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A Vogan diagram is a Dynkin diagram of a Kac–Moody Lie algebra of finite
or affine type overlayed with additional structures. This paper develops the
theory of Vogan diagrams for “almost compact” real forms of indecompos-
able twisted affine Kac–Moody Lie algebras and shows that equivalence
classes of Vogan diagrams correspond to isomorphism classes of almost
compact real forms of twisted affine Kac–Moody Lie algebras as given by
H. Ben Messaoud and G. Rousseau.

1. Introduction

The classification of finite-dimensional real simple Lie algebras has been a classical
problem. In 1914, Élie Cartan classified the simple Lie algebras over the reals for
the first time. A number of subsequent simplifications of the proof followed until,
in [1996b], A. W. Knapp derived a quick proof of Cartan’s classification using the
theory of Vogan diagrams.

The Kac–Moody Lie algebras are an infinite-dimensional generalization of the
semisimple Lie algebras via the Cartan matrix and generators. The real forms of
complex affine Lie algebras are of two kinds, “almost split” and “almost compact”.
Back-Valente, Bardy-Panse, Ben Messaoud and Rousseau [1995] classified the
almost split real forms of the affine Kac–Moody Lie algebra, and Ben Messaoud
and Rousseau [2003] gave a classification of the almost compact real forms. Work
towards developing the theory of Vogan diagrams for the real forms of nontwisted
affine Kac–Moody Lie algebras was done by P. Batra in [2000; 2002]. This paper
develops the theory of Vogan diagrams for twisted affine Kac–Moody Lie algebras.

As introduced in [Knapp 1996a], a Vogan diagram is a Dynkin diagram of a Lie
algebra with a diagram involution, such that the vertices fixed by the involution are
either painted or unpainted depending on whether they are noncompact or compact.
An important result in the theory of Vogan diagrams for real simple Lie algebras
states first that any Vogan diagram can be transformed, by changing the ordering of
its base, into a diagram that has at most one noncompact imaginary root and second
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that that root occurs at most twice in the largest root of that simple Lie algebra.
Since in the case of affine Kac–Moody algebras, changing the order does not give
a Vogan diagram with at most one shaded root, Batra [2000] introduced a notion
of equivalence of Vogan diagrams for nontwisted affine Kac–Moody Lie algebras.
In this paper we modify the definition of the Vogan diagrams for the twisted affine
Kac–Moody Lie algebras. In addition to the structural information already super-
imposed, a Vogan diagram now contains numerical labels on the vertices of the
underlying Dynkin diagram; see Table 1. The classification of the almost compact
real forms of affine Kac–Moody Lie algebras, as given in [Ben Messaoud and
Rousseau 2003], prompts the definition of suitable equivalence relations among
the Vogan diagrams for twisted affine Kac–Moody Lie algebras. With respect to
this equivalence relation we prove the following result.

Theorem. Let g be a twisted affine Kac–Moody Lie algebra. Then

• two almost compact real forms of g having equivalent Vogan diagrams are
isomorphic and

• every abstract Vogan diagram for g represents an almost compact real form
of g.

The analogues of these results for the nontwisted Kac–Moody Lie algebras were
proved by Batra in [2000, Theorem 5.2] and [2002, Theorem 5.2], respectively.
Owing to the difference in the structural realizations of the nontwisted and twisted
affine Kac–Moody Lie algebras, the methods used in these two papers prove insuf-
ficient to yield the main theorems for the twisted affine Kac–Moody Lie algebras.
This difficulty is resolved by using the notion of “adapted realization” of an affine
Kac–Moody Lie algebra, as introduced in [Ben Messaoud and Rousseau 2003].

It is a fairly easy matter to work out representatives of the equivalence classes
of Vogan diagrams for the twisted affine Kac–Moody Lie algebras. These have
been listed in Tables 2 and 3. The equality of the number of nonequivalent Vogan
diagrams and the number of nonisomorphic almost compact real forms as given in
[Ben Messaoud and Rousseau 2003] seems to suggest the existence of a bijection
between the equivalence classes of Vogan diagrams and the isomorphism classes
of almost compact real forms of twisted affine Kac–Moody Lie algebras.

This paper is organized as follows. In Section 2, we review known facts about
(complex) indecomposable twisted affine Kac–Moody Lie algebras g. In Section 3,
we discuss the automorphisms and real forms of g, recall certain results from
[Ben Messaoud and Rousseau 2003], which allow simple proofs of the main theo-
rems, and study some properties of the Cartan subalgebras of the almost compact
real forms of g. In Section 4, we introduce the Vogan diagrams, define their equiv-
alence relations, and state and prove the main theorems. Tables 2 and 3 give the
nonequivalent Vogan diagrams for the twisted affine Kac–Moody Lie algebras.
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Notation. The complexification m ⊗ C of a real Lie algebra m will be denoted
by mC. Given a finite order automorphism φ of a Lie algebra L, we shall denote
by Lφ the fixed point subalgebra {x ∈ L | φ(x) = x} of L. By abuse of notation
we shall denote Z ∩ [m, n] by [m, n] for all m, n ∈ Z. For all integers n, εn will
denote the n-th root of unity.

2. Kac–Moody Lie algebras

2.1. Let g be an affine Kac–Moody Lie algebra over the complex field C. There
exists a generalized Cartan matrix A = (ai, j )i, j∈[0,l] such that g= g(A) is generated
by the Cartan subalgebra h and the elements ei , fi for i ∈ [0, l]; see [Kac 1990,
Chapter 1]. We have a decomposition g = h ⊕ (

⊕
α∈4

gα), where 4 ⊂ h∗
\ {0}

denotes the root system of (g, h). Let π = {αi | i ∈ [0, l]} be the standard base of
4; let 4+ = 4∩ (

⊕
i∈[0,l] Nαi ) be the set of positive roots, and let 4− = −4+ be

the set of negative roots of g. The coroots (α∨

i )i∈[0,l] ⊂h are such that ai, j =α j (α
∨

i )

for i, j ∈ [0, l]. Let W denote the Weyl group of g. We say α ∈ 4 is a real root if
α is W -conjugate to a root in π , and we denote the set of real roots by 4

re. The
elements of 4

im
= 4 \ 4

re are called the imaginary roots of g.

2.2. Realization of a Kac–Moody Lie algebra. Let ġ be a finite-dimensional sim-
ple Lie algebra over C, let µ be a k-order automorphism of ġ for k < ∞, let
εk = e2iπ/k , a primitive k-th root of unity, and let ( · , · ) be a nondegenerate, in-
variant, symmetric bilinear form on ġ. For j ∈ Zk , let ġ j = {X ∈ ġ |µ(X)= ε

j
k X};

then ġ =
⊕k−1

j=0 ġ j . By [Kac 1990], (ġ)µ =
◦

g = ġ0 is a simple finite-dimensional
Lie algebra over C. If ḣ denotes the Cartan subalgebra of ġ, then

◦

h = ḣ∩ ġ0 is the
Cartan subalgebra of ġ0. We denote by g the infinite-dimensional Lie algebra

l(ġ, µ, εk)=

(⊕
j∈Z

ġ( j mod k) ⊗ t j
)

⊕ Cc ⊕ Cd.

The Lie algebra structure on g is such that c is the canonical central element and

[x⊗tm
+λd, y⊗tn

+λ1d]= ([x, y]⊗tm+n
+λny⊗tn

−λ1mx⊗tm)+mδm,−n(x, y)c,

where x, y ∈ ġ and λ, λ1 ∈ C. The element d acts diagonally on g with integer
eigenvalues and induces Z-gradation on l(ġ, µ, εk). The Lie algebra l(ġ, Id, 1)
with µ = Id denotes a nontwisted affine Kac–Moody Lie algebra, and l(ġ, µ, εk)

for µ 6= Id and k = 2 or 3 denotes a twisted affine Kac–Moody Lie algebra. Clearly
g′′

= l(ġ, µ, εk)
′′
=

⊕
j∈Z ġ( j mod k)⊗ t j is the fixed point set of the automorphism

µ̃ of l(ġ, Id, 1)′′ = ġ⊗ C[t, t−1
] defined by

(2-1) µ̃(x ⊗ t j )= (εk)
jµ(x)⊗ t j for j ∈ Z and x ∈ ġ.

Also h =
◦

h ⊗ 1 ⊕ Cc ⊕ Cd is the standard Cartan subalgebra of g.
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Type Aff k g Dynkin diagram ◦

g

2 A(2)
2

1
◦
α0

=
=
>

2
◦
α1

A1

2 A(2)2l (l ≥ 2)
1
◦
α0

⇒
2
◦
α1

− · · · −
2
◦
αl−1

⇒
2
◦
αl

Bl

2 A(2)2l−1 (l ≥ 3)

1
◦ α0

1
◦
α1

−
|
◦
α2

2
−

2
◦
α3

− · · · −
2
◦
αl−1

⇐
1
◦
αl

Cl

2 D(2)
l+1 (l ≥ 2)

1
◦
α0

⇐
1
◦
α1

− · · · −
1
◦
αl−1

⇒
1
◦
αl

Bl

2 E (2)6
1
◦
α0

−
2
◦
α1

−
3
◦
α2

⇐
2
◦
α3

−
1
◦
α4

F4

3 D3
4

1
◦
α2

−
2
◦
α1

W
1
◦
α2

G2

Table 1. Dynkin diagrams of the twisted affine Kac–Moody Lie algebras.

