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We derive the first and second variation formulas for P-harmonic maps
between Finsler manifolds, and we prove that there is no nondegenerate
stable P-harmonic map between a Riemannian unit sphere Sn for n > P ≥ 2
and any compact Finsler manifold.

1. Introduction

Let M be an n-dimensional smooth manifold, and let π : T M → M be the natural
projection from the tangent bundle. Let (x, Y ) be a point of T M with x ∈ M and
Y ∈ Tx M , and let (x i , Y i ) be the local coordinates on T M with Y = Y i∂/∂x i . A
Finsler metric on M is a function F : T M → [0,+∞) satisfying the following
properties.

(i) Regularity: F(x, Y ) is smooth in T M\0.

(ii) Positive homogeneity: F(x, λY )= λF(x, Y ) for λ > 0.

(iii) Strong convexity: the fundamental quadratic form g = gi j (x, Y )dx i ⊗
dx j is

positive definite.

Let φ : M → M be a nondegenerate (that is, ker(dφ)= ∅) smooth map between
Finsler manifolds. Harmonic maps between Finsler manifolds are defined as the
critical points of energy functionals. They are important in both classical and mod-
ern differential geometry. The first and second variation formulas of nondegenerate
harmonic maps between Finsler manifolds were given in [He and Shen 2005; Shen
and Zhang 2004]. As for stability of harmonic maps between Finsler manifolds, Q.
He and Y. B. Shen [2005] proved that there is no nondegenerate stable harmonic
map between a Riemannian unit sphere Sn for n > 2 and any compact Finsler
manifold.

In this paper, we are concerned with a P-harmonic map between Finsler man-
ifolds that is a natural generalization of a harmonic map. We derive the first and
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second variation formulas for P-harmonic maps between Finsler manifolds, and
we prove the following:

Main Theorem. There is no nondegenerate stable P-harmonic map between a
Riemannian unit sphere Sn for n > P ≥ 2 and any compact Finsler manifold.

2. Preliminaries

We shall use the following convention of index ranges unless otherwise stated:

1 ≤ i, j, . . .≤ n; 1 ≤ α, β, . . .≤ m; 1 ≤ a, b, . . .≤ n − 1.

Let (M, F) be an n-dimensional Finsler manifold. F inherits the Hilbert form
and Cartan tensor as follows:

ωn
=
∂F
∂Y i dx i ,

A = Ai jkdx i
⊗ dx j

⊗ dxk, with Ai jk = F
∂gi j

∂Y k .

It is well known that there exists a unique Chern connection ∇ on π∗T M with
∇∂/∂x i

= ω
j
i ∂/∂x j and ω j

i = 0
j
ikdxk satisfying

(2-1) dgi j − gikω
k
j − g jkω

k
i = 2Ai jk

δY k

F
,

where δY i
= dY i

+ N i
j dx j , N i

j = γ i
jkY k

− (1/F)Ai
jkγ

k
st Y

sY t , and γ i
jk are the

formal Christoffel symbols of the second kind for gi j .
On the other hand, by [Bao et al. 2000], ∇en = (δY k/F)(∂/∂xk), where en =

(Y i/F)(∂/∂x i ), so (2-1) is equivalent to

(2-2) X〈U, V 〉 = 〈∇XU, V 〉 + 〈U,∇X V 〉 + 2C(U, V,∇X (Fen)),

where Ai jk = FCi jk and X,U, V ∈ 0(π∗T M).
The curvature 2-forms of the Chern connection ∇ are

(2-3) ωi
j −ωk

j ∧ωi
k =�i

j =
1
2 Ri

jkldxk
∧ dx l

+
1
F P i

jkldxk
∧ δY l .

Similarly, (2-3) is equivalent to

(2-4) �i
j (U, V )= Ri

j (U, V )+ P i
j (U,∇V en)− P i

j (V,∇U en),

where U, V ∈ 0(π∗T M), Ri
j = Ri

jkldxk
⊗ dx l , and P i

j = P i
jkldxk

⊗ dx l .

Take a g-orthonormal frame {ei = u j
i (∂/∂x j )} with en = (Y i/F)(∂/∂x i ) for

each fiber of π∗T M , and let {ωi
} be its dual coframe. The collection {ωi , ωi

n}

forms an orthonormal basis for T ∗(T M\{0})with respect to the Sasaki-type metric
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gi j dx i
⊗ dx j

+ gi jδY i
⊗ δY j . The pullback of the Sasaki metric from T M\{0} to

SM is a Riemannian metric

(2-5) ĝ = gi j dx i
⊗ dx j

+ δabω
a
n ⊗ωb

n.

