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An inhomogeneous linear differential equation Ly = f over a global differ-
ential field can have a formal solution for each place without having a global
solution. The vector space Igl(L) measures this phenomenon. This space is
interpreted in terms of cohomology of linear algebraic groups and is com-
puted for abelian differential equations and for regular singular equations.
An analogue of Artin reciprocity for abelian differential equations is given.
Malgrange’s work on irregularity is reproved in terms cohomology of linear
algebraic groups.

1. Introduction

The following topics have many common features: elliptic curves E over a number
field K; Drinfeld modules over a field K like [, (7); and linear differential equa-
tions over a differential field K, for example, a finite extension of the differential
field C(z).

For every place v of K one considers the completion K. An example of a local-
global problem is the following. Consider an elliptic curve E over K and an integer
n > 1. Suppose that n -y = f with f € E(K) has a solution y, in every E(K,).
Does there exists a solution y € E(K)? By “folklore” the answer is positive and
the analogous problem for Drinfeld modules, where the integer n is replaced by a
nonzero element of F,[z], has a negative answer (see [Van der Heiden 2005] for
both statements).

Here we consider a differential operator L = a,0" 4 - - - + a9 + ag, where 9 is
the derivation on K extending d/dz on C(z) and a,, ..., ap € K, acting upon K.
Suppose that the equation L(y) = f with f € K has a solution y, in every com-
pletion K,. Then, in general, there is no solution in K. One defines the C-vector
space Igl(L) as the kernel of the obvious C-linear map K /L(K) — [, Kv/L(Ky).
This vector space measures this local-global problem.
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The theme of this paper is the interpretation and the computation of /gl(L). The
main results are

« aformula expressing /gl/(L) in terms of the cohomology for differential Galois
groups acting on the solution space of L, and a proof of dim /gl(L) < oo;

o computation of H*(G, V) for certain affine group schemes G;
« classification of abelian differential equations and Artin reciprocity;

« explicit computations of /g/(L) for abelian differential operators and for reg-
ular singular operators L;

» a new proof of B. Malgrange’s results on irregularity.

The last item requires a precise knowledge of the universal differential Galois
group for the differential field F = C({z}) of the convergent Laurent series. The
multisummation theory of J.-P. Ramis et al. provides this knowledge.

This kind of problem, local global for differential equations, has been previously
studied by J. Manin [1965].

2. K/L(K) and M /dM as cohomology groups

Let K denote a differential field, and let 9(f) or f’ denote the derivative of f € K.
We suppose that its field of constants C :={f | f' =0} is algebraically closed and
different from K and has characteristic 0. A linear differential equation over K
can be written in an operator form

(@, 0" +---+ajd+ag)y=f witha;, f K.

An equivalent formulation is given by a differential module M = (M, d), where M
is a finite dimensional vector space over K and the additive operator 0 : M — M
satisfies d(fm) = f'm + fom. (The meaning of the symbols 9 and * will be clear
from the context.)

We recall (see for details [Van der Put and Singer 2003, Chapters 1 and 2]) that
for every linear differential equation M (or module) over K, there is a differential
ring PVR(M/K), called the Picard—Vessiot ring of M over K, such that all solu-
tions of dm = 0 live in this differential ring and this ring has only trivial differential
ideals. The (differential) Galois group of the module M is the linear algebraic
group over C consisting of all K-linear automorphisms of PVR(M/K) commuting
with the differentiation on PVR(M/K). The direct limit of all PVR(M/K) is the
universal differential extension U (K) of K. Its Galois group G(K, 9) is the affine
group scheme, which is the projective limit of the Galois groups of all differential
modules M over K.

For a differential operator L € K[d], L # 0, the solution space of L is the
C-vector space V(L) := ker(L, U(K)) is the solution space of L. The action
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of G(K, d) on U(K) leaves V (L) invariant, and the restriction of the action to V
is the (differential) Galois group of L. Similarly, for a differential module M over
K, the C-vector space V(M) :=ker(d, U(K) ®k M) is the solution space of M,
and the restriction to V (M) of the natural action of G(K, 9) on U(K) ®x M is the
(differential) Galois group of M.

Proposition 2.1. We have H*(G(K, 3), U(K)) =K and H (G(K, d), U(K))=0
foralli > 1.

Proof. Using that U(K) is a direct limit of Picard—Vessiot rings, one concludes
that it suffices to consider a differential module M over K with Picard—Vessiot ring
L O K and Galois group G. In this case one has to prove H(G, L) = LY = K
and H (G, L) =0forall i > 1.

The first statement is well known. The affine variety corresponding to L is
known to be a K-torsor for the linear algebraic group G over C. In other words,
there exists a finite Galois extension K™ D K such that KT ®x L = KT ®¢ C[G].
Further the action of the Galois group Gal(K*/K) on this object commutes with
the action of G.

We recall that the cohomology groups H' (G, V), where V is any G-module, are
the cohomology groups of the Hochschild complex C*(G, V). Moreover, one has
H' (G, C[G]) =0 forall i > 1, since C[G] = Ind{Gl} C is an injective module (see
[Jantzen 2003] for these statements). It follows that also H (G, KT ®¢ C[G]) =0
fori > 1. For such i, let & be an element in C' (G, L) withd'&€ =0. Then & =d'~ !
for some n € C'~'(G, Kt ® L). Then

1
* . .
T = ¥Gal(K+/K) 2, om
oeGal(K+/K)

belongs to C'~1(G, L) and satisfies d'~'n* = £. O

Lemma 2.2. Let L € K[0] be a nonzero differential operator and U(K), G(K, )
be as before. The following sequences are exact:

0— ker(L, U(K)) —> U(K) > U(K) = 0 and
0— ker(L, K) — K -5 K —s HY(G(K, 8), ker(L, U)) — 0.

In particular, K / L(K) is canonically isomorphic to HY(G(K, d), V(L)), and also
H (G(K,d), V(L)) =0fori=>2.

This lemma could be proved by the arguments of [Bertrand 1990, first paragraph
of p. 126, Remark 1 p. 217, and p. 131]. However, the lemma does not appear
explicitly there.
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Proof. For the exactness of the first sequence we must show that Ly = f with
f € U(K) has a solution y € U(K). For any f € U(K) there exists a nonzero
L € K[9] such that L f = 0. Indeed, since f lies in some PVR(M), apply now
[Van der Put and Singer 2003, Corollary 1.38]. The equation I:(L (y)) =0 has all
its solutions in U (K'). Hence for a suitable solution y € U (K) of this equation,
one has Ly = f.

Taking, in the first exact sequence, invariants under G (K, d), one obtains, by
using Proposition 2.1, the exact sequence

0— ker(L, K) — K -5 K — H'(G. ker(L, U(K))) — 0. 0

For a differential module M over K one has a similar result that there is a
canonical isomorphism M/OM — HY(G(K,d), V(M)), where again V(M) =
ker(d, U(K) @k M), provided with its G(K, d)-module structure.

A direct comparison between modules and differential operators is given by the
theorem of the cyclic element, which states that any differential module M has the
form K[d]/K[d]L for some operator L. Let L* denote the adjoint of L. Then one
can verify that V (M) can be identified with V (L*) and M /dM with K /L*(K).

The use of cohomology of groups to study differential operators or modules is
already present in D. Bertrand’s papers [1990; 1992]; see also [Hardouin 2005].

3. On cohomology of linear algebraic groups

The base field k is assumed to be algebraically closed and to have characteris-
tic 0. Let G be a linear algebraic group, or more generally an affine group scheme,
over k. A G-module V is a finite-dimensional vector space over k provided with an
algebraic action of G, that is, a morphism of affine group schemes p : G — GL(V).
The cohomology groups H*(G, V) are defined as the derived functors of V > V5.
The k-vector space H' (G, V) can, as in the case of ordinary group cohomology,
be described as the space of all i-cocycles f : G x --- x G — V, divided out by
the subspace of the trivial i-cocycles. The only difference is that the i-cocycles f
are supposed to be morphisms of algebraic varieties (or more generally, of affine
schemes). We will also allow G-modules V of infinite dimension, namely direct
limits of finite-dimensional G-modules. Now we collect here (with some com-
ments) the facts and results that we will need in the sequel and refer to [Jantzen
2003] for the general theory.

Fact 3.1. Let G be a reductive affine group scheme (not necessarily connected).
Then for every G-module V , one has H' (G, V) =0 forall i > 1.

Indeed, since the characteristic of k is 0, the functor V — V¢ is exact.
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Fact 3.2. Let N be a closed, normal subgroup of the affine group scheme G. Sup-
pose that G/ N is reductive. Let V be a G-module. Then H*(G, V) is canonically
isomorphic to H*(N, V)6/VN.

Indeed, the functor V — VY factors as HO(G/N, VN); the functor HO(G/N, )
is exact and maps injective objects to acyclic objects. The special case of Fact 3.2
in which N is the unipotent radical R, (G) reduces the computations to the case of
(connected) unipotent groups.

