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We study the equation Agu — (n —2)/(4(n —1))R(g)u + Ku? = 0 for p in
1+¢ <p=<@®m+2)/(n—2) on locally conformally flat compact manifolds
(M", g). We prove that when the scalar curvature R(g) = 0 and n > 5,
under suitable conditions on K, all positive solutions u# with bounded energy
have uniform upper and lower bounds. In our previous 2007 paper, we also
assumed this energy bound condition for the uniform estimates in the lower-
dimensional case. We now give an example showing that this condition is
necessary.

1. Introduction

Let (M", g) be an n-dimensional compact manifold with metric g, and denote by
R(g) the scalar curvature of g. Let u be a positive function defined on M. The
scalar curvature of the conformally deformed metric u*/ =2 g is given by

R(u4/(”_2)g) _ _ C(n)—lu—(n+2)/(n—2)(Agu —c(m)R(Qu),

where c(n) = (n —2)/(4(n —1)).

The Yamabe theorem, which was proved by Trudinger [1968], Aubin [1976]
and Schoen [1984], says that there exists a u > 0 such that R(u* =2 g) is equal
to some constant K. The PDE formulation of this theorem is that the equation

Agu —c(m)R(Qu+c()Ku"t2/=2 =0

has a positive solution for some constant K.

J. Escobar and R. Schoen [1986] extended this result to the case when K is
a function on M. They proved that, under certain conditions on K, the above
equation has a positive solution # when R(g) > 0 or R(g) =0.

In fact, the solution in those existence results minimizes the associated constraint
variational problem and can be obtained as a limit of a sequence of solutions of
the corresponding subcritical equations. Therefore, a natural question is whether
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nonminimal solutions can also be produced from solutions of the subcritical equa-
tions. We would like to know if there are uniform estimates for solutions of the
equation

()  Agu—c(n)R(gu+Ku?=0, where 1+¢<p=<(n+2)/(n—2).

This was proved to be true by Schoen [1988a; 1991] when K is a positive
constant, R(g) > 0, and (M", g) is locally conformally flat and not conformally
diffeomorphic to $”. When the manifold has dimension n = 3, the work of Y. Li and
M. Zhu [1999] shows that the same estimates hold when the locally conformally
flat condition on M is dropped. This result was extended to dimensions n = 4, 5
by O. Druet [2003; 2004], and then to dimensions n < 7 independently by Y. Li
and L. Zhang [Li and Zhang 2005] and F. C. Marques [2005]; when the dimension
n > 8, it was proved by Li and Zhang [2005] under an additional assumption on
the Weyl tensor of the backgroud metric g.

When K is a positive function, Y. Li and M. Zhu [1999] obtained uniform es-
timates for the solutions when (M, g) is a 3-dimensional compact manifold with
R(g) > 0 and is not conformally diffeomorphic to S3. When the dimension n > 4,
the same estimates hold on a locally conformally flat, scalar positive, compact man-
ifold that is not conformally diffeomorphic to S”, under the following additional
flatness condition on K: near each critical point of K, there exists a neighborhood
and a constant Cy such that in that neighborhood

|[VPK| < Co|VK|—2He=P/=3%) for2 < p<n—2,

where € > 0 and VP K is the p-th covariant derivative of K. This result is proved
by fine blow-up analysis similar to the analyses in [Li 1995] and [Schoen 1988a].
In [Yan 2007], we studied this problem on 3 and 4 dimensional locally confor-
mally flat compact manifolds with zero scalar curvature. In this paper, we consider
the higher-dimensional case n > 5.
When the scalar curvature R(g) = 0 on the manifold M, Equation (1) becomes

) Aqu+Ku?” =0, where 14+¢<p<(n+2)/(n—2).

The necessary conditions for the existence of a solution u > 0 are that K changes
signon M and [,, Kdv, <O.
The corresponding existence result is as follows.

Theorem 1.1 [Escobar and Schoen 1986]. Suppose M is locally conformally flat
with zero scalar curvature. Suppose K is a nonzero smooth function on M sat-
isfying the condition that there is a maximum point Py € M of K at which all
derivatives of K of order less than or equal to (n — 3) vanish. Then K is the
scalar curvature of a metric g = u*' "2 g for some u > 0 on M if and only if K is
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such that K changes sign and | v Kdvg < 0. When the dimension n =3 or 4, the
flatness condition on K is automatically satisfied, and the locally conformally flat
assumption on M can be removed.

There is a compactness theorem when the dimension of M is equal to 3 or 4:

Theorem 1.2 [Yan 2007]. Let (M, g) be a 3- or 4-dimensional locally conformally
flat compact manifold with R(g) = 0. Let # := {K € C3(M) : K > 0 somewhere
onM, fM Kdvg < —Cx ' <0, and I Kllc3my < Ck } for some constant Ck, and
let Sp :={u :u > 0 solves (2) with K € X, and E(u) := fMIVulzdvg < A}. Then
there exists C = C(M, g, Cg, A, ¢) > 0 such that u € Sy satisfies ||ullc3 oy < C
and ming; u > C~L.

In Section 2, we will give an example that shows that these estimates cannot be
improved to be independent of the energy E(u).

Next we give a similar theorem on manifolds of dimension n» > 5. We first need
to define a flatness condition on K as follows.

Definition 1.3. A function K € C"~2(M) is said to satisfy the flatness condition
() if near each critical point P of K where K (P) > 0, there exist a neighborhood
and a constant Cy such that, in that neighborhood,

|[VPK| < Co|VK|"=27P/=3) for2 < p<n—3,
where VP K is the p-th covariant derivative of K.

In particular, this implies that all partial derivatives of K up to order n —3 vanish
at those critical points, and the order of flatness is the same as that in Theorem 1.1.
A simple example of a function satisfying this condition is a function that can
be expressed near the critical points as K (z) = a + b|z|"~2, where a and b are
constants and z is a local coordinate system centered at the critical point. This type
of flatness condition also appeared when Y. Li [1995; 1996] studied the problem
of prescribing scalar curvature functions on S”.

