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We study the Hopf bifurcation of ¢3 differential systems in R” showing that
[ limit cycles can bifurcate from one singularity with eigenvalues £bi and
n —2 zeros withl € {0, 1, ..., 2"3). As far as we know this is the first time
that it is proved that the number of limit cycles that can bifurcate in a Hopf
bifurcation increases exponentially with the dimension of the space. To
prove this result, we use first-order averaging theory. Further, in dimension
4 we characterize the shape and the kind of stability of the bifurcated limit
cycles. We apply our results to certain fourth-order differential equations
and then to a simplified Marchuk model that describes immune response.

1. Introduction and statement of the main results

In this work we study the Hopf bifurcation of 63 differential systems in R” with
n > 3 by using first-order averaging theory. We assume that these systems have
a singularity at the origin, whose linear part has eigenvalues ea & bi and ecy for
k =3,...,n, where ¢ is a small parameter. Such systems can be written in the
form

X =¢ax —by+ Z a,-,...,-nx”ylzzg3 ez 4o,

i =2
(1) y=bx+¢eay+ Z bl-l..jnx"y’zz;3 ez + R,
i1 =2
S (k) i1 ,i2 I3 in _
Ik = €CkZ + Z G, X' Y223 g+, k=3,...,n,
i A =2

k
where a;,...;, , bi, ..i, » cl.(] -)--in’ a, b and ¢y, are real parameters, ab #0, and s, % and €,

are the Lagrange expressions of the error function of third order in the expansion
of the functions of the system in Taylor series.
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Our first result is on the number of limit cycles which can bifurcate from the
origin by using the first-order averaging method.

Theorem 1. There exist €3 systems (1) for which l € {0, 1, ..., 273V limit cycles
bifurcate from the origin at ¢ = 0, that is, for ¢ sufficiently small the system has
exactly I limit cycles in a neighborhood of the origin and these limit cycles tend to
the origin when & N\ 0.

Theorem 1 is proved in Section 3. From the proof of Theorem 1 the next result
follows immediately.

Corollary 2. There exist quadratic polynomial differential systems (1) (that is,
with . =B =€, =0) for whichl € {0, 1, ..., 2"=3Y limit cycles bifurcate from the
origin at ¢ =0, that is, for ¢ sufficiently small the system has exactly [ limit cycles in
a neighborhood of the origin and these limit cycles tend to the origin when & N\ 0.

The study of limit cycles and averaging theory has a long history; see for instance
[Marsden and McCracken 1976; Sanders and Verhulst 1985; Ye et al. 1986; Zhang
et al. 1992; Verhulst 1991; Li 2003; Buica and Llibre 2004]. But as far as we know
our result is the first one showing that the number of bifurcated limit cycles in a
Hopf bifurcation can grow exponentially with the dimension of the system.

For lower dimensional systems we have more precise results than the ones stated
in Theorem 1. See [Llibre et al. 2007] for a proof of Theorem 1 in dimension 3
restricted to quadratic polynomial differential systems, and for sufficient conditions
for the existence or not of one limit cycle and its kind of stability. In dimension 4
we write the system (1) as

X =¢eax —by+ E aijux'y’ Kt + A,
it j k=2

y=bx +eay+ Z bijklxiyjzkwl + 9B,

i+ jth41=2
()
. - ik, @
= ecz+ CijkiX Y’ 2w +°6,
i+ j+h41=2
W= edw + E dijklxiyjzkwl + 9,
i+ k=2

where a;jii, bijki, Cijki> dijris a, b, ¢ and d are real parameters, ab # 0, and s, B,
% and 9 are the Lagrange expressions of the error function of third order in the
expansion of the functions of the system in Taylor series. Without loss we assume
that b > 0. Set
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A=KG|—LG,,
B =2a(N2F{ —2N3F>)+cFGy4+d F1 F>Gy,
C =2a(aN;—dF,G)),
D =2a (M, F}+2M> F F,+ M3F;)+cK Fi+dLF,,
3) E= —aRaMyFi+2aM;3Fy+dL),
A =dF,G|-2aN,, F =cF>G24+2aN;, A= A*-8aNs[,
' = —8a*co02 N3 +4ac F> N3 —2acoo11 N3A—coooa(A*+A)/2,
® = 2¢0011C Fi (2a B4+C F»)—2¢ BC F2—2¢0020C? F} —2c0002 2a B+C F»)?,
Y =4a ((CF2—2a00020)A2+26160011FzAF—ZaCooozeze) ,

where
Fi = aioo1+boro1, F2 = aioo+boi1o, G1 = co200tc2000, G2 = do200+d2000,
K = dono FE—doon1 Fi Fa+dooo2 Fy, L = coo20 Fi —coo11 Fi Fa+coo02 F3
M = con20doo11 —coo11d0020, M2 = c0002d0020 —C0020d0002,
M3 = coo11d0002—Cc0002d0011 5
Ny =do020G1—¢0020G2, Na=doo11G1—c0011G2, N3 = dooo2G1—c0002G2-
Using these quantities we will be able to control the number of bifurcated limit

cycles in the Hopf bifurcation of the system (2) and their kind of stability. Our
basic assumptions are

FE+F}#0, G}+G3#0.