Fact 3.3 (the five term exact sequence). Let N be a closed normal subgroup of the
affine group G, and let V be a G-module. Then the exact sequence of five terms
reads

0— H'(G/N,vY)y — HY(G,V)
— H' (N, V)9/N — H*(G/N,VN) — H*(G, V).

This exact sequence is derived from the spectral sequence H*(G/N, H’(N, V))
converging to Ht?(G, V).

Remark 3.4 (explicit action of G/N on H Y(N, V)). Let V be a G-module and N
a normal closed subgroup of G. The action of G/N on H'(N, V) can be made
explicit on the level of 1-cocycles. Let f : N — V be a l-cocycle and g € G.
Then (gf) is the 1-cocycle defined by (gf)(n) = gf (g~ 'ng). The trivial 1-cocycle
f(n)=nv—v for a fixed v € V is mapped to the trivial 1-cocycle n+> n(gv)—(gv).
Thus G acts on H'(N, V). Form € N and a 1-cocycle f : N — V, one observes
that (mf) — f is the trivial 1-cocycle n +— nf (m) — f(m). Thus N acts trivially
on H'(N, V).

Fact 3.5. Let g be the Lie algebra of a connected affine group scheme G. Any
G-module V has the structure of a g-module. The cohomology groups H*(G, V)
are canonically isomorphic to the cohomology groups H*(g, V).

Sketch of the proof. Using Fact 3.2, we may suppose that G is a connected unipotent
linear algebraic group over C. In particular, G is simply connected. Therefore the
category of the finite-dimensional representations of G and that of its Lie algebra g
are equivalent. This equivalence extends to an equivalence between the represen-
tations of G that are direct limits of finite-dimensional representations and those
of g. The latter categories contain enough injective objects, and the cohomology
groups can be obtained from injective resolutions. O

We note that the group H'(g, V) can also be described by i-cocycles modulo
trivial i-cocycles; see [Jacobson 1962] and [Varadarajan 1984, Section 3.12]. In
some cases the computations of the H*(g, V) are easier than those for H*(G, V).
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Lemma 3.6. Let t be a generator of the Lie algebra of G,. The G,-module V,
given by p : G, — GL(V), induces a nilpotent map p(t) € End(V). Then

H%(Gy, V) =ker(p(t), V) =ker(exp(p(t)) — 1, V),
Hl(Gu, V) =coker(p(t), V) = coker(exp(p(t)) — 1, V),
H (G,,V)=0 fori>?2.

Proof. By Fact 3.5, it suffices to compute the cohomology of V as a module over
the Lie algebra of G,. An obvious calculation of these cohomology groups in terms
of cocycles gives the required answer. The same computation can be done in terms
of cocycles for the group G,,. U

Corollary 3.7. Let the group scheme G be topologically generated by one ele-
ment A. Suppose the unipotent factor A, of the Jordan decomposition A = Az - A,
is nontrivial. Then G = G| x G, where the first factor is topologically generated
by Asg and the second by A,.

Let the G-module V be given by p : G — GL(V). Then H (G, V) =0 fori > 2,
and H' (G, V) = coker(p(A,) — 1, VO1) = coker(p(A) — 1, V).

Proof. H*(G,V) = H*(G,, V)¢, and this equals H*(G,, V') since G; com-
mutes with G,. Apply now Lemma 3.6. The final statement follows from the
decomposition of V into eigenspaces for p(Agy). O

3.8. Group schemes with free unipotent generators. Let S be some nonempty
set. One considers tuples (V, @), where V is a finite-dimensional k-vector space
and @ : S — GL(V) maps every s € S to a unipotent «(s). This defines an abelian
category Unipotent(S) which is in an obvious way a Tannakian category. The fiber
functor is given by (V, a) — V. Thus Unipotent(S) is isomorphic to the category
of the finite-dimensional representations of a certain affine group scheme N over k.

Consider an object (V, «) and the Tannakian subcategory {{(V, «)}} generated
by it. The affine group scheme corresponding to this subcategory can be seen to
be the smallest algebraic subgroup H(V, «) of GL(V) containing all e(s). The
representation p : N — GL(V), corresponding to (V, «), has the property that
p(N) = H(V,a). In particular, if p(N) is a finite group, then p(N) = {1}. Thus
N is a connected affine group scheme. Moreover, N is the projective limit of the
H(V, a), taken over all objects (V, «). For a fixed s € S, each H(V, «) contains
an element «(s). The projective limit of the elements «(s) € H(V,a) can be
considered as an element, again called s, in N. Thus p(s) = a(s) for every object
(V,a) and corresponding representation p : N — GL(V). Therefore, we will
call N the group with free unipotent generators S. Indeed, the elements of S,
seen as elements of N, are topological generators; they are unipotent and have no
relations.
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We want to show that for any N-module V, the H*(N, V) are the cohomology
groups of the complex 0 — V — V5 — 0, where the nontrivial map is given by
v > (p(s)v — v)ses. Though a direct proof is perhaps, we will prove this using
the (pro-)Lie algebra of N.

3.9. Lie algebras with free nilpotent generators. Let S be again a nonempty set.
The free Lie algebra F over k with generators S C F has the universal property
that the representations t : F — End(V) on vector spaces V over k are in bijection
with the maps S — End(V). One considers now a representation t such that V
is finite-dimensional and every t(s) is nilpotent. The image F'(r) C End(V) is an
algebraic Lie algebra, because it is generated by nilpotent maps. The corresponding
(connected) algebraic subgroup of GL(V) is the smallest algebraic subgroup con-
taining all exp(z(s)). Define p : § — GL(V) by p(s) = exp(t(s)). Then (V, p)
is an object of Unipotent(S), the Tannakian group of this object is the smallest
algebraic group containing all exp(z (s)), and its Lie algebra is F (7).

The projective limit lim. F/ker p taken over all these p will be called the
(pro-)Lie algebra with free nilpotent generators S. It is clear from the above that
this pro-Lie algebra is the Lie algebra of the affine group scheme N of Section 3.8.
The bijection between the representations of N and those of its (pro)-Lie algebra
can be interpreted as N being simply connected.

Proposition 3.10. Let N be the affine group scheme with free unipotent generators
S, and let V be a N-module. The H*(N, V) are the cohomology groups of the
complex 0 — V. — VS — 0, where the nontrivial map V. — V5 is given by
V> (p($)v — V)ges.

Proof. Let Lie(N) denote the pro-Lie algebra of N. According to Fact 3.5 and the
constructions in Sections 3.8 and 3.9, the proposition is equivalent to the statement
that the H*(Lie(N), V) are the cohomology groups of the complex 0 — V —
VS — 0, where the nontrivial map is given by v = (log(p(s))v)ses-

For H%(Lie(N), V), this is obvious. For H'(Lie(N), V) we use the explicit
definition of a 1-cocycle f (see [Jacobson 1962] and [Varadarajan 1984, Section
3.12]) and conclude that the elements f(s) € V are arbitrary and that they determine
f completely. The trivial 1-cocycles are of the form f(z) =t (z)vforafixedveV,
where 7 : Lie(N) — End(V) is induced by p : N — GL(V). This proves the claim
for H'(Lie(N), V). The verification of H' (Lie(N), V) =0 fori > 2is easy. [

3.11. Finiteness conditions. Let the set S be a disjoint union of (nonempty) sub-
sets S; with i € I (and I an infinite set). Let Unipotent({S;};<;) denote the category
for which the objects are the pairs (V, «) with V a finite-dimensional k-vector space
and « : § — GL(V) such that a(s) is unipotent for every s € S and there is a finite
subset J of I such that a(s) =1 for s & [J;, Si. As in Sections 3.8 and 3.9, this
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defines an affine group scheme N and a pro-Lie algebra Lie(N). The analogue of
Proposition 3.10 is as follows:

Proposition. Let V be an N-module. The H*(N, V) are the cohomology groups
of the complex 0 — V — V) — 0, where VS denotes the k-vector space of the
maps [ : S — V such that there exists a finite subset J of I with f(s) = 0 for
s & ey Si. The nontrivial map is again v — (p(s)v — v)ses.

The above situation occurs in connection with the Stokes phenomenon [Van der
Put and Singer 2003, Chapter 8], where S = {A, 4 | ¢ € 2, d is singular for g}
is the set of alien derivations. The set S is the disjoint union, over ¢ € 9, of the
sets S, := {d € R | d is singular for g}. The corresponding affine group scheme
N is the kernel of the surjective morphism of affine schemes G anatytic = Gformal-
We will return to this in Section 5. We note that the finiteness condition stated in
[Van der Put and Singer 2003, Chapter 10, p. 268] is slightly wrong.

4. Formal differential equations

Let F be the differential field C((z)) with derivation § := 75 d . A differential equa-
tion or module over F will be called formal. We recall the explicit descriptions
of U (F ) and Giormal := G (F , 0), slightly extending the one given in [Van der
Put and Singer 2003, Chapter 3, Section 3.2]. The aim of this section is to make
explicit both H*(Grormal, V(M)) (Where V(M) is the solution space of M) and the
canonical isomorphism M /dM — H'(Giormal, V(M)).

