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In this paper we prove that, given a compact four-dimensional smooth Rie-
mannian manifold (M, g) with smooth boundary, there exists a metric con-
formal to g with constant T-curvature, zero Q-curvature and zero mean
curvature under generic and conformally invariant assumptions. The prob-
lem amounts to solving a fourth-order nonlinear elliptic boundary value
problem (BVP) with boundary conditions given by a third-order pseudodif-
ferential operator and homogeneous Neumann operator. It has a variational
structure, but since the corresponding Euler-Lagrange functional is in gen-
eral unbounded from below, we look for saddle points. We do this by using
topological arguments and min-max methods combined with a compactness
result for the corresponding BVP.

1. Introduction

Recent years have seen intense study of conformally covariant differential (or even
pseudodifferential) operators on compact smooth Riemannian manifolds, as well
as their associated curvature invariants. This study seeks to understand the rela-
tionships between analytic and geometric properties of such objects.

A model example is the Laplace—Beltrami operator on compact closed surfaces
(X, g), which governs the transformation law of the Gauss curvature. In fact under
the conformal change of metric g, = ¢*g, we have

(1-1) Ago=e A, and — Agu+ K, =K,e™,

where A, and K, are the Laplace-Beltrami operator and the Gauss curvature of
(X,g),and A,, and K, are the corresponding objects for (X g,).
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Moreover we have the Gauss—Bonnet formula, which relates [y KdV, to the
topology of ¥ via

/ K,dV, =2rm y(X),
z

where y (%) is the Euler—Poincaré characteristic of £. From this we deduce that
Js. K,dV, is atopological invariant (and hence also a conformal one). Of particular
interest is the classical uniformization theorem, which says the (X, g) carries a
conformal metric with constant Gauss curvature.

Suppose (M, g) is a four-dimensional compact closed Riemannian manifold. On
it, there exists a conformally covariant differential operator Py called the Paneitz
operator, to which is associated a natural concept of curvature. This operator,
discovered by Paneitz in 1983 (see [2008]), and the corresponding Q-curvature
introduced by Branson (see [Branson and @rsted 1991]) are defined in terms of the
Ricci tensor Ric, and the scalar curvature R, as

(1-2) Pyp = A%p +divy (3R,g — 2Ric,)do,
(1-3) Q, = —15(AgRy — R} +3[Ric,|?),

where ¢ is any smooth function on M.

The Laplace—Beltrami operator governs the transformation law of the Gauss
curvature; the Paneitz operator does the same for the Q-curvature. Indeed under a
conformal change of metric g, = g, we have

(1-4) Py, =e P, and Pyu+2Q, =20, e".

Apart from this analogy, we also have an extension of the Gauss—Bonnet for-
mula, the Gauss—Bonnet—Chern formula

/M(Qg + W, [H)dV, = 4n? (M),

where W, denotes the Weyl tensor of (M, g); see [Djadli and Malchiodi 2006].
Hence, from the pointwise conformal invariance of |Wg|2d V,, it follows that the
integral of Q, over M is also conformally invariant.

In analogy to the uniformization theorem for (X, g), one can also ask if (M, g)
carries a metric that is conformally related to the background metric with constant
Q-curvature.

A first positive answer to this question was given by Chang and Yang [1995]
under the assumptions that P, is nonnegative, ker P, > R and |, y QgdVy < 872,
Later Djadli and Malchiodi [2006] extended Chang and Yang’s result to a large
class of compact closed four-dimensional Riemannian manifolds assuming that P,
has no kernel and that |, w Q¢ dV, is not an integer multiple of 82
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One can consider analogous questions in dimensions higher than four, where
there are there are higher-order analogues of the Laplace—Beltrami operator and
of the Paneitz operator and also of the associated curvatures (called again Q-
curvatures); see [Fefferman and Graham 2002; 1985; Graham et al. 1992].

For example, one can ask whether, for a compact closed Riemannian manifold
of arbitrary dimension, there exists a constant Q-curvature conformal metric.

Using a geometric flow, Brendle [2003] has given a first affirmative answer
in the even-dimensional case under the assumptions that the higher-dimensional
Paneitz operator is nonnegative and has trivial kernel and that the total integral of
the Q-curvature is less than (n — 1)!w,, where w, is the area of the unit sphere S"
of R"*!. Brendle’s result and that of Djadli and Malchiodi [2006] were extended to
all dimensions in [Ndiaye 2007b]. However, some issues remain: Only the leading
term of the operator is known, and in the odd case the operator is pseudodifferential.

Instead of compact closed Riemannian manifolds, one can consider compact
smooth Riemannian manifolds with smooth boundary. Much work has already
been done in studying their conformally covariant differential operators, their asso-
ciated curvature invariants, the corresponding boundary operators and curvatures.

Suppose then (X, g) is a compact smooth surface with smooth boundary 6%.
Let A be the Laplace-Beltrami operator, and let /0n, be the Neumann operator
on 9X. Under a conformal change of metric, the pair (Ag, /0n,) governs the
transformation laws of the Gauss curvature K, of (X, g) and the geodesic curva-
ture k; of (9%, g). In fact, under the conformal change of metric g, = e*g, we
have

Ag,=e A, and —— =e ",
and
~Agu+ Ky, =Kz e inZ,
0

u u
6ng+kg=kg”e onoX.

We have the Gauss—Bonnet formula
(1-5) / KodV, +/ kedS, =2m y (X),
by 0%

where y (X) is the Euler—Poincaré characteristic of X, dV, is the element area of X
and d S, is the line element of 0 X. Thus fz K.dV, + faz kedS, is a topological
invariant and hence a conformal invariant.

In this context, the question about the analogue of the classical uniformization
theorem is, Does there exist a metric on X that is conformally related to g and with
constant Gauss curvature and constant geodesic curvature? This problem has been
solved by the following theorem; for a proof see [Brendle 2002].
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Theorem 1.1. Every compact smooth Riemannian surface with smooth boundary
(X, g) carries a metric conformally related to g with constant Gauss curvature
and constant geodesic curvature.

Like compact closed four-dimensional Riemannian manifolds, 4-manifolds with
boundary admit the Paneitz operator P; and the Q-curvature. These are also de-
fined by formulas (1-2) and (1-3) and enjoy the same invariance properties as in
the case without boundary; see (1-4).

Chang and Qing [1997a] discovered a boundary operator P;’ defined on the
boundary of compact four-dimensional smooth Riemannian manifolds, and they
associated to it a natural third-order curvature 7,. These are defined by

10A o
Plp= 5672‘” + Ag% —2H, Ao+ (L)ap(V)a(Ve)s
o
+V3Hy Vo + (F — %Rg)—arf’g,
— laRg 1 3 3 1 3 A
Tg_—E%JrERgHg—(Gg,LgH H} = 1Tr(L%) + AgH,.

Here ¢ is any smooth function on M, and g is the metric induced by g on oM.
Also Ly = (Lg)ap = —%6gah/ang is the second fundamental form of 0 M; from L,
is defined H, = %tr(Lg) = %g“hLab, the mean curvature of 0M. (Here the g¢°
are the entries of the inverse g~! of the metric g.) Finally Rkb g 18 the Riemann
curvature tensor, F'=R" . Rupca = gakRkbcd, and (Gg, Lg) = Raunpn(Lg)ab-

Just as the Laplace—Beltrami operator and the Neumann operator govern the
transformation law of the Gauss curvature and the geodesic curvature on compact
surfaces with boundary under conformal change of metrics, the pair (Pg4 , Pg3) does
the same for (Q,, T,;) on compact four-dimensional smooth Riemannian manifolds
with smooth boundary. In fact, after a conformal change of metric g, = e**g we
have that

P} =e™™P; and P, =e"P],

and
Piu+2Q,=20Q,¢" inM,

Plu+Ty=Tye™  ondM.

In addition to this analogy, we have also an extension of the Gauss—Bonnet
formula (1-5), known as the Gauss—Bonnet—Chern formula, given by

(1-6) /(Qg+§|wg|2)dvg+/ (T +2)dS, =4n’y (M),
M oM

where W, denotes the Weyl tensor of (M, g) and Zd S, is pointwise conformally
invariant; for the definition of Z, see [Chang and Qing 1997a]. It turns out that Z
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vanishes when the boundary is totally geodesic (by totally geodesic we mean that
the boundary oM is umbilic and minimal). Setting

Kpé:/l;/IdiVg and KPEIAMngSg,

we conclude from (1-6) and the pointwise conformal invariance of W,dV, and
ZdS, that the quantity x ps KPS is itself conformally invariant; we put

(1-7) K(P4,P3) =KP;+KPg3.

The celebrated Riemann mapping theorem says that an open, simply connected,
proper subset of the plane is conformally diffeomorphic to the disk. One can
ask if such a theorem remains true in four dimensions. Unfortunately, few four-
dimensional regions are conformally diffeomorphic to the ball. However, in the
spirit of the uniformization theorem (Theorem 1.1), one can still ask, On a given
compact four-dimensional smooth Riemannian manifold with smooth boundary,
does there exist a metric conformal to the background metric with zero Q-curvature,
constant 7 -curvature and zero mean curvature? Escobar [1992] has asked related
questions in the context of the Yamabe problem.

