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We compute the Galois groups of basic hypergeometric equations.

In this paper g is a complex number such that 0 < |g| < 1.

1. Basic hypergeometric series and equations

The theory of hypergeometric functions and equations, which dates back at least
to Gauss, has long been and still is an integral part of the mathematical literature.
In particular, the Galois theory of (generalized) hypergeometric equations has at-
tracted the attention of many authors. See for example [Beukers and Heckman
1989; Beukers et al. 1988; Katz 1990] and references therein. We also single out the
papers [Duval and Mitschi 1989; Mitschi 1996], which are devoted to calculating
some Galois groups by means of a density theorem (the Ramis theorem).

Here, we focus our attention on the Galois theory of the basic hypergeometric
equations, the later being natural g-analogues of the hypergeometric equations.

The basic hypergeometric series ¢ (z) = 2¢1(a, b; c; 7), with three parameters
(a, b, c) € (C*)?, is defined by

+00
i@ biciz) =)
n=0
_ f (1-a)1—ag)---(1-ag" HA=b)(1=bg)---(1-bg"™") ,
= (A=) —=g») - (I-gHI—-c)1=cq) (1 —cqg"")

It was first introduced by Heine and was later generalized by Ramanujan. In the
subject of functional equations, the basic hypergeometric series provides a solution
to the second order g-difference equation, called the basic hypergeometric equation
with parameters (a, b, ¢), given by
(@a+b)z—(1+c/q)

2 z—1 .
(1) ¢(q7z) — abz—c/q ¢(qz) + m¢(2) =0.

(c,q; @)n
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This functional equation is equivalent to a functional system. Indeed, with the
notations

z—1
abz—c/q’

(a+b)z—(14c/q)

Ma, b;c;z) = abi—c/q

and pw(a,b;c;z)=

a function ¢ is solution of (1) if and only if the vector ®(z) = ( f(f;;)) satisfies the
functional system

() ®(gz) = A(a, b; c; )P (2)

with

0 1
A@, bie; ) = ( —ula, b; c;z) Ma,b;c; z) ) ’

This paper focuses on calculating the Galois group of the g-difference Equation
(1) or, equivalently, that of the g-difference system (2). A number of authors have
developed g-difference Galois theories over the past years; among them are Franke
[1963], Etingof [1995], van der Put and Singer [1997], van der Put and Reversat
[2005], Chatzidakis and Hrushovski [1999], Sauloy [2003], André [2001]. The
exact relations between the existing Galois theories for g-difference equations are
partially understood; see [Chatzidakis et al. 2006], and also Remark 1.

We follow the approach of Sauloy (initiated by Etingof in the regular case). Our
method for computing the Galois groups of the basic hypergeometric equations
is based on a g-analogue of Schlesinger’s density theorem stated and established
in [Sauloy 2003]. Note that some of these groups were previously computed by
Hendriks [1997] using a radically different method (actually, Hendriks dealt with
the Galois groups defined by van der Put and Singer, but these do coincide with
those defined by Sauloy; see again Remark 1).

In the first part of this paper, we give a brief overview of some results from
[Sauloy 2003]. In the second, we compute the Galois groups of the basic hyperge-
ometric equations in all nonresonant (but possibly logarithmic) cases.

2. Galois theory for regular singular g-difference equations

Using analytic tools together with Tannakian duality, Sauloy [2003] developed a
Galois theory for regular singular g-difference systems. In this section, we will
first recall some notions used there, mainly the Birkhoff matrix and the twisted
Birkhoff matrix. Then we will explain briefly how this leads to a Galois theory for
regular singular g-difference systems, and we will state a density theorem which
will be of main importance in our calculations.
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2.1. Basic notions. Let us consider A € Gl,(C({z})). Following Sauloy [2003],
the g-difference system

3) Y(qz) = A(2)Y (2)

is said to be Fuchsian at 0 if A is holomorphic at 0 and if A(0) € Gl,,(C). Such a
system is nonresonant at 0 if in addition spectrum(A (0)) N qz* spectrum(A(0)) =
. Lastly we say that the above g-difference system is regular singular at O if
there exists an R® e Gl,(C({z})) such that the g-difference system defined by
(R (gz))"'A(z)R©(z) is Fuchsian at 0. Similar notions hold at co using the
change of variable z < 1/z.

In the case of a global system, that is, A € Gl,,(C(z)), we will use the following
terminology. If A € Gl1,(C(z)), then the system (3) is called Fuchsian (respec-
tively Fuchsian and nonresonant, regular singular) if it is Fuchsian (respectively
Fuchsian and nonresonant, regular singular) at 0 and at oo.

For instance, the basic hypergeometric system (2) is Fuchsian.

Local fundamental systems of solutions at 0. Suppose that (3) is Fuchsian and
nonresonant at 0, and consider J© a Jordan normal form of A(0). According
to [Sauloy 2003] there exists an F O e Gl1,,(C{z}) such that

4) FO42J0 =A@ FO).

