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We construct free field realizations of the four point algebra sl(2, R) ⊕

(�R/d R), where R = C[t, t−1, u | u2 = t2 − 2bt + 1].

1. Introduction

It is well known from Kassel and Loday [1982] and [Kassel 1984] that if R is a
commutative algebra and g is a simple Lie algebra, both defined over the com-
plex numbers, then the universal central extension ĝ of g ⊗ R is the vector space
(g⊗ R)⊕�1

R/d R, where �1
R/d R is the space of Kähler differentials modulo exact

forms; see [Kassel 1984]. The vector space ĝ is made into a Lie algebra by defining

[x ⊗ f, y ⊗ g] := [xy] ⊗ f g + (x, y) f dg with [x ⊗ f, ω] = 0

for x, y ∈ g, f, g ∈ R, and ω ∈ �1
R/d R, where ( · , · ) denotes the Killing form

on g. Here a denotes the image of a ∈ �1
R in the quotient �1

R/d R. A somewhat
vague (due to the underspecified R and the resulting imprecisely described ba-
sis of �R/d R) but natural question arises as to whether there exists free field or
Wakimoto type realizations of these algebras. The answer is well known from the
work of M. Wakimoto [1986] when R is the ring of Laurent polynomials in one
variable. We answer this question below when g = sl(2, C) and R = C[t, t−1, u |

u2
= t2

−2bt +1] is the four point algebra. H. P. Jakobsen and V. Kac [1985] have
related work on sl(2, R), and we review the relevant material in Section 7.

Before we begin, we mention a little of the genesis of four point algebras.
In Kazhdan and Lustzig’s explicit study [1993; 1991] of the tensor structure of
modules for affine Lie algebras, the ring of functions regular everywhere but a
finite number of points appears naturally. M. Bremner named this algebra the
n-point algebra. In particular, consider now the Riemann sphere C ∪ {∞} with
coordinate function s, and fix four distinct points a1, a2, a3, a4 on it. Let R de-
note the ring of rational functions with poles only in the set {a1, a2, a3, a4}. The
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automorphism group PGL2(C) of C(s) is simply 3-transitive and R is a subring
of C(s), so that R is isomorphic to the ring of rational functions with poles at
{∞, 0, 1, a4}. Motivated by this isomorphism, one sets a = a4, and here the 4-
point ring is R = Ra = C[s, s−1, (s − 1)−1, (s − a)−1

], where a ∈ C\{0, 1}. Let
S := Sb = C[t, t−1, u], where u2

= t2
−2bt +1 with b a complex number not equal

to ±1. Then M. Bremner has shown us that Ra ∼= Sb. The latter, being Z2-graded,
is a cousin to super Lie algebras and is thus more immediately amenable to the
theatrics of conformal field theory; we therefore choose to work with Sb. Moreover
Bremner has explicitly described the universal central extension of g⊗ R in terms
of ultraspherical (Gegenbauer) polynomials, where R is the four point algebra.
His description is recapitulated in what follows. Our main result Theorem 6.1
provides a natural free-field realization in terms of a β-γ -system and the oscillator
algebra of the four point affine Lie algebra when g = sl(2, C). Just as in the case
of intermediate Wakimoto modules defined in [Cox and Futorny 2006], there are
two realizations depending on two normal orderings.

2. The 4-point ring C[t, t−1, u | u2 = t2 − 2bt + 1].

Recall R = Ra = C[s, s−1, (s − 1)−1, (s − a)−1
], where a ∈ C\{0, 1}, and S :=

Sb = C[t, t−1, u], where u2
= t2

− 2bt + 1 with b a complex number not equal to
±1.

Proposition 2.1 [Bremner 1995, Proposition 1.1]. If b = (a + 1)/(a − 1) with
a ∈ C\{0, 1}, then Ra ∼= Sb and b 6= ±1.

Proposition 2.2 [Bremner 1995, Proposition 1.2]. For a ∈ C\{0, 1}, the functions

(2-1) i(s) := s, p(s) :=
s−a
s−1

, q(s) :=
a(s−1)

s−a
.

uniquely determine automorphisms of Ra , and {i, p, q, p ◦ q} is a subgroup of
Aut(Ra).

Via the isomorphism Ra ∼= Sb, the automorphisms above are transformed into
automorphisms on Sb where they take the form

(2-2) p(t) := t−1, p(u) = t−1u, q(t) := t−1, q(u) = − t−1u.

3. A triangular decomposition of the 4-point loop algebras g⊗ R

From now on, we identify Ra with Sb which has a basis {t i , t i u, i} ∈ Z. One can
decompose R = R0

⊕ R1, where

R0
= C[t±1

] = {r ∈ R | pq(r) = r},

R1
= C[t±1

]u = {r ∈ R | pq(r) = − r}
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are the eigenspaces of p◦q . From now on, g will denote a simple Lie algebra over
C with triangular decomposition g = n− ⊕ h ⊕ n+; then the 4-point loop algebra
L(g) := g ⊗ R has a corresponding Z/2Z-grading L(g)i

:= g ⊗ Ri for i = 0, 1.
However the degree of t does not render L(g) a Z-graded Lie algebra. This leads
us to the following notion.

Suppose I is an additive subgroup of the rational numbers P and A is a C-algebra
such that A = ⊕i∈I Ai . Suppose also there exists a fixed l ∈ N such that

Ai A j ⊂ ⊕|k−(i+ j)|≤lAk

for all i, j ∈ Z. Then A is said to be an l-quasigraded algebra. For 0 6= x ∈ Ai ,
one says that x is homogeneous of degree i and writes deg x = i .

For example, R has the structure of a 1-quasigraded algebra in which I =
1
2 Z,

deg t i
= i , and deg t i u = i + 1/2.

A weak triangular decomposition of a Lie algebra l is a triple (H, l+, σ ) satis-
fying

(1) H and l+ are subalgebras of l,

(2) H is abelian and [H, l+] ⊂ l+,

(3) σ is an antiautomorphism of l of order 2 which is the identity on h, and

(4) l = l+ ⊕ H ⊕ σ(l+).

We denote σ(l+) by l−.

Theorem 3.1 [Bremner 1995, Theorem 2.1]. The 4-point loop algebra L(g) is 1-
quasigraded Lie algebra such that deg(x ⊗ f ) = deg f when f is homogeneous.
Set R+ = C(1 + u)⊕ C[t, u]t and R− = p(R+). Then L(g) has a weak triangular
decomposition given by

L(g)± = g⊗ R±, H := h ⊗ C.

4. The universal central extension of g⊗ R

Recall how the universal central extension of L(g) was realized in the introduction.

Theorem 4.1 [Bremner 1995, Theorem 3.3]. The space ω ∈ �1
R/d R has basis

ω0 := t−1dt, ω− := t−2u dt, ω+ := t−1u dt .

The automorphisms p, q descend to the space �1
R/d R where they take the form

p(ω0) = − ω0, p(ω−) = − ω+, p(ω+) = − ω−,

q(ω0) = − ω0, q(ω−) = ω+, q(ω+) = ω−.

M. Bremner gave a Fourier mode description of the relations satisfied by the
basis elements x ⊗ tn , x ⊗ tnu, ω0, and ω± of ĝ. First we recall the ultraspherical
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(Gegenbauer) polynomials Pλ
k (b), which are defined to be the coefficient of tk in

the Taylor series of P−λ(b, z) = (1 − 2bt + t2)−λ. We will only need the case
where λ = − 1/2, and we will simplify the notation by setting Pk(b) = P−1/2

k (b)

and P = P−1/2(b, z). Define for b 6= ±1

Qk(b) := −
Pk+2(b)

b2 − 1
,

which is a polynomial in b. The final result of [Bremner 1995] is

Theorem 4.2 [Bremner 1995, Theorem 3.6]. The 4-point affine Lie algebra ĝ has
a Z/2Z-grading where

ĝ0
= g⊗ C[t, t−1

] ⊕ Cω0, ĝ1
= g⊗ C[t, t−1

]u ⊕ Cω− ⊕ Cω+.

For x, y ∈ g, the commutation relations defining ĝ are

[x ⊗ t i , y ⊗ t j
] = [xy] ⊗ t i+ j

+ δi+ j,0 jω0,

[x ⊗ t i− 1
2 u, y ⊗ t j− 1

2 u] = [xy] ⊗
(
t i+ j−1

− 2bt i+ j
+ t i+ j+1)

+ (x, y)ω0
(
−2 jbδi+ j,0 +

1
2( j − i)(δi+ j,−1 + δi+ j,1)

)
,

[x ⊗ t i− 1
2 u, y ⊗ t j

] = [xy] ⊗ t i+ j− 1
2 u

+ (x, y) j
(

Q
i+ j− 3

2
(b)(bω+ + ω−)δ

i+ j≥ 3
2
)

+ ω±δ
i+ j,± 1

2
+ Q

−i− j− 3
2
(b)(ω+ + bω0)δi+ j≤−

3
2

)
.

They hold whenever the indices i and j raise t in the commutators to an integer
power. Here δl≥a is the Heaviside function that is zero for l < a and 1 otherwise.
In addition, the elements ω0, ω± are central.

