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Let X be a compact complex manifold, and let x : ¥ — B be a small
deformation of X. The dimensions of the Dolbeault cohomology groups
H!(X;, SZ’;Q) may vary under this deformation. In this paper, we will study
the deformation obstructions of a (p, g)-class in the central fiber X. In
particular, we obtain an explicit formula for the obstructions and apply this
formula to the study of small deformations of the Iwasawa manifold.

1. Introduction

Let X be a compact complex manifold and 7 : ¥ — B be a family of complex
manifolds such that 7 =1(0) = X. Let X, = 7w~ !(¢) denote the fiber of 7 over the
point ¢ € B. We denote by Oy and Qf( the sheaf of germs of holomorphic functions
of X and holomorphic p-forms of X respectively. Recall #79 = dim¢ H? (X, Qf()
(dim will denote complex dimension throughout) and P; = dim H 0(X, (Q§)®l)
where m = dim X. S. litaka proposed a problem whether #7°¢ and P; are defor-
mation invariants [litaka 1972]. This problem was solved by Iku Nakamura in
[1975], and actually he gave us some examples of small deformations of complex
parallelizable manifold (by a complex parallelizable manifold we mean a compact
complex manifold with a trivial holomorphic tangent bundle) such that the Hodge
numbers of the fiber of the family jump in these deformations.

In this paper, we will study such phenomena from the viewpoint of obstruction
theory. More precisely, for a certain small deformation & of X parametrized by a
basis B and a certain class [«] of the Dolbeault cohomology group HY(X, Qf(),
we will try to find out the obstruction to extend it to an element of the relative
Dolbeault cohomology group H9(%, SZ; p)- We will call those elements which
have nontrivial obstruction the obstructed elements. And then we will see that these
elements will play an important role when we study the jumping phenomenon of
Hodge numbers, because we will see that the existence of the obstructed elements
is a necessary and sufficient condition for the variation of the Hodge diamond.
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In Section 2 we will summarize the results of Grauert’s Direct Image Theorems
from which we get a “model” of the jumping phenomenon of Hodge numbers and
then we will try to explain why we need to consider the obstructed elements. The
relation between the jumping phenomenon of Hodge numbers and the obstructed
elements is the following.

Theorem 2.11. Let the compact complex manifold X be the central fiber of a small
deformation t : X — B of X. Now we consider dim H?(X,, Qf{;) as a function of
t € B. It jumps at t =0 if and only if there exists an element « either in H1(X, Q‘;)
orin HI7(X, Qf() and a minimal natural number n > 1 such that the n-th order
obstruction

On,n—1 (0[) 5& 0.

In Section 3 we will get a formula for the obstruction to the extension we men-
tioned above.

Theorem 3.5. Let w : & — B be a deformation of 1" (0) = X, where X is a
compact complex manifold. Let , : X,, — By, be the n-th order deformation of X.
For arbitrary [«] that belongs to H1(X, Qf(), suppose we can extend [«] to order
n—1in H1(X,_1, Qf(,,_l/Bn_l ). Denote such an element by [«,,—1]. The obstruction
of the extension of [«] to n-th order is given by

On,n—1 (O‘) = dX,,_|/B,,_1 o KnL(Oln—l) + KkyLo0 an_]/B,,_| (an—])a

where k, is the n-th order Kodaira—Spencer class and dx, /g, , is the relative

n—1
differential operator of (n — 1)-th order deformation.

In Section 4 we will use this formula to study carefully the example given by Iku
Nakamura, that is, the small deformation of the Iwasawa manifold, and to discuss
some phenomena.

2. Grauert’s Direct Image Theorems and deformation theory

In this section, let us first review some general results of deformation theory. Let
X be a compact complex manifold. X has an underlying differential structure,
but given this fixed differential structure there may be many different complex
structures on X. In particular, there might be a range of complex structures on X
varying in an analytic manner. This is the object that we will study (see [Voisin
2002]).

Definition 2.1. A deformation of X consists of a smooth proper morphism 7 : ¥ —
B, where % and B are connected complex spaces, and an isomorphism X = 7 ~1(0),
where 0 € B is a distinguished point. We call ¥ — B a family of complex manifolds.

Although B is not necessarily a manifold, and can be singular, reducible, or
nonreduced (for example, B = Spec C[e]/(g?)), since the problem we are going
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to study is the phenomenon of the jumping of the Dolbeault cohomology, we may
assume that & and B are complex manifolds.

In order to study the jumping of the Dolbeault cohomology, we need the fol-
lowing important theorem (one of the Grauert’s Direct Image Theorems, see [Bell
and Narasimhan 1990]).

Theorem 2.2. Let X, Y be complex spaces, w : X — Y a proper holomorphic map.
Suppose that Y is Stein, and let F be a coherent analytic sheaf on X. Let Y be
a relatively compact open set in Y. Then, there is an integer N > 0 such that the
following hold.

(1) There exists a complex
€ el s 5eV 50

of finitely generated locally free Oy,-modules on Yy such that for any Stein open set
W C Yy, we have

HY(T(W,€)) = T(W, Rim (F)) ~ HI (" (W), F) Vg € Z.

