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We construct free field realizations of the four point algebra sl(2, R) &
(2g/dR), where R =Cl[t,t™ ', u | u> = t* — 2bt +1].

1. Introduction

It is well known from Kassel and Loday [1982] and [Kassel 1984] that if R is a
commutative algebra and g is a simple Lie algebra, both defined over the com-
plex numbers, then the universal central extension § of g ® R is the vector space
(g® R) @Q}e /d R, where Q}e /d R is the space of Kidhler differentials modulo exact
forms; see [Kassel 1984]. The vector space § is made into a Lie algebra by defining

x®f,y®gl:i=[xy]® fg+ (x,y) fdg with [x® f,w]=0

forx,yeg, f,geR andw € Q}e/dR, where (-, -) denotes the Killing form
on g. Here a denotes the image of a € Q}Q in the quotient SZ}? /dR. A somewhat
vague (due to the underspecified R and the resulting imprecisely described ba-
sis of Qg/dR) but natural question arises as to whether there exists free field or
Wakimoto type realizations of these algebras. The answer is well known from the
work of M. Wakimoto [1986] when R is the ring of Laurent polynomials in one
variable. We answer this question below when g = s[(2, C) and R = C[z, T
u? =12 —2bt + 1] is the four point algebra. H. P. Jakobsen and V. Kac [1985] have
related work on sl(2, R), and we review the relevant material in Section 7.
Before we begin, we mention a little of the genesis of four point algebras.
In Kazhdan and Lustzig’s explicit study [1993; 1991] of the tensor structure of
modules for affine Lie algebras, the ring of functions regular everywhere but a
finite number of points appears naturally. M. Bremner named this algebra the
n-point algebra. In particular, consider now the Riemann sphere C U {oo} with
coordinate function s, and fix four distinct points ay, a, a3, a4 on it. Let R de-
note the ring of rational functions with poles only in the set {a, a;, a3, a4}. The
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automorphism group PGL;(C) of C(s) is simply 3-transitive and R is a subring
of C(s), so that R is isomorphic to the ring of rational functions with poles at
{00, 0, 1, a4}. Motivated by this isomorphism, one sets a = a4, and here the 4-
point ring is R = R, = C[s,s™!, (s = )™, (s —a)~!], where a € C\{0, 1}. Let
S:=8,=C[t, ", u], where u> =1>—2bt +1 with b a complex number not equal
to £1. Then M. Bremner has shown us that R, = S,,. The latter, being Z,-graded,
is a cousin to super Lie algebras and is thus more immediately amenable to the
theatrics of conformal field theory; we therefore choose to work with S,. Moreover
Bremner has explicitly described the universal central extension of g ® R in terms
of ultraspherical (Gegenbauer) polynomials, where R is the four point algebra.
His description is recapitulated in what follows. Our main result Theorem 6.1
provides a natural free-field realization in terms of a 8-y -system and the oscillator
algebra of the four point affine Lie algebra when g = s[(2, C). Just as in the case
of intermediate Wakimoto modules defined in [Cox and Futorny 2006], there are
two realizations depending on two normal orderings.

2. The 4-point ring C[¢, t ™!, u | u® = > — 2bt +1].

Recall R = R, =Cls, s, (s — )7L, (s —a)~'], where a € C\{0, 1}, and S :=
Sp=Cl[t, 17", u], where u> =t> —2bt + 1 with b a complex number not equal to
+1.

Proposition 2.1 [Bremner 1995, Proposition 1.1]. If b = (a + 1)/(a — 1) with
a € C\{0, 1}, then R, = S, and b # +£1.

Proposition 2.2 [Bremner 1995, Proposition 1.2]. For a € C\{0, 1}, the functions

2-1) i(s):=s, p(s) = i:cll q(s) = aﬁs__al)-

uniquely determine automorphisms of R,, and {i, p,q, p o q} is a subgroup of
Aut(Ry,).

Via the isomorphism R, = Sj, the automorphisms above are transformed into
automorphisms on S, where they take the form

(2-2) p()=t7", pwy=t"'u, q@):=t7', qw)=—t"'u.

3. A triangular decomposition of the 4-point loop algebras g ® R

From now on, we identify R, with S, which has a basis {ti Jtu, i} € Z. One can
decompose R = R* @ R', where

RO=Cl[t*={reR|pq(r)=r},
R'=CltF'lu={reR|pq(r)= —r)
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are the eigenspaces of p og. From now on, g will denote a simple Lie algebra over
C with triangular decomposition g = n_ @ h @ n; then the 4-point loop algebra
L(g) := g ® R has a corresponding Z/27-grading L(g)! := g ® R’ fori =0, 1.
However the degree of ¢ does not render L(g) a Z-graded Lie algebra. This leads
us to the following notion.

Suppose ! is an additive subgroup of the rational numbers [P and ¢ is a C-algebra
such that o = @,y ;. Suppose also there exists a fixed [ € N such that

Aisdj C Bpp—(i+jy1 <15k

for all i, j € Z. Then o is said to be an [-quasigraded algebra. For 0 # x € ;,
one says that x is homogeneous of degree i and writes degx =i.

For example, R has the structure of a 1-quasigraded algebra in which I = %Z,
degt’ =i, and degtiu =i+ 1/2.

A weak triangular decomposition of a Lie algebra [ is a triple (%), [, o) satis-
fying
(1) $ and [ are subalgebras of [,
(2) $is abelian and [H, [1] C [,
(3) o is an antiautomorphism of [ of order 2 which is the identity on b, and
@ I=Londo(ly).
We denote o ([) by [_.
Theorem 3.1 [Bremner 1995, Theorem 2.1]. The 4-point loop algebra L(g) is 1-
quasigraded Lie algebra such that deg(x ® f) = deg f when f is homogeneous.
Set Ry =C(14+u)®Clt, ult and R_ = p(Ry). Then L(g) has a weak triangular
decomposition given by

L(g+=9g® Ry, #:=HhC.

4. The universal central extension of g ® R

Recall how the universal central extension of L(g) was realized in the introduction.

Theorem 4.1 [Bremner 1995, Theorem 3.3]. The space w € Q2 }e /d R has basis

wo =t"1dt, w_ =t"2udt, wy =t"ludt.
The automorphisms p, g descend to the space Q}e /d R where they take the form
plwo) = — wo, plw-) = —wy, ploy)= —w_,
q(wo) = — wo, g(w-) = wy, g(wy) =w-.

M. Bremner gave a Fourier mode description of the relations satisfied by the
basis elements x ®t", x ®t"u, wyp, and w+ of §. First we recall the ultraspherical
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(Gegenbauer) polynomials P,? (b), which are defined to be the coefficient of ¥ in
the Taylor series of P~*(b, z) = (1 — 2bt + t*)™*. We will only need the case
where A = — 1/2, and we will simplify the notation by setting Py (b) = Pk_l/ 2 (b)

and P = P~1/2(b, 7). Define for b # +1

P12(b)

Qi(b) == — — 5,

which is a polynomial in b. The final result of [Bremner 1995] is

Theorem 4.2 [Bremner 1995, Theorem 3.6]. The 4-point affine Lie algebra § has
a 7/27-grading where

' =gC[t,t "M®Cwy, §'=g&Clt,t "NudCo_ ® Coy.
For x, y € g, the commutation relations defining § are
x®t,yt'] =[xyl +8i4j,0J @0,
[x ®ti7%u, y ®tj7%u] =[xyl @ (¢ —2br " I
+ (0, Y)wo (=2)b8ij.0+ 50 = D) (Eigji-1 +8i47.1))
[X®ti_%u, Yyt = [xy]®t"+j‘%u
+e»i(e,,

LIRS

23

tod 1 +0 B+ bwo)éiﬂ,si%).

