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This paper concerns the following transonic shock phenomena in a three-
dimensional de Laval nozzle described by Courant and Friedrichs: Given
the appropriately large receiver pressure p,, if the upstream flow is still
supersonic behind the throat of the nozzle, then at a certain place in the
widening part of the nozzle a shock front intervenes, and the gas is com-
pressed and slowed down to subsonic speed. The position and the strength
of the shock front are automatically adjusted so that the end pressure at
the exit becomes p,. We study this problem for the inviscid steady potential
equation. In this case, the transonic shock is a free boundary dividing the
hyperbolic region and the elliptic region in the nozzle. One main result is
that for a general class of nozzles, such a transonic shock solution is unique
if the shock exists and is assumed to pass through a fixed point. We also
construct a class of de Laval nozzles such that the transonic shock phenom-
ena do not occur for the generally given large pressures at the exit for the
potential flow model.

1. Introduction and the main results

This is a continuation of our study of the well-posedness of the problem of a mul-
tidimensional transonic shock to the steady flow through a general curved nozzle
[Xin and Yin 2005a]. Our focus is on transonic flows with shocks in a general
three-dimensional nozzle, which is an important subject in gas dynamics [Bers
1954; Courant and Friedrichs 1948; Fletcher 1991a; 1991b]. In particular, we are
concerned with the following transonic phenomena in a De Laval nozzle as posed
by Courant and Friedrichs [1948, p. 386]: Given an appropriately large receiver
pressure p,, if the upstream flow is still supersonic behind the throat of the nozzle,
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then at a certain place in the widening part of the nozzle, a shock front intervenes,
and the gas is compressed and slowed down to subsonic speed. The position and
the strength of the shock front are automatically adjusted so that the end pressure
at the exit becomes p;.

In [Xin and Yin 2005a], we established the well-posedness of the structure men-
tioned above of the transonic flow with shocks in a general two-dimensional nozzle
for a class of pressures which are induced by appropriate boundary conditions at
the exit of the nozzle. However, as shown by Courant and Friedrichs [1948, p. 377],
the flow through a duct should be considered as a steady, isentropic, irrotational
flow with cylindrical symmetry and should be determined by solving the three-
dimensional potential flow equations with appropriate boundary conditions. Thus,
one major goal of this paper is to treat the well-posedness or ill-posedness of
such a transonic flow pattern with a multidimensional shock in a general three-
dimensional nozzle with a slowly-varying cross section. For other discussions on
transonic flows and transonic flows with shocks and recent studies on multidi-
mensional transonic shocks, refer to [Xin and Yin 2005a; 2005b; Xin et al. 2008]
and the references therein; see also [éanié et al. 2000; Chen and Feldman 2003;
Morawetz 1956; 1958; 1964; 1957; 1986].

Suppose that there is a uniform supersonic flow (u1, us, u3) = (g—, 0, 0) with
constant density o9 > 0 and which comes from minus infinity; suppose also the
flow enters the nozzle. We assume throughout that the nozzle wall is of a small
perturbation of a cylindrical surface {x :xz2 + x% =1 for —1 < x; < 1}. In addition,
the flow in the nozzle is assumed to be irrotational and isentropic; see [Alt et al.
1985; Bers 1954; Courant and Friedrichs 1948; Majda 1991] and again the papers
of Morawetz.

Let ¢(x) be the potential of velocity, that is, (3;¢, )¢, d3¢) = (41, Uz, u3). Then
Bernoulli’s law implies

(1-1) $IVel* +h(p) = Co= 1q° + h(po),

where h(p) is the specific enthalpy. For the given equation of state P = P(p) with
P'(p) =c*(p) > 0 for p > 0, we have 1’ (p) = c*(p)/p.

Since 7/(p) > 0, one then can define the inverse function of 4 (p) to be H(s),
namely,

(1-2) p=H(Co—3IVel).
The equation of continuity becomes

3
Y 0:(dipH) =0,

i=1
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which can be rewritten as

3
(1-3) D (@) =Moo +2 ) digpd;jpde=0.

i=1 1<i<j<3

It is easy to verify that (1-3) is strictly hyperbolic for [V¢| > c(p) and strictly
elliptic for [Vg| < c(p).

Suppose that the wall of the nozzle is given by (x% + x32)1/ 2= f(x) for -1 <
x1 <1, such that

(1-4) IVE(f(x) =Dl <e for—1 <x; <1 and || <k,

where kg € N and ko > 7.
Without loss of generality and for convenience, we assume that

(1-5) f(=1,x2,x3) =1, Ve ()]
f(l, x2,x3) =1,

When the uniform supersonic flow (g_, 0, 0) enters the entry of the nozzle, then
the potential ¢_(x) in the nozzle will be determined by the initial boundary value
problem for a quasilinear wave equation given by

y=_1 =0 forl<|a| <ko.

Z (Bip_)>—c*)d%p_+2 Z ai(p_ajw_al.zjw_:(),
i=1.2.3 1<i<j<3
(1-6) ‘Pf‘xl:_l =—q-,
81(p_|x1=71 =4q-,
NfOP—+D iy 30 f—xi/f)dio—=0 on (x3+x)"? = f(x),

where c_ = c(p_) and p_ = H(Co— 1|Vo_|?).

It follows from Lemma 2.1 that (1-6) has a C> solution ¢_(x) in the nozzle
{1, x2,x3) : =1 <xp < 1, (13 +x5)2 < f(x)}. Also [V (¢ (x) —g-x1)| < Ce
holds for |x| < 5.

Suppose the pressure Er (x2, x3) = P(p4(x2, x3)) at the exit x; = 1 of the nozzle
is appropriately larger than that in the entry, where

pi(x2,x3) € CH({(x2, x3) : (x5 + 3D < £(1, x2,x3)})

is a small perturbation of the constant density p or, more precisely,

Ve s (04 (X2, x3) — p1)| <& for 0 <|a| <4,
where the density p4 and the constant velocity |V¢| = ¢4 satisfy the relations

(1-7) 5a5+h(p)=Co.  prgy=pog—. gy <c(py).
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Then we expect that there appears a transonic shock X : x; = £(x2, x3) in the
nozzle. To assure uniqueness of the flow pattern as in [Xin and Yin 2005a], we
also require that the shock ¥ goes through a specified point ¥ = (0, )Eg, )Eg) at the
fixed boundary, that is,

(1-8) §(%,#) =0, with ((&)> 4+ EDH'? = f(&9).

Let ¢4 (x) be the velocity potential across the shock X. Then the potential is
continuous across the shock X [Bers 1954; Courant and Friedrichs 1948], that is,

(1-9) pr(x)=¢p_(x) forxeX

and V¢ must satisfy the Rankine—Hugoniot condition

(1-10) [1pH]— Y %£[09H]=0 onX.
i=2,3

Furthermore, the entropy should satisfy the physical condition

(1-11) H(Co—3IVe-I") < H(Co—5|Vgs ") onZ.

At the exit of the nozzle, the given pressure satisfies

(1-12) H(Co—5|Ve4l?) = py(x2,x3) onx;=1.
Finally, the no-flow boundary condition on the wall of the nozzle says

(A-13)  fdps+ Y @if —xi/f)dior =0 on (x3+x3)"> = f(x).
i=23
We will use the notations
={(x1,xx3) 1 =1 <x; <1, (x3 +x)'?* < f},
sz+ = {1, x2,x3) 1 £(2, x3) < xp < L, (3 +x9) 2 < f(0)}
= {(x2, x3) : (§(x2, x3), x2, x3) € T},

where the last is the projection of the shock surface ¥ on the (x,, x3)-plane. Also,
r=3n {1, x0,x3) 0 (5 +xD) 2 = f0)),
Do = {(1 22, x3) s (3 + 22 = £ ;2 x9) ),
|d, | = dist(x, F]) for x € ¥ and (x», x3) € S,
|d, | = min{dist(x, T'y), dist(x, T5)} for x € Q.

Our first main result concerns the uniqueness of the solution to the Equation
(1-3) with the boundary conditions (1-8)—(1-13).
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Theorem 1.1 (uniqueness). Suppose that (1-4), (1-5), and (1-7) hold. Then for
suitably small ¢ > 0, Equation (1-3) with boundary conditions (1-8)—(1-13) has
no more than one pair of solutions (¢+(x), £ (x2, x3)) with the following regularity
properties:

(i) Fork =2,3 and (x;, x3) € S,

N C
£(x2, x3) € CH10(S) N C (), |V§2’X3S(X2,X3)| =< |d~|"—f2+50
I

1§ (x2, x3) | 11405y < Ce,

Here and below &y € (0, 1/3) is a fixed constant.

(i) ¢4 (x) e CH1=%0(QL) N C3 () such that

o+ (x) —gixillcri-5g,) < Ce,

C
|V)]:(,0+(X)| < |d|k——82+80 fOl"k = 2, 3and x € Q+.
X

Remark 1.2. It follows from the regularity theory of the second order elliptic
equations with the cornered boundaries (see for example [Lieberman 1988]) that
the assumptions on the regularity of the solution (¢4 (x), £(x2, x3)) in Theorem 1.1
are plausible. See also Theorem 1.8 below.

Remark 1.3. If the end pressure p(x3, x3) in (1-12) is given on a C*-smooth sur-
face x; = g(x2, x3) with |V§;’2’x3 (gx2,x3) —1)| <efor0<|a|l <4and (x3, x3) €
{(x2, x3) : (x% —I—ch)l/2 < f(1, x2, x3)}, then by an analogous proof, one can show
that Theorem 1.1 also holds in this case. This remark will be useful in proving
Theorem 1.5 below.

Remark 1.4. To prove Theorem 1.1 (see Section 2), we will reformulate the prob-
lem (1-3) with (1-8)—(1-13) by introducing the partial hodograph transformation

Xl —1_ 1—)61
(1-14) l—x1+9_(x) =@ (x)’

X; :x,-/f(x) fori =2, 3.

The transformation (1-14) changes the domain €2 into

O+ ={(X1,X2,X3):0< X <1, X§—|—X§< 1}.
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Define a new unknown function V(X) =1 —x; + ¢_(x) — ¢4+ (x). Then it follows
from a direct computation that Equation (1-3) with the boundary conditions (1-8)—
(1-10) and (1-12)—(1-13) can be reformulated as (see Section 2)

Y (X, V,VxV)dg,x,V + Fo(X, V, VxV) =0 in 04,
i,j=1,2,3
" G(X,V,VxV)=0 on X; =0,
1 -
H(Co—5(A+8,V =019+ 3 0,V =819 )%)) =51 (1) on Xy =1,
i=2,3

and, on X% + X% =1,

S (X lf =08 X 91 £ X, )ox, V
j=1,23 =23
=01 f(1—=p )+ Y (xi/f =i f)digp-.

i=2,3
Here the variable x = (x1, x7, x3) is a function of X = (X, X5, X3) and V(X).
By the regularity theory of second order elliptic equations with cornered bound-
aries and the fact that the vector field 9y = X,0x, — X33y, is simultaneously tangent
to the surfaces X; =0, X; =1, and X% + X% = 1, it is actually valid to assume
more regularity of V (X) with respect to 6 by requiring

(1-15) 19V | cti-s05,, < Coe and  sup Ry ***|VkapV| < Coe

" XeQ4
for k = 2,3, where Ry = X;(1 — X))+ 1— (X% + X%). For more details, see
Lemma 5.3.

Next we turn to the nonexistence of solutions to the transonic shock problem
with general given pressure p(04(x)) at the exit of the nozzle.

Suppose that the nozzle wall is C3-regular for —1 < x; < 1 and that it consists
of two surfaces I1; and IT,, where I1; includes the converging part of the nozzle
and I, is a cone-shaped surface in —1/2 < x; <1 (that is, the widening part of
the nozzle) whose vertex is (x?, 0, 0) with x? < 0 and |x?| sufficiently large. Also
suppose I1; and I, are close to the cylindrical surface {x :x22 +x32 =1, —1<x <
1}. More precisely, we assume that I, is given by x22 —i—x% =(x —x?)ztgzozo(ao >
0), where tgatg=1/(1—xY). Then I, is close to the cylinder x3+x7=1in—1/2 <
x1 <1 for sufficiently large |x?|, since x% +x§ =(x —x?)z/(l — x?)z. In addition,
we assume that the transonic shock goes through some fixed point Xy = ()Z?, )Eg , )Eg) )
at [T, with r0= (()Z? —x(l))2+ (J?S)Z—F(ig)z)lﬂ = —x?, and the supersonic incoming
flow is symmetric in —x? —1/4<r < —x? with r = ((x1 — x?)2 —I—x22 +x32)1/2
(that is, the potential ¢_(x) depends only on r for —x? —1/4<r< —x?) and is
a small perturbation of the constant state (o9, g—, 0, 0). By the hyperbolicity, one
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can obtain a supersonic flow ¢_(x) in the global nozzle that which is symmetric
in —x? —1/4<r<(1- x?) sec ag and close to g_x;. Furthermore, the boundary
condition (1-12) is replaced by

(1-12) H(Co—1/2|Ve ) =py onr=(1—x)secao,

where the constant density p, is determined by (1-7).
To study the transonic problem with the boundary condition (1-12)" we may
introduce as in Remarks 1.3 and 1.4 the partial hodograph transformation

X, =1- g(x2, X3) =X
(1-14) g(x2, x3)—x1+9_(x)—p4(x)’

Xi=x;/f(x) fori=2,3

with g(x2, x3) = x) + (1 —x0)? sec? ag — (x3 +x3)) /2 and £ (x) = (x; —x))1ga.
Under the transformation (1-14)’, € is changed onto

O ={(X1. X2, X3):0< X; <1, X34+ X5 < 1}.

