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EXISTENCE OF SINGULAR POSITIVE SOLUTIONS FOR
SOME SEMILINEAR ELLIPTIC EQUATIONS

ZONGMING GUO, DONG YE AND FENG ZHOU

We study positive solutions of an equation with singular nonlinearities. The
equation arises in the study of equilibrium states of thin films. Under weak
assumptions on the nonlinearity, we show that for V > 3 there exists a family
of radial solutions {u,},-¢ with u,(0) = « and each of them is oscillatory in
(0, 00). We obtain then a singular radial solution in (0, co) by taking the
limit « — 0. Meanwhile, using the solutions obtained in (0, co), we show
some existence results for the corresponding Neumann eigenvalue problem
on a ball.

1. Introduction

This paper concerns mainly the structure of positive radial solutions of the semi-
linear elliptic equation in R given by

(1-1) Au = f(u),

where f € C!(0, 0o) is a given nonlinear function which tends to oo at 0". A class
of typical examples is f(u) = u™? — pju—? — py with constants p > max(q, 0).
This kind of semilinear equation appears in several applications in mechanics and
physics. For example, equations of the type

(1-2) u;=—V-h(u)VAul—V-[gu)Vu]

have been used to model the dynamics of thin films for viscous liquids, where
z=u(x,y,t) is the height of the air/liquid interface. The zero set

E:{er: lim

_ u(y)dy exists and is equal toO},
=00 1B O] S d

with B, (x) being the ball with center at x and radius r, is called set of ruptures,
which plays a very important role in the study of thin films. The coefficient /4 (u) is
determined by surface tension effects, and the coefficient g(«) can model additional
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forces. Polynomials are often chosen for 4 and g. For example, in the van der Waals
model we may choose /() = u> and g(u) = u™ — ku™, with suitable constants
k, m, n. If we consider the steady states of Equation (1-2), we see that u satisfies

hw)VAu+gw)Vu =4 in Q,

where € is a constant vector. Assuming € = Oy, let v = (2 —m)/3~™y; then a
direct calculation yields that

k(2 —m)B—m/G—m)
CED

Some detailed physics background is found in [Bertozzi et al. 2001; Bertozzi
and Pugh 1998; 2000; Burelbach et al. 1988; Hwang et al. 1997; Jones and Kiipper
1986; Joseph and Lundgren 1972/73; Laugesen and Pugh 2000a; 2000b]. Some
recent mathematical analysis is found in [Griin 2004; Jiang and Lin 2004; Jiang
and Ni 2007; Li et al. 2005; Slepcev and Pugh 2005].

In this paper, we study of the radial solutions of Equation (1-1); hence we always
write it in the radial version

(1-3) u'/—i—NT_lu/: f(u) forr=|x| =\/x12+xg---+x,2v € [0, 00).

Av = "2

V72— Cy in Q.

Here f satisfies two general conditions:
Condition 1.1. (i) f has a single zero £, in (0, co) satisfying f'(zy) < 0,
(i1) f is nonincreasing near 0, and lim;_, o+ f(¢) = oco.

Remark 1.2. Here we do not need any monotonicity assumption at infinity for f,
and no additional condition on the primitive of f is required.

As a very special case of our main result, let f(u) =u=? —puju=? — u, for any
constants p > 1 > ¢ > 0 and uy > 0. We will show (see Theorem 2.9 and Remark
2.10) in dimension N > 3 that if @ > 0 with o # g, where 1y is the unique zero
of f, then Equation (1-3) has a global solution u, with u,(0) = «. Moreover, u,
is infinitely oscillatory around the constant #y. That is, there exists a sequence p;,
tending to oo such that u, (p}) =t for n € N and such that u, — 7o changes sign at
py- We present a uniform approach for N > 3, since we have different behaviors
in lower dimensions N = 1, 2, for which some special results will be given in the
appendix.