.3
-j-5

They hold whenever the indices i and j raise t in the commutators to an integer
power. Here §;>, is the Heaviside function that is zero for | < a and 1 otherwise.
In addition, the elements wgy, w+ are central.

4.1. Formal distributions. More notation will simplify some later arguments. It
roughly follows [Kac 1998] and [Matsuo and Nagatomo 1999]: The formal delta
function §(z/w) is the formal distribution

S/wy=z")" (%)n
neZ

For any sequence of elements {a,,}ncz in the ring End(V), where V is a vector
space, the formal distribution

a(z) = Z apz !

meZ
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is called a field if, for any v € V, we have a,,v = 0 for m > 0. If a(z) is a field,
then we set

(4-3) a@@)-=Y anz "' and a(@)y =) awz "
m>0 m<0
The normal ordered product of two distributions a(z) and b(w) (and their coeffi-

cients) is defined by
(4-4) Z Z by 7" T = a()b(w): = a(2)1b(w) + b(w)a(z)-—.

meZ neZ

While :a'(z))---a™(zn): is always defined as a formal series, we will only
define :a(z)b(z): as limy,_,, :a(z)b(w): for certain pairs (a(z), b(w)).
Then one defines recursively

al(z)--a'z): = ta' @) (@) (- rd T e nat @) o) ) 5

while the normal ordered product

al(z)---d¥2): = ] Zzlii_mZk_)Z :a'(z1) ((a*(z2) (- i Nz nDat (@) - ) :
will only be defined for certain k-tuples (a', ..., a*). Let
(4-5) lab] = a(z)b(w) —:a(2)b(w): = [a(z)-, b(w)],

(half of [a(z), b(w)]) denote the contraction of any two formal distributions a(z)
and b(w).

Theorem 4.3 (Wick’s theorem; see [Bogoliubov and Shirkov 1983], [Huang 1998]
or [Kac 1998)). Let a'(z) and b’ (z) be formal distributions with coefficients in the
associative algebra End(C[x] ® Cly]), satisfying:

(D) [la' )b/ (w)], K (x)+]1=[la'b’], *(x)+]1=0foralli, j, k and c*(x) =a*(z)
or cf(x) = bk (w).

() [a'(z)+, b/ (w)£] =0 foralli and j.

(3) The products

la"b ] - @b | :al () - - a™ ()b (W) - BN W)y i)

s

have coefficients in End(C[x]® Cly]) for all subsets {iy, ...,i;} C{1,..., M}
and{ji,..., js} C{1,--- N}. Herethe subscript (i1, ..., is; ji,..., Js) means
those factors a' (z), b’ (w) with indices i € {i1, ..., is}, j € {j1, ..., js} are to
be omitted from the product :a' ---aMb' ... bN: and when s = 0 we do not
omit any factors.
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Then

qal(@)-a” @) b w) - bV (w): =

> lab e Labbh ] @) a™ @b W) BN (W) G-
s:O,:..,min(M,N)

Form:i—%,i eZ—i—%andx € g, define
XL =x®ti_%u and x, :=xQ1t".
Motivated by conformal field theory we set
x'(z) = meJr%z_m_l and x(z) = mez_m_l.
meZ meZ
Then the relations in Theorem 4.2 can be rewritten as
[x(2), y(w)] = [xy](w)8(£) — (x, y)wodwd(Z),
[x'(2), y' (w)]
= (w?>—2bw+1) ([x, YIw)3(£) — (x, Y)w0dwd(Z)) + (x, Y)wo(b—w)3(£),
[x'(2), y(w)]
=[x, yI'w)8(2)

b—w wib+w_ witw_b
S(&
+(xay)1_b2(w(l_2bwl+w2)l/2 + (1_2bw+w2)1/2> (w)

— y)((ahrlb%)w(l —2bw w2

+w_b
(222D (1~ 2pu w2)1/2) 9,5(2).

[x(2), ' (w)]

=[x 1 (%) - (v, y><(“)+1b_—+b‘2”)w(1 —2bw ! w2

b
+ (%)(1 —2bw + w2)1/2> 38 (L).

One interprets in the last summand the expansion of (1 —2bw +w?)!/? as a Taylor

series in w about 0. Similarly (I —2bw ™! + w=2)!/2 is interpreted as a Taylor
series in w™!. It is somewhat amusing to see that the variants of the ultraspherical
polynomials Qy(b) disappear in the formal power series formulation above.
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5. Oscillator algebras

51. B—vy system Let a be the infinite dimensional oscillator algebra with gen-
erators a,, a*, al, al* for n € Z that, together with 1, satisfies the relations

(@, am] = [am, a)] = [apm, a1 =[a}, a¥ ] = [a}, a) ] =[a, a}*]1 =0,
1 =0=[a,1],

lan, a ] = Sm+n, ol= [an’ ;1*]‘

[a1 a1]=[a ,a

For ¢ = a,a' and respectively X = x,x! with r = 0 or r = 1, we define the
representation p : a — gl(C[x,, x | n € Z]) by

0/0X, if m>0 and r =0,
or(Cm) = .
Xm otherwise,
" X_m if m<0 and r =0,
pr(cy,) = .
—0/0X_,, otherwise,

and p, (1) = 1. These two representations can be constructed using induction: For
r = 0 the representation pg is the a-module generated by 1 =: |0), where

an|0)=a'|0)=0, m=>0 and a}|0)=al*10)=0, m>0.
For r = 1 the representation p; is the a-module generated by 1 =: |0), where

at0) =al*|0)=0, meZ.

If we write
@)=Y az " @*@ =) arz",
nez nez
1 —n—1 1% o 1% _—n
a(z)—za ; o (z).—zanz ,
nez neZ
then

[¢(2), a(w)] = [o¢*(2), &* ()] = [or' (2), &' (W)] = [ (2), @™ (w)] = 0
la(2). " (w)] = [o' (2), @' (w)] = 18 (z/w).
We observe that p;(x(z)) and p;(a'(z)) are not fields, whereas p,(a*(z)) and
pr(a'*(2)) are always fields. Corresponding to these two representations there are
two possible normal orderings. For r = 0 we use the usual normal ordering given
by Equation (4-3) and for r = 1 we define the natural normal ordering to be
(X(Z)+ =(X(Z), ot(z)_ =O5 a*(Z)+ =07 a*(Z)— =a*(Z)’

al(2)4 =a'(2), al(z)- =0, a(2)4+ =0, a*(2)- =o' (2).
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This means in particular that for » = 0 we get

laa™| =8 _(z/w) = Lz,w(z+>,

w

) = =8 w/2) = 1w (1),

Z

and, forr =1,

lae™| =[a(2)-, " (w)] =0,
le*a] =[a"(2)-, a(w)] = —§(w/2).