We are ready to state the theorem:

Theorem 1.4. Let (M", g) be a locally conformally flat compact manifold with
R(g) = 0 and dimension n > 5. Let K € C">(M) be a function satisfying the
flatness condition (x); assume K is positive somewhere on M and |, v Kdvg < 0.
If u is a positive solution of Equation (2) with bounded energy

Eu) :=/ |Vu|*dvg < A,
M

then there exists a positive constant C such that |ul|¢3 ) < C and miny u > C -1
where C depends on M, g, || K || cn—2(pry» fM Kdvg, A, and §.
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2. The example and some notations

Let (M", g) be a compact manifold with R(g) =0 and n = 3 or 4. (In fact in this
example, M does not need to be locally conformally flat.) We choose K € C*(M)
satisfying the conditions

¢ K > 0 somewhere on M;
. fM Kdv, < —C,;l <O0and ||K|l¢c3(m) < Ck, where Ck is a positive constant;,
e the set {x € M : K(x) =0} = U for some openset U C M.

We define
Kx)/i if K(x) >0,
K(x) if K(x) <0.

Because on dU all derivatives of K up to order 3 are zero, it follows that
K; € C3(M). Furthermore, this definition means that K; € J, where ¥ is as de-
fined in Theorem 1.2. Then by Theorem 1.1, there exists a #; > O that satisfies
At + Kiad" /02 Zg)

Now suppose there is a constant C independent of i such that maxy u; < C.
As proved in [Yan 2007, Section 2], this implies that {u;} is uniformly bounded
away from O and ||u;|c3¢p 1s bounded above uniformly. Then, passing to a
subsequence, {u;} converges in the C? norm to a function u > 0, and u satisfies
Agu + Ku®t2/=2 — (0 where

Ki(x)={

0 if K(x) >0,

However, because K is nowhere positive and somewhere negative, the equation
Agu + Ku®t2/@=2) — 0 cannot have a positive solution by Theorem 1.1. This
contradiction shows that estimates like the ones in Theorem 1.2 cannot be true
without the energy bound assumption on u.

Next we prove Theorem 1.4. We first give some definitions and a lemma which
will be used in the proof.

Definition 2.1. We call a point X on a manifold M a blow-up point of a sequence
{u;} if x = lim; _, o x; for some {x;} C M and u; (x;) — 0.
Definition 2.2. Suppose u; satisfies Agu; —c(n)R(g;)u; + Kl-uf”' =0, where {g;}
converges to some metric gg. A point x € M is called an isolated blow-up point of
{u;} corresponding to {g;} if there exist local maximum points x; of u; and a fixed
radius ro > O such that

* X; —> )E,

e u;(x;) = oo, and
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o u;(x) < C(dg (x,x;))"¥ "= for any x € By, (x;), where the constant C is
independent of i.

Lemma 2.3. If x = lim,_,  x; is an isolated blow-up point of {u;} corresponding
to {g;}, and K; is uniformly bounded, then there exists a constant C independent
of i and r such that, for any 0 <r <ry,

max u;(x) <C min u;(x).
9By (xi) 9B (xi)

This can be proved as in the proof of [Yan 2007, Lemma 5.2].

Definition 2.4. We say X is a simple blow-up point of {u;} if it is an isolated blow-
up point and there exists an ¥ > 0 independent of i such that w;(r) has only one
critical point for r € (0, 7). Here

w; (r) = /" Vi (r) = Vol(S,)™! f |21/ Dui(2) d

v

and z is the conformally flat coordinate system centered at each x;.

3. Initial steps of the proof of Theorem 1.4

The proof of Theorem 1.4 follows along the same line of reasoning as the proof of
Theorem 1.2, which is done in [Yan 2007]. As proved in [Section 2] there, a lower
bound on u follows directly if there is a uniform upper bound on u. By standard
elliptic theory and the Sobolev embedding theorem, a bound on the C° norm of u
easily implies a bound on its C* norm. Therefore, to prove Theorem 1.4 we only
need to show that there is a uniform upper bound on u.

By an argument identical to that in [Yan 2007, Section 3], we can show that
there exists a positive constant n = n(M, g, n, || K|[cr-2(pry, A) such that, on the
set K, :={x € M : K(x) < n}, u has a uniform upper bound depending only on
M, g, n, |Kllcr2), and A. Thus it is left to show that u is uniformly bounded
on the set where K > 1. We have the following proposition.

Proposition 3.1. Given € > 0 and R > 0, there exists C = C(€, R) such that, if u
is a solution of Equation (2) and

max((dy (x, Ky 2) " Pu) > C,

then there exists {xi,...,xy} C M\ K, o with N depending on u satifying the
following:

o Each x; locally maximizes u, and the geodesic balls {Bpg,,,)-wo-n2(x;)} are
disjoint.
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o |(n+2)/(n—2)— p| < €, and, in the coordinate system y chosen so that
7z = y/u(x;))P~V/2 s the conformally flat coordinate system centered at x;,
we have

||M(-xi)ilu(y/u(-xi)(pil)/z) - ﬁ(y)”CZ(BZR(O)) <€
on the ball Brg(0) C R"(y), where

SO0 — K (xi)
0 = (14,0255

o There exists C = C(e, R) such that

u(x) < C(dg(x, KypUlxi, - . ., XN}))72/(1771).

The proof is like that of [Yan 2007, Proposition 4.2], so we omit the details.
Now we are going to prove that u is uniformly bounded on M \ K,,. Suppose it
is not. Then there are sequences {u;} and {p;} such that

2)—(}1-2)/2

Agui+Ku?" =0 and max u; - 0o asi — oo.
M\K,
Therefore max\k, ((dg (x, K,,/z))z/(pi_l)u,-(x)) — oo as i — 0o. Then for fixed
€ >0 and R > 0 we can apply Proposition 3.1 to each u; and find x1;, ..., xn(),;
such that

e each x;; for 1 < j < N(i) is a local maximum point of u;, and
e the balls By, yri-vr2(x;,;) are disjoint.