Meanwhile, we show that when N > 3, Equation (1-3) has a singular (or rupture)
solution ug which is also oscillatory; see Theorem 3.1. More precisely, ug is a
continuous radial function in RY and is a weak solution of (1-1) in R" such that
uop(0) =0.

Jiang and Ni [2007] have shown the existence and uniqueness of the radial rup-
ture solution when f(u) =u~"? — u, in RN with p, u > 0 and N > 2. Their proof
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for the existence of rupture solution used more-involved ODE techniques and is
very different from our method.

Using the entire solutions, meaning those defined on the whole space, we obtain
easily the structure of radial solutions for the eigenvalue Neumann problem

(1-4) Au=Af(u) in B, ?TZ =0 ondB,
where A > 0, f satisfies Condition 1.1, and B = B; = {x e RV : ||x| < 1} is the
unit ball of RV,

When f is positive, for example, if f(u) = u~? with p > 0, then is clear that
any radial solution is increasing with the radius r. Guo and Wei [2007] give some
interesting necessary and sufficient conditions to ensure the radial symmetry of
entire solutions; however we do know that nonradial solutions exist, for example,
when N =2 and p = 3. For entire radial solution of Au = K (r)u~? with bounded,
positive and, nonincreasing coefficient function K and p > 0, the asymptotic be-
havior of u near oo was established in [Guo et al. 2006].

2. Existence and oscillatory properties of solutions of (1-3)

We first remark that any classical radial solution of (1-3) solves the initial value
problem
N—1

Q2-1) u'+ Tu’ = f(u) inRy, withu(0Q)=a>0 and u'(0)=0.

In this section, we assume always N > 3. We claim then for any o € (0, fy) that the
solution u, (r) of (2-1) is oscillatory around the unique zero of f, and u,(r) > 0 for
all r > 0. Throughout the paper, the symbols C and C; denote positive constants,
though they may change from one line to another.

Theorem 2.1. Suppose that f € C'(0, 0o) satisfies only Condition 1.1(i). Then for
each a € (0, ty), (2-1) has a unique positive solution uy, which oscillates around
the constant ty, that is, there is an increasing positive sequence {r}} such that
{r>0,u,(r)=0}={r"} and lim,_, o, 1" = 00. Also the r¥+!
Uy With uy (rff“) > to for any i € N, while the rozf are local minima with ug (ré) <.

are local maxima of

Proof. By standard ODE theory, Equation (2-1) has a unique solution u, near r =0
for any fixed 0 < & < g, and u, can be extended whenever it exists. For simplicity,
we will omit the index «. Thus

(2-2) N Y =N ).

Condition 1.1(i) implies that f(z) > 0 in (0, fo) and f(¢) < O for any ¢ > #g, so u
is increasing near r =0 as o € (0, #p). We want to prove that the solution exists on
all of Ry.



60 ZONGMING GUO, DONG YE AND FENG ZHOU

Assume that u exists in [0, rpax). Define

(2-3) F(t) = f F(5)ds.
Multiplying (2-1) by u’, we find
(2-4) (”7/2 _ F(u))l(r) — (Nr—_l)u’(r)z <0 forall r €[0, rom).

Therefore the function u’(r)>2 /2 — F(u(r)) is decreasing in [0, rpax), and so
(2-5) Su'(r)* = F(u(r)) < —F(a).

Hence F(u(r)) > F(a), and we get readily u(r) > « in [0, rpmax) by the variation
of F. It remains to show that u cannot tend to infinity at a finite value of r.