In this paper, we are interested in finding an analogue of the Riemann mapping
theorem (in the spirit of Theorem 1.1) for compact four-dimensional smooth Rie-
mannian manifolds with smooth boundary under generic and conformally invariant
assumptions. Writing g, = e?“g, the problem is equivalent to solving the BVP

Plu+20,=0 in M,
Plu+T,=Te™ ondM,
ou/ong — Heu =0 on oM.

Here 7 is a fixed real number, and &/ on, is the inward normal derivative with
respect to g.

By a result by Escobar [1992], and by the fact that we are interested in the
problem under assumptions of conformal invariance, it is not restrictive to assume
that H, = 0, since this can be always obtained through a conformal transformation
of the background metric. Thus we are lead to solve the following BVP with
Neumann homogeneous boundary condition:

Plu+20,=0 in M,

(1-8) Plu+T,=Te™ onoM,
ou/ong =0 on oM.
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Define {u € H*(M) : ou/ong =0}, and define P;’3 through
(P u, 0) 12 =/ (AguAgo + 3R VouVe0)dV, —2/ Ric, (Vgu, Vo0)dV,
M M

—2/ Lg(Vg,u, V;0)dS,,
oM

for every u,v € Hy/p,. Then, by the regularity result in Lemma 2.3 below, the
critical points in Hp/g, of the functional

II(n) = (P*3u, U) 12y

+4/ qudvg+4/ Tgung—%K(Pzt,P_z)log/ edS,,
M oM M

a
which are weak solutions of (1-8), are also smooth and hence strong solutions.

A similar problem is addressed in [Ndiaye 2007a], where constant Q-curvature
metrics with zero T-curvature and zero mean curvature are found under generic
and conformally invariant assumptions.

In [Ndiaye 2007c], heat flow methods are used to prove that if the operator
P;’3 is nonnegative, ker P;’3 ~ R, and x(ps p3) < 472, then the problem (1-8)
is solvable. Here we wish to extend this result under generic and conformally
invariant assumptions. The following result is the main theorem of this paper:

Theorem 1.2. Suppose ker P;’3 ~R. If kps p3y # Ar’k fork = 1,2, ..., then
(M, g) admits a conformal metric with constant T -curvature, zero Q-curvature,
and zero mean curvature.

Remark 1.3. Our assumptions are conformally invariant and generic, so the re-
sult applies to a large class of compact 4-dimensional Riemannian manifolds with
boundary.

By the Gauss—Bonnet—Chern formula (1-6), Theorem 1.2 does not cover the case
of locally conformally flat Riemannian manifolds with totally geodesic boundary
and positive integer Euler—Poincaré characteristic.

Our assumptions include two cases:
Case 1.4. We have x(ps p3y < 472, or P;’3 has k negative eigenvalues (counted
with multiplicity).
Case 1.5. We have k(ps p3) € (47 %k, 4(k + 1)z ?) for some k € N*, or P;’3 has k

negative eigenvalues (counted with multiplicity).

Remark 1.6. Case 1.4 includes the condition (k = 0) under which the existence of
solutions to (1-8) is proved in [Ndiaye 2007c]; hence we do not consider this case
here. However due to a trace Moser—Trudinger type inequality (see Proposition
2.4 below) a solution can be found using direct methods of calculus of variation.
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To simplify the exposition, we will prove Theorem 1.2 in Case 1.5 under the
restriction that k = O (that is, we assume P;’3 is nonnegative). At the end of
Section 4, a discussion to settle the general case will be made.

To prove Theorem 1.2, we look for critical points of II. Unless x(ps p3y < 4z’
and k = 0, this Euler—Lagrange functional is unbounded from above and below
(see Section 4), so it is necessary to find extremals that are possibly saddle points.
To do this we will use a min-max method: By classical arguments in critical point
theory, the scheme yields a Palais—Smale sequence (or PS sequence), namely a
sequence (u;); € Hp o, satisfying the properties

H(u)—ceR and II'(w;)— 0asl— +oo.

Then, as is usual in min-max theory, one should recover existence by proving that
the Palais—Smale condition holds, that is, by proving every Palais—Smale sequence
has a converging subsequence or by proving a similar compactness criterion. Since
we do not know if the Palais—Smale condition holds, we will employ Struwe’s
monotonicity method [1988], which is also used in [Djadli and Malchiodi 2006;
Ndiaye 2007b]. The latter yields existence of solutions for arbitrary small pertur-
bations of the given equation, so to consider the original problem one is led to
study compactness of solutions to perturbations of (1-8). Precisely, we consider

Pluj+20,=0 in M,
(1-9) Pluj+ T, =T ondM,
ouy/ong =0 on oM,

where
(1-10) T;,—Ty>0 in C*(6M), T,— T, in C*(6M), Q;— Qo in C*(M).

Remark 1.7. It follows from the Green representation formula given in Lemma 2.2
below that if u; is a sequence of solutions to (1-9), then u; satisfies

u(x) = —2 /M Gx, ) Q1) dV, —2 /a G TS 0)

+2 / G DTS, 0) + o
0

Therefore under the assumption (1-10), if sup,,, u; < C, then u; is bounded in
C* for every a € (0, 1).

In this context, we may say by Remark 1.7 that a sequence (u;) of solutions
to (1-9) blows up if

(1-11) there exists an x; € 0 M such that u;(x;) — 400 as [ — +o0,
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and we prove the following compactness result.

Theorem 1.8. Suppose ker P;73 ~ R and that (u;) is a sequence of solutions to
(1-9) with T;, T; and Q; satisfying (1-10). If (u;); blows up (in the sense of (1-11))
and

(1-12) /QOdVg—i—/ Tong—i—ol(l):/ Te*ds,,
M oM oM

then there exists an N € N\ {0} such that

/QodVg+/ TodS, =4Nx?.
M oM

From this we derive a corollary which will be used to ensure compactness of some
solutions to a sequence of approximate BVPs produced by the topological argument
combined with Struwe’s monotonicity method. Its proof is a trivial application of
Theorem 1.8 and Lemma 2.3 below.

Corollary 1.9. Suppose ker P;* ~ R.

(a) Let (u;) be a sequence of solutions to (1-9) with T;, T; and Q satisfying
(1-10). Assume also that

/QodVg+/ Tong+01(1):/ T ds,
M oM oM

and
koz/ QodVg—I—/ TodS, #4n%k fork=1,2,3,....
M oM

Then (u;); is bounded in C*t*(M) for any o € (0, 1).

(b) Let (u;) be a sequence of solutions to (1-8) for a fixed value of the constant T.
Assume also that k(ps p3) # 4w 2k. Then (u;); is bounded in C™ (M) for every
positive integer m.

(c) Let (u,,) with pr — 1 be a family of solutions to (1-8) with T, replaced by
piTy, with Q replaced by piQg, and with T replaced by piT for a fixed
value of the constant T. Assume also that Kps,p3) 41 k. Then (u o)k 1S
bounded in C™ (M) for every positive integer m.

(d) If k(ps p3y # 4 2k fork =1,2,3, ..., then the set of metrics conformal to g
with constant T -curvature, with zero Q- and mean curvature, and with unit
boundary volume is compact in C™ (M) for every positive integer m.
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We are going to describe the main ideas needed to prove the above results. Since
the proof of Theorem 1.2 relies on the compactness result of Theorem 1.8 (see
Corollary 1.9), it is convenient to discuss first the latter. We use a strategy related
to that in [Druet and Robert 2006], but in our case, due to the Green representation
formula (see Lemma 2.2), we have to consider blow-ups at the boundary; see Re-
mark 1.7. In [Ndiaye 2007b; 2007a] a variant of this method was used that relies
strongly on the Green representation formula, transforming (1-8) into an integral
equation. Here we will employ a similar strategy, since for the BVP one has also the
existence of a Green representation formula; see Lemma 2.2. We point out that in
the present case, the nonlinearity appears only in the boundary term of the integral
representation. We consider the same scaling as in [Druet and Robert 2006] and
[Ndiaye 2007b; 2007a]. As already remarked, we have to consider only boundary
blow-up points. When dealing with the boundary blow-up phenomenon, we adopt
the same strategy as in [Ndiaye 2007b; 2007a] to conclude that the limit function
Vo describing the profile near the blow-up points satisfies the integral equation

(1-13) Vo(x) = /RS o3 log(%)em’@dz — og(ks).

for some constants 3 and k3. Recalling that we are looking for boundary quan-
tization, we have therefore only to understand the behavior of the singularity Vj
at the boundary 0 M. For this, we follow an argument in [Ndiaye 2007b; 2007a],
which is based on a classification result of X. Xu [2005], and we deduce that the
restriction of Vy on R is a standard bubble (on R?) and the local volume is 47 2.
At this stage we finish by arguing as in [Ndiaye 2007b; 2007a] to show that the
residual volume tends to zero, and we obtain the desired quantization.