For coordinates y centered at x;; such that y/u; (x;, )Pi=D/2 is the conformally
flat coordinate system,

_ K (x: : —(-2)/2
Jus s (2 ) = (14 2 i )

u; (xj,) P72 n(n—2) =€

C%(B2r(0))

—2/(pi—1
uij(x) < C(dg(x, KypUx1is - xnani)) /pi=h)

for a constant C = C (¢, R).
Let o; =min{d, (x4,i, Xp,i) ;¢ #B, 1 <a, B < N(i)}. Without loss of generality
we can assume o; = d,(x1,;, x2,;). There are two possibilities:

Case L. 0; > ¢ > 0. In this case, the points x;; have isolated limiting points
X1, X2, . .., which are isolated blow-up points of {u;} as defined above.

Case II. 0; — 0. In this case, we rescale the coordinates to make the minimal
distance 1: let y = crl._lz, where 7 is the conformally flat coordinate system centered
at x1 ;. We also rescale the function by defining v;(y) = O'iz/ (P "_l)ui(a,-y), which
satisfies

Agirvi + K(Giy)vipi =0,
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where the metric g (y) = go5(0:y)dy*dyP. As proved in [Yan 2007, Section 4],
0 is an isolated blow-up point of {v;}.

In Sections 4 and 5, we will prove that neither Case I nor Case II can happen.

4. Ruling out Case I

If the blow-up points are all isolated, the argument of [ Yan 2007, Section 6] shows
that among the isolated blow-up points {x;, x2, ... }, there must be one that is not a
simple blow-up point; without loss of generality we assume it to be x;. To simplify
notation, we are going to rename it xo. Let x; be the local maximum point of u;
such that lim;_, o, x; = xp.

Let z = (z1, ..., z4) be the conformally flat coordinates centered at each x;.
Since x is not a simple blow-up point, |z|*/?~Yi;(|z]) has, as a function of |z,
a second critical point at |z| = r; where r; — 0. Let y = z/r; and define v; (y) =
riz/(pi_l)u,-(r,-y). Then v; (y) satisfies

Az vi (¥) + Ki (Mv; (0P =0,

where g (y) = gap(riy)dy*dy” and K;(y) = K ().
By this definition |y| = 1 is the second critical point of |y|% =Dy, (|y|). As
shown in [Yan 2007, Section 6], O is a simple blow-up point of {v;}.

4.1. Estimates for v;. The following estimates are essentially the same as [Yan
2007, Proposition 5.3], except for a slightly different choice of parameters. How-
ever, we repeat the proof for completeness.

Proposition 4.1. There exists a constant C independent of i such that

° 1f0§|y|§1,then

, , Ki(0)  ~aim-2), 2 D2,
v 2 CuO) (14 TT5u Y2 y?)
e« if 0 <|y| < Rv;(0)~"Pi=D/2 then
, , Ki(0) o pei 2\ "2
w0 = CuO(14+ 2o yP)

o if Rv;(0)~7i=D/2 < |y| <1, then vi(y) < Cv;i(0)|y|™, where I; and t; are
chosen so that 2n —5)/2 < lim;, oo l; <n—2andt; =1—(p; — DI; /2.
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Proof. Let p; := Rv;(0)~?i~D/2_ By Proposition 3.1, when 0 < |y| < p;,

i —(n—=2)/2
(1 +€)vi(0)(1 + nﬁlg);) vi(O)Pi—1|y|2)
> v;(y)
(n—=2)/2
= (1= 9uO)(1+G5u 0" P
> (1- 01+ f“nfmewznl)(””ﬂ

So we only need to find the upper and lower bounds on v;(y) when p; < |y| < 1.

The lower bound. Let G; be the Green’s function of A, that is singular at 0 and

vanishes on 9 B;. Since {g} converges uniformly to the Euclidean metric, there

exist constants C; and C; independent of i such that C, |y|2_" <Gi(y) < C2|y|2_".
When |y| = pi,

w0 = 1=au0 / (14K oryp)
K(O) (n—2)/2

=1-eu© [ (1+- = R?)

= K;«» =212

= €)< n(n—2)) R=vi0)

> CR*";(0)
> CR* ", (0)"=2Wi=D/2=1 (since (n —2)(pi — 1)/2—1<1)
= Cvi(0) "'y

> Cv;(0) "G (y).

With this constant C, we have Cv; (0)~'G;(y) =0 < v;(y) when |y| =1,
We know that

A g (0 (3) = Cvi (0) 7' Gi (1)) = Ao vi (¥) = —Ki (0)v; ()7 <0
on By \ B,,. Therefore, by the maximal principle, when p; < [y| <1,
v () > Cui0)~'Gi(y) = Cu )~ [y

Now we need to compare |y|2_” v; (0)~! with

: (0) - Ki(0) 422 —(n—=2)/2
v; (0) (1+n(n—2)v’(0) |y|>
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in order to get the desired lower bound:

K; (0 _ —(n—2)/2
w212 (14 L u @2y
. —(n=2)/2
<002 ( KOy ) <
nn—2)

for a constant C independent of i. Therefore

_ _ K: (0 _ —(n=2)/2

w0~y = Cu) (14 L u @2 y)
and consequently
K (0 ~ ~(n=2)/2

w0 = Cu ) (140 B2y P?)

when p; <[y| < 1.

The upper bound. We are going to apply the same strategy of constructing a com-
parison function and using the maximal principle.

