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LOWER BOUNDS FOR
THE VOLUME OF HYPERBOLIC r-ORBIFOLDS

ILESANMI ADEBOYE

We derive an explicit lower bound for the volume of a hyperbolic orbifold,
dependent on the dimension and the maximal order of torsion in the orbi-
fold’s fundamental group.

1. Introduction

A complete orientable hyperbolic n-orbifold is an orbit space H"/I", where I" is a
discrete group of orientation-preserving isometries of H". An orientable hyperbolic
n-manifold is the quotient of H" by a discrete forsion-free subgroup of Isom_ (H").
Explicit lower bounds for the volume of a hyperbolic 3-manifold, as well as for the
volume of a hyperbolic 3-orbifold, were given by Meyerhoff [1986]. Later, explicit
bounds for manifolds in all dimensions were constructed by Martin [1989a] and
Friedland and Hersonsky [1993]. Wang’s finiteness theorem [1972] asserts that,
for n greater than three, the set of volumes of hyperbolic n-orbifolds is discrete in
the real numbers. Hence, a lower bound for the volume of a hyperbolic orbifold
exists in all dimensions. In this paper we prove the following result.

Theorem 1 (Main Theorem). Let I" be a discrete group of orientation-preserving
isometries of H". Assume that " has no torsion element of order greater than k.
Then

Vol(H"/ T) > sd(n, k)

where d(n, k) is an explicit constant depending only on n and k, given by

_ e(n+1)(1+coshr))2 Y A G
&Q(n,k)_flig(l—l—( Sinhr cosh 6r sin (k))

.
W1 / sinh” ' udu.
0

n

T2
Here w,_; = m is the volume of the standard sphere in euclidean n-space.
2
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As a corollary, we obtain the following analogue of Hurwitz’s formula for groups
acting on surfaces.

Corollary 2. If M is an orientable hyperbolic n-manifold and G is a group of
orientation-preserving isometries of M containing no torsion elements of order
greater than k, then

Vol(M)

An, k)

G| =

2. Preliminaries
We denote hyperbolic n-space by H" and define it as
H' ={(x1, ..., xp1) € R —xf4x3+- - 4xp =—1,x > 0}
together with the Riemannian metric induced on H" by the quadratic form

ds* = —dx12+dx22---+dx3+1.

The Riemannian metric gives rise to a distance function. Given two vectors
x,yeH"
the hyperbolic distance between x and y is denoted by dy(x, y) and defined by the
equation
coshdy(x, y) = x1y1 =+ = Xnq1Ynt1-

Let ¢; denote the standard basis element. We will make particular use of
e1=(1,0,...,0)

which is an element of H". The group of isometries of hyperbolic space will be
identified with the Lie group O (1, n) [Beardon 1983]. The subgroup SO (1, n),
consisting of all elements of O™ (1, n) with determinant 1, corresponds to orienta-
tion-preserving isometries of H". The symbol 7, will denote the n x n identity
matrix. The torsion elements of a discrete group of isometries of hyperbolic space,
that is isometries of finite order, are called elliptic. We will use the two terms
interchangeably.
For an element A of O (1, n) we define its operator norm to be

A :max{|Av| cveR™ and |v| = 1},
A subgroup I" of OT (1, n) is discrete if for each ¢ > 0, the set
{AeTl ||A| <c}

is finite. The group I' is elementary if and only if it has a finite orbit in H".
Otherwise I' is nonelementary. A finitely generated nonelementary subgroup of
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O™ (1, n) is discrete if and only if every two-generator subgroup is discrete [Martin
1989b].

Let A be any n x n matrix. The spectrum, denoted by o (A), is the set of all
eigenvalues of A. The spectral radius, denoted by r, (A), is defined by the equation

ro (A) = max |A|.
reo(A)

An important alternative definition for the operator norm is

[All = /1o (AT A).

The conformal ball model of hyperbolic n-space consists of B”, the open unit
ball in R", together with the metric
4(dxi+ - +dx2)
(1—x|»)?
By [Gehring and Martin 1987, Theorem 3.7], if I" is a discrete group of isome-
tries of B", then I' has the following

2 _
dsg =

Convergence property. For each infinite sequence of elements in I there exists a
subsequence {y;} and points xo, yo in B" such that

lim yj=y9 and lim yj_l =Xy
j—o00 j—00

uniformly on compact subsets in B" \ {xo} and B" \ {yo}, respectively.