Description of U (f ). Write C = A @& Q with A a (D-vector space. First one
introduces the universal Picard—Vessiot ring Uy for the regular singular differ-
ential modules over F. This ring is Uy := Acl[{e(c)}ceA, £], where fcl is the
algebraic closure of F and where the symbols e(c) and £ satisfy only the identities
e(c1+c2) =e(cy)-e(cr). The differentiation is given by de(c) =c-e(c) and 6¢ = 1.
Then one introduces the set 2 = J,,.., z~'/"C[z~!/™] and symbols e(q) for g € 2
satisfying only the identities e(q —i—_qz) = e(ql) e(gn). Further de(q) = q - e(q).
Now U(F) = @qeél U(F q), where U(F q) := Ue(q). This is the universal
Picard—Vessiot ring for F. Put 9% := 9 @ A and write e(q+c):=e(q)-e(c) for
g+ce2t. Then U(F) = C1[{e(q)}qegl+, 2].

Description of Ggormal- For convenience, we will identify the affine group scheme
Grormal With its set of C-valued points, which is the group of the differential auto-
morphisms of U (f )/ F. A special (and very natural) element in this group is the
Jormal monodromy y defined by the properties

(i) y acts on I/*“\Cl by y (%) = e?™*z* for all A € Q,
(i) ye(c) =e*e(c) for all ¢ € A,
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(iii) y(e(g)) =e(yq) for all g € 2, and
(iv) y(£) = £+ 2mi.

In J.-P. Ramis’s terminology, the exponential torus T is the group Hom(2, C*).
An element & € T that acts on U (ﬁ ) by & is the identity on I’f“\cl, on ¢, and on the
elements e(c). Further h(e(q)) = h(q) - e(q) for all g € 2. The group T together
with the element y topologically generate Grormar (for the Zariski topology). So
far we have followed [Van der Put and Singer 2003, Chapter 10]. The Zariski
closure () of the group (y) generated by y is rather big, and we prefer to split this
group into smaller pieces. For this purpose we introduce more special elements
in Gformal-

One decomposes y as a product of commuting automorphisms yqy,, wWhere
¥ss has the same definition as y except for (iv), which is replaced by y; € = £.
Further y, is the identity for the elements in I/*”\cl, the elements e(c), e(g) and y, £ =
£+ 2mi. We note that y4,y, is the Jordan decomposition of y as a product of a
semisimple element and a unipotent element.

We still want to decompose the semisimple y5, as a product of commuting ele-
ments yp and y;. The direct sum C = Q@A yields, using ¢ — e>7¢, a direct product
decomposition C* = (o) X €24 Now 1o and y; are the unique semisimple
elements in Goma With eigenvalues in oo and e?™*4 such that ypy; = yss. One
verifies that yy and y; can also be defined by

(i) yo(z*) = e**z* and y1(z*) = z* for all A € Q,
(i) yo(e(g)) = e(yoq) and yie(g) = e(q) for all g € 2,
(iii) yo(e(c)) = e(c) and yje(c) = e*“e(c) for all ¢ € A, and

(iv) yo(€) = y1(6) = L.

For every element a € U (1/’5 ), there is an integer n > 1 such that y'(a) = a.
It follows that the algebraic subgroup of Gfoma generated (topologically) by yp
is Z, the projective limit of the groups Z/nZ. The algebraic subgroup generated
(topologically) by y; can be identified with the torus Hom(A, C*). The algebraic
subgroup generated by y, can be identified with G,.

Thus (), the Zariski closure of the group generated by y, can be identified
with G, x Hom(A, C*) x 7. Moreover, y is the topological generator of G, the
group of the differential automorphisms of U/ F or, in other words, the universal
differential Galois group for the regular singular equations over F.

We extend the exponential torus T to a larger torus 7T = Hom(2*, C*). An
element 4 € TT that acts on U (f ) by h is the identity on I?Cl and ¢. Further

h(e(q)) :=h(q)-e(q) forg € 2T,
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We conclude that Giyrma has the form G, x (T x /Z\). The latter subgroup
T x Z is reductive, and the subgroup G, is the unipotent radical of Gormar. Also
G ormat/ G tormal = £ With topological generator yy.

Description of differential modules over F. One associates to a dlfferentlal mod-
ule M over F its solution space, defined as V =V (M) :=ker(d, U (F ) ®7 M) with
the data of (i) a decomposition V = @qeg V,, where V, =ker(9, U(F q)Qr M),
(i1) an element y;, € GL(V'), the restriction of y on U (f ) ®% M to the subspace V,
and relations (iii) y;,(V,) =V, forall g € 2.

The functor M — V(M) := (V, {V,}, y,,) defines an equivalence of categories.
We note that y;, has a decomposition as a product yy, 4y 14, of commuting ele-
ments induced by y = Yoy1Vu-

Computation ofH (Gtormal, V(M)). By Section 3, H (Gtormal, V) _H’ (Gg, W)
with W := VT X‘Z. From the above one sees that W = V™. Now F[¢] is the
subspace of U (F ) consisting of the elements invariant under T+ x 7. Hence W =
ker(o, F 1®# M). The action of y, on W is induced by its action on F [£], given
by £ +— £+ 2mi. The group G,, generated for the Zariski topology by y,,, acts on
Wbyt — V;,v- Hence H'(Giormal, V (M)) can be identified with ker(log y,.v, W)
for i =0 and with coker(log y,.v, W) for i = 1. In particular, the two cohomology
groups have the same dimension. This proves the following corollary.

Corollary 4.1 [Malgrange 1974]. For any differential module M over F, one has
dimc ker(d, M) = dimg M/OM.

The explicit canonical isomorphism can : M/oM — H L(Gtormal, V (M)). Any
module M is, after a finite extension of F, a direct sum of isotypical submodules
modules M (g) with ¢ € 9. This is just a translation of the decomposition V =
P V,. Now a is bijective on M (g) for g # 0. Thus for g # 0, the summand M (¢)
gives no contribution for the above map can. The direct summand M (0), which is
the regular singular part of M, can be represented by a matrix differential operator
z% + B with B a constant matrix whose eigenvalues A satisfy 0 < Re(A) < 1.
Only the generalized eigenspace for the eigenvalue O of B can give a contribution
to M(0)/dM (0). This generalized eigenspace is the submodule of M(0) ~ F?
corresponding to W = VO""'. After restricting to this submodule, B is nilpotent.
The kernel and cokernel of zd% + B on F? coincide with the kernel and cokernel
of B on C?. The fundamental matrix for the equation is e~21°¢%, The columns
of this matrix form a basis for ker(d, FlO1® # M). The differential Galois group
is generated by the action of y, that multiplies the fundamental matrix by e =275,
Thus log y, on W can be identified with —B/(27i) on ce.
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5. Analytic differential equations

F denotes the differential field C({z}) consisting of the convergent Laurent series,
with derivation § := Zd%. A differential equation or module over this field will
be called analytic. We recall and extend results of [Van der Put and Singer 2003,

Chapters 8, 9 and 10].

Description of U (F) and G apayytic := G (F, ). Asin Section 4, F O F denotes the
field of the formal Laurent series. Let @ C F; denote the F-subalgebra consisting
of the elements % that satisfy a linear differential equation with coefficients in F.
Then

Fl{e(@)}geo+, €1 C U(F) = D[{e(q)}ge0+, €] C U(F) = Fulfe(q)}gen+-£.

The precise structure of the differential algebra % is unknown. However the mul-
tisummations {mult;};cr in the directions d lead to “locally unipotent” elements
of Ganalytic, the Stokes maps (multipliers) for every direction d. One considers
the “locally nilpotent” logarithms A, of the Stokes maps. These are elements
of the pro-Lie algebra of Ggpalytic. The element Ay is an F-linear derivation
of U(F), commuting with §, and trivial on F[{e(q)}qegﬁ,ﬁ]. Thus Ay is de-
termined by its restriction Ay : @9 — U(F) = @qEQU(F,q). The resulting
maps A, 4 : 9 — U(F, q) are important ingredients for the structure of Ganalyiic.
Put {x;}ic;1 = {A4,q | d singular for g}, and let Lie(N) and N denote the pro-
Lie algebra and the affine group scheme corresponding to {x;} defined in Sec-
tion 3. Then Gapaytic = N X Gforma. We recall that Geormar is topologically
generated by T = Hom(2, C*) and the formal monodromy y. The action, by
conjugation, of Gforma On N induces an action on Lie(N). One can verify that
Y(Ay.d) = Ayg),a—2x and that, for any 4 € T, one has h(A, 4) = h(g) Ay q.

The group Ganaiytic/ (N X G,) = T+x7Zis reductive, and therefore N x G, is the
unipotent radical of G anaiyiic. The affine group scheme N x G, is topologically gen-
erated by {exp(A 4) | d singular direction for g}U{y, }. The relations between these
generators are unknown. The same holds for their logarithms {A, 4}U{log ,}. For
the group N x (y) with topological generators {exp(A4,4)}U{y}, one observes that
the only relations are yexp(Aq,d)y_1 =exp(Ag,q—27). A good translation in terms
of generators of Lie algebras does not seem to exist.