Therefore, if ¢ (J(©) denotes a fundamental system solving the g-difference sys-
tem with constant coefficients X (gz) = J©@ X (z), then the matrix-valued function
YO = FOO0 7y 5 a fundamental system of solutions of (3). We are going to
describe a possible choice for ¢ (J©). We denote by 6, the Jacobi theta function
defined by 0,(z) = (¢; 9)00(2; 9)0(q/2; @) oo- This is a meromorphic function
over C* whose zeros are simple and located on the discrete logarithmic spiral gZ.
We also have the functional equation 6,(gz) = —z”@q (z). Now we introduce,
for all A € C* such that |g| < |A| < 1, the g-character ¢@ (1) = 6,/6,, with
04.2.(z) = 6,(1z), and we extend this definition to an arbitrary nonzero complex
number A € C* by requiring eDgr) =zeO0). If D=P diag(Aq, ..., ) P!
is a semisimple matrix, then we set eOD):=P diag(e(o) A1), s €O P
Clearly this does not depend on the chosen diagonalization. Furthermore, consider
Ly(z2) = —z@é (2)/04(z) and, if U is a unipotent matrix,

. 1
(0) — (k) k ; ky _ (*4q
e (U)_kgofq (U —-1,)" with Eq _(k)'

If J© = DOY© is the multiplicative Dunford decomposition of J @, where D©
is semisimple and U? is unipotent, we set ¢ (J©) = @ (D) O (),
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Local fundamental system of solutions at co. Using the variable change z < 1/z,
we have a similar construction at co. The corresponding fundamental system of
solutions is denoted by Y (*) = F(99)(00)( (o)),

Throughout this section we assume that the system (3) is global and that it is
Fuchsian and nonresonant.

Birkhoff matrix. The linear relations between the two fundamental systems of solu-
tions introduced above are given by the Birkhoff matrix (also called the connection
matrix) P = (Y©))~1y©@ Tts entries are elliptic functions, that is, meromorphic
functions over the elliptic curve £, = C*/ q%.

Twisted Birkhoff matrix. To describe a Zariki-dense set of generators of the Galois
group associated to the system (3), we introduce a “twisted” connection matrix.
As in [Sauloy 2003], we choose for all z € C* a group endomorphism g, of C*
sending g to z. Before giving an example, we need to introduce more notation.
For any fixed 7 € C such that ¢ = e~2"7, write ¢” = e~ 2™ for all y € C. We also
define the (not continuous) function log, on the whole punctured complex plane
C* by log,(¢”) =y if y e C*\ R*, and we require that its discontinuity is located
just before its branch cut R* when turning counterclockwise around 0. An explicit
example of the endomorphism g. is now the function g, : C* = U x ¢® — C*
sending ug® to g, (ugq®) = z* = exp(—2wit logq (2)w) for (4, w) € U x R, where
U C C is the unit circle.

Then for all z in C*, we set Y. (1) = ¢@ (1) (z)/g. (1) and define ¥.” (D),
the twisted factor at 0, by ¥\ (D©) = P diag(y\” (A1), ..., ¥V (%)) P~1, where
DO = pdiag(Aq, ..., ,) P~'. We have a similar construction at co using the vari-
able change z < 1/z. We denote the corresponding twisting factor by wz(oo) (J ).

Finally, the twisted connection matrix P(z) is

P(2) =y (D) Py (D).

2.2. Definition of the Galois groups. The definition of the Galois groups of reg-
ular singular g-difference systems given by Sauloy [2003] via a g-analogue of
the Riemann-Hilbert correspondence is somewhat technical. Here we describe the
underlying idea.

(Global) Galois group. Let us denote by € the category of regular singular g-
difference systems with coefficients in C(z). This category is naturally equipped
with a tensor product ® such that (€, ®) satisfies all the axioms of a Tannakian
category over C except for the existence of a fiber functor, which is not obvious.
The latter problem can be overcome using an analogue of the Riemann—Hilbert
correspondence. For regular singular g-difference systems, this correspondence
entails that € is equivalent to the category ‘6 of connection triples whose objects
are triples (A, P, A®)) € GI,(C) x Gl,(M(E,)) x Gl,(C) (see [Sauloy 2003]
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for the complete definition of €), and ¢ can be endowed with a tensor product
® making the above equivalence of categories compatible with the tensor prod-
ucts. We emphasize that ® is not the usual tensor product for matrices. Indeed
some twisting factors appear because of the bad multiplicative properties of the
q-characters e, ., as generally e, ce; 4 # €4, cd-

The category € allows us to define a Galois group: € is a Tannakian category
over C. The functor wy from % to Vectc sending an object (A, P, A©®) to the
underlying vector space C" on which A® acts is a fiber functor. There is a similar
fiber functor w at co. Following the general formalism of the theory of Tannakian
categories (see [Deligne 1990]), the absolute Galois group of € (or, using the above
equivalence of categories, of €) is defined as the proalgebraic group Aut®(wy), and
the global Galois group of an object x of 6 (or, as before, of an object of €) is
the complex linear algebraic group Aut®(w(y)), where (x) denotes the Tannakian
subcategory of 6 generated by x. For simplicity, we will often call Aut®(w(y))
the Galois group of x (or, as before, of the corresponding object of €).

