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The interior and boundary regularity of weakly intrinsic biharmonic maps
from 4-manifolds to spheres is proved.

1. Introduction

The regularity problem of harmonic maps has been intensively studied for a long
time. Hélein [1991] proved that any weakly harmonic maps from a closed Rie-
mannian surface to a compact Riemannian manifold without boundary is smooth.
Later Qing [1993] proved the boundary regularity for weakly harmonic maps from
compact Riemannian surface with boundary. However, when the domain dimen-
sion is greater than 2, Riviere [1995] constructed everywhere discontinuous weakly
harmonic maps into spheres. This implies that there is no hope of getting any reg-
ularity results for weakly harmonic maps in higher dimensional cases. Therefore,
it is of interest to study higher order energy functionals that enjoy better regularity
properties.

Let M be a Riemmanian manifold and N be a compact Riemannian mani-
fold without boundary that is isometrically embedded in RX. We say that u is
a weakly intrinsic biharmonic map if it is a critical point of the functional F(v) =
fMl(Av)Tl2 for v e W>2(M, N), where (Av)7 is the component of Av in R
that is tangent to N at v(p) € N for all p € M. (Sometimes it is called the ten-
sion field 7 (v) in the literature.) If the critical point u is smooth, we say u is an
intrinsic biharmonic map. It is intrinsic in that the definition is independent of the
choice of isometric embedding of the N into RX. If u € W>2(M, N) is a weakly
harmonic map, then (Au)” = 0, and therefore u is obviously a minimizer of F. In
other words, the class of all weakly intrinsic biharmonic maps can be regarded as
an extension of the class of all weakly harmonic maps in W>2(M, N). Another
functional considered by Chang, Wang, and Yang [1999¢] is Fg(v) = [ M|Av|2,
whose critical point is called a weakly extrinsic biharmonic map. Unlike a intrinsic
biharmonic map, it depends on the choice of the embedding.
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The interior regularity of weakly intrinsic and extrinsic biharmonic maps from a
bounded domain in R* to a compact Riemannian manifold without boundary was
established by C. Wang [2004]. And in recent paper of Lamm and Riviére [> 2008],
they successfully rewrite the Euler—Lagrange equation of a weakly intrinsic and
extrinsic biharmonic map into a conservation law, which simplifies the proof of
interior regularity. However, it remains unclear whether this method can be used
to prove the boundary regularity.

Here, we use the idea from [Chang et al. 1999c] to prove the interior and
boundary regularity of weakly intrinsic biharmonic maps from four-dimensional
Riemannian manifolds to §” in R"*1, that is, if u € W22(M, S") is weakly intrinsic
biharmonic, then it is intrinsic biharmonic. Moreover, if u has smooth Dirichlet
boundary data on d M, then it is smooth up to the boundary.

The paper is arranged as follows. In Section 2, we introduce necessary notations
and derive the explicit Euler-Lagrange equations of a weakly intrinsic biharmonic
map to S¥; the equations make up a fourth-order nonlinear elliptic system. As
in [Chang et al. 1999c], by exploiting the special structure of the nonlinearity of
these Euler—Lagrange equations, we are able to rewrite them as A2y = a linear
combination of several special types of “divergence forms.” From this, we can
obtain the crucial L? estimate which is key to the proof of interior Holder regularity
of u. In Section 3, we prove that if u is Holder continuous, it must be smooth. The
proof is based on an interesting observation in [Chang et al. 1999b] that if u is
continuous, the coefficients of the nonlinear terms can be made very small by a
specific scaling. Then by an iteration process, we prove that second derivatives of
u are Holder continuous. Now standard regularity theory implies that u is smooth,
hence completing the proof of the interior regularity theorem. In Section 4, we
prove the boundary regularity theorem by modifying the method of proof of interior
regularity. For simplicity, we assume throughout the paper that the domain of the
intrinsic biharmonic map is a flat Euclidean ball. The proof in the general case is
essentially the same.

The author thanks Professor Alice Chang, Professor Paul Yang, and Professor
Lihe Wang for their helpful suggestions.

2. Interior Holder regularity

Here, we consider the interior Holder regularity of a weakly intrinsic biharmonic
map u. Since this is a local property, we may assume without loss of generality that
u: (B, g)— S" C R"! where B is a 4-dimensional unit ball in R* with Euclidean
metric and S” is canonically embedded in R"*! with the induced standard metric.
A, V, and div denote the Laplacian, gradient, and divergence.
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2.1. The functional F. Let u € W22(B, S") be a weakly intrinsic biharmonic
map. Write u(x) = (u'(x), ..., u" ' (x)) e R**! for x € B. It is well known that

(Aw)DH* = Au® +u®|Vu> fora=1,2,...,n+1.

Therefore, by straightforward calculations, we have

F = [ (suP = 9ul*,
B
And its Euler—Lagrange equation is

(1) A% = — (Z((Auﬁ)2+A(|wf‘|2)+2vmﬁ .wﬁ)+2|wr‘)u“
B

—2div(|Vu|*Vu®) fora=1,2,...,n+1.

We say that u € W22 (B, S") is weakly intrinsic biharmonic if and only if it satisfies
Equation (1) weakly.

2.2. Divergence forms. Now, we are going to write the right hand side of Equa-
tion (1) into a linear combination of certain types of “divergence forms.” Using
notations in [Chang et al. 1999c], we define
71 = div(Vu® AuP (P — cP))
or div((u? — P)(VVuP, vubY),
T = AW —c*)[Vuf %)
or A((w? — cP)AuP)
or Au® w? — cPyAuP),
Ty = Adiv((u? — cP)vuPy),

where ¢? are constants and the 8 are summed from 1 to n + 1.
In our case, we have to consider one more type, namely,

Ty = div(|Vu > @*Vu? — uPvu®) P — c#)).

Proposition 2.1. The right hand side of Equation (1) can be written as a linear
combination of T; terms forl = 1,2, 3, 4.

