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NEW EXAMPLES
OF W,.-MINIMAL HYPERSURFACES IN A SPHERE

GUOXIN WEI

A hypersurface x : M" — $"t1(1) is called a W,-minimal hypersurface if
it is a critical hypersurface of the Generalized Willmore functional. In this
paper, we give some new nontrivial examples of W,-minimal hypersurfaces
of §"*+1(1).

1. Introduction

Let M be an n-dimensional compact hypersurface of the (n+1)-dimensional unit
sphere S"*1(1). If h; ;j denotes the components of the second fundamental form of
M, then we can choose a proper basis for TM such that h;; = A;6;;, where the A;
are the principal curvatures of M. Then the r-th mean curvature o, of M is defined
by
(1-1) Cro, = Z Ao, forr=1,...,n,

I1<ii<--<i,<n

where C), =n!/(r!(n —r)!) is a binomial coefficient. For convenience, we define
oo = 1. When o = 0, a hypersurface M is said to be k-minimal.
The Generalized Willmore functional is the functional

[, @ dv ifrisoddand3 <r <n,
W, (M) =1 [y #"dv ifrisevenand2 <r <nand Q, >0,
fMQ,,dv if2<r=n,

where
,
(1-2) 0, =) (~"*'Clo{ o
k=0

When r = 2, we know that Q, = 012 — 07 is a nonnegative function on M, and
the functional

Wa(M) = f (02 —02)"*dv
M
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is called the Willmore functional (see [Chen 1974; Wang 1998; Li 2001]). B. Y.
Chen [1974] and C. P. Wang [1998] proved that the Willmore functional is an
invariant under conformal transformations of $"*!. Its critical points are called
Willmore hypersurfaces. In particular, if n = 2, the critical points are called Will-
more surfaces. There has been important progress on Willmore hypersurfaces in
recent years. For example, R. Bryant proved a duality theorem for Willmore sur-
faces. H. Li [2001] proved an integral inequality of Simons type for Willmore
hypersurfaces.

For general 2 < r < n, it was shown in [Guo 2007] that the functional W, (M)
is also an invariant under conformal transformations of $"*!. A hypersurface
x:M" — §"t1(1) is called a W,-minimal hypersurface if it is a critical hyper-
surface of the Generalized Willmore functional W,. Guo also proved that M is a
W,-minimal hypersurface if and only if M satisfies

(1-3) A" (Qr1407h)
r
+(C DT Y (=DM A T i (@ o7
k=2
+ Q" (o} —n(n— Doy +n)(Qr—1 + 0]~ ") —no Q"

+ O NCIDT Y (DTG o ook — (n = K)org +kop-1) =0,
k=2

where A is the Laplacian, (-) ;; is the covariant derivative relative to the induced
metric, and the T(y);; are the components of the k-th Newton transformation T;
see [Cao and Li 2007; Reilly 1973].

Equation (1-3) is such a complicated equation to deal with that people know
few examples of W,-minimal hypersurfaces in $”!(1); few examples are known
even for W,-minimal hypersurfaces (that is, Willmore hypersurfaces). H. Li and
L. Vrancken [2003] got some new examples of Willmore surfaces in a sphere. In
this paper, we obtain numerous nontrivial examples of W,-minimal hypersurfaces.
In fact, we show two theorems:

Theorem 1.1. For n > 3, let M be an n-dimensional compact (n—1)-minimal
rotational hypersurface in S"'(1). Then M is a W,-minimal hypersurface.

Theorem 1.2. Forn >3 and 1 < j <n—2, there are no compact j-minimal rota-
tional and W,-minimal hypersurfaces of S"*! other than round geodesic spheres.

Remark. From [Palmas 1999] and [Wei 2007], we know that there exist many
compact immersed k-minimal rotational hypersurfaces in a unit sphere S"*!(1)
forl <k<n-1.
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Remark. Itis easy to verify that only the hypersurface in Theorem 1.1 conformally

equivalent to the hypersurface S'(\/(n — 1)/n) x §"~1(/1/n) is that hypersurface
itself.