Because if F ]2 + F22 = 0 from the proof of our next theorem we can see that sys-
tem (2) cannot present a Hopf bifurcation, and if G% + G% = 0 then the system
(2) either has no Hopf bifurcation or first-order averaging theory that we are using
cannot decide if there is a Hopf bifurcation.

Our results on the Hopf bifurcation of the system (2) are the following.

Theorem 3. Consider a 6> system (2) with G # 0.
(a.1) Suppose F) #0, A #0, and B> —4AC > 0. If

4AE—DB+Dv B2 —4AC)F,>0 or 4AE—DB—D+/ B> —4AC)F, >0,

the system has a limit cycle tending to a singular point as € (0. We denote
this limit cycle by T'y. in the first case and by 'y, in the second. When both
inequalities are satisfied, distinct limit cycles '\, and 'y, exist, tending to
different singular points as & \ 0.
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(a.2) Suppose F1 20, A =0, B # 0 and ®G, > 0. Then the system has a limit
cycle Ty, tending to the origin as & \ 0.

(a.3) Suppose F1 =0, F; #0, Ny #0,and A > 0. If

(T — Qacoo11 N2 + o002 A)VA)G > 0
or

(T + acoo11 N2 + o002 A)vV/A)Gy > 0
the system has a limit cycle tending to a singular point as € \ 0. We denote
this limit cycle by T'3; in the first case and by T4, in the second. When both
inequalities are satisfied, distinct limit cycles 1's, and T4, exist, tending to
different singular points as € ~\ 0.

(ad) For F1 =0, F, #0and N, =0, if A 20 and Y G > 0, the system (2) has a
limit cycle T3, tending to the origin as & \ 0.

(b) For ¢ > 0 sufficiently small the limit cycles from statements (a.1)—(a.4) are
given by the graphs

[ r0)= s\/(4AE — DB+ DVB>—4AC)/(F1A%) + 0(?),
T 2(0) =&(B—vB2—4AC)/A) + O(e?),
| w(0) = —£(4aA + Fy(B — VB —4AC)) /QAF) + O(s);
[ r©) = s\/(4AE — DB — DVB>—4AC)/(F1A%) + 0(),
Ty | 2(0) = (B4 VB2 —4AC)/2A) + 0D,
| 0(O) = —¢(4aA + F(B+ VB —4AC))/QAF) + O(s?);
[ r(0) =&/ ®/(G1B2F2) + O(e?),
I'i.{ z(6)=¢C/B+ 0(82),
| w(0) = —¢(2aB +CF,)/(BF)) + O(£?);
r(0) = £/ (T — Qacoon Na + coon AVA) /(G FZNZ) + 0 (&),
30| 2(0) = —&2a/F+ O(&),
| w(©0) = —e(A+VA) /2N ) + O(c?);
{ r@) = 8\/(F + (2acoo11 N2 + o002 AV A) /(G1FENZ) + O (%),
T4 { 2(0)=—€2a/F, + 0(e?),
| w®) = —&(A —VA)/2N2F) + O(e%);

[ r(0) =&\ ¥/(G1F}A2) + O(?),
3.1 2(0) = —£2a/F> + 0(&%),
| w(@) = —&e2aF /A+ 0(82),
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where 0 € S' and the coordinates (r, z, w) and 0 are defined at the beginning
of Section 4.

For the remaining statements we need the system (2) to be at least €*.

(c.1) For F| > 0and A # 0, the limit cycle I'|, (respectively I'5;) has at least one-
dimensional stable (respectively unstable) manifold, and consequently the
limit cycle is not a global repeller (respectively attractor). For F; < 0 and
A # 0 the one-dimensional invariant manifold of the limit cycle has converse
stability than for F) > 0.

(c.2) For F1 >0, A=0and B #0, the limit cycle T\, has at least one-dimensional
stable (respectively unstable) manifold provided that B > 0 (respectively B <
0). For F| < 0 the one-dimensional invariant manifold of the limit cycle has
a different stability than for Fy > 0.

(c.3) For Fi =0, F» > 0 and Ny # 0O the limit cycle I's, (respectively T'4;) has at
least one-dimensional stable (respectively unstable) manifold. For F) = 0,
F>, <0 and Ny #0, the one-dimensional invariant manifold of the limit cycles
has a different stability than for F, > 0.

(c4) For F} =0, F, #0, N, =0 and A # 0, the limit cycle T3, has at least
one-dimensional stable (respectively unstable) manifold provided that A > 0
(respectively A < 0).

Theorem 3 will be proved in Section 4.

We note that the quantities defined in (3) depend only on the following 18
parameters: a, b, ¢, d, ai010, @1001> bo110, Po101> €2000, €0200> C0020» CO0115 CO002
d»000, do200, doo20, doo11, doooz of the 44 parameters of the system (2). So the Hopf
bifurcation depends only on these 18 parameters.

We remark that in (a.2) we need B #0, and in (a.4) we need A #0. Otherwise, as
it follows from the proof of Theorem 3, first-order averaging theory cannot decide
on the existence of a Hopf bifurcation.