Proof. At any point p € B, we choose a normal coordinate x = (x, ..., x4)
at p and let u; be the i-th covariant derivative of u. We name S; = u®(AufH?,
Sy = 2u“uf(Au’3)j, and S3 = u® A|Vu®|?. Note that the j are summed from 1 to
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4. Then
%Sz =u uﬂ(Auﬁ)] (u (Au’s)] —uﬁ(Auo‘) )
= (u (Auﬂ)j —uf(Au” )j— uj(Au’S) + uf(Aua))uJﬂ
+ (s (AuP) —uf (Au))u
= <( “(Auﬂ) — uﬁ(Au"‘)J — u“(Auﬂ) +uﬂ(Aua) (u —cﬂ)>
J
— (u“Azuﬂ — uﬂAzu"‘)(u’s —chy+ ( *(Aufy — uﬂ(Au )) Jﬁ
_ ((u“(Auﬁ) —uP(Au®)) - cﬁ)) )
JJ
—2((us(aufy —u (Au)) @ - ),
— ((u*(au?y —uP (Auy)ul))  + (S (AuP) = (Au)) ]
- (u"‘Az B _ uB A2y Ol)(uﬂ _ /3)
= — ((u*aufy —uP (Au))uh)  + (S (Auf) = (Au))u;
— (u"‘A2u’3 — uﬁAzu"‘)(u — P+ (1, + T; terms).
y [Chang et al. 1999c], we know that
S1+ 83 = (u® AuP — uP Au®) AuP + (T, terms for £ =1, 2, 3),
((u“Au —uﬁAu"‘)u ) (u Auf — ’?Auo‘)uf
— (u*(Aub); —uP (Au®) ) ul] + (T terms),
=—35—35— (u* A%uP —uP A*u®) WP — cP) + (T, terms),
Si+ 8>+ 83 = (Ty terms) — (u®* A2uf — uP A?u®)(u? — cP)
But by (1), we get that
uA%uf —uP AP = = 2div(|Vu > VuPu® — puu®
— (=2div(|Vul*Vu*)u? — pu“uP)
= —2div(|Vu>*VuP)u® + 2 div(|Vu|* Vu®)u?
= 2(|Vu|2(uﬂu‘}‘ — u“uf))i

Hence we have

right side of (1) = — (A +2|Vu[*)u® — 2div(|Vu|*Vu®)
= (Ty terms) +2(|Vu|* (P u? — u“uf))j(uﬁ — Py —2|Vu|tu®
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= (T, terms) + 2(|Vu|2(uﬂu‘}‘ — u“uf))j(uﬂ —cP)
—2|VulP @] —uPu) @’ — ),
= (T, terms) — 2(|Vu[* (uu”] — uPu?) (u? — ),
= (Ty terms for £ =1, 2, 3, 4).
The third equality follows from u® [Vu|> = (u"‘u uﬂug)(uﬂ — cﬂ)j. ]

2.3. Holder continuity of u.

Theorem 2.1. If u € W>2(B, %) is weakly intrinsic biharmonic, then it is locally
Holder continuous on B with exponent B for some 8 € (0, 1).

To prove this, we first need standard L7 elliptic estimates:

Lemma 2.1. Suppose B, is a Euclidean ball in R* of radius r > 0 and v e W>?(B,)
is a weak solution on B, of one of

A%y = div(F),
A%y = AG,
A%y = A(div H),

withv=0and dv/dn =0 on dB,. Then for any 1 < q < o0, the solution v satisfies
the corresponding member of

||V3v||Lq(Br) S; ”F”LQ(Br) )
1920] sy S1GLacs,)
”vv”Lq(B,) 5 ”H”Lq(Br) .

For any B, and p > 1, we define

/4
Eu)(B,) = /|v2u| /|w| ,

M,(u)(B,) = (XB |u —u|p> e where u = XB u,

r

1/p
D,w)(B) = (r? |\ |Vu|?
p(u)( ) (7‘ f;} | Lt| )

r

The following is the main technical lemma:

Lemma 2.2. Let u € W>2(B, S") be a weakly intrinsic biharmonic map. Then for
any py such that2 < py <4 and 1/po=1/p1 —1/4 and for any 0 < 8 < 1, there
exists T < 1/4 and ¢ > O such that if E(u)(B) < ¢, then

(M () + D, () (Br) < T (M, (1) + D, (u))(B).
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Proof. We fix some 1/2 <r < 1 to be chosen later. Let v = u — h where A%h% =0
on B, and h* = u® and dh*/0n = 0u®/dn on 0B,. Write v = Z?:l v; such

that A%v; = (T, terms) on B, and v; = dv;/on =0on 0B, fori =1,2,3,4. By
Proposition 2.1 and Lemma 2.1, we get

IV3u1llLrs s,y + IV 02l L2, + IV V3l Lo (8, + 1V V4l 03 B,

SIvullv2ullu =l s g, + [1VuPli =l o g, + NIVl =cl] 1 s,
1P =l 60 =) 2
@.B.j

where 1/py=1/p3—1/4, 1/p1=1/py —1/4and ¢ = (c!, ..., c"*!). Then by
Sobolev imbedding theorem, we get

IVUll i s,y S |1Vl V20l lu — + [IVul?|u —

CIHLP2(B,)
[ 1Vullu =l o 5, + 11Vl lu=clIVul | Ly g -

el LP3(B,)

Using the Holder inequality, we have, for 1/po=1/p; — 1/4,
IVllzer s,y S llu = el | Vil ) | V2ull 25,
1l =l IVl 2, + llu = cllLrogs) | Vall s,
VUl g lu—cllros,)-
Applying the Sobolev imbedding theorem again to the left hand side, we get
lvllLeo s,y + VUl Lr (B,
2
S UVl s, F IV + 1VUN s ) + 1V L18,)) X =l Lros,)
S (E>@)+ E*(w) + E@)(B) llu—cll Lo, -

Now, with this key estimate, the proof proceeds exactly the same as in [Chang et al.
1999c]. But we write it down for the sake of completeness.
Set ¢ = u and we choose r with 1/2 <r < 1 such that

