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We construct families of properly embedded singly periodic minimal sur-
faces in R with Scherk-type ends and arbitrary finite genus in the quotient.
The construction follows by gluing small perturbations of pieces of already
known minimal surfaces: Scherk minimal surfaces, Costa—Hoffman-Meeks
surfaces and KMR examples.

1. Introduction

Besides the plane and the helicoid, the first singly periodic minimal surface in R?
was discovered by Scherk [1835]. This surface, known as Scherk’s second surface,
is a properly embedded minimal surface in R? that is invariant by one translation T
we can assume to be along the x, axis, and can be seen as the desingularization of
two perpendicular planes P; and P, containing the x; axis. We assume P; and P,
are symmetric with respect to the planes {x; = 0} and {x3 = 0}. By changing the
angle between P; and P, we obtain a 1-parameter family of properly embedded
singly periodic minimal surfaces, which we will refer to as Scherk surfaces. In the
quotient R3/ T by its shortest period 7', each Scherk surface has genus zero and four
ends asymptotic to flat annuli contained in P;/7T and P,/ T. Such ends are called
Scherk-type ends. From now on, T will denote a translation in the x; direction.

In 1982, C. Costa [1982; 1984] discovered a genus one minimal surface with
three embedded ends: one top catenoidal end, one middle planar end and one bot-
tom catenoidal end. D. Hoffman and W. H. Meeks [1985; 1989; 1990] proved the
global embeddedness for this Costa example, and generalized it for higher genus.
For each k > 1, the Costa—Hoffman—Meeks surface M; is a properly embedded
minimal surface of genus k and three ends: two catenoidal ends and one middle
planar end.
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F. Martin and V. Ramos Batista [Martin and Ramos Batista 2006] have recently
constructed a 1-parameter family of properly embedded singly periodic minimal
surfaces that have genus one and six Scherk-type ends in the quotient R3/ 7. These
are called Scherk—Costa surfaces and are based on the Costa surface. Roughly
speaking, they remove each end of the Costa surface (asymptotic to a catenoid or a
plane) and replace it by two Scherk-type ends. In this paper, we obtain surfaces in
the same spirit as Martin and Ramos Batista’s one, but with a completely different
method. We construct properly embedded singly periodic minimal surfaces with
genus k > 1 and six Scherk-type ends in the quotient R®/ T by gluing (in an analytic
way) a compact piece of My to two halves of a Scherk surface at the top and bottom
catenoidal ends, and one flat horizontal annulus P/7 with a disk removed at the
middle planar end.

Theorem 1.1. Let T denote a translation in the x, direction. For each k > 1, there
exists a 1-parameter family of properly embedded singly periodic minimal surfaces
in R? invariant by T whose quotient in R®/ T has genus k and six Scherk-type ends.

V. Ramos Batista [2005] constructed a singly periodic Costa minimal surface
with two catenoidal ends and two Scherk-type middle ends; this surface has genus
one in the quotient R?/T. This example is not embedded outside a slab in R3/ T
that contains the topology of the surface. We observe that the surface we obtain
by gluing a compact piece of M| (Costa surface) at its middle planar end to a flat
horizontal annulus with a disk removed has the same properties as Ramos Batista’s.

In 1988, H. Karcher [1988; 1989] defined a family of properly embedded doubly
periodic minimal surfaces, called foroidal halfplane layers, which have genus one
and four horizontal Scherk-type ends in the quotient. In 1989, W. H. Meeks and H.
Rosenberg [1989] developed a general theory for doubly periodic minimal surfaces
having finite topology in the quotient, and used a minimax approach to obtain the
existence of a family of properly embedded doubly periodic minimal surfaces, also
with genus one and four horizontal Scherk-type ends in the quotient. Karcher’s
and Meeks and Rosenberg’s surfaces have been generalized by M. M. Rodriguez
[2007], who constructed a 3-parameter family H = {M, , g}s,q4,p Of surfaces, called
KMR examples (sometimes they are also called toroidal halfplane layers). Such
examples have been classified by J. Pérez, M. M. Rodriguez and M. Traizet [Pérez
et al. 2005] as the only properly embedded doubly periodic minimal surfaces with
genus one and finitely many parallel (Scherk-type) ends in the quotient. Each
M; 4 p is invariant by a horizontal translation 7' (by the period vector at its ends)
and a nonhorizontal one T. We denote by Ma,a, s the lifting of M, , 5 to R?/T,
which has genus zero, infinitely many horizontal Scherk-type ends, and two limit
ends.
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In [1992], F. S. Wei added a handle to a KMR example M, ¢ o in a periodic way,
obtaining a properly embedded doubly periodic minimal surface invariant under
reflection in three orthogonal planes, which has genus two and four horizontal
Scherk-type ends in the quotient. Some years later, W. Rossman, E. C. Thayer and
M. Wolgemuth [Rossman et al. 2000] added a different type of handle to a KMR
example M, o0, also in a periodic way, obtaining a different minimal surface with
the same properties as Wei’s one. They also added two handles to a KMR example,
getting doubly periodic examples of genus three in the quotient. L. Mazet and M.
Traizet [2008] have added N > 1 handles to a KMR example M, (o, obtaining a
genus N properly embedded minimal surface in R?/ T with an infinite number of
horizontal Scherk-type ends and two limit ends. The idea of the construction is to
connect N periods of the doubly periodic example of Wei with two halves KMR
example. However they only control the asymptotic behavior in their construction.
They have also constructed a properly embedded minimal surface in R?/ T with
infinite genus, adding handles in a quasiperiodic way to a KMR example.

L. Hauswirth and F. Pacard [2007] have constructed higher genus Riemann
minimal examples in R, by gluing two halves of a Riemann minimal example
with the intersection of a conveniently chosen Costa—Hoffman—Meeks surface My
with a slab. We follow their ideas to generalize Mazet and Traizet’s examples by
constructing higher genus KMR examples: We construct two 1-parameter families
of properly embedded singly periodic minimal examples whose quotient in R*>/T
has arbitrary finite genus, infinitely many horizontal Scherk-type ends and two limit
ends. More precisely, we glue a compact piece of a slightly deformed example M
with tilted catenoidal ends, to two halves of a KMR example M, , o or M, o 5 (see
Figure 1) and a periodic horizontal flat annulus with a disk removed.

Theorem 1.2. Let T denote a translation in the x, direction. For each k > 1,
there exist two 1-parameter families K| and ¥, of properly embedded singly peri-
odic minimal surfaces in R> whose quotient in R?/ T has genus k, infinitely many
horizontal Scherk-type ends and two limit ends. The surfaces in ¥ have a plane
of symmetry orthogonal to the x| axis, and the surfaces in K, have a plane of
symmetry orthogonal to the x; axis.

L. Mazet, M. Rodriguez and M. Traizet [2007] have constructed saddle tow-
ers with infinitely many ends: They are nonperiodic properly embedded minimal
surfaces in R3/T with infinitely many ends and one limit end. In this paper, we
construct (nonperiodic) properly embedded minimal surfaces in R3/ T with arbi-
trary finite genus k > 0, infinitely many ends and one limit end. With this aim,
we glue half of a Scherk example with half of a KMR example in the case k = 0;
when k > 1, we glue a compact piece of M; to half of a Scherk surface (at the top
catenoidal end of My), a periodic horizontal flat annulus with a disk removed (at
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Figure 1. A sketch of half of a KMR example M oo glued to a

compact piece of Costa surface.

0
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/

Figure 2. A sketch of a surface in the family of Theorem 1.3.

the middle planar end) and half of a KMR example (at the bottom catenoidal end);
see Figure 2.

Theorem 1.3. Let T denote a translation in the x, direction. For each k > 0, there
exists a 1-parameter family of properly embedded singly periodic minimal surfaces
in R whose quotient in R3/ T has genus k, infinitely many horizontal Scherk-type
ends and one limit end.

The family of KMR examples is a three parameter family that contains two
subfamilies whose surfaces have a plane of symmetry. In the construction of ex-
amples satisfying Theorems 1.2 and 1.3, we need to have at least one plane of
symmetry in order to control the kernel of the Jacobi operator on each glued piece.
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F. Morabito [2008a] has recently proved there is a bounded Jacobi field that does
not come from isometries of B3 on M with tilted ends. For this reason, we are
not able to produce a 3-parameter family of KMR examples with higher genus in
Theorem 1.2.

The paper is organized as follows. In Section 2 we briefly describe the Costa—
Hoffman—Meeks examples M and obtain, for each genus k, a 1-parameter family
of surfaces My (&) by bending the catenoidal ends of My = M (0) while keeping
a plane of symmetry. This is used to prescribe the flux of the deformed surface
My, which has to be the same as the corresponding KMR example we want to
glue (to prove Theorem 1.2). To simplify the construction of examples satisfying
Theorems 1.1 and 1.3, we consider a “not bent” example M. In Section 3 we
perturb M, (&) using the implicit function theorem. We get an infinite dimensional
family of minimal surfaces that have three boundaries.

In Section 4, we apply an implicit function theorem to solve the Dirichlet prob-
lem for the minimal graph equation on a horizontal flat periodic annulus with a
disk B removed, prescribing the boundary data on 0 B and the asymptotic direction
of the Scherk-type ends. We construct the flat annulus with a disk removed that
we will glue to the example M, at its middle planar end. Varying the asymptotic
direction of the ends and the flux of the surface, we obtain the pieces of Scherk
surface that we will glue at the top and bottom catenoidal ends of M} (proving
Theorem 1.1) and to half of a KMR example (to prove Theorem 1.3).

In Section 5, we study the KMR examples M, , s and describe a conformal
parameterization of these examples on a cylinder. We also obtain an expansion of
pieces of the KMR examples as the flux of M, , s becomes horizontal (that is, near
the catenoidal limit). Section 6 is devoted to the study of the mapping properties of
the Jacobi operator about such M, , s near the catenoidal limit. And we apply in
Section 7 the implicit function theorem to perturb half of a KMR example M, , o
(respectively M, o,4), obtaining a family of minimal surfaces asymptotic to half of
aM; o (respectively M, o, 5) and whose boundary is a Jordan curve. We prescribe
the boundary data of such a surface. Sections 5, 6, 7 are of independent interest:
They are devoted to the global analysis on KMR examples.

Finally, we do the end-to-end construction in Section 8: We explain how the
boundary data of the corresponding minimal surfaces constructed in Sections 3, 4
and 7 can be chosen so that their union forms smooth minimal surfaces satisfying
Theorems 1.1, 1.2 and 1.3.
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2. A Costa—Hoffman-Meeks type surface with bent catenoidal ends

In this section we recall the result shown in [Hauswirth and Pacard 2007] about
the existence of a family of minimal surfaces My (&) close to the Costa—Hoffman—
Meeks surface My (0) = M of genus k > 1, with one planar end and two catenoidal
ends slightly bent by an angle ¢.

