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We symmetrize the cut-join equation from the proof of the Mariiio—Vafa
formula. One can derive more recursion formulas of Hodge integrals out of
this polynomial equation. We also give some applications.

1. Introduction

The Marifio—Vafa formula (Liu—-Liu—Zhou’s theorem, see [Liu et al. 2003]) gives
a closed formula for certain Hodge integrals with three A classes. One of its
special cases is the famous ESLV formula [Ekedahl et al. 2001]. By applying
a transcendental change of variable, Goulden, Jackson, and Vainshtein obtained
a symmetrized cut-join equation [Goulden et al. 2000], which is a polynomial
identity with Hodge integral numbers with coefficients in one A class. Comparing
the lowest degree terms, Goulden, Jackson, and Vakil [Goulden et al. 2006] were
able to give a short proof of the A, conjecture, which was first proved by Faber
and Pandharipande [2003]. On the other hand, by using the result of [Goulden
et al. 2006], Chen, Li and, Liu [Chen et al. 2006] gave a short proof of the Witten
conjecture, which was first proved by Kontsevich.

In this paper, we study another transcendental change of variables, apply it to
the Marifio—Vafa formula, and get a symmetrized cut-join equation which is again
a polynomial identity but with Hodge integrals with coefficients in three A classes.
We expect more Hodge integrals can be computed from our symmetrized cut-join
equation. As an example, we illustrate how to get the Witten conjecture/Kontsevich
theorem from our newly derived symmetrized cut-join equation.

We study the new transcendental change of variable formula in Section 2, which
is essentially some calculus based on the formal Lagrange inversion theorem. In
Section 3, we symmetrize the cut-join equation satisfied by the generating series
of Hodge integrals studied in [Liu et al. 2003]. Applying the change of variable
formula developed in Section 2 to the symmetrized cut-join equation in Section 3,
we derive in Section 4 a polynomial cut-join equation, which is Theorem 3 and the
main result of this paper. Section 5 illustrates some applications of our result.
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2. Preliminaries

We first quote a result from the standard text on combinatorics. For a proof and
more about this theorem, we refer to [Stanley 1997].

Theorem 1 (formal Lagrange inversion theorem). Let F[x]= Zj;olo aix' exK[[x]]
where ay # 0 and K is a field of characteristic 0. Let k,n € Z. Then

n[x"1F~ (0 = k[x"7F](x/ F (x)" = k[x *1F (x)™",

where F~1(x) is the formal inverse function of F (x) and [x"F (x) is the coefficient
of x" in the formal power series F(x).

In particular, taking kK = 1, we have n[x"1F~'(x) =[x~ Fx)™".

The inverse function of x(1 — x)* will play a crucial role in this paper. We
assume 7 (7 — 1) # 0 throughout. Take F(x) = x(1 — x)" in the above theorem for
some fixed complex number t. Then

| AP O(rlt—i-a)
Fay a0 TN Z ’

and
TSt +a)
F ( o (=1
Denote F~!(x) by w(x). We will next study some basic properties of this func-

tion. The formal Lagrange inversion theorem gives the unique formal power series
solution of the equation w(x)(1 —w(x))* =x as

[x~ 1

w(x) = F-1(x) = Z ao(nr-l—a)

One can compute the derivative xo (x)' = w (1 —w)/(1 — (1 4+ 1)w).
Letting y =1/(1 — (1 4+ 7)w), we have

I+ )xo' =1 —-w)(1/(1—(1+1)w) — 1),
T

2 /o _ _ — _
(1+T)xw_—1—(l+t)a)+1 I+ l—-w)=1ty—1+(+17)o,
and so
y:H(Hr)((l“)xw_“’)_H(ltr)(l—(;ir)a))

=1+( )Z ao(nr+a)
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For a formal power series f(x), if we change the variable to w and then to y,
we have the relations

xﬂ l—w df
dx 1-(14+7)w da)

=y D(iﬁf)%'