We quote several lemmas:

Lemma 2.1 [He and Shen 2005]. For ψ = ψiω
i
∈ 0(π∗T ∗M), we have

divĝ ψ =

∑
i

ψi |i +

∑
a,b

ψa Pbba = (∇eH
i
ψ)ei +

∑
a,b

ψa Pbba,

where “|” denotes the horizontal covariant differential with respect to the Chern
connection and eH

i = u j
i (δ/δx j )= u j

i ((∂/∂x j )− N k
j (∂/∂Y k)) denotes the horizon-

tal part of ei .
For any fixed x ∈ M , Sx M = {Y ∈ Tx M | F(Y )= 1} has a natural Riemannian

metric

(2-6) r̂x =

∑
a

θa
n ⊗ θa

n , where θa
n = ωa

n

∣∣
Sx M .

Lemma 2.2 [He and Shen 2005]. Let(M, F) be a Finsler manifold. Then any
function f on the sphere bundle SM satisfies

(2-7)
∫

Sx M
gi j (F2 f )Y i Y j�dτ = 2n

∫
Sx M

f�dτ.

where
(F2 f )Y i Y j =

∂

∂Y j
∂

∂Y j (F
2 f ),

�= det(gi j/F),

dτ =
∑

i (−1)i−1Y i dY 1
∧ · · · ∧ d̂Y i ∧ · · · ∧ dY n.

Lemma 2.3 [He and Shen 2005]. For ψ = νψi dY i ,

divr̂x ψ = F2νgi j (ψi )Y j − (n − 2)νψi Y i , where ν =
√

det(gi j ).

3. The first variation formula

Let φ : Mn
→ Mm be a nondegenerate smooth map. The P-energy density of φ is

the function eP(φ) : SM → R defined by

(3-1) eP(φ)(x, Y )=
1
P |dφ|

P
=

1
P

(
gi j (x, Y )φαi φ

β

j gαβ(x, Y )
)P/2

,

where dφ(∂/∂x i )= φαi ∂/∂xα and Y = Y α∂/∂xα = Y iφαi ∂/∂xα.
We define the P-energy functional EP(φ) by

(3-2) EP(φ)=
1

Cn−1

∫
SM

eP(φ)dVSM ,
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where dVSM = �dτ ∧ dx , dx = dx1
∧ · · · ∧ dxn , and Cn−1 denotes the volume

of the unit Euclidean sphere Sn−1.
Let ∇̃ be the pullback Chern connection on π∗(φ−1T M) and �̃ be the curvature

form of the pullback connection ∇̃. We have from (2-2), (2-4), and dφ(Fen)= Fem

two lemmas:

Lemma 3.1. X〈dφU, dφV 〉 is equal to

〈∇̃X (dφU ), dφV 〉 + 〈dφU, ∇̃X (dφV )〉 + 2C(dφU, dφV, ∇̃X (dφFen)).

Lemma 3.2. �̃αβ(dφU, dφV ) is equal to

Rαβ(dφU, dφV )+ F
F

Pαβ(dφU, ∇̃V dφen)−
F
F

Pαβ(dφV, ∇̃U dφen).

We call φ a P-harmonic map if it is a critical point of the P-energy functional.
Let φt be a smooth variation of φ with φ0 = φ and φt |∂M = φ|∂M . {φt } induces a
vector field V along φ by

V =
∂φt
∂t

∣∣∣
t=0

= vα
∂

∂xα
and V

∣∣
∂M = 0.

Lemma 3.3.
∑

k

∫
Sx M

(
|dφ|

P−2 ∂

∂t
〈dφek, dφek〉

)
� dτ is equal to∫

Sx M

(
n|dφ|

P−2 ∂

∂t
〈dφen, dφen〉 − 2gi j

|dφ|
P−2
Y j

∂

∂t
〈dφ ∂

∂x i , dφ(Fen)〉

−
1
2 gi j

|dφ|
P−2
Y i Y j

∂

∂t
〈dφ(Fen), dφ(Fen)〉

)
� dτ.

Proof. It can be seen from Lemma 3.1 that

(3-3) Y l
|dφ|

P−2
∇̃∂/∂Y i ∇̃∂/∂t

〈
dφ ∂

∂x s , dφ ∂

∂x l

〉
= Y l

|dφ|
P−2

∇̃∂/∂t

(
2C

(
dφ ∂

∂x s , dφ ∂

∂x l , ∇̃∂/∂Y i dφFen

))
= |dφ|

P−2
∇̃∂/∂t

(
2C

(
dφ ∂

∂x s , dφ(Y l ∂

∂x l ), ∇̃∂/∂Y i dφFen

))
= 0.