2.1. Costa—Hoffman—Meeks surfaces. We briefly present here the family of the
surfaces M}, studied in [Costa 1982; 1984; Hoffman and Meeks 1985; 1989; 1990].
For each natural k > 1, M is a properly embedded minimal surface of genus k and
three ends. After suitable rotations and translations, we can assume its ends are
horizontal (in particular, they can be ordered by heights). The surface M enjoys
the following properties:

(1) M has one middle planar end E,, asymptotic to the {x3 = 0} plane, and two
catenoidal ends: one top E; and one bottom E; asymptotic, respectively, to
the upper and lower end of a catenoid having as axis of revolution the x3 axis.

(2) My intersects the {x3 =0} plane in K+ 1 straight lines, which intersect at equal
angles 7 /(k + 1) at the origin. The intersection of M} with any one of the
remaining horizontal planes is a single Jordan curve. Thus the intersection
of M with the upper half-space {x3 > 0} (respectively the lower half-space
{x3 < 0}) is topologically an open annulus.

(3) The isometry group of M is generated by rotations by 7z about the k+ 1 lines
contained in the surface at height zero, together with reflections in planes that
bisect those lines. Assume one such plane of symmetry is the {x, = 0} plane.
In particular, My is invariant by the rotation by 27z /(k + 1) about the x3 axis
and by the composition of a rotation by 7 /(k + 1) about the x3 axis with a
reflection across the {x3 = 0} plane.

Now we give describe locally the surfaces M} near its ends, and we introduce
coordinates that we will use.

The planar end. See [Hauswirth and Pacard 2007]. The planar end E,, of M} can
be parameterized by

X _
X, (x) = (W um(x)) eR® for x € B%,(0),

where EZO (0) is the punctured closed disk in R? of radius po > 0 small centered at

the origin, and u,, = Oc2*(|x|*!) is a solution of

4 - Vu _
() |x] dlv((1+|x|4|Vu|2)1/2)_O'
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Moreover, u,, can be extended continuously to the puncture, using Weierstrass
representation (in fact, it can be extended as a C>* function). Here Ocp+(g) denotes
a function that, together with its partial derivatives of order no greater than n + «a,
is bounded by a constant times g. In the sequel, where necessary, we will consider
on B, (0) also the polar coordinates (p, ) € [0, po] x S

If we linearize in u = 0O the nonlinear Equation (1), we obtain the expression of
an operator that is the Jacobi operator about the plane; that is, £g. = |x|*Ag. To
be more precise, the linearization of (1) gives

(2) L,vo= |X|4 le( |x|4vu Vu-Vo )

Vo
V1+[x 4 Vul? 1+ x4 Vul?)?

Equation (1) means that the surface ¥, parameterized by x — (x/|x|?, u(x)) is
minimal. We will express the mean curvature H, 1, of £, in terms of the mean
curvature H, of X,,.

Lemma 2.1. There exists a function Q,, satisfying Q,(0,0)=0and VQ,(0,0)=0
such that

2H, 4o =2H, + L, + |x[* Qu(Ix[*Vo, [x[*V?0).

Proof. Define f(r) =1/y/1+ |x|*|V(u + tv)|? and apply Taylor expansion.
Since u satisfies (1), H, = 0. Then, if we put
Qu(-) == V1+ x| Vul2Qu(1x PV -, [x[?V?+)

to simplify the notation, the minimal surface equation satisfied by the function v
defined on the graph of the function u is

3) I} (o0 + V1 + x4 VulP Lo + Qu(v)) =0,
where L, is a second order linear operator whose coefficients are in Oc2«(|x|**1).

The catenoidal ends. We will denote by X, the parameterization of the standard
catenoid C whose axis of revolution is the x3 axis. Its expression is

X.(s,60) := (coshs cos@, coshs sind, s) € R3,

where (s, #) € R x S'. The unit normal vector field about C is

ne(s, 0) == lhs(cos 0, sin6, —sinhs) for (s,0) cR x S'.

Cos

Up to a dilation, we can assume that the two ends E; and Ej, of M are asymptotic to
some translated copy in the vertical direction of the catenoid parameterized by X..
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Therefore, E; and E};, can be parameterized, respectively, by

X =X, +wmn.+o,e3 in (S(), OO) X §1’

Xp = X, —wpn. — opes in (—OO, —S()) X Sl,

where o7, 0, € R, and w; (respectively wp) is a function defined in (sg, 00) X s!
(respectively (—oo, —sg) x S') that tends exponentially fast to 0 as s goes to +00
(respectively —o0), reflecting that the ends are asymptotic to a catenoidal end.

We recall that the surface parameterized by X := X, + w n. is minimal if and
only if the function w satisfies the minimal surface equation, which for normal
graphs over a catenoid has the form

w

1 w
@ Lew+ cosh? s (Qz(coshs) +coshs Q3(coshs)) =0,

where L¢ is the Jacobi operator about the catenoid, that is,

1 2 2 2w
Lew = —(a,,w+a w+—),
¢ cosh?s \'** 00 cosh? s
and O, and Q3 are nonlinear second order differential operators that are bounded
in €*(R x S') for every k and satisfy 0>(0) = 03(0) =0, VQ,(0) =V Q3(0) =0,
and V2 Q3(0) = 0 together with

(5) 11Q;(2) — Q1) llgoa(s,s+11xsh

j-1
< C( sup [v; ||<€2v“([s,s+l]><§1)) lv2 = villg2a(s,s+11xS1)
i=1,2

for all s € R and all vy, vy such that [[v;[lq2e(,s+1)xst) < 1. The constant ¢ > 0
does not depend on s.

The family of Costa—Hoffman—Meeks surfaces with bent catenoidal ends. We
denote by R¢ the rotation by ¢ about the x, axis oriented by e>. The following
result may be proved using an elaborate version of the implicit function theorem
and by following [Jleli 2004] and [Kusner et al. 1996].

Theorem 2.2 [Hauswirth and Pacard 2007]. There exists & > 0 and a smooth
1-parameter family of minimal surfaces {My (&) | & € (—Co, &)} with the properties
that My (0) = My, and each M (&) is invariant by reflection across the {x, = 0}
plane, has one horizontal planar end E, and has two catenoidal ends E,(&)
and Ep(&) asymptotic respectively, up to a translation, to the upper and lower
end of the catenoid RgC (that is, the standard catenoid whose axis of revolution is
directed by Rge3). Moreover, E;({) and Ey(E) can be parameterized respectively
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by
(6) Xi¢e=Re(Xe+wiene) +orce3+¢¢eq,
(7 Xpe=Re(Xe —wpene) —op ez —gpeen,

where the functions w; ¢, wp, ¢ and the numbers o, ¢, ., 0p.¢, She € R depend
smoothly on & and satisfy

lor,¢ — 0|+ lope — opl +Sr el + |Sh.el

Fllwee = well 20 (50, 400)xs1y T 10b.E = Wnll 20(Loo,—gg1xs1) < €IET

where

—0.
01l gz 155, 1o0yxsty = SUP (€™ Nlwllgra s snixst)

52250

)
lwllgea (—oo,—sonxst) = sup (€% llwllgras—1.51xsh)-
s<—50

For all s > sg and p < pg, we define

8) Mi(,s,p):=
Mi(&) — (X1 £([s, +00) x S U X, (B, (0)) U X s ((—00, —s] x S1))..

The parameterizations of the three ends of M (&) induce a decomposition of My (&)
into slightly overlapping components: a compact piece M (&, so + 1, po/2) and
three noncompact pieces

X1¢((s0, 400) x S, Xp (=00, =50) x 1), X, (B, (0)).
We define the weighted space of functions on My (¢).

Definition 2.3. Given £ € N, a € (0, 1) and ¢ € R, we define %g’“ (M (£)) as the
space of functions in %fo’g (M(&)) invariant by reflections across the {x; =0} plane

(that is, w(p) = w(p) for all p = (p1, p2, p3) € Mi($), where p:=(p1, —p2, p3))
and for which the following norm is finite:

10 llgee g, ey = N0 lleea @ sortopor2y T 10 0 Xnlltas,, o))

+llwo Xt,f”c@f;»“([s(),+oo)x§1) +llwo Xb,f”cgg»“((,oo,,s()]XSIY

We remark that there is no weight on the planar end E,, of M (&). In fact, we
can compactify this end and consider a weighted space of functions defined on a
two-ended surface. In the next section we will consider normal perturbations of
M. (&) by functions u € ‘6(25’“ (My(£)), and the planar end E,, will be just vertically
translated.



10 LAURENT HAUSWIRTH, FILIPPO MORABITO AND M. MAGDALENA RODRIGUEZ

The Jacobi operator. The Jacobi operator about My (&) is
. 2
Ly = Amey + 1AM

where |Ay, ] is the norm of the second fundamental form on M; ($).

In the parameterization of the ends of M (&) introduced above, the volume form
dvoly, ) can be written as y,dsd0 (respectively y,dsd0, y,dx1dx;) near E; ()
(respectively E; (), E,y). We define globally on My (&) a smooth function

7t M () — [0, +00)

that equals 1 on M(&, so—1,2po) and equals y, (respectively yp, y,,) on the
end E;(&) (respectively Ep(&), E,,). Observe that

(y o X;.£)(s,0) ~ cosh®s on (sg, +00) x S!,
(y o Xp.e)(s,0) ~ cosh®s on (—o0, —sp) X S!,
(yo X)) ~|x|™*  on B,
Given the defined spaces above, one can check that

Pe 5 G (ML(E)) = € (ML(©E)), w7 Ly (w)

is a bounded linear operator. The subscript J is meant to keep track of the weighted
space over which the Jacobi operator is acting. Observe that the function y is here
to counterbalance the effect of the conformal factor 1/,/|gum, )| in the expression
of the Laplacian in the coordinates we use to parameterize the ends of the sur-
face My (&). This is precisely what is needed to have the operator defined from the
space ‘Gﬁ’“(Mk (¢)) into the target space ‘62’“ (M (%)).

To better grasp what is going on, let us linearize the nonlinear Equation (4)
at w = 0. We get the expression of the Jacobi operator about the standard catenoid

1 2 2 2
Lo = (a TP )
€7 coshZs V0 0T coshZ s

The operator cosh’? sl.c maps the space (cosh s)°€2%((sg, +00) x S') into the
space (cosh 5)%€%% ((sg, +00) x S1).

Similarly, if we linearize the nonlinear Equation (1) at u = 0, we obtain (see (2)
with u = 0) the expression of the Jacobi operator about the plane Ly := |x|*Aq.
Again, the operator |x| *Lg2 = A clearly maps the space €>*(B o) into the
space €%“(B p)- Now, the function y plays for the ends of the surface M; (<)
the role the function cosh?s plays for the ends of the standard catenoid and the
role the function |x|~* plays for the plane. Since the Jacobi operator about My (&)
is asymptotic to L2 at E,, and is asymptotic to L¢ at E;(¢) and Ep (&), we conclude
that the operator % 5 maps C@f{“ (M (¢)) into %g’“(Mk ©)).
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Definition 2.4 [Hauswirth and Pacard 2007]. A surface M; (&) is said to be non-
degenerate if £¢ s is injective for all 6 < —1.