Define %9 := A,op + Kivfi_l(p. By this definition £;v; = 0. Let M; =
maxyp, v; and C; = (14 €)(K;(0)/(n(n —2)))~=2/2, Note that C; is bounded
above and below by constants independent of i. Consider the function

M|y Cyup (0) ]y

When |y| = p;,
(n—2)/2
v;i(y) < (1+€)U1(0)/< K; (O))U,(O)p'_l| | )
(n=2)/2
—(1+e)v,(0)/< K(O;) )

< Ciui(OR™"™?
< Civi(OR™"
= C;v; (0)]y| "

When |y| = 1, the definition of M; gives v;(y) < M; = M;|y|~"*>*/_ Thus on
{Iyl = 13Uyl = pi}, we have v; (y) < M;|y| =" 2Hi + Cv;(0)% |y 74
In Euclidean coordinates,

A|y|_li =—lin—2— li)|y|_li_2 and A|y|—n+2+li =—l(n—2— li)|y|_n+li.
When i is sufficiently large, g”) is close to the Euclidean metric. Therefore

3) Agoly|™ < =2itn—2—1ply| "2
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and
Agoly| " < =31 (n =2 — 1) |y

Thus
Li(Civi(0)|y] ™) = Crvi(0)1 A gir [y + Civ; (0) Kyvy ()P y| ™"
< —Cli(n—2—1)v;(0)"]y| 72 4+ Cv; (0)iv; (y) P~ |y| 7

for some constants C and C’ independent of i.
Lemma 2.3 and the upper bound on v;(y) when |y| < p; imply that

(o) < C Arow® _  <cuor.
Ki(0)  pi—1,. 2
O+nm—m”@) (n)?)

Then since 0 is a simple blow-up point and »%/(?i=Dy; (r) is decreasing from p;
to 1, we have
P P0B 0y < oD i o)

< CRYWi—D+2-n,
Thus again by Lemma 2.3, we have
) v (NP S CH(y T < Cly[ RO,
and hence v; (y)?~!y|™l < C|y|~2>74 R7=(=2@i=1 Therefore
Li(Civi 0|y ™) < (= Clin =2 = 1) + C'R* 2Dy 0y 72,

Our choice of /; means that /; (n —2 —[;) is always bounded below by some positive
constant independent of i. When i is sufficiently large, 2 — (n —2)(p; — 1) < O,
so we can choose R big enough so that —Cl;(n — 2 —[;) + C'R>*~=2i=D < 0,
which implies &; (C;v; (0)" ly|7%) < 0.

Similarly,

i (M y) ) = My A g [y |72 M Koy
< =3l =2 = L) My |y| 7" o K My RPT 20D 7
by Equations (3) and (4). We can choose R large enough so that
—in—2—1)+ K;R*"2Wi=D <,
and hence ¥;(M;|y|~"*?*!) < 0. Therefore, when p; < |y| <1,
L (M |y [T+ Gy () y] ) < 0.

Then, by the maximal principle, v; (y) < M; |y| 72 Civi (0) || 7h
By Lemma 2.3 and because 0 is a simple blow-up point, we have
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M; < C@Z/(pi_l)l_)i(e) < o2/ (pi=1 (Mig—n+2+l,' + Civ; (0)&'9—1,‘)
— COY iD=t 2t pr 4 cg2/PimD) 0y (0) 197

for p; <6 <1 and some constant C independent of i.

Note that
) 2 n—2 . n—2 2n-—5
ilifi‘o(m‘””*’l)—‘ = T B

because n > 5.

Since p; — 0, we can choose 6 small enough (fixed and independent of i) to
absorb the first term on the right side of the above inequality into the left side. We
then get M; <2CH%Pi=D . C;v;(0)710~" < Cv; (0)".

Therefore

v () < Mily| 7" 4 Croi (0)" ] ™
< Mily| ™" + Civi (0) |y ™" < Co; (0" |y ™", O
4.2. A preliminary estimate for §; := (n + 2)/(n — 2) — p;. First we prove a
technical lemma.

Lemma4.2. Wheno <1and0 <k <n-—2,
/ |y|Kvi (y)p,'-i-ldy < CUl'(0)_2K/(n_2)+(n_2+l()/25i,
[yl<o

where C is independent of i.

Proof. Let p; := Rv; (0)~Pi=D/2, By Proposition 4.1

f YU )P dy < Co0)P / Yl dy
[yI=pi [yI=pi
< Cv; (0)pi+1—(n+/<)(pi—1)/2 = Cvy; (0)_2/(/("—2)4'("—24'/()/251"

Since n > 5, our choice of [; gives

lim (n+k — L (pi 4 1) = n+k — 2 Tim 1,
i—00 —2i500
_2n 2n-5 _n(2n-=35)
<n+k ) > <n+mn-2) P <O0.

Therefore

/ Iy [fv; (n)Ptldy < C/ 1€ (i (0)i [y TPt dy
pi<lyl<o pi<|yl<o

< Cu; (O)l‘i(Pi+1)—(17i—1)(Vl—li(pi+1)+K)/2

= Co; (0)P 1= +0Pi=D/2 by the definition of ;)
— Cvl' (0)—2K/(n—2)+(n—2+lc)6,-/2‘
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Thus

f Iy [“vi ()Pt dy < Cv; (0) =2/ (=D (=208 /2, 0
lyl<o

The next proposition is a preliminary estimate for §; := (n +2)/(n — 2) — p;.
We will also derive a refined estimate in a later part of this paper.

Proposition 4.3. lim,_, o, v; (0)% = 1.

Proof. Since the original metric is locally conformally flat, it can be written locally
as A(z)Y"=2dz%. Let A; (y) = A(r;y). Then g (y) = A; (y)4/(”_2)dy2. Leto < 1.
The Pohozaev identity in [Schoen 1988b] says that, for a conformal Killing field
X on B,

5) ”‘2/ X(R»dvgi:f Ti(X, v)d i,
2n B, 9B,

where the notations are as follows:

4/(n—2 i — —
g =" = QoM dy’ dvg, = ()" P dy;
Ri = R(g) = c(n) ™" Kiv; s

vi = )Py yI0 0y is the unit outer normal vector on 9 B,
with respect to g;;
d¥; = (\v)2 /=23 where d %, is the surface element of
the standard $"~!(0);
T; = Ric(g;) — n_lR(gi)gi is the traceless Ricci tensor with re-
spect to g;.

According to [Schoen 1989], T; can also be expressed as
(n —2)(Av) > "2 (Hess((ivi) =772 — LA(Guvi) 772 dy?),
where Hess and A are taken with respect to the Euclidean metric dy?.