Similar results hold for «!. Notice that in both cases we have
la (@) (w)] — le*(wa(z)] = 8(z/w).
We will also need the following two results.

Theorem 5.1 (Taylor’s theorem, [Kac 1998, 2.4.3]). Let a(z) be a formal distribu-
tion. Then in the region |7 — w| < |w|,

o0
(5-6) a(z)=>» 9 aw)(z—w)’.

j=0
Theorem 5.2 [Kac 1998, Theorem 2.3.2]. Define C[x] = C[x,, x,ll | n € Z] and
Clyl = Clym, ¥\ | m € N*]. Let a(z) and b(z) be formal distributions with coeffi-
cients in the associative algebra End(C[x] ® Cly]), where we are using the usual
normal ordering. Then, for ¢/ (w) € End(C[x] ® ClyD[w, w1, these two are
equivalent:

N-1
(i) [a@). bw)] = Y 398 — )l (w).
j=0
N-1 1 ‘
(i) |ab] = ;0 (T ) )

In other words, the singular part of the operator product expansion

N—1 1 _
lab| = JZ:O lz,w (m) ¢/ (w)

completely determines the bracket of mutually local formal distributions a(z) and

b(w). One writes
N—1

a(@bw) ~ "

j=0

¢/ (w)
(Z — w)j+1 :
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5.2. The 4-point Heisenberg algebra. The Cartan subalgebra f tensored with R
generates a subalgebra of § which is an extension of an oscillator algebra. This
extension motivates defining a Lie algebra with generators b,,, b,ln, melZ, 1p, 1+
and with relations

(5-7) (b, bn] =21 840,010,

(5-8) by byl = (1 —m)(Emin0 — 26 Smin—1 + Smin,—2) Lo,

(5-9)  [by, bl =2n(Qun—1B)BLL + 181 n=1 + 1i8msn0
+1_6pqn—1+ Qm—n-2(b)(b1_+ 1+)5m+n5—2),

(5-10)  [bw, 1] = [by,, Lo] = [b, 12] = [b,,, 1] = 0.

W call this the 4-point (affine) Heisenberg algebra and denote it by 64. This algebra
has an involutive antiautomorphism induced by — p:

o(by) = —b_p. o(by)=—b!

—n—1-

o(lp) =1y, o(ly)=14.

The antiautomorphisms —g and —p o ¢ also induce antiautomorphisms on 64,
which we leave to the reader to formulate.
If we introduce the formal distributions

(5-11) B(z) = anz_”_l and Bl(z):= Zb},z‘”‘l.

neZ neZ

then using calculations done earlier for the 4-point Lie algebra we can see that the
relations above can be rewritten in the form

[B(2), B(w)] = 2103.8(z/w) = — 2193, (z/w),
[8'(2), B! (w)] = (109-((z> — 2bz + D)8 (z/w)) +21o(b — 2)8 (z/w))
=2(1o(b — w)8(z/w) — (w* — 2bw + 1)1y, (8(z/w)),

[8'(2), B =2(Ab+1-) z(1-2bz" ' +2 )2+ (14 +1-b) (1-2bz+2%)'?)
x (1—5%)719,8(z/w)
=2(b— w)(wu - 21b+u1)9_41r 1—w_2)1/2 +3 _12;;:‘52)]/2)(1 — )8z /w)

—2(A4b+1) w(l —2bw ™ +w H 2+ Ay +1-b)(1 —2bw +w?)'/?)

x(1=b%719,8(z/w),
[B(2), B'(w)] = —2(A4b+1) w1 —2bw™ +w )2+
(14 +1-b) (1 —2bw +w?)?) (1 = bH) 78,8 (z/w).
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Setting
by =) (Cb,+Cbh,) and §]:=Cl_&Clya®Cl, & Chy® Ch,

n20

we introduce a Borel type subalgebra by = 6: @ 62. The defining relations above
show that by is a subalgebra.

Lemma 5.3. Let V' = Cvy @ Cv; be a two-dimensional representation of 64, where
bIV,- =0fori =0, 1. Suppose A, i, v, x, x+, ko € C are such that

bovo = Avo, byVo = [LVo + vV, lov; = xxvi,
bovy = Avy, b(l)Vl = XxVo+ Uvy, 1gv; = kov;, i=0,]1.
Then by, + x— =0.

Proof. Since b, acts by scalar multiplication for m, n > 0, the first defining relation
(5-7) is satisfied for m, n > 0. The second relation (5-8) is also satisfied as the right
hand side is zero if m >0, n > 0. If n =0, then since bg acts by a scalar, the relation
(5-9) leads to no conditionon A, i, v, %, X+, kKo € hg. However, If m >0and n > 0,
the third relation becomes

0=">b!b,v—b,blv=1[b! b,1v=2n(Qumin_1(b)(blL+1_))vV. 0

m

Let B& denote the linear transformation on V" that agrees with the action of b(l).
If we define the notion of a bs-submodule as in [Sheinman 1995, Definition 1.2],
then V" above is an irreducible bs-module if xv # O that is, if det B(} # %, Later
we will induce up from V" and the resulting representation (whose irreducibility we
will study in future work) that the four point affine algebra would not have a chance
of being irreducible if V" were not irreducible (in the sense of Sheinman) itself.

Proposition 5.4. Let M. =C[y_,, ylm |m, neN*1QV. Then for k > 0 the relations

pb_) = —y_i,
pbl )= =y =200x-+x1) X (q+K)Q-g2(b)dy,,,.
q<—k
P =260 By, + 20 0+ 2 D1+ Bx-+x0) X 0ga®dyr ),

q=<-2

P =2(k By + Kk Dx- By, +Gx-+x1) T k=)0-g2(0)dy, )
g=<-2

+(@kdy = Q@+ Dby +2(k+ 1Dy ko),

p(b) = 2()(, By —(x—+x) X qQ,q,z(b)ayq) +(~bdy +20,1 Jio+ By,
q=<-2

p(bo) = A, p(1p) = ko, p(dy) = x+
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define a representation of by.