1/p 1/p 1/p 1/p
(/ ju—a|™) +(/ Vul) ‘5(/|u—u|ﬂ0) 0+(/|Vu|’”) ’
0B, B, B B

Then for any 7 with 0 < v < 1/4 and x € B, the above justifies the second < in

d 1/p 1/p
il s [ - [ 2 (fu-ae) " ([ vy
2B, 2B, 0n B B

= (Mp,(u) + Dp, (u))(B).
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For any t < 1/4, this in turn justifies the final step in

(M p,(u) + Dp, (u))(B:)

1/po 1/p
— (1—4/ |u—ﬁ|1’°> +(t”‘_4/ |Vu|1’1) ‘
B; B

— —4/po 1-4/py

lu —ullLrocs,) + 7 IVull e s,)

ST U= (Ol Lrocs,y + 7P IVull L s,
ST (ol o,y + I — ROl Lws,)
414/ (”VU“LI’I 8.+ VAl e (3,))
P (B3 ) + E2 ) + E))(B) lu — | o) + T sup |VA(x)]
- eB,

-L-l_4/p1 & ”u — ””LPO(B) + ‘[(MPO(M) + Dp] (M))(B),
where E(u)(B) < ¢.

If we choose t sufficiently small, and then ¢ small, we get

(Mp, () + Dp, () (Br) <7 (Mp,(u) + Dp, () (B). u

S
S

Proof of Theorem 2.1. Take any point x € B. Suppose B,(x) C B is such that
E(u)(B,(x)) <¢&. By Lemma 2.2, we know that

(M py () + Dp, (1)) (Brp(x)) < TV (Mpy(u) + Dy, () (Brp(x)).
Note that E(u)(Bs(x)) < ¢ forall s < p. So we can apply the Lemma 2.2 iteratively
and get
(M py(u) + Dy, () (Brj (X)) < T (Mpy (1) + Dy, () (Brp(x))  for j € N.

From this, it can be shown that D, (Bs(y)) < Cs”for some C > 0, for all y near x,
and sufficiently small s > 0; see [Giaquinta 1983]. Then it follows that u is locally
Holder continuous with exponent 8 = y /4 in B using Morrey’s condition; again
see [Giaquinta 1983]. ]

3. Higher interior regularity

Here we show that a weakly intrinsic biharmonic map u is smooth on B once it is
continuous on B, hence completing the proof of interior regularity.

3.1. Two remarks. In fact, we consider a more general class of elliptic system and
prove the following theorem:
Theorem 3.1. If u is a weak continuous solution of the system

4
0o¥%

A%u® = f(x, Du, D*u) + ) 8 (x, Du, D*u) on B,
il 8xi
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where
|f(x, P, M)| < A (1+|P*+ M%),

g7 (x, P, M)| < da(1+ PP + | MPP?),
then u € Cz’ﬁ(B)for some B € (0, 1).

According to classical regularity theory, once the solution is C>#(B), it is smooth
on B. Since the Euler—Lagrange equation satisfied by « is included in this class,
we have the following:

Corollary 3.1. If u is a continuous weakly intrinsic biharmonic map on B, then it
is smooth on B.

Combining this with the result in Section 2, we finally get the main interior
regularity theorem:

Theorem 3.2. If u € W>2(B, S") is a weakly intrinsic biharmonic map, then
ueC®(B,S".

Two remarks: First, to show that u is C># (B) we only need to show that u; (x) =
(u(rx) —u(0))/c(r) belongs to C*#(B), where c(r) = |lu — u(0)|| (g, + 7. We
may assume u#;(x) to be small when u is continuous on B and r is sufficiently
small. Then we get

4 .
- 20g“
() A2M1=f“(X,DM1,D2M1)+Z a (x, Duy, D*uy),
=7 0%
where
4
F e poMY = (e €T p o)
e PoM) = s 7 (e, SRS M),
3
~a _r a c(r) c(r)
&0, PoM) = s (e, 2P S50 M),

Thus u; is a weak continuous solution of the same type of equations with fe,

g7 and a“4s* satisfying the following growth conditions:

|f%x, P, M) < 2 (14w [PI* 4 1M1,

3) N -
18%(x, P, M)| < Ra(1+ pa| PP + | M),
where A; = eV, ny = c(r)'?, do = c(r)4x, and py = c(r)/4. So ):j
and p; for j = 1,2 can be made arbitrarily small as r is small. This important
observation allows us to reduce the proof of Theorem 3.1 to a scaling argument.
Second, the theorem holds if we replace Au by any elliptic systems.
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3.2. Proof of Theorem 3.1. First of all, we need the following lemma:

Lemma 3.1. Suppose v is a weak solution of the Equation (2) satisfying the growth
conditions (3). And suppose

2.2 4 172 2

@ lol~ <8 and | |D*v| dx+( Dyl dx) 4 jPax < 1.
B B B
Then there exists an ro > 0 such that for r < ro,
4 2 2 4 4, \'? 2
5) r /lD (v —h)| dx+r(/ D —h)| dx) +/|v—h| dx
B, B, B,
<A+ 48,

where h : By, — RX is such that A’h=0in B,,, and h = v and 0h/on = dv/dn
on By,.

Proof. Using the Sobolev inequality and integration by parts, we have
4 2 2 4 4, \'? 2
r /|D (v—h)2dx +r (f D —h)| dx) —|—f|v—h| dx
B, B, B,
2

=< ro4 /
By,

5/ |Dz(v—h)|2dx§/ |A(v—h)|*dx
B,

0 By

1/
|D2(v—h)|2dx+ro4(f |D(v—h)|4dx) +/ v — h|?dx
By By,

5/ (A1lv =Rl it v = RIDV* + A pa v — k|| D*0]?)dx
B,

o

+f (A2 D =)+ Xapa| D@ — W) DI + dapta| D(v — )| D*v]*?)dx.
B,

0

By [Chang et al. 1999a] we have the estimate
|(u —h)(x)] S osc()(B1) + | Dullpspp, ) < llullpeep) +1

if we choose ry > 1/2 such that

/ |Du|4d05/|pu|4dx.
JB B

0
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Using this estimate and the interpolation inequality, we get

left side 5/ (8%5»%+8%|v—h|2+(5+1)5\1(|Du|4+|D2u|2)>dx
B

) 1

+/ (glzxg 2D — h)|2>dx
By,

2

. 1 3/2
+A2M2(e§f |D(v—h)|4dx+—2</ |Du|4dx) )
By € B

3

- 3/2
+A2u2<8§/ |D(v—h)|4dx+i2(/ |D2u|2dx) )
By € B

3
From this, by choosing a suitable ¢, we obtain the required estimate (5). g

Using Lemma 3.1, we can prove an important corollary:

