ny(my+A)+Asmi+Ar(my+A)+A ny
-2 4q ! VT2 O AL A+ (Bma—2,3n—2)+Bmi+1,3n,+1) Pa Pa’
AA
A|+Bi+m)nr+Axm+A,B+nB
+ 3 gt BrtmomtdamtdaBitmiBro g a2 30024 Gmy+1,3m+1) PA PR
AB
FAD+Bom+Ba(ma+A)+A
— 3 gmmtADTBmiABamat A0 A2 () 30 30y 2)+ G 1,301 +1) Pa P
AB
niBi1+(Ax+ny)mi+(Ay+n2)Bi+An
— 3 gmBirtAatnmitAatm) Bitdina g g2 30024 Gy +1.3m,+1) Pa P
AB

(the third term and the fifth cancel)

=q""™ ( — g mAm) AN P 1 A4 3m— 1)

(n1+n2) AL +Ar(my+my)+A A’
— Y q TR ARITIITRAN O 4 A Gy +3my—1.3mp+3n,—1) PA Par
AA
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12) A1+ Ba(mi+m2)+ B2 A
— Y gt At Banitma)+ By ]QA+B+(3m2+3m171,3n2+3n171)PAPB)
AB

= q"" ey (my +ma, ny +ny).
[e"23(my, n1), e32(ma, 1) ]

- Bi+Asmi+A>B
=[—1g """ P_Gmy 11340 — 2 " EHAmTAE O o s+ +a+B PA P
AB

nB,+Bym;+B>B’
— Y gn iR g a1 +B+8 PB P QGma—1,3n-1))
B.B

= — g """ Sy —ny).(myuna)

nimo+Asmi+Aym
— gAY ) 3 1 30 1)+ A+ Bma—1,3n—1) PA
A

nimy+Bym;+Bym
— D g Q) 13m0+ 1)+ B+Gma—1,3n—1) PB
B

/

nB"4+nym+n, B
-2 q"" ! 'O Gmy 41,3014+ 1)+ B'+Gma—1,31—1) P’

B’

A +
= qnlmz(_ Z q 2mim2) Q(3m1+3m2,3n1+3n2)+A Py
A

B 1
=3 qB M) O 3 s 3ny 4300+ B PB — 3 I8y 4many +12),(0,0))
B

g (%: gB M) O G 3y 3ny 4304 B PB A 1S mytmans 1),0,0))
=q""™e Wy (my 4+ ma, ny +na) — ¢ eW33(my +ma, ny +no).

[e"23(m1, n1), €933(m2, 1) ]

= [—1g™"" P_Gmy41,3m+1) — Eq”‘B‘MzmﬁAzB‘ OGm +1,3n+1)+A+B Pa PB

_ Z qnlB'l-i-Bng-i-Bz
B.,B’

B/
"QGmy+1,3n+1)+B+B PB P>

> %" QGmy 3u)+8 P
B

—mini+(—m;—m—2)ny

=—q M P_Gmy 41,30, 4+1)—(Gma, 3n2)

ny(ma+B1)+Arm+Ba(ma+B1)+Bn
_ Z q 1(ma+B1)+Aym+By(may+B1)+ B 2QA+B+(3m1+1,3n|+1)+(3m2,3n2)PAPB
A,B
n1(mr+B")+Bom|+B>(my+B'))+B'n
— Y gt BB B tmat Bt B g b )+ B A Gmy 41,30, 1) PB PR
B.,B’
n1 B|+(na+B2)m+(B2+n2) By +Bn
_qul(z 2)mi+(By+n) B ]ZQB+(3m2,
B.B’

(B1\+B' +m)ny+n B, +Bym|+B, B/
+ ) g TR TR Q g G, 3m0)+ B+ Gy +1,3m +1) PB PRy
B.B'

3n2)+B'+Gmy+1,3n,+1) PB PR’



UNITARY REPRESENTATIONS OF THE EXTENDED AFFINE LIE ALGEBRA gl3(Cy) 495

(the last two terms cancel)

nim —(mi+ma)(n1+n
=q"' 2(—4 (mAm2) A1) ) P 3 31,30, 43m041)
_ Z q(n1+n2)Bl+A2(m1+m2)+A2

A B

B
"O A4+ B+Gmi+3ma+1,3n04+3n+1) Pa PB

— Y gt BiABamitm) BBy ()

+Gmi+3ma+1,3m+3m+1) PB PB’)
B.B

mm2 o) 3 (my +my, ny +ny).