Proof. We begin with the first relation. For this we may assume m > 0 and p > 0:

o (bm), p(b—p)] =

[2m (k0 8y, #2180, 4300 +Bx 420 X 020y )=y ]
g=-2

= —2m Smfp,Op(IO)-

Now consider the third relation. For m > 0, n > 0 we have

[o®L,,). p(b_n)]
Z[_YLn—2@X7+X+)E:(Q+”UQ7¢Q@WMM,—Mm]

g<—m

= —2n(bx— + x+)OQm+n—2(b)
= —2n (Sfmfn,OXJr + X=0—m—n-1,0+ bx—+ x4) Qm+n72(b)87mfn§f2)
= p([bL,,. b-aD).

which agrees with (5-9). Next we have (with m > 0 and n > 0)

[o(by), p(bn)]

=2[ (m 0y, st 0y Fbx—Fx8) L m=q) 020y,
g<-2

+(@mdy —Q@m4+Dbd,y  +2m+1Ddy ko),

2 (Ko By, +xedy Fx- A+ bx-+ ) X Q_q_z(b)ayql_nﬂ
q=<-2

= 2n(Qm+n—l (b) (bX-i- + X—)3m+nzl + X+8m+n,0 + X—8m+n,—1
+ Q—m—n—Z(b)(bX— + X+)8m+n§—2)a

because by + x— =0.
The third case for (5-9) is (still m > 0 and n > 0)

[o(b)), p(b_n)]

=2 (m 8y + O+ Dx By, Bx 3 T =) Qg 20y, )
q=<-2

+(2mdys, —@m+Dbd,  +2m+ Do, ko), =y
= 2[("1 ayim X+ + (m + 1)X* ay—lfm

+(bx-tx) X =)0 y2(D)dy, ., ) =y ]
q=—2
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= - 2”(8m—n,0x+ + X=Sm—n,—1+ (bx—+ X+)Q—zn+n—2(b)8m—n§—2)
= - 2n(Qm—n—l (b)(bX+ + X—)Sm—nzl + X+8m—n,0 + X—Sm—n,—l
+ Q—m+n—2(b)(bX— + X+)3m—n§—2)-

The last case that we consider for (5-8) is

[p(bL,), p(bn)]
= [ —yL, —20bx-+x1) Y (@+m)Q_g2(b)dy,,,..

g<—m
20 (10 0y, 1 0,1+ 0,1+ Bt o) L Qa0 )]
q=-2
= 2n[—y1_m, (Ko Oyt x4 0y +x- 0y +bx—+x+) X qufz(b)ay(;fnﬂ
g=—2

= 2n(a—m+n,0X+ + X- 8—m+n,—l + (bX— + X+) Qm—n—Z(b)S—m+n§—2)
= p([bL,,. baD).

Now we move on to (5-10). It’s straightforward to check that [b}n, b,ll] =0 for
m>0andn>0,and [b!,,b!, ]=0form>0andn > 0. Thus we have to check
for m > 0 and n > 0O that

(oL, p(b))]
z[—ﬂm—iwx—+x9 > (@+m)Q_;2b)dy,,,,

g<—m

2(n 8y + (DX By, + (bx+ 30 X (1= )0y 2(B)y,., )
q=—2

+(2n0,, = @n+Dbdy +20+ Do, k)]
= —[yL.. (2n9,1 —Q@n+1)b oy +2(n+ 1)3},1_n_2);<0]
= (2n5—m+n,0 —@2n+1Dbdé—min—1+2n+ 1)8—m+n,—2) Ko
= (n4+m) (8—mtn0 — 2b 8_pmsn,—1 + —min,—2) Ko O

6. Two realizations of the affine 4-point algebra g

This is our main result:

Theorem 6.1. Fix r € {0, 1}, which then fixes the normal ordering convention
defined in the previous section. Set § = (s[(2, C) ® R) ® Cwy & Cwy ® Cw_, and
assume by + x— = 0 with x4, xo € C and that V' is as in Proposition 5.4. Then
we have a representation of the four point algebra g on C[x] ® Cly] ® V"
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T(w+) = X+,
T(wo) = X0 = Ko — 48,0,
T(f(2) = —
t(fl2)=—
r<h1<z>>=2( * 4+ P2 iaa’™:) 4+ 81,
r(h(z))=2( c 4 atalt: )+ﬂ

t(e'(2)) = :a' (@®)?: + Bla* + xoP(OP)a'* + x Pda*
+ P? (:al(al*)zz +2:aafa: + Bal* + Xoaal*) ,
t(e(z)) = :a(@®)*: + pa* + xL (AP)a™ + x Pda'™
+P2:O((al*)2: +2 al * IER +ﬁl 1*+X08(X*.
It might appear that terms above such as x4 (1—2bz+2z%)"/28.a' (z) = x4 Pda'*

are not well defined. But if we expand these summands out, we get infinite sums
that are meaningful when applied to a polynomial in x,,, X,%, Ym, y,ln. For example,

k>0 neZ

= — Z Z(m+k)Pk(b)“k+m -

keN* meZ
Now for a fixed m € Z, all but a finite number of summands of

> m+k)Pub)at,,
keN*

applied to a polynomial in the x,,, x1 are zero. This is because the oz * all act as
partial derivatives when [ > 0.

Before we go through the proof it will be fruitful to introduce V. Kac’s A-notation
(see [Kac 1998, Section 2.2] and [Wakimoto 2001] for some of its properties) used
in operator product expansions. If a(z) and b(w) are formal distributions, then

[a(2), b(w)] = 3 AwDW)

— (7 —w)J/t!
Jj=0
is transformed under the formal Fourier transform
A AMz—
F/,a(z, w) =Res;e W (z, w),

into the sum

00 )\‘j
[akb] = Z Fa(j)b.

j=0
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Proof. We need to check the invariance under t of the table

[ fw) flw) hw) h'(w) ew) e'(w)
f(@ 0 0 * * * *
) 0 * * * *
h(z) * * * *
h'(2) * * *
e(z) 0 0
e'(2) 0

Here * represent nonzero formal distributions obtained from the defining rela-
tions. The proof uses Wick’s theorem together with Taylor’s theorem, as follows:

[T(/ T =[x (Nt (fH] =0,
[T(/ar)] = —[ex Qe +a'a™) +B)] = — 20 =21(),
[t(/urth)] = — [0’ a* + PPaa™) + )] = —2a' =27(f),
[t(frt(@)] = —[ar(ca(@®)?: + Ba™ + x1d(Pa'™) + P?a(a'™)*:
+2:alofa + Bl + Xoaa*)]
= —2(:aa*: + :a'a™) = B— x0d = —T(h) — xoh,
[t(Hrte)] = — [ (' (@) + Bla* + xoP(@P)a"™ + x1 Pda*
+ P2Cal (@) +2:aa*a™: + Ba + Xoaal*))]
= —2Ca'a*: + Priaa) — Bl — x, PO = — (k') — x4 P2,
[r(fHaz(fH1=0,
[t(fOrt)]= — o, QCaa*: + :a'a'™*:) +B)] = —2a' =27(f"),
[t(fOrt(hH] = = [efQCa'a*: + P2iaa'™:) + 1] = —2P%’ = P2 (f),
[r(fat@)] = —[o (:a(@)*: + Ba* +d(Pa'™) + P (')
+2:al oo + Bla + xoda*)]
= — (x+@P + PN +2P%:aa™: +2:a'a": + ')
= —1(h") = x4 (3P + PJ),
[e(f ] = —[ai(:a' @ +Bla” + xoP(OP)a"™ + x4 Po*
+ P2Cal (@) +2:aa*a™: + Ba + Xoaal*))]
= — (XOP(BP)ozl* +P22C:ata: 4+ aa®) + B+ Xo)»))
= — (P2t(h) + xo P3P + P*xoh),
[t (W] =[QGae™: + a'a™) + ), 2Cae™: + a'a'™) + Bw))]
=4(—aa*: + 0ta: — il 4 aalt) — 88,00 + [BiB]
= —2(48,.0 + ko)A
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Thus [t (h(2)), T(h(w))] = —2(468,.0 + k0) 03 (z/w). Next we calculate
[t(at (W] = [QCaa™: + a'a™ ) + PrQCa'a*: + P2 iaa™:) + B1)]
=4(Cafals ooty + P (—aa™: + 0 a: ) + BB
0, we have