Other studies on the Hopf bifurcation using averaging theory in a different way
than ours have been made by Chow and Mallet-Paret [Marsden and McCracken
1976, Section 4.C]. Their results are more general than the present ones, but ours
are more precise and provide also the stability of the bifurcated Hopf limit cycles.
A related generalized Hopf bifurcation can be found in [Aguirre and Seibert 1999].

We now consider some applications of our Theorem 3. The first one is on the
existence of periodic solutions of the fourth order differential equation

X
4 Pl k= ix = flx, 2,55, 55
4) +p + + +iIx=f{=x P TR TS

d*x d3x d’x  d dx d*x d’x
dt* dr3 qdﬂ dt ’
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where p, q, k, [ are real parameters satisfying
p=—QRa+c+d)e, q = b*+(a*+2ac+2ad +cd)e?,
k= —8(bzc—i-bzd—i-(azc+a2d+2acd)82), [ =cde*(b*+a’e),

and f is a €3 function whose first-order partial derivatives vanish at the origin of
4-dimensional space.

Theorem 4. For 0 < ¢ K 1, the system (4) has an isolated periodic solution in a
neighborhood of the trivial solution x = 0 if one of the following conditions holds:

(i) by #0, chy+dbs # 0 and
@* = a(by + bs) (cd(chbs + dbs) — 2abi(c*big + cdby + d*bg)) > 0;
(ii) by =0,b3 #0,d #0 and
¥* = a(by + bs) (cd*b3 — 2a(c*b3b1g — cdbsby — d*bs)) > 0,
where the b; are defined in Section 5.

In Section 5 we will prove Theorem 4 and we will present a more detailed
statement on the existence and shape of the periodic solution of (4).

The second application is to a system defined by Marchuk [1980] as a simplified
model of an immune system, with no influence from damaged organs but with time
delay:

dX dy

——=PB-r2)X, ——=aXZ— (Y —9),
) dt dt

dZ _ v _ aw _ v _

2 = PY —et+mX)Z, —-=0X —usW,

Theorem 5. There is an open set in parameter space for which the system (5) has
at least one limit cycle.

A more detailed statement and a proof of Theorem 5 will be given in Section 6,
where we will present the conditions for the existence and stability of limit cycles
coming from a Hopf bifurcation.

2. The first-order averaging method for periodic orbits

The aim of this section is to present the first-order averaging method as it was
obtained in [Buicd and Llibre 2004]. Differentiability of the vector field is not
needed. The specific conditions for the existence of a simple isolated zero of the
averaged function are given in terms of the Brouwer degree. In fact the Brouwer
degree theory is the key point in the proof of this theorem.
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Theorem 6. Consider the following differential system
(6) i) =ef (t,0) + &R, x, ),

where f:Rx D — R", R:Rx D x (—¢y, ) — R" are continuous functions, T—
periodic in the first variable, and D is an open subset of R". Define f°: D — R" as

T
) Peo=g [ reads

and assume that

(1) f and R are locally Lipschitz with respect to x;

(i) for b € D with f°(b) = 0, there exists a neighborhood V of b such that
f2@z) #0 forall z € V\ {b} and dg(f°, V,b) # 0, (where dg(f°, V,b)
denotes the Brouwer degree of f° in the neighborhood V of b).

Then, for |e| > O sufficiently small, there exists an isolated T—periodic solution
(-, &) of the system (6) such that ¢ (b, 0) = b.

Here we will need some facts from the proof of Theorem 6. Hypothesis (i)
assures the existence and uniqueness of the solution of each initial value problem
on the interval [0, T']. Hence, for each z € D, it is possible to denote by x( -, z, €)
the solution of (6) with the initial value x (0, z, £€) = z. We consider also the function
1D x (—¢f,e5) — R" defined by

T
(8) ((z,s)z/o (ef (t, x(t, 2, 8)) +e*R(t, x(t, 2, €), €)) dt.

From the proof of Theorem 6 we extract the following facts.

Remark 7. Under the assumptions of Theorem 6 for every z € D the following
relation holds:

x(T,z,e)—x(0,z,8) =((z,¢).

Moreover the function ¢ can be written in the form

{(z,e) =ef’(2) + O(e?),

where £ is given by (7) and the symbol O(e?) denotes a bounded function on
every compact subset of D x (—¢&, &) multiplied by 2. Moreover, for |¢| suffi-
ciently small, z = ¢ (0, ¢) is an isolated zero of (-, €).

Note that from Remark 7 it follows that a zero z of the function ¢ (z, ¢) provides
initial conditions for a periodic orbit of the system of period 7. Consequently the
zeros of f%(z) when f%(z) is not identically zero also provides periodic orbits of
period T'.
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For a given system there is the possibility that the function ¢ is not globally
differentiable, but the function £ is. In fact, only differentiability in some neigh-
borhood of a fixed isolated zero of f° could be enough. When this is the case, one
can use the following remark in order to verify the hypothesis (ii) of Theorem 6.

Remark 8. Let f0: D — R" be a ¢! function with £°(b) =0, where D is an open
subset of R" and b € D. Whenever b is a simple zero of f° (that is, the Jacobian
of 9 at b is not zero), then there exists a neighborhood V of b such that £°(z) #0
for all z € V \ {b}. Then dg(f°, V,b) € {—1, 1}.