Corollary 3.2. For any 0 < B < 1 and sufficiently small A; with p; > 0, there exists
0 <t < 1/4 such that if v is a weak solution of Equation (2) with growth conditions
(3) that satisfies conditions (4), then there exists a second-order polynomial p(x) =
%xAx + Bx + C such that

1
f |D2(v—p)|2dx+<gf |D(v—p)|4dx —)( lv— p|?dx < %P,
B

Also |A|+ |B|+ |C| < Co, where Cy is a universal constant.

Proof. Let h be the biharmonic vector in the previous lemma, then

5 N2 4 /4
(©) ||h||c3(31/4)§/ (ul+1Dupdo 5 ([ fuldx) "+ ([ 1Du*dx)" <.
9By, By

B

Let p(x) be the second-order Taylor polynomial of 4 at O, that is, let p(x) =
%xDzh(O)x + Dh(0)x + h(0). By Lemma 3.1, we have, for 7 < 1/4,

D= )P+ ( f|D<v—p>|4dx —)( v — pPdx
5)( |D2(v—h)|2dx+(;—4)( |D(v—h)|4dx —f lv— h|%dx
f|D2<h PP+ ( fu)(h Pl —f h — pldx

< Ct_g()»% +k§ +68) + sup|D3h|r (by Lemma 3.1)

<Ct 3 +23+8)+Cot?  (by (6)).
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Now, first take T small such that the second term is less than or equal to %#/2,
and then take A, p; small (so that § is also small) such that the rest is bounded by
728 /2. Then the result follows. O

Proof of Theorem 3.1. First we prove this claim: There exists € > 0, 0 < 4;,
wi < 1, and g9 > 0 such that if |u| < 1 and u is a weak solution of Equation (2)
with growth condition (3) and Xi has u; < &y, then for each k € N there is a second
order polynomial py(x) = %x Arx + Brx 4+ Cy such that

I 12
@ | D2 pofdr+ (S | 1pw-porax) e S e pus
Bk T Bk T Bk

< L2k

and |Ag| + | Br| + |Ck| < 6, where 4 is a universal constant.
We prove this claim by induction on k. Using Corollary 3.2, the case k = 1 is
true. To verify the inductive step, assume the claim is true for £ and define

_ = po(to)
W) = e

Then we get
4
o
Auf = F(x, Dwg, D)+ Y57 (x, Dug, Dw),

i=1

where
Fe(x, P, M) =t P% f(akx, Dp(z*x) + < PR P, D2 pr(ehn) + 2P m)
+7 PP (Dega ") (Dy pr) (),
G{(x, P, M) =t "P¥ge (chx, Dpr(chx) + %P, D2 (et x) + 2P M),
Next we check the growth conditions (3):
|F(x, P, M)| < T PR (1 + 8y (6 + 1Pk P
+2u1 (€ + T M P)) + £%)
< (148t PP P 4200, P CHE M 2),
1G“(x, P, M)| < 7" 7P%55 (1 + 4pp (6 + K p )
4 2/-1«2((63/2 4 T3ﬁk/2|M|3/2))
S 5\‘2(1 +4M2T(4+2'B)k|P|3 + 2/L2T(l+ﬂk/2)|M|3/2).

for A j» ij and 7 sufficiently small. Now we verify the conditions (4) for wy:

ZMIT(ZJrﬂ)k ||wk||L°°(Bl) =2u |lu— pk“LOO(BTk) <2ui(1+%6) <9,
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if w1 is initially chosen to be small. Also, we have

1/2
/lDzwklzdx—i— /IDwk|4dx +/|wk|2dx
B

/|D2(M—Pk)(77 X)‘d _|_ /‘D(”—Pk)(f x) dx)‘/z

R SEEYY:

/ | (u—p)(T*x) |2

T 2+B)k

1 f 2 2 1 4, \'?
= (| 102 porax+ (g | 1Dw-pottan)
TZﬂk( B <T4k B,

1
+W f lu — pk|2dx>
Brk

by the induction hypothesis. So conditions (4) for wy are satisfied.
Therefore, we can apply the Corollary 3.2 to wy, that is, there exists a second
order polynomial g (x) = %xAx + Bx 4+ C such that

1 121
| 10— aPan+ (5 | ip-artax) T k| g <o
B, T J B, T JB,

and |A| 4+ |B| + |C| < Co. Then define pyy1(x) = pr(x) + 1> Pkg(x/7%). By a
change of variable, we get

1 12
| 10— penP+ (st | 1D peolax)
Brk‘H T B,k-H

<1

9

1
+ Zan f u— prridx < 2P,
T B k+1
This proves the inequality (7) for k + 1. Now, it remains to show that |Az41| +
|Bii1] + |Crs1] < €. Initially, we set € = (3Cp)/(1 —4~#). From the induction
step, we know that for j < k, we have

|Aj41] < 1A+ 7P Cy,
Bj1l < |Bj|+7"+PIC,,
il < ICj1+ PG,
This implies
|Ajr1l+ Bjril +Cjipt| < A1 +1Bj| +1C;| + 3774 Co.