Since [ay, a\*] = [an, anl=

[T (h(2)), T(h' (w)] =[B(2), B' (w)] = —2x4 (1 = 2bw + w?)'/23,,8(z/w).
We continue with
[t t (W) =[(2Ca'a*: + P2 raa’:) + B,
X (2(:011 * 4 P? :aozl*:)—i—ﬁl)]
=4P2(—:oza + :aal: )+4P2( ala™: + ata: )
+88,0P* A +88,0P(dP) + (B B']
= 88,0P%A +88,0P(dP) — 2ko(P*A + P(3P)).
Note that :a(z)b(z): and :b(z)a(z): are usually not equal, but
' w)a (w): = o (w)a(w): and  a(w)aF(w): = :af(w)a(w):.
Thus we have
[(h'(2)), T(h' (w))] = (48 04,0) (—2(w* —2bw+1)D,8 (z/ w)+2(b—w)8 (z/w)).
Next we calculate the A’s paired with the e’s:
[z(h)st(eN)]
=[QCaa*: + :a'a™:) +B);
X (:al(a*)zz +Bla* + xoP(OP)a" + x4 Pda*
+ P2l (@) + 2 aata: + Ba* + Xoaal*))]
=4:a'(@)?: = 2:a' (@) +2B8'a* +2x0P(IP)a'*

+2x4 Pa*r+2x 0P

+4P%(afaa: —aata: + aata! —8,004 A — S,Oal*k)
—2P(— (@™ +2:ata e 4 ot + xor)

+a* BB+ PPa (BB

=2:al(@®)?: +2B8'a* +2x0P(AP)a + 25 Pa* A+ 25, 0P
+4P%Cafaa': — 28,00 1) — 2P (et (@)% + Ba + xor)
+a*[BB'1+ PP *[B.B].
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From this we can conclude

[z(h(2)), T(e' (w))]
=2 (' (w)a*(w)?: + B (w)a* (w) + xo(w — b)a™*(w)) §(z/w)
+2(x4 (1 = 2bw + w?)23,0* (W) 8 (z/w)
+2(w? = 2bw + 1) (2 :a(w)a* (w)a™* (w): + xodwa ™ (w))8(z/w)
+2(w? = 2bw + 1) (o' (w)a* (w)a ™ (w): + pw)a™* (w))s(z/w)
— 2 (w? = 2bw + 1) (48,0 + ko — x0)at* (W) 3,8 (z/w)
=27(e" ()8 (z/w)—2 (w? — 2bw + 1) (48,,0+x0— x0)or* (W) 3,8 (z/w).

Next we must calculate

[t(h)st(e)]
= 2[:0{0{*:;(:0{(0(*)2: + Ba* + x4 9 Pa + x  Poal*
+ P2 (@™ +2:atata: 4+ Bla* + xoda*)]
—1—2[:0{10(1*:,\(:0(((1*)2: + Ba* + x4 (OP)a™ + x4 PO
+ P2 (@™ +2:atata: 4+ Bla* + xoda*)]
+[B. (@) + Ba* + x+ (3P + x i Pda'
+ P ia(@™): +2:atafa + Bl + xodua*)]
=2[:aa*:k(:a(a*)2: + Ba* + Pra(a™)?: +2:alata™: + xoda )]
+2[:a1a1*:A(X+(8P)al*+X+P8a1*
+ P @) +2:a atat: + plat)]
+[Bi(Bo” +B'a™)]
=2(:a(a)?: =28, 00" A + o — P?ia(a')*:
+2:ala*a: + xoda* + xoo* 1)
+2x4+(OP)a ™ +2x4 Pda™ + 24 Pa' A +4P% 1o (a'*)?:
— 48, 0a* A+ 28 ™ — 2kpa* A — 2y Pa'*A
=2(:a(a Y2+ Ba* + x 0(Pa'™) + P2 ia(a'™)?: +2:alaal*:
+ﬂ1 1*+X08a*)
+ 2x00" A — 88,00 A — 2k " M.

As a consequence we get

[z (h(2)), T(e(w)] =27 (e(w))d(z/w) +2(x0 — ko — 48y,0)a " (W) Dwd (z/Ww).
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Next we calculate

[t(h")sz(eh)]
=[(2Ca'a*: + P*:aa' ) +B'), (:a' (@) + Bla*+ xoP(AP)a'* + x, Pda*
+ P% (o' (@) +2:aata™: 4+ o' + xoda'))]
=2[:a'a*: 5 (xoP(@P)a™* +P? (:a' (@) +2:aa%a'™: + pa'* + xodua'*))]
+2[P?:aa™:; (ca (@) + B o + x4 PO +P? (o (@) +2: a0 a’*:)) ]
+[ﬂi(ﬂla*+P2ﬁal*)]
=2(xoP(@P)a* + P*(2:a'a*a™: +2:a(a®)*:
—2:a1 o =28, 00" A+ Ba* + xoda* + xoor*1))
+4P? oo a*: —2P? :a(a*)?: —4P?5,0a*A —8P(3P)S.oa* +2P%*B o™
+2P (@) 424 PPaa* + 2 PPoa' + 2y Pla A +4x, P2(OP)a'*
— 2k0a*(P(3P) + P21) — 254 P?a* (8P + P1)
=2P%:a(a*)?: +2P?Ba* 4+ 2x0P20a* +2P* :a(a'*)?:

+4P% 0l 4 2P B o 4 2x, PPoa"* + 2, P2(OP)a*

+ 2x0a* (P(3P) + P?1) — 88, 0a* (P(d P) 4+ P*A) — 2koa* (P (3 P) + P21)
=2P%1(e).

The final calculation for the Cartan generators is

[z(h")sz(e)]
= [(2(:ozla*: + P? :ozal*:)+,31)k(:oz(a*)2: +Ba* 4+ x (AP + x4 PO
+ P2 @) 42 0 o™ + Bl b 4 xoda*)]
=2[(:a1a*:))\(:a(a*)2: + Ba* + x4 (0P)a"* + y i PO
+ P2 @™ 20 e + Bl + xoda*)]
+2[(P2:oza1*:)x(:a(oz*)2' + Ba* + x4 (0P)a™ + x PO
+ P2 @™ 20 et e + Bl + xoda*)]
+ [,B}{(:a(a*)zz + Ba* + x4 (OP)a™ + x4 PO
+ P2 (@™ 20 et e + Bl + xoda*)]
=2[Cala*:); (ca(@)?: + x4+ (P)a™ + x4 P
+ P @) +2:a at e + plat)]
+2[(P? e )5 (ra(@®)?: + ot +2:a o™ + xoda*)]
+[Bi (B + Bla™)]
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= —2:al (") +2X+(8P)oz*+2X+P8a*+2X+Pa*k
—2P%:al (@) +4P? :aata*: — 48,0 P%a 1*,\+4 al(@)?: + Blat
+4P% aa*a®: +2P?Ba! +4P% 0 (@)% —4P? :aata:
—45,,0P2a‘*,\—83,,0P(3P)a‘*+2X0P2a*‘x+2X0P da'*+4xoP(dP)a'*
— 2%+ (PA+3P)a* —2koa* (P(3P) + P1)

=2:a' (@) +2x4 Paa* +2P% 0t (@) + Bl +4 P2 o +2P? ot
+ 2x0P?0a™ + 2x0 P (P +2(x0 — 48,0 — ko)™ (P (3 P) + P?))