2.3. Let (ėi , ḟi )i=1,...,n be a system of Chevalley generators of ġ. The simple co-
roots, α̇∨

i =[ėi , ḟi ] for i =1, . . . , n, form a base of ḣ. Let ω̇ be the Cartan involution
of ġ given by ω̇(ėi )=− ḟi , ω̇|ḣ =− Id and ω̇2

= Id. The simple roots in the base π̇
of ġ are enumerated in such a way that a system of representatives of the µ-orbits
of {1, . . . , n} is {1, . . . , l}. Since the order of µ( 6= Id) is k(= 2 or 3), the cardinal-
ity ni of the µ-orbit of α̇∨

i is either 1 or k for any i ∈ {1, . . . , n}. Correspondingly,
ei = ėi + · · · + µni −1(ėi ) except in the case of A(2)

2l , where el =
√

2(ėl + ˙el+1),
fi =

◦

ω(ėi ) and α∨

i = [ei , fi ]. Hence, (ei , fi )i=1,...,l is a system of Chevalley gen-
erators of the simple Lie algebra ◦

g. Let θ0 ∈ (
◦

h)∗ be the highest weight of the
irreducible ◦

g-module ġ1. Choose E0 ∈ (ġ1)−θ0 and put F0 = −ω̇(E0), e0 = E0 ⊗ t ,
f0 = F0⊗t−1 and α∨

0 =[e0, f0]. Then {h, ei , fi , i ∈ [0, l]} is a system of generators
of g(A), the Lie algebra associated to a generalized Cartan matrix A; see [Kac 1990,
Theorem 8.3].

A compact form u(A) of g(A) is defined as the fixed point set of g(A) under the
compact involution ω defined on ġ⊗C[t, t−1

] as follows: ω(x ⊗ t j )= ω̇(x)⊗ t− j .

2.4. A graph S(A) called the Dynkin diagram of A can be associated to a general-
ized Cartan matrix (GCM) A as explained in [Kac 1990]. A Dynkin diagram S(

◦

A)
is obtained from S(A) by removing the 0-th vertex. The corresponding GCM

◦

A is
of finite type, and g(

◦

A) =
◦

g is a simple finite-dimensional Lie algebra. It is clear
that A is indecomposable if and only if S(A) is a connected graph. The matrix A
is determined by the Dynkin diagram and the enumeration of its vertices. Table 1
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gives the Dynkin diagrams of the twisted affine Kac–Moody Lie algebras. The
enumeration of the generators is the same as in [Kac 1990] except in the case A(2)

2l ,
where the enumeration is reversed and the case A(2)

2 , where the Dynkin diagram
and enumeration has been taken from [Moody and Pianzola 1995, Section 3.5].

2.5. Let
◦

4 be the root system of ◦

g. Let ◦

π = (αi )i∈[1,l] be a base of ( ◦

g,
◦

h), and let
(

◦pi )i∈[1,l] be the corresponding dual basis in
◦

h. Denote by
◦

4s ,
◦

4l and
◦

4+ the short,
long and positive roots of ◦

g. Define an element δ ∈ h∗ by putting δ(d) = 1 and
δ(

◦

h+ Cc)= 0. Recall from [Kac 1990, Proposition 6.3] the following description
of 4

re for g not of type A(2)
2l :

4
re

= {α+ nδ | α ∈
◦

4s, n ∈ Z } ∪ {α+ nkδ | α ∈
◦

4l, n ∈ Z} if k = 2 or 3.

With respect to the enumeration of the simple roots of A(2)
2l as given in Table 1,

calculations similar to those in [Kac 1990, Proposition 6.3] show that for g of
type A(2)

2l , we have 4
re

= 4
re
s ∪ 4

re
m ∪ 4

re
l , where

4
re
s =

{ 1
4(2α+ (4n − k)δ) | α ∈

◦

4l, n, k ∈ Z, 1 ≤ k ≤ 3
}
,

4
re
m =

{1
2(2α+ (2n − 1)δ) | α ∈

◦

4l, n ∈ Z
}
,

4
re
l = {2α+ nδ | α ∈

◦

4l, n ∈ Z}.

Let 4
re
+

= {α ∈ 4
re with n> 0}∪

◦

4+. By [Kac 1990, Section 6.4, Proposition 6.4],
a0α0 = δ − θ with θ ∈ (

◦

4+)s for g of type Aff 2 or 3 and not of type A(2)
2l , and

α0 = δ− 2θ with θ ∈ (
◦

4+)l for g of type A(2)
2l . If a0, a1, . . . , al are the numerical

labels of S(A) as in Table 1, then the element δ ∈ h∗ is defined as δ =
∑l

i=0 aiαi ,
and we have 4

im
={±δ,±2δ, . . . } and 4

im
+

={δ, 2δ, . . . }. The set5= (αi )i=0,1,...,l

is a base of 4. Setting p0 = d and pi =
◦pi + ai d for i = 1, . . . , l, we obtain a

family (pi )i∈[0,l] ⊂ h satisfying α j (pi )= δi, j for i, j ∈ [0, l].
Let gγ be the root space of γ ∈ 4. For γ ∈ 4

re, dim gγ = 1.
For a root α̇ of ġ, if ė±α̇ ∈ ġα̇ is such that the C-span of {ėα̇, ė−α̇, Hα̇ =[ėα̇, ė−α̇]}

is isomorphic to sl2, then, given α+ nkδ ∈ 4
re with α ∈

◦

4l ,

E±α,±ks = e±α ⊗ t±ks
∈ g±(α+ks),

and Hα ∈
◦

h can be chosen so that the C-span of {Eα,ks, Hα, E−α,−ks} is isomorphic
to sl2. If α ∈

◦

4s , then there exists α̇ ∈ ġ such that for j ∈ Zk one can choose

E±α,±ks+ j = (ε
j
k e±µ(α̇) + · · · + ε

jk
k e±µk(α̇))⊗ t±ks+ j

∈ g±(α+ks+ j),

h j
α = ε

j
k Hµ(α̇) + · · · + ε

jk
k Hµk(α̇) ∈ ḣ j

such that the C-span of {Eα,ks+ j , h j
α, E−α,−ks− j } is isomorphic to sl2.
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2.6. Let
◦

W be the Weyl group of ◦

g generated by the reflections (ri )i∈[1,l]. Let
T be the group of translations. By [Kac 1990, Proposition 6.5], W =

◦

W n T is
the Weyl group of g. Since the Weyl chambers are in one to one correspondence
with bases of a finite root system and w(δ) = δ for all w ∈ W , it follows from
[Kac 1990, Section 2.7 and Proposition 3.12(b)]Kac that given two positive root
systems 4+ and 4

′
+

of a compact form u(A) of g(A), there exists an s ∈
◦

W such that
s .4′

+
=4+. But for α ∈

◦

4, the generators rα of
◦

W are interior automorphisms; see
[Ben Messaoud and Rousseau 2003, Lemma 5.3]. Hence given two positive root
systems 4+ and 4

′
+

of u(A), there exists an s ∈ Int(u(A)) such that s .4′
+

= 4+.

3. Automorphisms and real forms of g

3.1. Define a group G acting on g by the adjoint representation Ad : G → Aut(g).
It is generated by the subgroups Uα, for α ∈4

re, that are isomorphic to the additive
groups gα by an isomorphism exp such that Ad ◦ exp = exp ◦ ad.

A Cartan subalgebra (CSA) of g is a maximal adg-diagonalizable Lie subalge-
bra. The CSAs are all conjugate by G. A Borel subalgebra (BSA) is a completely
solvable maximal subalgebra of g. The subalgebras b+

= h ⊕ (
⊕

α∈4+ gα) and
b−

= h ⊕ (
⊕

α∈4− gα) are respectively called the positive and negative standard
BSAs. The subalgebras b+ and b− are not conjugate by G. All the BSAs conju-
gate to b+ (respectively b−) are said to be positive (respectively negative). If g is
indecomposable, all BSAs are either positive or negative.

An automorphism (linear or semilinear) of g acts in a compatible manner to Ad
on G and hence transforms two conjugate BSAs to two conjugate BSAs; it is said
to be of first type (respectively second type) if it transforms a positive BSA to a
positive (respectively negative) BSA. If g is indecomposable, all automorphisms
are either of first or second type.