It is useful to observe that a duality argument in the weighted Lebesgue spaces
implies £¢ s is injective if and only if & _; is surjective, provided ¢ ¢ Z. For
details, see [Jleli 2004; Melrose 1993].

The nondegeneracy of M; (&) follows from the study of the kernel of £¢ 5.

The Jacobi fields. It is known that a smooth 1-parameter group of isometries con-
taining the identity generates a Jacobi field, that is, a solution of Ly, ) = 0. The
solutions that are invariant under reflection across the {x, = 0} plane are generated
by dilations, vertical translations and horizontal translations along the x| axis (see
[Hauswirth and Pacard 2007]):

 The vertical translations generated by the Killing vector field E(p) = e3 give
rise to the Jacobi field ®%*(p) :=n(p) - es.

o The vector field Z(p) = p associated to the 1-parameter group of dilations
generates the Jacobi field ®%~(p) :=n(p) - p.

« The Killing vector field E(p) = e; that generates the group of translations
along the x; axis is associated to a Jacobi field @' (p) :==n(p) - ;.

o Finally, we denote by @~ (p) :=n(p) - (e2 x p) the Jacobi field associated
to the Killing vector field Z(p) = e, x p that generates the group of rotations
about the x, axis.

There are other Jacobi fields we do not take into account because they are not
invariant by reflection across the {x, = 0} plane.
With these notations, we define the deficiency space

% := Span{y, @/, y, ®* : j =0,1}

where y; is a cutoff function that equals 1 on X, s((so + 1, +00) x S'), equals 0
on My (&) — X, £((s0, +00) X S'), is invariant under reflection across the {x, = 0}
plane, and satisfies y;(-) := y;(— -). Clearly

Fes: 63" (M(E) DD — € (Mi(&),  w > 7 Lag e (w)

is a bounded linear operator for ¢ < 0.

A result of S. Nayatani [1992; 1993], which the second author extended in
[Morabito 2008b], states that any bounded Jacobi field invariant by reflection across
the {x, = 0} plane is a linear combination of ®** and ®!+.

From that we get the following result about the operator £ ;.

Proposition 2.5. We fix 6 € (1,2). Then (reducing &y if this is necessary) the
operator £L¢ 5 is surjective and has a kernel of dimension 4. Moreover, there exists
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G¢ 5, a right inverse for $£¢ 5 that depends smoothly on & and in particular whose
norm is bounded uniformly as |£| < &.

This fact together with an adaptation to our setting of the linear decomposition
lemma proved in [Kusner et al. 1996] for constant mean curvature surfaces (see
also [Jleli 2004] for minimal hypersurfaces), allows us to prove the following result.

Proposition 2.6. We fix J € (=2, —1). Then (reducing & if this is necessary) the
operator £¢ s for |E| < &y is surjective and has a kernel of dimension 4.

3. Infinite dimensional family of minimal surfaces close to My (&)

In this section we consider a truncature of M (¢). First we write portions of the
ends of My (&) as vertical graphs over the {x3 = 0} plane.

We set r, = 1/(2/¢).
Lemma 3.1 [Hauswirth and Pacard 2007]. There exists &9 > 0 such that, for all
e € (0, &) and all |¢| < &, an annular part of the ends E, (&), Ep(E) and E,, of
M. (&) can be written, respectively, as vertical graphs over the annulus By,, — B, />
for the functions

Ui(r,0) = o1¢ +1In(2r) — &r cos 0 + O (e),

Up(r,0) = —0op,¢c —In(2r) — Cr cos O + Oge(e),

U,(r,0) = @cg;O(r_(kH)).
Here (r, 0) are the polar coordinates in the {x3 = 0} plane. The functions O (e)
are defined in the annulus By, — B, and are bounded in the €7° topology by

a constant (independent on &) multiplied by ¢, where the partial derivatives are
computed with respect to the vector fields r o, and 0Op.

In particular, a portion of the two catenoidal ends E;(¢/2) and Ej(g/2) of My(e/2)
are graphs over the annulus B;,, — B, ,» C {x3 = 0} for functions U; and U;,. We

set s, = —% Ine, p, = 2¢1/2 and

M (e/2) =
Mk(g/z) - (XI,S/Z((SE,‘, +OO) X Sl) U Xb,£/2((_00, _Ss) X Sl) U Xm (Bpg (0)))
We prove, following [Hauswirth and Pacard 2007, Section 6], the existence of
a family of surfaces close to M kT (£). In a first step, we modify the parameteriza-

tion of the ends E;(¢/2), Ey(e/2), E,, for appropriates values of s, so that, when
r € [3r./4, 3r. /2], the curves given by

0 — (r cos@,r sind, U;(r, 9)),
6 — (r cos@,r sin6, Uy(r, 9)),
0 — (r cos@,r sin6, Uy, (r, 0))
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correspond respectively to the curves {s =In(2r)}, {s = —1In(2r)}, {p=1/r}.
The second step is the modification of the unit normal vector field on My (e/2)
to produce a transverse unit vector field 7, that coincides with the normal vector
field n./» on Mi(e/2), is equal to e3 on the graph over B3, /> — B3, /4 of the
functions U; and Up, and interpolates smoothly between the different definitions
of 11z /> in different subsets of M kT (e/2).
Finally we observe that close to E;(g/2), we can give the estimate

) |cosh? s (Lag, (2/2)0 — cosh™ s(8%0 + 339v))| < clcosh 2 s 0].

This follows easily from (4) together with the fact that w, ¢ (see (6)) decays at
least like cosh™s on E;(¢/2). Similar considerations hold close to the bottom
end Ej(g/2). Near the middle planar end E,,, we have the estimate

(10) 1217 (Lo eyopo — x1*Ago) | < | Ix[* Vol

This follows easily from (2) and the fact that u,, decays at least like |x |+ on E,,.

The graph of a function u, using the vector field 7, />, will be a minimal surface
if and only if u is a solution of a second order nonlinear elliptic equation of the
form

”—M{(g/z)u = Z,g/zu + 0 (u),

where [I_MkT(g /2) 1s the Jacobi operator about MkT (¢/2), Q. is a nonlinear second
order differential operator, and L, /2 18 a linear operator that takes into account
the change of the normal vector field (only for the top and bottom ends) and the
change of the parameterization. This operator is supported in neighborhoods of
{£s:) x S', where its coefficients are uniformly bounded by a constant times &2,
and a neighborhood of {p,} x S', where its coefficients are uniformly bounded by
a constant times &3,

Now, we consider three even functions ¢;, gy, ¢,, € €>*(S') such that ¢, and ¢,
are L2-orthogonal to 1 and @ +— cos 6, while ¢,, is L?-orthogonal to 1. Assume

that they satisfy

(11) i lleza +ll@plleza + l@mllee < Ke.
We set © := (¢;, 0p, ¢n) and we define wq to be the function equal to

(1) x+(s)Hy,(sz —s, -) on the image of X, ,», where y is a cutoff function that
equals O for s < s+ 1 and equals 1 for s € [sg + 2, s.];

(2) x-(s)H,,(s+s;, -) on the image of X . />, where y_ is a cutoff function that
equals O for s > —sg — 1 and equals 1 for s € [—s,, —s¢9 — 2];

3) xm (p)l:l ..om (> ) on the image of X,,, where y,, is a cutoff function that
equals O for p > po and equals 1 for p € [p., po/2];
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(4) 0 on the remaining part of the surface M/ (¢/2),

where H and H are, respectively, harmonic extensions of the operators introduced
in Propositions A.2 and A 4.

We would like to prove that, under appropriate hypotheses, the graph over
M kT (¢/2) of the function u = we + v is a minimal surface. This is equivalent
to solving the equation

”—MkT(g/z)(wQ) +v) = ia/z(wtb +0)+ Q. (wo + ).
The solution of this equation is obtained thanks to the fixed point problem
(12) v=T(D,0):=G,250%:(y (Lep2(wo+v)— L /) ot Qe(wo +0))),

where J € (1, 2), the operator G, 2 s is the right inverse provided in Proposition 2.5,
and €, is a linear extension operator

€€ (M (/2)) — €3 (Mi(2/2)).

Here %g’a(MkT (¢/2)) denotes the space of functions of %g’a(Mk (¢/2)) restricted
to MkT (¢/2), and €, is defined so that €.v equals v in MkT (¢/2), vanishes in the
image of [s; + 1, +00) x s! by X; .2, in the image of (—o0, —s; — 1) x s! by
Xp,¢/2 and in the image of B, > by X,,, and is an interpolation of these values in
the remaining part of My (¢/2):

(€:0)0 X1 g/2(5,0) = (145, —5) (v 0 X; ;. 2(5¢, 0))
for (s, 0) € [sz, sz + 1] x S',

(€:0) 0 Xpg/a(s,0) = (1 +5.+5)(0 0 Xp ¢ 2(5:, 0))
for (s,0) € [—s.—1, —s.] x S

(€:0) 0 X (p, 0) = (f)—p— )0 Xn(pe, 0) for (5, 0) € [p./2, pl S,

Remark 3.2. As consequence of the properties of €., if suppoN (B 0. — B, /2) *Q

then
|(€:0) 0 X ||<@0,a(§p0) < Cpg_a loo Xy ||<€°’”‘(Bpoprg)-

This explosion of the norm does not occur near the catenoidal type ends:

[1(€:0) 0 Xt /2 0.0 ([s9, 400 xSy < ClID 0 X7 e /2[00 ((50,5,1xS1) -

A similar inequality holds for the bottom end.
In the sequel we will assume a > 0 and close to zero.

The existence of a solution v € %g’“ M kT (¢/2)) for Equation (12) is a consequence
of the following result, which proves that T (®, -) is a contracting mapping.
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Proposition 3.3. Choose d € (1,2), a € (0,1/2), ® = (p;, pp, o) € [€>*(SH]?
satisfying (11) and enjoying the properties described above. There exist constants
¢ > 0and g, > 0 such that

” T((D> 0) ”(eg’a(MkT(S/Z)) § CK83/2

and, for all ¢ € (0, &),

1
1T (D, v2) — T (D, Dl)”%g’“(Mk(g/Z)) < §||1)2 — U1 ”@?“(Mk(g/z))a
(13) ”T((DZa D) - T((DI; D)I|(6§’a(Mk(g/2)) < C3||(I)2 — @ “‘62’“(51),

where

| @2 — Dy [[g2a(s1y =
912 — @r1llgze(sty + 96,2 — @b 1llg2a(sty + 10m,2 — Gm 1 llg2e (st

forall v, vy, vy € €5 (M] (¢/2)) such that ||v ligze < 2¢€3/% and for all boundary
data @, ®; € [€>*(SY]? enjoying the same properties as ®.