3. Symmetrization

[Liu et al. 2003] studied the generating function € =", - €5A*~>", where

d+n
=y 3 ol e+ D) 11_[ “= I(WM)[]—[F ()P

v i) |Aut 14 - ! P (= i)
l(u) n
Ved+ oyt Ry T L (it +a)
- n! Z 1_[ (ui — 1!
K12y in>1
3g-3
Xy [ el T e
k=0 bl+ +bn—
3g—3+n—k
3g-3 n
(r(1+r))” ! .
= YooY mm Te@) [ 6 @)
k=0 bi+-+b,= i=1
3g—3+n—k
Here

m—1
8@ = Y VT, el D

vt (m—1)!
—1
1 mil_ [liZg (mt+a)
= 2:1 v/ —1 pm—m! m
m=

for infinitely many formal variables pP={p1,p2 ...}, and
(7)) = A;(I)A;(t)A;(—r —1).

This apparently complicated generating function naturally appears when one
computes the open Gromov—Witten invariants of local Calabi—Yau manifolds; see
[Katz and Liu 2001]. Motivated by the duality between topological string theory
and Chern—Simon theory, the Marifio—Vafa formula gives a closed expression of
the above generating function € in terms of some combinatorial data associated to
representations of symmetric groups. In their proof of the Marifio—Vafa formula,
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Liu, Liu, and Zhou show that the generating function 6 satisfies a cut-join equation

36 _ /=11 ( 82%; 96 96 3% )

i,j>1
In this section, we will symmetrize this cut-join equation and make a transcendental
change of variable, so that the resulting symmetrized cut-join equation becomes a
polynomial one.

Define the symmetrization operator E,py = (v —1 )_n_la‘ > ves, o) x:’zn)

forn > 1if l(0) =n with @ = (a7, . .., «,); let it be zero otherwise. We have
(3-1
3g-3 n
H @4yt +r))” !
68 = S0 e, Ti@) Y [ 06 Goin)
k=0 bj4--+b,= oes, i=1
3g—3+n—k
where

T B o

m>l

Letting C be the change of variable from x to y, one has the relation

d _ (Yt 4
Gz =00 D(t—i—l)dyc

Applying this to ¢; (x) for i > 0, we get

Coi()=C ‘L’j—l( )(y—l)_<y(y— )(ytf_;l)%)i(i’;i)‘

It’s clear that this is a polynomial in the new variable y of degree 2i + 1.

The next three lemmas are from [Goulden et al. 2000, Section 4]. However, we
should be careful because in our case some extra coefficients appear due to our
definition of the symmetrized operator. Set

am} — =
P = upa|(x1, cey X)) = (xa17 u-:xam).

Lemma 3.1. Let @ and B be partitions with [(«) = k and [(8) = m. Then

gl Hpeps = ) (E"pa)(E"pp),
(4, %)
where the sum is over all ordered partitions (4, B) of {1, ..., m+k} with |d| =

and |B| =
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Lemma 3.2. Let @ be a partition with [(«) = m, and let 1 <1 <m. Then

a H - I ‘ o (i
XIaxld pa—\/_ m—|a Zag(l)l_[x (@)
0ESH
= Z Olo’(l) l_[ ( /__ x )Ota(l))
0ESH
= 24/ _1_(i+1)(xl)ia{l,...,m — } 8p0[

8pl

i>1

Lemma 3.3. Let o be a partition with [(«) =m + 1 and 1 <1 <m. Then

9 0 ofli.mtl) _
xl 3)6 m+1 3xm+1 = pa Xm4+1=X] -
L o 2
Z\/__l_(l+j+2)x;+JE{l ..... mA1)— {zm+1}l]a 88 Pa.
=1 Piop;