Description of the analytic differential modules. As in [Van der Put and Singer
2003, Section 9.2], one can describe a differential module M over F by a structure
on its solution space V := V(M), thatis, V(M) = (V, {V4}, v, {St4}). The maps
Sty can be replaced by st; = log St4, and st; can be replaced by its components
sty,.a (with d a singular direction for ¢). These elements in End(V) map each V,
to V,44 and so on. Thus M is represented by a tuple (V, {V,}, v, {st;.4}).
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Computation of H* (G analytic, V (M)). The computation uses the formula
H* (Ganalyic. V(M) = H*(N % Gy, V(M))T 2,

First an example.

Example 5.1. Let M = Fe, where d(¢) = —pe and p = arz % +- - - +a;z~" with
k>1anda; #0. Then M/oM = Hl(Ganalytic, V(M)) has dimension irr(M); see
below for the definition of the irregularity of M.

Proof. Let p denote the action of Gapayiic on V = V(M) =V, = Ce(p)e. Then
p is trivial for N and y. Further, for h € T = Hom(2, C*), the map p(h) is
multiplication by h(p).

Now Hl(GanalytiC, V) = H' (N x (), V)TX®%s) . We may identify the coho-
mology group H' (N x (y,), V) with the complex vector space of the algebraic
homomorphism f : N x (y,) — V in such a way that there are only finitely many
q € 2 for which there is a d with f(exp(Ay,q)) # 0.

Let f be such a map, and suppose that f is invariant under T X (yys). For
geT x(yy) andm € N x (y,), one has f(m) = (gf)(m). Since the latter is
(g™ f(gmg™"), one has p(g) f(m) = f(gmg="). This applied with g € T and
m =y, orm=exp(QAy q) with q # p yields f(y,) =0and f(exp(Ayq)) = 0. Now
apply this withm =y, f:xp(A,,,d)yu_1 and g = yss. Then f(m) = f(exp(Ap,a—27))-
Using that f(y,) =0and p(y,) =1, one has f(m) = f(exp(A,.q)).

We then conclude that the invariant algebraic homomorphisms are described
by f(n) = fexp(Ag.a)) = 0 for g # p. and f(exp(Apa) = f(Exp(Apa—2r)
for all d. The dimension of the H' under consideration is therefore equal to the
number of the singular directions d modulo 21w of p. This number is easily seen to
be k. We note that this result coincides with the explicit calculations in [Van der
Put and Singer 2003, Section 7.3]. O

B. Malgrange has mtroduced the irregularity of a differential module M over F
as follows. Put M := F ® r M. The action of the operator d on the exact sequence
0>M—>M—>M /M — 0 induces the long exact sequence

0 — ker(d, M) —> ker(3, M) —> ker(d, M/ M)
—> M/aM —> M/dM —> coker(d, M/M) — 0.

His results are that coker(0, M /M) = 0, each term in this sequence has finite
dimension, and dim ker (9, A//f) =dim 1\7/8]\7 (see Corollary 4.1). The irregularity
of M, irr(M), is defined as the dimension of ker(o, M /M). Using cohomology,
we will reprove Malgrange’s results and compute irr(M).
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Proposition 5.2 [Malgrange 1974]. Let M be a differential module over F with
solution space V(M) = (V,{V,}, v, {sty.a}). Then 0 is surjective on M /M, and
irr(M) =}_, deg_1 g -dim V.

Proof. First, we may identify the map M /oM — M / dM with the restriction map
R : H'(N % Gormal, V) = H'(Gtormal, V), wWhere V is the solution space of M.
The five term exact sequence (With G = Gapaiytic = N X Gformal) reads

0— Hl(Gformal’ VN) I Hl(Ganalytic, V)

— H' (N, V)Cromi s H?(Gromar, VV) —> - -.

The term H*(Giormal, V) is zero. The description of H (N, V) by 1-cocycles
modulo trivial 1-cocycles and the description of the pro-Lie algebra Lie(N) yield
the exact sequence 0 — V/VV — vU{Awa)  FI(N, V) — 0. Taking invariants
for the action of Gormar, one finds the exact sequence

0— HO(Gformal, V/VN) —> HO(Gformal, V({Aqu})) N
HO(Gformalv Hl(Nv V)) i) H](Gfonnal, V/VN) N Hl(Gformal, V({Aqu})).

We will compute the terms of this exact sequence.

Claim. Irr := H%(Gsormal, V1244D) has dimension > deg.-1 g -dimV,. Further
H'(Giormar, V244D =0, and so a; is surjective.

Proof. V424.4) consists of the maps f : {Ag,q} — V (with the property that only
finitely many ¢’s have a d with f(A, 4) # 0). The action of y on IASYERET
given by (¥/)(Ag.a) = p(r ™) f(Ayg.a—20)). The map f > (yf) — f is seen
to be surjective. It follows that H'((y), V{2¢aD) =0 and that HO((y), V{2aaD))
consists of those maps satisfying f(A; 4) = f(Ay(g),d—2x)- Taking now the invari-
ants under T, one finds that H' (G formal, V({Aq~d})) =0 and H°(Gformal, V({Aq-d}))
consists of the maps satistying f (A, ) € V, and f(Ay ) = f(Ayg).a—27)-
Write V=Vy®V, &---®V,,, where 0, q1, ..., g, are distinct elements of 2
and the V,, # 0. We allow the possibility V) = 0. From the above it follows that
Irr := H°(Gformar, V1244D) has dimension Y, deg_1 ¢; - dim V,. O

Claim. The map R : H YN % Geormat, V) = HY (Giopmal, V) is surjective.
Proof. First we consider the long exact sequence
0 — H°(Grorma, V) —> H(Grorma. V) —> H*(Grormar, V/ V)
& Hl(Gformalv VN) — Hl(Gformalv V) — Hl(Gformala V/ VN) — 0.

We observe that H(Grormal, V) = ker(d, M) and that H°(G1ormal, V) is equal to
ker(o, M).
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The morphism from the exact sequence

0— H'(Gformat, V) — H'(Gunayiic: V) — H°(Gtormar, H'(N, V)) —> 0
to the exact sequence
0— H'(Gformal, VY)/im(e2) — H'(Giormar, V) — H'(Gtormar, V/VY) = 0

is defined by the three maps o3, R and o, where o3 is induced by the identity
map H'(Gtormals V) = H'(Gormal, VV). The surjectivity of oy implies that R
is surjective. U

By the second claim, one has an exact sequence 0 — im(oz) — ker(R) —
ker(o;) — 0. Combining this with the results, observations and identifications of
both claims, one finds Malgrange’s exact sequence

0 — ker(d, M) —> ker(d, M) —> Irr —> M/OM —> M/oM — 0. O

6. Global differential equations

Now K is a finite extension of the differential field C(z). The universal U (K) and
G (K, 9) are far from known. For every place v, one has a canonical embedding
K C K,. We note that K,, is isomorphic to C((¢)), where ¢ is a local parameter
for v. The differentiation has the form a - % for some nonzero element a (which
will not be of importance for our problems).

The embedding K C K, can be extended to an injection U(K) — U(K,) of
differential rings. This injection is not unique, but its image is. Thus the above
arrow is unique up to a differential automorphism of U(K)/K, that is, an element
of G(K, d). For every place v, we make a choice for U(K) — U(K,). This
arrow induces an injective morphism G (K,, d) — G (K, d) (which is unique up to
conjugation by an element of G(K, 9)).

Suppose L € K[d] is nonzero and f € K. The equation L(y) = f has a solution
vy € K, at a place v if L is regular at v and f has no pole at v. Thus there
exists a solution y, for all but finitely many places. Hence there is a well-defined
map K/L(K) — @, Kv/L(K,) of C-vector spaces. The kernel of this map will
be denoted by Ig/(L). This vector space measures the failure of the local-global
principle for differential equations.

For a differential module M over K, one defines in a similar way the C-vector
space Igl(M) :=ker M /oM — P, (K, ® M)/d(K, ® M).

Using the above and Section 2 one concludes that

Igl(M) =ker(H'(G(K, ), V(M)) = @, H(G(K,, d), V(M))),

and similarly for a differential operator L.
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Theorem 6.1. The C-vector spaces Igl(L) and Igl(M) have finite dimension.

Proof. The statements for L and M are equivalent. We start with a differential
module M over K. As K is a finite extension of F := C(z), we may view M as a
differential module over F. The term M /dM does not change. Consider a place w
of F and the places vy, ..., v, of K above w. Then F,, ® v M can be identified
with EBlr: | Ky, ® M. This implies that [gl(M) does not change if one considers
M as differential module over F. Thus we may suppose that K = C(z).