With this compactness result in hand, we can describe the proof of Theorem 1.2
assuming Case 1.5 and that P;’3 is nonnegative (that is, k = 0). In [Djadli and
Malchiodi 2006; Ndiaye 2007b] the existence theorem was proved considering the
formal barycenters of the manifold M, which we will recall, together with the dif-
ferences with the present case. The arguments in [Djadli and Malchiodi 2006] can
be summarized as follows. First, from « ps € (k87 2, (k+1)87 %) and considerations
coming from an improvement of a Moser—Trudinger type inequality, it follows that
if TI(u) attains large negative values, then ¢** must concentrate near at most k points
of M. This means that, if we normalize u so that |, M etd V, =1 (which is possible
because the functional is invariant under translation by a constant), then naively

e~ Sk 16, forx;e Mandr >0 with S5 4 =1.

Such a convex combination of Dirac deltas is called a formal barycenter of M of
order k (see [Djadli and Malchiodi 2006, Section 2]) and is denoted by M. With
further analysis (see [Djadli and Malchiodi 2006, Proposition 3.1]), it is possible
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to show that the sublevel {II < —L} for large L has the same homology as M. The
existence of solutions was found using this fact and the noncontractibility of M
(which is a crucial ingredient).

The present case differs in that M might be contractible and also boundary
concentration can appear, so the same arguments cannot be applied. However, due
to a trace Moser—Trudinger type inequality and its improvement, we are able to
derive that if x(ps p3) € (k4m?, (k + 1)4x?), then the fact that II(x) attains large
negative values implies that €|,y must concentrate near at most k points of OM.
This means that, if we normalize u so that fa M e3“dsg =1 (which is also possible
in this case because Il is invariant under translation by a constant), then naively

oy =S¥ 16, forx; € oM and ; > 0 with 35_ 1, = 1.

Such a convex combination of Dirac deltas is called a formal barycenter of 6 M
of order k (see Section 2) and will be denoted by 0 M. It is therefore natural to
use the set 0 My, to describe the homology of very large negative sublevels of the
functional II. Indeed, with a further analysis (see Proposition 4.10 ), it is possible
to show that the sublevel {II < —L} for large L has the same homology as o M.
Using the noncontractibility of 0 My, we define a min-max scheme for a perturbed
functional II, with p close to 1, and we find a PS sequence at some level c,.
Applying the monotonicity procedure of Struwe, we can show existence of critical
points of II,, for almost all p, which means that the assumptions of Corollary 1.9
are satisfied.

The structure of the paper is as follows. In Section 2, we present notation and
some preliminaries, such as the existence of the Green function for (Pg4 , P;) with
homogeneous Neumann condition, a regularity result for BVPs of the type (1-8),
and a trace Moser-Trudinger-type inequality. In Section 3, we prove Theorem
1.8, from which the proof of Corollary 1.9 becomes a trivial application. Section
4, in which we prove Theorem 1.2, has four subsections. The first concerns an
improvement of the trace Moser—Trudinger-type inequality and its applications.
The second deals with the existence of a nontrivial global projection from negative
sublevels of IT onto 6 My.. The third concerns mapping 0 M}, into negative sublevels,
and the last deals with the min-max scheme.

2. Notations and preliminaries

In this brief section we first fix some useful notations. We then state a lemma
giving the existence of the Green function of the operator (P#, Pg3) with homo-
geneous Neumann boundary condition, find its asymptotics near the singularity,
and present a trace analogue of the well-known Moser-Trudinger inequality for
the operator P;"” when it is nonnegative (that is, when k = 0).
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Let B, (r) be the metric ball of radius r and center p. We let B;; (ry=B,(r)nM
if p € 9M, but sometimes we use B; (r) todenote B, (r)NM evenif p ¢ oM. We let
B*(r) be the Euclidean ball of center x and radius r. We let B{ (r) = B*(r) N [Ri
if x € aRi, but again we use B7 (r) to denote B*(r) N Ri even if x ¢ aRi.

We denote by dg(x, y) the metric distance between x, y € M and by d;(x, y)
the intrinsic distance between x, y € 0M. Here g is the metric on 0M induced
by g. Given a point x € M and r > 0, let BS™ (r) be the ball in M centered at x
and with radius r with respect to the (intrinsic) distance d; (-, -).

Let H?(M) be the usual Sobolev space of functions on M of class H? in each
coordinate system.

We use C to denote a large positive constant, and the value of C is allowed to
vary from formula to formula and also within the same line.

Denote by M? the cartesian product M x M and by diag(M) the diagonal of M2,

For u € LI(GM), denote by 1,y its average on 0 M, that is,

_ 1
Upy = W/W u(x)dSg(x), where volg(0M) = [,,, dS,.

As usual, N is the natural numbers, and N* is the set of positive integers.

A; = 0;(1) means that A; — 0 as the integer [ — 4-00.

A¢ = 0¢(1) means that A — 0 as the real number € — 0.

As = 05(1) means that As — O as the real number 6 — 0.

A; = O(B;) means that A; < C B; for some constant C independent of /.

We denote by dV, the Riemannian measure associated to the metric g, by dS,
the Riemannian measure associated to g, and by do; the surface measure on the
boundary of balls of M. We let | - |; be the norm associated to 8.

The notation f = f(a, b, ¢, ...) means that f is a quantity that depends only
ona,b,c,....

Define a family of formal sums by

2-1) oMy =310y 11,20, X ti=1, x; eaM};

the set 0 My, is called the formal set of barycenters relative to M of order k. We
recall that 0 My, is a stratified set, namely, a union of sets of various dimension with
maximum dimension equal to 4k — 1.

We recall the following result (see [Djadli and Malchiodi 2006, Lemma 3.7]),
which is necessary in order to carry out the topological argument below.

Lemma 2.1 (well known). For any k > 1, one has Hy_1(0My; Z3) # 0. As a
consequence, 0 My is noncontractible.

If p € C'(0M) and if ¢ € dM;, the action of ¢ on ¢ is (o, p) = Zle tio(x),
or we may write o = Zf:] 1; Oy, -
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Moreover, if f is a nonnegative L' function on M with Jop fdsg =1, we can
define a distance of f from d M in through

(2-2) d(f,oM;) = inf Sup{‘/ fodSg — (o, qo)‘ Melleromy = 1}.
o E€0My oM
We also define the set

23)  D={feLl'@M):f=0, | fllpiom =1, d(f,oMy) <e}.

Now we state a lemma which asserts the existence of the Green function of
(P2, P;) with homogeneous Neumann condition. Its proof is the same as that of
[Ndiaye 2007a, Proposition 2.3].

Lemma 2.2. Suppose ker P; 3 ~ R. Then the Green function G(x, y) of (P, Pg3)
exists in the following sense:

(a) For all functions u € C*(M) with Ou/ong =0, we have, for x € M,
ue) =i = [ GG POV +2 [ Gl y) PGS, 01
M oM

(b) G(x,y) = H(x,y)+ K(x, y) is smooth on M?* \ diag(M?), K extends to a
C>* function on M?, and
N {(SEZ)‘If(r) log(1/7) if By(x) oM = 2,
Y= 872~ f(r)(log(1/r) +1og(1/7)) otherwise.
Herer =dy(x,y) and v =dg(x,y). Also f(x) =1 for x € [-J/2,6/2] and
f € C3°(=0,0), where 6 < émin{él, 02}. In the latter, 0, is the injectivity
radius of M in an extension M of M, and 6, = dy/2.

Next we give a regularity result for boundary value problems of type (1-8), and
also give high order a priori estimates for sequences of solutions to BVPs like
(1-9) when the solutions are bounded from above. The proof is a trivial adaptation
of the arguments of [Ndiaye 2007a, Proposition 2.4].

Lemma 2.3. Let u € Hy /5, be a weak solution to

P;u:h inM and P;u+f:fe3“ onoM

with f € C®(0M), h € C*®°(M) and f a real constant. Then u € C*®(M).
Let u; € Hy o, be a sequence of weak solutions to

P;ulzhl inM and P;u1+ﬁ:ﬁe3”’ on oM.

with fi = fo in CX(0M), fi = fo in CX(6M) and h; — hg in C¥(M) for some
fixed k € N*. Assuming sup,,, u; < C we have that luill crrsvaary < C for any
o € (0, 1).
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Now we present a proposition giving a trace Moser—Trudinger-type inequality
when the operator P;’3 is nonnegative (that is, when k = 0) with trivial kernel.