=9
The next five brackets are easy.

e™s31(my, ny), W31 (my, ny)

e™31(my, ny), W3 (my, ny)

[ 1=
[ ]
[¢"310m1, n1), €¥33(m2, n2) ]
[ ]
[ ]

~

g™ e W3 (my +my, ny +ny),

oW 0,

sa(my, ny), M3 (ma, no)

oW

s2(my, ny), eM33(ma, no) g™ e W3y (my +my, ny +ny).

[e"33(m1, ny), €% 33(m2, 1) ]

=[>q%"" QGm.3n)+BPB. > 0" QGmy.3n)+B P8
B B
=Y g Bt B g )+ Gms, 30+ B PB
B
- Z q(Bl+ml)n2+Blnl Q(3m1,3n1)+(3m2,3n2)+3 Pg
B
= qnlmz Zqu(n1+n2Q(3m1,3n1)+(3m2,3n2)+BPB
B
gy GBI 0 o s Gma.3ne)+ B PB
B
=" 33 (my +ma, ny +n2) — """ e 3(my +ma, ny +ny).
Next we check the brackets involving D" and D .
g by 2
[Dim, ey (my,ny)]
=[>A1QuPA+Y BiQBPE. > a*" QGm 3n)+4Pa+ 211800
A B A
=Y (m1+ADG"" Qamy 3ny+aPa— Y A1g*"™ QGmy 3n+4Pa
A A

=m1 (X g™ QGmy 3n)+4 Pa + 3180my 0. 0.0)) = mie™11(my, ny).
A

The next two brackets are easy.
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[Di/‘v)’ e(ﬂ)]z(ml’ nl)] = mle(u)]z(m], n])a

[Diﬂ)’ e(M)B(ml’ n)] = mle(u)n(m], ny).

[Diu), e(“)21(m1, nl)]

=[>XA104Pa+) B10pPs,
A B
- Al+Aymi+A2A]
—q " Py —1,3m -1 — 20 ¢ TR 4 4k 3y 1,30, -1y Pa Py
AA
— 3 gnAtBmEBA G g Gmi—1,3n-1)Pa Pg]
A,B

=q """ u(=m1) P_3m—13n-1)
Al +Arm +A24]
— Y (A + A+ mygm At g G —13m 1) Pa Py

AA
+ Z A/lqnlA/|+A2m1+AzA/| QA+A’+(3m171,3n171)PAPA'
AA
+ Z AlqnlA/1+A2m1+A2A/l QA+A’+(3m]—1,3n|—1)PAPA/
AA
- E(Al + By +my)gm AT BmtBAG b Gmi—130-1) Pa PR
+AZz:; BgmAtBmitBaAig g Gmi—13m—1)PA P
-l—AXI;Alc]"'A'JrBzm‘JFBZAl QA+B+Gm—~1,3n,—1)PaPB
=mi(—q ™" WP—Gm,—1,3m,-1)

ni Al +Aomi+Ar A
-2 gt 'O A A +Gmi—13m -1 Pa Py

AA
Ai+Bym +ByA
_ Z q'“ 1+Bymi+B; 1QA+B+(3m171,3n171)PAPB)
A.B

=mie"y (my, ny).
[DEM), ey (my, ny)]
= [%: A1Q 4Py +§ B1QpPp, — %:CIAZ"“ QGm.3n1)+4Pa
- %:QBZ”” Q Gmy,3n0)+BPB — 31U8(m1.n1),0.0)]
=- %:(Al +m1)g*™ Q@my 3m)+aPa + ; A1g™™ O G, 3ny)+4 Pa

— Y (m1+B)g"™ Qam, 3n)+8 P8+ Y. B1g”™ QGmy.3n)+8 PB
. B
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— Aym P Bam Pr—1L1us
=mi(=2_ g™ QGm 3n)+aPa =347 QGmy 3n)+B PB = 5148(m; ,n1),0,0)