Local Galois groups. Notions of local Galois groups at 0 and at oo are also avail-
able. As expected, they are subgroups of the (global) Galois group. Nevertheless,
since these groups are of secondary importance in what follows, we omit the details
and refer the interested reader to [Sauloy 2003].

Remark 1. Van der Put and Singer [1997] showed that the Galois groups defined
using Picard—Vessiot theory can be recovered by means of Tannakian duality: it is
the group of tensor automorphisms of some suitable complex-valued fiber functor
over €. Since two complex-valued fiber functors on a same Tannakian category
are necessarily isomorphic, we conclude that the theories of Sauloy and of Van der
Put and Singer coincide.

In the rest of this section we exhibit some natural elements of the Galois group
of a given Fuchsian g-difference system and state a density theorem due to Sauloy.

2.3. The density theorem. Fix a “base point”
yo € 2 = C*\ {zeros of det(P(z)) or poles of P(z)}.

Sauloy [2003] gives the following elements of the (global) Galois group associated
to the g-difference system (3):

(Ia) y1(D©) and y»(D©), where
y1:C =Uxg®—>U and p:C*=Uxq®—C*

are respectively the projection onto the first factor, and the map defined by
v2(ug
(Ib) UO;

w) — eZﬂia);
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(Ila) P (y0)~'y1(D©®) P (yo) and P (yo)~'y2(D) P (y0);
(Ib) P (y0)~'U P (yp);
(1) P(yo)~'P(z) for z € K.

Theorem 1 [Sauloy 2003]. The algebraic group generated by the matrices (1a)
through (II) is the (global) Galois group G of the q-difference system (3). The
algebraic group generated by the matrices (1a) and (Ib) is the local Galois group
at 0 of the g-difference system (3). The algebraic group generated by the matrices
(ITa) and (IIb) is the local Galois group at oo of the q-difference system (3).

The algebraic group generated by the matrices (III) is called the connection
component of the Galois group G. The following result is easy but very useful. Its
proof is left to the reader.

Lemma 1. The connection component of the Galois group G of a regular singular
g-difference system is a subgroup of the identity component G' of G.

3. Galois groups of the basic hypergeometric equations:
nonresonant and nonlogarithmic cases

We write a = uq®, b= vqﬁ, and ¢ = wq” withu,v,w eUand «, 8, y € R (we
choose a logarithm of g).

In this section we want to compute the Galois group of the basic hypergeometric
system (2) under the assumptions that a/b ¢ g% and ¢ & ¢.

First, we give explicit formulas for the generators of the Galois group of (2)
involved in Theorem 1.

Local fundamental system of solutions at 0. We have

A(a,b;c;0) = (1 q/c) (0 q/c> (1 q/C) '

Hence the system (2) is nonresonant and nonlogarithmic at 0. A fundamental sys-
tem of solutions at 0 of (2) as described in Section 2.1 is given by ¥ O g, b;c; 2)=
FOa, b; ¢; 2)eD (TP (c))(z) with JO(¢) = diag(1, g/c) and

FO (g b.c.z):<2¢1(a,b;0;z) 2p1(aq/c, ba/e; 4 fc; 2) )

201(a, b; ¢;q2)  (g/c)¢1(aq/c, bg/c; g*/c; qz)

Generators of the local Galois group at 0. We have two generators

1 O and 10
0 e¥iv 0w/’
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Local fundamental system of solutions at co. We have

(1 1/a 0 1oyt

Hence the system (2) is nonresonant and nonlogarithmic at co, and a fundamental
system of solutions at co of (2) as described in Section 2.1 is given by

Y (a, b:c;z) = F(a, b; c; 2)e® I (a, b)) (z)
with J© (a, b) = diag(1/a, 1/b) and

201 (a, 44.44, ﬂZ_l) 201 (b, b bq, ﬂZ_l)

FOO (g b or 7) — ¢’ b’ ab ¢’ a’ab
(d,b,C,Z) lzqs](a aq . aq. izfl) 12¢1(b b_q IE LZ*I)
a "¢ b’ ab b "c¢’la’ab

Generators of the local Galois group at oo. We have two generators,
2ria 0

y y y 0\ «
P(yp)™ <e 0 ez’”ﬂ> P(yo) and P(yo)~' <g U) P (yo).

Birkhoff matrix. The Barnes—Mellin—Watson formula (see [Gasper and Rahman
2004]) says that P(z) = (¢ (J)(a, b))(2)) "' M (2) @ (J @ (c))(z), where

(b, c/a; @)oo 04(a2) (bq/c,q/a; q)oo 0g(E2)
(c.b/a; @) 04(z) (q*/c,bla;q)e 64(2)

(@, ¢/b; D)oo 8 (02)  (ag/c, q/b; @)oo b9 (22)
(c,a/b; q) eq(Z) (qz/c,a/b; q) oo eq(Z)

(&) M(z) =

Twisted Birkhoff matrix. We know P(z) equals

1o (b, c/a; @)oo 99(a2) (bq/c, q/a; q)oo b4 (T2
<Z> (c.b/a; @)oo 04(z) (q*/c,b/a; @) 04(2) (1 0)

0 (l)‘ﬁ (@, ¢/b; @)oo Og(b2) (aq/c, q/b: @)oo 0g(222) | \O 277
’ (c,a/b; @)oo 04(z)  (q%/c,a/b; @)oo 04(2)

We now need to consider different cases.