Remark. When r = 2, both theorems reduce to theorems due to G. Wei [2008].

2. Preliminaries

In this section, let us introduce rotational hypersurfaces in a sphere. Let M be a
rotational hypersurface of $"*!, that is, one left invariant by the orthogonal group
O (n) considered as a subgroup of isometries of $"*t1(1). Let us parametrize the
profile curve o in S*(1) by y1 = y1(s) > 0, Yui1 = Yut1(5), and Ypi2 = Yui2(s).
We take (1, ..., t—1) = (¢1, ..., ¢,) to be an orthogonal parametrization of the
unit sphere $"~!(1). It follows that the rotational hypersurface (see [do Carmo and
Dajczer 1983; Leite 1990]) x : M" — S§"+1(1) C R"*? defined by

(s, 11, .o i) > 1@t -, Y1) Py Ynt1(5), Yg2(s)),

Qi =@i(t, ..., t,-1), and @i +---4¢r=1
is a parametrization of a rotational hypersurface generated by a curve y; = y;(s),

Yl = Yn+1(8), and ynyo = yni2(s). Since the curve {yi(s), yn+1(s), yn+2(s)}
belongs to $2(1) and the parameter s can be chosen as its arc length, we have

2D YO+ Ya 1 ) FYapa() =1 and  JP() + Jap1 () + Vapa(s) = 1,
where the dot denotes the derivative with respect to s. From (2-1) we can obtain
Yn+1(s) and y,42(s) as functions of y;(s). In fact, we can write
yi(s) = cosr(s),

(2-2) Ynt1(s) =sinr(s) cos O(s),

Vp+2(s) = sinr(s) sinf(s).

We can deduce from (2-1) and (2-2) that

(2-3) 24+ 6%sin’ r = 1.

It follows from (2-3) that 72 < 1. Combining these with P2 = )')12/(1 — ylz), we
have )'/12 —i—yl2 <1

Writing f(s) = y;(s) gives a theorem:
Lemma 2.1 [do Carmo and Dajczer 1983]. Let M" be a rotational hypersurface
of S"1(1). Then the principal curvatures A; of M" are

/1_f2_f'2

2-4 A=A= —
(2-4) 7
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fori=1,...,n—1and

(2-5) Am=p=—ItS

- N—f2—f2

If M is a k-minimal rotational hypersurface in $”*!(1) with k < n, then we can
deduce that

0=Ckop = Ck- M kA%
That is,
(2-6) MY —kr+ku) =0.
Putting (2-4) and (2-5) into (2-6) gives another theorem:

Lemma 2.2 [Palmas 1999]. The rotational hypersurface M" in S"+1 (1) is k-mini-
mal with k < n if and only if f satisfies the differential equation

@D =A== k= 2= IR f =0
Equation (2-7) is equivalent to its first order integral

(2-8) A== A=k,

where K is a constant.

For a constant solution f = f; in (2-7), one has that

fo= n;k and K= (S)"/Z(n;kyn—k)/z'

Moreover, the constant solutions of Equation (2-7) correspond to the Riemannian

product S'(k/n) x S (/(n —k)/n).
Equation (2-8) tells us that a local solution f of (2-7) paired with its first de-
rivative is a subset, denoted by ( f, f ), of a level curve of the function G defined

by
(2-9) Gr(u, v) =u" (1 —u? — v},

with u > 0 and u? +v% < 1.

Let us map the open half plane {(u, v) | u > 0} by the level curve G, = K. See
Figure 1.

Each curve is a smooth union of two graphs

v=:|:\/1—u2—( K )2/k
Mn—k ’
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Figure 1. Level curves for K > 0.

except for the level Ky given by (2-9). The level curve Gy = K consists of the
unique critical point of Gy, which is on the horizontal axis, as can be seen from

VGi(u,v) =u" 11 = u? =) *2D2((m = k) (1 — v?) — nu?, —kuv).