Now we consider L = a,0" + --- 4+ a;0 + a¢ with all ¢; € K = C[z] and
gcd(ay, ..., ap) = 1. Consider an equation L(y) = f with f € K that has a
solution y, € K, for every place v. For each place v # oo, we write this solution as
[yv]+ry, where [y,]1 =) ",. ci/(z— v) is the principal part of y,. Only finitely
many [y,] are nonzero, an&g = f - ZU?&OO L([y,]) lies in C[z]. Therefore it
suffices to consider equations L(y) = g with g € C[z].

One observes that the operator L : C[z] — C[z] has a finite-dimensional cokernel.
This implies that /g/(L) has finite dimension. More precisely, [g/(L) is the kernel
of the obvious map C[z]/L(C[z]) = D, , C(2)y/L(C(2)y). O

7. Abelian differential equations

As in Section 2, let K be a differential field with an algebraically closed field of
constants C # K of characteristic 0. A differential module M (or an operator in
K[0]) is called abelian if the differential Galois group Gal(M) is abelian. The cor-
responding Picard—Vessiot extension L D K is also called abelian, and Gal(L/K)
denotes its (differential) Galois group.

Any abelian linear algebraic group G is a product of copies of G,, G,,, and finite
cyclic groups. By definition, the additive part G of G is a product of copies of
Gg, and the multiplicative part G* of G is a product of copies of G, and finite
cyclic groups.

A linear algebraic group G of additive type is described as G = Spec(C[W]),
where W is a finite-dimensional C-vector space, C[W] := @,,.,sym” W, and
the comultiplication m is given by m(w) = (w® 1) + (1 ® w)_for all w e W.
A group scheme of additive type G is by definition the projective limit of linear
algebraic groups of additive type. It follows that it has also a description as G =
Spec(C[W]) but now with W any C-vector space. Clearly, the set G(C) of the
C-valued points of G is identified with Hom¢ (W, C). The set Hom(G, G,) of the
morphisms can be identified with W as follows. Fix a presentation G, = C[¢] with
m(t) = (t ® 1)+ (1 ®t). Giving a morphism G — G, is equivalent to giving a
w € W that is the image of ¢ for the map C[¢] — C[W]. By abuse of language, we
will write Hom¢ (W, C) for the group scheme Spec(C[W]) of additive type.
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A linear algebraic group G of multiplicative type can be described as G =
Spec(C[A]), with A a finitely generated abelian group, C[A] the group ring of
A over C, and m(a) = a ® a the comultiplication for all a € A. A group scheme of
multiplicative type is again defined as G = Spec(C[A]), but now A is an arbitrary
abelian group. Now G(C) = Homz(A, C*), and Hom(G, G,,) = A. By abuse
of language, we will write Homz (A, C*) for the group scheme Spec(C[A]) of
multiplicative type. Note that Hom(G1, G;) = 0 if G is of additive type and G,
is of multiplicative type or vice versa.

For any differential field L one defines the C-vector subspace

diL)y:={f"I feL}CL
and the subgroup dLog(L) :={f"/f | f € L*} C L.

Theorem 7.1. Let L be an abelian Picard—Vessiot extension of K. Then we have
natural maps

L
d(K)  d(L)

and ,BL/](

K
*L/K * dlog(K)  dLog(L)

induced by the inclusion K C L.
(1) ker(ayr k) is a Z-module of finite type. Homz(ker(ay, k), C*) is considered
as a linear algebraic group (of multiplicative type).

(i) ker(Br k) is a finite-dimensional C-vector space. Homc (ker(Br k), C) is
considered as a linear algebraic group (of additive type).

(iii) There are canonical isomorphisms

¥7,k: Gal(L/K)* — Homgz (ker(ar k), C*) and
¥}k Gal(L/K)" — Homc (ker(BL/k), C)

of linear algebraic groups.

The definitions of ¥} /K and 1//L /K are as follows. Let 0 € Gal(L/K). Take
fe ker(ay k) and g € ker(B k) and images of f € K and g € K. There are
elements F € L* and G € L such that F'/F = f and G’ = g. Then o (F) = cF
for some ¢ € C*, and 0 (G) = G +d for some d € C. Then

Vi k@) (f)=ceC* and ¥ (0)@) =deC.

Itis easily verified that the above definitions do not depend on the choices of f, F', g
and G and that the maps ¥/} /K and wzr/ x are homomorphisms of algebraic groups.
“Canonical” means that for abelian Picard—Vessiot extensions K C L C L», one
has the obvious rules for composing the various ¥* and ¥ .
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Proof. The direct elementary proof that y* and v are isomorphisms is somewhat
long. We prefer to use [Van der Put and Reversat 2004, Lemma 1.1], which reduces
the general case to the cases Gal(L/K) € {G,,, C,, G,}, where C, denotes the
cyclic group of order n > 1. For these cases we provide elementary proofs.

(i) Gal(L/K) = G,,. Then L is the Picard—Vessiot extension of an equation y’ = fy
with f € K such that y' = mfy has, for every integer m > 1, only the trivial
solution y = 0 in K. Then L is the transcendental extension K (¢) with ¢’ = fr,
and ¢ € Gal(L/K) = C* maps f to ct.

The kernel of wZ/K : K/dLog(K) — L/dLog(L) consists of the elements & +
dLog(K) such that there exists y € L* with y’/y =h. The obvious elements y € L*
with y'/y € K are at” with a € K* and n € Z. They produce Z f in the kernel of
Vi /K- We want to show that there are no other elements y € L* with y’/y € K. We
may write y = p(t)/q(t) with p(t), g(t) € K[t], where p(t) and ¢ (t) are relatively
prime, monic, and not divisible by 7. Then

Y _p@) _q@)
—=== -1 cK

y p@®  q@
implies that p(¢)’/p(¢) and q(t)'/q(t) both belong to K. Now p(t) =" +---+
pit+po for po #0. Then p(t) = p),_t" '+ -+ pit+pj+ f (nt"+- - -+ pi1) =
a- p(t) for some a € K. This identity generates the equalities a =nf and p( = apo,
and then p( = nfpo contradicts the assumption on the equation y’ = fy if n > 0.
He_nce p(t) =1, and similarly g (¢) = 1. T_hus we find that the kernel of ¥ /K is
Zf. The map Gal(L/K) = C* — Hom(Z f, C*) is obviously an isomorphism.
(ii) Gal(L/K) = C,. Then L is the Picard—Vessiot extension of an equation y’ = fy
with f € K and n minimal such that y’ =nfy has a nonzero solution yy € K. Then
L = K (t) with t" = yp, and Gal(L/K) acts by multiplying ¢ by n-th roots of unity.
The proof that the kernel of ¥ /K is the cyclic group Z f of order n is similar to
the one of case ().

(iii) Gal(L/K) = G,. Then L = K (t) # K, where ¢ satisfies a differential equation
of the form ¢’ = g with g € K. An element d € Gal(L/K) = G, = C maps ¢
to r+d. Anelement h+d(K) lies in the kernel of 1//;/ ¢ if and only if there exists an
element H € L with H' = h. The kernel clearly contains the C-subspace generated
by g + d(K). It suffices to show that the kernel contains no more elements. Now
write H = p(t)/q(t) + r(t) with relatively prime p(t), g(t) € K[t], ¢(¢t) monic,
deg p(t) <degq(t), and r(¢) € K[t]. Suppose that

H =ty + PO 4O —pOa® _ ) p
q(t)?

Then p(t)'q(t) — p(t)gt) = (h —r))q()>. If g(t) # 1, then, by comparing
the degrees, one finds r(¢#)’ = h. The same holds if g(¢) = 1. We may write
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r(t) =rqt? +- - -+rit, since the constant term of (¢) is of no importance. Further
rqg #0. Then r(¢) = ré/ltd +- i+ g(rgdt?®' 4+ ... 4+ r)) = h. This implies
r[i =0, and thus r; =c € C*. For d > 1, one finds the contradiction ré*l +gdc=0.
Hence r(¢) = ct, and h = cg. This finishes the computation. O

Theorem 7.1 admits the following corollary, which can be interpreted as an Artin
correspondence for abelian Picard—Vessiot extensions.

Corollary 7.2. Let K gib}f be the maximal abelian Picard—Vessiot extension of K.
Then its Galois group Gal(K é‘it}f/ K) satisfies the isomorphisms of affine group
schemes over C given by

Yk Gal(K3%/K)* — Homgz (K /dLog(K), C*) and
¥ Gal(K3h/K) T — Home (K /d(K), C).

For g x w}g, write
Yk Gal(Kg}’ff/K) — Homyz (K /dLog(K), C*) x Hom¢ (K /d(K), C).

Then vk induces a bijection between the Picard—Vessiot extensions of finite type
KCLC Kgi'}f and the pairs (Z, V) C (K /dLog(K), K/d(K)), with Z a subgroup
of finite type and V a C-vector subspace of finite dimension.

We note that Y% is the projective limit of the ¥} that is taken over all Picard-
Vessiot extensions of finite type L D K contained in K gibff (and similarly for 1//;).
The correspondence can be described as follows.