Proof. We recall that the Jacobi operator associated to My (¢/2) is asymptotic to
the operator of the catenoid near the catenoidal ends, and it is asymptotic to the
Laplacian near of the planar end. The function w¢ is identically zero far from the
ends where the explicit expression of Ly, (c/2) is not known: This is the reason
of our particular choice in the definition of w¢. Then from the definition of we,
thanks to Proposition 2.5 and to (9) and (10), we obtain the estimate
-2
lI€e (V |]—MkT(,g/z) We) “‘62’“ (Mi(2/2)) < cllcosh™ s(we o Xt,e/Z) H%ga“ ([s0+1,5:1xS")
+clleosh™ s (wo © Xp.o/2)ll g, 1751

+ Cg_a/2||p2k+3v(w® © Xm)ll%o»“([pg,po]xgl) < CK83/2'
Using the properties of L, /2, We obtain

”%S(VLS/ZU)(D)||<gg~0‘(Mk(8/2)) < cellwe o XZ,S/Z”<(gg’“([50+1,s€]x§l)
Feellwo o Xpepllgoe_y, —g—11xst)
+ CSl_a/2||wCD o Xm ||(€0’“([pg,p0]><§1) < CK83/2

As for the last term, we recall that the operator Q. has two different expressions if
we consider the catenoidal type end and the planar end (see (4) and (3)). We leave
it to the reader to check that

(7 Qo (o))l ag 2y < 8™ 0
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Theorem 3.4. Let
B :={w € €I (M(/2 <2ce8%?) and @ e [€>*(S")PP
={we J ( k(‘(:/ )) | “w”‘ﬁg’a(Mk(g/Z)) < 2cee”’7} an S ( )]
be as above. Then the nonlinear mapping T (®, - ) defined above has a unique fixed
point v in B.

Proof. The previous proposition shows that, if ¢ is chosen small enough, the non-
linear mapping 7 (®, -) is a contraction mapping from the ball B of radius 2c,&3/2
in %g’“ (My(¢/2)) into itself. This value follows from the estimate of the norm of
T (@, 0). Consequently by the Schauder fixed point theorem, 7 (®, - ) has a unique
fixed point w in this ball. U

This argument provides a minimal surface M kT (¢/2, @) thatis close to M kT (e/2)
and has three boundaries. This surface is, close to its upper and lower boundary, a
vertical graph over the annulus B,, — B, ,» whose parameterizations are respectively
given by
(14) Ui(r,0) = o012+ In(2r) — %sr cos + H,, (s, —In(2r), 0) + V;(r, 0),
(15) Up(r,0) = —ap¢/2 —In(2r) — Jer cos + Hy, (s. — In(2r), 0) + Vi (r, 0),
where s, = —% In &. The boundaries of the surface correspond to r, = %8*1/ 2 Near

the middle boundary the surface is a vertical graph over the annulus B, — B, >,
Its parameterization is

(16) Upn(r,0) = Hpg,(pm(l/r» 0) + Vin(r,0),

172

where p, = 2¢'/<. All the functions V; for i = ¢, b, m depend nonlinearly on ¢, ¢.

Lemma 3.5. The functions V; (e, ;) fori =t, b satisfy

”‘/i(g, (oi)(rg R )||<62,a(§2_3|/2) < ce,
(17) ”‘/1(8, ¢i,2)(r8 ‘o ) - ‘/i(ga ¢i,1)(r8 Ty ')”(@2,(1(52731/2)
1-6/2

<ce lpi2 — @i1llgasty-

The function Vy, (e, @) satisfies
Vi (&, 0)(ps - 5 ) la(By—, ) < €8s
(18) 1Vin (&, om,2) (P - +) = Vin (&, o, 1) (Pe + > Ilg2a(B,—B, )
S cellpma — @m.lleash-
Proof. The first estimate follows from
1Vie, 92) () = Vil 0D . ey, -5, o)
<™ (T (@2, Vi) = T(®1, Vi) 0 Xioall g sy
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fori =1, b, with Q, = [s9, 5] and Q;, = [—s., —so]. The second one follows from

”VM(ga ¢2)( ) ) - VM(gv (Pl)( N )”(@241(52/)5_3/)8/2)
< C”(T((DZ: Vm) - T((D], vm)) © Xm”(@Z’“([pg,po]x@')

and the estimate (13) of Proposition 3.3. O

4. An infinite family of Scherk-type minimal surfaces close to a horizontal
periodic flat annulus

This section has two purposes. The first is to find an infinite family of minimal
surfaces close to a horizontal periodic flat annulus X with a disk D; removed. The
surfaces of this family have two horizontal Scherk-type ends E; and E, and will
be glued on the middle planar end of a Costa—Hoffman—Meeks surface M. We
will prescribe the boundary data ¢ on 0D;. Assume the period 7' of £ points in
the x, direction. Then the asymptotic direction of E| and E; is along x; axis.
The second and more general purpose of this section is to show the existence
of an infinite family of minimal graphs over £ — Dy, whose ends have slightly
modified asymptotic directions. When the asymptotic directions are not horizontal,
these surfaces are close to half of a Scherk surface, seen as a graph over £ — D; (see
Figure 2). A piece of such a surface will be glued to the catenoidal ends of the sur-
face M and to an end of a KMR example M, ¢ o introduced in Section 5. We will
prescribe the boundary data on 0 Dy. Since we need to prescribe the flux along 0 Dy,
we will modify the asymptotic direction of the ends, and we will choose |T'| large.

4.1. Scherk-type ends. Conformally parameterize the annulus ¥ C R?/T on C*,
with the notation (x1, x2, x3) = (x| + ix2, x3), by the mapping

A(w) = (—% In(w), 0) for w € C*.

The horizontal Scherk-type end E; described above can be written as the graph of a
function /11 € 6>*(B}(0)), where B*(0) is the punctured disk B, (0)— {0} of radius
r € (0, 1) centered at the origin. The function 4 (w) is bounded and extends to the
puncture; see [Hauswirth and Traizet 2002]. The end E| can be parameterized by

X1(w) = A(w) + hi(w)e; = (—% In(w), hl(w)) eR/T forwe B (0)

in the orthonormal frame % = (e, e, ¢3). The end has asymptotic direction e;.
The horizontal Scherk-type end E; can be parameterized in C — B,-1(0) simi-
larly. Via an inversion, we can parameterize Ey by

X, (w) = ( '2T' In(w), h2(w)) eR3/T forw e B*(0)

T
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in the frame %~ = (—ey, —ey, €3), where hy € 6>“(B}(0)) is a bounded function
that can be extended to the puncture. Now the end has asymptotic direction —e;.

Let us now parameterize a general Scherk-type end, not necessarily horizontal.
Let Ry denote a rotation in R3 /T by 0 about the x; axis (oriented by e;). We
can parameterize a not necessarily horizontal Scherk-type end E; with asymptotic
direction cos 0 e; 4 sin 6 e3 and limit normal vector Ry, (e3), with 6; € [0, 7 /2),
by

X1(2) = (—% (), 7y (z)) for z € BX(0)

in the frame %(0,) = Ry, &, where hy € @2 (B)(0)) is a bounded function that can
be extended to the origin.

Finally, a Scherk-type end E, with asymptotic direction — cos 6 e + sin 6 e3
and limit normal vector R_g,(e3), with 6, € [0, 7 /2), can be parameterized by

Xz(z) = (—% In(z), ﬁg(z)) for z € B/(0)

in the frame ¥~ () = R_¢, ¥, where hy € €2 (B (0)) is a bounded function
that can be extended to the origin.

4.2. Construction of the infinite families. Given anr € (0,1) anda ® = (6, 6»)
in [0, 6y]%, with 6y > 0 small, we denote by Ag : C* — R3/T the immersion
obtained as the smooth interpolation of

(Rp, 0 A)(z) if|z] <r/2,
A(2) ifr <|z| < ril,
(R_g, 0 A)(z) if|z| >2r7 "

Let Ng be the vector field obtained as the smooth interpolation of Ry, (e3) on
{lz] <r/2}, of e3 on {r < |z| < r~'} and of R_g,(e3) on {|z] > 2r~'}. For any
h € C*>%(C), we define the immersion

Xo,1n(z) =Ae(z) + h(z)No(z) forzeC".

The immersion Xg , has two Scherk-type ends E; and E, with asymptotic direc-
tions cos 0 e; +sinf) ez and — cos 6 e; + sin b, e3, respectively.

At the end E (respectively E»), Xo 1(2) = A(z) + hi(2)e3 in the orthogonal
frame %(6),) (respectively Xo »(2) = A(z7")+h2(2)es in the frame F— (6»)), with
z € B¥(0), where h1(z) = h(z) and hy(z) = h(z~"). L. Hauswirth and M. Traizet
[2002] proved that, in terms of the z coordinate, the mean curvature of Xg 5 at E;

1S
27T2|Z|2
H =
T

divo(P~Y2Vohy),
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where P = 1 + (472|z|?/|T )| Voh; ||(2) and the subscript 0 means that the corre-
sponding object is computed with respect to the flat metric of the z plane. We
denote by A the smooth function without zeros defined by A(z) = |T|?/(4x%|z|%)
for z € B} (0). Then at E; we have

20H = P~ Aoh; — L P32(Vo P, Voh)o.
So the mean curvature at the end E; vanishes if &; satisfies the equation

1 _
(19) Aoh — 5 (Vo P, Voh)o = 0

Definition 4.1. Given k € N and a € (0, 1) we define C**(C) as the space of
functions u € C{;C“ (C) such that

lull cra gy = [l 0,8 < +00,

where [u], , & denotes the usual C** Holder norm on C.

Let B, be a disk in C* such that
D;=AB;)CX={zeC| —|T| <2y <|T|}

is a geodesic disk centered at the origin of R*/T. Denote by C**(C — By) the
space of functions in C*%(C) restricted to C — B;. We denote by H (0, h) the
mean curvature of Xg 5, and H(©,h)=AH(®, h), where 1 is the smooth function
defined in a neighborhood of each puncture by A(z) = |T|>/(472|z|?). [Hauswirth
and Traizet 2002, Lemma 4.1] shows that

H : R* x 4>*(C — By) — ¢%*(C — By)

is an analytical operator. Denote by g the Jacobi operator about Ag. We set
Po = 1%e.

Remark 4.2. The operators H and £¢ are the mean curvature operator and the
Jacobi operator with respect to the metric |dz|? of C. Defining operators H=\H
and $o = 1¥e means considering a different metric on C. Actually, H and %o
are the mean curvature operator and Jacobi operator with respect to the metric
g, = |dz|?/ . From the definition of 4, it follows that the volume of C with respect
this metric is finite.