(ii) (Base Change Theorem). Assume, in addition, that & is w-flat, that is, for all
x € X the stalk F, is flat as a module over Oy (). Then, there exists a complex

¢ ..oe¢lseg s .58V S50

of finitely generated locally free Oy,-sheaves €P with the following property:

Let S be a Stein space and f : S — Y a holomorphic map. Let X' = X xy S and
f':X — Xand 7' : X' — S be the two projections. Then, if T is an open Stein
subset of f~'(Yy), we have, for all q € Z,

HYI(T, f*(€¢))) ~I(T, an;(g/)) ~ Hq(n/_l(T), F)
where F = (f')*(F).

Let X, Y be complex spaces and w : X — Y a proper map. Let F be a -
flat coherent sheaf on X. For y € Y, denote by ., the Oy-sheaf of germs of
holomorphic functions “vanishing at y”, that is, the stalk of .Il, aty is the maximal
ideal of Oy,, and the stalks at 7 # y are Oy,. Let F(y) be the analytic restriction
of & to 7~ !(y), that is, F ®oy (Oy/My). Since we just need to study the local
properties, we may assume that there is a complex

dN

d d° P
0," 0

1 N-1
% 0—1s o 4, ... 2

P
0,
in view of the base change property in Theorem 2.2 part (ii). In particular, if y € Y,
we have

HY(w ' (), F(y) =~ H1(€ @ (Oy /ly)).
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Apply what we discussed above to our case w : ¥ — B, we get the following.
There is a complex of vector bundles on the basis B, whose cohomology groups
at the point identify to the cohomology groups of the fiber X, with values in the
considered vector bundles on &, restricted to X;. Therefore, for arbitrary p, there
exists a complex of vector bundles (E", d°) such that for any ¢ € B,

HY(X,, Q% )= HI(E;) =Ker(d")/Im(d*™").

Via a local trivialization of the bundle E’, the differential of the complex E" is
represented by matrices with holomorphic coefficients, and follows from the lower
semicontinuity of the rank of a matrix with variable coefficients, it is easy to check
that the functions dim Ker(d?) and (— dim Im(d?)) are upper semicontinuous on
B. Therefore the function dim H9(E,) is also upper semicontinuous. It seems that
either the increasing of dim Im(d9~") or the decreasing of dim Ker(d?) will cause
the jumping of dim H?(E,); however, because of the following exact sequence

0 — Ker(d?); — E} — Im(d?); — 0 vt,

implying the variation of (— dimIm(d?)) is exactly the variation of dim Ker(d?),
we just need to consider the variation of dim Ker(d?) for all g.

In order to study the variation of dim Ker(d?), we need to consider the following
problem. Let o be an element of Ker(d?) at t =0, we try to find out the obstruction
to extend o to an element which belongs to Ker(d?) in a neighborhood of 0. Such
kind of extension can be studied order by order. Let %g be the stalk of the associated
sheaf of E4 at 0. Let m be the maximal ideal of Op o. For arbitrary positive integer
n, since d can be represented by matrices with holomorphic coefficients, it is not
difficult to check

di (%g ®03.,0 mg) C %g+l ®05,0 mg
Therefore the complex of the vector bundles (£, d°) induces the complex

0— € 0 n 4l 0 nd A N 0 n 4o
— 0 ®@B,O B,O/mo - 0 ®@3.0 B,O/mo — e > 0 ®@3_0 B,O/mo — U.

Definition 2.3. Those elements of H'(E) which cannot be extended are called the
first class obstructed elements.

Next, we will show the obstructions of the extension we mentioned above. For
simplicity, we may assume that dim B = 1 and suppose « can be extended to an
element «,_; such that j(;’_l(dq (a,—1)) () = 0, where jg_l(dq(oen,l))(t) is the
(n — 1)-jet of d?(ap,—1) at 0. Then «,_; can be considered as the (n — 1)-order
extension of «.
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Remark 2.4. Suppose that f : R — R is a real-valued function having at least k4 1
derivatives in a neighborhood U of the point xy. Then by Taylor’s Theorem,

f* (o) (r —x0) + Riy1(x)

k! k+1)! (¢ =)

f(x)= f(xo)+ f/(x0)(x —x0) +---+

where
|Rig1 ()] < sup | FA(x)].

xeU

Then the k-jet of f at the point xq is defined to be the polynomial

RED)
k!

Suppose that M is a smooth manifold containing a point p. We shall define the

Z~.

(@ = fxo)+ fx)z+--+

jets of curves through p, by which we henceforth mean smooth functions f: R —
M such that f(0) = p. Define an equivalence relation qu; as follows. Let f and
g be a pair of curves through p. We will then say that f and g are equivalent
to order k at p if there is a neighborhood U of p such that every smooth function
¢ : U — R satisfies j(’)‘ (pof)= j(’)‘ (pog). Note that these jets are well-defined since
the composite functions ¢ o f and pog are just mappings from the real line to itself.
This equivalence relation is sometimes called that of k-th order contact between
curves at p. The k-jet of a curve f through p is defined to be the equivalence class
of f, and is denoted by j’;f.

We are now prepared to define the jet of a function from a manifold to a man-
ifold. Suppose that M and N are two smooth manifolds. Let p be a point of M.
Consider the space C;°(M, N) consisting of smooth maps f : M — N defined in
some neighborhood of p. We define an equivalence relation Eq’[‘7 on C°(M, N) as
follows. Two maps f and g are said to be equivalent if, for every curve y through
p (recall that by our conventions this is a mapping such that y (0) = p), we have
j(’)‘(f oy) = jé‘ (g o y) on some neighborhood of 0. We define the k-jet of f at p,
j ;f f, to be the equivalence class of f modulo E qf,.