3.2. Automorphisms of g. By [Rousseau 1989], the group of automorphisms of g

is given by Aut(g) = [({1, ω} × Aut(A)) n Int(g)] n Tr, where ω is the Cartan
involution of g, Aut(A) is the group of permutations of [0, l] such that aρi,ρ j = ai j

for 1≤ i, j ∈ l, Int(g) is the set of interior automorphisms of g, and Tr =Tr(g, g′, c)

is the group of transvections of g as defined in [Rousseau 1989, 2.4].
Let h be a standard CSA of g. A group H̃ is defined such that, in the com-

plex case, Ad(H̃) = exp ad(h); see [Peterson and Kac 1983]. The group Int(g) =

Ad(H̃ n G) of interior automorphisms of g is the image of the semidirect product
of H̃ and G. Its derived group is the adjoint group Ad(G) and is denoted by
Int(g′). Since G acts transitively on the Cartan subalgebra, the group Int(g′) does
not depend on the choice of h.
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Definition. Let AutR(g) denote the group of automorphisms of g that are either
C-linear or semilinear, that is, φ(λx) = λφ(x) for all λ ∈ C and x ∈ g. Aut(g) is
an index 2 normal subgroup of AutR(g).

A semiinvolution of g is a semilinear automorphism of order 2. For all semi-
involutions σ ′ we have a decomposition AutR(g) = {1, σ ′

} n Aut(g). If σ ′ is a
semiinvolution of g, the real Lie algebra gR = gσ

′

is a real form of g in the sense
that there exists an isomorphism of the complex Lie algebras gR ⊗C C and g. Fur-
ther, σ ′ is the conjugation of g with respect to gR. Thus there exists a bijection
between the semiinvolutions and real forms. The standard normal (or split) real
form of g is the real Lie algebra generated by ei , fi , α

∨

i and d . The corresponding
semiinvolution σ ′

n is called the normal semiinvolution. Note that σ ′
n is the restriction

of σ̇ ′
n ⊗ conj on g′′

= (ġ⊗ C[t, t−1
])µ̃, where σ̇ ′

n is the normal semiinvolution of ġ

and conj(P(t))= P(t), and σ ′
n commutes with the standard Cartan involution ω.

The standard Cartan semiinvolution ω′ of g is the unique semiinvolution of g

such that ω′(ei ) = − fi and ω′(d) = −d . Hence ω′
= σ ′

nω = ωσ ′
n . In the standard

realization of g, ω′ induces on g′′ the restriction of ω̇⊗ ι′, where ω̇ is the Cartan
semiinvolution of ġ and ι′(P(t))= P(t−1). All conjugates of ω′ are called Cartan
semiinvolutions (CSI) or compact semiinvolutions; these are semiinvolutions of the
second type. The corresponding real forms are called the compact real forms. It is
clear that, for all affine Kac–Moody Lie algebras, there exists, up to a conjugation,
a unique compact real form.

3.3. Real forms of g. The real form corresponding to a semiinvolution of first type
(SI1) (respectively of second type (SI2)) is said to be almost split (respectively
almost compact) real form. Up to a conjugation, a classification of the almost split
real forms was given in [Back-Valente et al. 1995] and a classification of the almost
compact real forms was given in [Ben Messaoud and Rousseau 2003].

3.4. Cartan subalgebra of a real form of g. Let gR be a real form of the complex
Lie algebra g. A Lie subalgebra h0 of gR is called the Cartan subalgebra of gR if
the complexification, h0 ⊗ C, is a Cartan subalgebra of g.

3.5. Cartan involutions. Let σ ′ be an SI2 of g, and let gR =gσ
′

be the correspond-
ing almost compact real form. A CSI ϑ that commutes with σ ′ is said to be adapted
to σ ′ or gR. The involution σ = σ ′ϑ (respectively its restriction ϑR to gR or σ ′

R to
u = gϑ ) is said to be the Cartan involution of σ ′ (respectively of gR or of u). The
algebra of fixed points k = gσR = gR ∩ u = uσ is the maximal compact subalgebra
of gR. Then gR = k⊕ p and u = k⊕ ip is a Cartan decomposition of gR and u into
eigenspaces of σ . A Cartan subalgebra h of g is said to be maximally compact for
σ ′ (or gR) if it is stable under σ ′ and if −σ ′ stabilizes a base of 4(g, h).
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Proposition 3.6 [Rousseau 1989, Proposition 2.8]. Let σ ′ be an SI2 of g and let
gR = gσ

′

.

(i) There exists a CSI ϑ adapted to σ ′ and a maximally compact CSA h for σ ′.

(ii) For all maximally compact CSAs h for σ ′, there exists a CSI ϑ adapted to σ ′

that stabilizes h, and it is unique up to an interior automorphism fixing h and
commuting with σ ′.

(iii) For all CSIs ϑ adapted to σ ′, there exists a maximally compact Cartan subal-
gebra for σ ′ stabilized by ϑ , and it is unique up to an interior automorphism
commuting with σ ′ and ϑ .

Proposition 3.7 [Rousseau 1989, Proposition 2.9]. Consider

(i) σ , an involution of g of first type;

(ii) the pairs (σ ′, h) formed of a semiinvolution σ ′ of second type, which is not
Cartan, and a maximally compact Cartan subalgebra for σ ′; and

(iii) the relation (σ ′, h) ∼ σ if and only if σ commutes with σ ′, stabilizes h and is
such that σσ ′ is a Cartan semiinvolution of g.

This relation induces a bijection between the conjugacy classes (under IntTr(g) or
Aut(g)) of the involutions of first type (that is, the σ ) and the pairs (σ ′, h).

Definition. With notations as above, if (σ ′, h) ∼ σ , then we say that σ is adapted
to σ ′, or gR = gσ

′

.

Notation. In what follows, ṡ will denote a finite-dimensional semisimple Lie al-
gebra over C.

3.8. Adapted Realization of g. Recall the following definitions from [Ben Mes-
saoud and Rousseau 2003]

Definition. Let σ be a finite order automorphism of g of first type and h a maxi-
mally fixed Cartan subalgebra for σ . A realization of g on which σ preserves the
Z-gradation and for which h is the standard Cartan subalgebra is said to be almost
adapted to (σ, h). An almost adapted realization l(ṡ, ζ, εm) for (σ, h) on which σ
commutes with the translation map T : x → x ⊗ tm is said to be adapted to σ (of
to (σ, h)).

Definition. Let σ ′ be a finite order automorphism of g of second type, h a maxi-
mally compact Cartan subalgebra for σ ′, and σ an involution of first kind associated
to the pair (σ ′, h). A realization l(ṡ, µ, εm) of g that is adapted to (σ, h) is said to
be adapted to (σ ′, σ, h) if there exists an involution σ̇ and a semiinvolution σ̇ ′ of
ṡ commuting with µ such that σ̇ σ̇ ′ is a Cartan semiinvolution of ṡ; σ = σ̇ ⊗1 and
σ ′

= σ̇ ′
⊗ι′ on the realization l ′′(ṡ, µ, εm); and finally σ ′(c)= −c and σ ′(d)= −d .
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It is known from [Ben Messaoud and Rousseau 2003, Proposition 3.4, Theo-
rem 3.5 and Proposition 3.9] that given a finite order automorphism σ of first type
(respectively σ ′ of second type) of g, there exist realizations of g adapted to σ
(respectively adapted to σ ′).

3.9. Let σ be an involution adapted to a semiinvolution of second type σ ′. Since σ
is an involution of g of the first kind, we know by [Bausch 1989, Chapter II] that,
up to an interior automorphism, either σ = ρH or σ = H , where ρ is a diagram
automorphism of g = l(ġ, µ, εk) and H is an interior automorphism of g of the
form exp iπ ad(h0), with h0 ∈ h

ρ

Z where h
ρ

Z = {x ∈ hρ | α(x) ∈ Z, for all α ∈ 4}.
Further h ∈ hZ can be written as h = h′

+ ηd , with h′
∈ (ġ)µ and η ∈ Z.

Proposition 3.10 [Ben Messaoud and Rousseau 2003, Proposition 2.12]. With the
notations above, we have the following:

(i) If η is even or k = 2 (that is, g is of type Aff 2), then the interior involution
H respects the Z-gradation of g = l(ġ, µ, εk) and commutes with the map
T : x → x ⊗ tk on g′′, and there exists an interior involution Ḣ of ġ commuting
with µ such that H = (µη Ḣ)⊗ 1 on l ′′(ġ, µ, εk)= g′′.

(ii) If η is odd and k 6= 2, the interior involution H induces on g′′ the auto-
morphism tk

7→ −tk , and H in this case acts on the adapted realization
l(ġ× ġ, ζ, ε2k) of g, with ζ(x, y)= (y, µ(x)).

(iii) Every diagram automorphism of a twisted affine Kac–Moody Lie algebra
g = l(ġ, µ, εm) is A-linear, where A is the algebra generated by the trans-
lation maps T±

: x → x ⊗ t±m .

The following are some examples of realizations of g = l(ġ, µ, εk) adapted to
(σ, σ ′, h) where k = 2, 3.