The following theorem of [Buica et al. 2007] provides the asymptotic stability
of the limit cycles obtained by averaging theory only with the 6! differentiability
of f and a Lipschitz assumption on R.

Theorem 9. If the function f of (6) is €' and the function R is Lipschitz in a
neighborhood of the limit cycle (-, ) given in Theorem 6 by the simple zero b
of O, then for ¢ sufficiently small if all the eigenvalues of the Jacobian matrix of f°
at b have negative (respectively positive) real part, then the limit cycle ¢ (-, ¢) is
asymptotically stable (respectively unstable).

Of course if the function f of (6) is 6% and the function R is ¢! then we have
better information on the kind of stability of the limit cycle ¢( -, €) given in Theo-
rem 6. A proof of this result can be found in [Verhulst 1991] or in [Guckenheimer
and Holmes 1990].

Theorem 10. If the function f of (6) is €* and the function R is €' in a neighbor-
hood of a simple zero b of f°, then for ¢ sufficiently small the stability or instability
of the limit cycle ¢ (-, &) given in Theorem 6 is given by the stability or instability
of the singularity b of the averaged system ? = e°(z). In fact the singularity b has
the stability behavior of the Poincaré map associated to the limit cycle ¢ (-, ).

3. Proof of Theorem 1
Doing the cylindrical change of coordinates
9) x=rcosf, y=rsinl, z;=z;, i=3,...,n,
in the region r > 0, the system (1) becomes
(10)
F=car + 3 (ai,..;, c0s0 + by, sin0)(r cos 0)1 (r sinB)22% .. 2l 4+ 0(3),
6= %(br + 3 (biy..i, €080 — @iy i, SN O)(r cos O)1 (r sin0)225 - - 2 + O (3)),

g=eaz+ 2 (rcosd) (rsind)2z? -z + 0(3), k=3,...,n,

i1+in

where O (3) = O3(r, z3, . . ., Z») and the sums range over iy +-- -+ i, = 2.
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As usual Z denotes the set of all nonnegative integers. Taking agoe;; = booe;; =0
where e;; € Z"7% has the sum of the entries equal to 2, it is easy to show that in
a suitable small neighborhood of (r, z3, ..., z.) = (0,0, ..., 0) we have  # 0.
Then choosing 8 as the new independent variable, the system (10) becomes, in a
neighborhood of (r, z3,...,z,) = (0,0, ...,0),

(11)
dr  r(ear+ (ai..;,cos 0+b;,..;, sin0)(r cos§)"! (r sin 9)’%;3 S SN0, 3))

do ~ br+> (bj,..;, cos @ —aj,...;, sin@)(r cos 0)1 (r sin 9)’%;3 . -qu" +0(3)

dze r(eckzk+Y. cl.(f)“in (r cos @)1 (r sin 0)’%? P B 0(3))
d9 " br+3 (bi,..i, cos0—aj,...;, sin0)(r cos ) (r sin )27 - -z + 0 (3)
k=3,...,n,

where the sums range over i; + - - - + i, = 2. Note that this system is periodic of
period 27 in 6.

To apply the averaging theory of Section 2 in the proof of Theorem 1 we rescale
the variables, setting

(12) (raz?a,"',Zn):(pga ;7389""’7718)'

The system (11) becomes

dp
_:3f1(0,,0, 773,...,77n)+82g1(9,,0, 7739‘”,77”38),

(13) dd¢9
Mk
T =efi©, 13, )+ 780, p, M3, . M E), k=3,...,m,
where
fi= %(ap—k > (@i, c0SO+bj,..;, sinO)(p cos )1 (p siné’)"zz;3 X -Zi,”),
iy =2
fi=g(emt X e, (peoso)yipsing)azy - 2h).
it in=2
The system (13) has the form (6) in the averaging theorem with x =(p, #3, ..., 74),

t=6,T =2r, and

f@,p,n3,....0)
z(fl(eapa ;739---:7111), f3(9ap, 7735---:’7n),---,fn(‘9,/)» ’73:"',’771))

The averaged system of (13) is

(14) y=ef0),  y=(p. M. 1) €Q,
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where Q is a suitable neighborhood of the origin (p, 73, ..., #7,) = (0,0,...,0),
and

PO = (0, ), L)),
with
2r
]‘,.O(y)zéO £0, p, 13y ..., 1n0)d0, i=1,3,...,n.

After some calculations we obtain

1
f]o Zb (2Cl+ Z(awe, +b01e,)77])

k k
fko 2% (chnk + (Céo)ﬁn , T C(()z)on,z)p +2 > C(()o)e[, Ni ’71) k=3,...,n,

3<i<j<n
where e; € 7% is the unit vector with the j-th entry equal to 1, and ¢;; € 7"
has the sum of the i-th and j-th entries equal to 2 and the other equal to 0.

Now we shall apply Theorem 6 for obtaining limit cycles of the system (13).
After the rescaling (12), these limits will become infinitesimal limit cycles for the
system (11), which will tend to origin when ¢ \ 0, consequently they will be
bifurcated limit cycles of the Hopf bifurcation of the system (11) at the origin.