One associates to (Z, V) the Picard—Vessiot field L = (K é‘ib}f)H , where H is the
kernel of the restriction map Gal(K gibff/ K) — Homz(Z, C*) x Hom¢ (V, C). This
can be made even more explicit by giving Z generators ay, ..., a, over Z and by

giving V generators by, ..., by over C. Then L is the Picard—Vessiot extension for
the set of equations

yi=ay; fori=1,....r and z;=b; forj=1,...,s.

Conversely, (ker(K/dLog(K) — L/dLog(L)),ker(K/d(K) — L/d(L))) is the
pair associated to L.

We remark that the explicit presentation of the universal Picard—Vessiot ring and
its automorphism group for the category of the abelian differential modules over
K, as given in [Van der Put and Singer 2003, Chapter 10], also provides a proof
for Theorem 7.1 and Corollary 7.2.
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8. Computation of /g/(L) for abelian L

We consider an abelian differential module M over a finite extension K of C(z)
and compute the space Igl(M). It suffices to do this for an indecomposable M.
This reduces the general case to the cases in which

(1) M is of dimension 1 and trivial;
(2) M has dimension 1 and differential Galois group G,,;
(3) M has dimension 1 and differential Galois group C,, with m > 1; and

(4) M is of dimension n and has differential Galois group G,.

8.1. The case of a trivial L. We consider a differential field K that is a finite
extension of C(z), and let L = d/dz. The solution space V = CI, and Igi(L)
is the kernel of the map H'(G(K,d), V) — @, H'(G(K,, d), V). Since the
groups G act trivially on V, the term H' coincides with the morphism G, — G,.
A morphism factorizes over the additive factor of the abelianized group (G*);).
For the group G (K, d), the additive factor (see Corollary 7.2) can be written as
Hom¢(2(K)/dK, C), where 2(K) is the differential module for K /C. Further
Hom((G (K, 8));,, G, ) identifies with Q(K)/d K. Similar statements hold for the
groups G(K,, 9).

Let X be the curve associated to K. The points x of X correspond to the v’s.
Further Q2 (K) identifies with the space of all meromorphic differential forms on X.
From [Van der Put and Reversat 2004, Section 1.3], we recall the exact sequence

0— HL(X,C) — Q(K)/dK — @,y 2x)/d(K,) —> C— 0.

xeX
This implies the following result.

Proposition 8.2. For the finite field extension K O C(z) associated to a curve X
over C of genus g, lgl(d/dz) is canonically isomorphic to the 2g-dimensional
vector space HéR(X , O).

8.3. The Gy, case. K is again a finite extension of C(z), which corresponds to a
curve X over C. Let the point p € X have local analytic parameter ¢. As before, one
writes K, for the completion of K at the valuation induced by p. Thus K, =C((1)).
The subfield of the convergent Laurent series C({¢}) is denoted by K ;“. Further
Q(Kp) :=C((t))dt and Q(K}") := C({t})dr.

The operator L has the form diz — f with f € K* such thatdy =m-yfdz has, for
any integer m > 1, only the trivial solution y =01in K. One considers the map, again
called L, givenby y €e K — dy — yfdz € Q2(K). Let H C Q(K) be the subspace
consisting of the elements w such that there exists for every point p a formal local
solution y € K, of L(y) = w. Then [gl(L) is the cokernel of L : K — H.
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A point p is regular for L if there exists a nonzero g € K, with L(g) = 0. In
fact, this g lies in K. Further p is regular if and only if fdz has at most a pole of
order 1 at p and Res, (fdz) € Z. For aregular point p of themap L: K, — Q(K ),
the kernel and cokernel have dimension 1. The same holds for L : K ;“ — QK ;“).
This is seen be writing y = gh with h € K,. Then L(y) = L(gh) = gdh.The kernel
of L is Cg, and w lies in the image of L if and only if Resp(g_la)) =0.

Further, a point p is regular singular if fdz has a pole of order 1 at p and if
Res,(fdz) ¢ Z. In this case the map L : K, — Q(K) is bijective and the same
holds for L : K;“ — Q(K;“).

A point p is irregular singular if fdz has a pole of order d 4+ 1 with d > 0.
The integer d is the irregularity irr, of p. In this case, the map L : K, — Q(K)
is bijective. Further L : K ;n — Q(K ;“) is injective and its cokernel Irr(p, L) has
dimension d =irr),.

Let Sol(L) denote the subsheaf of the sheaf of meromorphic functions M on X,
defined by Sol(L)(U) ={y e M(U) | L(y) =0} for any open U C X. It is a sheaf
of C-vector spaces. By assumption HO(X, Sol(L)) =0.

Lemma 8.4. dim H!(X, Sol(L)) =2g — 2 +#S and H*(X, Sol(L)) = 0.

Proof. Let § C X denote the set of singular points of L.

First we suppose S # &. The restriction of the sheaf £ = Sol(L) to X*:= X\ S
is locally isomorphic to the constant sheaf C. It is given by a nontrivial ho-
momorphism of the fundamental group 7 := 7(X*) — GL(V), where V is
a l-dimensional vector space. Then H'(X*, &) equals the cohomology group
Hi(my, V) for all i. The group 7 is free on r := 2g — 1 + #S generators. Let
!, ..., t, denote these free generators. The action of #; on V is multiplication by
some «; € C*. The cohomology groups H*(mry, V) are the cohomology groups
of the complex 0 - V — V' — 0, where the nontrivial arrow is defined by
v (tjv—v);=1.._ . Since some ¢; is not equal to 1, one has Hi(my, V) =0 for
i=0,2,anddim H'(ry, V) =r —1.

We claim that H' (X, £) — H'(X*, &) is an isomorphism. Let U be the disjoint
union of small disks around the points of S, and let U* = U\ S. The Mayer—Vietoris
sequence for the covering {X*, U} yields the exact sequence

0> H' (X, ¥ — H' (X*,$dH'(U,¥) — H U*, L) —> ---.

Consider a small disk D), around a point p € S, and let D;’; = D, \ {p}. We can
identify D), with D :={z € C||z] <1} and D), with D*:={z € C|0 < |z] < 1};
we identify restriction of & with the kernel of the morphism M : Op — Op (here
Op denotes the sheaf of the holomorphic functions on D), given by y — zy’ —ay
with any a € C\ Z. The sequence 0 - ker M — Op — Op — 0 is exact. One
verifies that M : HO(E, Op) — H°(E, Op) is bijective for E = D and E = D*.
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Further H'(E, Op) = 0 for E = D, E = D* and i = 1,2. This implies that
H'(E,ker M)=0for E=D, E=D*andi =1, 2. In this way we have verified that
H'(U, %) = H'(U*, $) = 0 and this proves the claim. Moreover H*(X, £) = 0.

Now we consider the case S = &. The sheaf &£ = Sol(L) is locally isomorphic to
the constant sheaf C. However, & is not equal to the constant sheaf since we have
supposed that the equation L(y) =0 has only the solution y =01in K. In particular,
the genus g of X is > 1. Take any point p € X. Then H' (X \{p}, &) is isomorphic
to H'(m, V), where m is the fundamental group of X* := X \ {p}, free on 2¢g
generators and V is the 1-dimensional vector space such that the restriction of £ to
X\ {p} corresponds to a nontrivial action of 7 on V. Thus dim H!(, V) =2g —1.
Let D be a small disk around p, and put D* = D \ {p}. The Mayor—Vietoris
sequence for the covering {X™*, D} of X yields an exact sequence

0> H'(X, %) — H' (X*, 9dH"(D,¥) — H'(D*,¥) — H*(X, %) — 0.

Now HY(D,¥) = 0, and H'(D*, ¥) has dimension 1. According to Lemma
8.5, the space H*(X, %) is dual to H*(X, £*) and therefore 0. It follows that
dim H'(X, $) =2g — 2. O

The following result is cited in [Katz 1990, Section 2.9.8.2, p. 68]. Though a
proof can be deduced from [Deligne 1970, Proposition 11.6.20]," we give here a
direct proof.

Lemma 8.5. Let M be a sheaf of C-vector spaces on X locally isomorphic to the
constant sheaf Qk. Then Zl-zzo(—l)i dim H (X, M) = k(2 — 2g). Moreover, there
is a canonical isomorphism H?>(X, M) — HO(X, M*)*.

Proof. The definition of the dual .l* is rather obvious. Consider the exact sequence
0— M— M&c Ox — MQc 2(X) — 0 obtained by tensoring the exact sequence
0— C— Ox — Q(X) — 0 with A over C.

This induces an exact sequence

0— HO(L) - - H' (M ® Ox) -2 H' (M@ (X)) —> H2(M) — 0

of cohomology groups above X. The vector bundle Ml ® Ox has rank k. Its degree
is zero since the line bundle A* (M ® Ox) admits a connection without singularities.
This implies the formula. By Serre duality, A is the dual of

HO* ® Ox) —> HOU* © Q(X)).