A B

=mie™pn(my, ny),

[D{, e®3(my, ny)]
=[>A104Ps+) B1QpPs,
A B

_ B|+A +A>B
—q " PGy 1 30041 — 2 ¢ T T TP O A By Gy 41,300 +1) Pa PR
A,B

niB'+Bym+B> B
— > g PR g e b G130 +1) PR PR ]
B.B

_ q*ml’“M(—ml)P—(3ml+]’3”‘+l)

— Y (A1 + By +my)gmBirAmtBig b 13041 Pa PR

AB
+ AX; AgmBrrdamit By g 1.0 +1) Pa P
+ AX; BigmBirrAmitAaBig g 3130, 41) Pa P
— Y (Bi+ B +m)g" BBt BB g p 1301 PB Py
B.B
+ Z/ qunlB’l-i-BzmH-BzB’l QB+B/+(3m|+1,3n1+1)PBPB/
B.B
+ Y Big" BB BB O p b Gt 3n41) PE PR
B.B
=mi (=g """ WPy +1,3m+1)

Bi+Aymi+AB
— 2 g PTRMTRENO 4 By Gy +1.30+1) PAPB
A,B
ni B +Bym|+B, B’
-2 q" 'O BB+ Gmy+1.3m+1) PB Pp)
B,B’

=miey3(my, ny).
The following two brackets are easy.

[Diﬂ), e(ﬂ)sl(ml’ nl)] = mle(u)Sl(ml’ nl)’

D, %3 (my, ni)] =mie"3(my, ny).

[D, e 33(my, n1)]
= [; A1QaPs+ % B QpPp, %qB‘"‘ O Gmy.3n)+B PB + 3U8(m1.n1),0.0) ]



498 ZITING ZENG

=3 (m1+B1)g®" QGm, 3np+8PB — Y. B1g®"™ Qm,.3n,)+8 PB
B B
_ Bn, 1
=mi (3" QGm, 3n)+BPB + 5148, .n1),0.0))
B

=mie™y3(my, ny).

Similarly, we can get
[DY, e®;;(my, n1)] = nie™;;(my, ny)
for 1 <i, j <3. Finally,
DY, DY 1 =X A1QaPs+ Y. BiQpPp, Y. A204Pa+Y B2QpPg]=0.
A B A B

Hence 7 : g@C/q) — End(V) is a Lie algebra homomorphism. g

3. Hermitian form for g/[;(@/q)-module

From now on we need to assume that |g| = 1.
Define a R-linear map w : gl;(C,) — gl3(C,) by

w(x) =Aw(x) forall &€ Candx € gl3(C,),
w(Eij(a)) = (=)' E;;(@) foraeC,,
w(dy) = dj, w(cs) = cs,
w(d;) =d;, w(cr) = ¢

Here, the R—linear function = : C;, — C, is defined as As™t" = AT =
Ag™"s~™t™", where A is the complex conjugate for any A € C and m, n € Z.
From [Gao and Zeng 2006, Lemma 3.4], we have

Lemma 3.1. w is an antilinear antiinvolution of gl;(C,).

We write 7 (E;;(r)) - v more simply as E;;(r) -v, forany v e V,r € C,,.

In [Gao and Zeng 2006], we defined a hermitian form on the basis consisting
of monomials and then used another basis consisting of iterated module actions on
the “highest weight vector” 1 to determine the condition for the form being positive
definite. Here we will use the second basis directly to define the hermitian form
which is much simpler.

Lemma 3.2. Consider, for k,l € 7, U{0}, the “vectors”

Epp(a))Ep(az) - En(o) Es(B)Es(B2) - - - Ex2(By) - 1,
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where
a =s"" fori=1,...,k,

Bj=s"t" forj=1,...,1,

and mi,n;j,uj,v; € Z. We say each is in level (k,l) in W, and together they form
a basis for V.

Proof. Define
fra= T1 o T1 o
AB = X(@3m+1,3n+1) X@3m'—1,3n'—1)"
(m,n)eZ? (m',n")eZ?

for Au.ny, B n1) € Z+U{0}, where only finitely many A, ), B (n' ) are nonzero.
The fa p form a basis for V.
Let

_ A(m,n) _ B(m’,n/)
84 = l_[ XGmi13np1) and hp= 1_[ X@m'—1,3n'—1)"
(m,n)eZ? (m',n")eZ?

In a way similar to [Gao and Zeng 2006, Lemma 4.2], we can write g4 as a linear
combination of E15(a1) - -+ Ejp(ayg)-1fork < Z(m’n) A (), and h g can be written
as a linear combination of E33(81) --- E32(f;) - 1 forl < Z(m,,n,) By ny.