We now claim « has a turning point. That is, there exists an #' > 0 such that
W' (r'y =0and u”(r') <0. In fact, let ! =inf{r > 0:u'(r) = 0}. If ! < oo exists,
then, since 7V ~!u’ increases until u reaches #o, it is clear that u(r!) > 7). Hence
u"(r') < 0 by Equation (2-1). If r! does not exist, u is increasing in [0, rmax).
Since f is negative in (fy, 00), we get 0 < rNly < Cin (0, Fmay). Using N > 3,
we find that lim,_,, u(r) = B € (0, oo) exists. Hence rpax = 0o. Furthermore,
if f(B) > 0, we have then Au > C > 0 for r big enough, and we easily get
u(r) > Cyr* — C,, which contradicts B € R. Similarly, we cannot have f(8) <0,
so we must have 8 = ty. But this is also impossible by Lemma 2.2 below, whose
proof we postpone. Our claim is proved.

Lemma 2.2. Suppose that an entire solution u, of (2-1) exists with f satisfying
(i) and N = 3. Then there is no ro > 0 such that u, > ty or ug <ty for allr > ry.

Moreover, the monotonicity of u”? /2 — F(u) and the variation of F show that
u(r) < u(r') for any r > r!. In conclusion, the solution u exists in R4, and
u(r) € [a, u(r')]. The oscillatory property of u is insured by Lemma 2.2, which
then implies there is an increasing sequence {r'} such that lim;_, o 7’ = oo and
u'(r')y = 0.

We see that if r, is a local minimum of u, then u”(r,) > 0 and u’(r,) = 0. Thus
u(ry) < to by Equation (2-1), since we cannot have u(r,) = typ. On the other hand,
any local maximum r* of u satisfies u(r*) > #yp. Recall that r! realizes a local

maximum of u; so r2*! are local maxima, while r% are local minima. O

Proof of Lemma 2.2. Suppose that there exists an rg > 0 such that u > 7y for all
r >rgp, and so Au <0 forr >rg. As above, we can show that u is uniformly bounded
and u(r) tends to 7y at co. Set v =u —ty. Then v > 0 in [ry, 00), and v satisfies the
differential equation v + ((N — 1)/r)v' — f'(§)v = 0 with £(r) € (19, u(r)). By
lim,_, o u(r) = ty and Condition 1.1(i), there exist constants Co > 0 and r; > rg
such that —Av > Cov in RV \ B,,.



SINGULAR POSITIVE SOLUTIONS OF SOME SEMILINEAR ELLIPTIC EQUATIONS 61

However, this is impossible. Indeed, fix R > r; large enough so that A;(—A)
is less than Co/2 in HJ(Ag), where Ag = Bg \ B,,. Letting ®; € H}(Ag) be a
corresponding eigenfunction such that ®; > 0 in Ag, we get

(—Av)Cbldxz/ Cov®dx.

AR AR

This yields, because 9, ®; < 0 on dAg, that

0<(Cop—r1) v®dx 5/ &vds <0,
Ag aAg OV

and so the hypothesis is false. Similarly, we can prove that these is no ry > 0 such
that u < ty in [rg, 00). O

Remark 2.3. By (2-4), it is easy to show that u, (r2*!) is a decreasing sequence
and that u, (r2') is increasing.

Therefore lim; _, o0 1ty (r2+1) =7 and lim; _, o 1y (r?) =1 exist. In fact, 7 =t = 1.

Theorem 2.4. Suppose that f € C'(0, 00) satisfies Condition 1.1(i). Then any
oscillating solution ug of (2-1) satisfies lim, o ug(r) = to.

Proof. We omit the fixed index «. By (2-4) and the boundedness of u,
(2-6) lim ($u'(r)* — F(u(r))) = ¢

r—00

for some constant ¢ € R. It suffices to prove that £ = 0 = —F (tp). Indeed, letting
{r¥} be the sequence of local extremum points of u, we have limy_, oo F(u(r¥)) =0,
and hence limy_, o0 u(r*) = 9. Then lim,_, o u(r) = fy by Remark 2.3.