4.1. Formal distributions. More notation will simplify some later arguments. It
roughly follows [Kac 1998] and [Matsuo and Nagatomo 1999]: The formal delta
function δ(z/w) is the formal distribution

δ(z/w) = z−1
∑
n∈Z

( z
w

)n
.

For any sequence of elements {am}m∈Z in the ring End(V ), where V is a vector
space, the formal distribution

a(z) :=

∑
m∈Z

amz−m−1
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is called a field if, for any v ∈ V , we have amv = 0 for m � 0. If a(z) is a field,
then we set

(4-3) a(z)− :=

∑
m≥0

amz−m−1 and a(z)+ :=

∑
m<0

amz−m−1.

The normal ordered product of two distributions a(z) and b(w) (and their coeffi-
cients) is defined by

(4-4)
∑
m∈Z

∑
n∈Z

:ambn : z−m−1w−n−1
= :a(z)b(w): = a(z)+b(w) + b(w)a(z)−.

While :a1(z1) · · · am(zm): is always defined as a formal series, we will only
define :a(z)b(z): as limw→z :a(z)b(w): for certain pairs (a(z), b(w)).

Then one defines recursively

:a1(z1) · · · ak(zk): = :a1(z1)
(
: a2(z2)

(
: · · · : ak−1(zk−1)ak(zk) :

)
· · · :

)
:,

while the normal ordered product

:a1(z) · · · ak(z): = lim
z1,z2,··· ,zk→z

:a1(z1)
(
: a2(z2)

(
: · · · :ak−1(zk−1)ak(zk):

)
· · ·

)
:

will only be defined for certain k-tuples (a1, . . . , ak). Let

(4-5) babc = a(z)b(w) − :a(z)b(w): = [a(z)−, b(w)],

(half of [a(z), b(w)]) denote the contraction of any two formal distributions a(z)
and b(w).

Theorem 4.3 (Wick’s theorem; see [Bogoliubov and Shirkov 1983], [Huang 1998]
or [Kac 1998]). Let ai (z) and b j (z) be formal distributions with coefficients in the
associative algebra End(C[x] ⊗ C[y]), satisfying:

(1) [bai (z)b j (w)c, ck(x)±]=[bai b j
c, ck(x)±]=0 for all i, j, k and ck(x)=ak(z)

or ck(x) = bk(w).

(2) [ai (z)±, b j (w)±] = 0 for all i and j .

(3) The products

bai1b j1c · · · bais bis c :a1(z) · · · aM(z)b1(w) · · · bN (w): (i1,...,is ; j1,..., js)

have coefficients in End(C[x]⊗C[y]) for all subsets {i1, . . . , is}⊂ {1, . . . , M}

and { j1, . . . , js}⊂{1, · · · N }. Here the subscript (i1, . . . , is; j1, . . . , js) means
those factors ai (z), b j (w) with indices i ∈ {i1, . . . , is}, j ∈ { j1, . . . , js} are to
be omitted from the product :a1

· · · aM b1
· · · bN

: and when s = 0 we do not
omit any factors.
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Then

:a1(z) · · · aM(z): :b1(w) · · · bN (w): =∑
s=0,...,min(M,N )

i1<···<is
j1 6=···6= js

bai1b j1c · · · bais bis c :a1(z) · · · aM(z)b1(w) · · · bN (w): (i1,...,is ; j1,..., js).

For m = i −
1
2 , i ∈ Z +

1
2 and x ∈ g, define

xm+
1
2
= x ⊗ t i− 1

2 u and xm := x ⊗ tm .

Motivated by conformal field theory we set

x1(z) :=

∑
m∈Z

xm+
1
2
z−m−1 and x(z) :=

∑
m∈Z

xmz−m−1.

Then the relations in Theorem 4.2 can be rewritten as

[x(z), y(w)] = [xy](w)δ
( z

w

)
− (x, y)ω0∂wδ

( z
w

)
,

[x1(z), y1(w)]

= (w2
−2bw+1)

(
[x, y](w)δ

( z
w

)
− (x, y)ω0∂wδ

( z
w

))
+(x, y)ω0(b−w)δ

( z
w

)
,

[x1(z), y(w)]

= [x, y]
1(w)δ

( z
w

)
+ (x, y)

b−w

1−b2

(
ω+b+ω−

w(1−2bw−1+w−2)1/2 +
ω++ω−b

(1−2bw+w2)1/2

)
δ
( z

w

)
− (x, y)

((
ω+b+ω−

1−b2

)
w(1 − 2bw−1

+ w−2)1/2

+

(
ω++ω−b

1−b2

)
(1 − 2bw + w2)1/2

)
∂wδ

( z
w

)
,

[x(z), y1(w)]

= [x, y]
1(w)δ

(
w
z

)
− (x, y)

((
ω+b+ω−

1−b2

)
w(1 − 2bw−1

+ w−2)1/2

+

(
ω++ω−b

1−b2

)
(1 − 2bw + w2)1/2

)
∂wδ

(
w
z

)
.

One interprets in the last summand the expansion of (1−2bw+w2)1/2 as a Taylor
series in w about 0. Similarly (1 − 2bw−1

+ w−2)1/2 is interpreted as a Taylor
series in w−1. It is somewhat amusing to see that the variants of the ultraspherical
polynomials Qk(b) disappear in the formal power series formulation above.
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5. Oscillator algebras

5.1. β − γ system. Let â be the infinite dimensional oscillator algebra with gen-
erators an, a∗

n , a1
n, a1∗

n for n ∈ Z that, together with 1, satisfies the relations

[an, am] = [am, a1
n] = [am, a1∗

n ] = [a∗

n , a∗

m] = [a∗

n , a1
m] = [a∗

n , a1∗

m ] = 0,

[a1
n, a1

m] = [a1∗

n , a1∗

m ] = 0 = [a, 1],

[an, a∗

m] = δm+n,01 = [a1
n, a1∗

m ].

For c = a, a1 and respectively X = x, x1 with r = 0 or r = 1, we define the
representation ρ : â → gl(C[xn, x1

n | n ∈ Z]) by

ρr (cm) :=

{
∂/∂ Xm if m ≥ 0 and r = 0,

Xm otherwise,

ρr (c∗

m) :=

{
X−m if m ≤ 0 and r = 0,

− ∂/∂ X−m otherwise,

and ρr (1) = 1. These two representations can be constructed using induction: For
r = 0 the representation ρ0 is the â-module generated by 1 =: |0〉, where

am |0〉 = a1
m |0〉 = 0, m ≥ 0 and a∗

m |0〉 = a1∗

m |0〉 = 0, m > 0.

For r = 1 the representation ρ1 is the â-module generated by 1 =: |0〉, where

a∗

m |0〉 = a1∗

m |0〉 = 0, m ∈ Z.

If we write

α(z) :=

∑
n∈Z

anz−n−1, α∗(z) :=

∑
n∈Z

a∗

n z−n,

α1(z) :=

∑
n∈Z

a1
n z−n−1, α1∗(z) :=

∑
n∈Z

a1∗

n z−n,

then

[α(z), α(w)] = [α∗(z), α∗(w)] = [α1(z), α1(w)] = [α1∗(z), α1∗(w)] = 0,

[α(z), α∗(w)] = [α1(z), α1∗(w)] = 1δ(z/w).

We observe that ρ1(α(z)) and ρ1(α
1(z)) are not fields, whereas ρr (α

∗(z)) and
ρr (α

1∗(z)) are always fields. Corresponding to these two representations there are
two possible normal orderings. For r = 0 we use the usual normal ordering given
by Equation (4-3) and for r = 1 we define the natural normal ordering to be

α(z)+ = α(z),

α1(z)+ = α1(z),

α(z)− = 0,

α1(z)− = 0,

α∗(z)+ = 0,

α1∗(z)+ = 0,

α∗(z)− = α∗(z),

α1∗(z)− = α1∗(z).
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This means in particular that for r = 0 we get

bαα∗
c = δ−(z/w) = ιz,w

( 1
z−w

)
,

bα∗αc = − δ+(w/z) = ιz,w

( 1
w−z

)
,

and, for r = 1,

bαα∗
c = [α(z)−, α∗(w)] = 0,

bα∗αc = [α∗(z)−, α(w)] = − δ(w/z).

Similar results hold for α1. Notice that in both cases we have

bα(z)α∗(w)c − bα∗(w)α(z)c = δ(z/w).

We will also need the following two results.

Theorem 5.1 (Taylor’s theorem, [Kac 1998, 2.4.3]). Let a(z) be a formal distribu-
tion. Then in the region |z − w| < |w|,

(5-6) a(z) =

∞∑
j=0

∂( j)
w a(w)(z − w) j .

Theorem 5.2 [Kac 1998, Theorem 2.3.2]. Define C[x] = C[xn, x1
n | n ∈ Z] and

C[y] = C[ym, y1
m | m ∈ N∗

]. Let a(z) and b(z) be formal distributions with coeffi-
cients in the associative algebra End(C[x] ⊗ C[y]), where we are using the usual
normal ordering. Then, for c j (w) ∈ End(C[x] ⊗ C[y])[[w, w−1

]], these two are
equivalent:

(i) [a(z), b(w)] =

N−1∑
j=0

∂( j)
w δ(z − w)c j (w).