In our case, via a local trivialization of the bundles E4t!, jg‘_l (d¥(otp—1))(2) 18
represented by the (n — 1)-jets of the coefficients of d?(x;,,—1).

Define a map
of : H1(€,®0,,0p0/my) — HIT (Ep)
lotn—11+—> Ljg (d (atn—1)) (1) /1"].

First, we need to check o! is well defined. So we need to show that

Lo @ (an—1)) (@) /1"]
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is d9t!-closed. Via a local trivialization of the bundles E’, the differentials of the
complex E° are represented by matrices with holomorphic coefficients, and from
the lower semicontinuity of the rank of a matrix with variable coefficients, we may
assume that there always exist (olq +1, e alq+1) which are sections of E4t! such

that
g+1 q+1
(01 |t:0’ < 0 ’1:0)
form a basis of
Ker(d9™: E(‘)IJrl — Eg+2) and Ker(dqul D EIT E‘”z) C Span{a;.]H}.

So we can write d?(a,—1) = Y_; fjo q+1.

Since j# " (d9 (aty—1)) (1) =0, we have f;(0)=0and 2L (0)=0,i=1,...,n—1.

PYE
at"( Y(an-1))|,_y=
Zaat]’jj ;1+1|t ot +fo a;n( q+1)|t = Z%(’;}HLO'
J J
Therefore

j

which means flnn (d?(ay—1))|s—0 is d91!-closed.
Next we are going to show that the equivalent class of 2 37 (d‘f (@p—1)|i=0 in
H‘1+1(E0) depends only on ]g_ (a—1)(t). Let (01 e ) be a basis of E7, we
only need to show that if jo'(a,—1)(z) = 0, then %(d‘f (&n—1))li=0 belongs to
Im(d? : E? — E9t!). Indeed, we can write a,_; = ZJ- fjaj’.f while f;(0) =0,

af _
W_Oz_l n —1, then

o o
w(dq(an—l)) = W(Xl: fidq(aiq)>
Z dq(a")+ +Zf,—(d‘1( ),

Therefore,
(d(@n-1))|,_o= Z d’(a)| _,»

which belongs to Im(d? : E9 — E9t1).
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Last, we are going to show that the equivalent class of %(dq (a0y—1))]s=0 In
Hat! (E,) depends only on the equivalent class of &, —1 in H? (€, ®c,,0p,0/my).
Actually, we only need to show that if

[an—1] € Im (@47" 2 €07 @, Op.0/ml — €4 @0y, Op.0/mb),

we will have that %(dq (o¢p—1))|s=0 belongs to Im(d? : E9 — E?t1). In fact, let
o, =d7(}%; f,-ojq“) such that ji' ' (&) _)(t) = jo~"(ea—1)(t). From the
discussion above, we have

" o , " _ -
I A I L O (Z 7)) =0

in H1(E").

Remark 2.5. It seems that jj(d?(a,—1))(t)/t" depends on the connection of
E4*!. But, by using an induction argument, it is not difficult to prove that if
jé(dq(an_l))(t) = 0 for all i < n, then jy(d?(ay—1))(¢) is independent of the
choice of the connection of E¢*!.

There is a natural map
pi o HU(Ep) — H (8, ®a,,05.0/my)
given by [0 ] —> [t'o] forall [c] € HY (Ey). For all i <n, denote by oz’i the map
pi™h o of 1 HY(€ ®c,, Op.0/mf) - HIT (&) ®0,, 05.0/my™).

Next we will show that, for arbitrary i with 0 <i <n, «,_; can be extended
to «,, the n-th order extension of «, so that jé_l (o —apy—1)(t) = 0 if and only if

o! ([an—1]) is trivial. For necessity, jé(ocn —a,_1)(t)/t" is supposed to be the

n,n—i

preimage of oz’n_i ([a,—11), so OZ,n—i ([at,—1]) is trivial. Therefore we just need to
check whether it is sufficient. In fact, if Oz,nﬂ' ([a,—1]) is trivial, then there exists
a section B of €; gy, @B,o/mg_i+1 such that d7(8) = oz’n_i([an_l]). Then it
is not difficult to check that «,_| — t'B is an n-th order extension of « that we
need, where B is an element in the cohomology class of . Therefore we have the

following proposition.

Proposition 2.6. Let o, be an (n — 1)-th order extension of «. For arbitrary i,
0 <i <n,a,—1 can be extended to o, which is an n-th order extension of a such
that j(l)_1 (o, — ay,—1)(t) = 0 if and only ifoz’n_l.([ozn_l]) =0.

In the following, we will show that the obstructions of ([otn—1]) also play an
important role when we consider the jumping of dim Im(d?). Note that dim Im(d?)
jumps if and only if there exist a section 8 of Ker(d9*!) such that gy is not exact
while B, is exact for ¢ # 0.
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Definition 2.7. Those nontrivial elements of H'(E)) that can always be extended
to a section which is only exact at ¢ # 0 are called the second class obstructed
elements.