Let f = |dφ|
P−2 ∂

∂t 〈dφen, dφen〉. By (3-3), we get

gi j (F2 f )Y i Y j = gi j
(

2Y l
|dφ|

P−2 ∂

∂t

〈
dφ ∂

∂x i , dφ ∂

∂x l

〉
+ Y kY l

|dφ|
P−2
Y i

∂

∂t

〈
dφ ∂

∂xk , dφ ∂

∂x l

〉)
Y j

= gi j
(

2|dφ|
P−2 ∂

∂t

〈
dφ ∂

∂x i , dφ ∂

∂x j

〉
+ 4Y l

|dφ|
P−2
Y i

∂

∂t

〈
dφ ∂

∂x j , dφ ∂

∂x l

〉
+ Y kY l

|dφ|
P−2
Y i Y j

∂

∂t

〈
dφ ∂

∂xk , dφ ∂

∂x l

〉)



STABLE P -HARMONIC MAPS BETWEEN FINSLER MANIFOLDS 125

= 2
∑

k
|dφ|

P−2 ∂

∂t
〈dφek, dφek〉

+ 4gi j
|dφ|

P−2
Y i

∂

∂t

〈
dφ ∂

∂x j , dφ(Fen)
〉
+ gi j

|dφ|
P−2
Y i Y j

∂

∂t
〈dφ(Fen), (Fen)〉.

Lemma 3.3 follows immediately from this and Lemma 2.2. �

Lemma 3.4.

2
∫

Sx M
gi j

|dφ|
P−2
Y j

∂

∂t

〈
dφ ∂

∂x i , dφ(Fen)
〉
� dτ

= −

∫
Sx M

gi j
|dφ|

P−2
Y i Y j

∂

∂t
〈dφ(Fen), dφ(Fen)〉� dτ.

Proof. It is easy to see that

gi j ∂F
∂Y j F |dφ|

P−2
Y i = Y i

|dφ|
P−2
Y i

=
P−2

2
Y i

|dφ|
P−4

(
−gks glt Akli

F
φαk φ

β

l gαβ + gklφαk φ
β

l φ
γ

i
Aαβγ

F

)
= 0.

Let ψ = |dφ|
P−2
Y i

∂
∂t 〈dφen, dφen〉νdY i . Then ψ is a global section on T ∗(Sx M).

It follows from the equation above and Lemma 2.3 that

(3-4) divr̂x ψ = F2νgi j
(
|dφ|

P−2
Y i

∂

∂t

〈
dφen, dφen

〉)
Y j

= F2νgi j
(

2Y k

F2 |dφ|
P−2
Y i

∂

∂t

〈
dφ ∂

∂xk , dφ ∂

∂x j

〉
−

2Y k

F3
∂F
∂Y j |dφ|

P−2
Y i

∂

∂t

〈
dφ ∂

∂xk , dφ ∂

∂x j

〉
+

Y kY l

F2 |dφ|
P−2
Y i Y j

∂

∂t

〈
dφ ∂

∂xk , dφ ∂

∂x l

〉
+

Y kY l

F2 |dφ|
P−2
Y i

∂

∂Y j
∂

∂t

〈
dφ ∂

∂xk , dφ ∂

∂x l

〉)
=

(
2gi j

|dφ|
P−2
Y i

∂

∂t

〈
dφ(Fen), dφ ∂

∂x j

〉
+ gi j

|dφ|
P−2
Y i Y j

∂

∂t
〈dφ(Fen), dφ(Fen)〉

)
.

By integrating this result, we get Lemma 3.4. �
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It follows from Lemmas 3.1, 3.3, and 3.4 that

(3-5) d
dt

EP(φ)=
1

Cn−1

∫
SM

(
1
2 n|dφ|

P−2 ∂

∂t
〈dφen, dφen〉

+
1
4 gi j

|dφ|
P−2
Y i Y j

∂

∂t
〈dφ(Fen), dφ(Fen)〉

)
dVSM

=
1

Cn−1

∫
SM

Q
2
∂

∂t
〈dφen, dφen〉dVSM

=
1

Cn−1

∫
SM

〈∇̃eH
n

dφ ∂
∂t
, Qdφen〉dVSM ,

where Q = n|dφ|
P−2

+ (F2/2)gi j
|dφ|

P−2
Y i Y j .

Similarly, we also have

(3-6) 1
Cn−1

∫
SM

Q〈dφen, dφen〉 =
1

Cn−1

∫
SM

∑
i |dφ|

P−2
〈dφei , dφei 〉

=
1

Cn−1

∫
SM

|dφ|
P .

Let ψ = 〈dφ ∂
∂t , Q dφen〉ω

n . By Lemma 2.1, we get

divĝ ψ =∇eH
n
〈dφ ∂

∂t , Qdφen〉

=〈∇eH
n

dφ ∂
∂t , Qdφen〉

+ 〈dφ ∂
∂t ,∇eH

n
(Qdφen)〉 + 2A(dφ ∂

∂t , Qdφen (∇̃en dφ)en).

It follows from this and (3-5) that

(3-7) d
dt

EP(φ)= −
1

Cn−1

∫
SM

〈dφ ∂
∂t , τP(φ)〉dVSM ,

where τP(φ)= ∇̃eH
n
(Qdφen).

Remark. In the case P = 2, we have Q = n, so Equation (3-7) becomes the result
in [He and Shen 2005].