The Jacobi operator £ is a second order linear elliptic operator satisfying
|Lou— Au| < c(|01]+1602])|ul, and the coefficients of Fg = A — P have compact
support.

Now we fix so > 0. Given ¢ > 0 and |T'| € [4/4/¢, +00) large enough, we choose
s € (0, s) so that Dy = A(By) is the geodesic disk of radius 1/2,/¢ centered at the
origin.
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Proposition 4.3. There exists eg > 0 and 1y > 0 such that for every ¢ € (0, &g) and
every |T| € (9, +00), there exists an operator

G 7| : €%*(C — By) - €>*(C — By)
such that, given f € €%*(C — By), w = G, 1 |(f) satisfies

Aw=f onG:_Z—BS,
w € Span{l} on 0B;,

and ||w||g2« < c|| fllgo.« for some constant ¢ > 0 that does not depend on ¢ or |T|.

Proof. Let be u a solution of Au = f on C— B, with u =0 on 9 B,;. We recall that
the metric in use on C is given by g; = |dz|?/A. With respect to this metric

udvolg, < 00.

R :=vol(C — By) < 400 and /
C—B;

Wesetw =u—(1/R) f@—B, u dvolg,. The function w is well defined and satisfies
f@—Bs w dvolg, = 0; also w € Span{1} on 0B;. If the theorem is false, there is a
sequence of functions f;,, of solutions w,, and of real numbers s, such that

sup |fxl=1 and A,:= sup |w,|— +oo asn— +oo,
C—By, C-B

—By,

where s, € [0, so]. Now we set w, := w,/A,. Elliptic estimates imply that s,
and w, converge up to a subsequence, respectively, to so, € [0, s9] and to e, On
C — B,,,. This function satisfies A, = 0. Then w, is constant on C — B, and
f@_ By, Weo dvolg, = 0, which contradicts that sup |ie| = 1. O

Now we fix |T| > 4/&, 0O € (0,¢)%, s, =1/(2/¢), and let p € €>*(S")
be even (or odd) L2—0rth0g0nal to 1, with [|¢||¢2a sty < k& for some x > 0. Let
w, be the unique bounded harmonic extension of ¢. We would like to solve the
minimal surface equation H(®, v+w, ) = 0 with fixed boundary data ¢, prescribed
asymptotic direction ® and period |7T'|. Then we have to solve the equation

Av=Fg(v+w,)+ Qov+wy),

with Qg a quadratic term such that | Qg (v1)— Qe (02)| < ¢|v1—v2|?. The resolution
of the previous equation is obtained by showing the existence of a fixed point

v=25(0,0,0):=Gg71(Fo(v+wy)+ Qo(v +w,)).

Proposition 4.4. Let ¢ € S' satisfy l@llgasty < ke and enjoy the properties
described above. There exist ¢, > 0 and ¢, > 0 such that

1S(®, 9, 0)|l¢2e < cee® forall |T|>4/e
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and, for all & € (0, &),

1S(®, ¢,01) —S(O, ¢, 02)ll¢2e

<Al
1S(®, p1,0) —S(O, 2, 0) ll2a < cellpa — @1l

02 — U1 llg2a,

for all v, vy, vy € €>*(C — By,) whose ©>“ norm is bounded by 2c.€*, for all
boundary data ¢\, p; € S' with the same properties as ¢ and for all ® = (61, 6,)
such that |01 + |6»] < e.

Proof. Using Proposition 4.3, the inequality |£u — Au| < c¢(|6;|+ |65])|u], and the
quadratic behavior of Qg, we derive the stated estimate. The details of the proof
are left to the reader. O

Theorem 4.5. Let B := {w € €>*(C — By,) | [|w]l¢2e < 2cre?). Let p € €>*(S!)
as above, and let ® = (01, 6,) with |01| + |62| < €. Then the nonlinear mapping
S(®, @, -) defined above has a unique fixed point v in B.

Proof. The previous proposition shows that, if ¢ is chosen small enough, the
nonlinear mapping S is a contraction mapping from the ball B of radius 2c,¢?
in €2%(C — By,) into itself. This value follows from the estimate of the norm
of §(®, ¢, 0). Consequently by the Schauder fixed point theorem, S(®, ¢, -) has
a unique fixed point v in this ball. O

On the set Byg, — By, the function U = v + w,, is the solution of Equation (19).
Using the vertical translation cges, we can fix the value cg + ¢ at the boundary,
obtaining U = c¢o + w, + 0.

The function » depends nonlinearly on ¢. Using the Schauder estimate for the
equation on a fixed bounded domain, we find

lo(@1) — 0@l ec_p,) < ceellor — @2llgest).

This can be done uniformly in (01, 8;). Now we want to obtain the parametriza-
tion of the surface close to the annulus with linear growth ends (from which we
have removed Dj,) in a neighbourhood of 0 Dy, . We recall that D, corresponds to
B, by a conformal mapping. From now on, ¢ will be considered as the boundary
data for 0 Dy,. We will denote its harmonic extension by w, = Hj, ,. We observe
that near 0D;, the function U grows logarithmically. The hypothesis that ¢ is
orthogonal to 1 implies that the function w,, is also and is bounded. This is not the
case for v, which can be seen as the sum of a bounded function that is orthogonal
to 1 and of a function of the form c In(r/s;), where ¢ = ¢(|T|, 81, 6), defined in a
neighborhood of 6 D;,. We can determine ¢ using a flux formula.

Let y; and y5, be two closed curves in X /T chosen to correspond by conformal
mapping to the boundaries of two circular neighborhoods N; and N, of the punc-
tures corresponding to the ends with linear growth. Let ¥ = C — (Bs, UN1 UN2>).
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Now [, AX = 0 since X is the parameterization of a minimal surface. By the
divergence theorem, if I' = 0¥, then

oz/sz/@ds=/ @dw/ @d”/ X is.
g r on ) on y, ON op,, oM

where # denotes the conormal along I'. This equality implies

/ OU 45 = sin6,|T| + sin 6| T |.
oD, 0

Se

By integration we can conclude that
U= E—Zl(sinﬁl +sinéh) In(r/s;) + co + w, +ot on Dy, — Dy, with ot 1L 1.

We observe that if 6, =8, =0, there exists an infinite family of minimal surfaces
that are close to the surface ¥ — D;,_. Let S, (¢) be one such surface. It can be
seen as the graph about Dy, — D, of the function

Z7m(r> 0) =co+ [:ISE,(p(r: 9) + ‘_/m(r: 9)9

where V,, = Oc?<(¢), and it satisfies

(20) IV (1) = V(922 (D, -1,y < x€llo1 — p2ll2ast)

for g5, 91 € C>*(SY).

If (65, 0)) #0, we choose |T'| so that (|7|/2x )(sin & +siné,) = 1. There exists
an infinite family of minimal surfaces that are close to the periodic Scherk-type
example. After a vertical translation, any such surface can be seen as the graph
about Dy, — Dj, of the function

21 U(r,0) =In(2r) + co+ Hy, , (r, 0) + V(. )

where V, = Oc?“(¢), and it satisfies

(22) IVi(@1) = Vi@ ll2a(pa, —p,,) < Cx€llor — p2llra(st),
for ¢z, p1 € C*(SH).

Remark 4.6. If the boundary data ¢ is an even function, it is clear the surfaces
we have just described are symmetric across the vertical plane {x; = 0}. However,
if the boundary data ¢ is an odd function and #; = 6,, the surfaces are symmetric
across the plane {x; = 0}.
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5. KMR examples

Here we briefly present the KMR examples M , s studied in [Karcher 1988; 1989;
Meeks and Rosenberg 1989; Rodriguez 2007] — these are also called toroidal half-
plane layers — which are the only properly embedded, doubly periodic minimal
surfaces with genus one and finitely many parallel (Scherk-type) ends in the quo-
tient; see [Pérez et al. 2005].

For each o € (0, 7/2), a € [0,7/2] and g € [0, x /2] with (a, ) # (0,0),
consider the rectangular torus X, = {(z, w) € C? | w? = (22 + A3 (2 + 172},
where 4 = A1(c) = cot(a/2) > 1. By means of the Weierstrass representation, the
KMR example M, , g is determined by its Gauss map g and the differential of its
height function £, which are defined on X, and given by

az+b dz
Z,w)=———— and dh=u—,
8z w) i(a—bz) a

with
a=a(a, f)=cos %(a +p)+icos %(a - B,

b:b(aaﬁ):SIH%((X—,B)‘i‘lSIH%(OC-i-ﬁ), ,U=,LL(O')= T CsCo

K(sin’ )’

where K (m) = 0”/2 1/(1 —m sin® u)'/?du for 0 < m < 1 is the complete elliptic
integral of first kind. Such u has been chosen so that the vertical part of the flux
of M, . p along any horizontal level section equals 27 .

Remark 5.1. These statements give us a better understanding of the geometrical
meaning of a and b:

(i) b — 0if and only if @ — 0 and  — 0, in which case a — 1+1.

(i) b+ a|*=2.
(iii) If # =0, then a = (1 +i)cos(a/2) and b = (1 + i) sin(a/2), and b = O(«).
(iv) If a =0, thena = (1+1i)cos(f/2) and b = (—1+1i)sin(f/2), and b = O(p).

(v) In general, |b/a| = tan(¢/2), where ¢ is the angle between the north pole
(0,0, 1) € S? and the pole of g seen in S? via the inverse of the stereographic
projection.

The ends of M, correspond to the punctures {A, A’, A”, A"} = 27 1({0, 00}),
and the branch values of g are those with w = 0, that is,

23) D=(—il,0), D' =(il1,0), D"=(i/2,0), D" =(—i/,0).

Seen in S?, these points form two pairs D” = —D and D" = —D’ of antipodal
points, and each KMR example can be given in terms of the branch values of its
Gauss map; see [Rodriguez 2007].
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Figure 3. Left: M, o, with 0 = /4. Right: M; 40, witho =a =n /4.

Denote by T the period of M, , s at its ends. We focus on two more symmetric
subfamilies of KMR examples:

{Myu0l0<o <im, 0<a<gm} and {M,0p4]0<0 <im, 0SB <o}

6]

2

3)

When a = =0, M, .o contains four straight lines parallel to the x; axis. The
isometry group of M; ¢,0 is generated by the 7 -rotation Rp around one of the
four straight lines contained in the surface, and by three reflection symmetries
S1, 82, S3, where each S; is across the {x; = 0} plane; see Figure 3 left. In this
case, T = (0, T u, 0).

When 0 < a < 7 /2, the isometry group of M, 4 is generated by & (cor-
responding to the deck transformation (z, w) — (z, —w)), which represents
in R? a central symmetry about any of the four branch points of the Gauss map
of My 4.0; the reflection S, across the {x, = 0} plane; and the x -rotation R,
around a line parallel to the x, axis that cuts M, 4 o orthogonally; see Figure 3
right. Now T = (0, 7 ut,, 0), with , = sin o /(sin® o cos? a + sin® a) /2.