Note that if « is exact at t = 0, it can be extended to an element which is exact
at every point. So the definition above does not depend on the element of a fixed
equivalent class.

Proposition 2.8. Let [B] be an nontrivial element of H‘IH(E(')). Then [B] is
a second class obstructed element if and only if there exist n > 0 and o, in
H(€ @0y, Op.0/m{) such that o ([et,—11) = [B].

Proof. If o} ([a,—11) = [B], then Jo (d? (1)) (2)/1" is the extension we need. On
the contrary, if [8] is a second class obstructed element. There exist ,8 such that
B:, t # 0 is exact. Then the preimage ﬁ’ of Bisa meromorphlc section which has
a pole at t = 0. Let n be the degree of B’. Then let o,_; = " 8. It is easy to check
that ojf ([atn—1]) = [B]. 0
Proposition 2.9. Let o, | be an element of HY(€, ®cy, Opo/my) such that
of([an—11) # 0. Then there exist n' < n and o' € Hi(€, Qcy, @B,O/mgl) such
that
,02,_1 cof(lan1D) =0}, ([«]) #0.

Proof. 1f on (7)) 7& 0, then n’ = n and o’ = «,,_1. Otherwise, there exists
ozl such that d¢ (oel) = ,on | oon([an 1]). Note that

ol o) = pi5 00 ([otn_1]) = 07, ([@u—1]).

If we go on step by step as above, we can always get the n” and o', for at least one
of the oq .([oz,,_l]) is nontrivial. O

This proposition tells us that although oy 7 (lotn—1]) # 0 does not mean that
ozynfl([an—l]) # 0,

we can always find o’ so that ol ([otn—1]1) comes from obstructions like ofm_l ([e'D.
Therefore we can get the following corollary immediately from Proposition 2.8 and
Proposition 2.9.

Corollary 2.10. Let [B] be an nontrivial element of Hq“(E(')). Then [B] is
a second class obstructed element if and only if there exist n > 0 and a,_ in
H (€, ®0,, Op.0/m) such that o, (len—1]) = 2+ (1B

Let us come back to our problem. Suppose o can be extended to an element o7,
such that jj~ Y(d¥(ap_1)) (1) = 0. What we care is whether o can be extended to
an element which belongs to Ker(d?) in a neighborhood of 0, so if we have an
n-th order extension «, of «, it is not necessary that j(’rl(ozn —a,_1)() =0, for
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all 1 <i < n. What we need is just jg(an —a,_1)(t) = 0 which means «,, is an
extension of «. So the “real” obstructions come from oZ 4—1({a@n—1]). The relation
between the obstructions OZ,n—l ([a—1]) and the jumping phenomenon of Hodge
numbers is the following.

Theorem 2.11. Let w : & — B be a small deformation of the central fiber compact
complex manifold X. Now we consider dim H?(X,, SZ‘;[) as a function of t € B.
It jumps at t = 0 if and only if there exists an element « either in H1(X, Qf() or
in H q*I(X , SZ‘;) and a minimal natural number n > 1 such that the n-th order
obstruction

On,n—1 (@) #0.

Proof. By the Grauert’s Direct Image Theorem, for the given p, there exists a
complex of vector bundles (E", d°), such that for arbitrary ¢ € B,

H(X,, Ql;{t) = HY(E)) = Ker(d?)/ Im(d?™").

Therefore, dim H9(X,, Qf([) jumps at t = 0 if and only if dim H?(E,) jumps at
t = 0. While dim HY(E;) jumps at t = O if and only if either dim Ker(d?) or
(—dimIm(d9™")) jumps at z = 0. So dim HY(X,, Q% ) jumps at 7 = 0 if and only
if either dim Ker(d?) or dim Ker(d?~") jumps at t = 0.

So we can see that if dim H?(X;, Qf([) does not jump at r =0 then both Ker(d?)
and Ker(d?~") are holomorphic subbundles. And so for arbitrary element « in
Ker(d?)|;—o or in Ker(d9")|;—, « can be extended to a section of Ker(d?) or
Ker(d?~"). Combine with Proposition 2.6, we get the proof of the sufficiency of
the statement.

For the necessity, I need the claim below. With this claim we get the necessity
of the statement immediately. O

Claim. For a given q, dim Ker(d?) jumps at t = 0 if and only if there exists an
element o € Ker(d?)|;—o and n > 1 such that

On,n—1 (a) 75 0.

Proof of the claim. First I want to prove the claim for the case when E? is a
line bundle. Via a local trivialization of E?, d? is represented by a holomorphic
function d4(¢). Let n be the order of d¥(¢) at t = 0; then for arbitrary nontrivial
o € Ker(d?)|;—9, o cannot be extended to an n-th order extension «,, (that is, ¢, is
a section of EY such that «,(0) = o and d9(«;;) = 0 up to order n). Together with
Proposition 2.6 we get the proof of the claim in this case.

In the general case, let K be the biggest locally free subsheaf of Ker(d?); then
we get a quotient bundle E7/K. Let r be the rank of E9/K. Then d? induces a
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map
det@) : \ (E/K) - N\ (ETH).