It is clear that £ > 0 since F <0 in R;.. Suppose by contradiction that £ > 0, so
t > t. We claim then

22-7) there exists a C > 0 such that r**! — K < C < oo for all k € N*,

Let s¢ € (rK, r¥*1) be the unique point with u(sy) = #p. Using (2-4) again, we
have %u/(sk)2 > ¢ + F(fy), that is, [u/(sx)| > ~/2¢ > 0. On the other hand, we
know that o <u <u(r') for all » € [r!, 00). Therefore f(u) is uniformly bounded
in [r!, 00). Because F < 0, $u'(r)* < F(u(r)) — F(u(r')) < —F(u(r")) for all
r > r!; hence u/(r) is uniformly bounded in [r!, c0). By (2-1), we see that u” ()
is uniformly bounded in [r!, c0). There is an 5 > 0 such that |u/(r)| > /¢ > 0 for
all € [sx —n, s +n] with k > 1.

Fixing k£ > 1, we may assume without loss of generality that u is decreasing in
[k, r*1]. In the interval [r¥, sy — n] (if r* < s — 1), we have u(r) > 19+ «/Zn,
which implies that

Sk
/ o f)dr = =Cils—n—r"),
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where C; = — mMax, . /oo w1 f(®) > 0. Also, since u’ <0 in [k, s — ], we see

sk . Sk
/ (u”( )—I— N1, (r))dr > u' (s — er L / u'(rydr > —C,.
r rk

k

Combining the last two results and Equation (2-1), we get sy —n — K < C for any
k > 1. By the same, r**! — s, —n < C for k > 1. Finally we get r**! —rk <2n+C,
which verifies the claim (2-7). We now finish the proof by following the argument
in [Jiang and Ni 2007]. Because

rk+1 k
dr <m(” +C C Cs
rk T - n( rk ) _k rk+1

and |u(r*") —u@*)| >7 —1 =46 > 0, we obtain

"2 o 5 " ar
l 2
/rk . d}"Zrk_Hfrk M(r)erm_C4fk T

However, u’(r)? /r is integrable on [r!, 00) by (2-4). This contradicts the above
estimate, and so we are done. O

Under another assumption on f, we get also the oscillation between two radial
solutions with different initial data.

Proposition 2.5. Suppose that f satisfies Condition 1.1(i) and f' is negative in
(0, 00). Let tg > o and B > 0 be different constants. Then the graph of u,, oscillates
around that of ug.

Proof. Suppose the contrary. Without losing generality, we may assume that
ug(r) > ug(r) for r € [ry, 00) with some r; > 0. Then setting w = uy — ug,
we find w > 0 in [ry, 00), and w satisfies Aw + f/({)w =0 in RV \ B,,, where
¢ € (ug, uy). The boundedness of u, and ug given by Theorem 2.1 means that
there exists a C > 0 such that — f'(¢) > C. Again the eigenvalue argument as in
the proof of Lemma 2.2 shows that it is impossible. U

Define Z(a, B) to be the first zero of uy, — ug, where « > g > 0. Then by
Proposition 2.5, Z(«, ) < oo forall tp > o > B > 0. If f is also convex in R
(for example, f(t) = u~? — C with p, C > 0), then Z(«, B) has the following
monotonicity property.

Corollary 2.6. If f is decreasing, convex in Ry, and satisfies Condition 1.1(i),
then for any ty > a > B > y > 0, we have min{Z («, B), Z(ct, y)} = Z(B, y).
Proof. Suppose for contradiction that Z(B, y) > Z(«a, B). Setting z; = uy — ug,
we have z; > 01in [0, Z(«, 8)) and Az; + k1 (x)z; =0, where

f(uqg) — f (up)

Uy

ki(x) == — <—fllup) in x|l < Z(a, p).
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Next, setting zo = ug —u,, we have zo > 01in [0, Z(B, y)) and Az +k2(x)z2 =0,
where

_ flup) = fuy)

ug—uy

ka(x) := > —f'(up) = ki(x) in x|l < Z(B, y).
Since zo > 0 and —Az; —k2(x)z1 <0in Bz, gy, multiplying by z> and integrating
by parts, we use z’l (Z(a, B)) < 0 and a standard ODE argument to get

0> / (—Az1 —ka(x)z1)20dx = —f %zzda > 0.
Bz(a.p) 0Bz@p O
This is of course absurd, and so we get Z(f, y) < Z(«, B8). This automatically
gives Z(a, y) = Z(B, ). O

Remark 2.7. By the same proof, we have that if f is strictly convex, the inequality
is strict in Corollary 2.6.