Hence we have

3C
[Aks1] + 1 Brgr] + [Crprl < T—
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This complete that proof of the claim for k + 1.
Now, similarly to the proof of Theorem 2.1, this result implies that u € C>#(B),
hence finishing the proof of Theorem 3.1. O

4. Boundary regularity

Here we will investigate the boundary regularity of weakly intrinsic biharmonic
maps u#. The main is this:

Theorem 4.1. Suppose u € W>%(B*, S") is a weakly intrinsic biharmonic map
such that u|yge C-P(dB, S™), and du/dn|yge C'=VP(@B, ") forl e N and B €
(0, 1). Thenu € C"F(B, S™).

Since the interior regularity has already been established in previous section, we
concentrate on the neighborhood of the boundary d B. Without losing generality,
we may assume that u : (Q7, g) — S" C R, where Q is the upper-half ball
of radius r, that is, F = {(x, 1) € R* |t > 0, |x|> +¢*> < r}. Then, the Dirichlet
boundary conditions become

(8) u(x,0) e Cc#(y, s" and g—Z(x, 0) e C'=LB(Ty, ™),
where I'; is the flat part of BQT.

4.1. Boundary C%® regularity. To prove the main theorem, we first need to prove
the boundary C%# regularity of u, a consequence of this theorem:

Theorem 4.2. Let u € W>2(QT, S") be a weakly intrinsic biharmonic map sat-
isfying (8). Then u € C%P (U, S), where AU is a neighborhood of Ty for some
s €(0,1)in Q.

Proof. First, for any r > 0 we define
n 1/p " 1/p
M@= w-u©P)" and Dy @H=(r" | Vul) .
QF QF
Suppose 1/2 <ry <1 and 0 < 7 < ry/4, with both T and r| to be chosen later. Let

hy : Q — R*™! be such that A*h; =0 in @ and &y = u and 3k /dn = du/dn
on BQ:FI. For pg and p; as in Section 2, we have

Mpo(u)(gzj) + D, (u)(Qj) = ()[m'u — M(O)lpo)l/Po n (.L_Pl )[Q+|vu|p1)1/m

1/p 1/p
< (f w=mim) " (e | v nir) "
Qf Qf
1/ 1/
(i =m) " (e )
Qf Qf
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Similarly to Section 2, we get the key estimate on Qx:

J

Apply this and the Sobolev inequality, we get

|u—u(0)|”°>p]/p0.
.

1

IV —h)|” < (EP+ E* 4+ E)(Q@D)™ (/

rl Q

/po /p1
Mpo(u)(Q;'—)—i—Dm (u)(Qj)fJ+(fg+|h1—h1(0)|po)l P +<.Ep1 XQJV}”V]I)I P

1

+ g (B2 + B + E@)@))( / ju — u<0)|po)l/p°.
of

4

Now we apply the above inequality to u(t*~'x) fork =2, 3, .... Then by a change
of variable, we get

1/po 1/p
Mpo(u)(Q;)+Dp](u)(Q;:)ng()( +|hk—hk(0)|l’0) +(fm)[+|wzk|pl)
Q7 Q7

/Ppo
| 7 4P0 (E3(u)+E2(u)+E(u))(Ql+)(fm u —14(0)|p°>1 ’

where iy 1 Q} — R"*! is such that A%h; =0 in QF, and hy(x) = u(t¥1x) and
dhi(x)/dn =3 (u(r*~'x))/dn on 3}, for some ry € (r1/2, r1] to be chosen later.

Now define ﬁk(x) = h1 (¥ 1x). We have
My ()(75) + Dy, () (23)

< =m0 (B3 ) + E2(u) + Em))(QT)(f N lu — M(0)|1’0)1/170

Q
k=1

+ <fgz,+|hk - Ek|P0>1/P0 + <-EP1 fgjlv(hk B ﬁk)l”l)l/pl
+ <fgr+|ﬁk —fzk(O)lpo)l/Po . (‘L’p' ngVﬁkV’l)l/m

Sem B+ B+ E@@h(f - w-uopr)”

Q4
¥ ()(ijm] ~moyr) " (1 fgjkwmv")”’" + sl Vo
ST (ER () + E*(u) + E) () M, (u) ()
+ M, (h1) (1) + D, (h1)(R27,) + 7 sup| V|,

Qf

where ¢y = hy — hy. Note that A2¢; = 0 in Q:; and ¢ = d¢y/dn =0 on T,,.
Therefore, by Schauder theory (see [Agmon et al. 1959]), we know that ¢ is
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smooth on Q*,. Moreover, let G be the Green function of A? on Q;: satisfying
Dirichlet boundary conditions. By Green’s identity and that ¢y = d¢p¢/dn = 0 on
Iy, we get

I(AG 0
= [ (T2 w00 - 4660 T W))do )
AL\, n on

So for x € @, we have the estimate

I
supl Vil S [ (1onl+ |52 )aor
AL, on

Qf

= / (1 =) O+ 1V (@ — ) () ) do (x).
IQHN\Ty,
Now we choose r; such that
/ |(u —hy) (" 1x)|do (x) 5/ |(u—h) (T x)l,
QT Qf
/ IV ((u —hy) (2 x))ldo (x) < / IV ((u —hp) (T x)).
QI Qf

Applying these estimates and the Holder inequality, we get

1/p1

1/po
supl il < ([ 10— ~or) " ([ 9= maton)
o Qr o

< (/Qfm(r"“x) —u@) "+ (/QT|V(u(r"—‘x))|Pl)l/’”

1/po 1/p
+(/Ql+|h1<r“x>—h1(0)|m) ’ +(/QT|V<h1<r“x>>|Pl) ’

S My () () 4+ Dy, () (R,2)
+ My (h1) (1) 4 Dy, (h1) (2],

Therefore, we have
Mp, (u)(RF) + Dy, ) (RF)
SR (B () + E*(u) + E ) () M, ) (27F,)
+ (M, ()R ) + Dy, () (R2:))
+ My () (i) + Dy, () ()
+ My, (h1)(25) + Dy, (h1)(Q,) fork=1,2,....
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By the definition of /; and the boundary assumption on u, we can deduce from
Schauder theory that 1; € C1#(Q+,, $"), and so for k € N, we have

My (h) () + Dy, (h)(QF) < CT¥

for some constant C > 0 independent of k and some sufficiently small 7. Now first
choose t small. Then for sufficiently small £ (u)(QT) for k € N, we have

My, u)(QF) + Dy, () () < ;(MpO W) () + Dy, ) (R, )+ VP).