Define a new unknown function W (X) = g(x2, x3) —x1+¢_(x) —¢4(x). Then we
proceed as in Remark 1.4: for any solution to the problem (1-3) with (1-8)—(1-11),
(1-12)’, and (1-13) in same regularity class as set forth in Theorem 1.1, one may
also assume that W (X) satisfies

[(X20x; — X38X2)W”c111*50(é+) < Coe,

1-15)' _
(1-15 sup R 2T0|VE (Xp0x, — X30x,)W| < Coe fork =2,3,

Xe04

with Ry = X;1(1— X1) + 1 — (X5 + X3).
Then from Theorem 1.1 and the assumption (1-15)’, we can show the following
nonexistence result.

Theorem 1.5 (nonexistence). If the nozzle wall consists of I1y and T1, as described
above, then one can find supersonic incoming flows that are small perturbations of
(po, g—, 0, 0) such that the problem (1-3) with (1-8)—(1-11), (1-12)’, and (1-13) has
no transonic shock solution (¢4 (x), £(x2, x3)) with the regularity and estimates
stated in Theorem 1.1 and (1-15)'.

Remark 1.6. For the arbitrarily given and appropriately large pressure p (o4 (x))
at the exit, Theorem 1.5 states that the transonic problem (1-3) in the nozzle with a
shock can not occur. Moreover, it follows from the proof of Theorem 1.5 that the
assumption (1-8) is actually not needed, that is, even if one adjusts the position of
the possible shock at the widening part in —1/4 < x; <1, the transonic shock does
not exist yet; see Remark 4.7.
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Remark 1.7. For complete Euler equations, if the widening part of the nozzle
walls are straight and the corresponding supersonic incoming flow in the widening
part is symmetric, then it can be proved that the transonic shock wave pattern can
occur when the scope of pressure at the exit of the nozzle is appropriately given
(it plays a crucial role in the proof that the entropies are different on two sides of
the shock surface for the complete Euler system). The details can be found in [Xin
and Yin 2005b; Xin et al. 2008].

Despite the nonexistence result in Theorem 1.5, we can find a class of pressures
(although we do not give the pressure directly at the exit) that are induced by the
oblique derivative boundary conditions (1-12)” so that the transonic shock problem
(1-3) has a unique solution and satisfies the boundary conditions

(1-12)" 019+ + b2(x) gy + b3(x)0394 +b1(x)pr = g(x) onx; =1

Here b;(x) € C3(Q) fori =1,2,3 g(x) € C3(Q), and A < bi(1, x2, x3) < A for
(x2, x3) € {(x2, x3) : (x% —Hc32)1/2 = f(1, x, x3)}, where A and X are two positive
constants. Also, |V¥(g(x) — (1 +b1(x)x1)g+)| + |V¥br(x)| + |V¥b3(x)| < ¢ for
O0<|a| <3 and x € Q. With the same notations as in Theorem 1.1, the main
existence result can be stated as follows:

Theorem 1.8. Let the assumptions (1-4), (1-5), and (1-7) hold. Then for suitably
small ¢ > 0, there exists a unique transonic pair (¢(x), &E(x2, x3)) such that ¢(x)
is piecewise smooth, that is,

p-(x) ifx1 <§(x2, x3),
o4+ (x) ifx1 > §(x2, x3)
and (¢(x), £(x2, x3)) solve the problem (1-3), (1-9)—(1-11), (1-12)", and (1-13).

Moreover, for a given constant 0 < &g < 1/3, there exists a constant C indepen-
dent of € with the following properties.

p(x) = {

() Regularity of supersonic flow: ¢_(x) € C3(Q) solves the initial-boundary
value problem (1-6) in Q. Also ||o—(x) —g—xill¢s g, < Ce.

(i1) Regularity of the shock surface:

E(xp, x3) € CHIT2(8)NC(S), I1& (2, x3) | e300 5, < Cé,
VY &2, x3) < Ce/ldr [F21% fork=2,3 and (x5, x3) € S.

(iii) Regularity of the subsonic flow: ¢4 (x) € cl1-% (§+) N C3(S2+) admits the
estimates || ¢+(x) — q+x1lcri-5(g,) < Ce and |V, (x)| < Ce/|d,[F—21%
fork=2,3and x € Q4.

(iv) Entropy condition: The entropy must satisfy the physical condition (1-11) on
the shock X.
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Remark 1.9. It should be noted that the main assumption in Theorems 1.1, 1.5,
and 1.8 is that the wall of the nozzle is a small perturbation (1-4) of a straight cylin-
der. This is in general necessary for the existence of such a transonic shock wave
pattern. This is because for nozzles that deviate significantly from a flat cylinder,
there may be supersonic shocks in the supersonic region, or supersonic bubbles
surrounded by subsonic flow; see [Bers 1954; Courant and Friedrichs 1948].

Obviously, combining Theorem 1.1 with Theorem 1.8 yields the following result
on the existence and uniqueness for a class of pressures at the exit of the nozzle.

Theorem 1.10 (Existence and uniqueness for a class of pressures at the exit). If
0+ (x2, x3) in (1-12) and a specified point in (1-8) are determined by Theorem 1.8,
then the problem (1-3) with (1-8)—(1-13) has a unique transonic shock solution.

We now comment on the proof of the main results. Some of the main diffi-
culties are that (1-3) is a mixed-type quasilinear equation and the shock surface
is a free boundary with nonlinear boundary condition (1-10). In order to prove
Theorem 1.1, the main strategy of the analysis comes from our treatment on the
two-dimensional problem in [Xin and Yin 2005a]. First, we introduce a new par-
tial hodograph transformation that maps the domain Q into the fixed domain
Q+ ={(X1, X7, X3):0<X; <1, X§+X§ < 1} as in [Xin and Yin 2005a]; see also
[Chen et al. 2002; Majda and Thomann 1987; Meirmanov 1980]. Under this trans-
formation, the quasilinear potential Equation (1-3), whose coefficients contain only
the first order derivatives of ¢(x), becomes a new second order nonlinear equation
with coefficients and source term containing the unknown function V (X) and its
first order derivatives Vx V (X). Correspondingly, the boundary conditions (1-10)-
(1-13) are also changed into new nonlinear boundary conditions containing V (X)
and Vyx V (X). Itis crucial in our analysis that we can choose the partial-hodograph
transformation so that the coefficients of V(X) and VxV (X) in the second order
elliptic equation and the coefficients of V(X) in the boundary conditions are all
suitably small in an appropriately weighted space; we thus avoid the possible ap-
pearance of a negative eigenvalue for the resulting linear equation on v(X). A
key element in the proof of Theorem 1.1 is deriving ||[v(X)|| g2 = O for the solution
v(X) by the multiplier method rather than establishing ||v|| L =0 by the maximum
principle, since it seems difficult [Lieberman and Trudinger 1986] to obtain ||v| p~
by the maximum principle due to the structures of the equation and boundary condi-
tions on v(X). To prove Theorem 1.8, we will use the Schauder fixed point theorem
to solve the corresponding nonlinear elliptic equation on Q. which is the result of
the generalized hodograph transformation in Section 2. Weighted Holder spaces
will be used to treat the possible singularities due to the corners of the domain
[Cani¢ et al. 2000; Gilbarg and Hormander 1980; Lieberman and Trudinger 1986;
Lieberman 1988; 1987; Xin and Yin 2005a]. In addition, one can use the maximum
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principle to derive the uniform L°-estimate by use of (1-12)”. Although the main
strategy for proving Theorem 1.1 and Theorem 1.8 is similar to the approach we
used for the two-dimensional case [Xin and Yin 2005a], much more delicate a
priori estimates are needed to overcome certain difficulties occurring in the three-
dimensional case. In particular, more complicated and careful analyses are needed
for the estimates near shock and fixed boundaries. Finally, based on Theorem 1.1
and making full use of the symmetric properties of nozzle wall I, the supersonic
incoming flow in the widening part for —1/4 < x; < 1/4, and the end constant
pressure, we can show that the pressure at the exit is uniquely determined by the
supersonic incoming flow for the transonic solution with a shock. The main idea
is that we can derive an ordinary differential equation using the symmetry of the
nonlinear equation, the nozzle wall, and the boundary conditions, provided we as-
sume that the transonic shock exists with respect to an appropriately large pressure
at the exit. The reduction procedure is rather delicate and complicated but leads to
the desired nonexistence result, Theorem 1.5.

Next, we note that there have been many studies on transonic problems, as we
mentioned in [Xin and Yin 2005a]. See also [Alt et al. 1985; Cani¢ et al. 2000
Chen and Feldman 2003] and the references therein. In particular, we mention Alt,
Caffarelli, and Friedman’s study [1985] of the existence and uniqueness of axially
symmetric compressible subsonic flows of jets and cavities. They use a variational
approach to solve such a free boundary problem. However, it seems that we are
not able to adapt their analysis because we have different conditions on both the
free and fixed boundaries and because our problem is truly 3-dimensional.

The rest of the paper is organized as follows. In Section 2, we introduce a
generalized partial hodograph transformation and reformulate the original problem
(1-3) with the boundary conditions (1-9)—(1-13) in terms of the new variables. In
addition, we carry out some basic estimates of the coefficients in the resulting
problem. Section 3 derives the HZ-norm estimate for the solution v(X) to the
linear problem that emerged in Section 2. This directly yields v(X) = 0, that is,
it completes the proof of Theorem 1.1. In Section 4 we show with the help of
Theorem 1.1 the nonexistence result in Theorem 1.5. Finally, Section 4 gives the
proof of Theorem 1.8.

From now on, we conventionally take O(¢) and O(M¢e) to mean that there is
a generic constant C such that [O(e)] < Ce and |O(Me)| < CMe, respectively,
where C is independent of M and e.

2. The reformulation of Theorem 1.1 and the generalized hodograph
transformation

After determining ¢_(x) by solving the initial-boundary value problem (1-6),
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the nonlinear mixed-type equation (1-3) with (1-8)—(1-13) can be reduced to a
boundary value problem for a second order quasilinear elliptic equation with a
free boundary (the transonic shock). In this section, we reduce this free bound-
ary value problem on €2 to a boundary value problem on a fixed domain Q4 =
{(X1, X2, X3):0< X <1, X% +X§ < 1} by introducing a generalized hodograph
transformation and a coordinate transformation. First, we estimate the potential
@_(x) for the supersonic flow.

Lemma 2.1. Assume that (1-4) and (1-5) hold. Then (1-6) has a unique solution
¢_(x) € C3(Q) such that ||o_(x) — g-Xillesg) < Ce for small ¢ > 0, where C is
independent of .

Proof. Note that ¢(x) = ¢_(x) — g_x) satisfies

Q-1 (g +09)° =G +2(q- + ) Y 4 go5¢
i=2,3
+ Y (3i§) = )G +20:§3:§953¢ =0,
i=2,3

and
¢(x)|x1:—l = 81¢(x)|x1:—1 =0,

G2 rog+ Y Oif —xn/HAg=—q-0f on(F+xD2= ),
i=2,3

where ¢ = c(H(Co— 3(lg- + 319> + (920> + 19:61))).

It follows from (1-5) that the initial-boundary values in (2-1) and (2-2) satisfy
the compatibility conditions up to the (kg—1)-st order. Since g_ > c(pp), (2-1)
and (2-2) are strictly hyperbolic with respect to the x;-direction for small pertur-
bations of a constant solution. Using the standard energy estimate for the linear
wave equation with the initial-boundary conditions and the Picard iteration (see
for example [John 1990]), (2-1) and (2-2) have for small ¢ > 0 the unique solution
ox) € ﬂfozo Ci([—1, 1], H*~(R)), and there exists a constant C independent of
¢ such that

ko
Z IeCO i (—1.11. %01 @) = CE-
i=0
Hence the Sobolev’s imbedding theorem implies that Lemma 2.1 holds. U
We now reduce the free boundary value problem (1-3) with (1-8)—(1-13) to a

fixed boundary value problem. Without loss of generality, we will henceforth as-
sume that g_ — g4 = 1 unless otherwise stated. Define new independent variables
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as

1— 1—x;
(2-3) X = 1—x1+¢-(x) — @4 (x)
xi/ f(x) ifi =2,3.

ifi =1,

It is expected that [0 (¢4 (x) —g4+x1)| < Ce for 0 < |¢| < 1. Consequently, one

has 9 (¢ (x) — ¢4 (x)) = 01 (¢—(x) —g—x1) — 01 (¢4 (X) —g4x1) +g- —q+ > 1/2
for small ¢ and all x € Q4. This implies ¢_(x) > @4 (x) when x| > &(x2, x3). It
follows that (2-3) is an invertible transformation from the domain §+ to

0. ={(X1,X2,X3):0<X; <1, X3+X3<1}.

Furthermore, the boundaries x| = &(x», x3), x; =1, and (x% + X32)1/2 = f(x) are
transformed into X; =0, X; =1, and X% + X% = 1, respectively.
Now, as in [Xin and Yin 2005a], we define a new unknown function

(2-4) VX)=1=x14+¢-(x) = @4 (x).

One would expect that V(X) =1+ O(¢) and Vx V(X) = O(¢). These properties
are important in the later analysis. It now follows from (2-3) and (2-4) that

1+ (X, — DV(X) ifi=1,

(2-5) Xj = { o
x(1+ (X1 —DHV(X), Xp, X3) ifi=2,3.