For arbitrary o € Ker(d?)|;—o, let &’ be an extension of «. Denote by «” the image
ofa’in E1/K. Letey, ..., e,_1,a"(0) be abasis of EY/K|,—oandlete], ... e, _,
be an extension of e, ...,e,_;. Then we get a section @’ Aej A--- Ae._, of
/A" (E?/K). 1t is not difficult to see that if o’ is an n-th order extension of «, then
o’ Nej A+ Ael_ is an extension of a”(0) Ae; A--- Ae,_i. And the order of
o NejA---Nel_ is atleast n, which means det(d?)(a” Aej A---Ael._,) is equal
to O up to order n. From the proof of the case of line bundle, we know that there
exists n such that for arbitrary nontrivial 8 € /\"(E?/K)|,—9, we cannot extend
B to an n-th order extension. So for arbitrary o € Ker(d?)|,—g, we cannot get an
extension of o with order more than n — 1. Together with Proposition 2.6, we get
the proof of the general case. g

Since these obstructions are so important when we consider the problem of
variation of Hodge numbers, we will try to find out an explicit calculation for such
obstructions in the next section.

3. The formula for the obstructions

We are going to prove in this section an explicit formula (Theorem 3.5) for the
abstract obstructions described above. Let 7 : ¥ — B be a deformation of 7~ (0) =
X, where X is a compact complex manifold. For every integer n > 0, denote by
B, =Spec Op 0/ m’5+1 the n-th order infinitesimal neighborhood of the closed point
0 € B of the base B. Let X,, C % be the complex space over B,,. Let, : X,, — B,
be the n-th order deformation of X. In order to study the jumping phenomenon
of Dolbeault cohomology groups, for arbitrary [«] that belongs to HY(X, Qf(),
suppose we can extend [«] to order n — 1 in HY(X,,_1, Qf(nfl/anl). Denote such
elements by [«,—1]. In the following, we try to find out the obstruction of the
extension of [a,_1] to n-th order. Denote 7*(mg) by Jy. Consider the exact

sequence

0— Mo/ MG @QY 5 — Q% 5 — QF -0

n—l/Bn—l
which induces a long exact sequence
0— HOX, M3/ M3+ ® QR 5) = H' (X0, Q5 5

— H' (X, 1, Q% 5 )= H X, MG/ MG @QE py— -

The obstruction for [e,—1] comes from the nontrivial image of the connecting
homomorphism
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* q p q+1 n n+l1 p
8% ¢ HI(Xuo1, Q% g ) — HITNX, M/ MGH @ Q0.

We will calculate it by Cech calculation.
Cover X by open sets U; such that, for arbitrary i, U; is small enough. More
precisely, U; is Stein and the exact sequence

0— 7, (Qp,)(U;) = Qx, (U;) = 2x,/8,Ui) = 0
splits. So we have a map ¢; : Qx, /5, (U;) — Qx,(U;) such that

vi (R2x,/8,(U)) &7, (2p,)(U;) = Q2x, (Uy).

This decomposition determines a local decomposition of the exterior differentiation
dx, in Qy on each U;

dX” = dan + dg(n/Bn'

By definition, dy, ,p, is given by <pl._1 Odéfn/Bn o ;.

For a fixed open cover U of X, denote the set of alternating g-cochains 8 with
values in & by €7 (U, &), that is, to each (g + 1)-tuple, ip < iy <--- <i,, B assigns
a section B(ig, i1, ..., 1y) of Fover U;y NU; N---N Ui,

Let us still use ¢; to denote the map

¢i 1 () AQYy g (U) = Q5 (U)),
Gi(@iy A ANwi, ABj N ABj) = wip A AN, A@i(Bi) A Agi(B),).
Define
¢ CIU, T () AR ) — 61U, Q.
e(B)o, i1, .-, ig) = @iy (Blo, i1, ..., ig))

for all 8 € €9(U, Jr;f(Q%n) A Qf(n/Bn), where ig <ij--- <ig4.
Define the total Lie derivative with respect to B,,,

Lg, : €7(U, Q% ) — 61U, '),
Ly, (B0, i1, ....ig) =d (Blio.i1.....iq))

for all 8 € €4(U, QI;("), where ip < iy --- <ig4; see [Katz and Oda 1968].
Define, for each U;, the total interior product with respect to B,,,

I' . Q% (U)— Qf (U)),
by setting

p
I'(wdgindgaA---Adgy) = Y _dgiA--Adgj_1 Ady (8))Adgji A+ Adgy.
j=1
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When p =0, we put I' = 0; see [Katz and Oda 1968].
Define

At 61U, Q%) - €T U, Qf ),
(AB) (o - vigyD) = TP =TI, ... igr1) VB EBI(U, Q).
Lemma3.1. op =80¢p—¢os mod m5(Q})AQ% ~.
Proof. Define
J : %q(U’ Qf(n/Bn) - (6q+1 (U’ an)’
(JB) o, - -y igr1) = (=D (@i — @i ) (B, -y ig11)),
where igp < iy <--- <ig41. For arbitrary B belonging to €9 (U, Qf(n/Bn),

(Gop(BNo, ... ig+1)

q+1
=D (=D @(B) 0, -, ijs - ig11)
J=0 q+1
=0 (B) i1 - ige) + Y (=D @i (B0 . T igi),
j=1

while

(pod(B) o, ... ig+1) =

q+1 . _~ q+l . _~
¢( > (=1 B0, ... ..., iqm) =Y (D@ (B)ios o) igr1).
s

Jj=0

So we have §op —pod = J.
Fix (io, ..., ig+1) and let = B(iy, ..., igy1). We must show that

(I = I') (g1, (@) = — (91 — i) (W) mod (R} ) A Q.