Now (ker B)* = cokerA yields the required duality H 2()* = HO™). [l

'We thank the referee for pointing out these two references.
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One defines the skyscraper sheaf 9 on X by the exact sequence of sheaves

0 — Sol(L) —> M 55 Quper —> 9 — 0,

where Qe denote the sheaf of the meromorphic differential forms on X. The
sheaf 9 is the sheaf P pex Ep. Each term E), denotes a sheaf whose stalk is zero
at the points ¢ # p and whose stalk at p is the finite-dimensional vector space
QK ;“) /L(K ;“). By definition, a section of 9 above an open set U is an element
of ]_[peu Q (K;“)/L(K;“) that has discrete support.

Let the sheaf # denote the image of L. The exact sequences

O0—>Sol(L) —mM—H—->0 and 0> H — Quer—>2—>0

induce long exact sequences for their cohomology on X. In combination with
Lemma 8.4, the first one yields H (X, %) = 0 for i = 1,2 and also the exact
sequence 0 — K — HO(X, %) — H'(X, Sol(L)) — 0.

The second one yields the exact sequence

0— H(X, %) — Q(K) — @ ,cx QKM)/LKM) — 0.

peX

The space Hy := H 0(X, %) consists of the differential forms w € (K) such
that at every point p there exists an element y € K;“ with L(y) =w. Let H C Q2(K)
denote the subspace of the w such that for every point p there exists a y € K, with
L(y) = w. We recall that Igl(L) is the cokernel of L : K — H.

The last exact sequence implies that R : Q(K) — & pelrr Irr(p, L) is surjective.
Here Itr denotes the set of the irregular singular points and we recall that Irr(p, L) =
QK /L(KS). 1t follows that the dimension of /g/(L) is the sum Zpelrr irrp,
and the dimension of the cokernel of L : K — Hy. The latter can be identified with
H'(X, Sol(L)). Thus we have proved the following.

Theorem 8.6. dim[g/(L) =2g — 2 +#5 + Y 1, itT).

Example 8.7. Consider the regular singular, first order operator on P! given by

r

. d )‘j . .
L_E+;Z_pj with A; ¢ Z for all j.

S={p1,...,p}if ) A; € Z, and otherwise S = {pi, ..., pr, 00}. According to
Theorem 8.6, dim Ig/(L) is r — 2 in the first case and r — 1 in the second one.

An explicit calculation of /g/(L) using the proof of Theorem 6.1: L is replaced
by the operator

L =Tle-pr=[lc-ri +qw.
=1 =1
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Then Igl(L) = Igl(L™), and the latter is equal to the kernel of
Clzl/LT(CLz]) — @D C@),p/LT (C(2) ).

peP!

The map C[z]/L™(C[z]) — C(z)p/L(C(2) ) is the zero map except when p = co
and > A; € Z. In verifying that dim coker(L ™, C[z]) = r — 1, one has to consider
separately three cases: ) A; = —n withn > 0 an integer, ) A; =0, and )_A; is
not an integer < 0.

Example 8.8. The irregular singular operator L = d/dz — z° on P! satisfies
dimlgl(L) = 5. Indeed, g = 0, § = {oo} and irro, = 5. The latter is verified
by writing a multiple of L in terms of the parameter t = z~! as d/dt + 1°.

The explicit method of Theorem 6.1 and the observation that L is bijective on
C(z)o yield that Igl(L) is equal to the cokernel of L on C[z]. The latter has as

basis (the images of) 1, z, 22, 23, z*.

Example 8.9. L = zsd% + 1+ az* with a & Z acting on P! has dim [gl(L) = 4.
Indeed, g =0, S = {0, o0}, and irrg = 4. Now the method of Theorem 6.1: The
cokernel of L on C[z] has a basis of representatives {1, z, z2, z3}. The equation
Ly = f with f a polynomial of degree < 3 has a local solution at co. Hence
dimlgl(L) = 4.

Example 8.10. Consider K = C(z)[y] with y? = (z —ay) -+ - (z — azg+2). The
trivial differential module K with d1 = O satisfies dim /g/(K) = 2g. This follows
at once from Proposition 8.2. Another way to calculate Ig/(K) is to view K as
the two-dimensional differential module C(z)1 & C(z)y with d1 = 0 and dy =
(Z?fﬁ(l /2)/(z —aj))y. The first factor has Ig/ = 0, and for the second factor,
Theorem 8.6 yields dim Igl = 2g.

Remark 8.11. The referee has noted that the formulas obtained in this section
(and the next one) resemble known results like [Katz 1990, Theorem 2.9.9 and its
corollaries]. At present we have not found any relation.

8.12. The C,, case with m > 1. This case is rather similar to the case G,,. The
only new point is that there are only regular singularities, since the differential
Galois group is finite. With the same notations as above, the result is this:

Proposition 8.13. dim/gl/(L) =2g — 2 +#S.

8.14. The G, case. The action of G, on the solution space is given by ¢ > ¢’ N,
where N is a nilpotent n x n matrix consisting of one Jordan block. Using that K
is a C-field and that the differential Galois group is connected, one finds a matrix
differential equation for M of the form d/dz — fN for some nonzero f € K;
see [Van der Put and Singer 2003, Corollary 1.32]. We note that this differential
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equation is regular singular. The singular points p € X, where X denotes the curve
associated to K, are precisely the points where the residue of fdz is not zero. Let
S C X denote the set of the singular points. If S is not empty, then S contains at
least 2 points since the sum of the residues of fdz is zero. If S = &, then fdz
could be exact. In that case we are in the situation of Section 8.1, and therefore we
assume that fdz is not exact.

We want to compare the cokernel of d/dz — f N acting upon K" with the cok-
ernels of the same operator acting upon all K, for p € X.

Computation for n = 2. We consider the operator

/_
L<<y1>> = (i_ N)(M) _ <y1 fyz) K% - K. or equivalently
Y2 dz b ¥}

L((y1,y2) = (dy1 — fyadz,dyy): K* — Q(K)*.

Let H C (K)? be the complex subspace consisting of the elements (w1, w>) such
that there is a formal local solution at each point v of P'. Then Igl(d /dz — fN) is
the cokernel of the map L : K> — H.

We recall that X is the curve associated to K. Consider the C-linear map
R:H — H];R(X, C) given by (w1, wy) — w;, where w; is the image of w;
in HI;R(X , C). This is well defined since all the residues of w, are 0. Now we
investigate the image of R.

Suppose that S is not empty. Take an w, (with all residues 0) representing a
given element in HI%R(X , C). We have to produce an w; such that (o, w;) € H.
We will use the existence of a meromorphic differential form w for any prescription
of its residues Res,(w) = a,, such that almost all a,, are 0 and ) _a, =0.

For any point p ¢ S such that neither w; nor fdz have a pole at p, we take
a, =0. For a point p ¢ S such that w; has a pole at p or fdz has a pole at p, we
define a), by a, +Res,(y2 fdz) = 0 (where dy; = wilocally at p). For a singular
point p € S, we take a local solution y, of dy, = w>. Then, since we may change
y2 into y; +c for any ¢ € C, we have that for any choice of a,, there is a constant ¢
such that the residue of a, +Res, (y2 fdz+cfdz) equals 0. Since S is not empty,
we can choose the last values of a;, such that ) ~a, =0. Any w; with these residues
satisfies (w1, wp) € H. Thus R is surjective.

Consider the map L : K? - Hy:={(w1, ) € H | @ = 0}. Dividing Hy by
L{(0, y2) | y2 € K}), we have to compute the cokernel of L : K & C — Hyy with
Hy := {(w1, ) € H | wy; = 0}. Any (w;,0) € Hyo is mapped to the image of
(Resy(w1))yes in the space

{(ay)ves € cS | Zav =0}/C(Resy(fdz))ves-
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This map is surjective. The kernel of this map consists of the w; for which there
exists a constant ¢ such that every residue of w; + c¢fdz is zero (we note that c is
unique). This leads to the statement that the cokernel of L : K & C — Hyg has
dimension (—2 + #S) + dim H&R(X , ©), and the cokernel of L : K?> — H has
dimension 2g + (—2 4+ #S) + 2g.

Suppose that § = &. Let M and Qper be the sheaves on X (for the ordinary
complex topology) of the meromorphic functions and the meromorphic differential
forms. Both sheaves have H =0 fori > 1. Consider the morphism L : M? — Q2

mer

defined by (y1, y2) — (dy1 — 2 fdz,dy)). Let # C Qrzner be the image of L.
Then H(X, %) consists of the pairs (w1, @) € Q(K )2 such that the equation
(dy1 — y2fdz, dy>) = (w1, wo) has a local solution everywhere. The sheaf & is
defined by the exact sequence 0 — £ — M? — % — 0. The sheaf & is locally
isomorphic to the constant sheaf 2. Taking the cohomology above X one finds
the exact sequence 0 — H'(X, %) — K> - H(X,#) — H'(¥) — 0. Thus
H'(®) identifies with Igl(d/dz — fN). It is easily seen that H°(¥) and H(¥*)
have both dimension 1. Lemma 8.5 implies that dim H () =4g —2.