Example 3.11. Let g = l(ġ, µ,−1), where ġ is of type A2l−1.

(i) Let σ = H , where H is an interior automorphism of g. Then l(ġ, µ,−1) is
adapted to (σ, σ ′, h) by Proposition 3.10(i).

(ii) Let σ = ρ, where ρ is a diagram automorphism of A(2)
2l−1 such that ρ(α0)= α1,

ρ(α1) = α0 and ρ(αi ) = αi for i ∈ [2, l]. In the given realization, we see clearly
since σ(E0 ⊗ t)= ρ(E0 ⊗ t)= e1 ⊗1 that σ cannot be written in the form σ̇⊗1 for
any σ̇ ∈ Aut(ġ). Hence using [Ben Messaoud and Rousseau 2003, 1.7] with H1 =

exp iπ/2 ad( ◦p1), we consider the realization l(ġ, µH1, ε4) of g that is isomorphic
to l(ġ, µ,−1) via the map ψ : l(ġ, µ,−1)→ l(ġ, µH1, ε4) defined as follows:

ψ(x ⊗ t j )= x ⊗ t2 j+N
+ δ j,0(

◦p1, x)C for x ∈ ġ j such that [
◦p1, x] = N x,

ψ(c)= 2C, ψ(d)= (D −
◦p1)/2,
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where C and D denote the central and gradation elements of l(ġ, µH1, ε4), respec-
tively. Since [

◦p1, E0] = −E0 and [
◦p1, e1] = e1, it is easy to see that, under the new

realization, e0 = E0 ⊗ t is mapped to E0 ⊗ t and e1 = e1 ⊗ 1 is mapped to e1 ⊗ t ,
and hence ρ can be written in the form σ̇ ⊗ 1, where σ̇ ∈ Aut(ġ) is an involution
such that σ̇ (E0)= e1 and σ̇ (ei )= ei for i ∈ [2, l]. Taking σ̇ ′

= σ̇ ω̇, it can be easily
seen that σ̇µH1 = µH1σ̇ on ġ. Hence the realization l(ġ, µH1, ε4) is adapted to
(ρ, ρω′, h).

Example 3.12. Let g = l(ġ, µ, ε3), where ġ is of type D4.

(i) Let σ =exp iπ ad(p1) or exp iπ ad( ◦p2). Then by Proposition 3.10(i), l(ġ, µ, ε3)

is adapted to (σ, σ ′, h).

(ii) Let σ = exp iπ ad(p0). Then by Proposition 3.10(ii), l(ġ × ġ, ζ, ε6) is an
adapted realization of l(ġ, µ, ε3). It is known from [Ben Messaoud and Rousseau
2003] that for ζ ∈ Aut(ġ × ġ) as defined above, φ2 : l(ġ, µ, ε3)→ l(ġ × ġ, ζ, ε6),
as defined by

φ2(x ⊗ t j )= (x, ε6x)⊗ t j , φ2(c)= 2c2, φ2(d)= d2,

gives an isomorphism between the two realizations of g. Here c2 and d2 denote the
central and gradation elements of l(ġ× ġ, ζ, ε6), respectively.

3.13. Let σ ′ be a semiinvolution of second type of g, and let gR = (g)σ
′

be the
corresponding almost compact real form of g. Let ω′ is a Cartan semiinvolution
of g adapted to σ ′. Then Bω′ defined by Bω′(X, Y ) = −B(X, ω′(Y )) is a positive
definite hermitian form on gR, and given X, Y, Z ∈ gR, we have

(3-1)

Bω′(ad σ X (Y ), Z)= −B([σ X, Y ], ω′Z)

= B(Y, [σ X, ω′Z ])

= B(Y, ω′
[σ ′X, Z ])= −Bω′(Y, ad σ ′X (Z)).

Since σ ′X = X for all X ∈ gR = gσ
′

, we have, with respect to Bω′ , that

(ad σ X)∗ = − ad σ ′X = − ad X for all X ∈ gR = gσ
′

.

This implies that ad X is skew-symmetric with purely imaginary eigenvalues for
X ∈ k = gσ , and ad X is symmetric with real eigenvalues for X ∈ p.

Let l(ṡ, µ, εm) be a realization of g adapted to (σ ′, σ, h), where ṡ is a complex
semisimple Lie algebra. Let σ̇ , σ̇ ′

∈ Aut(ṡ) such that σ = σ̇ ⊗ 1 and σ ′
= σ̇ ′

⊗ ι′.
Let ṡR = ṡσ̇

′

, and let ṡR = k̇ ⊕ ṗ be its Cartan decomposition with respect to σ̇ .

Lemma 3.14. With the notations above, let l(ṡ, µ, εm) be a realization of g adapted
to (σ ′, σ, h), and let ṫ be a µ-stable maximal abelian subspace of k̇ = (ṡR)

σ̇ . Then
Z ṡR

(ṫ) is a σ̇ stable subalgebra of ṡR of the form Z ṡR
(ṫ) = ṫ ⊕ ȧ, where ȧ ⊂ ṗ and

h′′

R = (ṫ)µ ⊗ 1 ⊕ (ȧ)µ ⊗ 1 is a Cartan subalgebra of g′′

R.
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Proof. Given a finite-dimensional semisimple Lie algebra ṡ over C, by [Knapp
1996a, Proposition 6.60], Z ṡR

(ṫ) is a σ̇ -stable Cartan subalgebra of ṡR of the form
Z ṡR

(ṫ) = ṫ ⊕ ȧ, with ȧ ⊂ ṗ. Since the complex Lie algebra Z = (Z ṡR
(ṫ))C is a

Cartan subalgebra of ṡ, it is a µ-stable reductive subalgebra of ṡ. Consider the
infinite abelian subalgebra z′′

= l′′(Z, µ, εm) of g′′. If x ∈ Z ⊂ ṡ, then

σ(x ⊗ t s)= (σ̇ ⊗ 1)(x ⊗ t s)= σ̇ (x)⊗ t s .

As Z ṡR
(ṫ) is stable under the linear involution σ̇ , we have σ̇ (x) ∈ Z for x ∈ Z.

Hence z′′ is σ -stable and consequently

z′′
= (z′′

∩ l′′(ṗC, µ, εm))⊕ (z′′
∩ l′′(k̇C, µ, εm)).

But by [Ben Messaoud and Rousseau 2003, Proposition 5.1], the semisimple ele-
ments of z′′

∩ l′′(ṗC, µ, εm) are contained in (ȧ)µ⊗1 and the semisimple elements
of z′′

∩ l′′(k̇C, µ, εm) are contained in (ṫ)µ ⊗ 1. Hence an element x ∈ z′′
∩ g′′

R is
semisimple if and only if x ∈ (ṫ)µ ⊗ 1 ⊕ (ȧ)µ ⊗ 1. Thus (ṫ)µ ⊗ 1 ⊕ (ȧ)µ ⊗ 1 is a
semisimple abelian subalgebra of g′′

R. The lemma will now follow if we prove that
((ṫ)µ ⊗ 1 ⊕ (ȧ)µ ⊗ 1)C = ((ṫ ⊕ ȧ)µ ⊗ 1)C is a Cartan subalgebra of g′′.

From the definition of the action of µ on the Lie algebra l(ṡ, Id, 1)′′ it clearly
follows that

((ṫ ⊕ ȧ)µ ⊗ 1)C = (ṫ ⊕ ȧ)µ ⊗ C = ((ṫ ⊕ ȧ)⊗ C)µ = (Z ṡR
(ṫ)⊗ C)µ = Zµ.

But by [Knapp 1996a, Proposition 6.60], Z is a Cartan subalgebra of ṡ, and it
is known from [Kac 1990, Chapter 8] that Zµ is a Cartan subalgebra of g′′

=

l(ṡ, µ, εm)
′′ whenever Z is a Cartan subalgebra of ṡ. Hence the claim. �

3.15. Let gR be an almost compact noncompact real form of g corresponding to
the SI2 σ ′, let l(ṡ, µ, εm) be a realization of g adapted to σ ′, let σ be a Cartan
involution associated to σ ′, and let gR = k ⊕ p be the Cartan decomposition of gR

with respect to σ . Let h′′

R = (ṫ)µ⊗1⊕(ȧ)µ⊗1, with (ṫ)µ ⊂ k̇, and let (ȧ)µ ⊂ ṗ be a
σ -stable Cartan subalgebra of an almost compact real form g′′

R = l(ṡR, µ, εm)
′′. We

say h′′

R is maximally compact if dim(ṫ)µ is as large as possible. It clearly follows
from Section 3.13 and Lemma 3.14 that all the real roots of a maximally compact
Cartan subalgebra hR of an almost compact real form gR have real eigenvalues
on (ȧ)µ ⊗ 1 and imaginary eigenvalues on (ṫ)µ ⊗ 1. A real root is called σ -real
if it takes real values on hR (that is, it vanishes on (ṫ)µ ⊗ 1), σ -imaginary if it
takes purely imaginary values on hR (that is, vanishes on (ȧ)µ⊗1), and σ -complex
otherwise. For any α ∈ 4

re, let Xα ∈ gα. Then

[H, σ Xα] = σ [σ−1 H, Xα] = α(σ−1 H)σ Xα.