By linearity, we may suppose ¢;, (w) = udgy A--- Adg,. Then

(Pio(w) = Md;.?n/gn (A~ ‘/\d;?n/gn (gp)

= pu(dg1—djy (gD A+ A(dg, —dyy (g,))
p
=pdgi A+ Adgy— Y pdgi - Adgi_i Ady (87) Adgjvi A+ Adg)p
=1
’ + terms in 7 (Q%ﬂ) A Ql;(:z
Thus
@i (@) = g1, (@) — I 0 g, (@)  mod () ARy 2,



THE JUMPING PHENOMENON OF HODGE NUMBERS 391

and I'' o ¢;, = 0, which means
hop=J mod 7} (Q}) AR . O
Now we are ready to calculate the formula for the obstructions. Let
a €61(U, QX /B,)
such that its quotient image in 67 (U, Q’;(H / BH) is oy _1. Then
8 ([an—11) = [8(@)],
which is an element of
HIT (X, Mn/MnJrl ®QD e ) = mo/m"+] HIT(X, QXo/Bo)

Denote rx, the restriction to the complex space X,. In order to calculate the
obstructions explicitly, we need to consider the map

p H (X J‘/L /v./‘/‘.zn+l ® QXO/BO) — Hq(Xn—lv n:—l(QBnan_l) /\ Q[}zn_l/Bn_|)

which is defined by p[o]=[¢p !0 rx, ,oLp, op(o)]
Lemma 3.2. The map

p o HIX, MG/ MGT @ QK ) — HI (X1, 7 (,18,.) A% /5 )
is well defined.

Proof. First, we need to show that if o is closed, then

¢ 'ory, oLp, 0p(0)

is closed, which is equivalent to show that

Sorx, ,oLg op(@)=0 mod m} (% 5 IAQN 1y .

n—1

Note that dx, 0§ = —§ ody,. Then

dorx, ,oLp op(c)=rx, ,080Lp op(0)

n—1

=—rx,0@ody, p +dy, i 08+ Lp 08)0p(0).

Since
Lp,odogp(oc)=Lp o(op—Arogp)(o)=Lp opod(c)=0
and
rx, 0@ody 5 +dy ;5 08)op(c)=0
we have

8OI’X

n—1

oLp,op(c)=0 mod m,_ 1(93 1B, I)AQX,Z\X,, g
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Next we need to show that if

o €@, Mg/ M © QY 5,

1

then ¢~ oryx, ,oLp, opod(o) isexact. In fact, according to the calculation above,

rx, ,oLp,opod(oc)=—rx, o(d Oan/B,, +d}(n/Bn o8+8oLp,)op(o)
=—d8orx, ,oLp, 0p(0). O
In general, the map p is not injective. However, as we mentioned at the end of
the previous section, the “real” obstructions are not of ([on—1]) but oZ’n_l ([a—1D.

So we don’t need p to be injective. In the following, we will explain that p ([5(@)])
is exactly the “real” obstructions we need.

Lemma 3.3. For a certain direction, the action of p([6(@)]) is exactly
OZ,n—l ([otn—1D

in the previous section.

Proof. In fact,

HY (X1, 0, (2,18, ) ARy, /5, )
= (Q,18,_1) ®0,,  H! (X1, Qf(nil/anl)-

Let b = dim B, t; the local coordinates of B for i = 0,...,b. Then p([8(&)])
can be written as Z?:o dt; ® a;, where @; € H1(X,,_1, Qf(nfl/anl). For a certain
direction d/dt;, suppose &; 7% 0. Then by a simple calculation, it is not difficult to
check that &; = constant - [§(a)/#;] in H1(X,_1, Q’;(n_l/Bn_l). Note that [§(@)/t;]
is exactly the obstruction oZ’nfl ([ot;—1]) in the direction of d/0¢; we mentioned in
the previous section. O

Now consider the exact sequence
(3_1) 0 - T[;lk—l(QBnanfl) - QX“X,!,I - Qanl/anl - 0

The connecting homomorphism of the associated long exact sequence gives the
Kodaira—Spencer class of order n [Voisin 1996, 1.3.2]. By wedging the above
exact sequence with Qf(n__ll /B, ,» We get a new exact sequence. The connecting
homomorphism of such an exact sequence gives us a map

-1
HY (X1, Q% 5, )= H X1, w5 (18, ) AQE 5 )

Denote this map by «,,., for this map is simply the interior product with the Kodai-
ra—Spencer class of order n. By the definition and simple calculation, it is not
difficult to prove the following lemma.
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Lemma 3.4. Let [0] be an element of H1(X,,—1, Qf{n—l/Bn—l)’ let § be an element

of 61(U, Qf{n/Bn) such that its quotient image is 6. Then [k,.0] is equal to [(,0_1 o

rx,_, 08 0p(0)].

Proof. From the exact sequence (3-1), we get
p—1 p—1 p
0— n:—l(QBn|Bn—l) A QX,,_l/Bn_l - QXn|anl A QXn_l/Bn_l - an—l/Bn—l — 0.