Equation (3-7) has an immediate consequence:

Theorem 3.5. φ is a P-harmonic map if and only if∫
SM

〈V, τP(φ)〉dVSM = 0

for any vector V ∈ 0(φ−1T M).
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4. The second variation formula

First, for Lemma 3.2 and ∇X H en = 0 for all X ∈0(π∗T M), we obtain immediately
a lemma:

Lemma 4.1.
〈
∇̃∂/∂t ∇̃eH

n
dφ ∂

∂t , dφen
〉
−

〈
∇̃eH

n
∇̃∂/∂t dφ ∂

∂t , dφen
〉

is equal to

−
〈
R(dφen, dφ ∂

∂t )dφ
∂
∂t , dφen

〉
+

F
F

〈
P(dφ ∂

∂t , (∇̃en dφ)en)dφ ∂
∂t , dφen

〉
,

where

R = Rαβγσ
∂

∂xα
⊗ dxβ ⊗ dxγ ⊗ dxσ and P = Pαβγσ

∂

∂xα
⊗ dxβ ⊗ dxγ ⊗ dxσ .

On putting ψ = 〈∇̃∂/∂t dφ ∂
∂t , (Qdφen)〉ω

n , we obtain from Lemma 2.1

(4-1) divĝ ψ = ∇̃eH
n
〈∇̃∂/∂t dφ ∂

∂t , (Qdφen)〉

= 〈∇̃eH
n
(∇̃∂/∂t dφ ∂

∂t ), (Qdφen)〉 + 〈∇̃∂/∂t dφ ∂
∂t , ∇̃eH

n
(Qdφen)〉.

It can be seen from (4-1) that∫
SM

〈∇̃eH
n
(∇̃∂/∂t dφ ∂

∂t ), (Qdφen)〉dVSM = −

∫
SM

〈∇̃dφ∂/∂t dφ ∂
∂t , τP(φ)〉dVSM .

It follows from (3-4), Lemma 3.1 and Lemma 4.1 that

d2

dt2 EP(φ)=
1

Cn−1

∫
SM

d
dt

〈∇̃eH
n

dφ ∂
∂t , Qdφen〉dVSM

=
1

Cn−1

∫
SM

(d Q
dt

〈∇̃eH
n

dφ ∂
∂t , dφen〉

+ Q〈∇̃∂/∂t ∇̃eH
n

dφ ∂
∂t , dφen〉 + Q〈∇̃eH

n
dφ ∂

∂t , ∇̃∂/∂t dφen〉

+ 2QC(∇̃∂/∂t dφFen, dφen, ∇̃en
∂
∂t )

)
dVSM

=
1

Cn−1

∫
SM

(d Q
dt

〈∇̃eH
n

dφ ∂
∂t , dφen〉

+Q〈∇̃eH
n
∇̃∂/∂t dφ ∂

∂t , dφen〉 − Q〈R(dφen, dφ ∂
∂t )dφ

∂
∂t , dφen〉

+Q F
F

〈P(dφ ∂
∂t , (∇̃en dφ)en)dφ ∂

∂t , dφen〉 + Q〈∇̃eH
n

dφ ∂
∂t , ∇̃en dφ ∂

∂t 〉

)
dVSM

=
1

Cn−1

∫
SM

(d Q
dt

〈∇̃eH
n

dφ ∂
∂t , dφen〉

−〈∇̃dφ∂/∂t dφ ∂
∂t , τP〉 − Q〈R(dφen, dφ ∂

∂t )dφ
∂
∂t , dφen〉

+Q F
F

〈P(dφ ∂
∂t , (∇̃Fen dφ)en)dφ ∂

∂t , dφen〉 + Q〈∇̃eH
n

dφ ∂
∂t , ∇̃en dφ ∂

∂t 〉

)
dVSM .
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On the other hand, we have

d
dt

Q = n d
dt

|dφ|
P−2

+
1
2 F2

( d
dt

|dφ|
P−2

)
Y i Y j

= n(P − 2)|dφ|
P−4(

〈∇̃∂/∂t dφei , dφei 〉 + C(dφei , dφei , (∇̃∂/∂t dφFen))
)

+
1
2(P − 2)F2gi j

(
|dφ|

P−4(
〈∇̃∂/∂t dφei , dφei 〉

+ C(dφei , dφei , (∇̃∂/∂t dφFen))
))

Y i Y j

= n(P − 2)|dφ|
P−4(

〈∇̃ei dφ
∂
∂t , dφei 〉 + C(dφei , dφei , ∇̃Fen dφ ∂

∂t )
)

+
1
2(P − 2)F2gi j(

|dφ|
P−4(

〈∇̃ei dφ
∂
∂t , dφei 〉 + C(dφei , dφei , ∇̃Fen dφ ∂

∂t )
))

Y i Y j

Substituting this result into the previous equation, we get the second variation
formula:

Theorem 4.2. . Let φ : Mn
→ Mm be a nondegenerate smooth map. Let φt be a

smooth variation of φ with φ0 = φ and V = ∂φt/∂t
∣∣
t=0. Then the second variation

of the P-energy functional for φ is

IP(V, V )=
d2

dt2 EP(φt)
∣∣
t=0

=
1

Cn−1

∫
SM

((
−Q〈R(dφen, V )V, dφen〉 − 〈∇̃V V, τP(φ)〉

+ QF/F〈P(V, (∇̃en dφ)en)V, dφen〉 + Q〈∇̃eH
n

V, ∇̃en V 〉
)

+ n(P − 2)|dφ|
P−4

〈∇̃eH
n

V, dφen〉

×
(
〈∇̃ei V, dφei 〉 + C(dφei , dφei , ∇̃Fen V )

)
+

∑
k

1
2(P − 2)F2gi j

〈∇̃eH
n

V, dφen〉

×
(
|dφ|

P−4(
〈∇̃ek V, dφek〉 + C(dφek, dφek, ∇̃Fen V )

))
Y i Y j

)
dVSM .

5. Stability in the case that the source manifold is a Riemannian unit sphere

Let {ei } be an orthonormal frame of Sn , and let {31, . . . , 3n+1} be the standard
orthonormal basis in Rn+1. Let Vλ = 〈3λ, ei 〉ei for λ= 1, . . . , n+1. Then we have
[Xin 1980]

(5-1) ∇X Vλ = −〈3λ, en+1〉X.

The second variation formula of the P-harmonic map φ : Sn
→ Mm can be

written as ∑
λ

I (dφVλ, dφVλ)=41 +42 +43,
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where

41 =

∑
λ

1
Cn−1

∫
SM

(
−Q〈R(dφen, dφVλ)dφVλ, dφen〉 − 〈∇̃dφVλdφVλ, τP(φ)〉

(5-2)

+ Q F
F

〈P(dφVλ, (∇̃en dφ)en)dφVλ, dφen〉 + Q〈∇̃eH
n

dφVλ, ∇̃en dφVλ〉
)

dVSM ,

42 =

∑
λ,i

1
Cn−1

∫
SM

n(P − 2)|dφ|
P−4

〈∇̃eH
n

dφVλ, dφen〉

(5-3)

×
(
〈∇̃ei dφVλ, dφei 〉 + C(dφei , dφei , ∇̃Fen dφVλ)

)
dVSM ,

43 =

∑
λ,k

1
Cn−1

∫
SM

1
2(P − 2)F2gi j

〈∇̃eH
n

dφVλ, dφen〉

(5-4)

×
(
|dφ|

P−4(
〈∇̃ek dφVλ, dφek〉 + C(dφek, dφek, ∇̃Fen dφVλ)

))
Y i Y j dVSM .

We have also [He and Shen 2005]

(5-5) (∇̃X H ∇̃Z dφ)Y = −dφR(X, Y )Z + (∇̃Y H ∇̃Z dφ)X + (∇̃Y dφ)(∇X H Z)

− (∇̃X dφ)(∇Y H Z)

+ R(dφX, dφY )dφZ + (F/F)P(dφX, (∇̃en dφ)Y )dφZ

− (F/F)P(dφY, (∇̃en dφ)X)dφZ .

Setting X = Z = V and Y = en in (5-5), we obtain

(5-6) −〈R(dφen, dφV )dφV, dφen〉 + (F/F)〈P(dφV, (∇̃en dφ)en)dφV, dφen〉

= − 〈dφR(en, V )V, dφen〉 + 〈(∇̃V H ∇̃V dφ)en, dφen〉

− 〈(∇̃eH
n
∇̃V dφ)V, dφen〉 + 〈(∇̃en dφ)(∇V H V ), dφen〉

+ 〈(∇̃V dφ)(∇eH
n

V ), dφen〉.

We need the following lemma.

Lemma 5.1.∑
λ

∫
SM

(
Q

(
−〈R(dφen, dφVλ)dφVλ, dφen〉

+ (F/F)〈P(dφVλ, (∇̃en dφ)en)dφVλ, dφen〉
)
− 〈∇̃dφVλdφVλ, τP(φ)〉

)
dVSM

=

∑
λ

∫
SM

Q
(
−〈dφR(en, Vλ)Vλ, dφen〉 + 〈∇̃V H

λ
((∇̃Vλdφ)en), dφen〉

)
dVSM .
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Proof. It follows from (5-1) that

(5-7)
∑

λ ∇V H
λ

Vλ =
∑

λ ∇VλVλ = −
∑

λ v
i
λv

n+1
λ ei = 0,

where vi
λ = 〈3λ, ei 〉. Next,

(5-8)

∑
λ(∇̃Vλdφ)(∇eH

n
Vλ)=

∑
λ(∇̃Vλdφ)(∇en Vλ)

= −
∑

λ v
i
λv

n+1
λ (∇̃ei dφ)en = 0,∑

λ(∇̃eH
n
∇̃Vλdφ)Vλ =

∑
λ ∇̃eH

n
((∇̃Vλdφ)Vλ)− (∇̃Vλdφ)(∇eH

n
Vλ)

=
∑

λ ∇̃eH
n
((∇̃Vλdφ)Vλ),∑

λ(∇̃V H
λ

∇̃Vλdφ)en =
∑

λ ∇̃V H
λ
((∇̃Vλdφ)en)− (∇̃Vλdφ)(∇V H

λ
en)

=
∑

λ ∇̃V H
λ
((∇̃Vλdφ)en).