Remark 2.8. Becausee we are interested in rupture solutions, we show only the
“small” « case. For the case o > fo with suitable assumptions on ¢, we can prove
without difficulty the analogues of the global existence and oscillatory results of
Theorem 2.1. We leave the proof to interested readers.

Theorem 2.9. Assume that f € C'(0, 00) satisfies Condition 1.1(i). Let F be
defined by (2-3), and suppose a* = sup{s > 1ty : F(s) > lim;_, o+ F(t)}. Then u,
exists globally in Ry ifty < o < o*, and there is an increasing sequence {rl,} such
that for any i € N, r§i+1
a local maximum of u, with u, (ré) > to. Also, lim, _, oo 1y (1) = 1.

is a local minimum of uy with ug (r§i+1) < ty, while ,,3[ is

Remark 2.10. In particular, if lim,_, g+ F(#) = —o0, we have a* = oco. Hence for
any o > 0 with o # 19, the solution u, to (2-1) oscillates infinitely around #y and
converges to fy as r — 00. Furthermore, Proposition 2.5 and Corollary 2.6 hold if
we change 7y to o™,

3. Existence of a singular solution

Now we prove the existence of an entire rupture solution of (1-1) under Condition
1.1. Recall that N > 3.

Theorem 3.1. Given f satisfying Condition 1.1, there is a singular radial solution
uo(r) of (1-1) such that ug € C(RY), uo(0) =0, uo(r) > 0 for r € (0, 00), and
f(ug) € L}OC(RN). Also any singular radial solution of (1-1) oscillates around t,
and converges to ty as r — 0Q.

Proof. The idea is to get a singular solution u#( by taking limit of solutions u, as
a tends to 0T. A key argument is to show that for any r > 0, uy(r) is uniformly
bounded and distinct from O for & > 0 small enough.
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Fix #; € (0, #p] such that f is nonincreasing in (0, ¢;]. For any « € (0, 1), let
ri(a) = inf{r > 0, uy,(r) = t1}; such ry exists due to the oscillation of u,. Since
f>0in (0, ) and

(3-1) PNl ) = / rf(ua(s))sN—lds,
0

we get that u, is increasing in [0, r1] from « to #;; hence f(uy(r)) is decreasing
in [0, r1]. Therefore we have u,,(r) > f(uy(r))r/N for all r € [0, r1]. Now define
G(@) = fot (1/f(s))ds for t < ty. The latest estimate for u,,(r) then implies

2 2
G(ug(r) > ;—N L Ga) > ;—N for all € [0, r1].

Noting that G is increasing in [0, fy), we conclude that

(3-2) Uy (r) > G‘%%) for any « € (0, #;) and r € [0, r1(@)).

Now we will prove that there exists a C; > 0 such that () > C; for small «.
Combining (3-1), (3-2), and the monotonicity of f in (0, #1], we have

r 2
! (r)frl_N/ foG—l(S_)SN_lds for r <ry.
o 0 2N

Integrating from O to r;, we get
rl r S2
(G3)  n —af/ r‘N/ foG*(ﬁ)sN*ldsdr
0 0
/rlf G71<s2) Nl/r1 17Ndd
= o — |5 r ras
0 2N s

1 r 1 SZ
<tz ), ro0 ()
- 0

2
N ri/@2N) . N }’12
“N-2 ), foGo)do =556 <2N>'

The last equality is obtained by the changes of variable t = G~ (o) and G' = f~!.
For all 0 < @ < t;/2, we obtain finally

which means that r| (o) is uniformly bounded from below for & > 0 small enough.
The inequalities (3-2), (3-3), and (3-4) are key arguments for our proof, and they
will help us prove some uniform estimates.