Casel.a,b,c,a/b,a/c,b/c & q” and a/b or ¢ & £q7/>.

Under this assumption, we have four nonzero numbers

(b’c/a;Q)oo (bQ/CaQ/a;Q)oo (aac/b;Q)oo (aCI/C’CI/b;Q)oo
(c,b/a;q)o’  (q%/c,bla;q)’ (c,a/b;q)o’  (q%/c,a/b; @)oo

Proposition 1. Suppose that Case 1 holds. Then the natural action of G' on C?* is
irreducible.
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Proof. Suppose, at the contrary, that the action of G/ is reducible and let L  C? be
an invariant line. For this and subsequent proofs define a basis in C? in the usual
way with e; = ((1)) and e, = ((1))

Note that L is distinct from Ce; and Cé,. Indeed, assume to the contrary that
L =Ce (the case L = Ce, is similar). Because the line L = Ce; is invariant by the
connection component, the line generated by P(2)é; does not depend on z € Q.
This yields a contradiction because the ratio of the components of

(b, c/a; q) o 99(az) e
(c,b/a; @)oo 94(2)
(a,¢/b; q)oo 04 (b2) 2
(c,a/b; q)o 04(2)

P(2)é) =

depends on z (recall a/b & g7).
On the other hand, since, for all n € N, the matrices

1 0 and 10
0 le[iyn 0 w"

belong to G and since G’ is a normal subgroup of G, the lines

1 0 1 0
L,:= (0 ezm.yn) L and L) := (O w") L

are also invariant by G'.

Note that because Case 1 holds, at least one of the complex numbers w, ey
u/v, and 271 @=P) js distinct from £1.

Now suppose w # +1. We have seen that L # Cé;, Ce;; hence Ly, L, and L,
are three distinct lines invariant by the action of G’. This implies that G’ consists
of scalar matrices: this is a contradiction because, for instance, Ce; is not invariant
for the action of G’. Hence for w # 1, we have proved that G’ acts irreducibly.

The case ™'V = =41 is similar.

Finally, the proof is analogous in the case u/v # %1 or /@~ £ 41, as we
may then use that, for all z € Q, G' is normalized by 13(z)*1 diag(u, v)15(z) and
P(z)~! diag(e*™®, 27F) P(z) and that there exists a z € Q such that P(z)L is
distinct from Ce; and Ces. O

Theorem 2. Suppose that Case 1 holds. Then we have this dichotomy:

Ifabg/c € q° then G = Gly(C); otherwise G = (ShL(C), vwl, eV I).

Proof. Since G! acts irreducibly on C?, the general theory of algebraic groups
entails that G/ is generated by its center Z(G') together with its derived subgroup
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G9er and that Z(G') acts as do scalars. Hence G!4¢" < SI,(C) also acts irre-

ducibly on C2. Therefore G'-9" = Sl,(C). (A connected algebraic group of dimen-

sion less than or equal to 2 is solvable; hence dim(G" dery — 3 and G!-der =S1,(C).)
To complete the proof, it is sufficient to determine det(G). We have

(I/Z)*(Wrﬂ)zl*y

PO = e, ab, e bjas o U
where
_ eq (az) eq((bCI/c)Z) _ Gq ((ag/c)z) eq (b2)
V(2) =04(D)0y(c/a) 6,0 6, 04(c/b)0y(a) 0,0 0,

A straightforward calculation shows that the function

0q (D)0, (c/a)by(az)0q((bg /c)z) — 0, (c/b)0y(a)0y((aq/c)z)0q(b2)

vanishes for z € ¢Z and for z € (¢/abq)q”. On the other hand, v is a solution of the
first order g-difference equation y(gz) = (c¢/abq)y(z). Hence, if we suppose that
abq/c & g%, we deduce that the ratio x (z) = VY (2)/(04((abg/c)z)/04(z)) defines
a holomorphic elliptic function over C*. Therefore x is constant and, evaluating
x atz =1/b, we get x = — b0, (a/b)0,(c). Finally, we obtain the identity

> —q/c ( ﬁ) 1- q(abq )
6 det(P(z)) = ————— R A
(6) (P(2)) = / 1/b(/) 6,2)
By analytic continuation (with respect to the parameters) we see that this formula
also holds if abg /c € ¢”.

Consequently, if abg /c & g7, then det(P (yy) "' P(z)) for any fixed yy € Q is a
nonconstant holomorphic function (with respect to z), implying G = G! = Gl,(C).
On the other hand, if abg/c € qz, then det(P (yo) "' P(z)) = 1, so that the connec-
tion component of the Galois group is a subgroup of SI,(C) and the Galois group
G is the smallest algebraic group that contains Sl(C) and {\/wI, e™V I}. g

We study the case a, b, ¢, a/b,a/c,b/c € g% and a/b, c € £¢7+'/? in two steps.
Case2.a,b,c,a/b,a/c,b/c & q* and

Z+1)2 7+1/2,,

anUquUanq/chqu/c=anU—anUq alU—gq
We first establish a preliminary result.