For K = 0, the level curve u2 4+ v2 = 1 is a semicircle. For K # (0, we can get
easily that the level curve is closed in the open half plane (in fact, in the semicircular
region; see Figure 1).

We consider the foliation of the open half plane by level curves Gy = K. Since
G, has a maximum at Ky, we know K € [0, Kg]. Clearly any curve at an interme-
diate level K is compact and the associated solution r (s) attains a unique minimum
ry > 0.

Now we have to consider two cases.

Case 1: K =0. This gives us a totally geodesic n-sphere. In fact, from K =0 and
Equation (2-8), we get f2 + f2 = 1. Integration of f2+ f2 =1 with f(0) =0,
we obtain f = sins and € = constant, so the profile curve is a great circle which
generates a totally geodesic n-sphere.

Case 2: K € (0, Kp]. In this case, we have
(2-10) f24+f2<1 andO< f <1.

We then claim that M has two distinct principal curvatures, that is, A 7% u. In
fact, if A = u, then we see from (2-4), (2-5), and (2-10) that

(2-11) —(f+Hf=1-f"—f~
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Then from Equation (2-7) and (2-10), we obtain that
(2-12) (n=k)(1 = f2 = f) —k(f+ ) f =0.
By (2-11) and (2-12), we have n(1 — f2 — f2) = 0. This contradicts (2-10) and
hence proves our claim.
3. The rotational k-minimal hypersurfaces in Case 2

In this section, we will recall some basic formulas for submanifolds of a sphere;
see [Cheng 2001; Li 1996]. Let M be an n-dimensional compact k-minimal ro-
tational hypersurface in S”*!(1). For any p € M, we choose a local orthonormal
frame ey, ..., e, €,41 in §"+1(1) around p such that ej, ..., e, are tangent to
M. Take the corresponding dual coframe wy, ..., @,, w,+1. We fix the following
conventions for the ranges of indices:

1<A,B,C<n+1; 1<i,j,k<n; 1<a,b,c<n-—1.
The structure equations of $"!(1) are
dwy = ZB wap Nwg With wap = —wga,
da)AB = ZC WAC NWCB — WA N\ WBR.
Restricted to M, we have w,,+1 = 0; thus
O0=dwpi1 = Zi Wp+1i N\ ;.
From Cartan’s lemma, we obtain
(3-D Wint1 =) hijw; = hiw;,
where h,‘j = hj,‘ = ki6ij, M= =Ay_1=A, and Ap = M.
Then the structure equation of M is
dw,-:Zja)ij ANwj with wij = —Wjj,
1
dwij =)} ik Nwrj — 5 Rijuwor Ay,

where R;j; is the curvature tensor of the induced metric on M.
The Gauss equation is

Riji = Bik8ji — 8ird k) + (hixhji — hith ji),
nmn—Dr=nn-1) +n’H? -5,

where r is the normalized scalar curvature, H = rll >, hj; is the mean curvature,
and S =), j hizj is the norm square of the second fundamental form of M.
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The Codazzi equations are h;jx = h;i;, where the covariant derivative of h;; is
defined by

(3-2) Yo hijkox =dhij + ) hijori + Yy hikwyj.
The second covariant derivative of 4;; is defined by
(3-3) Y oy hijuwr =dhijc+ Y hijrwi + Y5 hiewrj + Y hijiog.
By exterior differentiation of (3-2), we have the Ricci identities
hijit = hijik = D Bomj Rt + Y Him Rmjki -

In Case 2, we know from Section 2 that M has two distinct principal curvatures,
that is, A #£ u.
From (2-4) and (2-10), we can obtain that

(3-4) 5 #0.
We see from (2-6) and (3-4) that
(3-5) (n—kA+ku=0.

Lemma 3.1 [Otsuki 1970, p. 150). Let M be an n-dimensional compact hypersur-
face in a unit sphere S"T1(1) such that the multiplicities of principal curvatures
are all constant. Then the distribution of the space of principal vectors corre-
sponding to each principal curvature is completely integrable. In particular, if the
multiplicity of a principal curvature is greater than 1, then this principal curvature
is constant on each integral submanifold of the corresponding distribution of the
space of principal vectors.