We first prove the local existence of a singular solution and then extend it to a
global solution. Noting that u,, is increasing as it approaches #;, we have by (3-2)
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and (3-4) that

2
G_1<28_N> <ug(ry<n foralla <8<r<+2NCo=:r,,
where Co = G (t,/6).

Using standard elliptic theory and the diagonal process, we obtain a subsequence
such that u,, converges in C! locally in B to aug satisfying Aug = f(uo) in B; .
Otherwise, using (3-2),

2
(3-5) ug(r) > G| (£_N) for r < ry.

This estimate leads to f (1) € L'(By), as in the end of (3-3). It is not difficult to
see that ug is a weak solution of (1-1) in B, . Moreover, noting that the estimate
(3-3) is valid for any ¢ < t;, we get by passing « to 0 that

(3-6) wo(r) < %G—l(%) for all r < r,.
This ensures that lim, ¢+ ug(r) = 0. It remains to prove that ug exists over all of
R.. First, we can repeat the argument in the proof of Equation (2-1) to get a first
turning point r! for ug, and we find uo(r) < uo(r') whenever the solution exists.
It remains to prove that ug cannot reach O for any r > 0. We distinguish two cases,
first, that lim,_, ¢+ F () = —oo and, second, that lim;_, o+ F (¢) € R.

For the first, because — F (u(r)) < —F (uo(r')) for r > r!, we know ug cannot
go near zero by the hypothesis on F, and so ug exists in all of R.

For the second, define

t to
F(t):/ f(s)ds = F(t)+/ f(s)ds.
0 0

Clearly (2-4) holds if we replace F by F. Doing this with u,, and passing the limit
a — 0, we have

u(s)?

N

ds > 0.

Fuo(r')) > (N — 1)/r
0

Since F(0) =0and F (uo(r)) = F(uo(r')) for r > r! by (2-4), we have ug > C > 0
for r > r!, and hence uy is defined in Ry.

Finally, as Lemma 2.2 and the proof of Theorem 2.4 are always valid, we obtain
the desired oscillation and asymptotic behavior for any radial rupture solution,
which completes our proof. (I
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Remark 3.2. We have rather precise behavior for the limiting solution near the
origin, since
G- r? < N i r?
(35) =00 = 55567 (35):

But we don’t know whether the radial singular solution is unique under the entire
Condition 1.1. For some special cases, we will show some uniqueness result and
more precise asymptotic behavior of u( at infinity in a forthcoming paper. Also,
under the same assumptions of Proposition 2.5 or Corollary 2.6, the result holds
for 8 =0 or y =0, respectively.

By the proof, we observe also that Condition 1.1(ii) is sufficient to ensure the
existence of a rupture solution of (1-1) in a small ball. Here we can even erase the
monotonicity condition in Condition 1.1(ii) to get “almost” a local rupture solution
of (1-1). In [Li et al. 2005], a positive rupture solution has been constructed in
small balls under assumption that (g —1)H(t) <tf(¢t) for 0 <t < A, where ¢ > 1,
H(A)>0,and H(t) = ftoo f(s)ds. As indicated in [Li et al. 2005], this condition
guarantees that lim,_, ¢+ f(#) = oo and essentially holds for nonlinearities such as
f(t) =t71 with g > 1. Here we prove a much more general result.