76 TANUSREE PAL

Hence σα(H)=α(σ−1 H) is a root. If α is σ -imaginary, then σα=α. In this case,
gα is σ -stable, and we have gα = (gα ∩ k)⊕ (gα ∩ p). Since gα is 1-dimensional,
gα ⊂ k or gα ⊂ p. A σ -imaginary real root α is said to be compact if gα ⊂ k, and
noncompact if gα ⊂ p.

3.16. Let α ∈ 4
re be σ -real. Since σα = −α, ω′(α) = −α, and σσ ′ is an

Int(g)-conjugate of ω′, we have σ ′(Hα) = Hα. Therefore Hα ∈ p ⊂ gR is adg-
diagonalizable with real eigenvalues. For X±α ∈ g±α and H ∈ hσ

′

, we have

[H, σ ′X±α] = σ ′
[σ ′(H), X±α] = ±α(σ ′(H))σ ′X±α = ±α(H)σ ′X±α.

Therefore σ ′(g±α)⊂ g±α. Fixing Eα ∈ gα and E−α ∈ g−α so that B(Eα, E−α)= 1,
we get [Eα, E−α] = Hα. Since dim g±α = 1 for α ∈ 4

re, the fact that σ ′ is an
involution implies that σ ′(E±α)= E±α or σ ′(E±α)= −E±α.

Case 1: If σ ′(E±α) = E±α, then REα ⊕ RHα ⊕ RE−α ⊂ gR. By suitably scaling
Eα and E−α, we can find Eα ∈ gα, E−α ∈ g−α and Hα ∈ hσ

′

such that

[Hα, Eα] = 2Eα, [Hα, E−α] = −2E−α, [Eα, E−α] = Hα.

From the definitions of the Cartan semiinvolution and the Cartan involution σ
adapted to σ ′, it now clear that σ(Eα) = −E−α and σ(E−α) = −Eα. Hence
Eα − E−α ∈ k. Corresponding to such a σ -real root α, define an automorphism

Dr
α = Ad(exp(π/4)(−E−α − Eα)).

Following calculations similar to those in [Knapp 1996a, Proposition 6.52], we get
Dr
α(Hα)= (Eα − E−α).

Case 2: If σ ′(E±α)= −E±α, then Ri Eα⊕RHα⊕Ri E−α ⊂ gR. Then, by suitably
scaling Eα and E−α, we can find Eα ∈ gα, E−α ∈ g−α and Hα ∈ hσ

′

such that

[Hα, i Eα] = 2i Eα, [Hα, i E−α] = −2i E−α, [i Eα, i E−α] = −Hα.

From the definitions of the Cartan semiinvolution and the Cartan involution σ
adapted to σ ′, it now clear that σ(Eα) = E−α and σ(E−α) = Eα. Consequently
i(Eα + E−α) ∈ k. Corresponding to such a σ -real root α define an automorphism

Dim
α = Ad(exp(iπ/4)(E−α − Eα)).

Following calculations similar to those in [Knapp 1996a, Proposition 6.52], we get
Dim
α (Hα)= i(Eα + E−α).
Given a σ -real root α, Dr

α(Hα) and Dim
α (Hα) are images of semisimple elements

and hence semisimple. Hence, it follows from the discussion above that

• if σ ′ fixes gα ⊕ g−α, then Dr
α increases the dimension of (ṫ)µ ⊗ 1 by 1;

• if −σ ′ fixes gα ⊕ g−α, then Dim
α increases the dimension of (ṫ)µ ⊗ 1 by 1.
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Now replacing dα by Dr
α and Dim

α as appropriate, the same proof as [Batra 2000,
Proposition 3.8] shows this:

Lemma 3.17. A σ -stable Cartan subalgebra h′′

R of g′′

R is maximally compact if and
only if there are no σ -real real roots in h′′

R.1

Remark 3.18. As a consequence, we have hR=h∩gσ
′

= h∩gR = i(h∩k)⊕(h∩p),

with h ∩ p =

⊕
β∈4re

R(p
β
− p

σβ
),

and h ∩ k =

( ⊕
α∈4re

Rpα
)

⊕

( ⊕
β∈4re

R(p
β
+ p

σβ
)
)

(modulo the center),

where (pγ )γ∈4re ⊂ h is the dual basis of the real roots. Clearly (h∩k)⊕i(h∩p) is a
maximally compact Cartan subalgebra of gς , where ς is a compact semiinvolution
adapted to σ ′ (that is, σ ′

= ςσ ).

4. Vogan diagrams

4.1. Let gR be an almost compact real form of g, and let σ ′ be a semiinvolution
of second type associated to gR. Let σ be a Cartan involution adapted to σ ′, and
let gR = k ⊕ p be the corresponding Cartan decomposition of gR. Let

hR = i((ṫ)µ ⊗ 1)⊕ (ȧ)µ ⊗ 1 ⊕ Ric ⊕ Rid

be a maximally compact Cartan subalgebra of gR. By Lemma 3.17, hR does not
have any σ -real roots. Choose a positive system 4

+ for 4(g, h), built from a basis
of i((ṫ)µ⊗1) followed by a basis of (ȧ)µ⊗1. Since σ |i(ṫ)µ⊗1 = Id, σ |(ȧ)µ⊗1 =− Id
and hR contains no σ -real roots, σ(4+)= 4

+. Thus σ fixes the σ -imaginary roots
and permutes in 2-cycles the σ -complex roots.

A Vogan diagram of the triple (gR, hR,4
+) is a Dynkin diagram of 4

+ with
the 2-element orbits of σ so labeled and with the one element orbit painted or not
according to whether the corresponding σ -imaginary simple root is noncompact or
compact. In addition to this, the underlying Dynkin has numerical labels as given
in Table 1.

4.2. The Cartan involution σ is an involution of first kind. Let the realization
l(ṡ, ζ, εm) of g be adapted to σ . By Section 3.9, σ is of the form ρ exp iπ ad(h0),
for h0 ∈ h

ρ

Z and  ∈ Z2, where ρ is a diagram automorphism of S(A). Then the
base 5 = (α j ) j∈[0,l] can be chosen so that either h0 = p j ∈ h for some j ∈ [0, l]
or h0 =

◦p j ∈
◦

h ⊂ h for some j ∈ [1, l], where the set (p j ) j∈[0,l] ⊂ h satisfies the
property that αk(p j )= δk, j for k, j ∈[0, l] (see Section 2.5) and ( ◦p j ) j∈[1,l] is a dual

1An independent proof of Lemma 3.17 is given in [Ben Messaoud and Rousseau 2007, 2.6(iii)].
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basis of the base (α j ) j∈[1,l] of ◦

g ⊂ g. Since αk(p j ) = δk, j for k, j ∈ {0, 1, . . . , l},
it can be easily seen that

(4-1) exp iπ ad(pk)(e j )= (−1)δk, j ek for j ∈ {0, 1, . . . , l}.

If the realization l(ṡ, ζ, εm) of g is adapted to σ = exp iπ ad(p0), then it follows
from the definition of adapted realization and the discussion following Proposition
3.10 that

for m = 2, ṡ = ġ, ζ ⊗ 1(e0)= −e0, ζ ⊗ 1(e j )= e j for j 6= 0;

for m = 6, ṡ = ġ× ġ, ζ 3
⊗ 1(e0)= −e0, ζ ⊗ 1(e j )= e j for j 6= 0.

By Lemma 3.14, ḣζ is the Cartan subalgebra of l(ṡ, ζ, εm)
′′ and exp iπ ad(p0)|ḣζ =

Id = (ζ ⊗ 1)|ḣζ . Since {e j , f j } j∈[0,l] and ḣζ generate g, we get

exp iπ ad(p0)=

{
ζ ⊗ 1 for m = 2,
ζ 3

⊗ 1 for m = 6.

Also αk(
◦p j ) = δk, j for k, j ∈ {1, . . . , l}, and α0(

◦p j ) = −a j for j ∈ {1, . . . , l}.
Since p0 = d and p j =

◦p j + a j d for j ∈ [1, l], using (4-1) we get

(4-2)
exp iπ ad( ◦pk)(e j )= (−1)δk, j ek for k, j ∈ {1, . . . , l},

exp iπ ad( ◦pk)(e0)= (−1)ak e0 for k ∈ {1, . . . , l},

Thus it follows from (4-1) and (4-2) that for k ∈ {1, 2, . . . , l},

(4-3) exp iπ ad(pk)=

{
exp iπ ad( ◦pk) if ak is even,
(exp iπ ad( ◦pk)ζ )⊗ 1 if ak is odd.