Now apply the operator E{1:"} to the cut-join equation to get a symmetrized
one. Note that 81+ commutes with taking derivatives with respect to 7. The
left side gives

ol m}%_i(g{l ..... m}ce)zz)hlg—}i-m%(g{l ..... mgs
§=0

Next we study the effect of E!!-™) on the right side. By Lemma 3.3,

- 2
={ (H—]-H) i {lm)— {1} ; 0 P
el! sz-l-/ = > - i+ gllem) {l}”a -aa~
i,j>1 I=14i,j>1 Piop;
= —1 — ={1,....m+1}
v ;maxlme oo 1 P—
2¢p8
gl Z Pitjlj s Z 228—2+m+1 Z ..... p Liij J (6m+1
[ i+ it
i,j>1 8[) 8[) g>0 i,j>1 aplapj
/__ 2g—24+m+1 0 ={1,...m+1}cp8
B Z )\’ le m+1 8xm+l =~ (6 +1 |xm+1_xl

§=0
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Letting [(a) =k and [(8) = m — k + 1, we have

= 3
ZZ\/—uJﬂH) i g~ (ﬁ&)( P,s)

op; ap]

:‘/__1% Z (Z‘/__l (i+1) ey gpa)<zr (1+1>x,,,% 8Pﬁ>

I=1 (4, B) i>1 pi =1 31’1
< 9 9
==Y 3 (g 80 (w5 27 e
I=1 (4.9) ! !
0 —l,...k) {1.k+1,...,m)
ot ) )
k—1\X1 91 Po )| X1 9 Ps
Also
={l,...m} .. 0% 06
lj>
g1 qcp82
Z Z )ngl —2+k ngz 24+(m—k+1) E Z pl+jl] (6 a(6'11 " Pm—k+1
£1,82>0 1<k=m i,j>1 ap]

Z Z )L2g1+2g2—3+m\/__1

81,82>01<k=<m 9 )
={1,....k}p&1 ={Lk+1...m}cp&2
X ®k—1< 8x1 & (6k X1—8x1 = (ﬁm k+1)°

I<i<k<m i,j>1

~ (r42) xkxl X7 Xk =TI }—{1.k} P«
=2 ¥ YA =

I<l<k<m r=1 =X Py
_ _2Jd Z Sl0em)
I <lgkem T xk "o
= —2/-10; gll34.mlp, .

1
X1 — X2 x|
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Finally,
g!! @+ Jj)pip;
1]2;1 apt—|—j
g
_Z)\'Zg 3+mr~{1 ..... m} Z(l+])ptpj 5
g>0 i,j>1 pl+]
_Z o/, liE{1,3,4 mligE
X1 — X2 3x1

8>0
Collecting all these terms, the following theorem is proved.

Theorem 2. The symmetrized cut-join equation of the Marifio—Vafa formula is

Z )"2g—2+m i E{l’“"m}(@g

ot m
g=0
1 SN 9
:_52)‘2“’"(2”3 K15 gl m+1}<6§1+1>
g>0 =1 xl xm—H Xm+1=X]
1 _
-5 Z Z 2 281+2¢+m 2®k—1
,82>0 1<k<
§1.82=0 T=f=m (X1 0 =n k}(ggl)(xl 0 o{lktl...m)p2 >
8)61 k 8)61 m—k+1
_ X2 —
+Zk2g+m 2@, Xy gl1.3.4 m}%i 1
X1 — X2 X1

9 —{l,...m)
O =il @8
0T mn
0 {l,.mt1)p8— 1)
= —= X X OL €
(Z l8x m+laxm+1 m+1 Xm+1=X]
ok 0 ol k+1,..., g—a
-5 Z > Oca(ngy B (ng Bt e )
O<a<g1<k<m
X2 d

5l1.34,..micp8

+ 0 : 1
X1 —xy  0x) m=1

4. Change of variable

Now we want change the variable in the equation we obtained in the last section.
We first deal with the right side. As in [Goulden et al. 2000], to obtain a polynomial
expression in the variable y;, one has to combine all the unstable terms.
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In the second term, combine the unstable terms a =0, k=1anda=g, k=m

m
J ~ o)( 0 ~(1,2,...m) )
B —ghammies )
;(x’ax, ! xlaxl m

and recall that (3-1) gives

+00
dr+a) (dr—i—a) x4
S0 — g _ /—d+1na 1( a=1 A
! Z d—1)! Z d’
and
0 2110 _ [TazodT + @) o(df+a) n—1 w
—) EVEG = T
(xlaxl) L= Z l T+1 11—+ Doy