(ii) babc =

N−1∑
j=0

ιz,w

( 1
(z − w) j+1

)
c j (w).

In other words, the singular part of the operator product expansion

babc =

N−1∑
j=0

ιz,w

(
1

(z − w) j+1

)
c j (w)

completely determines the bracket of mutually local formal distributions a(z) and
b(w). One writes

a(z)b(w) ∼

N−1∑
j=0

c j (w)

(z − w) j+1 .
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5.2. The 4-point Heisenberg algebra. The Cartan subalgebra h tensored with R
generates a subalgebra of ĝ which is an extension of an oscillator algebra. This
extension motivates defining a Lie algebra with generators bm, b1

m , m ∈ Z, 10, 1±

and with relations

[bm, bn] = 2n δm+n,010,(5-7)

[b1
m, b1

n] = (n − m)(δm+n,0 − 2b δm+n,−1 + δm+n,−2)10,(5-8)

[b1
m, bn] = 2n

(
Qm+n−1(b)(b1+ + 1−)δm+n≥1 + 1+δm+n,0(5-9)

+ 1−δm+n,−1 + Q−m−n−2(b)(b1− + 1+)δm+n≤−2
)
,

[bm, 10] = [b1
m, 10] = [bm, 1±] = [b1

m, 1±] = 0.(5-10)

W call this the 4-point (affine) Heisenberg algebra and denote it by ĥ4. This algebra
has an involutive antiautomorphism induced by −p:

σ(bn) = − b−n, σ (b1
n) = − b1

−n−1, σ (10) = 10, σ (1±) = 1±.

The antiautomorphisms −q and −p ◦ q also induce antiautomorphisms on ĥ4,
which we leave to the reader to formulate.

If we introduce the formal distributions

(5-11) β(z) :=

∑
n∈Z

bnz−n−1 and β1(z) :=

∑
n∈Z

b1
nz−n−1.

then using calculations done earlier for the 4-point Lie algebra we can see that the
relations above can be rewritten in the form

[β(z), β(w)] = 210∂zδ(z/w) = − 210∂wδ(z/w),

[β1(z), β1(w)] =
(
10∂z((z2

− 2bz + 1)δ(z/w)) + 210(b − z)δ(z/w)
)

= 2
(
10(b − w)δ(z/w) − (w2

− 2bw + 1)10∂w(δ(z/w)
)
,

[β1(z), β(w)]=2
(
(1+b + 1−) z(1−2bz−1

+z−2)1/2
+(1+ + 1−b) (1−2bz+z2)1/2)

× (1 − b2)−1∂zδ(z/w)

= 2(b − w)

(
1+b + 1−

w(1 − 2bw−1 + w−2)1/2 +
1+ + 1−b

(1 − 2bw + w2)1/2

)
(1 − b2)−1δ(z/w)

− 2
(
(1+b + 1−) w(1 − 2bw−1

+ w−2)1/2
+ (1+ + 1−b)(1 − 2bw + w2)1/2)

×(1 − b2)−1∂wδ(z/w),

[β(z), β1(w)] = − 2
(
(1+b + 1−) w(1 − 2bw−1

+ w−2)1/2
+

(1+ + 1−b) (1 − 2bw + w2)1/2)(1 − b2)−1∂wδ(z/w).



270 BEN COX

Setting

ĥ±

4 :=

∑
n≷0

(
Cbn + Cb1

n
)

and ĥ0
4 := C1− ⊕ C10 ⊕ C1+ ⊕ Cb0 ⊕ Cb1

0,

we introduce a Borel type subalgebra b̂4 = ĥ+

4 ⊕ ĥ0
4. The defining relations above

show that b̂4 is a subalgebra.

Lemma 5.3. Let V = Cv0 ⊕Cv1 be a two-dimensional representation of b̂4, where
h+

4 vi = 0 for i = 0, 1. Suppose λ, µ, ν, ~, χ±, κ0 ∈ C are such that

b0v0 = λv0,

b0v1 = λv1,

b1
0v0 = µv0 + νv1,

b1
0v1 = ~v0 + µv1,

1±vi = χ±vi ,

10vi = κ0vi , i = 0, 1.

Then bχ+ + χ− = 0.

Proof. Since bm acts by scalar multiplication for m, n ≥ 0, the first defining relation
(5-7) is satisfied for m, n ≥ 0. The second relation (5-8) is also satisfied as the right
hand side is zero if m ≥ 0, n ≥ 0. If n = 0, then since b0 acts by a scalar, the relation
(5-9) leads to no condition on λ, µ, ν, ~, χ±, κ0 ∈h0

4. However, If m ≥ 0 and n > 0,
the third relation becomes

0 = b1
mbnv − bnb1

mv = [b1
m, bn]v = 2n (Qm+n−1(b)(b1+ + 1−)) v. �

Let B1
0 denote the linear transformation on V that agrees with the action of b1

0.
If we define the notion of a b4-submodule as in [Sheı̆nman 1995, Definition 1.2],
then V above is an irreducible b4-module if ~ν 6= 0 that is, if det B1

0 6= µ2. Later
we will induce up from V and the resulting representation (whose irreducibility we
will study in future work) that the four point affine algebra would not have a chance
of being irreducible if V were not irreducible (in the sense of Sheı̆nman) itself.

Proposition 5.4. Let M=C[y−n, y1
−m |m, n ∈N∗

]⊗V. Then for k >0 the relations

ρ(b−k) = − y−k,

ρ(b1
−k) = − y1

−k − 2(bχ− + χ+)
∑

q<−k
(q + k)Q−q−2(b)∂yq+k ,

ρ(bk) = 2k
(
κ0 ∂y−k + χ+ ∂y1

−k
+ χ+ ∂y1

−1−k
+ (bχ− + χ+)

∑
q≤−2

Q−q−2(b)∂y1
q−k

)
,

ρ(b1
k) = 2

(
k χ+∂y−k + (k +1)χ− ∂y−1−k + (bχ− +χ+)

∑
q≤−2

(k −q)Q−q−2(b)∂yq−k

)
+

(
(2k∂y1

−k
− (2k + 1)b ∂y1

−1−k
+ 2(k + 1)∂y1

−k−2
)κ0

)
,

ρ(b1
0)= 2

(
χ− ∂y−1 −(bχ−+χ+)

∑
q≤−2

q Q−q−2(b)∂yq

)
+

(
−b ∂y1

−1
+2∂y1

−2

)
κ0+ B1

0 ,

ρ(b0) = λ, ρ(10) = κ0, ρ(1±) = χ±
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define a representation of b4.

Proof. We begin with the first relation. For this we may assume m ≥ 0 and p > 0:

[ρ(bm), ρ(b−p)] =[
2m

(
κ0 ∂y−m + χ+ ∂y1

−m
+ χ− ∂y1

−1−m
+ (bχ− + χ+)

∑
q≤−2

Q−q−2(b)∂y1
q−m

)
, −y−p

]
= − 2m δm−p,0ρ(10).

Now consider the third relation. For m > 0, n > 0 we have

[ρ(b1
−m), ρ(b−n)]

=

[
− y1

−m − 2(bχ− + χ+)
∑

q<−m
(q + m)Q−q−2(b)∂yq+m , −y−n

]
= − 2n(bχ− + χ+)Qm+n−2(b)

= − 2n
(
δ−m−n,0χ+ + χ− δ−m−n−1,0 + (bχ− + χ+)Qm+n−2(b)δ−m−n≤−2

)
= ρ([b1

−m, b−n]),

which agrees with (5-9). Next we have (with m ≥ 0 and n > 0)

[ρ(b1
m), ρ(bn)]

=2
[(

m ∂y−m χ++(m+1)χ− ∂y−1−m +(bχ−+χ+)
∑

q≤−2
(m−q)Q−q−2(b)∂yq−m

)
+

(
(2m∂y1

−m
− (2m + 1)b ∂y1

−1−m
+ 2(m + 1)∂y1

−m−2
)κ0

)
,

2n
(
κ0 ∂y−n + χ+ ∂y1

−n
+ χ− ∂y1

−1−n
+ (bχ− + χ+)

∑
q≤−2

Q−q−2(b)∂y1
q−n

)]
= 0

= 2n
(
Qm+n−1(b)(bχ+ + χ−)δm+n≥1 + χ+δm+n,0 + χ−δm+n,−1

+ Q−m−n−2(b)(bχ− + χ+)δm+n≤−2
)
,

because bχ+ + χ− = 0.
The third case for (5-9) is (still m ≥ 0 and n > 0)

[ρ(b1
m), ρ(b−n)]

= 2
[(

m ∂y−m χ++(m +1)χ− ∂y−1−m +(bχ−+χ+)
∑

q≤−2
(m −q)Q−q−2(b)∂yq−m

)
+

(
2m∂y1

−m
− (2m + 1)b ∂y1

−1−m
+ 2(m + 1)∂y1

−m−2
)κ0

)
, −y−n

]
= 2

[(
m ∂y−m χ+ + (m + 1)χ− ∂y−1−m

+ (bχ− + χ+)
∑

q≤−2
(m − q)Q−q−2(b)∂yq−m

)
, −y−n

]
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= − 2n
(
δm−n,0χ+ + χ− δm−n,−1 + (bχ− + χ+)Q−m+n−2(b)δm−n≤−2

)
= − 2n

(
Qm−n−1(b)(bχ+ + χ−)δm−n≥1 + χ+δm−n,0 + χ−δm−n,−1

+ Q−m+n−2(b)(bχ− + χ+)δm−n≤−2
)
.