From the symmetry of the diagram, it is clear that for g= l(ġ, µ, εk), the involu-
tion of first type σ is of the form ρ exp iπ ad(p j ), where j ∈[1, l], only when k =2.
In this case l(ġ, ζ, ε2k) = l(ġ, µ exp(iπ/2) ad( ◦pρ(0)), ε2k) is an adapted realization
of g, where ◦pρ(0) is the dual of ρ(α0) in (ḣ)µ, and one gets that, for j ∈ {1, . . . , l},

(4-4) exp iπad(p j )=

{
exp iπ ad( ◦p j ) if a j is even,
(exp iπ ad( ◦p j )ζ

2)⊗ 1 if a j is odd.

4.3. It follows from (4-1) that the Vogan diagram associated to the involution
exp iπ ad(p j ) for j ∈ [0, l] has exactly one painted vertex, namely the j-th ver-
tex. By (4-2), the Vogan diagrams associated to the involution exp iπ ad( ◦p j ) for
j ∈ [1, l] have exactly one painted vertex, namely the j-th vertex, if a j is even, and
exactly two painted vertices, namely the j-th and the 0-th vertices, if a j is odd.
Note that σ is of the form ρH for ρ 6= Id only when g is of type A(2)

2l−1 or D(2)
l+1. In

both the cases α0 is a σ -complex root, and hence the interior automorphism H is
of the form exp iπ ad(p j ) for some j ∈ [1, l] such that ρ(α j )= α j .
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4.4. Equivalence of Vogan diagrams. [Knapp 1996a, Chapter VI, Exercise 18]
defines an operation R[ j] on the Vogan diagram of a simple finite-dimensional Lie
algebra ◦

g as follows:
R[ j] acts on the base ◦

π of ◦

g by the reflection corresponding to the noncompact
simple root α j . As a consequence of R[ j], the color of α j and all vertices not
adjacent to α j remain unchanged; if αk is joined to α j by a double edge and α j is
the smaller root, then the color of αk remains unchanged, and if αk is joined to α j

by single or triple lines, then the color of αk is reversed.

Equivalence 4.5. Generate an equivalence relation among Vogan diagrams by ap-
plying

(i) a diagram automorphism of the Dynkin diagram S(A), and

(ii) a sequence of R[ j]s for j ∈ {1, 2, . . . , l} if the j-th vertex is colored.

Given a Lie algebra g = l(ġ, µ, εk), the set of involutions {exp iπ ad( ◦pk)}k∈[1,l]

is a subset of Aut((ġ)µ). Observe that the base of the twisted affine Kac–Moody
Lie algebra g is given by ◦

π ∪ {α0}, where α0 = δ − θ for g not of type A(2)
2l , and

α0 = δ − 2θ for g of type A(2)
2l , where θ ∈

◦

4+; also, ◦

π is a base of (ġ)µ, and
◦

W n T is the Weyl group of g (see Section 1) with w(δ) = δ for w ∈ W . Hence,
if the compact real forms of ◦

g corresponding to the involutions exp iπ ad( ◦pk) and
exp iπ ad( ◦p j ) are isomorphic via an isomorphism induced by

◦

W , then
◦

W ⊂ W
induces an isomorphism between the corresponding almost compact real forms
of g. As a consequence we get the second equivalence relation as defined above.

The following are some examples of equivalent Vogan diagrams.

Example 4.6 D(2)
l+1 for l ≥ 2. Equivalence 4.5(i) implies

1 1 1 1
• ◦ks · · · ◦ +3 ◦
α0 α1 αl−1 αl

∼

1 1 1 1
◦ ◦ks · · · ◦ +3 •
α0 α1 αl−1 αl

σ = exp iπ ad(pl) σ = exp iπ ad(p0)

Example 4.7 A(2)
2l−1. Equivalence 4.5(ii), with the sequence R[l −1] · · · R[2]R[1],

implies

1
• α0•

1 2 2 1
• ◦◦

2
· · · ◦ · · · ◦ ◦ks

α1 α2 αi αl−1 αl

∼

1
◦ α0◦

1 2 2 1
◦ ◦◦

2
· · · ◦ · · · • ◦ks

α1 α2 αi αl−1 αl

σ = exp iπ ad( ◦p1) σ = exp iπ ad( ◦pl−1)
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Example 4.8 A(2)
2l−1. With the sequence R[4]R[3]R[2]R[5]R[2]R[4]R[3], Equiv-

alence 4.5(ii) gives

1
α0
◦

AA
AAOO

��

◦
2
α2

2
•
α3

2
◦
α4

2
◦
α5

1
◦
α6

ks

1◦
α1

����

∼

1
α0
◦

AA
AAOO

��

◦
2
α2

2
◦
α3

2
•
α4

2
◦
α5

1
◦
α6

ks

1◦
α1

����

Example 4.9 A(2)
2l−1. By Equivalence 4.5(i), we have

1
• α0•

1 2 2 1
◦ ••

2
· · · ◦ · · · ◦ ◦ks

α1 α2 αi αl−1 αl

∼

1
◦ α0◦

1 2 2 1
• ••

2
· · · ◦ · · · ◦ ◦ks

α1 α2 αi αl−1 αl

which, by Equivalence 4.5(ii) with the sequence R[1], is in turn equivalent to

1
◦ α0◦

1 2 2 1
• ◦◦

2
· · · ◦ · · · ◦ ◦ks

α1 α2 αi αl−1 αl

In this example, Equivalence 4.5(ii) gives r1(α2) = α2 + α1 and r1(α0) = α0, and
hence the final diagram is a consequence of the fact that [k, k] ⊂ k, [k, p] ⊂ p and
[p, p] ⊂ k.

Remark 4.10. As a consequence of Section 4.2 and the equivalence relation be-
tween the Vogan diagrams, there exists a base 5′ of a twisted affine Kac–Moody
Lie algebra g with corresponding positive root system 4

′ such that the Vogan dia-
gram associated to (gR, hR,4

′) has at most two painted simple roots. Hence every
Vogan diagram is equivalent to one with at most two painted simple roots.

Definition. An abstract Vogan diagram is an irreducible abstract Dynkin diagram
of a twisted affine Kac–Moody Lie algebra g indicated with the following addi-
tional structures:

• a diagram automorphism of order 1 or 2, indicated by labeling the 2-element
orbits;

• a subset of the 1-element orbits, indicated by painting the vertices correspond-
ing to the members of the subset; and

• enumerated vertices, as given in Table 1.

Every Vogan diagram is of course an abstract Vogan diagram.
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Theorem 4.11. Let an abstract Vogan diagram for a twisted affine Kac–Moody Lie
algebra be given. Then there exists an almost compact real form of a twisted affine
Kac–Moody Lie algebra such that the given diagram is the Vogan diagram of this
almost compact real form.

Proof. It is known from [Kac 1990], that a GCM A can be uniquely associated
to a Dynkin diagram S(A) and its enumeration of vertices. By [Kac 1990, Propo-
sition 1.1], there exists a unique up-to-isomorphism realization for every GCM
A. Following [Kac 1990, Section 1.3], one can associate to A a Kac–Moody Lie
algebra g = g(A).

By Proposition 3.7, there exists a one-to-one correspondence between involu-
tions σ of first kind and the pairs (σ ′, h) formed of a semiinvolution σ ′ of second
type and a maximally compact Cartan subalgebra for σ ′. Thus if the involution σ
of g(A) of the first kind can be extracted from the additional structural information
superimposed on the Vogan diagram, then one can associate to the Vogan diagram
an almost compact real form of a twisted affine Kac–Moody Lie algebra. We shall
now prescribe an algorithm to associate an involution of the first kind σ to a given
Vogan diagram.

Let V (A) denote a Vogan diagram of g(A). By Remark 4.10, V (A) is equivalent
to a Vogan diagram of g(A) with at most two painted simple roots.

First, if V (A) has no painted simple roots and no 2-element orbits, then it cor-
responds the compact form u(A) of g(A) and σ = Id in this case.

Second, suppose V (A) contains no 2-element orbit. Then, for j ∈ [0, l],

σ =

{
exp iπ ad(p j ) if only the j-th vertex is painted,
exp iπ ad( ◦p j ) if a j is odd and the 0-th and j-th vertices are painted.

Third, suppose V (A) contains 2-element orbits. If ρ denotes the Dynkin dia-
gram automorphism in V (A) then from Section 4.3 it follows that

σ =

{
ρ exp iπ ad(pi ) for i ∈ [1, l] if only the i-th vertex is painted,
ρ if no vertices are painted.

The association of σ with V (A) thus completes the proof of the theorem. �

Theorem 4.12. If two almost compact real forms of a twisted affine Kac–Moody
Lie algebra g have equivalent Vogan diagrams, they are isomorphic.

Remark. Owing to the definition of the equivalence relation between Vogan dia-
grams, to prove the theorem, it suffices to show that two almost compact real forms
having the same Vogan diagram are isomorphic.