By Lemma 3.1 and (3-5), we have
(3—6) )\.,1:“':)\.’"_120 and M,lz---zﬂ,n_lzo.
By means of (3-2), we obtain
(3-7) h,-jka)k =3,‘jd)\j+()xi —kj)wij.
Summarizing the arguments above, we obtain
hijk:() ifl-;ﬁjand)\‘i=)»j,
(3‘8) huab = 07 haan = )‘v,m
hnna = Oa hnnn =MUn.

By using methods similar to those in [Otsuki 1970], we can prove this:
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Proposition 3.1. Let M be an n-dimensional k-minimal hypersurface in S"T'(1)
with n > 3 and k < n and with two distinct principal curvatures ) and p whose
multiplicities are n — 1 and 1, respectively. Then M is a locus of the moving
(n—1)-dimensional submanifold M i’_l (s) along which the principal curvature A is
constant. M;’_l(s) is locally isometric to an (n — 1)-sphere S"(e(s)) = EM(s)N
S"t(1) of constant curvature; ) satisfies the second order ordinary differential
equation

(3-9)

d*x n—i—k(d)») n(n—Zk)k3 ;
T e ,

ds? ~ ni \ds

where E"(s) is an n-dimensional linear subspace in the Euclidean space R">
which is parallel to a fixed E".

4. Proofs of the theorems

Proof of Theorem 1.1. Let M be an n-dimensional compact (n—1)-minimal rota-
tional hypersurface in $"*!(1) with n > 3. From Section 2, we know that we have
to consider two cases.

Case 1: M is a totally geodesic n-sphere, thatis, h;; =0, 01 =--- =0, =0 and
Q01 =---= Q, =0; it follows that (1-3) holds. Hence, we can easily get that M
is a Wi-minimal hypersurface.

Case 2: M has two distinct principal curvatures A =--- =X, =Aand A, = u;

moreover A #Q and u = —A/(n —1).
From (3-1) and (3-3), we have

4-1) A,ijwj :d)\.’j +)»,ja)ﬁ.

By using (3-7), (3-8),we obtain w,, = A yw,/(A — ).

Therefore, we have dw, = ), w,; A w; = 0, which shows that we may put
w, =ds.

Then we have

(n=DAr,

Wan = =g = (log A"V wg,

where the prime denotes the derivative with respect to s.
Letting i = a in (4-1), we see from (3-6) and (3-8) that

)\’aja)j =dA, +)»’ja)ja = A nWnq
An o, — (n

Al
Lo, = = P )
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It follows that
(n—=1)

Aga = — Y ()Ln)2 forl<a<n-—1,

(4-2)
Aar=0 ifa#l, 1<a<n-—1,and 1</ <n.

Letting i = n in (4-1), we know from (3-6) and (3-9) that
)\,nja)j =dAi,+A, j®jn =dA,

2n—1 ni3 ni
< (A n) o _1)2+m>wn,

it follows that
0 ifl<a<n-—1.
(4-3) Ana =1\ 2n —1 ) n3 na .
( n) ( _1)2+m ifa=n.

In this case, we see from (3-4), (3-5), (1-1), and (1-2) that oy =A(n—2)/(n—1),

1
O'k=a Z )\’il"‘)\’ik

(4_4) n 1<ij<--<iy<n

{Ck lkk 1 +Cf_1kk}:n_1_kxk,
n—1
and
.
Qr =) (=D Clo]
k=0
4-5) NS,k k<n—z>r nl-k,
_g( DA n—1 n—1

— (_ r _ L)r r
=(-D"(r 1)<n—1 AT #O.
It is sufficient to prove

4-6) AQM(Q,—1+a]7h)

+(C T IZ( DA i T (@ o )4 =0
k=2

and

4-7) (P} —nn—)or+n)(Qr—1 +0,"") —no1Q,

+(C 2D Y (=DM CrTRCro{ T (novoy — (n — K)oyt + ko 1) = 0.
k=2
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By a direct calculation, we see from (4-4) and (4-5) that