Considering the 1-form ψ = Q〈(∇̃V dφ)V, dφen〉ω
n , we have

(5-9)
divĝ ψ = ∇eH

n
〈(∇̃V dφ)V, Qdφen〉

= Q〈∇̃eH
n
((∇̃V dφ)V ), dφen〉 + 〈(∇̃V dφ)V, τP(φ)〉.

By integrating (5-9), we get

−

∑
λ

∫
SM

Q〈∇̃eH
n
[(∇̃Vλdφ)Vλ], dφen〉dVSM =

∑
λ

∫
SM

〈∇̃Vλ(dφVλ), τP(φ)〉dVSM .

Because φ is a P-harmonic map, by ∇̃dφVλ(dφVλ)− ∇̃Vλ(dφVλ) ∈ 0(φ−1T M)
and the above, we have

−

∑
λ

∫
SM

(
Q〈∇̃eH

n
[(∇̃Vλdφ)Vλ], dφen〉 + 〈∇̃dφVλ(dφVλ), τP(φ)〉

)
dVSM

=

∑
λ

∫
SM

〈∇̃Vλ(dφVλ)− ∇̃dφVλ(dφVλ), τP(φ)〉dVSM = 0.

Then this result together with (5-6)–(5-8) finishes the lemma. �

Lemma 5.2.∑
λ

∫
SM

(
Q〈∇̃V H

λ
{(∇̃Vλdφ)en}, dφen〉 + Q〈∇̃eH

n
dφVλ, ∇̃en dφVλ〉

)
dVSM

=

∫
SM

(
−

∑
λ(∇̃V H

λ
Q)〈(∇̃Vλdφ)en, dφen〉 + Q〈dφen, dφen〉

)
dVSM .
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Proof. Let ψ =
∑

λ,i Q〈(∇̃Vλdφ)en, dφen〉v
i
λω

i , where vi
λ = 〈3λ, ei 〉. We have

divĝ ψ =

∑
λ

(
(∇V H

λ
Q)〈(∇̃Vλdφ)en, dφen〉 + Q〈∇V H

λ
{(∇̃Vλdφ)en}, dφen〉

+ Q〈(∇̃Vλdφ)en,∇V H
λ

dφen〉 − Q〈(∇̃Vλdφ)en, dφen〉v
n+1
λ

)
=

∑
λ

(
(∇V H

λ
Q)〈(∇̃Vλdφ)en, dφen〉 + Q〈∇vH

λ
((∇̃Vλdφ)en), dφen〉

+ Q〈(∇̃Vλdφ)en,∇V H
λ

dφen〉
)
.

By integrating this, we obtain∑
λ

∫
SM

Q〈∇̃V H
λ
((∇̃Vλdφ)en), dφen〉dVSM

=

∑
λ

∫
SM

(
−(∇V H

λ
Q)〈(∇̃Vλdφ)en, dφen〉 − Q〈(∇̃Vλdφ)en,∇V H

λ
dφen〉

)
dVSM .

On the other hand, we also have∑
λ Q〈∇̃eH

n
dφVλ, ∇̃en dφVλ〉

=
∑

λ Q〈(∇̃eH
n

dφ)Vλ − dφ(vn+1
λ en), (∇̃en dφ)Vλ − dφ(vn+1

λ en)〉

=
∑

λ Q〈∇̃V H
λ
(dφen), (∇̃Vλdφ)en)〉 + Q〈dφen, dφen〉.

The lemma follows from the last two results. �

Substituting Lemmas 5.1 and 5.2 into (5-2), we get

(5-10) 41 =
1

Cn−1

∫
SM

(
−Q

∑
λ〈dφR(en, Vλ)Vλ, dφen〉

−
∑

λ(∇̃V H
λ

Q)〈(∇̃Vλdφ)en, dφen〉 + Q〈dφen, dφen〉
)
dVSM .

We have
∂

∂Y j
∂

∂Y i

(
N s

k
∂

∂Y s

)
= N s

k
∂

∂Y j
∂

∂Y i
∂

∂Y s +0s
k j
∂

∂Y i
∂

∂Y s +0s
ki
∂

∂Y j
∂

∂Y s .