Outline. The proof of the Main Theorem will come in three steps. In Section 3
we prove that an upper bound on the order of an elliptic isometry A of H"” gives a
lower bound on the operator norm of A — I,,11. In Section 4 we show that, up to
conjugation, an upper bound on the maximal order of torsion of a discrete group of
isometries of H” leads to a uniform lower bound on ||A — I,,+1|| for all A # I,,4;.
Finally, in Section 5, we establish an upper bound on the number of elements of
a discrete group of isometries of H" that fail to move a ball of radius r off itself.
This allows us to bound the volume of the image of such a ball in the orbit space.

3. Norm bound for low-order torsion elements
Proposition 3. Let A € O" (1, n) be an elliptic element of order at most k. Then
A= Tl = ck
where cj =2 sinz(%)e_2.

The first step is to prove a version of Proposition 3 for the elements of the
subgroup of O (1, n) that fix e;. Next, we will consider the remaining elliptic
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elements, which are all conjugate to elements which fix e;. Two different bounds
on ||A — I,+1] that depend on the distance between the fixed point set of A and e;
will be developed. Finally, all results will be combined to prove the proposition.

Define E(n) to be the subgroup of O (1, n) that stabilizes the vector e;. We
identify E (n) with the orthogonal group O(n) by noting that for each A € E(n),
there exists A* € O (n) such that

= ("4

Using this identification we may carry over properties of O(n) to E(n). In
particular

(3-1) AcEn) = A ' =A"

A basic result of linear algebra, the proof of which, for instance, can be found in
[Gruenberg and Weir 1967, section 6.4], gives us the following
Lemma 4. Given A € E(n) there exists B € E(n) such that

1
Ay

(3-2) BAB™ ! =

where 1, s, t are nonnegative integers and
cosf; —sinb;
A=\ .
sin 6; cos 6;

Remark 5. If in Lemma 4 the order of A is at most k, then clearly

2
— <6 <m.
k
Since the set of eigenvalues of a matrix is conjugacy invariant, so is the operator

norm.

where 0 < 6; < .

Lemma 6. Let A be areal (n+ 1) x (n+ 1) matrix and let B € E(n), then
IBAB~!| = [IAll.

The following proposition gives our result for elements of E (n).
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Proposition 7. If A is a nonidentity element of E (n) of order at most k, then
14— il = 25in( 7).

Proof. Write A = BA’B~!, where A’ has the form of the right-hand side of (3-2)
and B is the appropriate element of E(n). Then

IA =Ll =1BA'B™" — L ]|
= |B(A" — L41)B™'|
=|[|A" = ILs1]  (by Lemma 6)
> [(A" — Ly1)er|
=|A'es —es)|.

Assume [ # 0, then

. . (0 .
|A'e; —er| = \/(cos 0, —1)2+sin>6; =2 s1n(51> >2 s1n(%)
by Remark 5. If / = 0, then k =2 and A’ has the form

1
_IS 5
I;

and therefore

IA’ez—ezl:|—e2—62|:2:2sin%. O

Now consider the more general case where A is an elliptic element of O (1, n)
which does not fix e;. Our first approach will give us a bound in the case where
the fixed point set of A is “close” to e;. We will show that A is conjugate, by
an isometry whose norm we can explicitly calculate, to an elliptic element of the
same order which fixes e;. Proposition 7 can then be used to obtain a bound on

[A = Tupll-

Proposition 8. Let A € O7 (1, n) be an elliptic element of order at most k, which
does not fix e1. Let § be the hyperbolic distance from e to the fixed point set of A.
Then

1A= Ll = 2sin( 2 )e 2.
Proof. Let b be the closest point in the fixed point set of A to e;. Let
b = (cosh$, sinh 4,0, ..., 0).