Suppose that 0 < f < o. Then M, o s contains four straight lines parallel to
the x| axis, and the isometry group of M, o s is generated by the reflection S
across the {x; = 0} plane; the x-rotation R; around a line parallel to the x;
axis that cuts the surface orthogonally; and the x-rotation Rp around any
one of the straight lines contained in the surface; see Figure 4. Moreover,
T = (0, = ut?, 0), where t# = sino/(sin’ o — sin® §)'/2.

Finally, it will be useful to see X, as a branched 2-covering of C through the map
(z, w) — z. Thus X, can be seen as two copies C; and C; of C glued along two
common cuts y; and y;, which can be taken along the imaginary axis: y; from D
to D', and y, from D" to D"

5.1.

M, g as a graph over {x3 = 0}/T. The KMR examples M, , s converge

as (o, a, f) — (0,0, 0) to a vertical catenoid, since X, converges to two pinched
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TR

Figured. M, 3, where 0 = /4 and f =7 /8.

spheres, g(z) — z and dh — £dz/z as (o, a, ) — (0, 0, 0). In fact, we can obtain
two catenoids in the limit, depending on the choice of branch for w (for each copy
of C in Z,, we obtain one catenoid in the limit). One of our aims for this paper is
to take KMR examples M,; , o or M; o s near this catenoidal limit and glue them to
a convenient compact piece of the surface My (¢/2). In this subsection, we express
part of M, , s as a vertical graph over the {x3 = 0} plane when o, a, 8 are small.

Consider M, , 4 near the catenoidal limit, that is, o, a, § close to zero. Without
lost of generality, we can assume dh ~ —dz/z in C;. We are studying the surface
in an annulus about one of its ends, say a zero of its Gauss map.

Lemma 5.2. Consider o + f+ 0 < & small. Up to translations, M, , g can be pa-
rameterized in the annulus {(z, w) € , |z€Cy, |b/al <|z| <v},forv e (|b/al, 1)
small, by

(1+i)b
472
X3 =—In|z| +0(%272),

Xi+iXa=1@+1/2)+ +0(ez " +e%27),

Proof. Recall we have assumed dh ~ —dz/z in the annulus we are working on.
More precisely, we have

dh = — pdz _ u dz
V@+2)2+47Y) W22 4072724074 2

Since /A = /((1+cos(o))K(sin? 0)) = 14+0(c*), and A~! = tan(c/2) = 0(¢),
we get

dh = — dz—z(l FOEM) (140222 + 6222 + %),

Since |z| <v < I, we have dh = — (dz/z)(1 + 0(¢?z~?)). Fix any point zo € C,
with zo & {—b/a,a/b} (which correspond to two ends of the KMR example),
and recall that g = —i(az + b)/(a@ — bz). Straightforward computations give, for



26 LAURENT HAUSWIRTH, FILIPPO MORABITO AND M. MAGDALENA RODRIGUEZ

|b/al < |z|] <1,

Zz .7 . .
dh by 220 oY),
20 a a7 a’'z

¢ ib 2i
/gdh_—lnz+ 2Z—C2+@(8z b,
20

where C1, C, € C satisty %(C_‘l — () = %(Zo + 1/Z9) + O(&). Taking into account
that a = (1 4i) + O(e), we obtain

7 41 z
X1+iX2=%(/ %—/ gdh)
20

- (o) B e D) e

_1 1\, (I+i)b _l( _) 1, .2.-3
_2<Z+Z)+ s 3 ZO+Z_0 +0(z  +e°z77).

Similarly, [ dh = —Inz+1nzg+ 0(s?z7%); hence

Z
X3 = Re/ dh = —1In|z| +In|zo| + 0(%272). a

20

By suitably translating M, ,, 3, we can assume its coordinate functions are as in
Lemma 5.2.

Lemma 5.3. Let (r, 0) denote the polar coordinates in the {x3 = 0} plane, and let
re = 1/Q2¢). If a + B+ 0 < & small, then an annular piece of My, p can be
written as a vertical graph of the function

U(r, 0) = In(2r) 4 r(—x cos 0 + x; sin0) + 0(e),

for (r,0) e (rs/2,2r.) x[0, 27), where k] =Re(b)+Im(b) and xy =Re(b) —Im(b).

We denote by M, 4 5(y, &) the KMR example M, p dilated by 1+ y for some
small y < 0, and translated by a vector & = (&1, &, &). Then an annular piece of
Mg .5(y, &) can be written as a vertical graph of

ij%f(r’ 0) =
(1+9y)In(2r)4+r (—k cos 6 + Ky sinf) — Hr——y(f] cosf + & sinf)+d+0(e),
for (r,0) € (r:/2,2r;) x [0,27), where d = & — (1 + y) In(1 + p).

Remark 5.4. Recall that b = sin %(a — f)+isin %(a + p). Here are some special
cases:
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e When f =0, we have x| = 2sin %a and x» =0, so
ﬁy,g(r, 0)=(14+y)In(2r)—2r sin %(a) cosf— lrﬂ(é‘l cos+& sinf)+d+0(e).
e When a =0, we have k; =0 and x, = 2 sin %(ﬁ), o)

U,, g(r 0)=(14y)In(2r)+2rsin 2,8 s1n9— (gfl cos@+&sinf)+d+0(e).

In Section 7, we will consider £ = 0 when a = 0, and & =0 when = 0.

Proof. Suppose |b/a| < |z| <v, withv > |b/a| small. From Lemma 5.2, we know
the coordinate functions (X1, X», X3) of the perturbed KMR example M, , s(y, &)
are given by

Xi4+iX, =11+ @+1/2)+ A),

24
G4 X3=—(+yp)Inz| + & +0(z7?),
where
A@ =TI | ig) 1o 4%
= WD) | (6 tigy) + 06z +2%7)

If we set z = |z|e'¥ and X +i X, =re'?, then z+1/7 = (|z| + 1/|z]) €'V and
rcosf = %(1 +9)(zl+1/]z]) cos w + Ay,
rsind = S(147) (Jz + 1/lz]) sin y + Az,

where A| = Re(A) and Ay = Im(A). Therefore,

4lz]

— = (A Aj si
(1+y)(|z|2+1)( 1cos y + Apsin )

2_ 1 2 13?2
25 r2=1+y) (|z|+lzl) (1+

4z
(I+7)2(Iz]2+1
When /¢/R < |z] < R./¢ for some R > 0, the functions A; are bounded, and we
get

(26) r= 3 (Il )+ 0/ =

+ B (AT + A%)).

0
2||+(f)

In particular, » = 0(1/4/¢). We consider R > 0 large enough so that
{re/2<r <2r;} C{Ve/R< |zl < RV}
From (26), we get 7 /(3(1+ ) (Iz] + 1/]z])) = 1 + 0(/€), which gives

X14+iXo oi? 0
gy ety ¢ A HoweD.
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On the other hand,
X1+iX . 2|z|A
A e A v o)
5 (1+7y) (zI+ 1/Iz]) I+ +1z?)
Thus ¢V = ¢'?(1 + 0(/¢)).
From (25) and (26) we can deduce
2y2
(H—y) (1+1z| ) ( —(2/r)(Ajcos w + Ay sin z//)—{—@(e))

4)z|?

from which we obtain

1 (2_r)2(1 —(2/r) (A cos y + Ay sin y) +©(8))(1 +0(e))

lzI> \1+y
2
_ (liry) (1= 2/r) (A cos y + Ay sin y) + 0(e)),
and then
27 —Inlz] =1In 1%:)} —%(Alcosz/fﬁ-Az sin y) +0(¢).

Finally, it is not difficult to prove that

1= 4| |2(K1 cos(2y) — k2 sin2y)) + &1+ 0(Ve),

4| |2 2 (k1 sin2y) + k2 cos2y)) + & + O(Ve).

Therefore,

Ajcosy +Axsiny = —= (;q cos y — Ky sin y) + & cos y + & sin y + 0(Ve)

14
4z

2
= _1:—)/ (1 cos O — Kk sin@) + & cos O + & sin 6 + 0(/¢).

From here, (27) and (24), Lemma 5.3 follows. [l

5.2. Parameterization of the KMR example on the cylinder. In this subsection we
want to parameterize the KMR example M, , s on a cylinder. Recall its conformal
compactification X, only depends on o. The parameter o € (0, 7 /2) will remain
fixed along this subsection, and we will omit the dependence on ¢ of the functions
we are introducing. Also recall that X, can be seen as a branched 2-covering
of C by gluing C,, C, along two common cuts 7| and y, along the imaginary axis
joining the branch points D, D’ and D", D, respectively; see (23).

We introduce the spheroconal coordinates (x, y) on the annulus S — (y; U y5)
as in [Jansen 1977]: For any (x, y) € S! x (0, ) =1[0,27) x (0, =), we define

F(x,y) = (cosxsiny, sinx m(y), [(x) cos y) € S* — (y1 Uy»),
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where

1/2 172,

m(y) = (1 —cos? o cos? y) and [(x) = (1 —sin® o sin® x)

Geometrically, {x = const} and {y = const} correspond to two closed curves on S?
that are the intersection of the sphere with two elliptic cones (one with horizontal
axis, the other one with vertical axis) having as vertex the center of the sphere.

If we compose F'(x, y) with the stereographic projection and enlarge the domain
of definition of the function, we obtain a differentiable map z defined on the torus
S' x S' =10, 27) x [0, 27) — C and given by

cos x sin y+i sin x m(y)
1—I(x)cosy

(28) z(x,y) = ;
which is a branch 2-covering of C with branch values in the four points whose
spheroconal coordinates are (x, y) € {£x/2} x {0, 7 }; these correspond to D, D’,
D" and D". Moreover, z maps S' x (0, 7) onto C — (y; U y2). Hence we can
parameterize the KMR example by z, via its Weierstrass data

2(z) = az+b dz

= dh =
i(a—bz)’ #J(z2+/12)(z2+z—2)’

We denote by M,, a,p the lifting of M, , pto R3/T by forgetting its nonhorizontal
period (that is, its period in homology, T). We can then parameterize MJ a,p ON
S' x R by extending z to [0, 27) x R periodically. But such a parameterization is
not conformal, since the spheroconal coordinates (x, y) — F(x, y) of the sphere
are not conformal. As the stereographic projection is a conformal map, it suffices
to find new conformal coordinates (u, v) of the sphere defined on the cylinder. In
particular, we look for a change of variables (x, y) — (u, v) for which |F,| = |F,|
and (fu, fu) =0, where f(u, v) = F(x(u,v), y(u,)).
We observe that

|Fel = vVk(x, y)/I(x) and |Fy| =k(x,y)/m(y),

with k(x, y) = sin? ¢ cos?>x + cos? o sin®y. Then it is natural to consider the

change of variables (x, y) € [0,27) x R+ (u,v) € [0, U,) x R defined by

*odt Yoodt
(29) u(x)=/0 it and ”(y)z/mW)’
where
2 dt
Ug:u(Zn)—

V1—sin? g sin® t

Note that U, is a function on ¢ that goes to 2z as ¢ approaches to zero, and that
the change of variables above is well defined because o € (0, 7 /2).
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In these variables (u, v), z is v-periodic with period

dt
v 1—cos? ¢ cos? ¢

The period V,; goes to +00 as o goes to zero (see the proof of Lemma 5.5), which
is made clear by taking into account the limits of M, , s as ¢ tends to zero.