Here x;(1+ (X; — 1)V, X5, X3) € C° fori = 1,2 on X and V; this follows from
the smoothness of f(x) and the assumption (1-5). Direct calculations yield

9, X1 =D(X,V, VV)(a,-,- ~Xi-n Y aXivaij,-) for j =2, 3,

i=2,3
(2-6) _
O, Xi = [2(f8ij — xiy, f)
=46;;+0() fori=2,3and j=1,2,3,
and
07 (Xi= Y b0}y Vb forj k=123,
i,l=1,2,3
2-7 _ _
D92 KXo = = F 26500 f + Sk, £+ 502 o )+ 2f i, f, f
=0() fori=2,3and j,k=1,2,3,
where

D(X,V,VV)=(V+ (X — Dax,V) ",
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and
bl =blf (X, V,VV)
= 1D(X, V, VV)(1 — X1) (3, X;0x, X; + 05, X0y, X)),
bl =bl (X, v, VV)
2-8) = —D(X, V, VV) (204 X1y, X1 + 5 X280y, X1 + 0, X204, X,
+ (X1 = D, X2 + 8y, X384 X1
+ 0y, X390, X1 + (X1 — 137, X3)Vx V.

We note that for suitably small €, the functions D(X, V, VV), bl.jlk(X ,V,VV)and
b{)k (X, V, VV) are all smooth functions of X, V, and Vx V.
In terms of the new variables (2-3) and (2-4), Equation (1-3) becomes

(2-9) Y @ (X, V,VxV)d3.x,V + Fo(X, V, VxV) =0,
i,j=1,23

where

aij(X, V,VxV)= Y au(es) @y Xidy X, + b5 ox, V),
k,[=1,2,3

(2-10) F(X,V,VxV) = Z Elik(§0+)(b6kaxlv+ Z anVa)%iXka)
ik=1,2,3 Jj=2.3
= D (aules) —anle-) o o
ik=1,2,3

Here the matrix (a;x) is defined by

(axlfp)z - CZ(V(P) axlﬁl’axz(/’ 8)61()08)63(p
a;j(p) = O, 0, @ (3x2<ﬂ)2 —C?(Vg) O, 0x; 0
0y, 90,0 0y @Oy (0y0)> — C*(V)

ij
with sound speed C (V) = c(H(Coy — %lV(plz)). In deriving (2-9) from (1-3), we
have used the Equation (1-6). It is important to note that the quasilinear Equation
(2-9) is uniformly elliptic in Q4 provided that ¢ is suitably small.

This and other important properties of a;; (X, V, Vx V) and Fy(X, V, Vx V) will
be listed in Lemma 2.4 below.

Next, we transform the boundary conditions in terms of the new variables. First,
it follows from (1-9) that the Rankine—Hugoniot condition (1-10) is equivalent to

Z [0ipH0;(¢pyr —@—) =0 onx; =§(x2, x3),
i=123
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which in the new coordinates takes the form

@-11) G(X,V,VxV)=0 onX; =0,
where
GOV, VxV) = H(Co— 3 (148 V = dip P+ 3 0V — 310 )
i=2,3
x (@10~ =0,V = DA+, V)+ Y Grp-— 5,10, V)
i=2,3

— (e-(+0,V)+ > 90, V) H(Co— 3101,
i=23

Analogously, (1-12) and (1-13) are transformed respectively into

@12 H(Co—3((1+0,V=01p P+ 3 0,V —0i9)?)) =5 ()
i=23

onXlzland,onX%—i—X%:l,

@13) 3 (X0 @/ =00 X; — 00, X;)0x, V
=123 i=2,3
=01 /(=g )+ Y (xi/f =i f)digp_.

i=2,3
Here the variable x = (x1, x», x3) is a function of X = (X4, X», X3) and V(X). It
will be clear that (2-11) and (2-12) represent nonlinear uniform oblique derivative
boundary conditions for (2-9).
Finally, it follows from (1-8) and the transformation (2-3) that

(2-14) VX% =1,

where X° = (X9, X9, X9) = (0, £/ £ (&%), 20/ f (Z%)).

Hence the major problem is reduced to studying the quasilinear Equation (2-9)
on the domain Q. with nonlinear boundary conditions (2-11)—(2-14).

It follows from the assumptions in Theorem 1.1 that V(X) € C1=%(Q,) N
C3(Q1 \ U, Ty) such that

Ce

|1?X|k—_2+50 fork:2,3,

(2-15) [IV(X) = lcri-s5g,) < Ce, |V§V(X)I =<
where
T ={(0, X2, X3) : X3+ X3 =1},
Ty ={(, X2, X3) : X3+ X3 =1},
Ry =Xi(1-X)+1-(X;+X3).
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Next we examine the nonlinear boundary conditions (2-11)—(2-13) so that we
can treat the uniqueness result in Theorem 1.1.

Consider the boundary condition for V on X = 0 first. Note that the boundary
condition (2-11) can be rewritten on X; =0 as

(2-16) Z Bii(X,V,VxV)ox,V+Bi1(X,V,VxV)(V-1)=-G(X, 1, 0,0, 0),
i=1,2,3

with

1
B”(X,V,VXV)=/ doy, vG(X,0(V —1)+1,0VxV)do fori=1,2,3,
0

1
Bi(X,V, VXV)=/ vG(X,0(V—-1)+1,0VxV)do.
0

Due to (2-15), the following estimates hold for the coefficients of (2-16)
Lemma 2.2. We have

(2-17) > IVAG(X.1,0,0,0)] < Ce,

and

(2-18) B (X, V,VxV) = —ps(g+ — q-)(*(p+) — q1)/c*(p+) (1 + O(e)),
(2-19) B (X,V,VxV)=0() fori=2,3,
(2-20) B (X,V,VxV)=0(¢),

and, fork =1, 2,

2

@21 Y IVEBUX, V. Vx VI VA BIX V. Vi V)l = 02 )

i=1
The proof of this lemma is given in the Appendix.

It follows from g+ < c(p+), g+ < g—, and (2-18) that B11(X, V, VxV) # 0 for
small e. Thus one can rewrite (2-16) as

(2-22) 3x,V+ D Biu(X. V. VxV)dy,V+Bi(X, V. VxV)(V = 1)
= = B1o(X, V,VxV) onX; =0,
where the coefficients satisfy the estimates

Bii(X,V,VxV)=0(s), VB (X,V,VxV)=0(e/R11%),

Bi(X, V. VxV) = 0(e),  VEBI(X, V, VxV) = O(e/R*1+0),

fork=1,2 and i =0, 2, 3. These follow from Lemma 2.2.
Next we determine the boundary condition for V(X) on X; = 1.
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Set

G(X,V,VxV) = H(Co—3((1 40,V =019+ Y15 305V — di9)°))
—H(Co— 343)-

Because H(Cy — %qi) = p4+, (2-12) becomes G(X, V,VxV) = pi(x) — p+ on
X1 =1. Asin (2-22), a direct computation yields

(2-23) 3%,V + Y03 Bai(X, V. VxV)dx,V + Ba(X, V, Vx V)(V — 1)
= Byo(X. V. VxV)(p1(x) —py) onX =1,

where

Byu(X.V.VxV)=0(), V5By(X,V,VxV)=0(e/R" "),
EZ(X, V,VxV)=0(e), Vf(EZ(X, V,VxV) = 0(8/Rk—1+50>

fork=1,2andi =0, 2, 3.
Similarly, we can obtain the boundary condition for V (X) on X % +X % =1 from

224) Y Bu(X. V. VxV)ax,V+Bs(X, V)(V = 1) =0 onX3+X3=1.
i=1,2,3

The properties of Bs; and B are described by the following lemma, whose proof
we omit.

Lemma 2.3. Under the assumptions in (2-15), we have

B3 (X, V,VxV)=0(e), VE B3 (X, V, Vx V) = O(e/RE1H50),

Bsi(X,V,VxV) = X; = 0(), VE(By(X,V,VxV)—X;)=0(/R+%),
fork=1,2andi =2, 3. Also

~ (0] ifk=0,1,
V§B3(X’ V) = (8) k=248 lf
O(g/RF"#t%0)  ifk =2, 3.
In addition, we need more information on g;; (X, V, Vx V) and Fo(X, V, Vx V).
In the following lemma, we list some important estimates of a;; and F which will
be used later.
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Lemma 2.4. It follows from (2-15) that
a1 (X, V, VxV) = (¢} — )1+ 0(e)),

a;j(X,V,VxV)=0(e), forl <i<j<3,
a;i (X, V,VxV) = —c2 (14 0(e)) fori=2,3,
Fo(X, V,VxV)=0(e),
Vhai; (X, V,VxV) = O(g/R1T%0) fork=1,2,
VEFy(X, V,VxV) = 0(g/R1T%) fork=1,2.

The proof of this lemma is sketched in the Appendix.

So far we have outlined the linearization of the Equation (2-9) and the boundary
conditions (2-11)—(2-13) and derived some estimates on the corresponding coeffi-
cients. In the subsequent section, we will focus on the uniqueness of the solution
to the problem (2-9) with (2-22), (2-23), (2-24), and (2-14).

3. The proof of uniqueness

In this section, we will use the preparations of Section 2 to prove Theorem 1.1.
Suppose that there are two solutions (ga}r (x), £'(x2, x3)) and (goi (x), £2(x2, x3))
to the Equation (1-3) with (1-8)—(1-13) and that these satisfy the corresponding
regularity conditions in Theorem 1.1. Then through the general partial hodograph
transformation (2-3), we get two corresponding solutions V;(X) and V,(X) to
Equation (2-9) with the boundary conditions (2-22), (2-23), (2-24), and (2-14).
Moreover, V;(X) € chHl=% (0 HNC3(04\ Ui2=1 [';) for j =1, 2 and satisfy the
estimates in (2-15). Our aim is to prove Vi (X) = V,(X) in Q+.

Set v(X) = V1 (X)— V2(X). Then it follows from the Equation (2-9) with (2-22),
(2-23), (2-24), and (2-14) that

Z a;j(X, Vi, val)a)zgixjv

R 3 bi(X)ax,v+e(X)v=0 for X € Q..
i=1,2,3
(3-1) dx, v+ i3 V1i(X)Ox,v+di(X)v=0 on X; =0,
Ax, v+ iy 3 72i(X)dx,v+d2(X)v =0 on X; =1,
> 123 73i(X)dx,v+d3(X)v =0 on X5+X3 =1,
v(X% =0.

Due to (2-15), Lemmas 2.1-2.4, and the assumption on p4(x), we have the
following estimates for b; (X), ¢(X), and y;;(X), d; (X).
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Lemma 3.1. The functions b;(X), ¢(X) liein C! (QJF\U?:1 I';), and y;; (X)), d; (X)
lie in C'(Q4 \ U?:l ) NC=%(Q ). They satisfy the estimates

> IVEB(X)| + | VEe(X)| < Ce/R™  fork =0, 1,
i=1,2,3

D lwillen + D lldjllei-n < Ce fori=1,2,
J

j=1,23

D llysj = Xl + st ¢ < Ce,

j=2.3
SN IVhyl+ Y Vil < Ce/R¥0 fori=1,2andk=1,2,
J j=123

D IV — XD+ Vsl < Ce/RET fork=1,2.
j=2.3

As noted in [Xin and Yin 2005a, Section 4], since ¢(X) and d; (X) fori =1,2,3
can change their signs and c(X) has singularities (that is, |c(X)| — oo as X; — 0
or X; — 1), it seems difficult to derive v = 0 by directly applying the maximum
principle. Thus, we intend to establish [[v]|z2(o, ) = 0 by energy estimates. To this
end, we first need an inequality of Poincaré type.

Lemma 3.2. If u(X) € H*(Q) and u(fo) = 0, then there exists a constant C
independent of u such that

(3-2) / ulPdX <C | (Vul*+|V?ul*)dX.
O+ (O

Proof. This lemma can be proved by a technique in [Maz’ja 1985].
Indeed, if (3-2) does not hold, then for each m € N, there exists a function
u, € H*(Q4) with u,,(X° = 0 such that

f unPdX > m [ ( Vit + V2 P)dX.
O+ O+

Let v = tm/[umll12(0,)- Then vy, has the properties

D) Nvmllrzy =15 (i) v € H*(Q4);
(i (X9 =0 @) [o, (VUal® + V20 HdX < 1/m.

If follows from (i) and (iv) that there exist a subsequence {vy,;} C {vn} and a
function v e H 2(QJF) such that v,; —~vin H 2(QJF). Then (iv) implies that v =C
for almost all X € Q. In addition, vy, — v in H 2(Q+) implies vy,; — v in
C(Q+). Thus v(fo) =0, and so v = 0. But this contradicts [|[v];2p,) = 1. U
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Lemma 3.3. Let v be a solution to the problem (3-1). If v has the regularities and
estimates of (2-15), then, for suitably small ¢, we have v(X) =

Proof. The proof will be divided into three steps.

Step 1: Estimate of ||Vv| 12(g,)- Multiplying v on both sides of (3-1) and inte-
grating by parts on O, we get

(3-3) —f > advdvdX = 215,
0

+1i,j=1,2,3

where
I1=/ Z d;a;jjojvvdX, Iy =— / ( Z aijajvv)XidS,

0, =123 Xiaxgo) =23 J=123

3" aijdjvvds, / (> BiOav+eXv)vax.
X =0 J=1:23 i=1,2,3
> ajo;vvds.
X=1 j=1,2,3

We treat the /; individually.