Since xd/0x = (1 —w)/(1 — (t + 1)w) - ®9d/dw, we find the unique expression for

X 38 2000 = In(1 — w).
X1

The unstable terms a =0, k=2anda=g, k=m —1 give

@1(X1 8?61 E{I’Z}CG(D (xlaimg{lai---,m}(@i_l)’
and
e =—1(c+1) > :?:‘i I [Tas (liz:):ra)
m=l, pa=l1 i=1,2
_ 1+l 3 xy'xy” I 145 (it +a)
T wisT a1 M1+M21 s ;! .
Taking the derivatives, we find
w12

0 0 \=l1,200 _ .
(x [T )“ =t D T e e — e 1 Do)’

One can verify that
212 — _ 1n(w) —t(In(1 — 1) + In(1 — 1))
X]— X2
is the unique solution, and thus

2 _ w1 (1 —wy) X1 TW)

~
s
=

= + +
Yo (@1 —)(1—(t+ Doy ' x1—x  1—(t+ Dy

_ w1 ( Twy ) X1
B w] — w2 1—(t+Dwy xl—xz.
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Remember that w(1 — w)* = x, where @ depends on the parameter t. Taking
partial derivative to t, we find
o 1-(t+o
e o(l—w)
Move the terms involve In(1 — @) to the left side of the symmetrized cut-join
equation. Since dy(w, T)/d7 = y?w when w is fixed, we have

+In(l —w) =

m
A o{lm)ps _ @ 0 oflm) g)
C(dtu b — It day G
_ 4 cgllmige
_E m()’l(a)laf),---,ym(wm,f)»f)

m
— (2 2_3) Ll
_(af+;‘“’yl ay, ) CE G (V15 s Yy D).

Theorem 3. After the transcendental change of variables to y, the symmetrized
generating series CEL-"™@s (yi, ..., ym, T) is a polynomial in the y; variables
of total degree 6g — 6 + 3m and satisfies the cut-join equation

=1 9 g
(8'[ Z T+1 ay[)Cu Cgm()’l»---,ym, T)

m
1 nt+1\ 3 Vmp1T + 1
=3 Z yi(yr — 1)( ) 3y, Y1 Yme1 — 1)(—erl )

— T+1 T+1
0 CE{I,...,m-i—l}(@g_l
aym+l Ym+1=)1
1 yit+1\ 3 1.k
—2 O (m 01 =D )5o-Cal-tey)
> =1y —1) 1 ) k
I<a<g—1 1<k<m
nt+1y\ 3 Lk+1 —a
1 ( )—CE{ kA1 mip8 )
X ()’1()’1 ) 1 oy k1

S nr+ly g
L . ( 1 ( 1 ) CE{],...,k}(@O)
kE:3 k=1 y1(yr — 1) 1 )y k

B y1T+1) 0 e l{lk+1,..mlp8 )
X(yl(yl 1)< Tl 8leu (émfk+l

i1 — D2 —1) (y1r + 1)1 Sl3mlg8
yi—W T+1 3)’1 "

+ 0

—_

5. Applications

The cut-join equation of Theorem 3 is a generalization of the symmetrized cut-
join equation of [Goulden et al. 2006]. In their equation, only Hodge integrals
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with at most one A class show up, while in our equation, Hodge integrals have up
to three A classes. This is not surprising, since their starting point ESLV formula,
as shown in [Liu et al. 2003; 2006], is the large 7 limit of Marifio—Vafa formula.
Thus we expect by taking the large 7 limit of Theorem 3, one should be able to
recover the equation of [Goulden et al. 2000]. To illustrate an application, we make
derivation of the Witten conjecture/Kontsevich theorem similar to the one in [Chen
et al. 2006]. We don’t regard this as a new proof.