From this, we get

∇V H
λ

∇∂/∂Y i ∇∂/∂Y j = ∇∂/∂Y i ∇∂/∂Y j ∇V H
λ

+ gkl
〈3, ∂/∂xk

〉0s
k j∇∂/∂Y i ∇∂/∂Y s

+ gkl
〈3, ∂/∂xk

〉0s
ki∇∂/∂Y j ∇∂/∂Y s ,

so we obtain

(5-11) ∇V H
λ

Q = ∇V H
λ

(
n|dφ|

P−2
+

1
2 F2gi j

|dφ|
P−2
Y i Y j

)
= n|dφ|

P−2
V H
λ

+
1
2 F2(∇V H

λ
gi j )|dφ|

P−2
Y i Y j +

1
2 F2gi j (|dφ|

P−2
V H
λ

)Y i Y j

+
1
2 F2gi j gkl

〈3λ, ∂/∂x l
〉0s

k j (|dφ|
P−2)Y i Y s

+
1
2 F2gi j gkl

〈3λ, ∂/∂x l
〉0s

ki (|dφ|
P−2)Y j Y s .
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On the other hand, we also have

(5-12) ∇V H
λ

gi j
= −gkl

〈3λ, ∂/∂x l
〉gis g j t ∂gst

∂xk .

and

(5-13) 1
2 F2gi j gkl

〈3λ, ∂/∂x l
〉0s

k j (|dφ|
P−2)Y i Y s

+
1
2 F2gi j gkl

〈3λ, ∂/∂x l
〉0s

ki (|dφ|
P−2)Y j Y s

= F2gi j gkl
〈3λ, ∂/∂x l

〉0s
k j (|dφ|

P−2)Y i Y s

=
1
2 F2gi j gkl gst

〈3λ, ∂/∂x l
〉
∂g j t

∂xk |dφ|
P−2
Y i Y s .

Substituting (5-12) and (5-13) into (5-11), we obtain

(5-14) ∇V H
λ

Q = n|dφ|
P−2
V H
λ

+
1
2 F2gi j (|dφ|

P−2
V H
λ

)Y i Y j .

Obviously, by Lemma 3.1, we can obtain

|dφ|
P−2
V H
λ

= (P − 2)|dφ|
P−4(

〈∇̃V H
λ
(dφei ), dφei 〉 + C(dφei , dφei , ∇̃V H

λ
(dφFen))

)
.

It can be seen from this, together with (5-14) and (5-10), that

41 =41−1 +41−2 +41−3,

where

(5-15)

41−1 =
1

Cn−1

∫
SM

Q
(
−

∑
λ〈dφR(en, Vλ)Vλ, dφen〉 + Q〈dφen, dφen〉

)
dVSM ,

41−2 = −
1

Cn−1

∑
λ,i

∫
SM

n(P − 2)|dφ|
P−4

〈(∇̃V H
λ

dφ)en, dφen〉

×
(
〈∇̃V H

λ
(dφei ), dφei 〉 + C(dφei , dφei , ∇̃V H

λ
(dφFen))

)
dVSM ,

41−3 = −
1

Cn−1

∑
λ,k

∫
SM

1
2(P − 2)F2gi j

〈(∇̃V H
λ

dφ)en, dφen〉

×
(
|dφ|

P−4(
〈∇̃V H

λ
(dφek), dφek〉 + C(dφek, dφek, ∇̃V H

λ
(dφFen))

))
Y i Y j dVSM .

A direct calculation gives

C(dφei , dφei , ∇̃Fen (dφVλ))= C(dφei , dφei , ∇̃V H
λ
(dφFen)),
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so

(5-16)
∑

λ

(
〈∇̃ei dφVλ, dφei 〉 + C(dφei , dφei , ∇̃Fen dφVλ)

)
〈∇̃eH

n
dφVλ, dφen〉

=
∑

λ

(
(〈∇̃ei dφ)Vλ − vn+1

λ dφei , dφei 〉 + C(dφei , dφei , ∇̃V H
λ
(dφFen))

)
× 〈(∇̃eH

n
dφ)Vλ − vn+1

λ dφen, dφen〉

=
∑

λ

(
(〈∇̃V H

λ
dφ)ei , dφei 〉 + C(dφei , dφei , ∇̃V H

λ
(dφFen))

)
× 〈(∇̃V H

λ
dφ)en, dφen〉 + |dφ|

2
〈dφen, dφen〉

=
∑

λ

(
〈∇̃V H

λ
(dφei )− dφ(∇V H

λ
ei ), dφei 〉 + C(dφei , dφei , ∇̃V H

λ
(dφFen))

)
×〈∇̃V H

λ
(dφen), dφen〉 + |dφ|

2
〈dφen, dφen〉.