We choose X = Y"'}_; y/8/dy’. Up to the constant 2(n — 1)/n, the integral in
the left side of (5) is equal to

/ X (Kiv; ) (hv) @Dy
B(r

= / X (Kol 2ay s, / Ko X (o)a2" " P dy.
B, B,
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By the divergence theorem, this is equal to

0Ki piv1,2n/(n—2
[ i e ay

2n/(n—2)
S 0K, 2n/(n—-2) p,+1 p,+1 OA;
—t A dy K;v e E—; |
+p,+1</ ar + s ar Y

+ f Kol 202 diy Xdy)
By

J;

_ e Kivfi+1kgn/(n—2)x_ ((Z yja/ayj)/g) ds,.

1

Restoring the factor 2(n — 1)/n, we can now write the left side of (5) as

©) 2(n—1)(1+ / ly |8K, pitl 2n/(n D4y
n l+1

2n/(n 2) )
+2(n 1) 8 f| |K P1+1 - d + (I’l—l) 81” /Kivipi+l)\w2n/(n2)dy

n l+1 n  pi+l1 !
B,
_2n=1) 4 o Kol THh2 =2 s
n pi+1 5, L} { o-

The right side of (5) is
(1= 2) G (Hess (v /") (r- ()20 Do L)
0B,
— LA~ 2/(n— 2))< Oy YD1, >)(x v 2=D/=2) g3

(where (-, ) is the Euclidean metric)

o . 2/(n=2) 0
=n-2) /33 Hess((Ajvi)~ )( Br)

— gA(()»ivi)_Z/("_z))>(Kivi)z("_l)/("_z)dilg

(7) :(”_2)/330("_ (Av»ZyyakaJ( )
ka()L Ul)a()‘ v;)
+ (n— 2)22 ¥’y Syl oyl )

_0.( nn— 2)( ! ’)2:8(8()2;)é (n— 2)2 Z(a(gy;)l ) )) o

Next we are going to study the decay rate of each term in (6) and (7).
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On 0B, Proposition 4.1 implies v; < Cv;(0)". Then by the elliptic regularity
theory [Gilbarg and Trudinger 2001], we have [|v;|lc2(35,) < Cv;i(0)". Thus we
know (7) decays at a rate of v; (0)%.

The fourth term in (6) decays in the order of §;v; (0)%?i*+D by Proposition 4.1.
By Lemma 4.2, we know that the second term in (6) is bounded above by

C(Sl/ |y|vipi+ldy < Caivl_(0)72/(n72)+(n71)3,-/2‘
By

Therefore the sum of the first and the third terms in (6), which is

n 0K; pi+1 2n/(n 2)
1 —=Lv? dy
e +pl+1 / Sl

n ) pit1,2n/(n—2)
Kivi' AL dy,
2(n—1>p,~+1”f30 K g

is bounded above by Cv;(0)% 4+ C8;v; (0)PitD 4 C§;v;(0)~% 1=2+n=1d/2
By our choice of /; and t;, we have, as i — oo,

tizl—(lji;l)liel—illml<l 2 2n=3

2 n—2 i o R B

Thus Cv; (0)% + C8;v; (0)PitD) < Cv;(0)% + Cv; (0)Pi+D) < Cv; (0)%.
On the other hand,

di pitl, 2n/(n—2) pitl
pi-ll-ln/BU Kiv;"" A dy > Cé; N v dy.

When |y| < p;, Proposition 4.1 gives

KO _ (n=2)/2
w0 = A=) / (142007 1yP)
(n=2)/2
=10 [ (1+ K(O;)R) > Cui(0),
SO
/ Ty / o/ My = Coy Q)P+ D2 = Oy (0) D02
B, [yI=pi
© >C.

This implies that the third term in (6) is bounded below by Cé;.
Then by comparing the decay rates of the terms in (6) and (7),

5 SC(Ui(O)zn+5ivi(O)—2/<n—z>+<n—1>si/z+|f %lﬂvlpﬁ-lk?n/(n—%dy‘).
By
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Since v; (0) =%/ 1=2+(=D8i/2 _, 0 the second term on the right side can be absorbed
into the left side. Thus we conclude that

©) i = C (00 +| /B Ly o T2y ).
By Lemma 4.2,

‘/ BaKi |y|vizai+1klzn/(n—2>dy‘ < Cu; (0) 2/ (= 2H=D/2
B, 9F

Thus §; < C(v; (0)~¥=2+®=18/2 14, (0)?4). This implies that
8 Inv; (0) < C(v; (0)~ /"= DF=D3/2 4 4,(0)*') Inv; (0) — 0
as i — 0o. Therefore lim;_, o, v; (0)% = 1. Consequently, we have
(10) 8i < C (i (0) /"2 +v;(0)*). O

4.3. A preliminary estimate for |V K;|. We will again study the Pohozaev identity
(5), but with a different choice of the conformal Killing field X = 3/dy".

Direct calculation, like that in the proof of Proposition 4.3, shows that the right
side of the identity is equal to

_ v 2 o 9%0uw) | 21 9(kiv) d(hiv)
(n=2) /330 (XJ: o ( n—2(k’v1) dyloy/ T (n—2)2 ay! dyJ )
1 2 2
_y __2 07 (Av) 2 d(Aiv;)
o ;( n(n—2) (Aivi) (3y/)? + (n—2)2( ay/ ) ))dzg’

and decays at a rate of v; (0)%.
The left side of this identity is (n — 2)/(2n) times

0 _ 0 _s: _
L (R)dvg, =cm)™' | S (Kiv ) (v) D dy
B, 3)’1 B, 3}’1

_ d; 2n/(n—2) pi+10K;
11 - ! (1 —’)k. pit1 0K ;4
(1T) c(n) /Bo +pi+1 ; v; 2yl y

i a)MZn/(n—Z)

—1 ) pi j
% gt 2 g4

. Ll
—c(n)_l(g—’/ A.Zn/(n_z)Kiv.p’Hy—dZa.
l 1
P1+1 9B, o

By Proposition 4.1, the last term in (11) is bounded from above by

C8; - v;(0)iPitD < C8,0;(0)2,
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since t; < 0 and v; (0) — oo.
Note that since A;(y) = A(r;y), the second term in (11) is bounded from above
by