Proposition 2.4. Assume P;’ -3 is a nonnegative operator with ker P; 3 ~R. Then
forall o < 1272, there exists a constant C = C(M, g, &) such that

a2
(2-4) / exp( i —tew) )ng <C,
oM (Pg’ u, M>L2(M,g)

forallu € Hys,. Hence

(2-5) log/ e3(”_ﬁ)ng <C+ %(Pg“u, U)12(M,g) forallu € Hyjpp.
oM

Proof. Without loss of generality we can assume u#3) = 0. Following the same
argument as in [Chang and Qing 1997b, Lemma 2.2], we get that for all f < 1672,
there exists a C = C(ff, M) such that

po? ) S
—L———)dV,<C forallv e H th =0.
AJCXP(IM|AgD|2dVg g = or all o o/on WID Do pm

From this, using the same reasoning as in [Ndiaye 2007a, Proposition 2.7], we
derive

2
(2-6) / exp(#) dV, <C forall v € Haon with 5531 = 0.
M (Pg’ D,D)LZ(M)

Now let X be a vector field extending the outward normal at the boundary oM.
Using the divergence theorem we obtain

/ e dS, = / divy(Xe™ ) dV,
oM M

(2-7) = /M (divy X +2uaVuV,X)e™ dV,,

where we have used in the second line the formula for the divergence of the product
of a vector field and a function. Now we suppose (P;’3u, u)r2my < 1, then since
the vector field X is smooth we have

(2-8) ‘ / divg(Xe“"2)dvg) <C
M
by (2-6). Next let us show that
‘/ 2auVuVyXe™ dVy| = C.
M

To do so, let € be small and positive, and set p; =4/(3—¢€), p» =4 and p3 =4/e¢.
It is easy to check that (p;)~' + (p2) ™' + (p3)~! = 1. Using Young’s inequality



164 CHEIKH BIRAHIM NDIAYE

we obtain

G—e)/4
|/ 20uVuVy Xe™ dV, §C||u||L4/e||Vgu||L4(/ e“"24/(3*f>dvg) .
M

M

On the other hand, [Ndiaye 2007a, Lemma 2.8] and the Sobolev embedding theo-
rem imply ||u||Lg <C and ||V4u| ;+ < C. Furthermore, from the fact that o < 1272,
by taking € sufficiently small and using (2-4), we obtain

(B—e€)/4
(/M eauz4/(3—e)dvg) ¢ <

Thus we arrive at

29) | /M 2auVuV, X dVy| = C.

Hence (2-7), (2-8) and (2-9) imply fa " e S¢ < C, as desired. So the first part
of the lemma is proved.

Now, using the algebraic inequality 3ab < 3y2a® + 3b*/4y2, the second part
follows directly from the first one, and we are done. (]

3. Proof of Theorem 1.8

Here we use a strategy related to those in [Ndiaye 2007b; 2007a]. Hence we will
only sketch many steps, referring to the corresponding arguments there for details.
However, in contrast to the situation in [Ndiaye 2007a], due to Remark 1.7, we
need only take care of the behavior of the restriction of the sequence u; to the
boundary oM of M.

First we recall a particular case of a result of X. Xu.

Theorem 3.1 [Xu 2005, Theorem 1.2]. There exists a dimensional constant o3 > 0
such that if u € C'(R%) is a solution to the integral equation

u(x) = o3lo (L)e&‘@)d ~+ co,
(x) /R33 e\ oy y+co

where cq is a real number, then e* € L*(R®) implies that there exists . > 0 and
xo € R? such that u(x) =1og(2A /(A% + |x — x0/?)).

Now, if a3 is as in Theorem 3.1, we set k3 = 27203 and Y3 = 2(k3)3.
We divide the proof into five claims as in [Ndiaye 2007b; 2007a].

Claim 1. For some N € N*, there exist N converging points (x;;) C 0M and N
sequences (1 1) of positive real numbers converging to 0 (both sets are indexed by
i=1,...,N)such that the following hold:
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(@) dg(xiy, Xxj1)/ iy — +oofori, j=1,...,N withi # j and
T e = 1.
(b) For every i,
1) = uz(CXle-,I (wigx)) —uy(xig) — %log(/@) — Vo(x) in Clloc(Ri),

where Vy(x) ::10g(4y3/(4y§ + |x]?)) for x € 6R*, and

lim lim Ti(y)e™ M dsy(y) =4z°.
R—+00 [—+00 B};J(R,ui,/)maM

(c) There exists a C > 0 such thatinf,_; _ n dg(x;;, x)3e3”’(") <Cforallx e oM

and for all | € N,

,,,,,

Proof. First let x; € dM be such that u;(x;) = maxyesn u;(x). Then the fact that
u; blows up implies u;(x;) — +00. Now since 6 M is compact, we can assume
without loss of generality that x; — X € oM.

Next let u; > 0 be such that T[(X[),Lt?e3u’(x’) =1. Since T; — Ty in Ccl'(oM),
To > 0 and u;(x;) — 400, we have u; — 0.

Let BR (5/1[1) be the Euclidean half-ball of center O and radius & ,ufl for some
positive, fixed, and small 6. For x € B_?r (5/11_1), we set

(3-1) v1(x) = uy(exp,, (ux)) — uy(x;) — 5 log(ks):
(3-2) 01(x) = Qi (expy, (11x));

(3-3) 01(x) = 01 (exp,, (%))

(3-4) g1(x) = (expy, g) (w1 x).

Now from the Green representation formula we have
(35) w(x) — gy = / G (x, ) Phur(»)dVy ()
M
+2/ G(x,y)Pju;(y)dS,(y") forallx e M,
oM

where G is the Green function of (P; , P;) (see Lemma 2.2).
Next using Equation (1-9) and differentiating (3-5) with respect to x, we obtain
for k =1, 2 that

Vi), (x) < / V4G (e, ) T1 ()™ dV, + 0 (1),
oM

since T) — Ty in C'(6M) and Q; — Qg in C'(M).
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Now let y; € B;j (Ru;) for some fixed positive R. By the same argument as in
[Ndiaye 2007b, formula 43, page 11], we get

(3-6) | V60 e O av, ) = 0.
Hence we have

(3-7) IV¥olg(x) < C.

Furthermore from the definition of v; (see (3-1)), we obtain
(3-8) vi(x) <v;(0)= —% log(ks) forall x € [F\Ri.

Thus we infer that (v;); is uniformly bounded in C%(K) for all compact subsets K
of Ri. Hence by the Arzela—Ascoli theorem we derive that

(3-9) v — Vo in Cp(RY),
On the other hand, (3-8) and (3-9) imply that
(3-10) Vo(x) < Vo(0) = —1 log(ks) forall x € RY.

Moreover from (3-7) and (3-9) we have that Vj is Lipschitz.
Now, using again the Green’s representation formula for (PZ, Pg3), we obtain
forx e Ri fixed and for R big enough such that x BS)r (R) that

G-11) wy(exp, (uix) — faw = /M G (exp,, (1), ¥) P (v)d Vi ()

+2 / Gexpy, (1), ¥ P2 () dSy ().
oM
Next let us set

L(x)=2 / (G(exp,, (wix), ') — G(exp,, (0), ¥)) T1(y")e* 0V dS, (v,

B (RupneM

I (x) =2 / (G(exp,, (uix), ¥') — G(exp,, (0), ¥)) T1(y)e> 10V dS, (),

OM\(BS: (Ruy)

I (x) =2 /a . (G(exp,, (u1x), ¥') — G(exp,, (0), ¥)) T;(y)d S, (),

I, (x) = 2 /M (Glexpy, (u1x). y) — Glexpy, (0), ) Qi(»)d Ve ().

Using arguments of [Ndiaye 2007b, formulas (45)—(51)], we get
(3-12) v1(x) = L (x) + 1 (x) — I (x) — I (x) — £ log(3).



CONSTANT 7-CURVATURE CONFORMAL METRICS ON 4-MANIFOLDS 167
By following the methods of [Ndiaye 2007b, formulas (53)—(62)], we get

limI; (x) :/ 03 log(—IZI >e3V°(Z)dz,
! BY(R)NORY lx —z|

limsupIl;(x) = og(1), ML(x)=o0;(1), TL(x)=0;(1).
!

(3-13)

Hence from (3-9), (3-12), and (3-13) we may let / and R tend to infinity to obtain
that Vp|rs (for simplicity we will still write this as Vp) satisfies the conformally
invariant integral equation

(3-14) Volx) = /R ontog(EL )0z — Liog(ks

on R3. Now since Vj is Lipschitz, the theory of singular integral operators gives
that Vo € C'(RY).

On the other hand, by using the change of variable y = exp, (u;x), one can
check that

(3-15) lim Tie"dV, = ks / eVodx.
=00 /B (Rupnom By (R)NGRY.

Hence (1-12) implies that e"0 € L3(R3).
Furthermore by a classification result by X. Xu (see Theorem 3.1 for the solu-
tions of (3-14)), we derive that

22
216 Vo) = log(52—)
( ) O(X) Og 12+|x_x0|2
for some A > 0 and xp € R3.
Moreover from Vy(x) < Vp(0) = —% log(ks) for all x € R3, we have 1 = 2k3
and xo = 0, so that Vo(x) = log(4y3/(4y3 + |x|*)). On the other hand, by letting
R tend to infinity in (3-15), we obtain

(3-17) lim lim T1(0)e> D dS, (y) = ks / e Vodx.
R—+o00 [—+00 B;.';(R,ul)ﬂ(?Ri R3

By a generalized Pohozaev type identity of X. Xu [2005, Theorem 1.1], we get

03 [ €200 dy =2; hence using (3-17), we derive that

lim  lim T1(y)e¥ W d S, (y) = 4n>.
R—>+oc0 [—>+00 B};(R,u;)ﬁaM
Now for k > 1 we say that (Hy) holds if there exist k converging sequences of

points (x; ;); C 0M and k sequences (x; ) of positive real numbers converging to 0
(both of which are indexed by i =1, ..., k) such that
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(A,lc) dy(xig,xj1)/ iy — +oofori, j=1,...,k withi # j and
Ti(xi)pi e = 1;
(A%) foreveryi e {1,...,k},
011 () = wy(expy,, (%)) — i (xi) — L log(ks) — Vo(x)  in Cho(RY),
where Vo‘a[RRi = log(4y3/(4y§ +1x]?)) and

lim  lim Ti(y)e? ) = 4x2,
R—+00 [—+00 B,;l(R/li,l)ﬂaM

Clearly (H;) holds by the arguments above. We let now k£ > 1 and assume that
(Hy) holds. We also assume that

(3-18) sup Rk,l(x)363“’(") — 400 asl— +oo,
oM

where Ry ;(x) =min;— i dy(x;;, x). Now, by using the arguments of [Druet and
Robert 2006; Ndiaye 2007b], one can easily see that (Hy) also holds. Hence,
since (A,lc) and (A%) of (Hy) imply that

/ T ()¢ d S, (y) = kdn +oy(1),
oM

if follows from (1-12) that there exists a maximal k£ with

1=k = 5(] aomavim+ [ 10)ds.00)

~ 47?2

such that (Hy) holds. Upon arriving at this maximal k, we conclude that (3-18)
cannot hold. Hence setting N = k, the proof of Claim 1 is completed. U

Claim 2. There exists a constant C > 0 such that
(3-19) Ri(x)|Vgulg(x) <C forallx € OM andl € N,
where R;(x) =min;—y  y dg(xiy, x), and the x;; are as in Claim 1.