Lemma 2. Suppose that Case 2 holds. Let us consider A, B,C, D € C and
n,m,l,k, N, M, L, K € Z Then the functional equation (in z)

0= Az"0,(q"az) + B2"/*0,(—q"az)
—JrCZl/z@ (qL l/laz)+DZk/29 ( qK I/Zaz)
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holds ifand onlyif A=B=C =D =0.

Proof. Using the nontrivial monodromy of z!'/2, we reduce the problem to the case
of odd n, m, [, and k. Then, using the functional equation 6,(gz) = —z_leq (2),
we can assume without loss of generality that n = = m = k = 0. The expansion
of 6, as an infinite Laurent series 0, (z) = ) jez q’ (i=D/2(—z)J ensures that

A@") +B(=q") +Cg" ) + D(=q" 1)) =0
for all j € Z. Considering the associated generating series, this implies

A B C D
=0.
1—6]NZ + 1~|—qu + l_qL—H/ZZ + 1+q’(+‘/22

Considering the poles of this rational fraction, we obtain A=B=C=D=0. [J

Proposition 2. Suppose Case 2 holds. Then the natural action of G' on C? is
irreducible.

Proof. Suppose to the contrary that the action of G is reducible and consider
an invariant line L C C?. In particular, L is invariant under the action of the
connection component. Consequently, the line P(z)L does not depend on z € Q.
However, this is impossible by Lemma 2. (The cases L = Cé; or Ce; are excluded
by direct calculation; for the remaining cases consider the ratio of the coordinates
of a generator of L and apply Lemma 2.) O

Theorem 3. If Case 2 holds then we have this dichotomy:

Ifabq/c & g% then G = Gly(C); otherwise G = (Sl (C), Jwl, eV I).

Proof. The proof follows the same lines as that of Theorem 2. (]
The remaining subcases are b € —ag”? and ¢ € —¢%; b € —ag?t'/? and ¢ €
— g%t and b € ag?tV/? and ¢ € g2V,
Case3.a,b,c,a/b,a/c,b/c §Zqz, be —aqZ and c € —qZ.
We use the notations b = —aq® and c = —g” withd = —a, y € Z.
The twisted connection matrix takes the form
(b.c/a:q)o 95a2)  (bg/c.q/aiq)es P ((L2) L=y I\
5 - (c.b/a:q)ee 64(2) (q%/c.bla;q)oe  04(2) -
P 7) = 1 z o q — —
@) =(1/2) (a.c/b:q)oo 04b2) 5  (aq/c.q/b:q)so Qq(bT?Z)ZHS—y Z
(c.a/b;q)co 04 () (q%/c.a/bi)oe  04(2)
(b.c/a:q)o0 99(a2) (bg/c.q/@:q)oo [ YT [y —1 Og(—a2)
(c,b/a;q)oe 64(2) (g*/c,ba;q)so 0,4(2)

(@,c/biq)os 2D _504(=az)  (aq/c,q/b:q)oe ,—CXADON) (o5 1 0y (az)
abned YT, (@ealbia) 2 (=) 042)
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Theorem 4. Suppose that Case 3 holds. For some

1 1 N
R_(C —C)’ where C € C*,

we have G = R diag(C*, C*)R~! Udiag(l, —1)R diag(C*, C*)R™!,

Proof. Note there exist two nonzero constants A and B such that, for all z € €,

0,(az) 04(—az)
< e —1/a) 0, 0, @)
P(_l/a) P(Z)—(_a)a 9 ( 1) ( / ) * BQ:(_aZ) gq(;Z)
0q(2) 04 (2)
04(az) 0,(—az)
= (o D e (B VAT 0 -1
9 ( 1) O Qq(az) meqe(_(zd)z) 5
q

here R — 1 1
where _(m _m)

We claim that the functions

X@ = (/o () 4 ypafady

0(] (Z) eq (Z)
o —a 9‘1 (az) 9(/ (—az)
Y(2) = (1/2) (—Gq@ _JVBA e )

do not satisfy any nontrivial relation of the form X" Y* = 1 with (r, s) € Z2\ {(0, 0)}.
Indeed, suppose to the contrary that such a relation holds. Then

((1/2)"%(04(az) + VBAO,(—az)))
((1/2)7* (04 (az) — v BAOy(—az)))*

=6,()"".

Let us first exclude the case r # s. If s > r, then 6,(az) + meq(—az) must
vanish on ¢Z. In particular, 6, (a)+~/BA6,(—a)=0and 6, (aq)+~/BAb, (—aq) =
—(az)~' (8, (az) — VBAO,(—az)) =0, and so0 6, (a) =0, that is, a € gZ. This is a
contradiction. The case r > s is similar by symmetry. Hence we have r = s, and
o)

(Qq(az) + «/BAGq(—az))r
04(az) —~/BAO,(—az)

Since r # 0, the function in parentheses is constant. This is clearly impossible and
our claim is proved.