(i) Estimate of I.
For a small constant § > 0, there exists a constant Cs > 0 such that

3 a,-a,-,ajvv| <8IVoP+Cs Y IVay vl
i,j=1,2,3 i,j=1,23
Hence by Lemma 2.4, Sobolev’s imbedding theorem, and Lemma 3.2, we have

2 2 4 172
| 53/ IVu2dX + Cse (/ ] dX>
O+ 0

+

55/ IVv|?dX + Cse® | (|Vv|> + |V?vP)dX.
+ 0+

(i1) Estimate of I, and I.
We only estimate I,; the estimate of /3 is similar. Decompose I» as I, = I51+ 1,
where

D 2/ a1181vvdS and I» 2/ Z a1j3jUUdS.
X1=0 X1=0 ,_ 3
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By the boundary conditions in (3-1), the trace theorem, Lemma 3.1, and Lemma
3.2, we have

|Ly] < Ce/ (Jv]* + |Vv|?)dS < Csf (IVv|* + |V2v]2)dX.
X1=0 Q+
A similar estimate holds for /5> due to Lemma 2.4. Thus

L] <Ce [ (Vv|*>+ |V |>)dX.
0+

(iii) Estimate of 1.
It follows from the boundary conditions in (3-1), Lemma 2.3, and Lemma 2.4
that

[14] S/ )XZZQZjajU+X3 Za3j8jv)|v|d5
NGt s %
+/ (@22 + c3) X220 + (a33 + ¢3) X330 [v]dS
X3+X3=1

+C-2+/ | (¥32 — X2)00v + (33 — X3)930|[v|d S
X

2. y2
;+X5=1

+ci/ ly31910 +dsvl|v]dS
X2+X3=1

2=
< Ce/ (Jv|> + |Vv|?)dS.
X3+x3=1
Hence by the trace theorem and Lemma 3.2, we get

|I4] < Cgf (Vv|* + |V P dX.
04
(iv) Estimate of Is.

v
L{Wd}( <Ce | (Vv +|VPP)dX.
(O R% (O
Substituting all the above estimates of the I; into (3-3), we obtain for small § > 0
and ¢ > 0 that

|Is| < Ce

(3-4) / |Vv|2dX§C8/ |V2u|2d X.
Oy (O

Step 2: Estimate of |V vl 12(g,). Set w; =09;v fori=1,2,3. Then w; satisfies

(5 Y agodwi+ Y daydw+or( Y B0 v+e(0V) =0,

i,j=1,2,3 i,j=1,2,3 i=1,2,3
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and
wi+ Y yywi+div=0 onX;=0,
i=2,3
(3-6) wi+ Y yuwi+dw=0 onX;=1,
i=2,3

Z y3i0;wy + Z o1y3iw; +dzwy +d1dzv =0 on X%+X§ =1.
i=1,2,3 i=1,2,3

Multiplying both sides of (3-5) and (3-6) by w; and integrating by parts in O,
we have

(3-7) / > ajdiwidjwdX = ZJL,
)
Z 0ia;jojwiwidX — / Z 01a;j0;w;widX,

where

+i,j=1.2,3
/Q+z]123 O+ j=1,23

J2=/ Z Cl]jajwlw]dS,
X1

=0,_-123

J4:—/X (X aydwnwn)xids,

2 2
HX5=103 =123

J3=—/ > ajd;wwds,
X

1=l123
/ 3 Z bi (X)dy, v+c(X)v)w1dX
O+ =123

Now we estimate the J; separately.

(1) Estimate of Ji.
By Lemma 2.4, Sobolev’s imbedding theorem, and §p < 1/2, we get

|J1|<38/ D IVwPdX +Cse | (qwi*+ |V )dX.
Q+] 1,2,3 O+

Substituting (3-4) into the above expression yields

|Ji] < C(8e + Cs¢) IV2u|2dX.
(O

(i1) Estimate of J, and Js.
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Decompose J, as Jo = Jo1 + Joo with
J21 =/ Z al‘,ajwlwldS and J22 =/ allalwlwldS.
=023 X1=0
We treat the term J,; first. Integrating by parts leads to
201 =—/ > aljwldS—I—/ > ai X widl,
Xi=
J =23 Jj=2,3

where L ={X : X, =0, X5+ X5 =1}.
The first term on the right hand side above can be treated by Lemma 2.4 and
Sobolev’s imbedding theorem, giving

swj 2 2
| Z djarwids|=C [ s =ce | (uilP+ VDX,
X1—0 X1=0 R% 0+

It is more difficult to treat the second term in 2.J>; because one cannot use the
trace theorem to directly control fL|w1 [>dl by f (wi)*>+ |[Vw|>)dX. To over-
come this difficulty, we will use [, |3pv|*dI to control f; lwi|?dl, since [; |9pv|*dl
can be estimated by the trace theorem; here dy = X093 — X30,.

Indeed, it follows from the trace theorem that

(3-8) / |9gvI*dl < vl 3, < C/ (v + Vo[> + Vv ?)dX.
L O+

Additionally, by the boundary conditions in (3-1) and the expression of dyv, we
find that, on L,

wi + Zi=2,3 yiw; +div =0,
3-9) Zi:1,2,3 y3iw; +dzv =0,
Xows — X3wy = dyv.

By Lemma 3.1, we obtain from (3-9) that on the curve L
(3-10) w; = Ci(X)div+ Cin(X)dsv+ Ciz3(X)ogv fori =1, 2, 3,

where |C;;(X)| < C.
It follows from (3-10), (3-8), Lemma 3.2, and (3-4) that

)/ Zaljxjw%dz‘ §C8/|w1|2dl
L= L
j=2,3

5C8/(|39v|2+|v|2)dl§C8/ |V2u|2dX.
L O+
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Hence

| Jo1 | §Ce/ IV2u|2d X.
(O

We now estimate the term J»;. From (3-1), we derive that

1
3w, =——( Y aydwit Y agdwi+ Y b,-(X)BXiv+c(X)v).
arg \; o .
Jj=23 i,j=2,3 i=1,2,3
Then

al =l 1l 4| [ (3 8008+ cX00)unds|
X1=0"%_123

with ‘I2/2 = — fX1:0 Zi,j:2,3 a,-ja,-ijldS.
Substituting the boundary condition in (3-1) into J3, yields

12/2=/X . Z aijaiwj(z V1kwk+d1v>dS.
=

i,j=2,3 k=2,3

Since 0; wjwy = %(8,- (wjwr) — O (w;w;)+9;(w;wy)), treatment analogous to that
of Jp| gives |J;,] < Ce fQ+|V2v|2dX. Thus

|5 508/ IV2u|?d X.
O+

(iii) Estimate of J4.
Set Jy = J41 + Jap with

J41:— Z X,-ailalwlwldS and J42:— Z Xiaijajwlwlds'
X3x2=1 1723 e
Since
1 1
Ju = — i/ 81<Z Xiailwf)dS+§/ Z 01 (Xiaj)wids,
xHxi=1 N5 X3+X3=1,273
we have

+

) 4o \2 o
Jal<Ce | jwl dl+Cs( |w | ds) <ce | |V2u)dx.
L X2+Xx3=1 0

Next we estimate J4. In terms of the cylindrical coordinates

(3-11) X1 =Xy, X, =rcoso, X3 =rsind,
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we have
1 2
Jpp=— / / <(a22 cos? 6 +aszz sin® 0 ~+ ap3 sin 20)0, wiwq
o Jo
+ (a3 c08 26 + (a3 — ax) sin @ cos 9)89w1w1>d0dX1.
It follows from the third boundary condition in (3-6) that, on X3 + X3 =1,

dywi = D11 (X)dwi + Dia(X)dpwi + Y Dis(X)wi + Dia(X)v,
i=1,2,3

where [D11(X)| + [D12(X)| < Ce,

Ce ~ C
IVDHOOI+ VD) < 5. and ) DX +1D(X)] < o5
i=1,2,3

By Lemma 2.4, integration by parts, and (3-8), we get
2
it = Ce( [ w4 1vwPax+ [iaorar+ [ 2ar)
Q+ L L RZ‘SO
< Cs/ IV2u|2d X.
(O

Hence we have |J4| < Ce fQ+|V2v|2dX.
(iv) Estimate of Js.

Vol|? 2 V||V
wfcgq %dﬂf |v_|8|v|dx)_
Oy RI*0 04 R0

Since H'(Q4) c L®(Q,) and 0 < 8y < 1/3, we have

/ |Vv|2dX - </ dXx >2/3</ v |6dX)1/3
— = — ’U
0. R1+d 0, R3(1+80)/2 0.

5c/ (|Vv|2+|v2v|2)dx,
O+

|v|2 6 1/3 2 2
defC( ] dX> <c | WP+ vuPdx,
o, R 04 0,

|V2v|| V] 5 o |Vvl|?
———dX < |V2v|2d X + —5—dX
O+ R% (O O+ R=0

<C [ (Vv*+|V2vPdX.
(OF8

It follows that |J5| < Ce [, |V*v[dX.
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Finally, substituting the estimates of J; fori =1, ..., 5 into (3-7) yields

(3-12) / Vo v|2dX < CS/ IV2v|?dX.
0+ 0+
Step 3: Estimate of Zk=2’3 IVokvll2(g,). Since wy = dgv for k =2, 3 satisfies
> addwct Y agdws o Y bi(X)oxv+e(Xv) =

i,j=123 i,j=1,2,3 i=1,2,3
and

NWk + D i —p 3 V1idiwk + D _p 3 IV1iw; +d(d1v) =0 on X; =0,

al'lUk + Zi=2,3 y2iaiwk + Zi=2,3 akVZiwi + ak(dZU) =0 on Xl = 1,
Y ic123V3iwi+d3v=0 on X3+ Xi=1,

multiplying these equations by wy and integrating by parts in Q4 gives

(3-13) / D adiwdjwedX = ZK,,
o

+k=2,3i,j=1,2,3

where

K1=f Z Z 0ia;jojwrwrdX — / Z Z OkaijoiwjwidX,
Q0

+k=2,3 i,j=1,2,3 O+ k=23 i,j=1,2,3

K, = / Z Z ayjojwrwedsS,
X

1=04 23 j=1,2,3

/ Z Z ayj0jwrwedS,
X

1=1423 j=1,2,3

Ky= /X > (X aydyman)xids,

2 2__
7 HX5=1 03 i=2,3 j=1,2,3

/ Zak 3 b(X)BXv—i-c(X)v)wkdX
0

+ k=23  i=1,2,3
We can treat the terms K; fori =1, 2, 3, 5 like we treated the J; fori =1,2,3,5
in Step 2. That is, we have

(3-14) |K1|+|K2|+|K3|+|K5|§C8f |V2v|2dX.
O+
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However, it seems difficult to control |K4| in terms of Cé |, 0, |V2v|>d X since

it contains a term
— / |0gv|%dS
X3+Xx2=1

with no small coefficients. So additional care is needed. Our main observation is
that

(3-15) K4—/ ax|dgv|*dS > —Cef IV2v|?d X,
X3+X3=1 Q4

which, together with (3-13) and (3-14), yields the derived estimate.
We now verify (3-15). First we decompose K4 as K4 = K41 + K4 with
<Z ai131wkkai)dS,

Kar = _fz 2
Xo+X5=l, 53 =23
K42:—/ E E a,‘inajwkldeS.
2 2__
X+ X5=l, 03 j=23
In a similar way as for J41, we can show

) 4 N1 -
|Ka| §C8/|wk| dl+C8(/ |wy | ds) SC&‘/ IV2u2dX.
L X3+X3=1

0+

It remains to estimate K4. Using the cylindrical coordinate transformation
(3-11), we have K4 = K}, + K, with

Kjy=— / an (32vd,v + 8% v — (Jgv)H)dS,
X3+x3=1

Kj= f (En(X)d2v+En(X)d%v+E3(X)d3v+E14(X)d,v+E15(X)dpv)

X24+X2=1 x (H1(0)0,v + Hy(0)0pv)dSS,
where Z?:l |E1,'(X)| <Ce, 21-5:1|VE1,‘(X)| < CS/RSO, and H;(0) fori =1, 2 are
smooth functions on 6.

From (3-1), we have on X% + X% =1
(3-16)  3%v = E21(X)d7v + Exdgv + Exz(X)d7 v + Eag(X)d7v
+ E25(X) 9/ + Ex6(X)dpv + Ex70,v + Exg(X)v,

where |Eyi |+ |Exn| < C,

5 8 5 8

Ce Ce
Z|VE2j|+Z|E2j|§W, > |Eajl+| Exs| <Ce, ZlVEzjlfm-
j=1 j=6 j=3 j=6
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Additionally, it follows from the boundary conditions in (3-1) that
G-17)  dv=En(X)dv+ En(X)dv+Ex(X)v on X3+X3=1,
where Y~ 53|E3j| <Ceand Y-, ,3|VE3;| < Ce/RY.

Substituting (3-16) and (3-17) into K Al,z yields

K42=/ axn(9pv)*dS + ‘/ G(d1v, 3tv, dgv, BZv, 3%4v)dS
X3+X3=1 X3+X3=1
with

G(d1v, v, v, 87 v, 8v) = E51(X)d7vd;1v 4+ Esp(X)d7vdpv + Es3(X)davd v
+ Es4(X)37vdgv + Ess(X)d3,vd;v
+ Es6(X)37,v9pv + Es7(X)(31v)* + Ess(X)d1v3pv + Eso(X)(3pv)*
+ N1(X)d7vv + Na(X)d3vv + N3(X)d;vv + Na(X)dgvv + Ns(X)v?,
where

2

5
c
ZIVES,(X)|+Z|E5,(X)| <Ce YN YINIS 1

i=1 i=7 Jj=1 Jj=3
6 2
> |Esi(X)| < Ce, D IN;(X)| < Ce,
i=1 j—l
VEs (X)) < -S£
D _IVEs(X)| < o5 ZlVN (0] = 5
- o=

Similar to the treatment of J4, in Step 2, we have

2 2
)/ Gds( 508(/ wdﬂf(wm + '”2|6 )dl)
x24x3=1 X24X3=1 R% R

§Cs/ |V2u|2d X.
(O

By the same method, we can conclude that |K},| < Ce fQ+ |V2v|2d X. Thus it
follows from (3-13)—(3-15) that

(3-18) / Z |Vwk|2dX—|—/ |89v|2dS§C8/ IVZu|2d X.
Q+k =23 X%‘FX%:] (8

Adding (3-12) and (3-18), we obtain

/ |V2v|2dx+/ |9gv|%dS < Cs/ |V2v|?dX.
0. X3+Xx3=1 04
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Hence if we choose ¢ such that Ce < 1/2, then [, |V2v|?d X = 0. In light of
Lemma 3.2, we obtain

(lv* + Vvl +|V*v[H)d X = 0.
O+
Thus v = 0, and the proof of Lemma 3.3 is completed. O
Proof of Theorem 1.1. Based on Lemma 3.3, it follows from the transformation

(2-3) and the definition of V(X) in (2-4) that the solution (¢4 (x), £(x2, x3)) in
Theorem 1.1 is unique. U

4. On the nonexistence

Here, we study the potential equation and the nonexistence of its transonic shock
wave patterns for a class of nozzles. In particular, we will prove Theorem 1.5.