Now we can apply this inequality iteratively and get

Q) My, () QL) + Dy, ()(QF) < % (M, )(Q]) + Dy, () ()

cC C kB
+5+?+---)§r

for all k € N. In fact, we can apply the argument to all x € I'; for some s € (0, 1)
and obtain the estimate (9) for x. Then by a standard argument we can prove that
u e C%P@u, "), where U is a neighborhood of T’y in Q1 Il

4.2. Proof of Theorem 4.1 for | = 1. This case is in fact a consequence of this
theorem:

Theorem 4.3. Let u € W>2(QT, §") be a weakly intrinsic biharmonic map satis-
fying (8) forl = 1. Thenu € clB©u, §™, where W is a neighborhood of T's for
some s € (0,1) in QT

First, for any r > 0, we define

1/po
My, (@) = (o fmw —u(©) = Vu()x?) ",

rPo

1/pi
D), @hH = ( fmm —vu)) "

We have to rewrite the right side of the Euler—Lagrange equation again so as to
obtain the right estimate. First, from the proof of Proposition 2.1 and [Chang et al.
1999c], we observe that

Au® =T; terms + A@®|Vu|?) forl=1,2,4.

Now we rewrite each of these terms in the following way:
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Type T terms:
(IA) = div(Vu® AuP W — ?) = div((Vu® — a®) AuP (uP — cP)
+ div(a® Auf (uf — cP)),
(IB) = div((Vu?, VVuPy (u? — ¢P)) = div((u? — P)(Vu® — a%), VVuP))
+div((u? = Py (a?, VVuP)).
Type T3 terms:
(TA) = A(W? = )| Vil 1?) = A(W? = PY(Vul, Vu® — a®))
+ A((uP =Py (VuP | aPy),
(IIB) = A(u® W” — P)AuP) = A div(u® P — P)(Vu® —a%))
— AW (Vu® —a®, VuPy)
— AP = Py(vu®, Vuf —aPy).
Term of the form A((u? — c¢#)Au®) do not appear.
Type T4 terms:
(AV) = div(|Vul?@*VuP —uPVu®)uf - cP))
= div(|Vu > u® (Vu? — )P = cP)) + div(@? | Vu|*u® P — cP))
— (div(IVul?uf (Vu® — a®) P — cP)) + div(a? |Vu*u® (u? — cP))).

Au®|Vul?) terms:

(V) = A@®|Vul?) = div(V@®|Vul*)
= div(Vu®|Vu|?) +2divu®(VVu?, VuP))
= A((uf = P)|VuP)?) = 2div(w? — P)(VuP, VVuP))
+2AW*(Vul —a?, vuPy) —2div(Vu® (VuP — P, vuPy)
—2divw®(Vu? —a?, vvub).
Then
(V) = (IIA) term + (IB) term + 2A (u® (Vu? — af, VuP))
—2div(Vu®(Vuf —aP , vuP))
—2divw®(Vu? —a?, vvuby),

where af = Z?Zl af d/dx; is any constant vector field and ¢? is any constant.
Now we are ready to prove this technical lemma:
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Lemma 4.1. For any r € (0, 1), the estimate

/|V(u—h>|1’l5((E2+E)(u)(sz,+)l’l+max|u—c|Pl)(/ \Vu —a|P
QF QF QF

+lal [ i)
Qf

holds on 0}, where h : QF — RK s such that A*h = 0 in QF and such that
h=uand dh/dn = du/dn on I .

Proof. Using Lemma 2.1 in Section 2 and the Holder inequality, we get
IV =Ml pm@ry S (IA) + (IB)Y + (ITA) + (IB) + (IV)" + (V) terms,
where

(IA)Y = IAull 2o IVu —allpp o) +lalll Aull 2o 1t — cll L oy
2 2
(IB) =V ull 2@y IVu = all pp oy + lalll Vull 2o e — ¢l (o
(A) = ”vu||L4(Q;") Vu — a”LPl(Qj’) +lal ||V“||L4(Q:f) lu—cllpn (@)

2
(IIB)' = (Hslﬁxm —cDIIVu —all @h T ”VMHL‘*(Q,*) IVu —all;r @)

2 2
AVY = IVullZy o IV = all o gy + lall VallZ g i = cll o g

(V) = (IB)" + (IT1A)’

2 2
+ (HVMHU(Q:r) + ||Vu||L4(Q,+) +IV u”LZ(Qj))”V” —allpr Q-
After grouping terms, it is easy to obtain the required estimate. (|

Proof of Theorem 4.3. Suppose 1/2 <r; <1 and 0 < 7 < r(/4, but both t and r,
are otherwise to be chosen later. Define /] as in previous section. By the Sobolev
inequality, we have

M, )(2) + D), ()(2F)
S )[Q Vi h1)|m)]/p' + M ()@ + D, (h)(QF)
STp ((E;-i— EYa) (@) + maxju —u(O)])
% (D), (/@) + V1) 1My, (0)(€21)) + M () (@) + D), () ().

The last inequality follows from Lemma 4.1 by setting ¢* = u%(0) and af =
Vuf(0). Now we apply the above inequality to u(t*~'x) for k = 2,3, ..., and
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then by a change of variable, we get

M, )(QF) + D), 1) (QF)
< =4/ Po ((E2 + E)(u)(QT) + max |u — u(O)I)
Q+

x (D), ) (5 ) + [Vu©)| My, ) (QF)

+ 1 (M}, (@) + D), () (@),

where Ay is defined on ij in previous section and ry is to be chosen later. Repeat-
ing the proof method of Theorem 4.2, we consider I (x) = h; (¥ 'x). Then we
have

My, (hi)(QF) + D), (hi) (@)
< My, ($0)(Q) + D, (@)(2)) + My, (h)(@) + D)y, ()2

< Tsup| V2| + (M, (h)(Q) + D), () (%)),
Qf

where ¢y = Iy —hy. Again note that by Schauder theory, we know that ¢y is smooth
on Qt,, and so V2¢y is well defined. As before, by a Green function argument,
we have the estimate

1
Fsuyvzm <M, () (QF) + D, () (R7F)
Q7
+ M), ()5 ) + D), () (7).
Combining these results, we get

M, )(QF) + D), 1) (QF)

((E*+ E)(u)(Q]) + max u —u(0)])

X (D), () (QF ) + [ Vu(0)| My, () (1))
+ (M), (@) + D), (@) + M), (h)(QF )
+ D), (h)(QF)) + M, (h)(QF) + D), (h)(Q).