Since Ep(a)Ez(B) - u = E3p(B)E2(a) - u for any u € V, we can write f(A,B)
as a linear combination of Ex(a1) - - - E12(ax) E32(B1), ..., E3(B;) - 1. Hence the
collection of Ejp(aq) - -+ E1n(ax) E32(B1), ..., E32(B;) - 1 form a basis for V. [

Denote this basis in V by
B ={E(a1) - Ena(ax)En(B1) -+ Ex(By) - 1| forall k,l €N, o;, B; € Cy} .

Lemma 3.3. Foranyv eV,
o lev(v) =lev(E;;(a)-v) fori=1,2,3;
e lev(E2(a)(v)) =lev(v) + (1, 0);
e lev(E3n(a)-v) =lev(v) + (0, 1);
e lev(Eri(a)-v) =lev(v) — (1,0) or Exi(a)-v=0if lev(v) — (1,0) ¢ 7%
e lev(Eas(a)-v) =lev(v) — (0, 1) or Exz(a)-v=0iflev(v) —(0,1) ¢ 72,
for any nonzero a € C,.

Proof. We only check those v in the basis %.

Exn(a)En(a1) Enn(az) -+ Enn(ar) Ex(B1) Esn(B2) - - - Ex(Br) - 1
= En(a1)Exn(a)En(aa) - - En(ow) Es(B1) E32(B2) - - - E32(B1) - 1
— En(aia)En(a) -+ En(ar) E2(B1)Es(Ba) - - Ex(f) - 1
= Ep(a)En() - En(e) En(B)En(B) - Exn(B) - (31)k(a) - 1
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k
— Y En(ar) - En(ia) - Enn(a) Ez(B1) En(B2) - En(f) - 1

i=1
!
+ Zl Ep(a))Ep(on) - - Enn(ag) E32(B1) - - - Es(Bia) - - - E3(Bp) - 1,

so lev(v) =lev(Ey(a).v). It is similar for E11(a), E33(a).

Further, lev(E2(a)(v)) = lev(v) 4+ (1, 0) and lev(E3z(a).v) = lev(v) + (0, 1)
are the definition of level.

For E»;(a).v, we prove by induction on the level of v: E»((a)-v=_0iflev(v) =
0,n),n € Z, U{0}. If n =0, it is obvious that E5|(a) - 1 = 0. Suppose it is true
for n, then

Ey(@)Exn(B1)Es(B2) - - Ez2(Buy1) - 1
= Ex(B1)E2(@)En(B2) - - - Exn(Buy1) - 1 — E3i(Bra)E3n(B2) - - - E32(Bug1) - 1

= —En(B2) - Exn(But1) Ez1(Br1a) - 1
=0

by induction.

Supposing lev(E>;(a).v) =lev(v) — (1, 0) or Ezj(a) - v =0 is true for lev(v) =
(m — 1, n), then for v = E2(b)v’ with lev(v') = (m — 1,n) and 0 # b € C,, we
have

Ezi(a) - En(b) -v' = E1n(b)Eai(a) -v' + Ex(ab) - v' — Ejy(ba) - v'.

Since lev(E> (a) -v') = (m — 2, n), we have lev(E>((a) - E12(b) -v) = (m —1,n)
or Eri(a) - E1o(b) - v/ = 0. It is similar for Ex;(a). O

We easily define a contravariant (with respect to 7, ) hermitian form on V by
using the basis %.

Assuming that p is a real number, define the conjugate bilinear form on the
elements in & by induction on the level:

1,1H)=1,1, f/)=0 if lev(f)#(0,0)

Suppose for any v € B, (u, v) is defined for any u such that lev(u) = (k, I') with
kK'+1U=r—1iflev(u) = (k, 1), with k + 1 = r. Then there exists a ¥’ such that
lev(u') = (k—1,1) orlev(u’) = (k,I —1) and some a € C, such that u = Ej(a)-u’
oru=Ezx(a)- u.