Theorem 3.3. Let f be continuous in (0, ty] such that lim,_,o+ f(t) = oo and

Fu)

G S T0

fo
0, where F(1) = / f(s)ds.
t

Then there exists an r > 0 such that there is a radial function u € C (B,) satisfying
u(0) =0 and Au = f(u) in B C RV,

Proof. Taking sufficiently small 7y > 0, we can assume that f is positive in (0, 7p].
For any 0 < A < {y and o € (0, A], define r, = inf{t > 0, uy(t) = A}, where u,
is the solution of (2-1). We see that such r, is well defined, since u,, is increasing
in the region before 7y. The equality (3-1) implies that v _1u(/1 (r) = (C/N)r" for
r <rp, where C =min ;, f(¢) > 0. Thus

2NA

(3-8) rlz\fz?N(A—a)f forany 0 <a < A <1.

On the other hand, there exists a C! nondecreasing function g(¢) such that
F(t) <g@®)f(t)in (0, fp] and lim,_, ¢+ g(¢) = 0. Let

12 ~
H,(r) = rN(MT" + Flug) — gg(ua)u;) for r € [0, ;1

A direct calculation then yields

H,(r) =" [NF (ua) — Ng(ua) f (e) — Ng'(ue)ul? + (1 — i Nyu/?] <0,
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and thus H, (r) is nonincreasing in [0, r; ]. So we get

u/2 - )
Y 4 Fluo) - Y gy <0 in (0,17,

which implies u,,(r) <2Ng(uy)/r in [0, ri,], since F >0in (0, 7p]. We claim there
then exists ry > 0 such that r; (&) > r for any @ > 0 small enough. To prove this,
consider v as the radial solution of
v+ N—_lv/ =Cp =max f(1)
r [A. 7]
with v(rp) = ue(rpa) = A and V'(rp) = u,,(rp) > 0. It is not difficult to see that
v > ugy forr € [ra, r;] and @ < A. Hence, for such r,

Car? 2—-N
B9 ) Sv) = A+ (s = L) (1= 5

A
CA(VZ—"/Z\)
2N
A4 ul (ra)ra . Cpar? Ad 2Ng(A) cArZ'
= N-2 2N ~ N-2 2N

Fixing A¢ > 0 small enough so that

2Ng(Ao) _ 1o

A TR

By taking r = r;, in (3-9), we obtain r% > Nfo/CA0 for ¢ < Ag; so our claim is
true.

Combining this with the estimate (3-8), we have u, (r) € [C§ 2/2N, fo] uniformly
for any 0 <@ < § <min(Ag, r,) and r € [§, r,]. Using standard elliptic theory and
the diagonal process, we get a subsequence such that u,, converges in C! locally
in B to a ug satisfying Aug = f(uo) in B} .

On the other hand, since u,(r) < A in [0, r5 ], we may combine this with (3-9)
and conclude that for all 0 < o < A < Ay, we have

2Ng(A) Cpr?

(3-10) ua(r) < A+ e in (0.7,

Passing the limit « — 0", we find the same estimate holds for u¢. Recalling that
lim,_, o+ g(¢) = 0, we can hence choose for any € > 0 an A € (0, €) such that
g(A) <e. By (3-10) with now o = 0, we have ug(r) < 8¢ for r sufficiently small;
this then yields lim,_, o uo(r) = 0. [l
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Remark 3.4. The difference between Theorems 3.1 and 3.3 is that in the first
case, Condition 1.1 ensures the existence of a entire weak solution, while this is
not always the case for the second one.

4. An application

One direct consequence of Theorems 2.1 and 3.1 is the structure of radial solutions
to the eigenvalue Neumann problem

(4-1) Au=if) inBCRY, g—”j=0 on 9B,

where f satisfies Condition 1.1, N > 3, and A > 0.

Theorem 4.1. Let o™ be defined as in Theorem 2.9. For any 0 < o < ¥, there is
an increasing sequence {,,(a)} such that for A = Ay, (4-1) has a radial solution
u,(r) satisfying u, (0) = a. Moreover, the function u,, — ty has exactly n zeros for
r € (0, 1). Meanwhile, if « < o™ and \ & {1, ()}, then (4-1) has no radial solution
u satisfying u(0) = «.