It is more convenient to analyze the transonic shock problem in the class of
nozzles given in the Theorem 1.5 in the spherical coordinates

“4-1) X1 =x?+rcoso¢, Xp =rsino cosf, X3 =rsina sinf

withO <o <apand 0 <60 < 27.
In these coordinates, Equation (1-3) for ¢ can be written as

1 . 1
(42 AH)(50.0%0p0) + B (sin B 1) + 5070+ )
r2 r2sin? o

r2sina

1 1 1
— (008 0001 B+ 30008 ) (Vs ) =0,
r< Si1 r

n-o

where
1 2 1 2 1 2
Hy=H(Co— 5((3r§0+) + 55 (09+)" + 5 (aps)?).
r2sin” o r

Suppose that the shock surface ¥ : x; = &(xp, x3) is given by r =r (6, o) — x?
with 0 <6 <27 and 0 < « < ay, and the fixed point x° is expressed by

0= (x? +r%cos o, 0 sin o cos g, 0 sin o sin 6p)

with r0 = ((x? - )Z?)Z + ()Eg)z + (22)2)‘/2. Since ¥ goes through the point ¥° and

r0 = —x?, we have

(4-3) r (8o, o) = 0.

In addition, the corresponding boundary conditions (1-9), (1-10), (1-12), and (1-13)
become
¢+ =¢- onx,

(4-4)
dep+ =0 on Il,.
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On X, they become
1 1
(4-5) ((3r<ﬂ+3r + 55091 0p + —23a¢+3a)(<ﬂ+ - ¢’—)>H+
r<sm- o r

1 1
- ((3r§0—3r + 550099 + —23a§0—3a)((ﬂ+ - (P—)>H— =0.
r2sin” o r

Finally,onr =r; = (1 — x?) sec ag, they become

@6 H(Com 500+ (o) + 5 (0up1)?)) = i

r2si
It follows from Theorem 1.1 and Remark 1.3 that the solution in Theorem 1.5 is
unique if it exists and satisfies the regularity assumptions in Theorem 1.1. However,
by the symmetric properties of the widening part of the nozzle and the supersonic
incoming flow, one can improve the regularities of ¢ in Q. as follows:

Proposition 4.1. Under the regularity assumptions in Theorem 1.1 and (1-15),
for any fixed constant &, with 8o < 8 < 1, the solution pair (¢4 (x), §(x2, x3)) to
the problem (1-3) with (1-8)—(1-11), (1-12)’, and (1-13) has the following higher
regularities in Q:

(i) £(x2, x3) € C217%(8) N C3(S) and |1€(x2, x3)|| 215 Ce.

- <
0(S) —
(i) ¢+ (x) € C210(Q,) such that || (x) — g4y ||Cz,1ﬂs;,(§+) <Ce.

Remark 4.2. In fact, we can show that £(x,, x3) € C>!1=%($)NC3(S) and ¢, (x) €
C?1=%(Q,). But the regularities in Proposition 4.1 are enough for the proof of
Theorem 1.5.

Proof. Tt suffices to show ¢, (x) € C21=% ().

To this end, as in Section 2, we will use a partial hodograph transformation to
rewrite the problem (4-2)—(4-6) as a fixed boundary value problem.

Set

.0 o ry—r 0

A+ (- S w) D
3
o

SoTEE I
Il

(4-7)

j=3!
Il

and V(r,0,a) =ri —r+¢@_(r) — @4 (r, 0, a), where r; = (1 —x?) sec .
In terms of (4-7), the domain €2 is transformed into the domain

Q+:{(F,§,&):—x?<i7<r1,0§9<2n,0§a<a0}.
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Then, a direct computation yields

r=r1—rrll;f?v, s =—14¢ . (N—3V, 8e.=¢" () -V,
Outpr = =0V, O = =0V, Oppy = =05V,
dppy = —0V, 3o =34V, 2o, =—0d2V,

3,V = Ag(r1 +xN)3; V, PV = 0:(8, V), 7, 8%V =0:(3 V)9, 7,
3V =AgVsV, WV =AoV;V, 32,V = 8; (3, V), 7,

A2V = 33(35 V) + 87 (3 V) 3o 7,
AV = 3;(3 V) + 37 (39 V) o7,
where Ag =1/(V 4+ (¥ —r1)0; V). Here

ri+x)  (r =78,V . =PV
v T v o v o r=T

Next we study the relations among 95V, 9;V, 89? V, 3;2 V and (X,0x, — X30x,)W
in (1-15)".
It follows from (4-1), (4-7), and (1-14)’ that

X;=1-(((1—=xN%sec? g —r?sin*@) /> —r cos@)/ W,
(4-8) Xy =ctgaptga cos g,
X3 = ctgoptgd sinb,
where
W= (1 —x?)2 sec’og —rsin?@)'/? —rcos@+V —ry +r,
r=ri—((rn—"/r+x))V.
Since 6 = arctg(X3/X,) and o = arctg(tgao(X§ + X%)l/z, we have
dx,0 = —tgapsind/(1ga), dx,0 = tgagcos 0/ (1gd),
dx,& =r1gagcosB/(1 +1g°@),  Ox,@ =tgagsinf/(1 +1g°a)

and

~ - - sinf cosf ~
dIx, = 8)@985 + dx,005 + 0x,7 07 = tga()(— 196 3@ + 1+tg25l 35,) + 0x,7 07,

~ - ~ cosf sin ~
Ox, = 3,005 + O, @0 + dx, 707 = rgan s Ot Trrea ) + 0x,7 0.
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Hence
X20x, — X30x, = 05 + (X20x, — X30x,)7 0,

(4-9) -
(X28X3 — X33X2)Ot =0.

In addition, it follows from the first equality in (4-8) and (1-15)" that
(4-10) (X2dx, — X39x,)r = p1 (7, 0, @)
with g
Wa,g
2 2

glr,a)=((1 —x?)2 sec g —r sin’ 5{)1/2 —rcosda,

pi1(F, 0,&) = (X20x, — X30x,)W € C117%0(Q,),

and || py (7, 6, &)”C“"SO(QQ < Ce¢. Thus, by the relation of V and W, (4-9), (4-10),
and (1-15)’, we can derive that

4-11) (X28x; — X39x,)V = pa(7, 0, &) € C117%(Q)

with [| pa(7, 6, &)l c11-3 5, < Ce.
Interms of r =ry — ((ry — 7)/(r1 —I—x?))V, we have

(X23X3 —X38X2)f V _ r —I7

X5r0x, — X30x,)r = X70x, — X30x,)V.
(X20x, 30x,) rﬁ—x? r1—|—x?( 20x, 30x,)

Combining this with (4-10) and (4-11) yields (X,0x, — X30x,)F = p3(F, 0,&),
where p3(7, 0, @) € C1'=(Q ) and || p3(F, 6, &)l c11-5 (g, < Cé.
Therefore, it follows from (4-9) that
(4-12) %V = pa(F.0,&) — p3(F. 0, 0)d;V
and
02V = 9pa(F,0,&) — 05 p3(F, 0, @)3:V — (p3(F, 6, &)
x (9 p2(F, 0, &) — 3 p3(F, 6, @)3:V — p3(F, 6, @)d2V))

(4-13) = pa(F, 6, &) + p3(F, 6,382V,

025V = ps(7, 0,&) — p3(7, 6, 037V,
825V = pe(F,0,&) — p3(7, 0, )33V,

with p; (7,6, @) € C'=%(Q4) and || pi (7, 6, @)l c1-g,, < Ce fori =4,5,6.
Then, direction computations show that the solution to the problem (4-2)—(4-6)
solves the two-dimensional problem

4-14)  an@,0,@)d2V +2a(7, 0, @)%V +an(F, 0,a)d2V = f(F,0,a),

o
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with

8& V=0 ona = oo,
(4-15) G\(7,0,a,V,8V,@V))=0 oni=—x),

G2(7,0,a,V, 8V, (8:V)") =py onF=ry,

where a;; (7, 6,&) and f(F,0,a) are given explicitly by (A.6) and (A.7) respec-
tively, and G| and G, are derived from the nonlinear boundary conditions in (4-4)—
(4-6) by expressing V, 9 @+ in terms of the transformation (4-7) and then using
4-12).

By the regularlty assumptions in Theorem 1.5 and (4-13), one can check that,
near the curves 11 =YX N{a = ap} and lz = {(ry, 0 op) 0 < 0 < 2w}, we have
a;; (7, 0, @) € C'7% and f(r, g, @) € C'=%_ Also, the second order equation in
(4-14) and (4-15) is uniformly elliptic, and G; (7, 0,a,V, 3V, (9;V)?) withi =1
is C11=%_regular with respect to (7, 8, &); for i = 2, it is C*-regular with respect
to (V, 9;V, (85 V)?). Furthermore, it follows from O0u P+ =0,V =03V =g =0
ona =& = ap that a;p (7, 0, ap) = 0 and 9;G; (7, 0, ag, V, 3V, (35V)?) = 0 on
& = o. (For the proof that dp¢ =0 on ] 1, see Proposition 4.3 below.)

Next, we use a reflection technique to improve the regularity of V in Q.

Without loss of generality, we consider the solution to (4-14) and (4-15) in the
domain D = [—xlo, —x? +68; 69 — 8,600+ 8; ag — 8, g + 8] (that is, a small neigh-
borhood near the intersection curve /; 1) with a small constant § > 0. To this end,
we need to extend those quantities involved in this domain.

Thus, set
V(.. @) — vq,e:,&)  ifag-d<d=a
V(r79, ao_a) 1f0l()§0l§(10+8,
~ ~ a”(l’,é,&), lfaO_SE&S(XOa
a;(r,0,a) = L~ . ~
a;ji(r, 0,200 —a) ifag<a=<oap+34,
o a6, ®, if g — 8 < @& < a,
apr,0,a) = . .
—ap(F,0,2a0—a) ifag <& <ap+3,
f@F,0,200—a) ifag<a<ap+34,
Gi(F,0,a,V,3V, (V)%
Gi(7.0.a. V., 0:V. (0V)?) = if o —0 <& <an,

Gi(F, 6,20 —

&, V,0:V, (V)%

ifog<a <ay+4.
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Then, V € C11=% (D) satisfies

70,832V +2a1,(7, 0,85V +an(F, 0,803V = f(7,0,d),

G\(7,0,a,V,9V,3V))=0 oni=—x

where C_l,J (F,0,a), f(7.0,a)eC'=%(D), G,is C'=%(D)- -regular with respect
, @), and the nonlinear boundary condition G| is uniformly oblique.

to (r,0
It follows from the regularity assumptions in Theorem 1.5 and the interior reg-

ularity theory for uniformly elliptic equations that
V(-.0,-) € CHI0([—x{, —x? +8; ap — 8, ag + 8]\ (=27, @)

for each 6 € [60 — 3, 6p + 3] for suitably small 6. The regularity of V at (—x7, ap)

can also be improved by modifying the proof of [Lieberman and Trudinger 1986,

Theorem 1.1]. More precisely, we first consider the boundary value problem
a)8 U= f (r, 9, a),

)8 U+ 2a,(r, 9 Ol)a~~U+6122(l”

an(r,0,
4-16) { G1(7,6,a,V,8:U, (8;U)*)=0 on7=—x},
U=V on I,
(@ —ap)* = 82). Equation (4-16) is solved on the

where I' = {(7, &) : (F +x})?

half disk R, which is surrounded by I' and 7 = —xl Indeed, it can be solved by

studying a linearized problem as follows: For any W € B, where
={W € C*'"%(R) : [|W = (r1 + D)l c21-50 ) < Me}

with a positive constant M to be chosen, consider
ap(r, 0 a)a U+ 2a,F, 0, 05)3~~U—|—a22(r 0 oc)a U= f on R,

(4-16)" U=V onT,
217, 0,0)0:U + 27, 0,8)9;U = g(7, 0, &)

where
1

g7, 0 &):/ (39,7 G1(F.0.a@.1(ri +x)+ (1 =)V

‘ (=03 W, (1= 1) (3 W)))

1
(7,0 &)_f (05,72 G1(F. 0. &, t(r1 +x)) + (1 =)V
(1=0)FW, (1 =)@z W)™))dt W,

1
g(f,é,&):—/ (35 G1(F, 0,a,t(ri +x))+ (1 —1)V
‘ (L= W, (1 =@ W)D)dt (V — (r +x)).
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Note that V e C>!=%(T") due to the interior regularity. So one can apply
the standard theory for second order uniformly elliptic equations with mixed-type
boundary conditions to derive the existence and a uniform estimate for the solution
to the problem (4-16)"; see [Lieberman and Trudinger 1986; Gilbarg and Trudinger
2001; Nazarov and Plamenevsky 1994]. Then it can be checked that there exists
a suitable M so that the Schauder fixed point theorem can be applied to yield a
solution U € B to the problem (4-16)’ for suitably small . Note that we have used
the fact that V = r; +x? satisfies both the equation and the boundary condition in
(4-16). It follows from the uniqueness of the solution to the problem (4-16)" in the
class C1 =% (RyNnCZ1-% (13) (here R denotes the interior of the close disk R) that
V(-,8,-)=U(-,8,-) foreach 6 € [0y — /2, 8+ 5/2]. Thus we have shown

||‘_/(a év ) - (rl +x?)||cl,l—60(R) S CS

for each 6 € [6) — 8/2, 6o+ 8/2].