Theorem 3.4. The conjugate bilinear form defined through
(Enx(@)-u',v) =W, w(En@)-v) and (Ex(a)-u',v) =, w(En(a))-v)

is a hermitian form on V.
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Proof. We must check that (E;;(a) -u, v) = (u, w(E;j(a))-v) for 1 <i, j <3, and
a € C,. We must also check (D; -u,v) = (u, w(D;) -v) fori =1, 2.
By definition,

(Enx(@)u,v) = (u, o(En(a))v) and (En(a)u,v) = (u, o(Exn(a))v),
and so
(Eyz(a)u, v) = ([E12(1), Exz(a)]u, v)
= (En2(1) Exz(@)u, v) — (Exz(a) Epa(Du, v)
= (u, w(Ex(@))w(Enn(1)v) — (u, o(Enn(1))w(Ex(a))v)
= (u, —o([Exs(a), Enn(1)Dv) = (u, o (E13(a))v).

We use induction on lev(u) to prove (Eii(a) - u, v) = (u, w(E((a)) - v). For
any v € %,

(Eni(@]1,v) = gu(@)(1, v) = 3 puk (@)1,

Since lev(E71(a) - v) =lev(v) for any v € %,

(I, o(Enn(@) -v) =(1, Ejn(a) -v) = %MK(&)SLU'
Hence
(En(a)-1,v) = (1, 0(E11(a)) - v).
Suppose (Ejj(a)-u, v) = (u, w(E1(a)) - v) holds true for any lev(u) = (I, k) with
l+k=r—1.Then forlev(u) = (I, k) with [ +k =r, we have u = E3;(b) -u’, with
lev(u)=(,k—1), and
(E11(@)E3(b) -u',v) = (Esn(b)Eri(a) -u',v) = (Epi(a) - u', w(E3 (b)) - v)

= (', w(E11(a))w(E3 (b)) - v)

= (', w(Ex(b))w(Eqi(a)) - v)

= (Exn(b)-u', w(E11(a)) -v) = (u, o(E11(a)) - v),
oru=E;p(b)-u', withlev(u) = (-1, k), and

(E11(@)Ern(b) -u', v)
= (Enn(b)E11(a)-u',v) + ([E11(a), Erz(b)]-u', v)
= (En(a)-u', o(En(b)) -v) + (', o([E11(a), E12(b)]) - v)
=, 0(En(@)w(Epnb)) -v) — W, [w(E1(a), ®(E12(b))]-v)
= (', w(Enn(b))w(Eqi(a)) - v)
= (Enu', o(E11(a)) -v) = (u, (E11(a)) - v).
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Thus (Ey1(a) -u, v) = (u, o(Er1(a)) - v); and

(Exn(a) -u,v) = ([Ex(a), Enn(1)]-u, v) + (En(a)u, v)
= (E21(@)E12(1) - u, v) — (Er2(1) E21 (@) - u, v) + (E11(a)u, v)
= (u, o(Epn(1)w(Er(a)) - v)
— (u, w(Ez(a))w(E2(1)) - v) + (u, o(E11(a)) - v)
= (u, o([Ez1(a), E1n(D)]-v)) + (4, w(E11(a)) - v)
= (u, (Ex(a)) - v).
It is similar for (E33(a) - u, v) = (u, w(E33(a)) - v).

For D;, Dy, we also proceed by induction on the level of u. It is obvious that
(D -1,v) =0 forany v € B, and so (D; - 1,1) = (1, D; - 1) = 0. Suppose
(1, D; -v) =0 is true for those lev(v) = (k/,I’) with k' +1" =r > 0. Then

(1, D1 Ena(s™t") -v) = (1, Ei2Dy - v) + (1, m - v) =0,
(1, D1 E3(s™t") -v) = (1, E3p Dy -v) + (1, m - v) = 0.
Thus (D -1,v) = (1, D; - v).
Suppose for any v € B that (D; -u, v) = (u, Dy -v) is true for all lev(u) = (', ')
such that ¥’ +1' = r, then
(D1 - Epp(s™t"") -u, v) = (E1p(s" YDy -u, v) + (m - u, v)
= (D1 -u, o(Ern(s"1")) -v) + (u, m - v)
= (u, D1w(E1p(s"t")) - v) + (u, m - v)
= (u, o(E12(s"t")) D1 - v)
= (E12(s"t")u, Dy - v).
It is similar for (Dq - E3(s™t") -u, v) = (E3(s™t") -u, Dy - v).