~ 14/po

By Schauder theory, we know that /1; € C'*#(Q+,), and we know by Theorem 4.2
that u € C%#(Q+,). Therefore, we have

M, (h)(Q5) + D), (h)(Qf) S o,
M, (u)(QF, ) STPED,

max |u —u(0)| S rAk=D
k=1
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for k = 2,3, ... and 7 sufficiently small. With these estimates, we first choose
ko € N such that (kg — 1)8 — 4/po > 1, then choose t small, and finally, for
E (u)(QT) sufficiently small, we get

L2
2

for some constant C > 0 independent of k and k > k¢. Then iteratively applying
the above inequality we get

M;m(u)(ij) + D;] (u)(ij) < (M;O(”)(ijq) + D;n (M)(Qj,l) + C.L,(k—l)ﬂ)

kp
(10) M}, @)(Q) + D)y, () Q) < 5= (M, () (R + D), w)(Q,)
c C k
+C+5+?+)§T p for k > k.

Again, as in the proof of Theorem 2.1, we can apply the argument to all x € ',
and obtain the estimate (10) for x. Then by a standard argument it can be shown
that u € C1A (U, ™). O

4.3. Proof of Theorem 4.1 for | > 2. Again, by standard regularity theory, it suf-
fices to prove the case [ = 2. As in Section 3, we consider a larger class of elliptic
systems. In this section, we will prove this:

Theorem 4.4. Suppose u € C-F(Q+,, $") is a weak solution on er of the elliptic
system

0g¥
8i (x, Du, D*u)
8)6,'

4
Au® = f(x, Du, D*u)+ Y
i=1

with growth conditions

|f%x, P, M)| < A (14 |P*+ M),

(11)
18%(x, P, M)| < M1 4| P>+ |MPP/?)

and Dirichlet boundary data satisfying (8) for | = 2. Then u € C>P (U, S™), where
WU is a neighborhood of T's in QT for some s € (0, 1).

Since the Euler-Lagrange equation of the intrinsic biharmonic map u belongs
to this class of elliptic system and, by the previous section, we already know that
uecChHp (ﬁl), we see Theorem 4.4 implies Theorem 4.1.

As in Section 3, to show that u € C%# (W), it suffices to show that u;(x) =
(u(rx)—u(0))/c(r, K) belongs to C># (W), where c¢(r, K)=K (||u — u(0) | Lo,y +
r) for some K > 1 and r > 0. Since u is continuous, c(r, K) becomes arbitrarily
small as » — 0. Therefore, by a computation in Section 3, we know u satisfies
the same type of elliptic system

09%
i (x, Du, D*u) in QT
3)6,'

4
(12) Au® = f*(x, Du, D*u)+ )
i=1
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with growth conditions
1@, P M) < Ay (L [P+ [ M),

(13) _ -
1890, P, M)| < do(1+ pa| PP + o | M%)

where ):1 =c(r, K)1/2A1, w1 = c(r, K)l/z, 5»2 = c(r)1/4A2, and up = c(r, K)1/4.
So A jand p; for j = 1,2 can be made arbitrarily small as r goes to zero. Also
note we can assume |u|C1,ﬁ(§1), lulc2pr,)> and |0u/0n|c1pr,) to be very small
if we fix a large enough K.

To prove Theorem 4.4, we need a lemma.

Lemma 4.2. Suppose v is a weak solution of Equation (12) with growth conditions
(13) and Dirichlet boundary data satisfying (8) for | = 2. Also suppose

M1(|U_h|LOO(Q;B))§5,
12
|D2v|2dx+(/ |Dv|4dx) +/ v 2dx < 1
Qf Qf

for some ry € (0,11 and h : Q} — RX such that A’h = 0 in Q! and such that
h=v and dh/dn = dv/dn on IQ} . Then for 0 < r < ro,

(14)

Qf

12 -
r4/ |D2(v—k)|2dx+r4<f |D(v—k)|4dx> +f v —kPdx <R3 +32 46
B, B, B,

The proof of Lemma 4.2 is similar to that of Lemma 3.1 and is therefore omitted.

Proof of Theorem 4.4. First let wo = u, po =0, and ho = h where h: Q} — RE+!
is such that A>h =0 in ©;} and such that h = u and dh/dn = 0u/dn on ;! for
some g € (0, 1), to be chosen later. Let T € (0, ry) also to be chosen later. For
k € N, we define
e = PO
7 C+P)k ’

where py(x) = pi—1(x) + t®P¥ge_; (x/Th) for gro1(x) = 33Dy (O)x +
Dhy—1(0)x + hi—1(0) and hy—y : 2  — R"™! such that A%y = 0 in Q;F
and hk—l = Wk—1, ahk_1/3l’l = awk_1/3n on 89:271 for some rr—1 € (r0/4, r0/2),
also to be chosen later.

Notice that by definition /;(0) = 0 and Dhi(0) =0 for all k € N. So p;(x) =
1xD?h(0)x + Dh(0)x +h(0) and pr(x) = px_1(x) + 3tPx D*hi_1(0)x for k > 2.
Also, it can be shown that x D?h;_;(0)x = 0 and D(dhx_/dn)(0)x = 0 for all
xel,,  fork>2.

To prove Theorem 4.4, it suffices to prove that

1 2

|10t porax (S | ipw-portar) T dp | wepPar<e
Qt T ot T ot
& ok -k
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for all k € N and |Ag| + | Bx| + |Cx| < %6 for some constant ¢ independent of &,
where pi(x) = %xAkx + Bix + Cy.