Using Theorem 6 for studying the limit cycles of the system (13) we only need
to compute the nondegenerate singularities of the system (14). Since the trans-
formation from the cartesian coordinates (r, z3, ..., Z,) to the cylindrical ones
(p, m3,...,ny) is not a diffeomorphism at p = 0, we deal with the zeros having
the coordinate p > 0 of the averaged function f°. So we need to compute the roots
of the algebraic equations

n
2a+ 2 (awe; + boie;)n; =0,
(15) =

k
2eii+ (caon, o0, )PP 2 X o, iy =0, k=3,..n

3<i<j<n

Since the coefficients of this system are independent and arbitrary, we can simplify
the notation by writing the system as

a+ > ajn; =0,
2
(16) !

()p2+ck7lk+ z l(;c)’/llﬂj 09 k 3,...,”,

3<i<j<n

where a;, c(() ), ¢ and c ) are arbitrary constants.
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Denote by € the set of algebraic systems of form (16). We claim that there is
a system belonging to € which has exactly 2"~3 simple roots. The claim can be
verified by the example

(17) a—l—a3;73 :O,
3 3
(18) p teanm+ Y ci(j)mn,- =0,
3<i<j<n
(19) e+ 2 cl-(f)ninJ-:O, k=4,...,n,
3<i<j<k

with all the coefficients nonzero. Equations (19) can be treated as quadratic alge-
braic equations in #;. Substituting the unique solution #3¢ of #3 in (17) into (19)
with k = 4, then this last equation has exactly two different solutions #4; and 74>
for 74 choosing conveniently c4. Introducing the two solutions (%30, 74;), i = 1, 2,
into (19) with k£ =5 and choosing conveniently the values of the coefficients of (19)
with k = 5 and (73, 74) = (30, 114i) We get two different solutions #s;; and #s;2
of 55 for each i. Moreover playing with the coefficients of the equations, the four
solutions (#7130, #4i, #15ij) for i, j =1, 2, are distinct. By induction we can prove that
for suitable choice of the coefficients equations (17) and (19) have 273 different
roots (13, ..., ny). Since 53 = 3¢ is fixed, for any given cl.(;) there exist values of
c3 and c(()3) such that (18) has a positive solution p for each of the 2”3 solutions
(73, ..., 1y) of (17) and (19). Since the 2"=3 solutions are different, and the num-
ber of the solutions of (17)—(19) is the maximum that the equations can have by
Bézout’s Theorem, it follows that every solution is simple, and consequently the
determinant of the Jacobian of the system evaluated at it is not zero. This proves
the claim.

Using the same arguments which allow us to prove the claim, we also can prove
that we can choose the coefficients of the previous system in order that it has
0,1,...,2"3 -1 simple real solutions.

Taking the averaged system (14) with f° having the convenient coefficients as in
(17)-(19), the averaged system (14) has exactly k € {0, 1, ..., 2n=3) singularities
with the components p > 0. Moreover the determinants of the Jacobian matrix
of° /oy at these singularities do not vanish, because all the singularities are simple.
By Theorem 6 and Section 2 we get that there are systems of form (1) which have
ke{0,1,...,2"3} limit cycles. This proves Theorem 1.

4. Proof of Theorem 3

Following the proof of Theorem 1 after the change of variables x = rcosf, y =
rsinf, z = z and w = w, and the rescaling (r, z, w) = (pe, £¢, ne) we get from
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(2) that
cdl_g =eA10,p,En) +e2B1O, p, &, €),
(20) b —cn00, 9,6 ) +82B20, . &, 0),
Z_le) =eA30,p, ¢, M)+ B30, p. & 1, 6),

where the A; can be got from the proof of Theorem 1. We do not present them
here. The averaged system associated to (20) is

1) y=ef0n),  y=(p.& ),
where f0(y) = (f(y), L), £A(y)) with

= 2b’0 (2a + (ai010 + bo110)< + (aioo1 + bo101)7)

1
= 2 b (2¢& + (o200 + €2000)p> + 2(C0020E + Co011E7 + co0021%))

A= % (2d 1+ (doaoo + d2000)p* + 2(do020E + doo11En + doooa ) -

As explained in the proof of Theorem 1, we consider the singularities with p > 0
of the averaged system (21). Some tedious calculations show that for F; # 0 and
A # 0 the singularities with p > 0 of (21) are S| = (p1, &1, #1) with

\/4AE DB+ DV B? — 4AC : B — /B2 —4AC
P1= >

FLA? 1= 2A

4aA+ F>(B — M)
2AF,

if B2 —4AC > 0 and (4AE — DB + D/B2—4AC)F; > 0;

or $ = (p2, &, 172) with

m=-—

_\/4AE DB — D+/B? —4AC &= B ++/B?2—4AC
p2= FLAZ 2= A s
4aA+F2(B~|—\/B2 4AC )

"= 2AF,

if B>—4AC > 0 and (4AE — DB — D~/B2 —4AC)F,; > 0.