The last case that we consider for (5-8) is

[ρ(b1
−m), ρ(bn)]

=

[
− y1

−m − 2(bχ− + χ+)
∑

q<−m
(q + m)Q−q−2(b)∂yq+m ,

2n
(
κ0 ∂y−n + χ+ ∂y1

−n
+ χ− ∂y1

−1−n
+ (bχ− + χ+)

∑
q≤−2

Q−q−2(b)∂y1
q−n

)]
=2n

[
−y1

−m,
(
κ0 ∂y−n +χ+ ∂y1

−n
+χ− ∂y1

−1−n
+(bχ−+χ+)

∑
q≤−2

Q−q−2(b)∂y1
q−n

)]
= 2n

(
δ−m+n,0χ+ + χ− δ−m+n,−1 + (bχ− + χ+)Qm−n−2(b)δ−m+n≤−2

)
= ρ([b1

−m, bn]).

Now we move on to (5-10). It’s straightforward to check that [b1
m, b1

n] = 0 for
m ≥ 0 and n ≥ 0, and [b1

−m, b1
−n] = 0 for m > 0 and n > 0 . Thus we have to check

for m > 0 and n ≥ 0 that

[ρ(b1
−m), ρ(b1

n)]

=

[
− y1

−m − 2(bχ− + χ+)
∑

q<−m
(q + m)Q−q−2(b)∂yq+m ,

2
(

n ∂y−nχ+ + (n + 1)χ− ∂y−1−n + (bχ− + χ+)
∑

q≤−2
(n − q)Q−q−2(b)∂yq−n

)
+

(
2n∂y1

−n
− (2n + 1)b ∂y1

−1−n
+ 2(n + 1)∂y1

−n−2
)κ0

)]
= −

[
y1
−m,

(
2n∂y1

−n
− (2n + 1)b ∂y1

−1−n
+ 2(n + 1)∂y1

−n−2

)
κ0

]
=

(
2nδ−m+n,0 − (2n + 1)b δ−m+n,−1 + 2(n + 1)δ−m+n,−2

)
κ0

= (n + m)
(
δ−m+n,0 − 2b δ−m+n,−1 + δ−m+n,−2

)
κ0. �

6. Two realizations of the affine 4-point algebra ĝ

This is our main result:

Theorem 6.1. Fix r ∈ {0, 1}, which then fixes the normal ordering convention
defined in the previous section. Set ĝ = (sl(2, C) ⊗ R) ⊕ Cω+ ⊕ Cω0 ⊕ Cω−, and
assume bχ+ + χ− = 0 with χ±, χ0 ∈ C and that V is as in Proposition 5.4. Then
we have a representation of the four point algebra g on C[x] ⊗ C[y] ⊗ V:
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τ(ω±) = χ±,

τ (ω0) = χ0 = κ0 − 4δr,0,

τ ( f (z)) = − α,

τ( f 1(z)) = − α1,

τ (h1(z)) = 2
(
:α1α∗

: + P2
:αα1∗

:
)
+ β1,

τ (h(z)) = 2
(
:αα∗

: + :α1α1∗
:
)
+ β,

τ(e1(z)) = :α1(α∗)2
: + β1α∗

+ χ0 P(∂ P)α1∗
+ χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
)
,

τ (e(z)) = :α(α∗)2
: + βα∗

+ χ+(∂ P)α1∗
+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗.

It might appear that terms above such as χ+(1−2bz+z2)1/2∂zα
1∗(z)=χ+ P∂α1∗

are not well defined. But if we expand these summands out, we get infinite sums
that are meaningful when applied to a polynomial in xn, x1

n , ym, y1
m . For example,

(1 − 2bz + z2)1/2∂zα
1∗(z) = −

∑
k≥0

∑
n∈Z

n Pk(b)α1∗

n zk−n−1

= −

∑
k∈N∗

∑
m∈Z

(m + k)Pk(b)α1∗

k+mz−m−1.

Now for a fixed m ∈ Z, all but a finite number of summands of∑
k∈N∗

(m + k)Pk(b)α1∗

k+m

applied to a polynomial in the xn, x1
n are zero. This is because the α1∗

l all act as
partial derivatives when l > 0.

Before we go through the proof it will be fruitful to introduce V. Kac’s λ-notation
(see [Kac 1998, Section 2.2] and [Wakimoto 2001] for some of its properties) used
in operator product expansions. If a(z) and b(w) are formal distributions, then

[a(z), b(w)] =

∞∑
j=0

(a( j)b)(w)

(z − w) j+1

is transformed under the formal Fourier transform

Fλ
z,wa(z, w) = Reszeλ(z−w)a(z, w),

into the sum

[aλb] =

∞∑
j=0

λ j

j !
a( j)b.
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Proof. We need to check the invariance under τ of the table
[·λ·] f (w) f 1(w) h(w) h1(w) e(w) e1(w)

f (z) 0 0 ∗ ∗ ∗ ∗

f 1(z) 0 ∗ ∗ ∗ ∗

h(z) ∗ ∗ ∗ ∗

h1(z) ∗ ∗ ∗

e(z) 0 0
e1(z) 0

Here ∗ represent nonzero formal distributions obtained from the defining rela-
tions. The proof uses Wick’s theorem together with Taylor’s theorem, as follows:

[τ( f )λτ( f )] = [τ( f )λτ( f 1)] = 0,

[τ( f )λτ(h)] = −
[
αλ(2(αα∗

+ α1α1∗) + β)
]
= − 2α = 2τ( f ),

[τ( f )λτ(h1)] = −
[
αλ(2(α1α∗

+ P2αα1∗) + β1)] = − 2α1
= 2τ( f 1),

[τ( f )λτ(e)] = −
[
αλ

(
:α(α∗)2

: + βα∗
+ χ+∂(Pα1∗) + P2

:α(α1∗)2
:

+ 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

= − 2( :αα∗
: + :α1α1∗

: ) − β − χ0∂ = − τ(h) − χ0λ,

[τ( f )λτ(e1)] = −
[
αλ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2( :α1(α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗)

)]
= − 2( :α1α∗

: + P2
:αα1∗

: ) − β1
− χ+ P∂ = − τ(h1) − χ+ Pλ,

[τ( f 1)λτ( f 1)] = 0,

[τ( f 1)λτ(h)] = −
[
α1

λ(2( :αα∗
: + :α1α1∗

: ) + β)
]
= − 2α1

= 2τ( f 1),

[τ( f 1)λτ(h1)] = −
[
α1

λ(2( :α1α∗
: + P2

:αα1∗
: ) + β1)

]
= − 2P2α1

= P2τ( f 1),

[τ( f 1)λτ(e)] = −
[
α1

λ

(
:α(α∗)2

: + βα∗
+ ∂(Pα1∗) + P2

:α(α1∗)2
:

+ 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

= −
(
χ+(∂ P + Pλ) + 2P2

:αα1∗
: + 2 :α1α∗

: + β1)
= − τ(h1) − χ+(∂ P + P∂),

[τ( f 1)λτ(e1)] = −
[
α1

λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2( :α1(α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗)

)]
= −

(
χ0 P(∂ P)α1∗

+ P2(2( :α1α1∗
: + :αα∗

: ) + β + χ0λ)
)

= − (P2τ(h) + χ0 P∂ P + P2χ0λ),

[τ(h)λτ(h)] =
[
(2( :αα∗

: + :α1α1∗
: ) + β)λ(2( :αα∗

: + :α1α1∗
: ) + β(w))

]
= 4

(
−:αα∗

: + :α∗α : − :α1α1∗
: + :α1∗α1

:
)
− 8δr,0λ + [βλβ]

= − 2(4δr,0 + κ0)λ.
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Thus [τ(h(z)), τ (h(w))] = −2(4δr,0 + κ0)∂wδ(z/w). Next we calculate

[τ(h)λτ(h1)] =
[
(2( :αα∗

: + :α1α1∗
: ) + β)λ(2( :α1α∗

: + P2
:αα1∗

: ) + β1)
]

= 4
(
( :α∗α1

: − :α1α∗
: ) + P2(−:αα1∗

: + :α1∗α : )
)
+ [βλβ

1
].

Since [an, a1∗
m ] = [a1

n, a∗
m] = 0, we have

[τ(h(z)), τ (h1(w))] = [β(z), β1(w)] = − 2χ+(1 − 2bw + w2)1/2∂wδ(z/w).

We continue with

[τ(h1)λτ(h1)] =
[(

2( :α1α∗
: + P2

:αα1∗
: ) + β1)

λ

×
(
2( :α1α∗

: + P2
:αα1∗

: ) + β1)]
= 4P2 (

−:αα∗
: + :α1∗α1

:
)

+ 4P2 (
− :α1α1∗

: + :α∗α :
)

+ 8δr,0 P2λ + 8δr,0 P(∂ P) + [β1
λβ1

]

= 8δr,0 P2λ + 8δr,0 P(∂ P) − 2κ0(P2λ + P(∂ P)).