From all this, we can deduce that 1\710,0(, s (respectively M, , 4) is conformally
parameterized on (u, v) € I, X R (respectively (u, v) € I, x J;), where I, =[0, U, ]
and J, =[v(0), v(27)]. In Section 6, which is devoted to the study of the mapping
properties of the Jacobi operator of Ma,a, 5> we will use the (u, v) variables.

In Lemma 5.3, an appropriate piece of ]\Z,,a, s has been written as a vertical
graph over the annulus {r./2 < r < 2r.} C {x3 = 0}. The boundary curve of
A7Ig,a, s along which we will glue a piece of the Costa—Hoffman—Meeks surface
corresponds to {r = r.}. Equation (26) says that if r is near r, then z is in a
neighborhood of {|z| = 4/¢}. Next lemma gives us the values of v corresponding
to such a neighborhood.

2
V, =0v@n) —0v(0) =/
0

Lemma 5.5. Consider o <e. If \/¢/R < |z| < R\/¢, for R > 0, then
—%lns—i—cl <o < —%lng—i—cQ,

where ¢1 and ¢y are constant. Under the same assumptions, V, = —41ne + O(1).

Proof. Using Equation (28), we can show that, if \/¢/R < |z(x, y)| < R\/e, then
m —di/e <y <m —dy\/e, where di > d, > 0 are constant. This means, since v is
increasing function of y, that v (r —dj/¢) <v(y) <v(r —da4/¢). Let us compute
v(r —d;\/¢) fori =1,2. We have

y y
ds / ds
1] — 0 O = =
() =0 /0 v 1—cosZo cos? s 0 v 1—cos? o +cos o sin® s

1 /y ds 1
sino Jo \/14cot2g sin®s SN

where F(y, m) = foy(l —m sin® 5)~1/2ds is the incomplete elliptic integral of first
kind. F(y, m) is an odd function in y and, if k € Z,

2
03"()/, cot” o),

F(y +km,m)=3F(y, m) + 2k X(m),
where K(m) = F(n /2, m) is the complete elliptic integral of first kind. Since
o = 0(e), we have

1
sino

F(dy/e, —cot’ ¢) = —1Ine+0(1).
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On the other hand, if |m| is sufficiently big, then

K(m) = (In4+ L n(-m)) 1 +0(1/m)).

1
A —m
It follows that

K(—cot?6)=—1Ino +In4+0(c?) = —Ine +0(1).

sin o
Then, fori =1, 2,
v(r —die) = sma (F(w — div/e, — cot’ 6) — K(— cot® 7))
_ _ 2
== (F(—div/2, — cot? 7) + 2K (— cot* o) — K(— cot’ 7))
_ 1 . 1
= (—F(div/e, —cot® 0) +K(—cot’ 0)) = —4 Ine + O(1).

Hence there exist constants ¢y and ¢; such that o(r — dy+/€) > —% Ing + ¢y and
v(r —dan/e) < —% Ine + c.

The result concerning V, = v(2x) — v(0) follows once it is observed that
v(27) = (3/sino)K(—cot> ¢) and v(0) = —(1/sin o )K(— cot? 7). O

From Lemma 5.5 it follows that the value of the v corresponding to |z| = /e is
v, =—121Ine+0(1).

6. The Jacobi operator about KMR examples

The Jacobi operator for M, , s is given by $ = Ay + |A|?, where |A|? is the
squared norm of the second fundamental form on M, , s and A ;2 is the Laplace—
Beltrami operator with respect to the metric ds?> = %(Igl + |g|™")?|dh|? on the
surface. We consider the metric on the torus X, obtained as pull-back of the
standard metric ds(% on the sphere S? by the Gauss map N : M, , B S?; that is,
dN*(dsg) = —Kds?, where K = —%lAl2 denotes the Gauss curvature of M, , 4.
Hence A2 = —KAng, andso $ = —K(Adsg +2). From [Jansen 1977] and taking
into account the parameterization of M, , s on the cylinder given in Section 5.2,
we can deduce that, in the (x, y) variables,

sai =y () + 2 (765%))

Recall k(x, y) =sin® o cos? x+cos? o sin’ y. In the (u, v) variables defined by (29),
we have $ = —(K/k(u, v))¥,, where k(u, v) = k(x(u), y(v)) and

(30) Py =02, + 32, +2k(u,v)

is the Lamé operator [Jansen 1977].
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Remark 6.1. In Proposition 6.5, we will take ¢ — 0. For such a limit, the torus X,
degenerates into a Riemann surface with nodes consisting of two spheres joined at
two common points pg and pi, and the corresponding Jacobi operator equals the
Legendre operator on S®—{py, p1} given by £y =82 +siny Oy(siny 0y)+2 sin’ y
in the (x, y) variables. When ¢ =0, the change of variables (x, y) — (u, v) given
in (29) is not well defined.

The mapping properties of the Jacobi operator. From now on, we consider the
conformal parameterization of 1\710’05’ 4 on the cylinder S!xR=1I, x R described in
Section 5.2. In this subsection, we study the mapping properties of the operator $.
It is clear that it suffices to study the simpler operator &, defined by (30), so we
will study the problem

Low=f inl, x[vg, +00l[,
w=¢ onl; x{vo}

with 09 € R and consider convenient normed functional spaces for w, f, ¢ so that
the norm of w is bounded by that of f.

We will work in two different functional spaces to solve the Dirichlet problem
above. To explain the reason, we recall that the isometry group of ]\71070,, s depends
on the values of the three parameters o, a, f. When f = 0, Ma,a,ﬁ is invari-
ant by reflection about the {x, = 0} plane; when a =0, it is invariant about the
{x; =0} plane. We want show there exist families of minimal surfaces close to
Ma,a,o and ]\710’0, 4 and having the same symmetry properties. Thus the surfaces in
the family about ]\7[0,0[,0 (respectively A7IU,0, ) will be defined as normal graphs of
functions defined in I, x R that are even (respectively odd) in the first variable. We
will solve the Dirichlet problem above in the first case. The second one follows
similarly.

Definition 6.2. Given o € (0, 7/2), £€N, a € (0,1), x4 € R, and an interval I,
we define C@f;“(l,, x I) as the space of functions w = w(u, v) in %fog (I; x I that
are even and U, -periodic in the variable u and for which the following norm is
finite:

lwllgsa s, ) = sup (e " Nlw s, xpv,0+1) -
ve

We observe that the Jacobi operator &£, becomes a Fredholm operator when

restricted to C@f;“ (I; x I). Moreover, &, has separated variables. Then we consider
the operator L, = 82, + 2 sin? o cos?(x(u)) defined on the space of U, -periodic
and even functions in I,. This operator L, is uniformly elliptic and selfadjoint. In
particular, L, has discrete spectrum (4,,;); >0, which we assume is arranged so that
As,i < Ag,i+1 for every i. Each eigenvalue 4, ; is simple because we only consider

even functions. We denote by e, ; the even eigenfunction associated to 4, ; and
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normalized so that v

(e[,v,,-(u))2 du=1.

Lemma 6.3. For every i > 0, the eigenvalue 2, ; of the operator L, and its asso-
ciated eigenfunctions e ; satisfy

—25in’ 0 < s —i° <0 and eq; — e illex,) < cisin® o,
where e ; (1) 1= cos(ix(u)) for every u € 1,, and the constant c; > 0 depends only
on i (it does not depend on o).

Proof. The bound for A, ; —1i 2 comes from the variational characterization of the
eigenvalue 4, ; as

U,
Aoi= Sup ( inf / ((ue)* —2sin* & cos?(x (u))e?) du) ,
codim E=i \ €¢€E, |lell,2=1.J0

where E is a subset of the space of U, -periodic and even functions in L?(I,), since
it always holds 0 <2 sin® & cos?(x (1)) <2 sin’ ¢. The bound for the eigenfunctions
follows from standard perturbation theory [Kato 1980]. ]

The Hilbert basis {e; ;}ien of the space of U,-periodic and even functions in
L?(I,) introduced above induces the Fourier decomposition

gu,0) =D gi(v) e i(u)
i>0
of functions g = g(u,v) in L?>(I, x R) that are U,-periodic and even in the
variable u. From this, we deduce that the operator &, can be decomposed as
P, = Zi>o L,.i, where
Lsi= 830 +2cos? o sin?(y(v)) — Aoi foreveryi > 0.
Since 0 < 2 cos? o sin®(y(v)) < 2cos? o =2 —2sin® ¢, Lemma 6.3 gives us

(31) P, :=2cos” o sin®(y(0)) — Ay <2 —i°.

This fact allows us to prove the following lemma, which ensures that &, is in-
jective when restricted to the set of functions that in the variable u are even and
L?-orthogonal to e, and e, .

Lemma 6.4. Given vy < vy, let w be a solution of £,w = 0 on I, X [vg, v1] that
is Uy -periodic and even in the variable u and satisfies

@) w(-,v0) =w(-,01)=0;
(i) fOU" w(u,v)eq i(u)du =0 for every v € [vg, v1] and every i € {0, 1}.
Then w = 0.
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Proof. By (ii), w = Zi>2 w;(v)es i (u). Since the potential P, ; of the operator L, ;
is negative for every i > 2 (see (31)) and the operator L, ; is elliptic, the maximum
principle holds. We can then conclude that w = 0 from (i). U

To study the mapping properties of the Jacobi operator £,, we need to give
a description of the Jacobi fields associated to M, 4 0, which are defined as the
solutions of £,v = 0. Since M, 4 is invariant by reflection across the {x, = 0}
plane, there are only four independent Jacobi fields:

» Two Jacobi fields induced by vertical translations and by horizontal transla-
tions in the x; direction. These Jacobi fields are clearly periodic and hence
bounded.

A third Jacobi field generated by the 1-parameter group of dilations, which is
not bounded (it grows linearly).

» A last Jacobi field obtained by considering the 1-parameter family of minimal
surfaces induced by changing the parameter o . This Jacobi field is not periodic
and grows linearly.

The Jacobi fields induced by translation along the x3 axis and by dilatation are
solutions of £,u = 0 that are collinear to the eigenfunction e, o. The Jacobi fields
induced by the horizontal translation and by the variation of the parameter o are
collinear to e, 1.