Let
[0]1€ HY(X,—1, Ql;n_l/Bn_1)'

By the definition of Kodaira—Spencer class, §*[0] = [«,L60]. By the definition of
§*, if we can find an element 6 of

-1
ng (U’ anlxn—l A QI;(,,_I/B,,_l)
such that its quotient image is 6, then [§ (é)] = [k,L0]. On the other hand,
-1
QX"’lX”’] A Qi)l*l/anl

. . p
is equal to the quotient of €2 Xl X by
* 2 p—2
182,15, ) N x,x, -

In order to calculate 6(@), we can take the preimage 6" of § in 64 (U, Qf{nl XH).

Then §(9) is equal to the quotient image of 8(0"). By a simple calculation, the
quotient of the quotient image of rx _, o ¢(6) is 6. Therefore

n—1

1

[k, 0] =[p 'ory, ,0800@)],

which gives us the proof of this lemma. ([l

With the above preparation, we are ready to prove the main theorem of this
section.

Theorem 3.5. Let w : £ — B be a deformation of 1~ (0) = X, where X is a
compact complex manifold. Let w, : X, — B, be the n-th order deformation of X.
For arbitrary o] belongs to H1 (X, QPF), suppose we can extend [a] to order n — 1
in H1(X,_1, Ql;(n—l/Bn—l)' Denote such elements by [«,,—1]. The obstruction of the
extension of [a] to the n-th order is

On,nfl(a) = an—l/Bn—l oKkpL(0tp—1) + KnLOdX,l,l/B,,,l (an—1),

where k, is the n-th order Kodaira—Spencer class and dx, ,/p,_, is the relative

differential operator of (n — 1)-th order deformation.

n—1
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Proof.
rx, oLpopod(a)=rx, ,oLp o(bop—Aog)(a)
=rx, ,oLp,080¢(x)
= —rx,_,o(dy, /5, 08+80dy 5 +80Lp,)op(@)
= —rx, 0y, p,08+80dy, /5 )op(@) —Sorx, oLy, 0p(&).

Therefore,

[rx,_, o Lp,opod(@)]
=[—rx,_, o (dx, 5, 08 +80dy 15 )0@@)]
=— [cz’j(’171/19n71 orx, 8o@(@)+rx, 080 dXH/Bn op(a)]
=—I[dy, /5, 0909 'orx, 80¢@) +rx,, 08opody,/p,@)]

=—[podx, /5, 09 'orx, $0@(@ +rx, 08opol(dx, /8, (n-1))]
= —[dx,_,/B,_, © knL0y_1 +KyLodx, /B, (0tr—1)]. 0
By this theorem, we can get the following corollary immediately.

Corollary 3.6. Let w : X — B be a deformation of 1~ (0) = X, where X is a
compact complex manifold. Suppose that up to order n, the d| of the Frolicher
spectral sequence vanishes. For arbitrary [«o] that belongs to H (X, Qf(), it can
be extended to ordern + 1 in H1(X 11, QI;(H]/BH] ).

Proof. This result can be shown by induction on k.

Suppose that the corollary is proved for k£ — 1; then we can extend [«] to an
element [o;_1]in HY(X;_1, Q‘;k—l/Bk—l ). By Theorem 3.5 , the obstruction for the
extension of [«] to k-th order comes from

Ork—1(a) =dx,_, /B, o kx(Qx—1) +kprodx, /B, (@r—1).
By assumption,
dx, /8, : HY (Xi_1, sz’;k_l/Bk_l) — H (X1, Qé}if/Bk_l)
is trivial, where k <n,0 < ¢’ <dim X, 0 < p’ < dim X. So we have
dx,_ /B (ax—1) =0 and dx,_ /B, okr(ox—1) =0.

So the obstruction o x—1(e) is trivial which means [«] can be extended to k-th
order. O

Combining Corollary 3.6 and Theorem 2.11, we get the following corollary.
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Corollary 3.7. Let w : & — B be a deformation of 1~ (0) = X, where X is a com-
pact complex manifold. Suppose the dy of the Frolicher spectral sequence vanishes
for any order. Then the Hodge numbers of X are stable in this deformation.

4. An example

In this section, we will use the formula in the previous section to study the jumping
phenomenon of the Hodge numbers 47> of small deformations of Iwasawa mani-
fold. It was Kodaira who first calculated small deformations of Iwasawa manifold
[Nakamura 1975]. In the first part of this section, let us recall his result.

Set

122 23 10)2 w3
G= 01 7y :ziEC]EC3, F={ 01 w |:wieZ+2ZV—-17.
001 00 1

The multiplication is defined by

1 20 z3 1 wr w3 1 204w z3+wizo+ w3
01 01 wp ]=10 1 71 +w
00 1 00 1 0 0 1

X =G/ T is called Iwasawa manifold. We may consider X =C3/T". g €T acts
on C? as follows:

=21+, 2 =22+ ws, 73 =23+ w122+ w3,

where g = (w1, w2, w3) and 7’ = z - g. There exist holomorphic 1-forms ¢1, @2, @3
which are linearly independent at every point on X and are given by

¢ =dzy, w2 =dz2, p3 =dz3 —z71d2p,

so that
dg1 =der =0, dos=—¢1 A .