Cém‘/ v ()P dy,
[y|<o

which is further bounded by C4;r;v; (0)=2/2% < C8;r; by Lemma 4.2 and Propo-
sition 4.3.
Therefore the first term in (11), which is

-1 Si > 2n/(n=2) pi+1 0Ki
1 pitl T01
c(n) /B( + pi+1 hi Vi ay1dy’

is bounded from above by C (v; (0)% 4 8;v; (0)% + 8;r;) < C(8;ir; + v;i (0)1).
This shows that

(12) ‘/ a2 ypret 804 dy‘ < C@iri +v;(0)2).
By the Taylor expansion,
=0+ (S0 forsomell < 1.
Note that K;(y) = K (r;y). By Lemma 4.2 and Proposition 4.3,

) » IK; :
/’A?ﬂnzbf+WV(5{)Qﬁ-ﬂdy§(ﬁa/ ol lyldy
B, Y Bo

S Cr,' vi (0)—2/(}1—2)4‘(}1—1)3;/2
< Criv (0) /72,

Thus we know
8K, (0)‘/ p,+1dy <C|/ ,2n/(n1=2) p,+18K, £ (0)dy

< C(rivi(0)" "2 4 ((Siri +;(0)%1))
< Crivi (07" 41 (0% +v;(0*)  (by (10))
< C(rivi(0) 72 4 0;(0)*).

Then by (8),

(13) (0)\ < C (rui 0" 4 v, (0)%).

The same estimate holds for [dK;/dy/(0)| for j =2, ..., n as well, since we
can also choose X = 3/9y/ in the above calculation.
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4.4. Location of the blow-up. Choose a point y with |y| = 1. It is proved in [Yan
2007, Section 6] that v; /v; (¥) converges in CZ norm to a function 4 on any compact
subset of R" \ {0}, and h = % + %Iylz_”.

Recall that we chose the coordinate systems z = (z',....,2" and y = z/r; to
be centered at each x; € M; thus VK;(0) = r; VK (x;). Here we write VK (x;)
instead of VK (0) to emphasize the fact that VK is evaluated at different points x;
as i — o0o. We claim that this blow-up must occur at a critical point of K:
Proposition 4.4. VK (xg) =lim;_, o VK (x;) =0.

Proof. Suppose this is not true. Then there exists some j € {1, ..., n} such that
|0K /377 (x;)| > & for a constant & independent of i. Without loss of generality we
assume j = 1. Then from inequality (13) we know that

eri < C (rivi(0)~7"™2 4+ v;(0)*) .
Therefore
(14) ri < Cv;(0)*

when v; (0) =%/ =2 is sufficiently small.
Once more we look at the Pohozaev identity (5) with X = > j y/3/9yl. We
divide both sides of it by v?(y) so that it becomes

n—

2 1 1
(15) —_/ X(R;)dv ;= —_/ T;(X,v)dZ;.
2n v} (3) Js, 0RO Jos,

Its right side is

il
e T; (X, vi)d%;
v () Jos,

= % f (Ric(gi) —n 'R(g)gi) (X, v;)dE,;
v; ) 9B,

1
V2 (3)
—n ' R(u) Y Pdy @ dy) (kv TP dy ® dy) (X, vo) (hiv;)2d

(16) = /B Ba( zl’(’;_"))z(Ric((i"(';))4/("_2)dy®dy)

o Aiv; 4/(n—2) )( AiU; )4/(n—2)
" R((U, (y)) dy ®dy v (y) dy ®dy (X’ VO)dZ()"

/ (Ric((iv) "V dy ® dy)
0B,

where vo =o' 3", y/8/dy/ is the unit outer normal on 3 B, with respect to the
Euclidean metric dy ® dy.
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When i — oo, X;(y) = A(r;y) — A(xg) for |y| = o. Thus when i goes to oo,
(16) converges (up to a constant) to

/ h* (Ric(h" "2 dy @ dy)
" — ' RUH D dy @ dy)h* "D dy @ dy) (X. v) dE,
= / h? - (n —2)h* ") (Hess(h =" ~2)(X, vo)
o0 — AP (X, 1)) d 2o

A7) =mn—-2)0"" / p2 =D/ (Hess(h /") (X, X)
0B,
— LA D)6?)d S,

We know that

n/(n=2)

— — — —-2/(n—-2 —
p2/ 2>=(%(1+|y|2 n)) /(=2 _ 52/(n Dy - 3

Iy" + O (ly[*"~ V),

and by direct computation,

1 2n—2y .2 2M02 2
)X X) = A (XD - Sy
V") X X) = Y= = lyI")o

= 2"y — o,

on/(n-2)
n—2

Hess (22/(”_2) ly|* —

Therefore
Hess(h /"= 9)(X, X) = LA™ "")o? = =27/ D (n — 1)o" + 0(a*" V).
Also we know

pR0=1)/(n=2) _ (%)Z(nfl)/(nd)|y|72(n71>(1 + 0(|y|n72))'

Thus we can conclude that (17) is equal to

—1(n—1D(n—2)0"" /BB (Iy172= D+ o(yl™) (1" + 0y D)) o™ tdx,

=-In—-Dn-2)+0(" ™.

Therefore the limit of the right side of (15) is strictly less than 0 when we choose
o to be sufficiently small.
On the other hand, the left side of (15) is

1
v; () Ja,

—2 - —5 -
e X (Ko, ") vy /=2 dy.
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We write

. / X (Kiv; ) (o)™ 2Ddy

v; ) B,

(1) = / g f Kixd" "2l X o)dy.
v,’()’) B, v; 6D) .

The second term of (18) is equal to

81’ / 2n/(n—2) pi +1
Kk X (v
pz+1 Uz(y) ( -
pi+1v; (y) B(,
B Al.zn/(nfz)vfiﬂx(Ki) _K, U;DiHX()LiZn/(an)))dy
I

pitl v; )

di

2n/(n=2)_ pi+1
—_— K\ . X(InK;)+2 —2)X(nX;))dy.
pi+1v3(3) /Ba o v ek X(nKy)+2n/(n = 2) X (Inds) dy

On 0 B,, we know v; /v;(y) — h(c) and v; — O uniformly, so

2
%f Kikl‘zn/(nz)vipinZUZf Kkzn/(n 2)( Ui ) dE — 0.
) 3B, vi ()

Since X = rd/dr and |0(In K;)/9r| and |0(InA;)/dr| are uniformly bounded,
we can choose o to be small enough (independent of i) to make n + X (In K;) +
2n/(n —2)X (InX;) > 0. Thus when i — oo, the limit of the second term of (18)
is greater than or equal to 0.