Proposition 8.15. Suppose that fdz is not exact and that n = 2. Then the dimen-
sion of lgl(d/dz — fN) is 4g — 2 +#S, where S consists of the singular points of
d/dz — f N, that is, the points p with Res,(fdz) # 0.

Theorem 8.16. Suppose that fdz is not exact. Consider L = (d/dz— f N), where
N € End(C") is a nilpotent matrix with one Jordan block. Let S be the set of
singular points of L, that is, the points p with Res,(fdz) # 0. Then Igl(L) has
dimension 2g+ (n — 1) - 2g — 2 +#93).

Proof. For S = @ one easily verifies that the above method, explained for n = 2,
holds for any n > 2. For § # @ the proof uses induction with respect to n. For
notational convenience we only consider n = 3.

Igl(L) is the cokernel of the map L : K> — H C Q(K)? given by

L(y1,y2,y3) = (dy1 —y2fdz,dy, — y3 fdz, dy3).

As before H is the subspace of Q(K )3 consisting of the tuples (w;, w;, w3) for
which there are formal local solutions at every point p € P!. As before we con-
sider the map R : H — H]%R(X , C) that sends a tuple to w3, the image of w3 in
HsR(X , C). We claim that R is surjective.

Let w3 with Res,(w3) = 0 be given. As in the proof of Proposition 8.15, there
exists an w; such that the two equations dy, = y3 fdz + w, and dy; = w3 have a
formal local solution at each point of P!, The reason is that the residues of w, at
the points of § can be arbitrarily chosen, with the only restriction being that the
sum of all residues is 0. Now that w, is chosen, we want to produce an w; such
that two equations dy; = y» fdz + w; and dy, = y3 fdz + w, have a formal local
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solution at each point of P!. By construction, the last equation has a solution y,,
which is unique up to a constant. Using this constant one can prescribe the residues
of w; at the points of S, with the only restriction being that the sum of all residues
is 0. This shows that R is surjective.

Now Igl(L) is the direct sum of HéR(X , C) and the cokernel of L : K> — Hp,
where Hy C H consists of the tuples in which w3 is exact. After dividing by the
subspace {Lo(0, 0, y3) | y3 € K}, we have to calculate the cokernel of the map
Loo: K ® K &C — Hoo given by (y1, y2, y3) = (dy1 — y2 fdz, dy, — y3 fdz, 0),
where Hyg C H consists of the tuples with w3 = 0.

Consider (w1, w2, 0) € Hyg. The equation dy, = y3 fdz+w, is formally solvable
at each point p for a suitable y; € C (depending on p) if and only if Res, (w7) =0
for every p € S. As in the proof of Lemma 8.4, this induces a linear map

Roo : Hoo — {(ap) pes € C5 | X a, =0}
(a)] 9 a)Z’ 0) g (Resp(a)Q))pES'

The image of fdz in the space is nonzero. We conclude that the dimension of
the cokernel of Loy is equal to —2 4 #S plus the dimension of the cokernel of
Looo : K @& K & {0} — Hooo, where Hoog C Hgp consists of the tuples such that
Res, (wz) =0 for all p. By the case n =2, the cokernel has dimension 4g —2 +#S.
Thus the cokernel of L has dimension (2g —2 4+ #S) + (4g — 2 + #5). U

9. Regular singular differential equations

Now we consider a differential operator L on P! which has only regular singular-
ities. The aim is to calculate /g/(L). One can represent L as a global connection
V:C(2)" — Q2(C(z)/C)". Let Mer denote the sheaf of the meromorphic functions,
and let Qe denote the sheaf of the meromorphic differential forms on P!. One
defines the sheaves & and 9 on P! by the exact sequence of sheaves

O—>§£—>Mer’"l>9$eri>&—>0.

An element of Igl(L) is represented by an w € Q(C(z)/C)™ having the property
that the equation V(y) = w has of P! a formal solution at every point P. The
assumption that L has only regular singular points implies that this formal solution
is in fact meromorphic at the given point and therefore lies in the stalk Mer’, or
equivalently R(w) = 0.

First we analyze the sheaf 9. Let ¢ be a local parameter at P (that is, ¢t =
z—cort=z"!). Locally at an open disk D around P, the map V has the form
V(y) =dy+ Ap(y/t)dt, where Ap is a constant matrix such that the real part of
each eigenvalue of Ap lies in [0, 1). We note that Ap = 0 if P is not a singular
point of L. For a singular point P of L, we write #(P) for the dimension of the
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kernel of Ap. We write Resp : Querp — Cp for the residue map, and we write
Res(w) = ) p Resp(w)[P]. The latter is a section of the skyscraper sheaf &, C'p
on P!.

An element y € Mer); can be writtenas y =) v,t" with all y, € C", and
an element w € Qﬁer,P can be written as Zn»foo w,t"dt with all w, € C™.

Now V(y) = Zn>>_oo(n+Ap)ynt”_1dt = 1> —oo @nt"dt has a solution if and
only if w_; = Resp(w) lies in the image of A p. It follows that 9 is the skyscraper
sheaf @, (CE/ApCp) and 9 p has dimension #(P). Also #o(P) is the dimension
of the space of solutions of V(y) = 0 locally at the point P.

The above exact sequence of sheaves is an acyclic resolution of ¥ since the
sheaves Mer and Q2 have trivial cohomology on every open subset of P!. Thus
we can identify the cohomology groups of the complex

0= C@)" —> CR)"dz —> @p2p — 0

with H*(P!, &). The definition of Igl(L) gives Igl(L) = H'(P!, &).

We will need a formula for the dimension of H2(P', &) (that is, the dimension
of the cokernel of R in the above complex). The image of Res: C(z)""dz — @, C
consists of the elements v=(vp) p with Y vp =0. Let py, ..., p, denote the singu-
lar points of L, and let Ay, ..., A, be the corresponding constant matrices as above.
Then one can verify that the cokernel of R is isomorphic to C"/ (Z;: L Ai(C™)).
Here we have identified all C'; with a single vector space C". These identifications
are not explicit, and we can only conclude that dim H?(P!, ) < m if r > 0 and
that H>(P!, £) = 0 if some A; is invertible. The latter is equivalent to #(p;) =0
and is again equivalent to the statement that the equation V(y) = 0 has no local
solution y # 0 in a neighborhood of p;.

Next, we will compute, for a singular point p; and a small disk X; around p;,
the dimensions of H*(X;,¥) and H*(X}, £), where X! = X; \ {p;}. Let Oy
and Q0 ([pi]) denote the sheaves on X; of the holomorphic functions and the
differential forms having at most a pole of order 1 at p;. As before, the connection
VO, — Qnol([pi]) has the form V(y) = dy + A;(y/t)dt. Define the sheaf %
by the exact sequence (above X;)

0~ %L — Oy = Qhol([pi )" — P — 0.

Then % is a skyscraper sheaf with at most one nonzero stalk, namely, %, =
C™/A;(C™). The above sequence is an acyclic resolution of the restriction of
¥ to X;. Taking global sections on X; and X one easily finds that the spaces
HY(X;, &), HO(X}, #) and H' (X}, #) have dimension #o(p;) and that the other
cohomology groups are 0.
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Now we start a computation of x (P!) := Y (—1)" dim H'(P', &). First write
Xy = P! \{p1,..., pr}, and let X; denote, as before, a small disk around p; for
i =1,...,r. Further X := X; \ {p;}, Y :=J;_, X; and Y* := | J;_, X}. The
Mayer—Vietoris exact sequence for the covering XoU Y of P! reads

0— H'P", ¥ — H' Xy, P H' (Y, $) — HO(Y*, &)
— H'®, ¥ — H' X0, DH'(Y,¥) — H (Y, P
— H*(P',¥) — H>*(Xo0, L) D H*(Y,¥) — H*(Y*, ¥) — 0.

Let x denote the Euler characteristic for the cohomology groups of £ on the
various open subsets. Then x (PYH = x(Xo) + x(Y) — x(Y™).

The restriction of & to Xy is a locally constant sheaf of C-vector spaces of di-
mension m. This corresponds to a representation of the fundamental group 7 (Xo)
on a vector space C™. The group 71 (Xy) is free on r — 1 generators yy, ..., Yr—_1.
The cohomology groups that we want to calculate coincide with the group co-
homology of the above representation. The latter are the cohomology groups of
the complex 0 — C” — (C")"~!' — 0, where the nontrivial map is given by
v (Y1v—v, ..., Yr—1v —v). It follows that x (Xg) =m —(r — 1) m =mQ2 —r)
and H*(X(, ¥) = 0. Using the local calculations we find the formula

-
XPHY=mQ2=r)+ ) to(pi).
i=1
Suppose that 79(p;) = O for some i. Then H (P!, %) =0fori =0,2. Thus we
proved the following result.

Proposition 9.1. Let L be a connection on P! of rank m having r > 0 regular
singular points p1, ..., pr (and no other singularities). Let to(p;) denote the di-
mension of the local solution space at the point p;. Suppose that at least one to(p;)
is zero. Then Igl(L) = (r —2)m —Y_:_; to(pi).
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