=27(el).

Next we start on the Chevalley generators e:

[t(e)rt(e)] = [:a(@®)’:,(:a(e@®): + pa* + x4 (0P + x1 Poa™*
+ P a(@)?: +2:a at e + Bla’ + xoda)]
+[,8a;(:a(a*)2: + Ba* + x4 (OP)a™ + x PO
+ P2ia(@™)?: +2:a' e o 4 Bla + xoda* )]
+ X+ [OP)ey* (a(@®)?: + Ba* + x4 (P) "™ + x 1 P
+ P2ia(@™)?: +2:a' e o 4 Blat + xoda* )]
+x [P0 (@ (ca @) + B + x+ (OP)a™ + x4 PO
+ P2a(@™)?: +2:a'aa: 4 Bla + xoda )]
+ [P ra(@™)? 5 (ca(@®)?: + Ba* + x 1 (3P)a'™ + x4 P’
+ P ia(@)?: +2:a ot e + fla’ + xodat)]
+2[ alatal*: (:a(a*)zz + Bo* + x4 (OP)a™ + x4 PO
+ P ia(@ ) +2:a " e + fla’ + xoda)]
+[Bley* (ra(@®)?: + o™ + x4 (P + x4 Poa'™
+ P (@) +2:a ot e + fla’ + xoda)]
+ xo[005 (:a(@®)?: + Bor* + x 1 (AP + x4 P’
+ P2 ia(@)?: +2:a ot e + la’ + xodat)]
which in turn is equal to
[ra(@)?(ca(@?: + pa* + PP ia(@™)?: +2:a'a*a'™: + xoda®)]
+ [Baf(a(@®)?: + Ba* + P2 ia(a™)?: + pla'™)]
+X+[8(Poz]*)x(2P2 oot )]
+[P2:oe(a]*)zzk(:oc(a*) + Ba* +2:a afa: + xoda 9]
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+2[: alatal*: (:a(a*)z: + x4 (P)a"* + y Poa'™
+ P @) +2:a at et + plat)]
+[Blal(:pa: +2:ala*a: + plal*)]
+ xo[005 (za(@®)?: + P2 ia(a')?:)]

2:a(@®)’: —2:a(a®): — 48,0 :a*(0a™): —48r,0:(oc*)2:)»

+ :Ba)?: —2P% (@)% + 20l (@) 2a*: +2x0 10 (3a¥):

+ x0 (@) A —: @) — 2k (@) A — 260 (Da™): — P2 :B(a')?:
— 2y Pt n =25 P (3o 42 Prata A

+2P% (@)% + P2 B(a')?: +2P% ! (@)

—4P% :qa* (@) — 4P28r,0 S(a)2n — 4P28,,0 gt
—88r70P(8P):(oe1*)2' +X0P2'(061*)2‘)»+2X0P2' *1804*1‘
+2x0P(OP) :(*H)?: —2:a' (@)™ + 2%, (P) ;!

+ 254 P a0 + 24 P a0 + 24 P afal A
+4P% ot (@) —2P% 0l (@) — 48, 0P% 1 (@)%
—46,0P2'a1*(8a1*)'+4'a1 *ol* e _ 4ol al*

— 48,0 (@*)?: A — 48,0 " (da*): +2:Bla*al*:

— 2%+ (AP + Pr):a*a'*: —2x, Pia* (') — 2k0(POP + P?1) :(a'*)?:
—2K0P2:a1*(8a1*) - ﬂl *o % +)»Xo( (@*)?: + P2: ((Xl*) )

48,0 (da*): — 48,0 :(@*)?: A —4P%8, 5 ()% A

—4P%8, a0 — 85, 0P(3P) () — 48, 0P ()% 4

— 48, 0P% 10 (3a'*): — 48,0 ()2 A — 48,0 :a(da™):

— 20 :(@®) A — 2k 0 (Ba™): — 24 Pt A — 2 P (3o )

— 2%+ (AP + PA) o' —2x, Pra* (o) — 2k0(POP + P2)) :(a'*)?:
—2koP? ¥ (0a): +2x4 (OP) e +2x4 P ia*da'*:

+2x4 Pra'*0a®: + 2 P rafa i A+ 2x P atal*i A

+ xoP2: (@)% A+ 2x0P? i da* s + 240 P(OP) : (a*1)?:

+2x0:@* (@) + xo: (@) A+ Axo (:(@H: + PP i(@')%)

88,0 (1™ (@ar*): + :(a™)*: 1)
— 85,0 (P*:(@™)*: A+ P a3 + P(3P): ("))
— 2k (e (@ar*): + :(a*)*: h)
— 2k (P :(@™)*: A+ P2 ™ + P@P):(a*!)?:)



280 BEN COX

+2x0 (a*(@a): + :(a*)*: 1)

+2x0 (P?:(@™)*: A+ P?:a*3a*!: + P(OP) :(a*)*:)
=2 (x0 — ko — 48,0) (:a* (™) + :(a*)*: 1)

+2 (x0 — ko — 48,,0) (P?:(@™)*: A+ P2 ™ s + PO P):(a*!)?:)
=0.