Next we will show that the limit of the first term of (18) is 0, or equivalently,

(19) lim v2(0) /B X (Kl 22y =,

since v; (¥) > Cv;(0)~! by Proposition 4.1. This then will end the proof because
it implies that the limit of the left hand side of (15) is greater than or equal to 0O,
contradicting the sign of the right hand side.

Note that

XKD = (), 8yj)<y>
= (X, 75510 >+Zk3 k(Z ¥ 5t )@ for some [s1<Iy|

=D, 8K‘(g) "+, i ka Ki ()67y".
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Therefore

v (0)| / X (Ko 1232y
< v (O)/ Z aK; (g)‘l v pitl 2n/(n 24y

I’ K; . -
2 i 2 pi+ly2n/(n-2)
I <0)/Bgz\ayjayk<g>\|y| o gy

< CRO)r / Py + Co20) / PPt dy

5 Cl)i (O)ri -V (0) 2/(n=2)+(n—1)8; /2 + Cviz(o)ri - V; (0)74/(n72)+n5,-/2

(by Lemma 4.2)
< Cu; (0)>H2172/0=2) 4 Oy, (0)2HHi—4H =D (by Proposition 4.3 and (14)).
By the definition of #;,
T _(p,-—l)l,-)_ 2 2 2n-5_3-n
i1—1>rgotl_il—l>rgo(1 PR ki . U R B B
Thus
. 2 3—n 2
(20) ilir?o(2+2t’__2)<2+2'n 2 -z VY
and

tim (2-+45 —i) <244 3TR_ 4 4=

i—00 2 n—2 n—-2 n-=2

Since these are all strict inequalities, we know that

lim (Cv; (0)*T2172/=D 4 €, (0)* 4~/ (1=2)) = 0,
11—
and consequently

lim vf(O)( / X(Ki)v{’f“xf"“"‘z)dy) =0. O
1—> 00 B(r

4.5. Refined estimates for §; and |V K;|. Now because xo = lim;_, », X; is a crit-
ical point of the function K, which satisfies the flatness condition (), we have
IVPK (x;)| < Co|VK (x;)|"=27P/=3) when 2 < p < n —3. When p = 2, this
implies, because g = A4 ("_Z)dz2, that

9 n-4
VK (50 ) )| = |~ T B | = vk i,
where l1, 1,1l =1, 2, ...,n. Therefore

82

m(m < CIVK (x| + CIVK ()| "~ < CIVK ()| "9/,
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since |VK (x;)| < 1 for sufficiently large i. That is,

109K /3z%(x;)| < C|VK (x;)| "2 1leD/(n1=3)

for |@| = 2. Here we have used the notations that o« = («y, a2, ..., a,) with each
>0, |lo|=a1+ar+---+a,, and
K 0%19% ... 9% K

7% - (3Z1)°‘1(3Z2)°‘2 .. (31”)"‘” :
Generally, when 2 < p < g <n — 3, we have

|VK(x,-)|("—2_”)/(”—3) < |VK(x,-)|("_2_‘1)/(”—3),

so by similar computations we have

0" K(x,)‘<C|VK(x)|(” 2-1eD/=3) for 2 < || <n—3.

Then since K;(y) = K (r;y),
0K

0*K;
—aya (O)) = rl!otl 92 (x;) and IVK;(0)| =r;|VK (x;)].
Thus
9K, ol o
1(0)) < IOV K ()| 21D/
= ¢r{d=D0=D/(=3) g g ()12 la)/n=3)
(21) < Cri|VK; (0)| =2 leh/(1=3)

where the last step follows from the fact that (Jja| — 1)(n — 2)/(n — 3) > 1 and
r; < 1. With this flatness condition on K;, we can refine the estimates for §; and
I[VK;| as follows.

Inequality (9) gives

6 < C(vi(0)2ti + ‘/ %|y|vi]ﬁ+l)\‘?n/(n—2)dy‘)
Bs
B,
We write roK; /or = Z ) yjaK,-/ayf. Foreach j=1,...,n,

l 1 8 8I<l ,3 a aKl ﬁ
8_yj()—ayj() 3 357 3ys O Z,Zayﬂayjm +

1 3P K, ﬁ 9P 3K, ,3
+(”_4)!|/3; 8/38/() Z Byﬁayf()
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where || < [yl and y# = y{'y§2 -y for B = (B1, Ba. ..., B). Therefore

LI

oK ; 3f 0K; :
(/ (0)‘|y|vp+ldy+ Zf )8 7oy 22 ))| |IBI+1, pﬂdy

3P OK; n—2 p,+1
+|ﬁz /‘8yﬁay1()‘|| dy)-

P;-H;\Zrl/(n 2)d

1

By Lemma 4.2 and Proposition 4.3, the first term satisfies
/ O 0| Iyof+ay = CIVE; )i @702,
B,

and the last term has

‘8 0K;

9P ays Myr =2 ay < e o0

|Bl=n—3"Po

In addition, (21) gives, for any 1 < || <n —4,

9" 0K | Byt
[ 5 ol y

i, — i+1
§Cr,-/ |V K (0) @2 (B D)/ (1=3) y IB+1 Pt
B,

B,

_ N =Sl =~ PICIES - SRR
<Cr; IVK;i(0)] Bl + 1yl 1Bl ylvt T dy
By

(by Young’s inequality)
=cn([ KOy [ ey
By B,
< Cri|VK; (0)]v;(0)"> "2 4 Cryv;(0) 2.
Thus

.15

< C|VK;(0)|v; (0)~ /=2
+ (CriI VK (0)]v; (0) ™72 4+ Criv;(0) %) + Cr20;(0) 2
(22) < C|VK;(0)|v;(0)"> "2 4 Cryv;(0) 2.