Note that :a(z)b(z): and :b(z)a(z): are usually not equal, but

:α1(w)α∗1(w): = :α1∗(w)α1(w): and :α(w)α∗(w): = :α∗(w)α(w): .

Thus we have[
τ(h1(z)), τ (h1(w))

]
=(4δr,0+κ0)(−2(w2

−2bw+1)∂wδ(z/w)+2(b−w)δ(z/w)).

Next we calculate the h’s paired with the e’s:

[τ(h)λτ(e1)]

=
[
(2( :αα∗

: + :α1α1∗
: ) + β)λ

×
(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2( :α1(α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗)

)]
= 4 :α1(α∗)2

: − 2 :α1(α∗)2
: + 2β1α∗

+ 2χ0 P(∂ P)α1∗

+ 2χ+ Pα∗λ + 2χ+∂ P

+ 4P2( :α∗αα1∗
: − :αα∗α1∗

: + :αα∗α1∗
: − δr,0α

1∗λ − δr,0α
1∗λ)

− 2P2( − :α1(α1∗)2
: + 2 :α1α1∗α1∗

: + βα1∗
+ χ0λ)

+ α∗
[βλβ

1
] + P2α1∗

[βλβ]

= 2 :α1(α∗)2
: + 2β1α∗

+ 2χ0 P(∂ P)α1∗
+ 2χ+ Pα∗λ + 2χ+∂ P

+ 4P2( :α∗αα1∗
: − 2δr,0α

1∗λ) − 2P2( :α1(α1∗)2
: + βα1∗

+ χ0λ)

+ α∗
[βλβ

1
] + P2α1∗

[βλβ].
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From this we can conclude[
τ(h(z)), τ (e1(w))

]
= 2

(
:α1(w)α∗(w)2

: + β1(w)α∗(w) + χ0(w − b)α1∗(w)
)
δ(z/w)

+ 2
(
χ+(1 − 2bw + w2)1/2∂wα∗(w)

)
δ(z/w)

+ 2(w2
− 2bw + 1)

(
2 :α(w)α∗(w)α1∗(w): + χ0∂wα1∗(w)

)
δ(z/w)

+ 2(w2
− 2bw + 1)

(
:α1(w)α1∗(w)α1∗(w): + β(w)α1∗(w)

)
δ(z/w)

− 2
(
w2

− 2bw + 1
)
(4δr,0 + κ0 − χ0)α

1∗(w)∂wδ(z/w)

= 2τ(e1(w))δ(z/w)−2
(
w2

− 2bw + 1
)
(4δr,0+κ0−χ0)α

1∗(w)∂wδ(z/w).

Next we must calculate[
τ(h)λτ(e)

]
= 2

[
:αα∗

: λ

(
:α(α∗)2

: + βα∗
+ χ+∂ Pα1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+ 2
[
:α1α1∗

: λ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+
[
βλ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂wα∗
)]

= 2
[
:αα∗

: λ

(
:α(α∗)2

: + βα∗
+ P :α(α1∗)2

: + 2 :α1α∗α1∗
: + χ0∂α∗

)]
+ 2

[
:α1α1∗

: λ

(
χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

)]
+

[
βλ

(
βα∗

+ β1α1∗
)]

= 2
(
:α(α∗)2

: − 2δr,0α
∗λ + βα∗

− P2
:α(α1∗)2

:

+ 2 :α1α∗α1∗
: + χ0∂α∗

+ χ0α
∗λ

)
+ 2χ+(∂ P)α1∗

+ 2χ+ P∂α1∗
+ 2χ+ Pα1∗λ + 4P2

:α(α1∗)2
:

− 4δr,0α
∗λ + 2β1α1∗

− 2κ0α
∗λ − 2χ+ Pα1∗λ

= 2
(
:α(α∗)2

: + βα∗
+ χ+∂(Pα1∗) + P2

:α(α1∗)2
: + 2 :α1α∗α1∗

:

+ β1α1∗
+ χ0∂α∗

)
+ 2χ0α

∗λ − 8δr,0α
∗λ − 2κ0α

∗λ.

As a consequence we get

[τ(h(z)), τ (e(w))] = 2τ(e(w))δ(z/w) + 2(χ0 − κ0 − 4δr,0)α
∗(w)∂wδ(z/w).
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Next we calculate

[τ(h1)λτ(e1)]

=
[(

2( :α1α∗
: + P2

:αα1∗
: )+β1)

λ

(
:α1(α∗)2

: +β1α∗
+χ0 P(∂ P)α1∗

+χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]

=2
[
:α1α∗

: λ

(
χ0 P(∂ P)α1∗

+P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂wα1∗
))]

+2
[
P2

:αα1∗
: λ

(
:α1(α∗)2

: +β1α∗
+χ+ P∂α∗

+P2( :α1(α1∗)2
: +2 :αα∗α1∗

: )
)]

+
[
β1

λ

(
β1α∗

+ P2βα1∗
)]

= 2
(
χ0 P(∂ P)α∗

+ P2(2 :α1α∗α1∗
: + 2 :α(α∗)2

:

− 2 :α1α∗α1∗
: − 2δr,0α

∗λ + βα∗
+ χ0∂α∗

+ χ0α
∗λ

))
+ 4P2

:α1α1∗α∗
: − 2P2

:α(α∗)2
: − 4P2δr,0α

∗λ − 8P(∂ P)δr,0α
∗
+ 2P2β1α1∗

+2P4
:α(α1∗)2

: +2χ+ P3∂α1∗
+2χ+ P3∂α1∗

+2χ+ P3α1∗λ+4χ+ P2(∂ P)α1∗

− 2κ0α
∗(P(∂ P) + P2λ) − 2χ+ P2α1∗(∂ P + Pλ)

= 2P2
:α(α∗)2

: + 2P2βα∗
+ 2χ0 P2∂α∗

+ 2P4
:α(α1∗)2

:

+ 4P2
:α1α1∗α∗

: + 2P2β1α1∗
+ 2χ+ P3∂α1∗

+ 2χ+ P2(∂ P)α1∗

+ 2χ0α
∗(P(∂ P) + P2λ) − 8δr,0α

∗(P(∂ P) + P2λ) − 2κ0α
∗(P(∂ P) + P2λ)

= 2P2τ(e).

The final calculation for the Cartan generators is

[τ(h1)λτ(e)]

=
[(

2( :α1α∗
: + P2

:αα1∗
: )+β1)

λ

(
:α(α∗)2

: +βα∗
+χ+(∂ P)α1∗

+χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

= 2
[
( :α1α∗

: )λ
(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+ 2
[
(P2

:αα1∗
: )λ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+
[
β1

λ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

= 2
[
( :α1α∗

: )λ
(
:α(α∗)2

: + χ+(∂ P)α1∗
+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

)]
+ 2

[
(P2

:αα1∗
: )λ

(
:α(α∗)2

: + βα∗
+ 2 :α1α∗α1∗

: + χ0∂α∗
)]

+
[
β1

λ(βα∗
+ β1α1∗)

]
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= − 2 :α1(α∗)2
: + 2χ+(∂ P)α∗

+ 2χ+ P∂α∗
+ 2χ+ Pα∗λ

− 2P2
:α1(α1∗)2

: + 4P2
:αα∗α1∗

: − 4δr,0 P2α1∗λ + 4 :α1(α∗)2
: + β1α∗

+ 4P2
:αα∗α∗1

: + 2P2βα∗1
+ 4P2

:α1(α1∗)2
: − 4P2

:αα∗α1∗
:

−4δr,0 P2α1∗λ−8δr,0 P(∂ P)α1∗
+2χ0 P2α∗1λ+2χ0 P2∂α1∗

+4χ0 P(∂ P)α1∗

− 2χ+(Pλ + ∂ P)α∗
− 2κ0α

1∗(P(∂ P) + P2λ)

=2 :α1(α∗)2
: +2χ+ P∂α∗

+2P2
:α1(α1∗)2

: +β1α∗
+4P2

:αα∗α∗1
: +2P2βα∗1

+ 2χ0 P2∂α1∗
+ 2χ0 P(∂ P)α1∗

+ 2(χ0 − 4δr,0 − κ0)α
∗1(P(∂ P) + P2λ)

= 2τ(e1).