Then dy (e, b) =dy(eq, l;) = 4. Therefore, there exists Ae E (n) such that Ab=b.
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Let
coshé$ sinh§

sinhd coshé

define B := AT and let
A=B7'AB.
Since A fixes e, A € E(n) and
IA =Ll = 1B7'AB — L1
=B~ (A= L1 Bl
<IB~'IA = LllB]
= BIPIA = Lpsill,
since || B|| = ||[B~!| for all B € O* (1, n).

Furthermore R R
B'B = (AT)'(AT)

=T'A"AT
=T'A'"AT  (by 3-1)
=T'T

cosh 28 sinh2§

sinh 28 cosh 26

1
The eigenvalues of B'B are 1, e~?% and ¢%, and thus || B|| = ¢°. Therefore,
A = Listll = 1A = Lt [1B1
= A~ Li1l|e™
i
>2 sin<z>e_25 (by Proposition 7). O
In Proposition 8 our bound goes to zero as § — oo. This is our estimate for
“small” values of §. The following proposition uses a different method to address
the case where § is “large”. If the fixed point set of an elliptic element A is far

from e; then A must move e; a significant amount. This ensures, by the definition
of the operator norm, that ||A — I, 4] can be bounded away from zero.
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Proposition 9. Let A € O" (1, n) be an elliptic element of order at most k, which
does not fix e1. Let 8 be the hyperbolic distance from e to the fixed point set of A.
Then

IA =Lyl = zsinhZaSmZ(%)_
The proof of the following lemma is straight-forward.

Lemma 10. Let A be an elliptic isometry of H" of order at most k. Let b be a fixed
point of A and let v be an element of H" such that the geodesic g| containing v and
b is perpendicular to the fixed point set of A. Suppose g is the geodesic containing
b and A(v), then the angle of intersection 6 between g\ and g» is greater than or
equal to 2m [ k.

Proof of Proposition 9. Let A = (a;;). By the definition of the operator norm we
have the following

A = L1l = [(A — TnqDen]

=|Ae; —ei]
= |(a11 —1,an, .. .,a(,,+1)1)|
> lan —1].
On the other hand,
coshdy(ey, Aey) =1-a;; =ay;.
Therefore,

A = Lny1ll = [ coshdy(er, Aey) — 1.

Let b be the point in the fixed point set of A closest to e;. We can apply hyper-
bolic cosine rule to the triangle with vertices e}, Ae; and b. If 6 is the angle of the
triangle at the point b, then

coshdy(er, Aey) = coshdy(b, e1) coshdy (b, Aey)
—sinh dy (b, ey) sinhdy (b, Aey) cos 6.

Therefore,

coshdy(e, Aey) = cosh? § — sinh? § cos @
= cosh” § — sinh? 8(1 -2 sin2<% )

= cosh? § — sinh? § + 2 sinh? § sin? (%)

= 142sinh? 6 sin2<g).
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Hence,
1A — n+1||>‘1+251nh28s1n< )—1‘

o2 g Q)

= 2sinh” § sin (2

> 2sinh? 8 sin2<%) (by Lemma 10). 0
The following lemma follows immediately from Propositions 8 and 9.

Lemma 11. Let A € OV (1, n) be an elliptic element of order at most k. Let § be
the hyperbolic distance from e to the fixed point set of A. Then

lA — Lx1]] >max{25mh28sm (k) 2sm(7]:)e_2‘3}.

Hence, we have

Lemma 12. Let A € O" (1, n) be an elliptic element of order at most k. Then

A — L1 > 1nf max{251nh2851n (k) 251n(k>e 25}.

Proof of Proposition 3. We must show that the bound of Lemma 12 agrees with
the uniform bound c;. We divide the proof into two cases. First, assume § > 1.
Since sinh? § is an increasing function, we have

2 sinh? 8 sinZ(%) > 2 sinh?(1) sin2(%) > 2sin2(%)e*2.

Now assume 8 < 1. Note that e~ i

since A is nontrivial. Therefore,

sin2<%> < sin(%).
2 sin(%)efz‘S >2 sinz(%)efz‘S >2 sin2<%>e*2.