We treat A, B, C, D, E as polynomials in F; and G; fori = 1,2. Then AE
has the terms with degree 4, but DB and D+/B% —4AC has the terms with the
lowest degree 5. So by choosing the values of Fi, F>, G| and G, suitably small,
that is, the values of a1001, @1010, Po110, bo101, €02005 €2000, d0200, d2000, and the
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convenient choice of the other parameters we can prove that S; and S, can appear
simultaneously.
From other tedious calculations we get that

af° ,vB2—4AC af° ,vV/B2—4AC
22) det|{ =— )| =—-pi—F57— and det| =—)| =p;—FF—.

Hence it follows from the assumptions of statement (a.1) of Theorem 3 and the
previous discussions that S; and > can appear simultaneously and are different,
and that the determinants of the Jacobian matrix of (21) at S| and S, are both
different from zero. By Section 2 we obtain that for ¢ sufficiently small the system
(20) has two limit cycles that we denoted by I';,, i = 1,2, and I';, — S;,i =1, 2,
as ¢ \( 0. Hence statement (a.1) of Theorem 3 is proved.

If F1 #0, A=0and B # 0, the averaged system (21) has the unique singularity

_ - )] C 2aB+CF2)
Si=Gnénin = |—, =, -2 22
1=P1,¢1, 1) ( G B°F? B BF,

Recall that we have assumed G| # 0. The determinant of the Jacobian matrix of
(21) at S; is

0
(23) det (%)
oy

., B
< TPy
Si 1

Therefore using Section 2 it follows statement (a.2) of Theorem 3.
If F1 =0, F, #0 and N, # 0, the averaged system (21) has the singularities

Sy = (p3, & )_( T — (2acoo11 N2 + coooa A)vV A 2 _M)
e G F; N} TR 2R )

if (T — (2acoo11 N2 + cooa A)v/A)G > 0; and

e )_( [+ QacoonNs + cooeA)VA  2a _ﬂ)
4= (pa, 4, s G\ F;}N; TR NP )

if (T4 (2acoor1 N2+ coonzA) «/Z)Gl > 0. The determinants of the Jacobian matrix

of (21) at S3 and Sy are respectively
[ A 2
., AF;

af" AF; af"
(24) det (L) = —pf 3 2 and det (L) =Pi o
oy /s, 2b3F oy Mg, " 2b3F,

Again from Section 2 it follows statement (a.3) of Theorem 3.
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If F1 =0, F, #0, N; =0 and A # 0, the averaged system (21) has the unique

singularity
_ - [y 2a  2afF
S3 = (p3,§3, ’I3)=( ms_ﬁ,_T)
147

The determinant of the Jacobian matrix of (21) at S5 is

0
(25) det (i)
oy

LA

= —p3—.
5 2b3

After a similar treating as those in the proof of the case S; and S,, we can finished
the proof of statement (a.4).

For proving statement (b) of Theorem 3 we observe that the limit cycles I';, for
i = 1,2 can be written in the form {(r;(8), z; (), w; (@)); & € S'}, and that the
singularities S; and S; in the coordinates (r, z, w) are respectively

FL A2 2A
4aA + F»(B — VBE—4AC)
¢ 2AF, ’

(\/4AE—DB+D«/BZ—4AC B —/BZ—4AC
& , € 5

\/4AE _ DB — DVBZ—4AC
¢ FL A2 :

B+VBZ—3AC  4aA+ F(B+B2—4AC)
¢ 2A ¢ 2AF, '

Now the proof of statement (b) of Theorem 3 for the limit cycles I';, withi =1, 2
follows from Section 2.

In a similar way as for the limit cycles I'j, and I',, we can get the conclusion for
the other limit cycles Tz, '3 and T4, and T'3,. Hence statement (b) of Theorem 3
is proved.

By Theorem 10 and the determinants (22) (respectively (23), (24) and (25)) of
the Jacobian matrix of (21) at Sy and S, (respectively S3, S5 and S4, and S3), the
proof of statements (c.1)—(c.4) of Theorem 3 easily follows.

We remark that the characteristic equations of the system (21) at S;,i =1, 2, 3, 4,
are extremely complicated in the expression. So we do not pursue further analy-
sis on them to obtain more information on the dimensions of stable and unstable
manifolds of the limit cycles I';., i =1,2,3,4.



HOPF BIFURCATION VIA THE AVERAGING METHOD 335

5. Application to fourth-order differential equations

Now we want to apply our Theorem 3 to study the existence of periodic solutions
of higher order differential equations. We consider the following fourth order dif-
ferential equation

d*x d3x d*x dx
d4+p +qg—+k—+Ilx=fx,

dx d*x d’x
26
(26) dr? dt )

dt’ di?’ dr3

where p, g, k, [ are real parameters, and f is a ¢ function with the expansion
dx d*x dx ) dx d*x d3x dx

7o G ) = G s s (dt)

dxd®c  dxd3x (dzx)z

s ar T an anr
2

+a x d'x +aio (&) +0(03).
Y drd dr’
We assume
p=—Qa+c+d)e, q = b*+(a*+2ac+2ad+cd)e?,
k= —g(bzc—l—b2d+(azc+a2d+2acd)82), [ = cde?(b*+a%e).