Hence (D;-u, v) = (u, D;-v), and (D>-u, v) = (u, D,-v). Note that w (D;) = D;
fori =1, 2. |

4. Conditions for unitarity

In this section we will determine when the hermitian form given last section is
positive definite.

Leti eN,y =(y1,...,ys) be the s-partition of i. We denote by Par, (i) be the
set of all s-partition of i.

Let y € Pary(N). We say pi| x ;€ Sy x Sy is equivalent to 77 X 715 € Sy X S,
where Sy is the permutation group of N letters, if, for all zy,...,zy € C; and
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wi, ..., wy € Cy,
K (Z! (Wl (1ys -+ -5 Ll ey Wiy ()~ -

K (Zol (s s 1 F D W (b1 4 D) - o o0 S () Wy (N))

can be obtained from the analogous expression for | x my by only rotating the
variables. For example, k (ziwzow2z3w3) = k(z3w3ziwizows).
The following lemma is due to Jakobsen and Kac [1989].

Lemmad4.1. Let 21, 22, ..., Zn, W1, W2, ..., wy € Cy[sE!, 1£]
0 z1\ /0 2o 0 zn 00 00 0 0
(4-2) <0 0) <0 0)...(() O)<w1 o) <w2 O)...(wN 0).1
N
:Z Z Z (= D" N =)k 2y Y Woa (1) 2oy (1) Wirs (1))

s=1 yeParg(N) [ xm2]€(Sy XSN)(Y)
~1
.(_1))/2 (_M)K(Zﬂl(yl+1)wﬂ2(yl+l) T Zﬂl(Vz)wﬂz(n))’
v —1
c (DT (=) (2 Vit r 1+ D W (1 4tys 1 41) Ly (N Wi () - 1

Lemma 4.2. Let a;,c;,bj,dj € C fori=1,...,mand j=1,...,n. Let R =
(aicj)mxm and U = (bidj)nxn, and set

R O
A= (() U) = (Ai,j) man) x (m+n)-
(m+n)x (m+n)

Then

(4-3) Ex(a1)--- Exi(am)Ex3(by) - - Ex3(by)Er2(ct) - -
E(cm)Es(dy) - - E3n(dy) - 1
m+n
=2 X > (=D =K Oy 1).7201) Ay (o)
s=1 yeParg(m+n) [ Xm21€(Sptn X Smtn) (V)
(=D =K Comy rt Do)+ Ay (). ma)-
T (_1)%_1(_:U“)K()‘m(71+'~Vs71+1),712(3/1+~"+Vs71+1) o ')‘ﬂl(N),ﬂz(N)) -1

Remark 4.3. It is easy to see that A; ; in every summand should be from different
rows and different columns of A. And if the summand of (4-3) contains some
Ai j =0, then this summand is 0. Hence (4-3) is in fact the sum of those 2; ; from
R and U.

Proof. We proceed by induction on n. For n = 0, (4-3) is just (4-2). Next assume
(4-3)istrueupton —1,

Ezi(ar) - Exi(am)E3(by) - - - Ex3(by)Ev12(c1) - - - E1a(cm)E3a(dr) - - - E32(dy) - 1
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= Eyi(a1) -+ Exi1(am)Ex3(by) - - - Ex3(by—1)
“(E12(c1)E23(by) — E1z(c1bp))E12(c2) - - - E1n(cm) E3a(dy) - - - E3p(dy) - 1
= Eyi(a1) - Ea1(am) E23(b1) - - - Ex3(by—1) E12(c1) E3(by) E12(c2)
<~ Ep(em)Ezn(dr) -+ - E3(dy) - 1
—Esxi(ar) -+ - Exi(am) Ex3(by) - - - Ex3(bp—1)E12(ct) - - - E12(cpm) (E12(c1bpdy)
+E3(d)E3(c1by))Ezn(d) - - - Ezp(dy) - 1
= Eri(a1) -+ Exi(am) Ex3(by) - - - Ex3(by—1) E12(c1) E23(by) E12(c2)
- Ep(em)Esn(dy) -+ - E3(dy) - 1
+ > Ex(ar) -+ Exi(am)Ex3(by) -+ - E23(by—1)
i=1
- Epn(—c1bad)) Era(ca) - - - Eva(em) Esa(dy) - - Exy(di) - - - Ezp(dy) - 1
= Eyi(ar) - Exi(am)Ex3(by) - - - Ex3(bp—1)E12(c1)E12(c2)
< E1a(cm) Ex3(bp)E3p(dy) - - - E32(dy) - 1
+ > Y Eax(ar) - Exi(am)Ex(by) -+ - Ex3(bp—1)
i=1j=1