Proof. Let g1 and g2 be two almost compact real forms of g having the same Vogan
diagram. As they both have the same Dynkin diagram with the same enumeration
on the vertices, the same generalized Cartan matrix A is associated with both g1
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and g2. Thus the unique twisted Kac–Moody Lie algebra g=g(A) is the complexi-
fication of g1 and g2. By Proposition 3.6 there exists Cartan semiinvolutions ϑ1 and
ϑ2 adapted to g1 and g1 respectively. Let u j =gϑ j for j = 1, 2 be the corresponding
compact real forms of g. Let σ be the involution represented by the Vogan diagram.
Then for j =1, 2, σ |u j =$ j is the corresponding Cartan involution on u j . Since by
[Rousseau 1989, Theorem 4.6] all Cartan semiinvolutions are conjugate by Int(g),
there exists an x ∈ Int(g) such that xϑ1x−1

= ϑ2 and consequently x .u1 = u2.
Because x .g1 is isomorphic to g1, we may assume without loss of generality from
the outset that u1 = u2 = u and we have $ j (u)= u for j = 1, 2.

Let h1 = t1 ⊕ a1 and h2 = t2 ⊕ a2 be the Cartan decompositions of the Cartan
subalgebras of g1 and g2, respectively, where t j and a j for j = 1, 2 are respectively
the +1 and −1 eigenspaces of σ in h j . Consequently, t j ⊕ ia j for j = 1, 2 is a
maximal abelian subspace of u and hence by Remark 3.18 is also a maximally
compact Cartan subalgebra of u. Therefore by [Rousseau 1989, Proposition 4.9c],
t1 ⊕ ia1 and t2 ⊕ ia2 are conjugate by an element k ∈ Int(u). Replacing g2 by kg2

and arguing as above, we may assume that t1 ⊕ ia1 = t2 ⊕ ia2. Thus t1 ⊕ ia1 and
t2 ⊕ ia2 have the same complexification, which is denoted by h.

Now the complexifications of g and h have been aligned, and the root systems
are the same. Let the respective positive root systems be given by 4

1
+

and 4
2
+

. By
Section 2.6, there exists an interior automorphism s ∈ Int(u) such that s42

+
= 4

1
+

.
Again replacing g2 by s .g2 and repeating above argument, we may assume that
4

1
+

= 4
2
+

= 4+ from the outset.
Using the conjugacy of the compact real forms of g we construct in this case,

u =

∑
α∈

◦
4

Ri Hα ⊕

∑
γ∈4re

Ri(eγ+ fγ)⊕
∑
γ∈4re

R(eγ− fγ)⊕ Ric ⊕ Rid

⊕

∑
α∈

◦
4l

Ri(Hαtkn
+ Hαt−kn)⊕

∑
α∈

◦
4l

R(Hαtkn
− Hαt−kn)

⊕

( k−1⊕
j=0

( ∑
α∈

◦
4s

Ri(h
j

αtkn+ j
+ h

j

αt−kn− j )⊕
∑
α∈

◦
4s

R(h
j

αtkn+ j
− h

j

αt−kn− j )
))
,

where for γ ∈ 4
re,

eγ = Eα,ks and fγ = E−α,−ks for α ∈
◦

4l and s ∈ Z,

eγ = Eα,ks+ j and fγ = E−α,−ks− j for α ∈
◦

4s, s ∈ Z, and j ∈ Zk .

Here
Eα,ks, E−α,−ks, Hα for α ∈

◦

4l,

Eα,ks+ j , E−α,−ks− j h
j

α for α ∈
◦

4s and j ∈ Zk

are defined as in Section 2.5.
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Case 1: Suppose hR has no σ -complex roots. Since the Vogan diagrams for g1

and g2 are the same, the automorphisms of 4+ defined by $1 and $2 have the
same effect on h∗. Thus

$1(H)=$2(H) for all H ∈ h,

$1(4
im)=$2(4

im), $1|Ric⊕Rid =$2|Ric⊕Rid .

If α is a simple σ -imaginary real root, then

$1(e j )=

{
e j =$2(e j ) if the j-th vertex is unpainted,
−e j =$2(e j ) if the j-th vertex is painted.

Since h and {e j , f j , j ∈ [0, l]} generate g, it follows that $1 = $2 on u; hence
k1 = u$1 = k2, and if p j for j = 1, 2 denotes the −1 eigenspace of $ j on u, then
p1 = p2. Hence

g1 = k1 ⊕ ip1 = k2 ⊕ ip2 = g2.

Case 2: Suppose there exist σ -complex simple real roots in g1 and g2. Let ρ denote
the diagram automorphism of S(A). In this case, the σ -imaginary roots are treated
as in Case 1. If for all σ -complex roots γ ∈ 4

re, there exist Xγ ∈ gγ, Xργ ∈ gργ
and constants aγ, bγ such that

(4-5) $1(Xγ)= aγ Xργ and $2(Xγ)= bγ Xργ,

then the same calculations as those in [Batra 2000, Theorem 5.2, Case 2] show
that for each pair γ,$γ of σ -complex simple roots, square roots a1/2

γ , a1/2
ργ , b1/2

γ

and b1/2
ργ can be chosen such that a1/2

γ a1/2
ργ = 1 and b1/2

γ b1/2
ργ = 1. Then defining

H, H ′
∈ u ∩ h such that α(H)= α(H ′)= 0 for α a σ -imaginary simple root and

exp( 1
2γ(H))= aγ1/2, exp( 1

2ργ(H))= a1/2
ργ ,

exp( 1
2γ(H

′))= bγ1/2, exp( 1
2ργ(H

′))= b1/2
ργ

for γ and ργ both σ -complex simple roots, calculations similar to those in [Batra
2000, Theorem 5.2, Case 2] show that applying the identity

$2 ◦ Ad(exp 1
2(H − H ′))= Ad(exp 1

2(H − H ′)) ◦$1

to the σ -eigenspaces of g1 gives an isomorphism between g1 and g2.
Thus to complete the proof of the theorem we need to show the existence of

Xγ ∈ gγ and Xργ ∈ gργ, and constants aγ and bγ satisfying (4-5). Observe from
Table 1 that for g of type Aff k, with k 6= 1, σ -complex roots exist only when g is
of type A(2)

2`−1 or D(2)
`+1. If γ= α+ksδ ∈ 4

re for α ∈
◦

4l , then gγ = Ceα⊗ tks , where
eα ∈ (ġ)α. Since eα⊗ tks

∈ l(ġ, Id, 1), (4-5) is satisfied in this case by [Batra 2000,
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Theorem 5.2, Case 2]. However, problems can arise if a σ -complex root γ ∈ 4
re

is a short root. Note that the following are the only short σ -complex simple roots:

α0, α1 = αρ0 when g is of type A(2)
2`−1,

α0, α` = αρ0 when g is of type D(2)
`+1.

Let Hρ(0) := exp(iπ/2) ad( ◦pρ(0)). Then l(ġ, µHρ(0), ε4) is a realization of g adapted
to the involution σ , and has a 2-element orbit. If gα0 = CXα0 and gρ(α0) = CXα j

for α j a simple short root of g, then in the realization l(ġ, µHρ(0), ε4) we have

Xα0
= (e−θ0 − e−µθ0)⊗ t for g of type D(2)

`+1 and A(2)
2`−1

Xα j = (eα̇ j + e−µα̇ j )⊗ t where j = ` for g of type D(2)
`+1, α̇ j ∈ 4(D`+1),

j = 1 for g of type A(2)
2`−1, α̇ j ∈ 4(A2`−1).

Since for appropriate j (as explained above), $1(gα0)⊂ gα j and $2(gα0)⊂ gα j ,
the equation above implies there exists constants a1

θ0 , a2
θ0 , a1

µθ0 , a2
µθ0 and b1

θ0 , b2
θ0 ,

b1
µθ0 , b2

µθ0 such that

$1(e−θ0 ⊗ t)= a1
θ0eα̇ j ⊗ t + a1

µθ0eµα̇ j ⊗ t,

$1(e−µθ0 ⊗ t)= a2
θ0eα̇ j ⊗ t + a2

µθ0eµα̇ j ⊗ t,

$2(e−θ0 ⊗ t)= b1
θ0eα̇ j ⊗ t + b1

µθ0eµα̇ j ⊗ t,

$2(e−µθ0 ⊗ t)= b2
θ0eα̇ j ⊗ t + b2

µθ0eµα̇ j ⊗ t.

We claim a1
θ0 − a2

θ0 = a1
µθ0 − a2

µθ0 and b1
θ0 − b2

θ0 = b1
µθ0 − b2

µθ0 .

Proof of the claim. Recall that $1 and $2 are restrictions of the involution σ to
the compact forms u1 and u2 adapted to g1 and g2, respectively. Since for j = 1, 2,
the Cartan involution σ is adapted to both of the g j , and since the realization
l(ġ, µHρ(0), ε4) of g is adapted to (g j , σ, h), by [Ben Messaoud and Rousseau 2003,
Proposition 3.5] there exist σ̇ j ∈ Aut(ġ) that commute with µHρ(0) and are such
that $ j = σ̇ j ⊗ 1 on the compact form u of l(ġ, µHρ(0), ε4).