(e 12( D e ZiCrol ™ (no1ok — (n —k)ory1)

k=2
- 2 r—k+1
_ k=D —=2)--- (r—=k+1) (n=2 n—1—k ., 4
E( . Kl = T
—  n(n=2=k)n—k) =D =2)--- r—=k+1) (n=2\"*
+2.D n—1 k! (n—1> *

S () e
(L) e

Cr l) IZ( 1)k+lcz ]]zck kkak—l
k=2

N,k A =D =2) - (r—k+1) (n=2\"Fn—k ,
=2 (=D *k—1)! G=1) v

:(—l)rn(r—2)<ﬁ)r_l)\r_l nn=r),r-1.

n—1

and

(n*of —n(n — Doz +n)(Q,- 1+o’—‘>—an,
=( (=) =
. <<—1>“<r () G )
R ) I

+ (=1 Ha= ?(r—l)( 1) At

—"(n(n_‘?’l")j‘?’) (te-a(-1)" 't (”j)ri Jar!

+(_1)r+1n(r_1)2:2<n11) A 4 (1) 1n(r_2)< 1)”1”—1

1
_ r—1
+n<n 2) AL
n—1
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Using (4-4), (4-5), and the last three equations, we obtain

m%l—nm—4yn+nxgpy+qe5—anr
C’Uliylf“qiﬂ “(no10x — (n — k)ort1 +kog_1) =0.
k=2
Note that
AWM= =D -2 3 Y )+ (n— DA AL
(4-8) i=1
=n—Dm =210+ (n—DA"2An

and
W' aa=@m—=k)n—k— DA * 20 )+ (0 — A" g
==k
4-9) _ =0 2

na
WY = =) —k— DA 20002+ (n— A,

Next we will prove that Equation (4-6) holds.
We recall the k-th Newton transformation defined by

Ty = skl — sk 1A+ + (=D s A (= Dk A% fork=0,1,...,n

where A = (h;;) and 5 = C,’iak. Then we know that the matrix of T is (also see
[Cao and Li 2007; Reilly 1973])

(4-10) Tiyij = ,5311 SR By
where 8” s the generalized Kronecker symbol. If its i’s and j’s are integers

JrJ

between 1 and n, then 8” Airi

is +1 or —1 if the i’s are distinct and the j’s are an

wdrd
even or odd permutatlon respectlvely, of the i’s. It is zero in all other cases.
Since h;, j, = *i.8;, j, and from the definition of BJII ljl], we know that

Tiryij =0 ifi #J.
From A + (n — 1) = 0 and (4-10), we obtain

Ty = =Trn-1n-1

1 iy IR
(4-11) = i - i, = GO T i € o)
1 r—1
= C;_z)\.r — mcn_z)\.r.
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and Ty = (1/r)80"py i =C’_ V.

i1...0pn llll lrlr
On one hand, we can deduce from (4-8) that

4-12) A (Qr14+0]7h)

ey
x (D' -2(- I)H + (Zj)r_l))\"—l)
x (=1l - 2)(ﬁ)r_1 + (%)M)Ax”—l

(o2 () T+ (G5) )

X (=1 =2)A" (A )+ —DA2((n— DA 11+ An))-

Using (4-11), one can easily check that

,
@-13) (€2 Y (=DM T Ty (@7 o T 4
k=2

DY D R T i (@ o T i

;
=(C2D™Y =D (= DT (@8 ol ™) 1
k=2 + T(k—l)nn(anir)/roﬁlr_k),nn)

= e e o))
x(kXZ;(—l)k“c;:i((n—l)Cﬁ—; ] (e S P TPCONY
reneh M (e-n(=) )"

(Z( Dkt ek k= 1(71 %) )kal()\nfk)’nn)
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Using (4-12) and (4-13), we get that Equation (4-6) is equivalent to

(Cote-a(E) (=) )
x (=D =213+ (= DA"2((n — DAt + Awn))
+(Cle >1(Z< DG - D - (A=2) )A"*(x"*"),n