Proof. First, using the Green representation formula for (P2, Pg3 ) (see Lemma 2.2),
we obtain

i () — fionss = /M Gx. ) Pruy(3)dVi(y) +2 /a GG Pu()dS,(0)
) / Gx, ) Q1dV,(y) —2 / G ()T (v ) d Sy (¥)
M oM

+2 / G(x, Y)T1(y)e* 0V ds, (v),
oM
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where the second equality was obtained using the BVP (1-8). Thus differentiating
this equation with respect to x and using the facts that Q; — Qo, Q; — Q and
T; — Ty in C?, we have for x; € oM

|Vt (x1)|g = 0(/6M mewwdsg(y)) +0().

By following the arguments of the proof of [Ndiaye 2007b, Theorem 1.3, Step 2],

we obtain
1 3ui(y) ( 1 )
——¢ dV, =0———).
/m @sGr 7)) <0 =g e

Since x; is arbitrary, the proof of Claim 2 is finished. U
Claim 3. Set R,‘J = min,’#]‘ dg(xi,l, XjJ).

(a) There exists a constant C > 0 such that for all r € (0, R; ;] and s € (%, r]
(3-20) [y (exp,,, (rx)) — ui(exp,,, (s))| < €

forallx,y e 6Ri such that |x|, |y| < 3/2.
(b) Ifd;; is suchthat 0 <d;; < R;;/2and d;;/ui; — +00, then provided

(3-21) / T1(y)e¥ D d S, (y) = 4n* +0/(1),
BY  (dinnoM
we have

/+ i T;(y)e3”’(y)dsg(y) = 47?2 +0;(1).
B”‘i,l i, 1)NoM

(c) Suppose, for R large and fixed, that d; ; > 0 satisfies d; ; — 0, d; ;/ui; — 400,
and d;; < R;/(4R). Also suppose

/ 010" ds, () = 4n* + 0/ (1).
B (dis/@R)NoM
Set ity (x) = ui(exp,,, (di 1x)) for x € Ay, := (B} (2R)\ BL(1/(2R))) NoR;.
Then i

Id} el cagazy =~ O asl— +o0

for some a € (0, 1), where A}, = (BS)F(R) \ Bg(l/R)) N G[R{i.
Proof. Part (a) follows immediately from Claim 2 and the definition of R; ;. In fact
we can join rx to sy by a curve whose length is bounded by a constant proportional
tor.
We turn to part (b). By d;;/ui; — 400, Claim 1(c) and (3-21), we have

(3-22) M dS, (y) = o0/(1).

/B;;, ,(di)NOM\BY; | (di1/2)NoM
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Thus, using (3-20) with s =r/2 and r = 2d;;, we get

/ 31 ®) ng (y)<C / 31 () ng ().
B, | 2d;)NOM\ B, | (di)noM By, | (di)NOM\B;; | (di1/2)NoM
Hence
/ 10 dS, (y) = o/(1).

Bi ,(2di)NoM\BY; | (di)noM

Xi 1
This proves part (b). One proves the last part (c) by following straightforwardly
the proof of [Ndiaye 2007b, point 3 in Step 3 of Theorem 1.3]. O

Claim 4. There exists a positive constant C independent of | and i such that

/+ ( T1(y)e¥ D dS, (y) = 4n* +o,(1).
B (Ri/C)NoM

Proof. The proof is an adaptation of the arguments proving [Ndiaye 2007b, Step 4],
but for convenience we provide full details.
First fix 1/3 <v <2/3,and fori =1, ..., N, set

it;,1(r) = volg (0B (rynoM)™" / uy(x)dog (x),
' 0By (NnoM

@i (r) =r" exp(i;, (r))

for all 0 < r < min{inj g(M ), inj g,(aM )}. By Claim 1(b), there exists R, such that,
forall R > R,

(3-23) gplf, ((Rui) <0 forall [ sufficiently large (depending on R).
Now we define r;; by

(3-24) rig =sup{Ryui; <r < Ri1/2| ¢;,(r) <O0forre[R,,1)}
Hence (3-23) implies that

(3-25) i/ lig — +oo as | — 4o0.

Now to prove the claim it suffices to show that R; ;/r;; / 400 as [ — 4-00.
Indeed if R;;/r;; /> 400, there exists a positive constant C independent of /
and i such that

(3-26) Ri1/C <riy.

On the other hand, from the Harnack-type inequality (3-20), Claim 1(b), and (3-24)
there exists for any # > 0 an R, > O such that for any R > R,,

(3-27) dy(x, xi) e < quf™" forall x € (B (ri)\ By (Rui ) NoM.
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Since ri /iy — +00 by (3-25) and R;;/2 > riy by (3-24), Ri;/Cui — +00;
hence Claim 1(b), (3-27) and (3-26) imply that

/ T =4x% +0,(1).
B (Rii/C)NoM

By continuity and by the definition of r;;, it follows that golf’l(ri,l) = 0. Let us
assume by contradiction that R; ;/r; ; — 4-00. We will show next that golf’ (rig) <0
for large [, thus contradicting the previous equality. To do so we will study the
function u; ;.

First let us remark that since M is compact R; ;/r; ; — +00 implies that r; ; — 0.
From Green’s representation formula for u;, we have

) = [ G PIGIAVA) + s +2 [ G,y ) P dS()
=2 [ Ge DT ds ()
o
-2 [ GV =2 [ Gl VTN 0) + o
Hence
i (r) =2(volg (8B (r)noM)) ™ / / . G, T ()M dV S, (y)do,(x)
—2(volg (0B} (r) N oM))~! / /M G(x,y)Q1(y)dVg(y)dog(x)
—2(volg (@B (NN aM))—l//aM G(x, Y)Ti(y)dSe(y)dog(x) + itom.i,
where here and below the first integration is over 0 B ;l_ ) (ryNoM. Setting
Fur) =201, @B, () o)™ [ 60001V 0)do )

+20v0l, @81, (VN om) ! [ /a G DTS, 0o ),
we obtain
;) =2(vol, (0B} (r)noM) ™! / / G(x, )T (y)e¥ D dS, (y)do,(x)
™ +uom, — Fi(r).

Since Q; — Qg in C' (M) and T; — T, in C' (8 M), it follows that F; ; is of class C'!
forall i,!. Also

(3-28) |Fi/,1(”)| <C forall r € (0, min{inj,(M)/4, inj;(OM)/4}).
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Now fix A such that

min{yinj, (M), 3inj;(8M)} < A < min{3inj, (M), 5inj;(OM)}.

We have
/ G(x, NTi(y)e™ ™V dS, (y) = / G(x, )T dS,(y)
oM By, (A)NoM
+ / G(x, )T d S, ().
6M\B;?J(A)
So

i, (r) =2vol, (0B} (r)NnoM) ™" x
/ / (Gx,y) = K(x, ) Ti(y)e™™ dS,(y)dog (x)
0By (nnoM J B (A)nom
+uomg — Fia(r)+ Hiy(r);
with

Hi (r) =2vol, (0B} (rynoM)™" x

( / / G, VT ()€ dS, ()doy (x)
88};[ (rynem aM\B;;J(A)

+ / / K (x, )T(y)e' Y dSy(y)doy (x))-
aBJU (rnNeM B;,.J (A)noM

Since G is smooth outside of diag(M), it follows that
H;; € C' (0, min{jinj, (M), Jinj;(@M)}) foralli,l,
and
(3-29) |H],(r)] <C forall r € (0, min{3inj, (M), 3inj;(8M)}).
Now using the change of variable x = r@ and y = 50, we obtain

wig=uom— Fii(r)+H;;(r)+

A
—Vo&sz) / / / £, 0)(G(r0, 50) — K (r0, sO) T (s0)e> D52 f (s, B)dsdfdo.