Next, we improve the regularity of V with respect to 6. Let 8 € (80, 1) be a
fixed constant. For any 91 and 92 in [0y —6/2,600+ 6 /2 ] with 91 * 92, it follows
from (4-16) that W (7, 61, 6,, &)= (V(F, 6;, a)—V(F, 65, oz))|01 02|50 satisfies

an(, 0, @)W, +2a(F, 0, 8)d% Wi +an(F, 0,00 W, = fo(F,0,&)
and
g1 (7, 01,02, @) Wy + g12(F, 01, 62, @) 35 W1 + g15(F, 01, 62, &)Wy
= g10(F, 01, 65, @)

on f = _X?’ Wlth fO( ) 51’ 52’ ) € C6/750 and glj( ) é], 52, ) € Cl’séia
For (r,a) € [—x?, —x? +8; ag — 8, g + 8], it follows from the maximum prin-
ciple that

|Wi(F, 01,62, @)| < C(IIw, (—xV 48,01, 02, )| L%eg—5.000 491
FIWIC, 01, 02, @0 £ 8 oo 30,045
+1foC-. 61,02, )=+ lIg10(- . 61,62, )llL) < Ce.
It follows from standard estimates for second order elliptic equations that
IW1(- 01,02, )l s
<C(IWi(-, 61,65, I Loor—x0, 04 8:00—8.00+5]
+ 1ol 01, 62, Dl sy + 1810 B0 B2, | 1sgoso)-

0L —x0,—x04-8/2;008/2,000+8/2]

Hence V (7, 6, &) belongs to
C'% (160 — 8/2, 60 +8/21, C*0~[—x], —x{ +6/2: &0 — 8/2. Go +5/2]).
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It follows from this and (4-13) that V (7, 6, &) € C>'~%(D).
A similar result holds near /,. This yields

@-17) V@6, eC* ™00y and IV — (1 +aD) i g, < Ce
+)

Consequently, Proposition 4.1 is proved. (I

Next, we prove dg¢(r, 8, ag) = 0 on the intersection curve [ 1 =2 N{a =ap};
this will be used to find the value of d9;V (7, g, @) at the fixed point (—x?, o, ).

Proposition 4.3. We have dygp (r, 0, ag) = 0 on the intersection curve
I ={((—x¥,6,00): 0 <0 < 27}.

Proof. First we show that the shock surface X is perpendicular to the fixed bound-
ary IT5.
Indeed, it follows from the continuity of ¢ on X in (4-4)—(4-6) that

94 (r(0,0) —x0.0,0) = o_(r(6, @) —x7).
Thus one can derive easily that

3,04 (r(0, @) —x0,60,0)0,r (0, @) + dus (r(0, @) —x2, 0, @)
=3,0_(r(0,a) —x,0,0)8,7 (6, ).

It follows from 9, ¢4 (6, ag) = 0 and [0, ¢] #~ O that 9,7 (6, ag) =0. This implies
that X is perpendicular to the fixed boundary IT5.

To show that dy¢ (r, 6, @g) =0 on [ 1, we note that due to the symmetry of ¢_,
the boundary condition in (4-4)—(4-6) becomes

1 1
(@18) (s + —5— sy + 5 8ps) (01 =) ) Hy

— 0,90, (94 —9-)H_=0
on X.

Since it follows from the assumptions in Theorem 1.5 that ¢, € C*(Q2,) and
V20, (r(0,a),0,a)| < Ce/la —ag|® for @ # oy and near the curve I, and also
since 7 (6, o) € CH17%[0, 27r; g /2, o] and |97 (0, )| < Celar — o' 7% due to
(4-17), we arrive at

(4-19) lim (V2<p+(r(9, o) — x?, 6, a)d,r(6, a)) =0.
a—Q

Differentiating (4-18) with respect to «, and using (4-19) together with the bound-
ary condition dy ¢4 (1, 0, p) = 0 yield, on the intersection curve /1, that

(dpp1)*H, ) oS o

2 r2 sin’ o

o (0691)*(r. 6, ag) =0,
r<sin” o

(2H+ -
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where we have used Proposition 4.1. This yields dg¢4(r, 0, o) = 0 on ;. It
remains to derive the equation for /1. By ¢4 (r (0, @) —x?, 0,0)=¢_(r@, o) —x?),
we have on o = o that

30 (r (0, ap) — xV, 0, 0p)dpr (0, ) + dgp4 (r (0, ) — xV, 0, atg)
= 3,0_(r (0, ap) — x0, 0, ag)dr (0, ap).

It follows from dg¢ (7 (6, ag) —x?, 0, ap) =0 and [d,¢] # O that dyr (0, ag) =0.
This implies r (8, og) = r(éo, o) = 0. Thus [ is a circle given by

{(—x,6,20):0<6 <21} O
We now show ¢ (x) is independent of 6 under the assumptions of Theorem 1.5.
Proposition 4.4. (o1 (r, 0, @), r(0, a)) is independent of the variable 6.

Proof. First, it will be more convenient here to use cylindrical coordinates (since
o =0 is singular for the transformation (4-1)). These are

X1 =X, Xy = pcoso, X3 = psinf

with p = (x22 %—)632)1/2 and 0 <0 < 2m.
Then the Equation (1-3) for ¢ can be rewritten as

201940
(420) (Br9+)” = (HD)3 04 +2010:0,0: 07,04 + THELE 00,

20,040
+ (B9 = A HO) e + =50,

1 /(0 2 ¢*(H4)d 3,0+ (Do)
?<—( 9<p2+) —CZ(H+)>392§0+— ( Jlro)p%r— £ +,03 2 —o,

where Hy = H(Co — ((194)* + 9p0:)> + (1/p*)(3994)?)) and 3; = 9, for
i=1,2,3.

Suppose that the shock surface ¥ is given by x; = E(p, 8). By the assumption
of Theorem 1.5,

(4-21) E(GED? + @D, 0p) = 7).
The boundary conditions are ¢ = ¢_ on X, tgapdi1¢4+ — 9,94+ =0 on Iy,
[019H]01(¢p+ — 9-) — 3pp—{0,(p+ — @)} H_
+{@pp10p + (1/0") 991 3) (91 —9 )}H{ =0 on %,
H(Co— 5((01904)” + (0p0)* 4+ (1/0")(3994)%)) = p+

on (p> + (x; —xH)HV? =1y,
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Now we will rewrite the problem (4-20) with the given shock surface and bound-
ary conditions using the partial hodograph transformation
Xp=1-=1—=x1)/(1=x1+¢_(x1, p) — @y (x1, 0,0)),
b= p/((x1 —xD)iga),
6=0,
and V (%1, 5,0) =1 —x; +¢_(x1, p) — 94 (x1, p. 0).

Then as in Section 2, it follows from a direct computation and the assumptions
in Theorem 1.5 that w = 9;V satisfies

2
Y ai(»o,w
i,j=1,23

+ ) by wtc(w=0 forye Q.
i=1,2,3

Ay w+ o 3 V(M3 w+di(w =0 on y; =0,

(4-22)

Iy W+ 93 12i(MIyw+da(y)w=0  ony =1,

Zi:1,2,3 Y3 ()oy,w+ds(Y)w =0 ony, =1,
Whefey=(y1,yz,y3)=(i1,/3,§), 0,={y:0<y1<1,0<y;,<1,0<y;<2m}.
Let 6 > 0 be a suitably small fixed constant with § < 1 and Qi =Q0+N{y2>46}. Then

bi(y), c(y) € CH(Q\Ui T) and v (), di () € C1 (@5 \ U=, THNC!~(Q2).
On Q2 , these coefficients satisfy the estimates

VA ()| + |VEe(y)| < Ce/RF fork=0,1,
D VBl + Vet
i=1,2,3
an]ucl 0t Y Il < Ce fori =1,2,
j=1,2,3
ZWX;/U > IVkdj| < Ce/REIH fori=1,2andk=1,2,
j=12.3
Z |vX<y3,-—Xj>|+|V§y31| <Ce/RM1M0 fork=1,2,
j=2,3

ly31 —tgaollci-s0 + I3z + 150 + 133l c1-50 < Ce,

where 'y ={y:y1 =0, y»=1,0<y3 <2x}, I'o={y:y1=1,=1,0=<y; <2x},

and R=y(1—y)+1- y%. Near y, = 0, the above coefficients are C>-smooth

with respect to the coordinates X = (X1, X2, X3) with X| = y;, Xo = y,cos y3,

and X3 = y, sin y3; for details, see the treatments of the transformation (2-3).
Next we determine the value w(0, 1, 50).
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Since 9y V (x1, p, 5) = —dp@+(x1, p, ), it follows from Proposition 4.3 that
(4-23) V(%1 p,6)0=0 only.

Because X; =1 —1—x;/V and by (4-23), we have dp%; = (1 —x1)/V?3V =0
on I'y. Thus 05V =9y V — 93, Vdpx; =0 on I'y. This implies

(4-24) w(0, 1,60) =0.

By analogous arguments for Theorem 1.1, we can show that the problem (4-22)
together with (4-24) has a unique solution w = 0. It follows from dgV =Vw/(V —
(1 —Xx1)0z, V) that 99V = dgp =01in Q. (]

Since Proposition 4.4 says (¢4 (r, 0, ), r(0, a)) = (¢4+(r, @), r(«)), Equation
(4-2) with (4-3)—(4-6) can be simplified as

¢ <H+>( 0. 20,9:) + 52— ! —Ou(sinadeps))
1 1 2
2(arm + 500480 ) (Vs ) =0,
r (0o, ap) =0,
Oy =@_ on Z,
1
((3r90+3r+r—23a¢’+3a)(§0+—§0—))H+

1
~((8:0-0-+ 5000 ) (@1 —9))H- =0 on %,

(4-25) |

1 1
H (Co=5((0rp2) + 5 (agp))) = ps on r = (1—x{) secap,
0w+ =0 on I,

with Hy = H(Co— (1/2)((3,04)* + (1/rH) (3ap4)?)).
Next we show that

(4-26) lim 3¢y =0.
a—0+

Indeed, it follows from direct computations and the assumptions on the regular-
ity of @, (x) in Q4 that 3,0, , 3,04, 2@, 8r2a<p+ and 802l<p+ are uniformly bounded
near o = O (that is x;-axis in the interior of €2 ). In addition, the first equation in
(4-25) shows that

((anr(/?.l,_ar +8a(p+aa)(|v¢)+|2) _
2c2(Hy)

COS A0y P4 = r28r2¢+ —2rd o4 — 8§<p+) sin .

Consequently, limy_, g+ dy ¢+ = 0 holds.
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Now we show that (¢4 (r, ), r(a)) is in fact independent of « under the as-
sumptions of Theorem 1.5.

Proposition 4.5. Under the assumptions in Theorem 1.5, if (¢4 (r, @), r(a)) solves
problem (4-25), then it is independent of the variable a for o € [0, ag].

Remark 4.6. The idea of the proof of Proposition 4.5 is based on the following
observation:

Let u be a solution to the Laplace equation Au = 0 in R3. If u is independent
of the variable 6, then it satisfies

2
2 asu
8,u—|—;*—2

20,u n Oq U

5 =0 forr>0and0<a <.
r rltga

_l’_

Setting w = d,u, we have

82
8r2w+ ?;1)+28,w+ 1 .

5 W — - w=0 forr>0and0<a <m.
r ritga r2sin” o

This equation for w has a maximum principle since the coefficient of w is negative
forO0 <o <m.

Proof of Proposition 4.5. We will use the same notations as in the proof of Propo-
sition 4.1. Differentiating the first equation in (4-14) and (4-15) with respect to
& and noting that V € C>'=%(Q_ )N C3(Q4 \ {o = 0}) (the regularity of V has
been given in the proof of Proposition 4.1) is independent of 0, then we get that
w = dg V satisfies

4-27) an(F, @)d2w +2a12(F, @)% w + an(F, @)d7w + 205a129;w

+ 0gandsw + —BZ?” (f —2a120;w — andzw) = 05 f,
I

where a;; (7, @) and f(7, @) can be obtained from a;; (7, 6,&) and f, 0,&) by
setting p; (7, 8, &) = 0 in the proof procedure of Proposition 4.1 and dropping all
the terms involving derivatives with respect to 6 (or 6).

Then, in terms of the concrete expressions of (dzaii/ai) f, 0zai1, 9z f, and
the special term (1/r2tga)d, @4 in f (7, &), one can derive from (4-25)—(4-27),
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Proposition 4.1, and a direct but tedious computation that w = 93V satisfies

—a (7, @)d2w—2a1 (7, )82 w—axn (7, @)diw
+b1(F, @)drw+ba (7, @)dgw+bo (7, @)w =0,
lir(l)l w=0,
4-28) {“70F
w=0 on & = o,
—dpw+dy 1 (F, @)dzw+dio(F,@)w =0 on7=—x),
Fw+do (F, @) dgw+dy(F,x)w=0 onr=ri,
where

bi(F, @) e C'(=xV,r1;0,a0) fori=0,1,2,
a;j(F, &), dij(F, @) € C'[=x), r1; 0, ],

dij (F, @) < C(e+1/r),

1

r SlIl2 o

|bi1(r, @) < C, bo(F, @) = (I+01/r+0(),

by (7, &) contains the singular factor 1/(¢g&), and the generic constant C depends
only on pp and g_ for large Xj.
In addition, there exists a constant Cy > 0 which is independent of ¢ such that

for any & = (&1, &) € R?, we have D100 (F 008 > Col€I%.