Next we start on the Chevalley generators e:

[τ(e)λτ(e)] =
[
:α(α∗)2

: λ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+
[
βα∗

λ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+ χ+

[
(∂ P)α1∗

λ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+ χ+

[
P∂zα

1∗(z)λ
(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+
[
P2

:α(α1∗)2
: λ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+ 2
[
:α1α∗α1∗

: λ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+
[
β1α1∗

λ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

+ χ0
[
∂α∗

λ

(
:α(α∗)2

: + βα∗
+ χ+(∂ P)α1∗

+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

+ χ0∂α∗
)]

which in turn is equal to[
:α(α∗)2

: λ

(
:α(α∗)2

: + βα∗
+ P2

:α(α1∗)2
: + 2 :α1α∗α1∗

: + χ0∂α∗
)]

+
[
βα∗

λ

(
:α(α∗)2

: + βα∗
+ P2

:α(α1∗)2
: + β1α1∗

)]
+ χ+

[
∂(Pα1∗)λ(2P2

:α1α∗α1∗
: )

]
+

[
P2

:α(α1∗)2
: λ

(
:α(α∗)2

: + βα∗
+ 2 :α1α∗α1∗

: + χ0∂α∗
)]
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+ 2
[
:α1α∗α1∗

: λ

(
:α(α∗)2

: + χ+(∂ P)α1∗
+ χ+ P∂α1∗

+ P2
:α(α1∗)2

: + 2 :α1α∗α1∗
: + β1α1∗

)]
+

[
β1α1∗

λ

(
:βα∗

: + 2 :α1α∗α1∗
: + β1α1∗

)]
+ χ0

[
∂α∗

λ

(
:α(α∗)2

: + P2
:α(α1∗)2

:
)]

= 2 :α(α∗)3
: − 2 :α(α∗)3

: − 4δr,0 :α∗(∂α∗): − 4δr,0 :(α∗)2
: λ

+ :β(α∗)2
: − 2P2

:αα∗(α1∗)2
: + 2 :α1(α∗)2α1∗

: + 2χ0 :α∗(∂α∗):

+ χ0 :(α∗)2
: λ − :β(α∗)2

: − 2κ0 :(α∗)2
: λ − 2κ0 :α∗(∂α∗): − P2

:β(α1∗)2
:

− 2χ+ P :α∗α1∗
: λ − 2χ+ P :(∂α∗)α1∗

: + 2χ+ P :α∗α1∗
: λ

+ 2P2
:αα∗(α1∗)2

: + P2
:β(α1∗)2

: + 2P2
:α1(α1∗)3

:

− 4P2
:αα∗(α1∗)2

: − 4P2δr,0 :(α1∗)2
: λ − 4P2δr,0 :α1∗∂α1∗

:

− 8δr,0 P(∂ P) :(α1∗)2
: + χ0 P2

:(α1∗)2
: λ + 2χ0 P2

:α∗1∂α∗1
:

+ 2χ0 P(∂ P) :(α∗1)2
: − 2 :α1(α∗)2α1∗

: + 2χ+(∂ P) :αα1∗
:

+ 2χ+ P :α∗∂α1∗
: + 2χ+ P :α1∗∂α∗

: + 2χ+ P :α∗α1∗
: λ

+ 4P2
:αα∗(α1∗)2

: − 2P2
:α1(α1∗)3

: − 4δr,0 P2
:(α1∗)2

: λ

− 4δr,0 P2
:α1∗(∂α1∗): + 4 :α1α∗α1∗

: − 4 :α1α∗α1∗
:

− 4δr,0 :(α∗)2
: λ − 4δr,0 :α∗(∂α∗): + 2 :β1α∗α1∗

:

− 2χ+(∂ P + Pλ) :α∗α1∗
: − 2χ+ P :α∗(∂α1∗): − 2κ0(P∂ P + P2λ) :(α1∗)2

:

− 2κ0 P2
:α1∗(∂α1∗): − 2 :β1α∗α1∗

: + λχ0
(
:(α∗)2

: + P2
:(α1∗)2

:
)

= − 4δr,0 :α∗(∂α∗): − 4δr,0 :(α∗)2
: λ − 4P2δr,0 :(α1∗)2

: λ

− 4P2δr,0 :α1∗∂α1∗
: − 8δr,0 P(∂ P) :(α1∗)2

: − 4δr,0 P2
:(α1∗)2

: λ

− 4δr,0 P2
:α1∗(∂α1∗): − 4δr,0 :(α∗)2

: λ − 4δr,0 :α(∂α∗):

− 2κ0 :(α∗)2
: λ − 2κ0 :α∗(∂α∗): − 2χ+ P :α∗α1∗

: λ − 2χ+ P :(∂α∗)α1∗
:

− 2χ+(∂ P + Pλ) :α∗α1∗
: − 2χ+ P :α∗(∂α1∗): − 2κ0(P∂ P + P2λ) :(α1∗)2

:

− 2κ0 P2
:α1∗(∂α1∗): + 2χ+(∂ P) :αα1∗

: + 2χ+ P :α∗∂α1∗
:

+ 2χ+ P :α1∗∂α∗
: + 2χ+ P :α∗α1∗

: λ + 2χ+ P :α∗α1∗
: λ

+ χ0 P2
:(α1∗)2

: λ + 2χ0 P2
:α∗1∂α∗1

: + 2χ0 P(∂ P) :(α∗1)2
:

+ 2χ0 :α∗(∂α∗): + χ0 :(α∗)2
: λ + λχ0

(
:(α∗)2

: + P2
:(α1∗)2

:
)

= − 8δr,0
(
:α∗(∂α∗): + :(α∗)2

: λ
)

− 8δr,0
(
P2

:(α1∗)2
: λ + P2

:α1∗∂α1∗
: + P(∂ P) :(α1∗)2

:
)

− 2κ0
(
:α∗(∂α∗): + :(α∗)2

: λ
)

− 2κ0
(
P2

:(α1∗)2
: λ + P2

:α∗1∂α∗1
: + P(∂ P) :(α∗1)2

:
)
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+ 2χ0
(
:α∗(∂α∗): + :(α∗)2

: λ
)

+ 2χ0
(
P2

:(α1∗)2
: λ + P2

:α∗1∂α∗1
: + P(∂ P) :(α∗1)2

:
)

= 2
(
χ0 − κ0 − 4δr,0

) (
:α∗(∂α∗): + :(α∗)2

: λ
)

+ 2
(
χ0 − κ0 − 4δr,0

) (
P2

:(α1∗)2
: λ + P2

:α∗1∂α∗1
: + P(∂ P) :(α∗1)2

:
)

= 0.

Similarly,

[τ(e)λτ(e1)] =
[
:α(α∗)2

: λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]

+
[
:βα∗

: λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]

+
[
χ+∂(Pα1∗) :λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]

+
[
P2

:α(α1∗)2
: λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]

+ 2
[
:α1α∗α1∗

: λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]

+
[
β1α1∗

λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]

+
[
χ0∂α∗

λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]

which equals[
:α(α∗)2

: λ

(
:α1(α∗)2

: + β1α∗
+ χ+ P∂α∗

+ 2P2
:αα∗α1∗

:
)]

+
[
βα∗

λ

(
β1α∗

+ P2 (
2 :αα∗α1∗

: + βα1∗
))]

+ χ+

[
∂(Pα1∗)λ

(
:α1(α∗)2

: + P2
:α1(α1∗)2

:
)]

+
[
P2

:α(α1∗)2
: λ

(
:α1(α∗)2

: + β1α∗
+ χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
:
))]

+ 2
[
:α1α∗α1∗

: λ

(
:α1(α∗)2

: + χ0 P(∂ P)α1∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]

+
[
:β1α1∗

: λ

(
:α1(α∗)2

: + β1α∗
+ P2 (

:α1(α1∗)2
: + βα1∗

))]
+ 2χ0

[
:∂α∗

: λ P2
:αα∗α1∗

:
]
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= 2 :α1(α∗)3
: +β1(α∗)2

+2χ+ P :α∗(∂α∗): +χ+ P :(α∗)2
: λ+2P2

:α(α∗)2α1∗
:

− 4P2
:α(α∗)2α1∗

: − 4δr,0 P2
:α∗α1∗

: λ − 4δr,0 P2
:(∂α∗)α1∗

:

− 2χ+ P :α∗(∂α∗): − 2χ+ P :(α∗)2
: λ

+ P2 (
− 2 :α∗α1∗

: β − 2κ0 :α∗α1∗
: λ − 2κ0 :(∂α∗)α1∗

:
)

− χ+λ( − P :(α∗)2
: − P3

:(α1∗)2
: )

+ 2P2
:α1α∗(α1∗)2

: − 2P2
:α(α∗)2α1∗

: − 4δr,0 P2
:α∗α∗1

: λ

− 4P2δr,0 :α∗(∂α∗1): − 8δr,0 P(∂ P) :α∗α∗1
: + P2β1(α∗)2

+ 2χ+ P3
:α1∗(∂α1∗): + 2χ+ P2(∂ P) :(α1∗)2

: + χ+ P3
:(α1∗)2

: λ

+ P4 (
− 2 :α(α1∗)3

: + 2 :α(α1∗)3
:
)

+ 2
(
−:α1(α∗)3

: + χ0 P(∂ P) :α∗α1∗
:

+ P2(
−:α1α∗(α1∗)2

: + 2 :α∗α1(α1∗)2
: − 2δr,0 :α∗α1∗

: λ

− 2δr,0 :(∂α∗)α1∗
: + 2 :α(α∗)2α∗1

: − 2 :α1α∗(α1∗)2
:

− 2δr,0 :α1∗α∗
: λ − 2δr,0 :(∂α1∗)α∗

:

+ :βα∗α1∗
: + χ0 :(∂α∗)α1∗

: + χ0 :α∗(∂α1∗): + χ0 :α∗α1∗
: λ

))
− :β1(α∗)2

: − 2κ0 P2
:(∂α1∗)α∗

: − 2κ0 P2
:α1∗α∗

: λ − 2κ0 P(∂ P) :α1∗α∗
:

+ P2(
− :β1(α1∗)2

: − 2χ+(∂ P) :(α1∗)2
:

− 2χ+ P :(α1∗)2
: λ − 2χ+ P :α∗1(∂α1∗):

)
+ 2χ0λP2

:α∗α1∗
:

= 2χ+ P :α∗(∂α∗): + χ+ P :(α∗)2
: λ − 4δr,0 P2

:α∗α1∗
: λ − 4δr,0 P2

:(∂α∗)α1∗
:

−2χ+ P :α∗(∂α∗): −2χ+ P :(α∗)2
: λ−2κ0 P2

:α∗α1∗
: λ−2κ0 P2

:(∂α∗)α1∗
:

+ χ+ P :(α∗)2
: λ + χ+ P3

:(α1∗)2
: λ

− 4δr,0 P2
:α∗α∗1

: λ − 4δr,0 P2
:(∂α∗1)α∗

: − 8δr,0 P(∂ P) :α∗α∗1
:

+ 2χ+ P3
:α1∗(∂α1∗): + 2χ+ P2(∂ P) :(α1∗)2

: + χ+ P3
:(α1∗)2

: λ

+ 2
(
χ0 P(∂ P) :α∗α1∗

:

+ P2(
− 2δr,0 :α∗α1∗

: λ − 2δr,0 :(∂α∗)α1∗
:

− 2δr,0 :α1∗α∗
: λ − 2δr,0 :(∂α1∗)α∗

:

+ χ0 :(∂α∗)α1∗
: + χ0 :α∗(∂α1∗): + χ0 :α∗α1∗

: λ
))

− 2κ0 P2
:(∂α1∗)α∗

: − 2κ0 P2
:α1∗α∗

: λ − 2κ0 P(∂ P) :α1∗α∗
:

+ P2 (
− 2χ+(∂ P) :(α1∗)2

: − 2χ+ P :(α1∗)2
: λ − 2χ+ P :α∗1(∂α1∗):

)
+ 2χ0λP2

:α∗α1∗
:

= − 16δr,0 P2
:α∗α1∗

: λ − 8δr,0 P2
:(∂α∗)α1∗

: − 8δr,0 P2
:(∂α∗1)α∗

:

− 4δr,0 P(∂ P) :α∗α∗1
: − 4δr,0 P2

:(∂α1∗)α∗
:
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+ 2χ0 P(∂ P) :α∗α1∗
: + 2χ0λP2

:α∗α1∗
:

+ 2χ0
(
P2

:(∂α∗)α1∗
: + P2

:α∗(∂α1∗): + P2
:α∗α1∗

: λ
)

− 2κ0 P2
:(∂α1∗)α∗

: − 2κ0 P2
:α1∗α∗

: λ − 2κ0 P(∂ P) :α1∗α∗
:

− 2κ0
(
P2

:α∗α1∗
: λ + P2

:(∂α∗)α1∗
:
)

= 2(χ0 − κ0 − 4δr,0)
(
P2

:(∂α1∗)α∗
: + P2

:α1∗α∗
: λ + P(∂ P) :α1∗α∗

:
)

+ 2(χ0 − κ0 − 4δr,0)
(
P2

:α∗α1∗
: λ + P2

:(∂α∗)α1∗
:
)

= 0.

Lastly we have

[τ(e1)λτ(e1)] =
[
:α1(α∗)2

: λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2( :α1(α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗)

)]
+

[
β1α∗

λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2( :α1α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗

)]
+

[
χ0 P(∂ P)α1∗(z)λ

(
:α1(α∗)2

: +β1α∗
+χ0 P(∂ P)α1∗

+χ+ P∂α∗

+ P2( :α1α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗

)]
+

[
χ+ P∂α∗

:λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2( :α1(α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗)

)]
+

[
P2

:α1(α1∗)2
: λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2( :α1(α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗)

)]
+ 2

[
P2

:αα∗α1∗
: λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2( :α1(α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗)

)]
+

[
P2βα1∗

λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2( :α1(α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗)

)]
+

[
P2χ0∂α1∗

λ

(
:α1(α∗)2

: + β1α∗
+ χ0 P(∂ P)α1∗

+ χ+ P∂α∗

+ P2( :α1(α1∗)2
: + 2 :αα∗α1∗

: + βα1∗
+ χ0∂α1∗)

)]
which equals[

:α1(α∗)2
: λ

(
χ0 P(∂ P)α1∗

+ P2(
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]

+
[
β1α∗

λ

(
β1α∗

+ P2 (
2 :αα∗α1∗

: + βα1∗
))]

+ χ0
[
P(∂ P)α1∗

λ

(
:α1(α∗)2

: + P2
:α1(α1∗)2

:
)]

+ 2χ+

[
P∂α∗

λ P2
:αα∗α1∗

:
]

+
[
P2

:α1(α1∗)2
: λ

(
:α1(α∗)2

: + χ0 P(∂ P)α1∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
: + βα1∗

+ χ0∂α1∗
))]
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+ 2
[
P2

:αα∗α1∗
: λ

(
:α1(α∗)2

: + β1α∗
+ χ+ P∂α∗

+ P2 (
:α1(α1∗)2

: + 2 :αα∗α1∗
:
))]

+
[
P2βα1∗

λ

(
:α1(α∗)2

: + β1α∗
+ P2 (

:α1(α1∗)2
: + βα1∗

))]
+

[
P2χ0∂α1∗

λ

(
:α1(α∗)2

: + P2
:α1(α1∗)2

:
)]

= χ0 P(∂ P) :α∗2
:

+ P2(2 :α1(α∗)2α1∗
: + 2 :α(α∗)3

: − 4 :α1α∗2α1∗
:

−4δr,0 :α∗2
: λ−4δr,0 :α∗(∂α∗): +β(α∗)2

+χ0(α
∗)2λ+2χ0 :α∗(∂α∗):

)
− 2κ0(P(∂ P) :(α∗)2

: + P2
:(α∗)2

: λ + P2
:α∗∂α∗

: )

+ P2 (
− 2 :β1α∗α1∗

: − 2χ+(∂ P + Pλ) :α∗α1∗
: − 2χ+ P :(∂α∗)α1∗

:
)

− χ0 P(∂ P) :(α∗)2
: − χ0 P3(∂ P) :(α1∗)2

:

+ 2χ+ P2(∂ P) :α∗α1∗
: + 2χ+ P3

:α∗α1∗
: λ

+ P2(
− 2 :α1α1∗(α∗)2

: + χ0 P(∂ P) :(α1∗)2
:
)

− 8δr,0 P3(∂ P) :(α1∗)2
: − 4δr,0 P4

:(α1∗)2
: λ − 4δr,0 P4

:α1∗(∂α1∗):

+2P4
:αα∗(α1∗)2

: + P4β(α1∗)2
+χ0(2P3(∂ P) :(α1∗)2

: +2P4
:α1∗(∂α1∗):

+ P4
:(α1∗)2

: λ) + 2P2(
−:αα∗(α∗)2

: + 2 :α1α1∗(α∗)2
:
)

− 4δr,0
(
2P(∂ P) :(α∗)2

: + P2
:α∗∂α∗

: + P2
:(α∗)2

: λ
)

+ 2P2
:β1α∗α1∗

:

+ 2χ+

(
2P2(∂ P) :α∗α1∗

: + P3
:(∂α∗)α1∗

:

+ P3
:α∗(∂α1∗): + P3

:α∗α1∗
: λ

)
+ 2P2(

− P2
:αα∗(α1∗)2

: + 2P2
:αα∗(α1∗)2

: − 2P2
:αα∗(α1∗)2

:

− 2δr,0 P2
:(α1∗)2

: λ − 2δr,0 P2
:(∂α1∗)α1∗

: − 4δr,0 P(∂ P) :(α1∗)2
:
)

− P2
:β(α∗)2

: − 2χ+ P3
:α1∗α∗

: λ − 4χ+ P2(∂ P) :α∗1α∗
:

− 2χ+ P3
:α∗(∂α1∗): − P4

:β(α1∗)2
: − 2P4κ0 :(α1∗)2

: λ

− 2P4κ0 :α1∗(∂α1∗): − 4κ0 P3(∂ P) :(α1∗)2
:

+ χ0
(
P2

:(α∗)2
: λ + 2P(∂ P) :(α∗)2

: + P4
:(α1∗)2

: λ − 2P3(∂ P) :(α1∗)2
:
)
.