“Ep(cy) -+ - Ena(—cjbud;) - - - Eva(cm) E32(dy) - - Ex(dy) - Exn(dy) - 1

N

=Y Y Ex(a1)--- Ex(am)Ewn(by) - - Ex3(by—1)E1a(c1)Er2(c2) - - - E1a(cm)
1j>i

i

-E3p(dy) - - m) - E(dj_1)E3n(—dib,dj —d;b,d;) - - - E32(dy) - 1
3 Ena) -+ Enlan) En(b) - Exs(bioy)
-;12(01)512(02) -+ Epp(em)Ex(dy) - Exo(d)) -+ Exp(dy) (— i)k (bydy) - 1
+_i21 il Ey(ai) - Exi(am)Ez(by) - - - Ex3(bn—1)
l -Ejlz(cl) oo Enp(—cjbudy) - - - Exa(cm)E3a(d)) - - - En(d) - Ex(dy) - 1.

Because (4-3) is true for n — 1, we expand to see it is also true for 7. O

Lemma 4.4. The levels are orthogonal with respect to the the hermitian form; that
is, the form vanishes when applied to two vectors from different levels.

Proof. Only need to prove those elements in the basis &B. Let
u=Ep(a): - Einn(an)Es(bi) - E3(by) -1,
v=Ep(c) - En(c)En(d) - Exn(d) -1,

and suppose (m, n) # (k, ).
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First we prove (1, v) = 0 with m = 0. If kK = 0, then, supposing n > [, we have

(u, v) =(E32(b1) - - E32(bp) - 1, E32(dy) - - - E32(d)) - 1)
=((—D'Ex3(d)) - - Ex3(d))Es2(by) - - - Ezp(by) - 1, ).
Then, by Lemma 3-3’_16V(E23(6?1) -+ Ex3(d)Ex(b) -+ Ezp(by) - 1) = (0,n — 1),
or, if Ex3(d)) - -+ Ex3(d)E3(by) - -+ Ezp(by) -1 =0, then (u, v) =0.
For k > 0,
(u, v) =(E32(b1) - - - E32(bp) - 1, Er2(c1) - - - Ena(cx) Es2(dy) - - - Eza(dp) - 1)
=(—Ex(c1)E32(b1) - - - E32(bp) - 1,
Ep(c2) -+ Ena(cp) Exa(dy) -+ - Esp(dp) - 1).
Then from Lemma 3.3, we have — E»(c1)E32(b1) - - - E32(b,)-1=0, and (u, v) =0.
Without loss of generality, we can assume that m < k; then
(u,v) = (Er2(a1) -+ - Era(am) E32(b1) - - - E32(by) - 1,
Ep(c1) -+ - Ena(cr) Es(dy) -+ - Ezp(dp) - 1)
= (E3(b1) - -+ Ez(bn) - 1,
(=" Ez1(a@m) - - - Exi(ar) - Ea(cr) - - - Ena(cx) Exa(dy) - - - Eza(dy) - 1).

From Lemma 3.3,
lev(E2(an) - - - Ex1(ar) - Eva(c1) - - - Ena(c) Eza(dy) - - - Exp(dy) - 1) = (k —m, n)

or
Ezi(@m) - - - Exi(an) - Eia(c1) -+ Enn(c) Ezp(dy) - - Ez(dp) - 1 =0.
Then, going back to the case m =0, we get (u, v) =0. g

Similarly to [Gao and Zeng 2006, Proposition 4.11] and together with Lemma
4.2, we have

Proposition 4.5. The hermitian form on the element h in level (m, n) is a poly-
nomial in w, with leading term c(—1)"T" (=)™t = cu™ ™" for some constant
c>0.

Theorem 4.6. (;r, V) can be made unitary if and only if u > 0.