Set w(F, @) = exp((e"? + X, /2 F = (r — x9)/2)?)b(7, &). It follows from
(4-28) that
—ay (F, @37 — 2a12(F, @) 7 — an(F, @)W

+ b1 (F, @)051 + b (F, &) 93 + bo(F, &)w = 0,

w=0 on & = o,

— 3 +dy1 (F, @)0zW + dio(F, @) =0 on7=—x),

W +do) (F, @)W + doo(F, @) =0  on7=ry,
12

where by = by + O (s'/? + X,
2 2 2 2

) and dio = dio + (¢! + X5 *) (r1 +x9).
oo < 2 holds for r € [—x? — le’ r11, then for small € and
large Xy we have 150 > 1/4.

In addition, for small & > 0 and large X, we have J,-O > (g2 4 Xo_l/z)/4 since
71 —|—x? > 1.

Since r-sin“ o < r~ sin
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Thus, by the maximum principle for second order elliptic equations (for exam-
ple, see [Gilbarg and Trudinger 2001, Corollary 3.2 and Theorem 3.1’s remark])
we conclude that w = 0.

This implies 9,V = 0. Hence, 9,94+ = 0. ]

From now on, we will use the notations (¢4 (), 0) instead of (¢ (r, &), r(a)).
Then the problem (4-25) can be rewritten as
2 2 r? 2
P (H)3, (200 1) = 50,00, (10, 042) = 0,
onr= —x(l),

(4-29) b+ =¢-
ooy H—0,¢_H_=0 onr= —x?,

H(Co—%(@p:))=psy onr=ry,

with Hy = H(Co— 5(3:¢+)°).
Since %(8,g0+ M)+ h(py(r)) = Cy, it follows from the equations above that

(2(Co=h(p+()) =€ (p+(r))) 3, o+ ()

4
4 p+(r)
r

(Co—h(p(r))) =0 for —x{ <r < (1—x{) secap,
(4-30)

P31 (r)(Co—h(p4+(r) = p2(r)(Co—h(p_(r)))  onr=—xl,

p+(r) = p4 onr =ri.

Let p,(—x?) = pp. Then p+(—x?) = p4 by the Rankine—Hugoniot condition in
(4-30). Thus the problem (4-30) can be reduced to

(2(Co=h(p+ ) = (p1 ()1 1)+ 2LED (Co— (o1 (1)) =0,

(4-31) P+(—X?) = P4,

p+((1=x}) sec ag) = po.

However, it follows from the first equation in (4-31) that 9, p (r) > 0 holds for
subsonic flows in the domain {r : —xlo <r <ry}. Hence the problem (4-31) has no
solution.

Proof of Theorem 1.5. Let the nozzle be given as in Theorem 1.5. We determine the
supersonic incoming flow by solving the following initial-boundary value problem
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for a hyperbolic equation:

D (@) =A)Fp-+2 > Bie-djp_0h¢- =0,

i=1,2.3 I<i<j<3

=0,

$- ‘ ((1—=xN24x34x2)1/2=—x0

Brfp— ‘((xl_x?)2+x%+x§)l/2:_x? =q—,
Nfoo—+D i 030 f —xi/f)dip-=0 on Il UTl,

where (x% + x32)1/ 2= f(x) represents the nozzle wall IT1; U I5.

Then for any given constant pressure p, # p° (here p? is determined by the first
two equations in (4-31)), we have shown by (4-31) that the problem (1-3) with
(1-8)—(1-13) has no transonic shock solution (¢4 (x), £(x2, x3)) with the regulari-
ties and estimates stated in Theorem 1.5. O

Remark 4.7. When the assumption (1-8) is removed, it follows from Propositions
4.1-4.5 that the transonic solution is actually symmetric under the assumptions of
Theorem 1.5 when the shock lies in the widening part with —1/4 < x; < 1. In that
case, the potential equations on two sides of the shock r = ry with —x? —1/4 <
ro < r1 can be rewritten o, (r28r<p_ (r)p_(r)) =0 and o, (r28r(p+ (r)p+(r))=0. By
the right hand conditions on the shock in (4-29), we have r29, o+ () py(r) =mg for
r > ro with mg = (r28r<p_ (r)p— (r)) |r:_x?_1/4. This, together with the Bernoulli’s
law

3@ () + hipp(r) =my - withmy = (3@Br9- () +h(p-())],__0_ 4

yields that the end pressure at » = r; is uniquely determined by the supersonic
coming flow even if we adjust the position rg of the shock. Thus the transonic
shock in a nozzle does not exist for the potential flow equation and for arbitrarily
given end pressure. But for the compressible Euler system, this is not the case
(since the Bernoulli’s constants or entropies on either side of the shock surface are
different in the Euler system); see [Xin and Yin 2005b; Xin et al. 2008].

5. The proof of Theorem 1.8

In this section, we will prove Theorem 1.8. We use the notations of Section 2.
Under the transformation (2-3), it follows from Equation (1-3) and the boundary
conditions (1-9), (1-10), (1-11), (1-12)”, and (1-13) that the unknown function
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V(X) defined in (2-4) satisfies the following second order equation with the cor-
responding nonlinear boundary conditions:

Y (X, V, Vx V) x, V+Fo(X, V, VxV) =0 in Qy,
i,j=1,23
G(X,V,VxV)=0 on X; =0,

S (X @i/ =00, X =01 £, X, )0, V
j=1,23 i=23

(5-1) =01 fA=0p )+ Y (i/f =% f)dp- on X3+X5=1,
i=2,3

D 0 Xidx VA Y D bi(x)dy Xdx, V+b1(x)V

k=1,2,3 1=2,3k=1,2,3
= —14+019_+b2(x)02¢_ +b3(x)030—
+b1 () (1—x1+¢_(x)—g(x) on X;=1.

We now establish existence, uniqueness and regularity results for problem (5-1).

Theorem 5.1. Let 89 € (0, 1/3) be a given constant. Assume that (1-4)—(1-7)
hold. Then there exist positive constants g and C depending only on py, q+ and
8o such that for any ¢ € (0, &g), the problem (5-1) has a unique solution V(X) €
chi=%Q )ynCc3% Q4 \ Ui2=1 I';) with the estimates

IV(X)—1]lc11-5 < Ce,

IVXV(X)| < Ce/|Rx|" 2% fork=2,3,

sup Y ldxy|"PRIVFV(X) = VEV ()] [ 1X - Y|P < Ce,
X,Y€Q+\U1'2=1 Ii k=3

and
19V (X) |15 < Ce,
VX3V (X)| < Ce/|Rx[* > fork=2,3,

sup > ldx [P0V V(X)) = VR V(Y)| [ 1X = Y |* < Ce,
X,Ye0\Ui T k=3

where
T ={0,X2,X3): X5+ X3=1}), To={(1, X2, X3): X3+ X5=1},
Ry =X1(1—X)+1—(X3+X3), dxy=min{Ry, Ry},
0g = X703 — X305.
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Once Theorem 5.1 is proved, then Theorem 1.8 can be deduced easily from
Theorem 5.1 and the generalized partial hodograph transformation (2-3) and (2-4).

The basic strategy for proving Theorem 5.1 is to generalize the proof for the
two-dimensional case [Xin and Yin 2005a]. We will use the following Schauder
fixed point theorem.

Theorem 5.2 [Gilbarg and Trudinger 2001, Theorem 11.1]. Let I be a compact,
convex subset of a Banach space B, and let J be a continuous mapping from K
into itself. Then J has a fixed point in K.

To prove Theorem 5.1, we choose the Banach space B to be the weighted Holder

space H3T 3(02/_250)(Q+) with constant 8y € (8, 1 /3), where

2
H" (04 = {W(X) ec" M@ ncke (@, \[JTv) such that
i=1
IWllenra-s < C

sup| Ry |[!I="P|ViW| < C form <|I| <k;
X

_ VivV(X)—ViV(Y
sip Sl e (IX)—YIO‘ ™) SC}
X.yeQ \UL T Ji|=k

fork>m>1,k,meNandO<a, 8 < 1.
B is equipped with the norm

—(2-3§ [|—2480 !
IWIS5 2" = IWll s+ D sup | Rx| "' V3 W]
11=2,3

Zldx Y|1+£§o+50/2 VIV (X)=VIV (V)]

+ sup XY

X, yeQ\UiL I 11=3
It can be shown that B is a Banach space (since H,f;"ﬂs )(Q+) is a Banach space
with the similar norm; see [Gilbarg and Hormander 1980; Gilbarg and Trudinger
2001]). The role of Rx in B is to measure the loss of regularity of W (X) near the
circles I'y and I';. Sometimes, the subscript X in Ry is omitted for convenience.
Next define a subset K of B as

—(2-5 —(2-5
K={W(X): W eH, (0. %W e Hy ;> (0y4),
—(2—4 —(2-4
IW = 11557 < Me, |8 WI55 " < Me),

where M > 1 is a constant to be chosen later.
It is clear that [K is a convex subset of B and that K is also compact in B; see
[Gilbarg and Hormander 1980].
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We now define a continuous mapping J, which maps K into itself, by solving an
appropriate boundary value problem for some second order linear elliptic equation
on a fixed domain with linear boundary conditions; this problem is an appropriate
linearization of the nonlinear problem (5-1). More precisely, for any W € [, we
define J : K — K by

(5-2) JW=V+1
where V is required to solve the equation

(5-3) D (X, W, Vx W)z, V + Fo(X, W, VxW) =0 in Q.
i,j=12,3

Motivated by (2-16), we require V to satisfy the linear boundary condition on
X1 =0 given by

> Bi(X, W, VxW)ay,V + Bi(X, W, VxW)(W — 1) = G(X, 1,0,0,0).
i=1,2,3
Since B11(X, W, Vx W) # 0 for small ¢, this equation can be rewritten as
(5-4) ax,V+ Y Bii(X. W, VxW)dx,V+Bi(X, W, VxW) =0 onX;=0,
i=2,3

where the coefficients satisfy

1B1i (X, W, VW) 15,5 + 19 B1: (X, W, Vx W) |, 5 = 0 (Me),
1BL(X, W, Vx W) 15,58~ + 19 B1(X, W, Vx W), 5" = O(e),

for i =1, 2, 3. This follows from Lemma 2.2. That El(X, W,VxW) = 0(¢e) will
be critical for determining the constant M in K.
Analogously, we require that V satisfies boundary conditions

0,V + > By(X, W, Vx W)y, V + Bo(X, W)V + Bo(X, W, Vx W) =0
(5_5) i=2,3

Y Bsi(X, W, VxW)dy,V + B3 (X, W, VxW) =0
i=1,2,3

on X;=1and Xz—i—X2 =1, respectlvely Bg, (X, W,VxW)and Bz(X W,VxW)
have the same estimates as Bl,(X W, VxW) and Bl(X W, Vx W), respectively,
and

AJ2 < Bo(X, W) < 2A,

1Bo(X, W)lI5.5. =% + 1189 Bo(X, W3 5™ = O(Me).
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In addition,
1B31(X, W, Vx W) 1557 + 189 B31 (X, W, Vx W)l 5™ = O(Me),
1B3i (X, W, Vx W) — X;l55 >
+ 1186 (B3i (X, W, Vx W) — XI55, = 0(Me),
1B3 (X, W)li55 ™ + 180 B3 (X, W[5 = O(e).

fori =2, 3.
Since Bo(X, W) > A/2, it follows from the maximal principle that

(5-6) |V < Coe,

where the constant Cp > 0 is independent of M and .

With the basic L estimate of V in (5-6), we now can derive the required higher
order estimates for V in order to define the mapping J in (5-2). The desired esti-
mates are stated in the following proposition.

Lemma 5.3. Assume that W € K. If V(X) € H3 (- 50)(Q+) is a solution of (5-3)
with the boundary conditions (5-4) and (5-5), then for small ¢ > 0, there exists a
constant Cy > 0 independent of M and ¢ such that

IVISS ™ <Coe and 135V 55 ™ < Coe.
Proof. Without loss of generality and for simplicity, we may assume
ann=—-14+0Me), an=—-1+0(Me¢), azz=—14+0(Me).
Otherwise, we can use the transformation
Xi=Xi/(E—aD'?  Xy=Xofer,  Xy=Xs/es

such that the coefficients of the resulting equation satisfy the above requirements.

Set

T ={X:X,=0X5+X3 <1}, T ={X:0<X;<1,X3+X3=1},

={X:X;=1,X3+X;<1)}.

Then 00 = Ui=1,2,3 ¥;. Consider a subdomain Q; of O with the property that
0Q1N0d Q0 lies in the interior of d Q. Then by the classical Schauder estimates on
second order elliptic equations with the uniform oblique derivative boundary con-
ditions (see Ladyzhenskaya and Ural’tseva 1968; Lieberman 1987]), there exists a

constant C(||Bk,||C11 ~50(3,)> ||ng||C11 (3, )) fork=1,2,i=2,3,and j=1,2,3
such that

(5-7) IIVllcz-l—s()(Qﬂ)SC(||V||L°°<Q+>+||F0||cl*50(Q+>+ > ”éi”cl*lf“ng)-
i=1,2,3
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Thus our main task is to estimate the derivatives of V near the circles I'y and
I[',. To this end, without loss of generality we consider only the problem in a small
neighborhood G (rg) ={X : | X — Py| < ro} of Py =(0, 1,0).