= χ0 P(∂ P) :α∗2
:

+ P2(
− 4δr,0 :α∗2

: λ − 4δr,0 :α∗(∂α∗): + χ0(α
∗)2λ + 2χ0 :α∗(∂α∗):

)
− 2κ0(P(∂ P) :(α∗)2

: + P2
:(α∗)2

: λ + P2
:α∗∂α∗

: )

− χ0 P(∂ P) :(α∗)2
: − χ0 P3(∂ P) :(α1∗)2

:

+ χ0 P3(∂ P) :(α1∗)2
:

− 8δr,0 P3(∂ P) :(α1∗)2
: − 4δr,0 P4

:(α1∗)2
: λ − 4δr,0 P4

:α1∗(∂α1∗):

+ χ0(2P3(∂ P) :(α1∗)2
: + 2P4

:α1∗(∂α1∗): + P4
:(α1∗)2

: λ)
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− 4δr,0
(
2P(∂ P) :(α∗)2

: + P2
:α∗∂α∗

: + P2
:(α∗)2

: λ
)

+ 2P2(
− 2δr,0 P2

:(α1∗)2
: λ − 2δr,0 P2

:(∂α1∗)α1∗
: − 4δr,0 P(∂ P) :(α1∗)2

:
)

− 2P4κ0 :(α1∗)2
: λ − 2P4κ0 :α1∗(∂α1∗): − 4κ0 P3(∂ P) :(α1∗)2

:

+ χ0
(
− P2

:(α∗)2
: λ−2P(∂ P) :(α∗)2

: − P4
:(α1∗)2

: λ−2P3(∂ P) :(α1∗)2
:
)

+ 2χ+ P2(∂ P) :α∗α1∗
:

+ 4χ+ P2(∂ P) :α∗α1∗
: + 2χ+ P3

:(∂α∗)α1∗
: + 2χ+ P3

:α∗(∂α1∗):

− 4χ+ P2(∂ P) :α∗1α∗
: − 2χ+ P3

:α∗(∂α1∗):

+ P2(
− 2χ+(∂ P) :α∗α1∗

: − 2χ+ P :(∂α∗)α1∗
:
)

= χ0 P(∂ P) :α∗2
: + χ0 P2

:(α∗)2
: λ + 2χ0 P2

:α∗(∂α∗): + χ0 P3(∂ P) :(α1∗)2
:

− χ0 P(∂ P) :(α∗)2
: − χ0 P3(∂ P) :(α1∗)2

:

+ χ0
(
− P2

:(α∗)2
: λ−2P(∂ P) :(α∗)2

: − P4
:(α1∗)2

: λ−2P3(∂ P) :(α1∗)2
:
)

+ χ0(2P3(∂ P) :(α1∗)2
: + 2P4

:α1∗(∂α1∗): + P4
:(α1∗)2

: λ)

− 4δr,0 P2
:α∗2

: λ − 4δr,0 P2
:α∗(∂α∗): − 8δr,0 P3(∂ P) :(α1∗)2

:

− 4δr,0 P4
:(α1∗)2

: λ − 4δr,0 P4
:α1∗(∂α1∗):

− 4δr,0
(
2P(∂ P) :(α∗)2

: + P2
:α∗∂α∗

: + P2
:(α∗)2

: λ
)

− 4P2δr,0
(
P2

:(α1∗)2
: λ + P2

:(∂α1∗)α1∗
: + 2P(∂ P) :(α1∗)2

:
)

− 2κ0(P(∂ P) :(α∗)2
: + P2

:(α∗)2
: λ + P2

:α∗∂α∗
: )

− 2P4κ0 :(α1∗)2
: λ − 2P4κ0 :α1∗(∂α1∗): − 4κ0 P3(∂ P) :(α1∗)2

:

= 2χ0
(
P2

:(α∗)2
: λ + P2

:α∗(∂α∗): + P(∂ P) :(α∗)2
:
)

+ 2χ0(P4
:(α1∗)2

: λ + P4
:α1∗(∂α1∗): + 2P3(∂ P) :(α1∗)2

: )

− 8δr,0
(
P2

:(α∗)2
: λ + P2

:α∗∂α∗
: + P(∂ P) :(α∗)2

:
)

− 8δr,0
(
P4

:(α1∗)2
: λ + P4

:(∂α1∗)α1∗
: + 2P3(∂ P) :(α1∗)2

:
)

− 2κ0(P2
:(α∗)2

: λ + P2
:α∗∂α∗

: + P(∂ P) :(α∗)2
: )

− 2κ0
(
P4

:(α1∗)2
: λ + P4

:α1∗(∂α1∗): + 2P3(∂ P) :(α1∗)2
:
)

= 0. �

7. Jakobsen–Kac realizations

If R is an associative (but not necessarily commutative) algebra over C, then a
linear map φ : R → C is called a trace on R if

φ(ab) = φ(ba) for all a, b ∈ R.



REALIZATIONS OF THE FOUR POINT AFFINE LIE ALGEBRA sl(2, R) ⊕ (�R/d R) 285

If φ is a trace on R, then the space of matrices

sl2(R) :=

{(
a b
c d

) ∣∣∣ a, b, c, d ∈ R and φ(a + d) = 0
}

is a Lie algebra under the commutator:

(7-12)
[(

a b
c d

)
,

(
e f
g h

)]
=

(
ae + bg a f + bh
ce + dg c f + dh

)
−

(
ea + f c eb + f d
ga + hc gb + hd

)
.

Now from the assumption that φ is a trace on R, the matrix difference on the right
has the property

φ(ae + bg − (ea + f c) + c f + dh − (gb + hd)) = 0.

The subspace

b :=

{(
a b
0 d

) ∣∣∣ a, b, d ∈ R and φ(a + d) = 0
}

is also clearly a subalgebra of sl2(R). Let Cφ = Cvφ be the one-dimensional b+

module defined by (
a b
0 d

)
vφ := φ(a)vφ.

One can to check that this is a representation of b+ using that φ is a trace on R.
Thus one can define an induced module

M(φ) := U (sl2(R)) ⊗U (b+) Cφ.

If R is a commutative ring with basis {aβ}β∈B with structure constants cγ

αβ such
that aαaβ = cγ

αβaγ , then M(φ) has a basis in elements of the form

(aα1 f ) · · · (aαn f ).vφ, where a f :=

(
0 0
a 0

)
.

Jakobsen and Kac [1985] realized the representation M(φ) of sl(2, R) on the
space of polynomials C[xβ | β ∈ B]; it is given by

ρ(aα0 f ) = xα0,

ρ(aα0h) = − 2cγ
α0α

xγ
∂

∂xα
+ φ(aα0),

ρ(aα0e) = − cγ
α0α

cδ
γβ xδ

∂

∂xα

∂

∂xβ
+ φ(aγ )cγ

α0α
∂

∂xα
.

If R = C[t, t−1, u | u2
= t2

− 2bt + 1], then {an = tn, a1
n := tnu | n ∈ Z} is a basis,

where

aman = am+n, ama1
n = a1

m+n, a1
ma1

n = am+n+2 − 2bam+n+1 + am+n.
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Define a representation of sl(2, R) on C[xn, x1
m | m, n ∈ Z] by

ρ(tm f ) = xm,

ρ(tmu f ) = x1
m,

ρ(tm h) = − 2
∑

p

(
xm+p∂x p + x ′

m+p∂x ′
p

)
+ φ(tn),

ρ(tmu h) = − 2
∑

p

(
x ′

m+p∂x p +
(
xm+p+2 − 2xm+p+1 + xm+p

)
∂x ′

p

)
+ φ(tnu),

ρ(tm e) = −
∑
n,q

(
xm+n+q∂xn∂xq + x ′

m+n+q∂xn∂x ′
q
+ x ′

m+n+q∂x ′
n
∂xq

)
−

∑
n,q

(
xm+n+q+2∂x ′

n
∂x ′

q
− 2bxm+n+q+1∂x ′

n
∂x ′

q
+ xm+n+q∂x ′

n
∂x ′

q

)
+

∑
p

(
φ(tm+p)∂x p + φ(tm+pu)∂x ′

p

)
,

ρ(tmu e) = −
∑
n,q

x ′

m+n+q∂xn∂xq

−
∑
n,q

(
xm+n+q+2 − 2bxm+n+q+1 + xm+n+q

)
∂xn∂x ′

q

−
∑
n,q

(
xm+n+q+2 − 2bxm+n+q+1 + xm+n+q

)
∂x ′

n
∂xq

−
∑
n,q

(
x ′

m+n+q+2 − 2bx ′

m+n+q+1 + x ′

m+n+q
)
∂x ′

n
∂x ′

q

+
∑

p

(
φ(tm+pu)∂x p + φ(tm+p(t2

− 2bt − 1))∂x ′
p

)
.

One can check that, up to a change in sign, Jakobsen and Kac’s representation
is a quotient of the representation that we have constructed in Theorem 6.1 for the
universal central extension of sl2(R) when r = 0.

8. Further comments

Considering the elliptic affine Lie algebras,

sl(2, R) ⊕ (�R/d R) , where R = C[x, x−1, y | y2
= 4x3

− g2x − g3].

Bremner [1994] has also explicitly described the universal central extension of this
algebra in terms of Pollaczek polynomials. Essentially the same algebras appear in
recent work of A. Fialowski and M. Schlichenmaier [2005; 2006]. Together with
André Bueno and Vyacheslav Futorny, the author is currently investigating whether
the methods in the work above will also provide boson-type realizations of this
elliptic Lie algebra or other Lie algebras whose coordinate ring is the coordinate
ring of an algebraic curve. We also plan to use the above construction to help
elucidate the structure of these representations of a four point algebra.
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