Therefore, by Lemma 12,

is a decreasing function. Also note that k > 1

Hence,

|A— T+ = 1nf max{Z sinh? § sin <k) 2sm<7]:)e_28}
> 2sin2<%>e_2. O

4. Norm bound for low-order torsion groups

On his way to providing lower bounds for the volumes of hyperbolic manifolds,
Martin proved the following theorem.
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Theorem 13 [Martin 1989a]. Let I' be a discrete nonelementary torsion free sub-
group of O (1, n). Then there is an o € OV (1, n) such that

1
IAINA = Ty ll = —=

n+ 2 \/Q
forall Acala™', A #1,,.

In this section we prove an orbifold version of this result. That is we drop the
condition that I" is torsion free and replace it with a bound on the order of torsion.
Our proof is similar in outline to Martin’s, with Proposition 3 allowing us to control
elliptic elements.

Recall from the beginning of Section 3,

cri=2 sin® (%)e‘z.

The following proposition is our orbifold version of Theorem 13.

Proposition 14. Let T be a discrete nonelementary subgroup of SO (1, n) which
contains no torsion elements of order greater than k. Then there isan o € O1 (1, n)
such that

A= Thp1ll = ck
forall Acala™',A#1,,.

The proof will be by contradiction. In proving Proposition 14, we will pass
between the ball and hyperboloid model of hyperbolic n-space.

As T is discrete, it is countable. Therefore I" has a countable number of parabolic
and hyperbolic fixed points on the boundary of B”. Furthermore the set of fixed
points of each elliptic element on the boundary of B" forms at most a codimension
2 subspace of S$"~!. Therefore, we may assume (by conjugation) that no element
of the group T fixes the north or south poles (N, S respectively) of S"~!. For each
t > 0 let o, represent, in the ball or hyperboloid model, the hyperbolic isometry
that corresponds to a pure translation by ¢ in the geodesic from S to N.

Lemma 15. For each fixed A € I' —{I,11},
(4-1) lim [lo; A, || = oo.
11— 00
Proof. Let 0 be the origin in B". Note that
lim o' (0) = .
[—00
Hence, for A e I' — {I,,+1},

lim Aa; ' (0) = A(S).
—00
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Since A(S) # S, there exists a neighborhood V of S in B" such that A(S) ¢V.
Thus,

lim o, Aa; ' (0) = N.

—00
Transferring from the ball model to the hyperboloid model, we have

lim |, A, ! (e1)| = o0.
t—0o0

Therefore, (4-1) follows. O

For the remainder of this section we will work under the assumption that Propo-
sition 14 fails. That is,

Assumption 16. Let I' be a discrete nonelementary subgroup of SO (1, n) which
contains no torsion elements of order greater than k. We assume that for all o €
O™ (1, n) there exists

Acala™!, A#1I,

such that
A= Ll < ck-

Under this assumption, we will construct an infinite sequence {A;} of elements
of I and a diverging sequence {# (i)} of positive real numbers, so that
-1
sy Aiety iy — Insr Il < e,
-1
ot iy Airot, gy = Ingr Il < ck

for all i. We then use Martin and Friedland—Hersonsky’s generalization of Jgrgen-
sen’s inequality to show that {||o; A ,-ozt_(il) I} is unbounded and obtain a contradic-
tion.

Definition 17. For each A € I' — {[,,41}, let
Up:={t>0:lqAa; " — Lyl <ci ).
It is clear from Lemma 15 and Assumption 16 that
U={Us: A€l —{l11}}
forms an open cover of the positive real line by bounded sets.
Lemma 18. There exists a sequence t (i) — oo and a sequence Uy, € U such that
t@)eUNUy.
Proof. Foreach A e I" — {[,41}, let

OUJ[LQ] = {UA N [1, 2]}
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Then, Uy 2 is an open cover of [1, 2]. For x, y € [1, 2], we say
X~y
if there exist r, s € Z" and a sequence
(UL}, € Up 2

such that x € Ulr,y € U}\S and U}‘i ﬁU}‘iJrl # @ foralli withr <i <s—1.

Reflexivity, symmetry and transitivity are immediate from the fact that Uy 2 is
an open cover. Therefore ~ is an equivalence relation on [1, 2]. Now, let E C [1, 2]
be an equivalence class and let x € E. There exists an open set U} € U(; 2; such
that x € U/IL-‘ By definition of our equivalence relation, if y € U, then y € E.
Therefore we have that U}&i C E. Thus E is an open set. Hence, [1, 2] can be
divided into disjoint, open equivalence classes. Since [1, 2] is connected, there is
only one equivalence class.