Similarly,

[t(e)rt(eM)] = [:oz(oz*)zz x( al(@)?: + Bla* + xoP(AP)a + x4 P
+ P? (:al(al*)z: +2:aata: + Bal* +X08a1*))]
+ [:ﬂa*:k(:al(a*)z: +Bla* + xoP(OP)a'* + x . Pda*
+P? (o (@) + 2o e + Ba'* + xoda'))]
+ [x+3(Pa'™) 5 (o (@) + Bla* + o P(3P)a'™ + x4 Pda*
+P? (o (@) + 2o e + Ba'* + xoda'))]
+ [P ia(@™)? 5 (ol (@) + Bla* + xo P(3P)a'* + x4 Pda*
+P? (o (@) + 2o e + Ba'* + xoda'))]
+2[:alata:; (ca (@) + Bla* + xoP(AP)a™ + x i Pda*
+P? (o (@) + 2ot e + Ba'* + xoda'))]
+[Bley*(:a' (@) + Bla* + xoP(AP)a™ + x 1 Pda*
+P? (o (@) + 2ot e + Ba'* + xoda'))]
+ [x0005 (:a' (@*)?: + Bla* + xoP(IP)a'* + x4 Pda*
+P? (o (@) + 2o e + Ba'* + xoda'))]
which equals
[ra@? (e (@)% + Bla* + x4 Pda™ +2P% :aa*a'™:)]
+ [,Ba;‘(ﬁla*+P2 (Z:aa*al*: +ﬂa1*))]
+ x+[8(Pa™); (ca (@) + PPl (@')?:)]
+[P?ra(@™)? 5 (ol (@) + Blo* + x Pda*
+ P? (o (@)% + 200t a*:))]
+2[:alof et (@)% 4+ xo P(AP)
+P? (o (@) + 2ot e + Ba'* + xoda'))]
+[Bla s (ot @ + Blat + P2 (cal @) + a'™))]
+2Xo[:8a*:AP2:aa*al*:]
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=2:a'(@®): 4+ B>+ 2x L Pt (3a™): 4+ x4 P (@) A+ 2P a(a®)
—4P? :a(a®)’al: —48,.0P? :afa* A — 48,0 P? :(dat)al*:
— 2% P (0a®): —2x4 P ()i A
+P2(—2 oo B — 2k ot ¥ A — 20 1 () )
— XM= P (@) :—P3-(a‘*) 3)
+2P% 0l (@) —2P? i () el — 48, 0P et A
—4P%5,0:a*(Ba*!): —88,.0P(OP) :a*a* s + P2B (a*)?
+2x+ PP o @a): + 2%, P2(OP) (') 4+ x4 PP (@)% A
+ P (=2:a(@™)’: +2:a(a'™))
+2(—a' (@) + xoP(3P) :o* '™
+P2(—:ala*(al*)2: +2:a%al (@) — 28,0 0%l 2
—28,0:(da")a: +2:a(@*) et —2:ala* (@)
—25ro‘a1*a*'k—28ro'(aal*)a*'
+ Bt 4 xo:(Bat)a™: + xo @t (Ba'™): + xo e 1))
— BN @2 =2k P? (3 a*: — 2k0 P ot A — 2k P(AP) oot
P (=B @™ —2x4(P) (™)™
—2x4+ P (@) A =234 Pro*! (da'):)
+2x0AP? ool
=2y, P:a*(da®): 4+ x4 P :(a*)?: A — 48, 0P% :a*a*: A — 48,0 P? : (3™ )
—2x4 P o (a®): =24 P :(a®)?: A —2k0P? :a* ™ A —2k0 P2 : (da )
xy P :(a*)z'k+x P3 (a2
— 48, 0P% :a*a* i — 48, 0P? : (3 )a*: — 88, 0P (dP) !
+2x: PP @0y +2x, P2(OP) (@) 4+ x4 PP (@)% A
+2(xoP(3P) o'
+ P (=280 a0 =28, 0:(da)a':
— 28,0 A — 28,0 : (3o )a*:
+ x0: (@M ™: + xo:0* (@) + x0 @@ '*: 1))
—2koP?:(0a ™ )a*: — 2k P? ot A — 260 P(OP) o™
+ PP (=2x4@P) (@™ —2x P (@) h — 254 P i (3 ™):)
+2x0AP? e
= —168,0P? :a* l*'A—88r0P2'(8a*)al*' — 88, 0P2: (0"
—48,0P(3P) :a*a*!: — 48, 0P? :(da )"
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+2x0P(AP) :a*a": + 250 P ol
+2x0 (P2 (0 + P2 ot (dal™): +P2:a*a1*:k)
— 2k P%: (3o )a*: — 2k P? i Fa* A — 2k P(OP) :r Fa*:
— 2k (Pz. * 1*‘)»+P2'(8a*)ot1*')
=2(x0 — ko — 48,,0) (P?:(da")a*: + P?:a a*: 1 + P(3P) 10" ™)
+2(x0 — ko — 48,,0) (P :a*a'*: A+ P :(da™)a'* 1)

=0.

Lastly we have

[(eDat(eN] =[:a' (@) (e (@) + Bla* + xoP(3P)a"* + x4 Pda*

which equals

[:al(a*)zzx
+[,81a;‘

+ P2 (@)% +2:aata*: + Ba* + x00a'™))]
+[Blaf (ol (@) + Bla* + xo P(IP)a™* + x4 Pda*
+ P2(:a'a'™)?: + 2 e 4 o + x000')]
+[xoP@P)a"* (2 (20! (@*): +Bla* + xo P(@P)a"™ + x4 PO*
+ P2 (ot + 2 et e + Ba* + xoda')]
+ [X+P8a* :A (:al(a*)z: +Bla* + xoP(OP)a"* + x4 Poa*
+ P2 (@) +2:aata: + Ba* + Xoaal*))]
+ [P2 :al(al*)z:x(:al(a*)z: +Bla* + xoP(OP)a" + x L Pda*
+ P2(al (@) + 2 aatal*: L+ B + x00))]
+ 2[P2 :ozoz*ozl*:,\( (@) + Bla* + xoP(AP)a™ + x4 Poa*
¥ P2(:al (@) +2 a0l L+ B + x00™))]
+ [Pz,Bai*( al(@)?: + Bla* + xoP(AP)a" + x4 Pda*
+ P2l (@ +2:aata™: + Ba™ + %o dar'™))]
+ [szoaa;*( (@2 + Bla* + xoP(AP)a + x4 Poa*
+ P2Cal (@) +2:aate! s + Bt + xoda))]

(xoP(@P)a™ + P (o (@™)?: +2:aa*a'™: + pa'™ + x0da'™))]
(,Bla*+P2(2:aa* b —I—,Bal*))]

+ x0[P@P)a* (o (@) + PP il (@™)*:)] + 24 [Pda™ 5 P? raaa’™: ]
+[P2ia @) (et (@) +XOP(aP)a‘*
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+2[P?:aca’™:; (e (@) + ot + x4 Pda*
+ P? (o (@) + 20t al*:))]
+[P?Ba’ (e (@) + ot + P2 (il (@) + Ba'™))]
+ [P x0da™ 3 (ol (@) + P2l (@')?:)]
XoP(3P) :a*?
+P2(2:a1((x*)2a1*: +2:a(@®)?: — 40t ool
—48,0 10" k=48, 0 12 (Da*): +B (@) + xo(*) 2 A+2x0 10t (da™): )
—2uo(P(OP) (@)% + P2 A+ P2 o *aa*.)
+ P (=2:pla*a: =244 (AP + PA) et — 23, P:(3a™)a'*:)
— x0P@P):(a*)*: = xoP (aP>-(a1*)2:
+2x+ P2(OP) :a*a: + 25 PP iaat i n
+ P*(=2:a'a™ (@) + xoP(AP) :(a'%):)
—88,0P3(OP) :(a')?: — 48, 0P*:(@)?: A — 48,0 P* ¥ (B '™):
+2P*aa* (@)% + P2 + xo2P3(AP) 1 ()% +2P* ;™ (da'):
+ P @)% 0) + 2P (=t (@) +2:a 0 (@))
— 48,0 (2P(@P) :(@*)*: + P*:a*da*: + P?: (@) 1) + 2P o™
+2x4(2P*(@P) :a*a™: + P (da )"
+ PPt (da'): + PP iatal*: 1)
+2P%(— P et (@) +2P% (@) — 2P iaa* (@)
—28,0P%:(@')?: 1 — 28, 0P? : (3 ) ¥ —48,0P(8P) Ha)?:)
— P2:B(a*)?: —2x PP raFati A — 4X+P (OP) o a*
—2x Pt (3a): — PY:B(a')?: —2P%%:(a')%: A
—2P%%q :a" (3a"*): — 4k P (0 P) :(al*)zz
+ x0(P?:(@)*: A +2P@P) :(¢*)?: + P*:(@™)*: A —2P*(@P) :(a')?:).
xoP(dP):a*?
+ PH(— 48,00 A — 48,0 0" (3a*): + xo(@®) A +2x0 10" (da*):)
—2ko(P(OP) :(a®)?: + P?:(a®)?: A + P?:a*da*:)
— x0P@P):(@*)*: — xoP*(3P) :(a™)*:
+ xoP2(3P) : (')
— 85, 0P3(OP) : (@)% —48,0P* (') A — 48,0 P* i (3 ™):
+ x02P3@P) :(@')?: +2P* a3y + P (@)% )
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— 48,0 (2P(P) :(@*)*: + P*:a*da*: + P*:(a%)*:2)