We prove this claim by induction on k. First consider when k = 1. By the dis-
cussion at the beginning of this section, we may assume without loss of generality

that
1/2
/|u|2dx+</ |Du|4dx) +f |D%u|?dx <1,
Qf Qf Qf

8 llu — hO”LOO(Q:B) <34,

’
|M|C1,ﬁ(§l) + |M|C2’/5(F1) + ‘%}Cl,ﬁ(rl) =

for small § and &’ to be chosen later. Then we have
J. 1= porax+ (172t | iD= poriax)” —f ju—pildx
Qf

5)( |D2(u—h0)|2dx+<%f |D(u—ho)|4dx —f lu — ho|*dx
o

20 N2 1 _
+ 10200 —aoPax+ (55 1D00 - gortax)”

1 2
+3 fmlho qgol“dx

<Cit 33 +234+8)+ 3[110162[,(Q+ : t2# (by Lemma 4.2)
<Cit 803+ 034 8) 4+ Cr8' P,
Let A;, 8, and &' be small enough that
. 28 28
(15) Cit 82 +33+49) < TT and 't <

Therefore, the claim is true for k = 1. Now assume the claim is true for k. Similarly,
we have

1
| 10— a0+ (4 f D —qoldx) + % f [y — gel*dx
Q7

1
< |D2<wk—hk>|2dx+(—4)( IDGwi — ) dx)
Qf T
2 2 1 4, \?
+ 1020 —gqoPdx+ (=5 | 1D — g l*dx)
Qf v Jaf

1 —hPdx 4+ - — il
D MCSUGOE ST
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4 2 2 4 4 172
=[x / D2 (uy — )P+ T (/ DGy — b))
Qf QF
2 2 1 4 172
+ 1020 —gqoPdx+ (=5 | 1D — g ldx)
ot T Jof

+/ |wk—hk|2dx]+i4f i — quPdx.
Qf v Jaf

To use Lemma 4.2, we must verify conditions (14) for wy. First, by the induction
hypothesis, we have

172
f |D?>wi|?dx + (/ IDwk|4dx> +/ lwi|2dx < 1.
Qf oh Qf

Therefore, the second condition of (14) is satisfied. Second, by the computation in
Section 3, the first condition of (14) for w; becomes

81T FHPK |lwy — hk”Lw(Qﬁ() <$.
It is easy to see that for k > 0,
I () = (e (x) = pr(z*2)) [T FHPK,

where /i Q} — R s such that A%h; =0 on @ and such that hy = u(tkx)
and afzk/an = 8(u(th))/8n on HQj;. So the condition is equivalent to

8uunllu(th ) = i (00l o gt < 8-

By definition, |u]| Lo(@) < 1 for any k. By the Schauder estimates, we have

1Ak (O Loy y S Nl crs ey S8

So by an initial choice of small p; and ', condition 4.3 is satisfied. Now we can
apply Lemma 4.2 for wy and get

1 121
| 0= aopax+ (5 pa-aortar) "+ L - apas
of v Jaf v Jaf

<Cir @0+ 1D - qoPds
Q7

(S poe—gorax) "+ LA - quas
™ Jar ™ Jor



66 YIN BON KU

r2f 2 ~ 2
ST+ D" (hy — hy — qi)|"dx
Qf

1 P a, V21 - 2
(o | IDO=h—qotdx) "+ = e — qildx
U Jar ™ Jof

~ ~ 1/2 ~
+f |D2hk|2dx+(l4f |th|4dx) +L4f |hk|2d~x’
Qf T Jaf v Jat

where Ay (x) = ((ho —qo) (t¥x)) /T @tP*  Define ¢ = hy — hy. Note that A2¢y =0
in Q:; and ¢y = d¢/on =0 on I',,. Therefore by Schauder theory, ¢; is smooth
on @r, and so we have

1 1 1/2
)(+|Dz(wk—qk)|2dx+g)(+|wk—qk|2dx+(gf+|D<wk—qk)|“dx)
QI Qr Qf

< Cre PG+ 03 +8) +3lholgs v 727 + Psupl Dy
Qt,
2B 2B
< G+ T sup| Dl

Q.

The first and third term of the last inequality follow from Equation (15).
As before, we can estimate | D3¢ |? as follows:

09 4 |12
sup|D3¢k|2§cs( [ wbdo ([ 15 ) )
o AT, dQi\r, On

Q+,

2 4 1/2 ~ - 1/2
§C4(/ i | dx—l—(f |Duy| dx) +/ e dx+(/ \Dirg | dx) )
Qf Qf Qf Qf

2
E C4(1 + Z[ho]cz,ﬁ(ﬁt))

< C4(142C28").

Then by an initial choice of small 7, we can assume that T2C4(142C,8") < 8 /4.
Therefore we get

1/2
D (wi—goPdx+ (25 | IDGe—gol'dx) "+ 2 | lw—qPdx =%
Qf T Jaf T Jaf
By change of variable, we get

D2~ peanPdx + (g | 1D@— pranlx)
+ U — Pk+1 X 74k+D) Q+k+l U — Pk+1 X

Q
k1

1 2 2B(k+1)
+mfg+ lu— pry1l7dx <t .

k1
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This finishes the proof for k 4 1. Finally, we need to show that |Ax| + | Bx| + | Ck|
has a bound that is independent of k. Note that C;, = u(0) and By = Du(0) for all
k. So it suffices to consider Ay. First, we know that

o 14 1/2
|Dzhk<0>|2=|DZ¢k<0>|2sc4</ |¢k|2da+(/ ﬂ( do) )
ORIy, i, | on

which is less than or equal to C4(1+2C»48"). So | D%hi(0)| < Cs for some constant
Cs independent of k. The desired k-independence then follows by definition:

Csth

1" O

| Akl = |D?*ho(0)| + ° | D*h1 (0)| + 2P| D*ha(0)| + - - - < | D*ho(0)| +
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