Since 1 ~ 2 there exists an m| € Z* and a sequence

(UL} C Uy

such that
leUsy, 2eU; and UyNUL #9
forall i with 1 <i <mj; — 1. Define (1) := 1, t(m;) := 2 and select #(i) from
Uy NU, for2<i<m—1.
Now consider U 31 = {Uf\}, where U2 := U, N[2, 3]. By repeating the program
above, we can define 7 (i) for m; + 1 <i < m,, where m, is an integer larger than

m and f(my) = 3. We can then define the corresponding Uy, for m+1 <i <m;.
Continuing in this way, we define the required sequences. O

The next lemma will be the key in what follows.
Lemma 19. Forall i,
ey Aietyy = It Il < i
L Aiprey ) = Lol < ci.

Proof. As t(i) € Uy, N Uy, the lemma follows immediately from Definition 17.
O

Next, we prove that the set {||a,(l-)A,-at_(i]) |I} is unbounded. This will be shown

to contradict Lemma 19 and thus establish Proposition 14. The following is a
special case of [Friedland and Hersonsky 1993, Theorem 2.11] and [Martin 1989b,
Theorem 4.5].



12 ILESANMI ADEBOYE

Theorem 20. Let I' C O" (1, n) be a discrete group. Let T be the unique positive
solution of the cubic equation 2t(1 +1)> = 1. If A, B € T such that (A, B) is a
discrete group and

[A =Tl <7, IB—Intill <,
then (A, B) is a nilpotent group.
Remark 21. We note here that

T > 0.2971

> 2e 2
>2 sinz(%>e*2 for all k
= k.

We now prove the following claim.

Claim 22. The set {||01,(,~)Aioe;(i1) I} is unbounded.

Proof. Since ot,(,-)A,-ozt_(l.l) and oet(i)AiJr]ozt_(il) are elements of the discrete group
-1
Olt(,')FOt[(l-),
-1 -1
(O‘t(i)AiO‘z(i)’ O‘t(i)AiJrlO‘z(i))

is a discrete group. By Lemma 19, Theorem 20 and Remark 21,
(O!t(i)Aia,_(,-l), Olz(i)Ai+1d,_(,-l))

is nilpotent and thus elementary. Therefore (A;, A;+1) is discrete and elementary.
By Assumption 16, if A; is elliptic it has order at most k. This implies

-1
”at(i)Aiat(,‘) - In-‘rl ” = Ck

by Proposition 3. However that directly contradicts the definition of Uy,. We
conclude that no element of {A;} is elliptic. So for all i, A; and A;;; are either
both parabolic sharing a common fixed point or both hyperbolic sharing a common
axis. Therefore, either each A; is hyperbolic or each A; is parabolic and the A; all
have a common fixed point set.

Let A be the subgroup of I' generated by all A;. Since the fixed points of any
element of A is fixed by the entire group, A is elementary. The set {A;} is an
infinite sequence in A, since each Uy is bounded and #; — oo. Therefore there
exists a subsequence {Aij} and points xg, Yo € B" such that

. . —1
lim A;; =y and lim Al./_ =Xp
j—o00 j—oo

unirorm y on compact subsets 1n B X0y an B Yoy, respective y.
iforml bsets in B" \ {xo} and B \ {0} 1
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Since x( and y( are accumulation points of a discrete elementary group with no
elliptic elements, they are fixed points of elements in A. Now

{x0, yo} N{N, S} =
since N and S are not fixed points. Therefore, since

lim o, 0)=S#xo, and lim A; = yo
Jj—>o0 7 j—oo

uniformly on compact subsets of B" \ {0}, we have that lim;_,  A;,c; (l )(0)
Hence,

hm a,(, )Al/ 1 )(0)
Thus, transferring from the ball model to the hyperboloid model, we have

hm |at(l )Az] t(z (el)l =

Therefore,
hm ||Olt(t )Al] 1(i; )” = g

Proof Proposition 14. To complete the proof of Proposition 14 we observe that by
Lemma 19,

ey Avery = 1] = [ llewiy Avety )l = 1Ty 1]
< llar iy Aict; y = Tng
<cp <1,
which implies that
llovs iy Asery Il < 2,
contradicting Claim 22. O

5. Proof of main result

In this section we prove several technical lemmas. These lemmas will be used
to show that if the conclusion of Proposition 14 holds we can establish an upper
bound on the number of elements of I" that fail to move a ball of radius r off itself.
This result will allow us to bound the volume of the image of such a ball in the
orbit space, thereby establishing Theorem 1.