This ensures that the connection component of G’ generated by the matrices
ﬁ(—l/a)*lf’(z) for z € Q, is equal to R diag(C*, C*)R™!. Thus G is generated
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as an algebraic group by R diag(C*, C*)R™!, diag(1, —1),
P(—1/a)”" diag(u, —u) P(—1/a) = diag(u, —u),
P(—1/a)~" diag(e®™®, ™) P(—1/a) = diag(e*™'*, ¥™'%). O

Z+1/2 Z+1/2 Z+1/2 Z+1)2

The case b € —agq and the case b € ag andcegq

are similar.

andce —¢q

Cased.a cqV.

In this case, the twisted connection matrix is lower triangular:

(b,c/a; q)oo (_Daq_a(a_l)/z 0
ﬁ(Z)= (C’b/a,Q)oo b
(av C/b, Q)oo Qq(bZ) (I/Z)_'B (CZQ/C, Q/b, q)oo Qq(TqZ) (l/z)_ﬂzl_y
(c,a/b; ) 94(2) (q%/c,a/b; @) 04(2)
Let

G 1 0 G 1 0 G 1 0
I_(C C*)? 1= (]: m ) 1 = O m .

Theorem 5. Suppose Case 4 holds. We have the following trichotomy :
(M ifb/c & q% then G = Gr;

(L) ifc/b e g then G = Gy;

(1) ifbg/c € ¢V then G = Gyy.

Proof. In each case for all z € 2, we have

P(1/b)"'P(z) = < ! 0) ,

X1 1
where
6, 6,((b
X1 =% b ana v, = g2 PO sy
0,(2) 04(2)
for some constants A, B with B # 0. Hence the connection component is a sub-
group of Gy.

Now assume case (I), that is, b/c & q7. Then A # 0 and we claim that the
connection component is equal to G;. Indeed, for all n € Z, the matrix
1 0
1- Yln n
1 Y]
1-Y;

(P(1/b)"'P(2))" = ¥

belongs to the connection component. Consider a polynomial in two variables
K(X,Y)eC[X, Y]such that K(X;(1-Y]")/(1-Y1), Y]") =0. If K were nonzero
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then we could assume K (X, 0) # 0. But, for all z € 2 in a neighborhood of ¢/(bq),
we have |Y]| < 1; hence letting n tend to +o00, we would get K (X;/(1—-Y7), 0) =0,
which would imply K (X, 0) = 0. This proves that K = 0. In other words the
only algebraic subvariety of C x C* containing (X (1 —Y")/(1 — Y1), Y") for all
n € Z is C x C* itself. In particular, the algebraic group generated by the matrix
(15(1 /b)~! f’(z))” for all n € Z is Gy, hence the connection component is equal to
G1. It is now straightforward that G = Gi.
Now assume for case (II) that ¢/b € qN*. Then Y; is constant in z. Hence

< < 10
P(1/b)"'P(z) =
(1/b)"" P(2) ( X, 1)
with A # 0 (in X). The connection component is equal to (é (1)) and the whole
Galois group G is equal to Gyj.
Finally for case (II), suppose bg/c € ¢"V'. Then A = 0 and the Y; is constant,
hence G = Gyq. ]

Case5.aecq™N.

In this case, the twisted connection matrix is upper triangular:

. ala— . 6. (%
(b, c/a; q)oo (_l)aq—% (bg/C, q/a; q)oo 4 c 2) (I/Z)—azl—y
(c,b/a; q)oo (g%/c.bla; @)oe 04(2)

(aq/c, q/b; @)oo 0a(P22) 4 1
0 c 1 Y
(@2/e.alb: o Oy /D F

For any set of matrices G, denote by ‘G the set of transposed elements of G.

P(z) =

Theorem 6. Suppose that Case 5 holds. We have the following trichotomy :
(D) ifb/c & g% then G ='Gry;
() ifbg/c € ¢V then G ='Gy;
(I ifc/b € gV then G = 'Gyy.
Proof. We argue as in Theorem 5. U

The case b € g7 ora/c € g% or b/c € q7 is similar to the case a € g7. We omit
the details.

4. Galois groups of the basic hypergeometric equations: logarithmic cases

We write a = uq®, b=vq”?, and c = wq? withu,v,w e Uand «, B, y € R (we
choose a logarithm of g).

4.1. The first logarithmic case. Here we compute the Galois group of the basic
hypergeometric system (2) under the assumption that ¢ = ¢ and a/b & ¢~.
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Local fundamental system of solutions at 0. We have

10\ (1 1)(10\"
A(a,b§C]§O)=<1 1> (O 1) (1 1)

Consequently, we are in the nonresonant logarithmic case at 0. We consider this
situation as a degenerate case as c¢ tends to ¢, but ¢ # g.