Proof. Theorems 2.1, 2.9, and 3.1 provide an entire oscillate radial solution such
that #(0) = « for any 0 < @ < ™.

Using the transformation w(x) = u, (ﬁx), it is easy to see that Aw = Af (w)
in B and 9, w(x) = \/Xu;(\/x) on dB. Thus for A,, = (rgf)2 with {r} the increasing
sequence of positive critical points of u,, we get a solution of (4-1).

On the other hand, if u is a radial solution of (4-1) with « > 0, the function
v(x) = u(«/Xx) satisfies the initial value problem (2-1), and so it coincides with
the unique solution u,. This means that we must have u’ (\/X) = 0, that is, there
exists an n such that A = (r(;’)z. U

Appendix: Cases N =1 and 2

Here we show that the situation is quite different between the dimensions N < 2
and N > 3. Consider Equation (1-3) with f satisfying Condition 1.1. For N =1,
we have the following result.
Proposition A.1. If u” = f(u) with u(0) = a € (0, ) and u'(0) = 0, then the
solution will be globally defined in R, and either u is periodic, or u is increasing
and lim, _, 5o u(r) = oo.
Proof. Letting F be the primitive of f defined by (2-3), we then have

31/ (r)* = F(u(r)) = —F ().

By the variation of F, there exists at most one point 8 > fg such that F(8) = F («).
Hence u/(r) =0 if and only if u(r) = « or u(r) = B. Since u is increasing near 0,
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we have two possibilities: either # remains increasing or there exists an ry such
that u(rg) = B. In the first case, u’(r) is uniformly bounded since F < 0; this yields
that u is globally defined in R, and we conclude lim,_, o u(r) = y exists. As in
the proof of Theorem 2.1, we must have y = oo, since the only zero of f satisfies
f'(tp) < 0. In the second case, by extending as u(r) = u(2ro — r) on [rg, 2r¢] and
so on, we obtain a periodic solution. U

We should mention that when N = 1, Laugesen and Pugh [2000b] have consid-
ered very carefully the properties of positive periodic solutions or rupture solutions
for thin film equations. We next have the situation in R:

Proposition A.2. Let N =2. Forany a € (0, ty), the solution u, to (1-3) is always
globally defined on R. Either uy oscillates around ty with lim,_, o uy (r) = to, or
Uy is increasing and lim, _, oo Uy, (r) = 00.

Proof. In fact, either u is increasing, and we can say that 0 < u’ < C, and hence
u exists globally and must satisfy lim,_, o 1y (r) = 00; or there exists r! such that
u'(r'y=0and u”(r') < 0. Then the rest of the proof of Theorem 2.1 and 2.4 holds
when N = 2. O

All situations can occur. If lim,_, o, F(t) = —o0, we see by F(u(r)) > F(x)
that u cannot tend to oo, and so # must oscillate around #y. An example is when
fw)=u"?—C with p,C > 0.

On the other hand, we may consider the case lim,_, oo F(¢) <lim;_,o+ F(¢) when
N =1. Taking o > 0 small enough so that there is no B > « satisfying F(8) = F(«),
we then obtain lim,_, » u (r) = 0o0. For N = 2, we show in the following some
examples in which lim,_, o u(r) = co.

Lets; >0.Letgbea C' function on R for which g > 0on [0, 51), g'(s1) <O,
g is constant near 0, g < 0 on (s1, 00), and

o
/ sg(s)ds =y > 0is convergent.
0

Define

r N
u,(r)=«a +/ %/ og(o)dods foroa > 0.
0 0

Of course, ugy is increasing from o to oo. Let f(f) = go u;l(t) be defined on
[a, 00). It is clear that f is C' on [a, 00) and that f has a single zero ty = uy(s1)
with f/(#9) < 0. We need only to extend f on (0, @) by positive values to satisfy
Condition 1.1(ii). We obtain Auy = f (1s) in R? with 14 (0) = a < 1.
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