First, we see that a bound on the translation distance of a hyperbolic isometry
implies a bound on the entries of the associated matrix.

Lemma 23. Givenr > 0,if A € O%(1, n) is such that

(5-1) A(B(el,r))ﬂB(el,r);«éQ,
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then forall i, j,

la;j] < Kk(r),
where k (1) :== %\/cosh 6r.
Proof. For all j # 1 and for all i,
laij| < |Aej|
_‘A(coshr n coshr )‘
- sinh ey sinh r él
1 cosh
< ——[A((coshr)es + (sinhr)e;)| + Sinh: |Aey).

The assumption (5-1) implies that

A(B(el, r)) C B(ey, 3r).
Now, let
v = (coshr)e; + (sinhr)e;.

Then
coshdy(v, e;) = coshr.

Since r and dy(v, e1) are nonnegative we have that dy(v, ;) = r. Therefore
v € B(ey, r).

Clearly e; € B(ey, r). Furthermore, as any element of B(ej, 3r) has euclidean
length at most

\/sinh2 3r + cosh? 3r,

we have

1 cosh 1+ cosh
la;j| < ( - + — r)\/sinhz 3r +cosh? 3r = ;«/coshw
sinhr  sinhr sinh r

forall j # 1 and for all i. For j =1,

laj1] < |Ae| < v/sinh? 3r + cosh? 3r = v/cosh 6r.
Since
1+ coshr

sinhr
the result follows. |

> 1,

A bound on the entries of a matrix A implies a bound on its operator norm.

Lemma 24. Let A be any (n+ 1) x (n + 1) matrix. Givend > 0, if |a;;| < d for
all i and j, then
Al <d(n+1).
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Proof. Let v be a vector of unit length. Let A; denote the i-th row of the matrix A.
Then

n+1 n+1
A vl < Al = Al = | ) (@)?< | d>=dvVn+]1.
j=1 j=1

Hence,
|Av| = |(A1-v, ..., Agg1 - V)|

= VA0V F (Aggr -0)?
<V@n+ D+ 1)d?
=dn+1).

Since v was chosen arbitrarily, by our definition of the operator norm,

Al <d(n+1). ]

Given two matrices A and B, a bound on the distance between corresponding
entries gives a bound on ||[AB~! — I, q].

Lemma 25. Given K, L > 0, let

L
1= ——.
(n+1)2K

For A, Bec O%(1,n), if |bij| < K and |a;j — b;j| <6 foralli and j, then
IAB™" — Ll < L.
Proof.
IAB™ = L1l = I(A=B)B~ ' < (A= BB~ = I(A— BBl
Therefore, by Lemma 24,
IAB™' = Il < m+ D+ DK = (n+ 1)>8K. O

The following lemma bounds the size of a bounded uniformly discrete subset
of R?.
Lemma 26. Let p € Z" and q, s € R be given. Let M C R? be such that
(1) (ai) € M implies that |a;| < q for all i, and
(i) (a;), (b;) € M implies that |a; — b;| > s for some i.
Then
2q p
M| < (— + 1) .
s
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Proof. We divide the interval [—gq, ¢] as follows
Ei=[—q,—q+s),
Ey=[—q+s,—q+2s),

2q
Epagp = |0+ [ ] a.
Now each a = (a;) € M is an element of a p-cylinder

E,=Ej xEjx---XE;

Jp?

that is, a; € Ej;, for all i. We note that by condition (ii) above, if
(aj) € Eq, and  (a;) # (b;)

then (b;) &€ E,.
Hence we need only count the number of possible cylinders. As there are a
maximum of [27‘]] + 1 choices for p different positions, our conclusion follows. [J

We now use our series of lemmas to bound the set of elements of a discrete
group of hyperbolic isometries that fail to move a ball of radius r off itself.