Set x; = x, xp = X1, X3 = X2, x4 = X3 and the dot denotes derivative with respect
to the time . Equation (26) can be written as the system

X1 =X2, Xp=2Xx3, X3=2Xx4,
(27
x4 = —lx; —kxy —qx3 — pxa + f(x1, X2, X3, X3).

Applying the change of variables

(28) (, ¥, 2, w)" =M1, x2, x5, xa)",
with
—acde? ace? +ade? +cde® —ae —ce —de 1
bede? —bce — bde b 0
- —de(b® +a’e?) b>+a’e?+2ads®> —2ac—de 1|’
—ce(b®> +a%e?) b*+a*e? +2ace? —2ae —ce 1

the system (27) becomes

(29) ngax—by+g(x7yazaw), ).’:bx‘i‘gay,
z=¢ecz+gx,y,z,w), w=edw+g(x,y,z,w),

where g(x, y,z, w) = f(M~'(x, y,z, w)").
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Write
glx,y,z,w)
=b1x2+byxy+b3xz4+baxw+bsy?+beyz+bryw+bgz> +bozw+bigw>+ O (3).

The coefficients of g are functions depending on the entries of the matrix M and
on the coefficients of f, which we do not give here explicitly. Now for the system
(29) the relevant quantities in (3) become

Fi=by, Fy=by, G =Gy=b+bs, M;=N;=0, i=1,2,3,
A=0, B=(chj+dbsbs)(b;+bs), C=—2adby(b;+bs),
A =dbs(by +bs), F =cby(b;+bs),
® = 4ab}(by + bs)? (cd(chs + dbs) — 2ab3 (c*bio + cdby + d*bs)) ,
¥ = 4ab3(bi + bs)* (cd*bs — 2a(c*b3b1g — cdbsby + d*bs)) .
Since A =0 and N, =0, applying Theorem 3 we get the next result.

Corollary 11. Suppose 0 < ¢ < 1.

(a) System (26) has an isolated periodic solution in a neighborhood of the trivial
solution x = 0 if one of the following conditions holds:

(i) by #0, cby +dbs # 0 and
®* = a(by + bs)(cd(chs + db3) — 2abj(c*big + cdby + d*bg)) > 0;
(i) by =0,b3 #0,d # 0 and
¥* = a(by + bs)(cd*bs — 2a(c*b3b1o — cdbsby + d*bg)) > 0.

(b) The periodic solution has, under condition (i), the asymptotic expression

—2ad 2ab4(cbs+dbs) (b1 +bs)+cbs

= 0(e),
YT (c=d)(chatdbs) (P +(a—c)2e?) D ra—dey  T0®
and under condition (ii) the asymptotic expression
—2a 2ac
+ 0(e).

= (c —d)b3(b% + (a — c)%&?) + (c —d)d(b? + (a — d)?e?)
(c) The isolated periodic solution is a limit cycle.

The proof of Corollary 11 follows from Theorem 3 and the change of coordinates
(9) and (28). The following examples show that do there exist systems of form (26)
satisfying the conditions of Corollary 11.
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Example 1. The system

d*x d3x 5 ) 5 dx 7 d’x
W_S d3+(1+9 )——8(3+78) —I—23 (1+8)X—x—+g I3
satisfies condition (i) of Corollary 11 for ¢ sufficiently small. Because the equality
by=—1/(6¢)4+0(1) holds, we have that cbs +dbs; = —1/(6¢) + O(g), and ®* =
45/3244 0 (&?). So it has an isolated periodic solution in a neighborhood of x = 0.

Example 2. The system

d*x dx  d*x sdx
o dt3+ﬁ+2 ——(1+8)8x
dx d*x d3x dx\°> dxd*x
= g = 2 s (E) TN

satisfies condition (ii) of Corollary 11 for ¢ and ¢ sufficiently small. As by = 0,
by=—4+0() (or =4+ 0(e?) if u =0),d =1 and ¥* =69/(2¢?) + O(1/¢) (or
69/(2¢%)+0(1) if x =0). So it has an isolated periodic solution in a neighborhood
of x =0.

6. Application to the Marchuk system of immune response

The system
dC =
= —-yF)V, ——=aV(t—1)F1—1)—pu(C—-C),
(30) dt dt
dF dm
gy =PC—up+myVF, = =aV —pumm,

was introduced by Marchuk [1980] as a simplified model of an immune system with
no influence from damaged organs. C is a constant level of plasma cells in a healthy
organism, and the biological meaning of the coordinates and coefficients is given
in [Marchuk 1980; Marzeniuk and Nakonechny 2003]. For practical meaning we
assume that none of the coefficients vanish. In [Marchuk 1980; Martsenyuk 2004]
the authors studied the stability of the equilibrium states.