§2.52 0
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So differentiating with respect to r, we have

i, (r) = (vol(§?)~! x

A N ~ ~
/ / / ;;r( F(r,0)(G(r0, s0) — K (r0, s0)))T (s0)e Vs> £ (s, 0)dsdOdo
s2Js2Jo
_ Fi’,l(r) + Hi/’l(r).
From the asymptotics of G (see Lemma 2.2) and the fact that f is bounded in C2,
it follows that

1 j NGO — F 1
vol(57) /S2 /SZ (G(r@, s8) — K (r0, 59))d9d9 = f(r,s) log(—) + H(r,s),

[r—s|

with H of class C* and f of class C2. Hence setting

~ 1 P ~ =~ <~
G(r,s)= vol(s9) / / ar (f(r, N(G(rd, sd) — K(ro, s@))) T (s0)f (s, 0)dOdo.
SZ S2
we obtain
(3-30) G s) = f(r, s)ﬁ FH® ),

where H (r, -) is integrable for every fixed r.
On the other hand, using the Harnack-type inequality (see (3-20)), we have

ui(s0) < ui(s)+C uniformly in 6.

Hence, we obtain
A ~ —_
ui(r) < C/ s2G(r, 5)e 1) ds — F,(r)+ H,(r).
0

Now let us study fOA s2G(r, s)e*1®)ds. Let R be so large that r;; < R;;/(4R)
(this is possible because of the assumption of contradiction). Now let us split the
integral as

A - _ r,;//R - _ r,',[R - _
/ s2G(r, 5)e* W ds = / s2G (r, 5)e* 1 ds —I—/ s2G(r, $)e> 1) ds
0 0 r,-J/R

Riy/C _ A - _
+/ SZG(r, S)e3u,',1(s)ds +/ SZG(r, S)eSui’](S)ds-
riiR Rii/C

Using the fact that we are at the scale r; ;/R, Claim 1(b) implies the estimates

ri,l/R . _ 2 1
/ 52G(rig, $)e O ds = — = 1 o (1)—
0 ri ril
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for the first term of the equality above, with r = r;;. On the other hand using
Claim 1(c) we obtain the estimate

i/ C - _ 1
/ szG(ri,l, s)e3”‘3l(s)ds =o;(1)—.
ri1R ril

for the third term, with r =r; ;. Using Claim 1(c) and the fact that R; ;/r; ; = 400,
we have the estimate

A
/ szG(r,-,l, s)e3”’3’(3)ds = ol(l)i.
Ri1/C ril

for the fourth term, with r = r;;, Now let us estimate the second term, using
Claim 3(c). First we recall that r; ; and R satisfy the its assumptions. Hence

(3-31) 17 1€ | cuazy = 00 (1),

For the definition of A;g and u;, see Claim 3(c), with d,; replaced by r; ;. Now,
performing a change of variable, say r; ;y = s, we obtain the equality

riiR B B R . A
(3-32) / s2G(r, 5)e¥ O ds = / Y Gii(y)r} e Wy,
rii/R 1/R

where
uig(y) =uii(rigy) and G;i(y) =G(rig,rigy).
From the asymptotics of G (see (3-30)), we deduce for GU that

(3-33) Gii(y) = fis()—r—— + Hi (),

riJ (1 y)

where I:I,'J is integrable and f,-,l of class C2.
Hence, using (3-32) and (3-33), we get the equation

(3-34)
riiR R R
/ s G(r 1, 8)e i O dg = 1 /y3(fi’l(y) +rl-JI:I,-,z(y))r?lem’?[(y)dy.
ril (I-y) ’
ril/R 1/R

Moreover, using the Harnack-type inequality for u; (see (3-20)) and (3-31), we
have

(3-35) ll73,€3% | a1y rD) = 01(1).

So using techniques of the theory of singular integral operators as in [Gilbarg and
Trudinger 1983, Lemma 4.4] to obtain Holder estimates, we find

R
/ y ( i z(y) l,zHi,l()’))r21€3ui’[(y)dy =oy(1).

(I-y)
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So, with (3-32), we deduce that
rigR B _
/ s3G(r, s)e3“"~’(s)ds = o;(1/ri1).
rig/R
Hence, we arrive to

1

(3-36) i, (ri)) < —2C—
’ il

1
+ 01(1)71 — F{ (rig) + H (r).
i,
Next let compute (plf’ ;(ri1). From straightforward computations, we have

ol (riy) = (ri))™~ exp(i (rig)) (3v +rigid  (riy)) -

Thus, using (3-36), we get the inequality
ol (riy) < (i)~ expity(riy) (3v —2C 4+ 0,(1) — riy FY (ri) + rig Hi  (ri0)) -

So, since v < 2/3, we have 3v — 2C + 0;(1) < 0 for / sufficiently large.

Now, because Flf, ; and Hl.’,, are bounded in (0, min{}‘inj (M), %inj ;(0M)}) uni-
formly in /, and because r;; — 0, we have ¢! ,(r; ;) < 0 for / big enough, This is
the contradiction that proves Claim 4. ’ ]

Conclusion of the proof of Theorem 1.8. Following the arguments of [Ndiaye
2007b, Step 5], we have

/ , 63”’(y)ng(y)=01(1).
OM\(UZY B (Rii/C)naM)

So, since B;] (Ri;/C)NOM are disjoint, Claim 4 implies

/ T1(5)eM 0 dS, (y) = 4N+ 0r(1),
oM

Thus from (1-12) we derive
| 0uavi+ [ 107ds, 00 =ana’ O
M oM

4. Proof of Theorem 1.2

This section has four subsections. The first concerns an improvement of the trace
Moser-Trudinger-type inequality (see Proposition 2.4) and its corollaries. The
second is about the existence of a nontrivial global projection from some negative
sublevels of II onto 6 M; (for the definition see (2-1)). The third deals with the
construction of a map from oMy into suitable negative sublevels of II. The last
describes the min-max scheme.
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4.1. Improved trace Moser—Trudinger-type inequality. Here we give an improve-
ment of the trace Moser—Trudinger-type inequality; see Proposition 2.4. Then we
state a lemma that gives some sufficient conditions for the improvement to hold;
see (4-1). By these results, we derive that, if u € Hy s, with faM e3”ng =1,
then that II(u) attains large negative values implies e can concentrate at most at
k points of 0M; see Lemma 4.3. Finally from these results, we derive a corollary
that gives the distance of e3" (for some functions u € H, Jon With f oM ed Se=1)
from o Mj,.

The aforementioned improvement of the trace Moser—Trudinger-type inequality
(Proposition 2.4) is proved by a trivial adaptation of the arguments of [Djadli and
Malchiodi 2006, Lemma 2.2].

Lemma 4.1. For a fixed | € N, suppose Sy, ..., Si+1 are subsets of M satisfying
dist(S;, S;) = do fori # j. Let yo € (0, 1/(I +1)).
Then, for any € > 0, there exists a constant C = C(€, dy, Y0, !, M) such that
log e3u—ton) « ¢ + 3 ( 1 )(P4,3u u) s
om = 1672 \I+1—¢/) ' ¢ & 7/L°00

for all the functions u € Hy o, satisfying

fSi eMdSg
fé’M e3u ng

In the next lemma we show a criterion which implies that condition (4-1) holds.
Its proof is the same as that of [Djadli and Malchiodi 2006, Lemma 2.3].

(4-1) >yo foriefl,...,[+1}.

Lemma 4.2. Suppose [ is a given positive integer, and € and r are positive num-
bers. Suppose for a nonnegative function f € L' (6 M) with I f 1 omy = 1 that

fdSg <1—¢  forall L-tuples py, ..., pr € OM.
Uizt B (pi)

Then there exist positive numbers & and r depending only on ¢, r,{ and OM (but
noton f),and €+ 1 points p1, ..., pey1 € OM (which do depend on f) satisfying

/BEM(p‘)deg & fori=1,...,0+]1,

BM(p)N B3 (pj) =2 fori#j.
The following interesting consequence of Lemma 4.1 characterizes some func-
tions in Hy/s, for which the value of II is large and negative.

Lemma 4.3. Under the assumptions of Theorem 1.2, and for k > 1 as in Case 1.5,
the following property holds. For any € > 0 and any r > 0 there exists a large
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positive real number L = L (e, r) such that for any u € Hp /5, with Il(u) < —L and
faM e3ung =1, there exist k points p1y, ..., Pk.u € OM such that

(4-2) e dS, <e.

/aM\Ufl BYM (r)
Proof. Suppose the statement is not true. Then there exist € > 0, r > 0, and a
sequence (u,) € Hj, such that faM e3”"ng =1 and lI(u,) > —oc0 as n — 400
and such that

(4-3) / eMdS, <1—¢
Uiz BYM ()

i=1"piy
for any k tuples of points py, ..., px € 0M. Now by applying Lemma 4.2 with
f = e, and by using Lemma 4.1 with §y =27, S§; = B%M (r), and yo = €, where
€, r and p; are given as in Lemma 4.2, we find that for every € > 0 there exists a
postive real number C depending on €, r and € (and not on n) such that

M(u,) > (P;’3un,un)+4/ qundvg+4/ Teu,dS,
M oM

3

— %K(P4,P3)m(f);’3un’ u,,) — CK(P4,P3) — 4K(P4,P3)ﬁn6M’

Using elementary simplifications, the above inequality becomes

II(un)z<P§’3un,u,,>+4/ qundvg+4/ ToutndS,
M oM

— u > — — M
47272((]1{34—1)1—5) (P; 3un, un) CK'(pzt’PS) 4K(P4,P3)un6M~

So, since xps p3 < (k+ 1)472, we get by choosing € small enough that
W(un) = B P, ) = 4C Pty un)' ' — Crepa s,

where have used the Holder inequality, Sobolev embedding, trace Sobolev embed-
ding and the fact that ker P,> ~ R (where = 1 —k(ps_p3)/(4n>(k+1—&)) > 0).
Thus we arrive at II(«,) > —C, a contradiction. O

The next lemma, a direct consequence of the previous one, gives the distance
of e from dM; for some functions u belonging to very negative sublevels of I
such that |’ oM eds ¢ = 1. Its proof is the same as that of the corollary in [Djadli
and Malchiodi 2006].