Definition 27.

H(r,T):={A €T : A(B(e1,r)) N Blei,r) # o).

Lemma 28. Let I' be a subgroup of O" (1, n) such that |A — I,41| > cx for all
Ael — 4. For r >0,

’

2 2 n1)?
%0, T)| < (—ZK(F) c(:+ D™, 1)( o

where ¢y and k (r) are the constants of Proposition 3 and Lemma 23 respectively.

Proof. Let r > 0 be given. Let A and B be distinct elements of #(r, I'). Then A
and B are distinct elements of I and, therefore, AB~! is a nonidentity element of
I". So by assumption, we have

—1
IAB™" — L1l = .

By Lemma 23, |b;;| < «(r) for all i, j. Thus by Lemma 25, there exists io, jo,

such that
k

C
|@iojo = bigjol > CESITON

We now apply Lemma 26, with

Ck

p=(l’l+1)2, q=K(7") and Szm.
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In this case,
2 P 2u(r)? 1)? (n+1)2
(% +1) =<M+1) - 0
) Ck
We are now prepared to prove our main result, which for convenience is restated

below.

Theorem 29 (Main Theorem). Let I' be a discrete group of orientation-preserving
isometries of H". Assume that I has no torsion element of order greater than k.
Then

Vol(H"/T) > sd(n, k)

where A(n, k) is the constant depending only on n and k defined in the introduc-
tion.

Proof. Let ' be a discrete subgroup of SO (1, n) which contains no torsion ele-
ments of order greater than k. If ' is an elementary group, its covolume would be
infinite. Therefore, we may assume that I" is nonelementary. Hence by Proposition
14, there exists a group I'/, conjugate to I, such that

[A = Tl = cx

forall AeT and A # 4.
Let 7t be the covering projection from hyperbolic n-space onto Q =H"/T"". For
r >0, let

¥ :={Ael":A(B(e,r))NB(er,r) # 2}
The map 7 restricted to B(ey, r) is a local isometry away from the singular locus
of Q. Notice that the singular locus has volume zero. If x € w(B(ey, r)) then

|7~ (x) N Ber, r)| < |%].

Therefore,
Vol(B(ey, r))
|9
The numerator of the above fraction is the volume of a hyperbolic n-ball of

radius r. This can be computed explicitly in terms of w,_;, the volume of a ball of
radius 1 in euclidean n-space. The denominator is bounded by Lemma 28. Hence,

Vol(H"/ T') = Vol(H"/T"") > Vol(x (B(ey, r)) >

g 26 (r)*(n+ 1)? ~(n+1y?
Vol(H"/T) > w,_, / sinh" ! (u)du (M + 1) .
0 Ck
Remark 30. Explicit covolume estimates for Kleinian groups containing elliptics
with order greater than or equal to 6 have been calculated in [Gehring and Martin
1999]. Volume bounds for arithmetic hyperbolic orbifolds in even dimensions have
been produced in [Belolipetsky 2004].
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6. Corollaries

Corollary 2 follows readily from Theorem 1. We recall that the quotient Q of a
hyperbolic manifold M by its group of orientation-preserving isometries G is an
orientable hyperbolic orbifold, as long as 1 (M) is not virtually abelian, in which
case Vol(M) is infinite and Corollary 2 is vacuous. Note that

Vol(M)

Vol(Q) = Gl

Since, under the assumptions of Corollary 2, Vol(Q) > «(n, k), we obtain our
result.

The Mostow—Prasad rigidity theorem [Mostow 1968; Prasad 1973] implies that
if M has finite volume then one can identify the group of isometries of M with
Out(sry (M)). With this in mind, we can give the following more topological version
of Corollary 2.

Corollary 31. If M is a finite volume orientable hyperbolic n-manifold and G is
a subgroup of Out(;r (M)) containing no torsion elements of order greater than k,
then
2 Vol(M)
Gl <= ———.
A(n, k)

Remark 32. The corollaries to Theorem 1 are related to a volume bound for a
closed hyperbolic n-manifold with a symmetry of prime order obtained in [Gehring
et al. 1998]. This bound depends on the order of the symmetry and the dimension
and volume of its fixed set.
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