We will apply our Theorem 3 to the system (30) without the time delay for
studying the existence of the periodic solutions. Thus we consider system (5). It
has two singularities

- (0,5,%,0),

Q:(m(ﬁuz—éyp) afua—ony*ur p ma(ﬁﬂz—éyp))
Blap—nyur) " ylap—nyuwr) ~y’ Buslap—nyur))
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The first has eigenvalues — 1, — 2, —u3, f —0yp/u2. Theorem 3 cannot be ap-

plied to it. We consider the possible appearance of limit cycles of the system (5) in

aneighborhood of the singularity Q. We denote its coordinates by (x*, y*, z*, w*).
For the system (5) at Q to have the form (2), we choose the parameters as

uz = —de,
b*B — p*uy — ap? + b*c + p%c)e + myfe? — a’ce?
2= ;
BB+ u1)
G1) o (PB4 Pui+mie+mafe’ —ace’) p

yB(ce + 1) (B> +a’e? +2ame +ui)
B (b — But —mie + mopye? + a*ce?)
dyur(B+ 1)

where m| = (2afuy + cfu1 — b*c), my = (a®> + 2ac), and a, b, ¢ and d are the
coefficients of the linear part of the system (2), which can be chosen arbitrarily but
with ab # 0. We remark that the choice of u3 follows from the fact that —u3 is an
eigenvalue of 0. We take the coordinate translation

B

x1=X—x* x=Y—y", x3=Z-7%, x4=W-w",

and an invertible linear change of coordinates (x, y, z, w)T = M(x1, x2, x3, x4)7,
where T denotes the transpose of a matrix. The system (5) then becomes
dx

— =&ax —by+l)1G(X, Yy, 2, w)a

- =bx+eay+v,G(x,y,z,w),

(32)

ay
dt
Z—f:ecz+v3G(xay,Z, w), Cz—lfzgw-l-vsz(x,y,Za w),

where, setting N = Bou 1 (ce + u1)(B+u1)?* (b* + (ae + 11)?) (b* + (a — c)zez)z,
we have defined

1

01 = b—N(bz(/fz—aﬁs+cs(as+ﬂ1))+(ﬁ—as)(as+u1)(ae(/>’—ce)+/)’(cs+m))),

02 —B(b*+ (1 +ag)?) +ce(b*+(B—age)?)),

03 = clee—p) (K7 —pur +as(as~2p),
04 = %r((cs—ﬁ)(bz—Zaﬁs+a282)—d,B,ule—i—,Bz(ﬂl+cs—da)),

G =b*cex’+ (b2+(a—c)a82) (a—c)gyz—|-cg(cg—|-,ul)zz2
—(b3+02b82—bC283)xy—2bC8(C8+,L61)XZ+(b2+(02—6‘2)82) (ce+pr1)yz.
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The expression of the matrix M = (a;;) is extremely long, we do not present it
here. We got the matrix M with mathematica via the choices of my, = 0, and

my3 =m33 =ma3 =Sy 1 (B + 1) (ce + 1) (B> + (ae + u1)?).
For the system (32) all the parameters in (3) other than A, F, A, F>, G| and G,
vanish. Moreover we have A = dF>G{, A = A2,

F= Nil ( — (O + uDb* B+ (bPc(b® — B*) —2Bu1(ab® + cBur))e
+ ((c* =2a*)b*B — p1(2b*c* +2cf*(c +2a) + fuil)) e
+ (bPc(a® + ) — cf*(2a* — £) — 2aPu; (€ —2c%))e’
— (a,B(a3 —5ac? =2c%) + 2a2c2,u1)84 +azc€85),
. ag(ce — B)(b> — fuy — 2afe +a’e?)
Boui(ce + u1) (B> + (a — )2 (B + 11> (b + (ae + p1)?)’

ace’(ce — B)*(b> — 2afe +a’e®> — fuy)?
B2 1307 + (a — e (B + u)* (0% + (s + pn)?)?

Gy

¥YG, = —8a*A?

where ¢ = a? —2ac — ¢? and
N1 = Boui(b* + (a — )*e?)* (B + u1)*(b* + (ae + p1)?).

Corollary 12. For 0 < ¢ K 1, if the parameters of the system (5) satisfy (31),
b* — Buy # 0 and ac < 0, then it has a limit cycle in a vicinity of the singularity
Q. Moreover the limit cycle has three dimensional unstable (respectively stable)
manifolds if c > 0 and d > 0 (respectively ¢ < 0 and d < 0), or two dimensional
unstable (respectively stable) and one dimensional stable (respectively unstable)
manifolds if c > 0 and d < 0 (respectively ¢ < 0 and d > 0).

Proof. The first statement follows from Theorem 3 and the expressions of F», G1,
A and YG,.
For proving the second statement, we denote the six coefficients of the polyno-

mial G by ay, ..., as. Then the averaged system (21) becomes
d 1
£ =257 (2a + (v1as +v2a6)S) ,

(33) e _ L 0eg 4 os(ay +an)p? + 2050587
dé 2b ’
dn 1

o = g (2dn+oaar+anp’ +20a38%)
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It has a unique singularity with p > 0, denoted by S. System (33) at S has the

eigenvalues
d E,+,/E} —4E,E,

=5, = :
1=y 23 2,
where E, = b*asv; + bagvs, E;, = —4abazvs + beasv; + beagvy and E, =
4a’a3v3 — 2acasv| — 2acagvy. Direct calculations show that
—2ac
= +0(e), E Ep=—F———+0().
TR ui B+ )’ bRt (f+ )
So the second statement of the corollary follows easily from the eigenvalues of S
via Theorem 10. This proves the corollary. (]
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