Corollary 4.4. Let & be a (small) arbitrary positive number, and let k be as in
Case 1.5. Then there exists an L > 0 such that, if Il(u) < —L and faM e dS, =1,
then d(e’, o M) < &.



178 CHEIKH BIRAHIM NDIAYE

4.2. Mapping very negative sublevels of 11 into d My. In this short subsection,
we show that one can nontrivially map some appropriate low energy sublevels of
the Euler—Lagrange functional II into 0 M.

Arguing as in [Djadli and Malchiodi 2006, Proposition 3.1], we have this lemma:

Lemma 4.5. Let m be a positive integer, and for ¢ > 0 let D, ,, be as in (2-3).
Then there exists an &, > 0, depending on m and 0M, such that for all ¢ < ¢,
there exists a continuous map 1l,, : D, — OMp,.

Using this lemma, we have the following nontrivial continuous global projection
from low energy sublevels of II into o M.

Proposition 4.6. For k > 1 as in Case 1.5, there is a large positive real num-
ber L and a continuous and topologically nontrivial map ¥ from the sublevel
{u:Mu) <=L, [,,,e"dS, =1} into 0M .

By the noncontractibility of d My, the nontriviality of ¥ will be apparent from
Proposition 4.10(a) below.

Proof. We fix g so small that Lemma 4.5 applies with m = k. Then we apply
Corollary 4.4 with € =¢;. We let L be the corresponding large positive real number,
so that if II(«) < —L and faM e dS, =1, then d(e*", dMy) < ;. Thus for these
ranges of u, that the map u +— 3" is continuous from H, Jon 1NtO Ll(aM ) implies
that the projection Il from Hj /5, onto 0 M is well defined and continuous. Hence
setting W () = I1; (") finishes the proof. O

4.3. Mapping o0 My, into very negative sublevels of 1I. In this subsection, we de-
fine some test functions depending on a real parameter 4 and estimate the quadratic
part of the functional II on those functions as A tends to infinity. As a corollary,
we define a continuous map from 0 My into large negative sublevels of II.

For ¢ > 0 small, consider a smooth nondecreasing cutoff function ys: Ry — R
with the properties that (see [Djadli and Malchiodi 2006])

x5(t) =t if £ € [0, J1,
xs(t) =26 ifr > 26,
x5(t) €10,20] ift e[, 24].

Then, given 6My >0 = Zle 10y, and 4 > 0, we define ¢, , : M — R by

k 3
4-4 ROES? ( ”(L) );
) o) = sloe( 20\ T a G

where we have set d;(y) =d,(y, x;) for x; € 0M and y € M, with d, denoting the
Riemannian distance on M.
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Now, we state a lemma giving an estimate (uniform in ¢ € 0 My) of the quadratic
part (Pg39; 4, ¢,.5) of the Euler—Lagrange functional Il as 4 — +o00. Its proof is
a straightforward adaptation of the arguments in [Ndiaye 2007b, Lemma 4.5].

Lemma 4.7. Suppose ¢, , as in (4-4), and let € be sufficiently small and positive.
Then

4-5) (P 0i0.010) < (167%k + € +05(1))log A+ Ce s as i — +o0.

The next lemma estimates the remainder of the functional II along ¢, ;. The
proof is the same as that of [Djadli and Malchiodi 2006, Lemma 4.3, formulas
(40) and (41)].

Lemma 4.8. Suppose ¢, is as in (4-4). Then as A — +00, we have
/ Q490,2dVy = —kpslog .+ 0 (6% log 1) + O (log &) + O (1),
M
/ T405,,dV, = —kKp3 log 24 0(5°log 1) + O (log §) + 0 (1),
oM

log/ 370 = 0(1).
oM

Now for 4 > 0 we define the map ®, : oMy — Hy/0n, 0 — @4 ;. This map
appears in the following lemma, a trivial application of Lemmas 4.7 and 4.8.

Lemma 4.9. For k > 1 as in Case 1.5 and for any positive L large enough, there
exists a small § and a large positive real number 4 such that (® (o)) < —L for
every o € 0M;.

The next proposition shows the existence of a projection from 0 M onto large
negative sublevels of II, and the nontriviality of the map ¥ of Proposition 4.6.

Proposition 4.10. Let Y be the map defined in Proposition 4.6. For k > 1 as in
Case 1.5 and for every positive L large enough that Proposition 4.6 applies, there
exists a map @7 : OMy — Hp o, such that

(a) II(P;(z)) < —L forany z € OMy and
(b) ¥ o @3 is homotopic to the identity on 0 M.

Proof. The statement (a) follows from Lemma 4.9. To prove (b) it is sufficient to
consider the family of maps T, : 0My — My, o — ¥ (®,(c)). We recall that this
composition is well defined if 4 is sufficiently large. On the other hand, one can
check easily that 3?7 / /. oM e3eid S¢ — o in the weak distributional sense. Thus,
letting A — +o0, we obtain a homotopy between ¥ o @ and Idsyy, . (I
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4.4. Min-max scheme for existence of solutions. Here we describe the min-max
scheme based on the set 0 Mj, which we will need to prove Theorem 1.2. As
anticipated in the introduction, we define a modified functional II,, for which we
can prove existence of solutions for almost every p in a neighborhood of 1. Fol-
lowing an idea of Struwe [1988], this is done by proving the almost everywhere
differentiability of the map p — II_ 7, where II 5,7 1s the min-max value for the
perturbed functional II,,.

We now introduce the min-max scheme that supplies the existence of solutions
of (1-8) . Let G’M\k denote the (contractible) cone over 0 My, which can be repre-
sented as 8’1\7k = (0M} x [0, 1]) with M} x O collapsed to a single point. Now,
let L be so large that Proposition 4.6 applies with L /4, and then let 1 be so large
that Proposition 4.10 applies for this value of L. Fixing 4, we define the class

pLA?

(4-6) II; = {7r : G’M\k — Hp/sn : m is continuous and 7 (- x 1) = @z(- )}.
Lemma. The set II; is nonempty, and

ﬁ; = inf sup Il(z(m)) satisfies ﬁ; > —L/2.

mell; medMy

Proof. The proof is the same as that of [Djadli and Malchiodi 2006, Lemma 5.1],
but we repeat it for convenience.

To prove that II; is nonempty, we just notice that the map 7 (-,t) = t®z(-)
belongs to II;. Now suppose by contradiction that ﬁ; < —L/2. Then there exists
a map « € II; such that sup,, 577 (7 (m)) < —3L/8. Writing m = (z, 1) with
7 € OMy. Then, since Proposition 4.6 applies with L/4, the map t +— Yoz (-,1)
is a homotopy in 0 My between ¥ o @7 and a constant map. But this is impossible
since 0 M}, is noncontractible and ¥ o @7 is homotopic to the identity map on 0 M
by Proposition 4.10. U

Next, we introduce a variant of the above min-max scheme following [Djadli
and Malchiodi 2006; Struwe 1988; Ndiaye 2007b]. For p in a small neighborhood
[1— po, 1 + pol, we define the modified functional II, : Hy/6, — R by

4-7) u> (PP u,u) + 4,0/ QudVy+4p / ToudS,
M oM
_ 4 1 3u
3PK(P4,P3) Og/ e ng
oM
Following the estimates of Section 3, one easily checks that the above min-max

scheme applies uniformly for p € [1— po, 1+ po] and for A sufficiently large. More
precisely, given any large number L > 0, there exists A sufficiently large and py
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sufficiently small so that

sup sup Il(z(m)) < —2L,
71'€H;f mea/]@
8
I, 7= inf sup_ I,(z(m)) > —L/2 for p e[l —po, 1+ pol,

EGHZ meoMy

where II7 is defined as in (4-6). Moreover, using for example the test maps obtained
by modifying the standard bubbles, one shows that for py sufficiently small, there
exists a large positive constant L such that

(4-9) I, ;<L forevery p€[l—po, 1+ pol.

We have the following result regarding the dependence in p of the min-max
value 1T o

Lemma 4.11. Let / and po be such that (4-8) holds. Then the function
p ﬁpj/p is nonincreasing in [1 — pg, 1 +1 — pol.

Proof. For p > p’, we have

1I 11,
L M@ _ (% - [}) (P43, ).
p p
Therefore it follows easily that ﬁpj/p — ﬁp,j/p’ <0. O

From this lemma, it follows that the function p — II ».7/ p is almost everywhere
differentiable in [1 — pg, 1+ po].