More precisely, we consider the limit as ¢ tends to g, with ¢ # g, of the matrix-
valued function

-1
e (t 1) ()

e [(E-1ppi@bean (2 % 2) = 2¢1(a, bs c; 2)
= 2
CTINL - 1)ag1@ b ) Logn (UL, 225 L g2) 210, b 5 42)

Using the notations

d
201(a, b; c; z) and §(a, b; z) = T 2¢1(aq/c, bq/c; g*/c; 2),
c=q c=q

d
;(d,b, Z) = %

the above limit is equal to

(zd)l(a,b;q;z) —q(&(a, b; 2) — ¢(a, b; 7)) )
201(a, b; q;q2) 201(a, b; q; qz) —q(&(a, b; gz) — ¢ (a, b; q2))

a matrix we denote by F O (a, b; q; z). From (4) we deduce that this satisﬁes
FO(a, b; 45 27O (q) = A(a, b; ¢; ) FO(a, b; q; 2), where JO(q) = (3 1). As
this matrix is invertible as a matrix in the field of meromorphic functlons the
matrix-valued function Y@ (a, b; q;2) = FOa, b; q; 2)e@ O (9))(z) is a fun-
damental system of solutions of the basic hypergeometric equation with ¢ = g.

Recall that
e(O)(J(O)(q))(Z) — <(1) £q1(2)> .

Generators of the local Galois group at 0. There is one generator, ((1) i)

Local fundamental system of solutions at co. The situation is as in Section 3.
Hence we are in the nonresonant and nonlogarithmic case at co, and a fundamental
system of solutions at oo of (2) (see Section 2.1) is given by Y ®)(a, b; ¢; z) =
F©®)(a, b; q; 2)e® (J ) (a, b))(z) with J)(a, b) = diag(1/a, 1/b) and

2
FO (@ b gi 2) ( 21(a, a;aq/b; 271y 21 (b, b bgfa; Tz )

a21(@ a:aq /b 527" Gag1(b.biba/a; 5z
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Generators of the local Galois group at co. We have two generators

2mia 0

o _ . . 3 0\ -
P()’O) ! (e 0 62].”"3) P(yO) and P(yo) ! (g ‘U) P(y())

Connection matrix. The connection matrix is the limit as ¢ tends to g of

11\ ' (10
(€2 (@, b))~ M(2) <1 ‘ /C) (1 1>e<°><f<0>(q>)<z>,

where M (z) is as in (5). This is equal to
P(z) := (e (I (a, b))(2)) " Ma(2) e (T Q) (),

where M, (z) equals

u(a, b; q)eg(—ff)) q(uc(a, b; q) —ve(a, b; q))(’g((“? 20(a, b: q) 9(?;))
wia, b; )% (?ZZ)) q(we(a, b; q) — yc(a, b; q)) gq(éz)) +bzy(a, b; q) ;(fz))
and
b - S
o= uvo- S

and where the subscript ¢ means that we take the derivative with respect to the
third variable.

Twisted connection matrix. For this we have

s (/D7 0 1 £,(2)
P(z)—( 0 (I/Z)ﬁ)Mz()< )

We need to consider different cases.
Case 6. a ¢ g7 and b & ¢”.

Subject to this condition, the complex numbers u(a, b; q), v(a, b; q), w(a, b; q),
and y(a, b; g) are nonzero.

Proposition 3. If Case 6 holds then the natural action of G' on C? is irreducible.

Proof. Assume to the contrary that the action of G' is reducible and let L be an
invariant line.

First note L # Cé; (in particular, G! does not consist of scalar matrices). Indeed,
if not, Cé; would be stabilized by the connection component, and the line spanned
by P(z)é, would be independent of z € €2, but this is clearly false.
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Because the group G' is normalized by () (since G’ is a normal subgroup
of G), the lines ( 0 1) L are also invariant by the action of G’. These lines being
distinct (since L # Cé;), we conclude that G’ consists of scalar matrices and we
get a contradiction. U

As a consequence we have the following theorem.

Theorem 7. Suppose Case 6 holds. Then we have the following dichotomy:
ifab ¢ qZ then G = Gl,(C); otherwise G = Sl (C).

Proof. Using the irreducibility of the natural action of G’ and arguing as in the
proof of Theorem 2, we obtain the equality G’9°" = Sl,(C). From (6) we deduce
that the determinant of the twisted connection matrices when ¢ = ¢ is equal to the
limit as ¢ tends to g of

—1 (@+8) 1=y q( 2)
a—1/61/%" 6,2

If ab ¢ g7, then this determinant is a nonconstant holomorphic function and
consequently G = Gl (C).

If ab € g7, then this determinant does not depend on z. This implies that the
connection component of the Galois group is a subgroup of SI,(C). Furthermore,
ab € g7 entails that uv = 1 and o + B € Z, that is, ¢*"@+#) = 1. Consequently,
the local Galois groups are subgroups of Sl,(C) and the global Galois group G is
therefore a subgroup of Sl (C). (|

Case7.becqV

In this case, the twisted connection matrix simplifies to

0,(az) o
B = u(a, b; q)—-—= 6,2) (1/2)7 pn2 ((1) qu(z)>’
0
D22
where
pis = que@, b: @) — vea, b: ) 2299 (1)~ 1 azv(a, b; ) 22 (1)
(@, b1 q) = vela. b: ) 7 ek s ’

P22 =q(we(a, b; q) — ye(a, b; ¢))(—=1)Pg=PB=D/2,

Theorem 8. Suppose Case 7 holds. Then

C* C
-(59)
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Proof. Fix a point yy € Q such that P(y) is of the form (
There exists a constant D € C* such that
DEE (1))
e

P(yo) 'P(z) = ( 2 @0

A5) with A, C # 0.