Proof. From [Gao and Zeng 2006, Theorem 4.12], the hermitian form in level
(0, n) and (m, 0) is positive definite if and only if u > 0.
Define

Ta,b(Smllmszlnz . Smktnk) — sm1+atn1+bsm2+atn2+b L. slnk+atnk+b
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for a, b € Z. Extend this operator to the linear operator T, , on V by

Top(Ena(o1)Enn(a) - - Enp(a) Exn(B1) Exa(B2) - - - Exa(Br) - 1)
= Epn(Typo) Eva(Ty pan) - - - E12(Ty poty)
B3 (Ty pB1) E3n(TapB2) - - - Eso(Ty p8) - 1.

Following Lemma 4.2, T, , preserves the hermitian form on V. Denote
L1 (M, N) = span{Epa(s"™'1") - -- Enp(s™'1") Exp(s7' ") - - Exp(s71%) - 1

for |m;,n; 20andi=1,...,1, with j, k, =0,

1 r r r
Zmi+2jz§M7 and an-i-ZktéN}
i=1 =1 i=1 =1

Since the hermitian form on two different levels is 0, we will prove the unitarity
by induction on the level.

For any p > 0, the form is definite in level (0, n); see [Gao and Zeng 2006,
Theorem 4.12]. Suppose it is definite in level (r, n) for those r < m and it is not
definite in level (m, n).

From Proposition 4.5, we know that the hermitian form restricted to this level
should be positive definite for u big enough. Assuming it is not positive definite
for some u > 0, there exist M, N such that the form restricted to L,, ,(M, N) is not
positive definite. From Proposition 4.5, the form on L; (M, N) varies smoothly
with p. Then we can find a g for which the form is not positive definite and, for
all > o, it is positive definite. We write (-, - ), for the hermitian form at p.

Thus the radical of the form is nontrivial at (g, that is, there exists a nonzero
h e Ly;.»(M, N) such that, for any h € L,, ,(M, N), we have

(h, h) e = 0.

Therefore for any arbitrary element /,,_1 , in L,,—1 ,(M, N) and any ¢ € C, we
have

(E21(c) '%7 hm—l,n)uo =0.

Since the form is positive definite in level (m — 1, n), we have E,;(c)-h =0 for
any c € C. Replacingh by T_, _,(h) if necessary, we can write

m
=" ai(En)x,
i=1
where x; =Y Epp(ait1) -+ - E1n(om) E32(B1) - - - E32(By)-1 (here it is a finite sum),
a;, B; is the of form stk and I, k cannot both be 0.
Let iy be the smallest index such that a;, # 0; then ip > 1.
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Since

Ex1(c)(Enn(1)) Ern(tit1) -+ Er2(otm) Ex2(B1) - E3n(B) - 1
= (Enn(1)) Ex1(©)E1n(@is1) - - - Enn(am) Ex(B1) - - En(Bn) - 1
+i(E12(1) " (Exa(©)— E11(0)) Era(@tis1) - - Eva(em) E32(B1) -+ Ex2(By)-1
+ (_2C)#(E12(1))i_1Elz(ai+l) < Evp(om)Es(Br) -+ E32(Bn) - 1
= (Enn(1))' E21(©) E1n(atit1) - E1a(am) E32(B1) - - - Exa(By) - 1
+i(Ep(1)' ' ((=2¢)(m—i)—n)Eqa(etit1) - - Era(om) E2(B1) - - - E32(Bn)-1
+i(Ena(1) T Enp(is1) - - - Ena(em) Ez2(B1) - - - E3n(Bn) (Exa(c) — E11(c))-1
+(—20) “C(ER () T Enneig) - - Ev(em) Ex(B1) -+ Exa(Ba) - 1
= (E2()) E21 () Era(@i+1) -+ Evp(@m) Ex2(B1) -+ - Exa(By) - 1
+[ic(—po) +i((—2¢)(m — i) —n) + (—20) 2]
(Er2(D) ' Epa(ais1) -+ En(em) Es(B1) -+ - E3(Bu) - 1,
we have
Eyi(c)h = yai,(Enn(1)° " 'xi, + R,
where R contains those terms with powers of E1,(1) greater than ip — 1 and

Yy = ioC(—/Lo) + io((—ZC)(m - io) — l’l) + (—20) iO(i()z_ 1)

= cio(—po — (m —ip) — (m — 1)).

Since m > iy > 1, uo > 0, and y # 0, this contradicts E» (c)h = 0. Thus, for
any p > 0, the hermitian form is positive definite. D
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