Since µHρ(0)(eµθ0 ⊗ t)= −ieθ0 ⊗ t , we have eθ0 ⊗ t = iµHρ(0)(eµθ0 ⊗ t). Hence

a2
θ0 geα̇ j ⊗ t + a2

µθ0eµα̇ j ⊗ t =$1(e−µθ0 ⊗ t)=$1(iµHρ(0)(e−θ0)⊗ t)

= σ̇1(i(µHρ(0)(e−θ0))⊗ t = igµHρ(0)(σ̇1(e−θ0))⊗ t

= igµHρ(0)(
(
σ̇1(e−θ0))⊗ t)= igµHρ(0)(($1(e−θ0 ⊗ t))

= igµHρ(0)(a
1
θ0eα̇ j ⊗ t + a1

µθ0 geµα̇ j ⊗ t)

= i2g(a1
θ0eµα̇ j ⊗ t + a1

µθ0 geα̇ j ⊗ t)= −a1
θ0eµα̇ j ⊗ t − a1

µθ0 geα̇ j ⊗ t.

Comparing coefficients, we get a2
θ0 = −a1

µθ0 and a2
µθ0 = −a1

θ0 . Hence a1
θ0 − a2

θ0 =

−a2
µθ0 +a1

µθ0 as desired. It can be similarly shown that b1
θ0 −b2

θ0 =−b2
µθ0 +b1

µθ0 . �
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Thus for short σ -complex simple roots, there exist Xα0 ∈ gα0 and Xα j ∈ gρα0

such that (4-5) is satisfied. Hence the theorem. �

Using the definition of equivalence relations between the Vogan diagrams (see
Section 4.4) and [Knapp 1996a, Figures 6.1 and 6.2], we give in the following
table the nonequivalent Vogan diagrams of the twisted affine Kac–Moody Lie
algebras corresponding to nontrivial involutions of first type. Note that owing
to the equivalence relation as described in Example 4.6, the nonequivalent Vo-
gan diagrams for g correspond to the following involutions of first type: µ⊗ 1,
exp iπ ad(pi ) for 1 ≤ i ≤ l/2 and exp iπ ad( ◦pi ) for 1 ≤ i ≤ l. Likewise, by
the equivalence relations described in Examples 4.7 and 4.9, the nonequivalent
Vogan diagrams for g correspond to the following involutions of first type: µ⊗ 1,
exp iπ ad(pl), exp iπ ad( ◦pl), and exp iπ ad( ◦p j ) for 1 ≤ j ≤ l/2, and by the
equivalence relations of the kind described in Example 4.8, the nonequivalent
Vogan diagrams for g correspond to the following involutions of first type: ρ,
ρ(µ2 exp iπ ad( ◦p1)⊗1) exp iπ ad( ◦pl), and ρ exp iπ ad( ◦p j ) for 1 ≤ j ≤ (l +1)/2.
The nonequivalent Vogan diagrams for the twisted affine Kac–Moody Lie algebras
of type A(2)

2l , D(2)
2r+1 for r ≥ 1, D(2)

2r for r ≥ 2, E (2)
6 and D(2)

4 are similarly studied.
It can be easily observed from Tables 2 and 3 that the number of Vogan diagrams

corresponding to nontrivial involutions of first type is equal to the number of almost
compact noncompact real forms of twisted affine Kac–Moody Lie algebras as given
in [Ben Messaoud and Rousseau 2003], thereby suggesting the existence of a bijec-
tion between the equivalence classes of the Vogan diagrams and the isomorphism
classes of the almost compact real forms of twisted affine Kac–Moody Lie algebras.
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g e-Vogan diagram involution of first type

A(2)
2

1
•
α0

=
=
>

2
◦
α1

µ⊗ 1
1
◦
α0

=
=
>

2
•
α1

exp iπ ad( ◦p1)= exp iπ ad(p1)

A(2)
2l

1
•
α0

⇒
2
◦
α1

− · · · −
2
◦
αl−1

⇒
2
◦
αl

µ⊗ 1

1
◦
α0

⇒
2
◦
α1

− · · · −
2
•
αi

− · · ·
2
◦
αl−1

⇒
2
◦
αl

exp iπ ad( ◦pi )= exp iπ ad(pi )

for 1 ≤ i ≤ l

A(2)
2l−1

for l ≥ 3

1
• α0

1
◦
α1

−
|
◦
α2

2
−

2
◦
α3

− · · · −
2
◦
αl−1

⇐
1
◦
αl

µ⊗ 1

1
◦ α0

1
◦
α1

−
|
◦
α2

2
−

2
◦
α3

− · · · −
2
◦
αl−1

⇐
1
•
αl

(µ⊗ 1) exp iπ ad( ◦pl)

= exp iπ ad(pl)

1
• α0

1
◦
α1

−
|
◦
α2

2
−

2
◦
α3

− · · · −
2
◦
αl−1

⇐
1
•
αl

exp iπ ad( ◦pl)

1
◦ α0

1
◦
α1

−
|
◦
α2

2
− · · · −

2
•
αi

− · · · −
2
◦
αl−1

⇐
1
◦
αl

exp iπ ad( ◦pi )

for 1 ≤ i ≤ l/2

A(2)
2l−1

for l > 2

1
α0
◦

AAA
AOO

��
◦

2
α2

2
◦
α3

· · ·
2
◦
αl−1

1
◦
αl

ks

1◦
α1

����

ρ

1
α0
◦

AAA
AOO

��
◦

2
α2

2
◦
α3

· · ·
2
◦
αl−1

1
•
αl

ks

1◦
α1

����

ρ(µ2 exp iπ ad( ◦p1)⊗ 1)
· exp iπ ad( ◦pl)

1
α0
◦

AAA
AOO

��
◦

2
α2

· · ·
2
•
αi

· · ·
2
◦
αl−1

1
◦
αl

ks

1◦
α1

����

ρ exp iπ ad( ◦pi )

for 2 ≤ i ≤ (l + 1)/2

Table 2. Vogan diagrams for affine Kac–Moody Lie algebras of
type Aff 2.
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g e-Vogan diagram involution of first type

D(2)
l+1

1
•
α0

⇐
1
◦
α1

− · · · −
1
◦
αi

− · · · −
1
◦
αl−1

⇒
1
◦
αl
µ⊗ 1

for l ≥ 2 1
◦
α0

⇐
1
◦
α1

− · · · −
1
•
αi

− · · · −
1
◦
αl−1

⇒
1
◦
αl

exp iπ ad( ◦pi )µ⊗ 1 =

exp iπ ad(pi ) for 1 ≤ i ≤ l/2
1
•
α0

⇐
1
◦
α1

− · · · −
1
•
αi

− · · · −
1
◦
αl−1

⇒
1
◦
αl

exp iπ ad( ◦pi ) for 1 ≤ i ≤ l

D(2)
2r+1

for r ≥ 1

1
α0
◦OO

��

ks α1
◦

1OO

��

· · ·
1

αr−1
◦OO

��

OOO

1 ◦ αr

1 ◦
α2r

ks ◦
α2r−1

1
· · ·

1
◦
αr+1

ppp
ρ

1
α0
◦OO

��

ks α1
◦

1OO

��

· · ·
1

αr−1
◦OO

��

OOO

1 • αr

1 ◦
α2r

ks ◦
α2r−1

1
· · ·

1
◦
αr+1

ppp

ρ exp iπ ad(pr )=

ρ exp iπ ad( ◦pr )

· (µ2 exp iπ ad( ◦p2r)⊗ 1)

D(2)
2r

for r ≥ 2

1
α0
◦OO

��

ks α1
◦

1OO

��

· · ·
1

αr−1
◦OO

��
1 ◦
α2r−1

ks ◦
α2r−2

1
· · ·

1
◦
αr+1

ρ

E (2)
6

1
◦
α0

−
2
•
α1

−
3
◦
α2

⇐
2
◦
α3

−
1
◦
α4

exp iπ ad( ◦p1)

= exp iπ ad(p1)
1
•
α0

−
2
◦
α1

−
3
◦
α2

⇐
2
◦
α3

−
1
•
α4

exp iπ ad( ◦p4)

1
◦
α0

−
2
◦
α1

−
3
◦
α2

⇐
2
◦
α3

−
1
•
α4

(µ⊗ 1) exp iπ ad( ◦p4)

= exp iπ ad(p4)
1
•
α0

−
2
◦
α1

−
3
◦
α2

⇐
2
◦
α3

−
1
◦
α4

µ⊗ 1

D(3)
4

1
•
α0

−
2
◦
α1

W
1
•
α2

exp iπ ad( ◦p2)

1
•
α0

−
2
◦
α1

W
1
◦
α2

ζ 3
⊗ 1

Table 3. Vogan diagrams for affine Kac–Moody Lie algebras of
type Aff 2 and 3 (continued).
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