Since G! is normalized by ( (1) }) (remember that G’ is a normal subgroup of G),
it contains, for all n € Z, the matrix

1

Because a & g7, the function D(8,(az)/0,(z))(1/2)7* — 1 is not identically equal
to zero over C* and therefore G’ contains, for all z € €,

DYE /D™ C
0 1

The element whose upper right entry is zero belongs to G/, so that diag(C*, 1) is
a subgroup of G’ and (% ) C G. The converse inclusion is clear. O
N

Case8.becq™
Using the identity bz@é (b2)/04(2) = (=B — Kq(z))(—l)ﬂq_ﬂ(ﬂ_l)/z, we see that
in this case the twisted connection matrix P(z) equals
( 0 q(uc(a, b; q) = vela, b; ) E (/)7 )
w(a, b, )(=DPg~ T qwe(a,b; q) = yela, b; ) = B/} (~1)Pq~ T
Theorem 9. Suppose Case 8 holds. Then

1 C
6=(p &)

Proof. Fix a base point yy € . There exist three constants C, C’, C” € C with
C # 0, such that

164(az) —a ”

. . U () 4 C

P(yo) ' P(z) = %®
(0 A/

for all z € Q2. The rest is similar to the proof of Theorem 8. U

The remaining case a € g is similar to Case 8.
The case a = b and ¢ & ¢7 is similar to the case treated in this section.

4.2. The second logarithmic case. Here we compute the Galois group of the basic
hypergeometric system (2) under the assumption that a = b and ¢ = q.
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Local fundamental system of solutions at 0. The situation is the same as in the case
c=qganda/b¢q”.

Generator of the local Galois group at 0. The generator is (é i)

Local fundamental system of solutions at co. We have

(1 0\ (1/a 1 O
A(a,a,q,Z)—(l/a 1)(0 1/a)<1/a 1) .

Thus, we are in the nonresonant logarithmic case at co. We consider the case a = b
and ¢ = g as a degenerate case of the situation ¢ = ¢ as a tends to b for a/b # 1.
We consider the matrix-valued function

(00) .o 1 1 B 10
F (“’b’q’Z)(l/a l/b) 1a 1)

A straightforward but tedious calculation, which we omit, shows that this matrix-
valued function does admit a limit F°(a, a; ¢; z) as a tends to b. A fundamental
system of solutions at oo of (2) (see Section 2.1) is given by Y (a, a; q; z) =
F®)(a, a; q; 2)e®® (J ™ (a, a))(z) with J©(a, a) = diag(1/a, 1/a).

Generator of the local Galois group at oo. We have the generators

u 0 emie < (1 a\ s

Birkhoff matrix. This matrix is (¢ (J(a, a))(2)) "' Qe@ (7D (9))(z), where
Q is the limit as a tends to b of

1 o\'/1 1
<l/a 1) <1/a 1/b> M> ().

0y(a) 0,(az)
T A2 0,0 *

0y(a) 6,(az) C,Bq(az) __ bg(a) Gi(az) |
D% 04(2) 0,0 L@k 4©

It has the form

04 (az)
0q(2)

—(1/a);

C

where *x denotes some meromorphic function.

The twisted Birkhoff matrix. This matrix is of the form

(1/2)~ ((1) 4 (Z)> 0 ((1) qu”) .

‘We need to consider different cases.

Case 9. a ¢ g°.



GALOIS GROUPS OF THE BASIC HYPERGEOMETRIC EQUATIONS 321

Proposition 4. Suppose Case 9 holds. Then the natural action of G' on C? is
irreducible.

Proof. Note Ce is not an invariant line. Indeed, if not, it would be invariant by the
action of the connection component, and hence the line spanned by P(2)é, would
be independent of z € 2. Considering the ratio of the coordinates of this line, this
would imply the existence of some constant A € C making the functional equation

04(az) . 64(a) 0,(az)  6,(a) 6,(az) 6,(az)
04 (2) (@ D% 04 (g5 Dk 04(2) 04 (2)
true on C*. The fact that 6, (az) vanishes identically to first order at z = 1/a, yields

a contradiction.
The rest is similar to the proof of Proposition 3. U

L) =A

Theorem 10. If Case 9 holds then we have the dichotomy

ifa2 & qZ then G = Gl,(C); otherwise G = Sl (C).
Proof. The proof follows the same reasoning as that of Theorem 2. O
Case 10. a € ¢°.

In this case, the connection matrix simplifies, for some constants C, C’ € C, to

(o)

Theorem 11. Suppose Case 10 holds. Then

1C
6=(o )
1

Proof. The local Galois group at 0 is generated by ((1) 1), hence G contains ((1) QI:)

Since the twisted connection matrix is upper triangular with constant diagonal
entries, the connection component is a subgroup of ((1) (f) The generators of the
local Galois group at 0 and at co also lie in ( (1) (11:) Therefore G is a subgroup of

(07): 0
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