1
k=2

+(C'” 1)1 (Z( Dkt er= ka 1<n %) )Lk—l()tn—k)’nn>:0,

that is,

r—1 _9\r—1
wia (oe-a( ) +(G5) )
x ((n—1)(n—=2A" 3 (A )? + (n = DA"2[(n — DA 11+ A unl)

_ r—k
+(Cpo)” 12( D*tter- ((n—l)C,f:;—C,f:@(Z_f) (n—k)2" A1)
k=2
r—1y—1 k1 or—k k=1 (=2 7K k21
e e ()
x ((n—k)(n—k—DA"*200,)% + (n — A" 1) =0.

From (4-2), (4-3), (4-8), and (4-9), we observe all the terms of Equation (4-14)
have factors of either A ,,,, or (k,n)z. So, if we can show that the coefficients of these
terms are 0, we will conclude Equation (4-6) holds. The coefficient of A”*ZA,M on
the left side of Equation (4-14) is

= (0 te-a (L) T+ () e
+(Cyh! Z( pee (P22 -k
= (e 2>(%)M+<Zif) =1
E A (222 (- 1+ k1)
k=2
(o) (22)

r—1 . r=2 ke
et ()T o Dt - el (5) T
k=1

k=0
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which equals zero. The coefficient of )\"*3()L,n)2 on the left side of (4-14) is

() G <o -5

+(CI- )12( o {(CE et B o 2) (n—

1
k=2

+-p! 2:(—1V+1C£i(f:}(Z:2>F%Or—an——k—1)

1
k=2

-(ere-n() (e

(e e

n

4 Z(_l)k+l(r . I)Cf:zz(z:?)r_k « (n;k)
k=2

=(cve-a(h) () )
e ()G T e GE) )

2(n 2)(r—1)(n 2)’ 2

n —1
S () ()
by D= 1y

n n—1

+04yAM—DU—D<1 y4+04y@—2y—m<1 y4’

n n—1 n—1

which equals zero. In summary, Equation (4-6) and (4-7) are valid, which com-
pletes the proof of Theorem 1.1. O

Proof of Theorem 1.2. Since A and Ty_; are the self-adjoint operators (see also
[Cao and Li 2007; Reilly 1973]), we obtain from (1-3) that the necessary condition
for M to be W,-minimal is that

f(Q(” (P} —n(n—Doa+n)(Qr-1+0{ ) —no1 Q") dv
M
+/ (Q,(»n_r)/r(cz:{)_l
M

X Z(—l)kHC;:],zC,]jalr_k(nalak —(n—k)ogy +k<7k_1))dv =0.
k=2



NEW EXAMPLES OF W,-MINIMAL HYPERSURFACES IN A SPHERE 387

If M is j-minimal rotational hypersurface forn >3 and 1 < j <n —2 and is
not totally geodesic, then we have

n—pPr+ju=0, ox= J];,kxk, 0, =1"(r— 1)(%) A, and A #0.
A straightforward calculation shows that

0" n(Q, 1 +0{ )+ 0PI T Y~ O ol ko1 =0
k=2

and
Q" (n*of —n(n — 1)02)(Qr—1 +0{ ) —no1 Q}/"

.
+ Qe S (=D el Cr ol T (noyok — (n — K)ogt)
k=2

r _1 —r)/r: r
= RO G DA
=(=D"n(r = DY j7" N —n+ DA,

SO

f (QI ="/ (n%0} —n(n — 1Dor +n)(Qy—1 + 0] —no1 Q" )dv
M

+/ (Q’(.n—r)/r(cz:i)—l
M r
<Y (=D Crol (nor0k — (n = K)oryr + ko) )dv
k=2

=(=D"nGr =D " —n+ 1)f A,
M

which does not equal zero.

Hence, for n > 3 and 1 < j <n — 2, there are no compact j-minimal rotational
and W,-minimal hypersurfaces of §"*! other than round geodesic spheres.

This completes the proof of Theorem 1.2. ]
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