Putting ei = u j
i (∂/∂x j ), we have∑

i

〈
dφ(∇V H ei ), dφei

〉
=

∑
i

(
gkl

〈
3,

∂

∂X k

〉
∂us

i
∂X l ut

i

〈
dφ ∂

∂x s , dφ ∂

∂x t

〉
+ gkl

〈
3,

∂

∂X k

〉
us

i ut
i0

h
ls

〈
dφ ∂

∂xh , dφ ∂

∂x t

〉
+ gkl

〈
3,

∂

∂X k

〉
N j

l
∂us

i
∂Y j ut

i

〈
dφ ∂

∂x s , dφ ∂

∂x t

〉)
=

1
2 gkl

〈
3,

∂

∂X k

〉
∂gst

∂X l

〈
dφ ∂

∂x s , dφ ∂

∂x t

〉
+

∑
i

gkl
〈
3,

∂

∂X k

〉
uh

i ut
i0

s
lh

〈
dφ ∂

∂x s , dφ ∂

∂x t

〉
+

1
2 gkl

〈
3,

∂

∂X k

〉
N j

l
∂gst

∂Y j

〈
dφ ∂

∂x s , dφ ∂

∂x t

〉
= 0.

Substituting this into (5-16), we get

(5-17)
∑

λ

(
〈∇̃ei dφVλ, dφei 〉 + C(dφei , dφei , ∇̃Fen dφVλ)

)
〈∇̃eH

n
dφVλ, dφen〉

=
∑

λ

(
〈∇̃V H

λ
(dφei ), dφei 〉 + C(dφei , dφei , ∇̃V H

λ
(dφFen))

)
× 〈∇̃V H

λ
(dφen), dφen〉 + |dφ|

2
〈dφen, dφen〉.

It follows from (5-3), (5-15) and (5-17) that

(5-18) 42 +41−2 =
1

Cn−1

∫
SM

n(P − 2)|dφ|
P−2

〈dφen, dφen〉.

Similarly, we have

(5-19) 43 +41−3 =
1

Cn−1

∫
SM

1
2(P − 2)F2gi j

|dφ|
P−2
Y i Y j 〈dφen, dφen〉.
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It is easy to see from (3-7), (5-18), and (5-19) that

(5-20) 42 +43 +41−2 +41−3 =
1

Cn−1

∫
SM
(P − 2)Q〈dφen, dφen〉

=
1

Cn−1

∫
SM
(P − 2)|dφ|

P .

Obviously,

(5-21) 41−1 = −
1

Cn−1

∫
SM
(n − 2)Q〈dφen, dφen〉

= −
1

Cn−1

∫
SM
(n − 2)|dφ|

P .

Substituting (5-20) and (5-21) into (5-1), we obtain immediately

∑
λ I (dφVλ, dφVλ)=

1
Cn−1

∫
SM
(P − n)|dφ|

P ,

which immediately implies this:

Theorem 5.3. There is no nondegenerate stable P-harmonic map from a Riemann-
ian unit sphere Sn for n > P ≥ 2 to any Finsler manifold M.

6. Stability in the case that the target manifold is a Riemannian unit sphere

Theorem 6.1. There is no nondegenerate stable P-harmonic map from a compact
Finsler manifold M to a Riemannian unit sphere Sn for n > P ≥ 2.

Proof. Let {eα} and {ei } orthonormal frames of M and Sn , respectively, and let
{31, . . . , 3n+1} be the standard orthonormal basis in Rn+1. Let Vλ = 〈3λ, ei 〉ei

for λ= 1, . . . , n+1. Then we have

(6-1) ∇X Vλ = −〈3λ, en+1〉X.

Let vµλ = 〈3λ, eµ〉 for λ,µ= 1, . . . , n+1. By ∇̃dφ(∂/∂t)dφ ∂
∂t ∈ 0(φ−1T Sn), the

second variation formula of the P-harmonic map φ : Mm
→ Sn can be written as

IP(Vλ, Vλ)=
1

Cn−1

∫
SM

((
−Q〈R(dφem, Vλ)Vλ, dφem〉 + Q〈∇̃eH

m
Vλ, ∇̃em Vλ〉

)
+ n(P − 2)|dφ|

P−4
〈∇̃eH

m
Vλ, dφen〉〈∇̃eαVλ, dφeα〉

+
1
2(P − 2)F2gi j

〈∇̃eH
m

Vλ, dφem〉
(
|dφ|

P−4
〈∇̃eαVλ, dφeα〉

)
Y i Y j

)
dVSM .
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Substituting (6-1) into this, we get∑
λ IP(Vλ, Vλ)=

1
Cn−1

∫
SM

(
−(n − 2)Q〈dφem, dφem〉

+ n(P − 2)|dφ|
P−4

〈dφem, dφem〉〈dφeα, dφeα〉

+
1
2(P − 2)F2gi j

〈dφem, dφem〉

×
(
|dφ|

P−4
〈dφeα, dφeα〉

)
Y i Y j

)
dVSM

=
1

Cn−1

∫
SM

(
−(n − 2)Q〈dφem, dφem〉

+ (P − 2)〈dφem, dφem〉

×
(
n|dφ|

P−2
+

1
2 F2gi j(

|dφ|
P−2)

Y i Y j

))
dVSM

=
1

Cn−1

∫
SM

−(n − P)Q〈dφem, dφem〉dVSM

=
1

Cn−1

∫
SM

−(n − P)|dφ|
PdVSM < 0. �
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