+2P*(=28,0P% :(@™)*: A =28, 0P% : (3o *)ar'*: — 48,0 P(DP) :(c*)*:)
—2P%q ()% L — 2P0 0 (9a'): — 4io PP (D P) ()

+ x0(— P?:(@*)*: A —2P(@P):(a*)*: — P*:(a@™)*: A—2P(@P) : (a'*)*:)
+2x4 P2(OP) :a*a'*:

+4x, P2(OP) :a*a™: + 2%, PP (9o 4+ 24 P (3a'):

— 4y P2OP) o e =25 PPt (0a'):

+ Pz(— 2x+(dP) :a*a': — 25, P :(801*)011*:)

= xoP(@P):a*: + xoP?:(a®)2: A+ 250 P :a* (da®): + xo P} (3 P) : (')
— xoP(AP) :(a®)*: — xoP>(OP) : (o)
+ x0(— P?:(@*)*: A =2P(@P):(a*)*: — P*:(a@™)*: A—2P3(@P) : (a¢'*)*:)
+ x0QP3@P) (") +2P* (B ): + P ()% 1)
— 48, 0P a2k — 48, 0P :a* (da*): — 88,.0P3(DP) :(a)?:
— 48, 0P (@) h — 48,0 P* 1 (0 ™):
— 48,0 (2P(3P) :(a*)*: + P*:a*da™: + P?:(a*): 1)
—4P%5,0(P?: (@) A+ P :(da'")a'*: +2P(P) :(a™)?:)
—2k0(P(OP) :(a™)?: + P?:(a®)®: A+ P2 :a%0a™:)
—2P% (@)% A —2P%0 0 (00 ): — dig P3O P) : ()%
=2x0(P?:(*)*: A+ P :a*(da*): + P(IP) :(a*)*:)
+2x0(P*: (@™ A+ P (0™ +2P3OP) :(¢')?:)
— 88,0 (P?:(a*)*: A+ P*:a*da*: + P(IP) :(a™)*:)
—88,0(P*: (@) a4+ P*:(da™)a'*: +2P3(@P) :(a')?:)
— 20(P? (@) A+ P2 ia*da*: + P(OP) :(@)?:)
— 2k (P*:(@™)*: A+ P*:a™(3a™): +2P3(0P) :(a')?:)

=0. (]

7. Jakobsen-Kac realizations

If R is an associative (but not necessarily commutative) algebra over C, then a
linear map ¢ : R — C is called a trace on R if

¢(ab) = ¢(ba) foralla,b e R.
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If ¢ is a trace on R, then the space of matrices

sla(R) = {(‘c’ Z) ‘ a,b,c,d € R and (a+d) :o}

is a Lie algebra under the commutator:

(7-12) ab e f\|_ (ae+bg af +bh\ (ea+ fc eb+ fd
cd)’'\g h)| \ce+dg cf+dh ga+hc gb+hd)’

Now from the assumption that ¢ is a trace on R, the matrix difference on the right

has the property

¢(ae+bg—(ea+ fc)+cf +dh — (gb+ hd)) =0.

The subspace

b::{(g Z) ‘a,b,deRand¢(a—|—d)=0}

is also clearly a subalgebra of sl,(R). Let Cy = Cvy be the one-dimensional b

module defined by
ab
(0 d) Vp = P(a)Vy.

One can to check that this is a representation of b using that ¢ is a trace on R.
Thus one can define an induced module

M(¢) :=U(s2(R)) ®up,) Cop-

If R is a commutative ring with basis {ag}gecp With structure constants cgﬁ such
that agapg = czﬁay, then M (¢) has a basis in elements of the form

(aq, f) -+ (aq, f).vy, whereaf = (2 8) .

Jakobsen and Kac [1985] realized the representation M (¢) of sl(2, R) on the
space of polynomials C[xg | B € B]; it is given by

P(aay ) = Xay»
ad
p(aol()h) = - 2C(};Oa-xy 8_ + ¢(aao)a
Xo
d

s ad 0
p(aaoe) = - CZOacyﬁx(sa@ + ¢(a7)cgoaa

If R=C[t,t7", u|u®>=1>—2bt + 1], then {a, =", a :=t"u | n € Z} is a basis,
where

1 1 1 1
Amdn = Am4n, amd, = Ay p» a,,d, = dp4n4+2 — 2bay4n41 + Amn-
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Define a representation of s[(2, R) on C[x,, x,ln |m,n € Z] by
p(t"u f) =),
p("h) = — 2Z(xm+p8x,, + X4 p0,) O ("),
:O(t uh)= — ZZ(xm—i-p Xp + (xm+17+2 - 2xm+p+l +xm+p) ) +¢(t u,
P

m o\ _ ’ /
1Y (t e)= — Z (xm+l’l+q axn axq + xm—i—n—i—q axn ax; + xm+n+q ax;z axq)
n.q

- Z (xrn+n+q+28x,/, 8x(’1 - 2bxm+n+q+1 8)6,/, 8xl’1 + Xmtn+q 8x,’, 8x(’1)
n.q

+ 2 (BE"), + (") ),
p
,O(tm” e) = - Z xlfn-i-n-i-q 8xn axq

- Z Xmtn+q+2 — 2DXmtntq+1 +xm+n+q)axna x;

- Z Xm+n+q+2 — 2bxm+n+q+1 + xm+n+q)ax,’1 axq

n.q

(
> (%, tntq+2 2bxm+n+q+1+xm+n+q)axﬁa"é
(

+Z G Pu)dy, + (" (17 = 2bt — 1))dy ).

One can check that, up to a change in sign, Jakobsen and Kac’s representation
is a quotient of the representation that we have constructed in Theorem 6.1 for the
universal central extension of sl (R) when r = 0.

8. Further comments
Considering the elliptic affine Lie algebras,
sl(2, R) ® (Qr/dR), where R=Clx,x~ !, y|y?> =4x>— gox — gl.

Bremner [1994] has also explicitly described the universal central extension of this
algebra in terms of Pollaczek polynomials. Essentially the same algebras appear in
recent work of A. Fialowski and M. Schlichenmaier [2005; 2006]. Together with
André Bueno and Vyacheslav Futorny, the author is currently investigating whether
the methods in the work above will also provide boson-type realizations of this
elliptic Lie algebra or other Lie algebras whose coordinate ring is the coordinate
ring of an algebraic curve. We also plan to use the above construction to help
elucidate the structure of these representations of a four point algebra.
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