On the other hand we have holomorphic vector fields 61, 6>, 63 on X given by

01 9 o o +2z i 03

- az;’ 2= 022 073 :8_z3'

It is easy to see that
(01, 621 = —[62, 01] = 03, [01, 03] = [62, 631 = 0.

In view of [Nakamura 1975, Theorem 3], H'(X, Ox) is spanned by @,, @,. Since
the tangent sheaf of X is isomorphic to 03, H'(X, Tx) is spanned by 6;¢, for
i=1,2,3and A =1, 2.
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Consider the small deformation of X given by

3 2
YO =D > 1626851 — (111122 — 12111203751

i=1 A=l

‘We summarize the numerical characters of the deformations. The deformations are
divided into the following three classes:

(1) t11 = t1p =t = tp = 0; X, is a parallelizable manifold.
(11) tiityy — t1t1p = 0 and (#1, t12, 021, 122) 75 0,0,0,0); X; is not parallelizable.

(iii) t11tp — 21112 # 0; X, is not parallelizable.

hl,O hO,l h2,0 hl,l hO,Z h3,0 h2,1 h1,2 h0,3
@) 3 2 3 6 2 1 6 6 1
i | 2 2
(i) | 2 2 1 5 2 1 4 4 1

)]
\S)
—_
)]
)]
—_

We now explain the jumping phenomenon of the Hodge numbers by using the
obstruction formula. From [Cordero et al. 1999, Corollary 4.3], it follows that the
Dolbeault cohomology groups are

H°(X, Qx) = Spanc{[¢1]. [¢2]. [¢3]},

H'(X, 0x) = Spanc{[@, ], (@]},

HO(X, Q%) = Spanc{[g1 A @2, [92 A @3], [93 A 11},

H' (X, Qx) =Spang{[g; A1}, i =1,2,3, A=1,2,

H*(X, 0x) = Spanc{[@, A @3], [@3 A @11},

H°(X, Q%) = Spanc{lgi A g2 A @3]},

H'(X, Q%) =Spancflgi Agj AG Y, i, j=1,2,3,i < j, A=1,2,
H*(X, Q) = Spanc{lg; A@> A @3], [9j Ay AQsl). . j=1,2.3,
H?(X, Ox) = Spanc{[@, A @) A @3]}

For example, let us first consider h29, in the class (ii) deformation. The Kodaira—
Spencer class of the this deformation is

302
Y1) = Z Ztm@i@, with 711122 — 11112 = 0.
i=1 2=l

It is easy to check that
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o1(@1 A @2) = (nt(Y1 (1)) (@1 A ¢2)) — int(Y1 (1)) (3 (g1 A ¢2)) =0,
o1(tn2 A g3 — g1 A@3) = —0((f11t2 — it12) @3 A @s) =0,
01(@2 A g3) =191 A2 A @+ 12201 A2 A @3,

01(P1 A@3) =111PL A2 A @+ 11201 A2 APy

Therefore, we have shown that for an element of the subspace

Spang{[g1 A @21, [t192 A 93 — 1191 A 931},

the first order obstruction is trivial, while, since (t11, t12, f21, t22) # (0,0, 0, 0), at
least one of the obstructions o1(¢y A ©3), 01(¢1 A @3) is nontrivial, which partly
explain why the Hodge number /4>° jumps from 3 to 2. For another example, let us
consider 4!-2, in the class (ii) deformation. It is easy to check that for an element
of the subspace (the dimension of such a subspace is 5)

Spanc{[¢; A9, A@3], (1203 NP2 NP3 — s AL APsl), T =1,2, A =1, 2,

the first order obstruction is trivial, while at least one of the obstructions

01(@3 NPy A®3), 01(3 A @ AP3)
1s nontrivial.

Remark 4.1. It is easy to see that, in the class (ii) or (iii) deformation, the first
order obstruction for any element in H'(X, Qyx) is trivial. The reason of the jump
of the Hodge number /2!-! from 6 to 5 comes from the existence of the second class
obstructed elements o (gp3). After simple calculation, it is not difficult to get the
structure equation of X, for ¢ # 0,

d(pl = O,
d(p2 = 0,
dos = —@1 Ay +10o1(93),

which can be considered as an example of Proposition 2.8.

From the example we discussed above, it is not difficult to find out the following
fact.

Proposition 4.2. Let X be an non-Kdhler nilpotent complex parallelizable mani-
fold whose dimension is more than 2, and w : ¥ — B the versal deformation family
of X. Then the Hodge number h"-° jumps in any neighborhood of 0 € B.

Proof. Let ¢;,i =1, ...,n,n=dim X be the linearly independent holomorphic 1-
forms of X. By [Nakamura 1975, Theorem 3], H'!(X, Ox) is spanned by a subset of
{@;}),i=1,...,n. Sowehave d: H' (X, 0x) — H'(X, Qy) is trivial, which means
one term of the first order obstruction of the holomorphic 1-forms vanishes. Let
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6; fori =1, ..., n be the dual of ¢;, which are linearly independent holomorphic
vector fields. Since X is non-Kihler, which means X is not a torus, there exist ¢;
such that d¢; # 0. Since X is nilpotent, there exist ¢; such that d¢; = 0. Assume
that d¢; = Agx A +---) with A # 0. Consider Qkaj in HY(X, Ty). Itis easy to
check that o1 (¢;, kg ;) # 0. O
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