Corollary 4.12. Let J. and pg be as in Lemma 4.11, and let A C [1— pg, 1+ po be
the (dense) set of p for which the function 11 0.1 / p is differentiable. Then for p € A
the functional 11, has a bounded Palais—Smale sequence (u;); at level ﬁp, -

Proof. The existence of Palais—Smale sequence (u;); at level ﬁpj follows from
(4-8); the boundedness is proved exactly as in [Ding et al. 1999, Lemma 3.2]. [

Next, we state a proposition saying that bounded Palais—Smale sequence of II,,
converges weakly (up to a subsequence) to a solution of the perturbed problem.
The proof is the same as that of [Djadli and Malchiodi 2006, Proposition 5.5].

Proposition 4.13. Suppose (u;); C Hyon is a sequence for which

I,(u;) — ceR, II;)[ul] — 0, / 63'”ng =1, |wllg2m =C.
oM
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Then (u;) has a weak limit u (up to a subsequence) satisfying the BVP
Piu+2pQ, =0 inM,
Pg3u +pT, = px(p4’p3)e3” on oM,
ou/ong =0 on oM.

Proof of Theorem 1.2. By Corollary 4.12 and Proposition 4.13, there exists a se-
quence p; — 1 and u; such that

Pguj+2p1Qg =0 in M,
Pg3u1 +pT, = ,OK(P4,P3)€3MI on oM,
ou;/ong =0 on oM.

Now since #ps_psy = [y, Qgd Vg + [,)y TedSg # 4m?k fork=1,2,3, ... and by
applying Corollary 1.9(c), we have that u; is bounded in C*** for every a € (0, 1).
Hence up to a subsequence it converges in C' (M) to a solution of (1-8). ([

Remark 4.1. As said in the introduction, we now discuss how to settle the gen-
eral case. For clarity of exposition, we divide the discussion in three parts, each
corresponding to a remaining case.

Case (k = 0 and K(p4,p3) < 47?). This case was proved in [Ndiaye 2007c] us-
ing geometric flows. However, using direct methods in the calculus of varia-
tions, it can be obtained thanks to the trace Moser—Trudinger-type inequality (see
Proposition 2.4). Indeed by the latter inequality, the functional is coercive and
weakly lower-semicontinuous. Hence, from the Weierstrass theorem in the calculus
of variations, one infers that the functional admits a minimizer.

Case (k # 0 and Kps,pyy <4m 2). In this case, Pg“’3 has some negative eigenval-
ues. We proceed as in [Djadli and Malchiodi 2006], but change the arguments
as follows. To obtain the trace Moser—Trudinger-type inequality, we impose the
additional condition ||| < C, where & is the component of u in the direct sum
of the negative eigenspaces. Thus the functional goes negative infinity only if | ||
tends to infinity. Hence to run the min-max scheme we substitute d My with S¥~1,
the boundary of the unit ball in the k-dimensional Euclidean space. Another mod-
ification for the min-max scheme is in the monotonicity formula, which now says
that p — ﬁp /p — Cp is nonincreasing in [1 — pg, 1+ po] for a fixed constant C > 0.

Case (k # 0 and K(p4,p3) € (47 %k, 4(k + 1)z?) for k > 1). In this case we mix
ideas from the case that k = 0 and K(ps p3) € 472k, 4(k + 1)x?) and from the
case that k # 0 and K(p4,py) < 4w 2, Precisely, to obtain the trace Moser—Trudinger
inequality and its improvement, we impose the additional condition ||i|| < C, where
u is the component of u in the direct sum of the negative eigenspaces. Another



CONSTANT T-CURVATURE CONFORMAL METRICS ON 4-MANIFOLDS 183

issue that must be considered is that not only ¢ can concentrate but also ||| can
also tend to infinity. To deal with this, we must substitute the set 6 M; with an other
one, Ay r, which is defined in terms of the integer k and the number k of negative
eigenvalues of Pg4 »3_ This was done in [Djadli and Malchiodi 2006]. Also required
is suitable adaptation of the min-max scheme and of the monotonicity formula,
which in general says that p — ﬁp /p — Cp is nonincreasing in [1 — pg, 1+ po] for
a fixed constant C > 0.

Acknowledgment

I thank Professor Andrea Malchiodi for several stimulating discussions.

References

[Branson and @rsted 1991] T. P. Branson and B. @rsted, “Explicit functional determinants in four
dimensions”, Proc. Amer. Math. Soc. 113:3 (1991), 669-682. MR 92b:58238 Zbl 0762.47019

[Brendle 2002] S. Brendle, “A family of curvature flows on surfaces with boundary”, Math. Z. 241:4
(2002), 829-869. MR 2003j:53104 Zbl 1036.53044

[Brendle 2003] S. Brendle, “Global existence and convergence for a higher order flow in conformal
geometry”, Ann. of Math. (2) 158:1 (2003), 323-343. MR 2004¢:53098 Zbl 1042.53016

[Chang and Qing 1997a] S.-Y. A. Chang and J. Qing, “The zeta functional determinants on man-
ifolds with boundary, I: The formula”, J. Funct. Anal. 147:2 (1997), 327-362. MR 98f:58198
Zbl 0914.58039

[Chang and Qing 1997b] S.-Y. A. Chang and J. Qing, “The zeta functional determinants on mani-
folds with boundary, II: Extremal metrics and compactness of isospectral set”, J. Funct. Anal. 147:2
(1997), 363-399. MR 98£:58199 Zbl 0914.58040

[Chang and Yang 1995] S.-Y. A. Chang and P. C. Yang, “Extremal metrics of zeta function determi-
nants on 4-manifolds”, Ann. of Math. (2) 142:1 (1995), 171-212. MR 96e:58034 Zbl 0842.58011

[Ding et al. 1999] W. Ding, J. Jost, J. Li, and G. Wang, “Existence results for mean field equations”,
Ann. Inst. H. Poincaré Anal. Non Linéaire 16:5 (1999), 653-666. MR 2000i:35061 Zbl 0937.35055

[Djadli and Malchiodi 2006] Z. Djadli and A. Malchiodi, “Existence of conformal metrics with
constant Q-curvature”, preprint, 2006. arXiv math/0410141v3

[Druet and Robert 2006] O. Druet and F. Robert, “Bubbling phenomena for fourth-order four-
dimensional PDEs with exponential growth”, Proc. American Math. Soc. 134:3 (2006), 897-908.
MR 2006g:53042 Zbl 1083.58018

[Escobar 1992] J. E. Escobar, “Conformal deformation of a Riemannian metric to a scalar flat
metric with constant mean curvature on the boundary”, Ann. of Math. (2) 136:1 (1992), 1-50.
MR 93e:53046 Zbl 0766.53033

[Fefferman and Graham 1985] C. Fefferman and C. R. Graham, “Conformal invariants”, pp. 95—
116 in The mathematical heritage of Elie Cartan (Lyon, 1984), Astérisque (hors série), Société
Mathématique de France, Paris, 1985. MR 87g:53060 Zbl 0602.53007

[Fefferman and Graham 2002] C. Fefferman and C. R. Graham, “Q-curvature and Poincaré met-
rics”, Math. Res. Lett. 9:2-3 (2002), 139-151. MR 2003f:53053 Zbl 1016.53031



184 CHEIKH BIRAHIM NDIAYE

[Gilbarg and Trudinger 1983] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations
of second order, 2nd ed., Grundlehren der Mathematischen Wissenschaften 224, Springer, Berlin,
1983. MR 86¢:35035 Zbl 0562.35001

[Graham et al. 1992] C. R. Graham, R. Jenne, L. J. Mason, and G. A. J. Sparling, “Conformally
invariant powers of the Laplacian, I: Existence”, J. London Math. Soc. (2) 46:3 (1992), 557-565.
MR 94¢:58226 Zbl 0726.53010

[Ndiaye 2007a] C. B. Ndiaye, “Conformal metrics with constant Q-curvature for manifolds with
boundary”, preprint, 2007. To appear in Communications in Analysis and Geometry.

[Ndiaye 2007b] C. B. Ndiaye, “Constant Q-curvature metrics in arbitrary dimension”, J. Funct.
Anal. 251:1 (2007), 1-58. MR 2353700 Zbl 1130.53027

[Ndiaye 2007¢c] C. B. Ndiaye, “Curvature flows on four manifolds with boundary”, preprint, 2007.
[Paneitz 2008] S. M. Paneitz, “A quartic conformally covariant differential operator for arbitrary

pseudo-Riemannian manifolds”, SIGMA Symmetry Integrability Geom. Methods Appl. 4 (2008),
Paper 036. MR 2393291 Zbl 1145.53053

[Struwe 1988] M. Struwe, “The existence of surfaces of constant mean curvature with free bound-
aries”, Acta Math. 160:1-2 (1988), 19-64. MR 89a:53012 Zbl 0646.53005

[Xu 2005] X. Xu, “Uniqueness and non-existence theorems for conformally invariant equations”, J.
Funct. Anal. 222:1 (2005), 1-28. MR 2007e:45007 Zbl 1069.53013

Received August 1, 2007. Revised October 1, 2008.

CHEIKH BIRAHIM NDIAYE

MAX-PLANCK-INSTITUT FUR GRAVITATIONSPHY SIK
ALBERT-EINSTEIN-INSTITUT

AM MUHLENBERG 1

D-14476 GoLM

GERMANY

ndiaye @aei.mpg.de