Up’+1)\.12n/(n 2)d
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Plugging this back into (9) we now have a refined estimate
(23) 8i < C (v +|VK; (0)]v; (0) """ 4+ rivi(0) ).

This will enable us to also refine the estimate for |V K; (0)|. Inequality (12) gives
1[5, 10l 0K /9y dy| < C(8iri +v; (0)%). Again we write

aK 0K 3# 3K, 1 3P 3K,
Gyl =Gy O+ D GO 5 D Oy +
1BI=1 1B1=2

! 0P 9K; ovp o 1 9 OKi .8
+ o |,3|:Zn AT Gy O+ lﬂ§_3 557 ayl(g»» .

Therefore we have

/ )\‘Zn/(n 2)UP1+1 aKl (0)‘dy
Bo

1 1

ayP oyl

8‘3 aK; -3 pi+l
P f(ayﬂgf@))w oy
1Bl=

3P oK, ;
C (8iri +vi(0*) +C Z/ ‘a P oy 1’(0)‘|y|"3|vf+]dy
1BI=1

0 8Kl n—3 Pl+1
= / 5 2K 0| dy.

< ‘/ X?n/(n 2) pl+18K,d ‘—i—C Z/ ‘ Rl JIK; (0)‘|y|l‘3|v{7i+ldy
Bs

By (8) this implies

3Kz 2 9" 9Ki Blypit!
(0)‘<c 8iri +v;(0) +CZ/ ‘Byﬂ 5] (O)M | dy

a 8I(l n—3 Pz+1
+cmz f 52K o dy.

By Lemma 4.2, Proposition 4.3 and (21), we have, when 1 < |8| <n —4,

0 aKl 1Bl p,+1
L)y
/B ‘3#’ dy! Y

Scri/ WK"(O)|("_2_("3‘+1))/("_3)Iyl"“"v,-”"“dy
Bn

3 _ +1
:C’"i/ |VK;(0)|—371BD/(n 3)|yl|5|vip+ dy
B,
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n=3—1pl  _n-=3 A3\
<o [ (19K 7 gy oy
Bs

(by Young’s inequality)
=Cr,-<f |v1<,-(0)|v{"'+1dy+f I ay)
B, B,

< Cri|VK;(0)| + Criv;(0) 20— V/0=2),

Furthermore,
S [ sl tay < [t tiay
=n—3"Po
- < Crin72vi(0)—2(n—3)/(n—2)‘
Therefore

8K’ (0)‘ < Ciri + 0 (0)2) + (Cri | VK (0)] + Cryvy (0) 203/ =2y
+ C}"l-n 2Ui (0) 2(n-3)/(n—2)
< C8;iri + Cvi (0)* + Cr;|[VK; (0)] 4 Cryv; (0) 2=/ 0=2),
The same estimate also holds for |0 K;/dy/ (0)|, where j =2, ..., n, so we know
IVK;(0)| < C8ir; + Cv;j(0)* + Cri|VK; (0)| + Cryv; (0) "~/ 1=2)
< Ci(0)*" + [V (O)v:(0) /"™ 4 ryui (0))ri + Cui (0)*"
+ Cri| VK (0)] + Criv; (0) 2=/ =2 (by (23)).

When i is large enough, all the terms involving |V K;(0)| can be absorbed into the
left hand side of this inequality, therefore we get a refined estimate

IVK;(0)] < Criv;(0)* 4+ Crv;(0) ™ 4 Cv; (0)* 4 Cryv; (0) 21—/ (0=2)
(24) < Crivi(0)™2 4 Cv; (0)* + Cryv; (0) 2 H/=2),

Finally, we will prove that (19) holds. As in the proof of Proposition 4.4, this
will give the desired contradiction by comparing the signs of both sides of (15),
which rules out Case 1. We know

UIZ(O)/ |X(Ki)|vl'pi+l)\-i2n/(n_2)dy= U?(O)/ ‘r%‘vipi—’_l)\,?n/(}l_Z)dy

B, B,
< Cv}(0) (IVK; (0)]v; (0)" 2 4 1;v;(0)7?) (by (22))
< CoPO) (70 (0) 2 + v (O oy (0) 20—y )20

+rvi(0)72)  (by (24)
= C(r7v;(0) ™2 40, (0)>F21 7272 4 o).



THE SCALAR CURVATURE DEFORMATION EQUATION 397

By (20) we know lim; o (2+2t; —2/(n — 2)) < 0, and therefore

llm v; (O)2+21i—2/(n—2) —0.

1—> 00

It follows from this and lim;_, o, ri2 v; (0)"2 =2 = 1im;_, o, r; = 0 that
lim v2(0) f X (K)o Ty =0,
11— 0 Bg

This completes the proof in Case 1.

5. Ruling out Case I1

Now we consider Case II, which has been reduced to the following: There is a
sequence of functions {v;}, each satisfying

Agirvi + K((Iiy)vfi =0,

where 0; — 0 and g (y) = gaﬂ(oiy)dy“dyﬂ. The sequence {v;} has isolated
blow-up point(s) {0, ... }.

If 0 is not a simple blow-up point, then we can do another rescaling and repeat
the argument in the previous section, with r; replaced by r;0;, to get a contradiction.
Therefore 0 must be a simple blow-up point for {v;}. Then we can still repeat the
argument in the previous section, with r; replaced by o;. The only difference is in
the expression of & = lim;_  v; (¥)/v;(y). As shown in [Yan 2007, Section 7],
because here |y|>/?i~Dy;(|y|) doesn’t have a second critical point at |y| =1, we
have a different expression of 4: near 0,

h(y)=cily ™"+ A+ 0y,

where A is a positive constant. This positive “mass” term A > 0 guarantees that
the limit of the boundary term of the Pohozaev identity (15) is negative, that is,

lim ——
i—oo v (y) Jas,

Tl‘(X, v,~)d2,~ < 0.

The other parts of the proof remain the same. Therefore Case II can also be ruled
out.
Thus we have finished the proof of Theorem 1.4. ([
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