We will use the cylindrical coordinates (3-11) and let Z; = X, Z>, = r, and
Z3 = 6. Then in the domain

G(ro)=Gro)N{Z:Z2,>0, 1 -8 <Z, <1, —rog < Z3 <ro},

with a constant § € (0, 1), Equation (5-3) and boundary conditions (5-4) and (5-5)
can be rewritten as

Y A2, V+ Y Mi(2)d7,V =F(2),

i,j=1,2,3 i=1,2,3
(5-8) ~ -

3z, V4D i203N1i(2)3z,V = G1(Z) on Z; =0,

32,V +N2(2)d7,V+N23(Z)0z,V =Go(Z)  onZy=1,
where

dis 1.2.3 1M (Z)||2(1 %) <C(l+Me¢g),
i =123 14ij(Z2) + 8 ||2(1 %) < C(rg+ Me),
Y12 1GHDI5 5 +IF @)1, 5 < Ce,
INL(D) 58+ INBD) 55 +HINa DI, 5 +INs(2) 1557 < CMe,

with the weight Rz = (le +(Z,—1)*»"% and dz.z7 =min(Rz, Rz). The generic
constant C > 0 is independent of M, ¢, and ry.
Define a C* function x (Z) such that

2)— 1 if (1Z1P+1Z2 = 1P +1Z312)YV? < ro/2,
o i (ZiP 12— 1P 4125132 > (2/3)r.

Let Vl (Z2) = X(Z)V. Then it follows from (5-8) that V| (Z) satisfies the elliptic
equation with boundary conditions given by
Y A2, Vit Y Mi(2)dz, V) =F(2),
i,j=1.2,3 i=1,2,3
(5.9) 02, Vi+ Y03 Nii(2)02,Vi = G, (2) on Z; =0,
32, Vi+ N1 (Z)dz, Vi +Np3(2)dz,Vi = G5(Z) onZy =1,

Vi=0 on (|Z141Z2—117+1231HY* = ry.
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Combining this with the Schauder interior estimate (5-7), we derive easily that
F'(Z) and G;(Z) have the same properties as F'(Z) and G;(Z).

Now, by choosing § = 1 — §y and ¢ = 1 — §p in [Lieberman 1988, 3.4] and
noting that the angle between Z; = 0 and Z; = 1 is /2, we can check carefully
the proof of [Lieberman 1988, Lemma 3.1] to verify that its conclusions still hold
in this case; see [Xin and Yin 2005a] for details. Using this and (5-6), we find that
for small ry and Me, we have || ?1 ||£ (12—_5((3)0) < Cype, where Cyp is a uniform generic
constant.

Moreover, by using an argument similar to that of [Gilbarg and Trudinger 2001,
Theorem 6.17] for the higher regularities of solutions to the second order elliptic
equations there, it follows from [Lieberman 1988, Lemma 3.1] that

(5-10) IVills5, ™ < Coe.

Next we improve the estimates of the tangential derivatives of V.
Set U = a3 V. It follows from (5-9), (5-10) and the assumption on the tangent
regularities of W (X) that

> AGD LU+ Y MiD)iLU = Fi(2),
i,j=1,2,3 i=1,2,3

32U + 3103 N1i(2)d2,U = H|(2) on Z; =0,
8ZZU+N21(Z)BZIU+N23(Z)8ZSU =H(Z) onZ,=1,
U=0 on (|Z1* +1Z> — 117 +1Z31)"* = o,

where
—(1-=4 —(1-4
Y IH @55 + 1F(2))5 ) < Ce.

Analogously, we can obtain ||U||3*’gi*50) < Ce. Combining this with (5-10)
shows that Lemma 5.3 holds. O

Due to (5-6) and Lemma 5.3 and by the continuity method given in [Gilbarg and
Trudinger 2001] (see also [Nazarov and Plamenevsky 1994] or [Lieberman 1988,
Lemma 2.3]), the linear Equation (5-3) with the boundary conditions (5-4) and
(5-5) is solvable in the space K. Furthermore, (5-6) and Lemma 5.3 imply that we
can choose the constant Cy as the constant M in K. Hence the mapping J, which
is defined in (5-2), maps from K into K. Moreover, by the maximal principle and
the estimates in Lemma 5.3, J is a continuous mapping from I — K. We are now
ready to complete the proof of Theorem 5.1:

Proof of Theorem 5.1. 1t follows from Lemma 5.3 that the mapping J satisfies the
all requirements of Theorem 5.2. By the choice of J, the existence of a solution
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in Theorem 5.1 follows. In addition, the maximal principle in [Lieberman 1987]
implies the uniqueness in Theorem 5.1. This completes the proof. (]

Proof of Theorem 1.8. Part (i) of Theorem 1.8 follows directly from Lemma 2.1.
By the regularity and uniqueness of V (X) in Theorem 5.1, one concludes that
the inverse transformation (2-3) has the properties:

x1(X), x2(X), x3(X) e CH170 (0 )N C¥(Q,).

Since the shock X: x; = £(x2, x3) corresponds to X; = 0 in Q_+, we have
E(x2, x3) € CH17%(8) N C3%(S), where S represents the open projection set of
Y onto the (x7, x3)-plane. Also, by using the properties of V (X) in Theorem 5.1,
we easily verify the remaining conclusions (ii), (iii), and (iv) in Theorem 1.8. This
complete the proof. ]

Appendix

In this appendix, we will give some details on the properties of the transonic shock
problem after the generalized hodograph transformation in Section 2 and some
exact formulas used in the proofs of Proposition 4.1. In particular, we will prove
Lemma 2.2 and Lemma 2.4.

Proof of Lemma 2.2. We start with the proof of (2-17). By definition, we have
G(X,1,0,0,0)= (H(Co — 3 (A= 819)* + X5 309)D)) (1o — 1)
— H(Co—1IVe-Pine-)(®)

with X = (X1, X», X3) given by x| = X and X; = X; (X1, X2, X3) fori =2, 3.
More precisely, (X, X3) is determined by

Xo=H(f@)™  and  Xs=H(fE)7.
Using Lemma 2.1 and the assumption that g_ — g, = 1, we compute that
G(X,1,0,0,0) = <H(C —3g- = 1D*+0(e))(g- — 1+ 0(¢))
— H(Co— a2+ 0(®)(g-+ 0())®
= (H(Co—3(¢- = 1*)(g- = 1) = H(Co— 342 )q-) + O(e)
= (P+9+ — pog-) + O(e) = O(e),

where we have used p1q+ = pog—; see (1-7). Thus |G(X, 1,0, 0, 0)| < Ce. Simi-
larly, noting also (1-4), we have

> IVKG(X.1,0,0,0)] < Ce,
k=1,2,3
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which proves (2-17).
Next, we verify the rest of the lemma, namely, (2-18)—(2-21). Direct calculations
based on (2-5) and (2-6) show that

9x1

gy = Xi—L
oxp _ -1
V= (X1 —1)ox, f(1 = (X20x, f + X30x, /)" Xk,
(3, V) X,
—— = =D(X,V,0xV)V—,
(A]) 8(8)(/. V) 8)6,'
9(0ip-) ) Z 8x]
- ()57
v j=1,2,3
3(9ip+) )3 ( dx; d (3X;
9Ri9+) o-5d —ox, Vo (52),
A% Py aV \ 0x;

fork=2,3,and i, j =1, 2, 3. Define
G(Voy, Vo) =1 ,3[0j0H19;(p1 — o).

Then G(X, V,VxV) = G(Vo,, Vo_), and

(A.2)
~9X;
day,vG =—VD(X,V,VxV) 010, G5t
k
k=1,2,3
=3 (Okps) ~3(0kp-)
WG =Y (0 GHEEH 1y, GHAL)),
k=1,2,3
g, G= Y (10;0H18;j+ (Hy8ij — 0,904 i H) (004 — 3j90)),
j=1,2,3
3,0 G =— Z (10j9H18;; + (H-8;j — 3j9_0ip_H' ) (304 — dj9-)),
j=1,2,3

fori =1, 2, 3. We can obtain from (2-6) and (2-15) that
(A.3) 0y, Xi =8;;+0(e) fori, j=1,2,3,

and it follows from (A.1), (A.3), and Lemma 2.1 that

9(0ip+) .

( o )(X V)= 0(e), fori=1,2,3,
30y, V) . L
<—a(anV))(X’ V,VxV)=8;+0() fori,j=1,23.
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Note that

— 2 _ 2
(Ad) Do G 4 P+(a+ qc—z)(f.f;m) q+)(1+0(8)) il
0(e) ifi=23

Indeed, recall that we have assumed that g — g4+ = 1; then it follows from
V(X)=1—x1+¢_(x) — ¢4 (x) that 9;¢4 = 0;¢o— — 8;; — VxV3X/dx;. So one
can derive from Lemma 2.1 and (A.3) that

5 _{qi+0(e) ifi =1,

(A-3) O(¢e) ifi =2,3.

On the other hand, the Bernoulli’s law, (1-1), and (1-2) imply that c?(p) = H /H'.
Hence, we obtain from (A.2) and (A.5) that

3,0, G = [hoH]+ (H+(31¢’+ —019-) — Z (0910194 H ) (D04 — 3]'90—))
j=12,3

H/
= (o Hy —019-H )+ H, (9194 — 81¢—)(1 - (31¢+)2H—+) +0(e)
+

_ P(gr—g) () —4q3)
B c2(p+)
The other estimates in (A.4) can be obtained similarly.
Substituting the computations above into expressions for By; and B; yields

(14 0(e)).

P+(q+—q-)(*(p+)—43) o
Bi(X,V,VxV)=1 2(py) (14+0()) ifi=1,
0) ifi=2.3

Bi(X,V,VxV)(W—=1)=0(e).

These prove (2-18)—-(2-20). The other property (2-21) can be verified similarly.
Hence the proof of Lemma 2.2 is completed. U

Next, we sketch the proof of Lemma 2.4.

Proof of Lemma 2.4. The proof will be sketched since it involves mostly tedious
computations. By (2-10), we have

an(X, V,VxV)= > (o)’ —c3) (0 X1 +bi}0x, V)
k=1,2,3
+ D @1 894 (95, X105, X1 + b1 9x, V).
k#l

Taking into account (A.3), (A.5), (2-6) and (2-15), we can get from the above
that

a1 (X, V, VxV) = (g5 — c2)(1 + O(e)).
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Similarly, for i =2, 3,

@i (X, V,VxV)= Y ((Gkp4)* = c3) (00 X)* +bffox, V)
k=1,2,3
+ ) k8191 (35 Xi 0 Xi + bl 0%, V)
k£l
= =50, X)*+ 0(e) = —c3.(1+ O(e)),

and, fori # j,
aij(X, V.VxV)= > ((Qkps)® — %) (0, Xi0x X + bif0x, V)
e +Y @ g (3, Xi 0y X + DDy, V) = O(e).
Next, we derive the estimate |b/\ (X, V. VxV)| = O(e) from (2-6)~(2-8), (A.3),
and (2-15). This with (2-10) and Lemma 2.1 leads to |Fy(X, V, Vx V)| = O(e).

The rest of Lemma 2.4 follows from similar arguments and direct computations.
This proves Lemma 2.4. (]

Next, we provide the explicit expressions of the coefficients for the second order
equation in (4-14) and (4-15) in the proof of Proposition 4.1.

(A.6)
an(,6,a) = — (1 - M)((F — A28V — A)(r1 + x0)3, 7
c*(Hy)
2(r—ry) 2 L F—r (BaP4)* \ 42 <
U G 6 g ARV 85V 8, — 1— A2Va;V9
+r2c2(H+) P+ 0P+ AV dg r 2 ( r2c2(H+)) 0V 0gV Oyl
~ 2
— T (1= ) a3y v
r2 sin’ o r2sinfac2(Hy)/! 0 o

20,04 009+ = 2 < 20004000+ - 2 -
+ — T2t (F—r)AgVo; Vo, r + ———————(r —r1)AgVo;Vour
r2sin® ac2(H,y) ( DAV %V r4sin® ac?(Hy) ( DAY %V 9

1 (9p91)* . .
+ (1— )AV Aod;V (F — 1) + p3 — 067
r2 sin’ r2sin ac2(Hy) 0Vp3(4035V ( D+ p3 = i)
20,049
PO DObs f Va4 — eIl p v

r2sin® ac?(H,) r4sin? ac?(Hy)

- 5 o~ 1 -
ap(r,0,a)= — m3r§0+aagﬂ+A0V8rr
1 (9 94)* ~ 2 ~
o F(l - 1”2:2(H+)>((r - rl)ona&V - onaar)
— Dafeopr F—r)AFVI;V + 20910091 AoV ps.

r4sin® ac?(Hy) r4sin® ac?(Hy)

| 3 01)?
azz(F,Q,a)zr—z(l—%>AoV,



THREE-DIMENSIONAL TRANSONIC SHOCKS IN A NOZZLE 191

=0 5\ — 0P+ 2
(A7) f(r’eaa)_ rztgot +rar¢+

DgeQup ) | (1 Goel) (o1 1) 12430 4 x)0:)%0,7)

r3c¢2(Hy) c*(Hy)
2 ~
+mar(p_,_aa(p_,_(Aoa;V&&V—2A(2)V3;V3&V)8r’"
+
(- @) (g AoV 3: Va7 —2A0V 3:Vd,7) Agd
_r_2< —m)(&v_ oVozV 4+ 0;Vour —2A0V FVozr) 00aV
L (Beps)? Ao(3;V)2— A2V (9;V)2— A2(F—r)V;V
Tl a rzsinzoecz(HJr) 0l%; 0 ] olr—rq gV D5

+ AV pa+ AgDs V05V 36 + AoV psdoF — 243V 05V 97V )
20,91 o+ 2 -
4 =0 PrO0PE (A (3:V 35V + Vps) — 2A3V 95V 8V )0, 7
rzsinzacz(HJr)( 007V 9, ps) 0V 0V 0r )
2049+ 09 P+

— T (Ag(0;VO;V + Vps)our + Ag(0z VOV +V
r4sin2ac2(H+)( 0(97V 9 P5)a (03 V 35 pe)

—2AFV V3V dei — AGV;V g V)

09+ (pp+)> | aps (Opgs)? cosa
r3sin® ac?(H,) r4sin® ac?(H,)
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