As CEWm@8 (v, ..., y,u, T) is a polynomial in the variables yi, ..., y,, of
total degree 6g — 6 + 3m, after applying the operator

” -1
i_i_zyl(yl ).i

0T P T+1 ay;

we see that the left side of Theorem 3 and the four terms on the right (after a careful
check) become polynomials of total degree 6g —5+-3m in the y;. We compare the
leading degree term. Recall that I'y(7) = Az(l)A;(r)A;{(—r — 1), and only the
constant term (—1)8(z(z + 1))8 contributes to the leading degree term. Denote by
F, the operator sending a formal power series to its degree d part. Then

Feg— 6+3mC M8 ED1yenes Ymy T)
2 \28-2+m m
- e 2b;+1
=D <1+ ) Z (Toys o T ,,l>1_[(217 Dy, ™.
bl""""‘t‘hm=3g—3+m i=1
Here we abbreviate (v, ---7j,0) := [ ¥{'---¥i'w, and the genus g is deter-

8:n

mined by the restriction j; 4--- -4 j, +d =3g — 3 +n if w has degree d.
For the left side, only the derivatives of y; contribute:

m
0 VIOI=1 9\l mlcog
FGg_5+3m<3‘C+Z T+1 8yl)C“ (Gm(yla---5ymat)

m
1 d
:mzyza Fog—6+3mCE €S (y1, ..., Y, T)
=1

—1)81 2g—24+m
:&< v ) Z > (Toys oo s Toy) - Qb+ D!y 2

1+7 1+t
I=1 by+--+bn=3g—3+m "
< [T @b =y
i=1,i#l
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Now for the right side, after applying the operator Fgg_s53,,, the first term becomes

(=&, 72 \28-24m O
2(1+‘E)<1—|—‘[> > > (Toys oo Thpn)

[=1 b+ +bm+l 38—5+m

m
X (267 + DN @by + Dty 20m40 T @26y — D1ty
i=1,i#l
and the second term becomes
(_1)5’71( 2 )2g72+m
204+1) \1+7 . D O

1<a<g—11<k<m

k
x Z (Toys o Ty ) 201 + 1)!!y12b‘+3 1_[(2171‘ _ 1)!!y2b,~+1)
i=2

by+-+by=
3a—3+k
20| +3 i
’ 2bi+1
x( Yo (T ) @B DY [T @i= Dy )
bi+bk+l+'“+bm: i=k+1

3(g—a—1)+(m+1—k)

The third term basically is the same as the second, except that the summation range
fixes @ = 0 and k varies from 3 to m. The second and the third terms together give
all the stable cut contributions, and we combine them in the sequel.

(_1)5'*1( 2 )2g 2+m
147 \l147 Z Or-1
3<k<m
k
x( > (rbl,...,tbk)(2b1+1)!!y12b'+31_[(2bl~—1)!!y2b"+1>
by+--+by=k—3 i=2

m
x< > T T s )20+ DI T (Zbi—l)!!yZb"H).

by +bip1++by= i=k+1
3(g—D+(m+1-k)

The fourth term is

1(=D& 1/ 12 \28—2+m
5%(1_’_1,) Gl Z (Tbl,fb3,---,fbm>
bi+b3+---+b,=3g—44+m

y2b1+4 2b1+4 m

Collecting all these and comparing the coefficients of yzb[ +2 [T~ 1 ikl yl.zb" +

we get the Dijkgraaf—Verlinde—Verlinde formula, which is equivalent to the Witten
conjecture. See [Chen et al. 2006; Kim and Liu 2006] for more details.
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Other interesting applications of Theorem 3 may follow from taking other spe-
cial values of 7 or from considering terms of different degree. For example, the
lowest and the next lowest degree terms may give some relations for Hodge inte-

grals fﬁw Uit Aghg—1Ag_3.
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