The Jacobi fields of M, ¢ z, which is invariant by reflection across the plane
{x1 = 0}, are the same as those of M, 4 o, with the exception that the one induced
by horizontal translations in the x; direction is to be replaced by the field induced
by horizontal translations in the x; direction.

The next proposition states that for an appropriately chosen parameter ¢ and
interval I, there exists a right inverse for &;; : ‘(%%“(Ig x 1) — ‘6%“ (I; x I) whose
norm is uniformly bounded.

Proposition 6.5. Given u € (=2, —1), there exists a oy € (0, = /2) such that, for
every o € (0, 0g) and vy € R, there exists an operator

GO‘,U() : (6%(1 (15 x [vo, +00)) = (gi,a (I x [vo, +00))
such that for every f € C@%“(Ig x [vg, +00)), the function w := G4 ,,(f) solves

{gawzf in I, X [vg, +OO),
w € Spanfe; 0, €51}  on I, x {vo}.

Moreover |2« < || fllqoa for some constant ¢ > O that depends neither on
u u
o € (0, og) noronvg € R.
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Proof. Every f € Cé%“ (I x [vg, +00)) can be decomposed as

f:f060,0+flea,l+fa

where f( -,0) s Lz-orthogonal to e, 0 and to e, | for each v € [vg, +00).

Step 1. First, let’s prove Proposition 6.5 for functions f € ‘6%“ (I x [vg, +00))
that are L2—orthogonal to {e5,0, €5,1}. By Lemma 6.4, &£, acts injectively on such a
function space. Hence, the Fredholm alternative ensures that there exists for each
v1 > vo+ 1 aunique w € %i’“ (I, x [vo, v1]) in which @( -, v) is L2-orthogonal to
€50, €5,1 and satisfies

32) [5&,@:}7 on I, x [vg, v1],

w(-,v0)=w(-,v1)=0.
Claim 6.6. There exist c € R and og € (0, m/2) such that, for every o € (0, 0y),
voeR, v1>vo+1and f € ‘6%“ (I x [vg, v1]), there exists w € ‘6/2;‘" (I x[vg, v1])
that is Lz—orthogonal to {es 0, 5,1} and satisfies (32) and
(33) sup  (e*|@l) <c sup (eI f).

I5 x[vo,01] 15 x[vo,01]
Proof. Suppose by contradiction that Claim 6.6 is false. Then, for every n € N

there exists o, € (0,1/n), v1, > vo,, + 1 and fn, w,, satisfying (32) (but with
On, 00,0, U1,, instead of o, vg, v1) such that

sup (eI fa) =1 and
15, X[UO,n,Ul,n]
A, = sup (e *’|wy,|) > +o0 asn— oo.
Irr,l X[“O,na“l‘n]

Since 1,, X [vo,x, 01,,] is @ compact set, A, is achieved at a point (u,, v,) in it.
After passing to a subsequence, the intervals /,, = [vg,, —vn, D1, —Vn] cOnverge
to a set I,. Elliptic estimates imply that

sup (e7"*|Vwn)
Ian X [DO,n 5UO,IL+1/2]

< C( sup (e | ful) + sup (e_”"ltﬁnl))-
15, X[00,n,00,n+1] L5y X [00,n,00,n+1]

Hence the supremum of (e #"|Vw,|) over I, X [00,, 0., +1/2]is <c(1+A,).
From this estimate for the gradient of w, near v = v, it follows that v,, cannot be
too close to vy ,, where w, vanishes. More precisely, vg , — v, remains bounded
away from 0, and then it converges to some v € [—00, 0). By similar arguments,
it is possible to show that Vw,, is bounded near v; ,, and consequently v , — v,
converges to some v € (0, 4+00]. Then we can conclude that I, = [vg, D1].
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We define
- e_:uvn _
w,u,v) = A—wn(u, v+v,) for(u,v)el, xI,.
n
We observe that
|ﬁ)n(u, 1))| < e e—#(l)+vn)|15n(bt, D+Un)| < e/w,

A, =
sup (e “’|wy]) = 1.
Iy, <1,

Using the above estimate for e7#"|Vi, |, we obtain

1+4, e’ < 2cet.

Ap
Since the sequences {w,}, and {V,}, are uniformly bounded, the Ascoli—Arzela
theorem ensures that, if n — +00, a subsequence of {i,}, converges on compact
sets of Iy X I+ to a function i, that vanishes on Iy x 015 when 0l # @, and
such that s (-, v) is L2-orthogonal to {e0,0, 0,1} for each v € 1. Moreover,

|V7I)n| <c

(34) sup (¢ iool) = 1.

Tox I
Since 6, — 0 as n — 00, we can conclude that ., satisfies
Fooo =0 in Iy X I,

Woo =0 on Iy X 0l (if 0l # D).
If I is bounded, the maximum principle allows us to conclude that ., = 0 on
Iy x I, which contradicts (34). Hence I, is an unbounded interval.

Recall ¥ is given in terms of the (x, y) variables. The equation £yt = 0
becomes
a?xtboo +siny dy(siny 0yeo) + 2 sin? y oo = 0.

Now we consider ws, decomposed into eigenfunctions as

Doo(x, y) = D aj(y) cos(j x).

j=z2
Each coefficient a; with j > 2 must satisfy the associated Legendre differential
equation (see Appendix C)
siny &y (siny &ya;) — j*a; +2sin* ya; =0.

We obtain that a;(y) is the associated Legendre functions of second kind, that is,

aj(y) = Q] (cos y) for j > 2.
We obtain from (29) that

u(x) - x and v(y)—>%ln|tan(y/2)| aso — 0.
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In particular, define y(v) =2 arctan(ezv) for o = 0. Then
40
—e

cos(Y(0)) = 1o

41)

Weo(u, v)—ZQ’( Te 4D)cos(ju).

One can show that |a;| tends to +o0 as the function €%/l does. Since the inter-
val I is unbounded, we reach a contradiction with (34), proving Claim 6.6. [

Let ¢ € R and oy satisfy Claim 6.6. Choose o € (0, 59), vg € R and then an
f € %2’“(10 X [vg, +00)). Then, for every v; > vg + 1, there exists a function w
that is L2—0rth0g0nal to {e5,0, €51} and satisfies (32) and (33). Let’s take the limit
as v; — oo. Clearly

e |U)| < ”w“(@%’luax[vo,vl]) < C”fH(G%a(IJX[Uo,m])'

And using Schauder estimates, we get

— UV | = _
e |VU)| < ”w”%i’a(lgx[uo,nl])

NG| (”f”(@?;“(l{, x[vo,01]) + ”w”(@%a(l,, ><[no,v1])) < CZHf”‘(é?;“(lﬁx[vo,nl])‘

Hence the Ascoli-Arzela theorem ensures that a subsequence of {,, }y,>vo+1
converges to a function w defined on I, x [vg, +00), which satisfies

sup e M|lw|<c  sup e “UIf].
1, X[vg,+00) 1, X[vg,+00)

Using again elliptic estimates we can conclude that w satisfies the statement of
Proposition 6.5. The uniqueness of the solution follows from Lemma 6.4.

Step 2. Let’s now consider f € ‘6%“ (15 x [vg, +00)) in Span{e, o, 5.1}, that is,

f(u,0) = fov)eqo(u) + f1(v) s, (u).

We extend the functions fy(v) and fi(v) for o <wvg by fo(vo) and fi(vg), respec-

tively. Given v; > vg + 1, consider the problem

35) { o, jWj = fj 1in(—00,v1],
w;(1) =0,w;() =0

The Cauchy—Lipschitz theorem and the linearity of the equation ensure the exis-

tence and the uniqueness of the solution w ;. We aim to prove the following result.

Claim 6.7. For some constant c that does not depend on v,

sup (e”*"wj[) <c sup (e "] fj]).

(=o0,01] (=00,01]
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Proof. Suppose to the contrary that for every n € N there exists o, € (0, 1/n),
01,, > 0o, + 1 and f; ,, w;, satisfying (35) such that

sup (e_'lw|f_j,n|) = la

(—00,01,1]
Ap:= sup (e wj,l) > +o00 asn— oo.
(00,0111
The solution w; , of the previous equation is a linear combination of the two
solutions of the homogeneous problem L,, jw = 0. They grow at most linearly
at oo (recall that the Jacobi fields have this rate of growth). Hence the supremum
A, is achieved at a point v, € (—00, v ,]. We define on [, := (—00, v1 , —v,] the
function

- Hon
W)= eA—wj,n(vn +v).
n

As in Step 1, one shows that the sequence {v1, — v,}, remains bounded away
from O and, after passing to a subsequence, it converges to v; € (0, +oc], and
{0 n}n converges on compact subsets of /o, = (—00, 01] to a nontrivial function
w; such that

(36) sup(e “’|w;|) =1

oo
and w;(01) = 0,w;(v1) =01if b1 < 400. The function w; solves a second order
ordinary differential equation given, in terms of the (x, y) variables, by

37 sinyay(sinyaylbj)—jzﬁ)j+25in2y12)j=0.

If v1 < +o00, then w; =0, and this contradicts (36). In the case v = +o00 we will
try to reach a contradiction by determining the solution of (37). This is again the
associated Legendre differential equation; see Appendix C. The solutions of (37)
are linear combinations of the associated Legendre functions of first and second
kind: Plj (cos y) and Q{ (cosy) for j =0, 1. Specifically, Plo(cos y) = cos y and
P11 (cosy) = —siny. We change coordinates to express w; in terms of the (u, v)
variables. As v — £00, one can show that |Q} (cos y(v))| and |Q?(cos y(v))| tend
to oo as e and |v|, respectively. We conclude that the functions @, and @ do
not satisfy (36) with 4 € (=2, —1), a contradiction. ([

Therefore, sup_n, ,, (€7 *"|w;]) < csup_ ,, (e *"| f;]). Taking v; — +o0,

we get a solution of L, ; w; = f; defined in [vg, +00) that satisfies

sup (e "“lw;]) <c sup (e ""|f;]).
[vg,+00) [v0,+00)

Elliptic estimates allow us to obtain the desired estimates for the derivatives. To
prove the uniqueness of solution, it suffices to observe that no solution of £,0 =0
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that is collinear with e, o and e, ; decays exponentially at co. This fact follows
from the behavior of the Jacobi fields. (Il

Remark 6.8. The results proved in this section also follow from considering not
Maa o but Mao g+ It is invariant by reflection about the {x; = 0} plane. To
keep such a symmetry, we work with functions that are odd (and not even) in
the variable u. Hence %[ (I, x I) will be, in this case, the space of functions
w = w(u,v) in ‘610‘: (I, x I) that are odd and U, -periodic in the variable u, and
for which the norm ”u)”%fja (I, x1) is finite. Also, we replace in the above results
eo.i(u) =cos(ix(u)) by eg ;(u) =sin(ix(u)), and e, ; by the normalized odd eigen-
function e, ; associated to the eigenvector A, ; of the operator L, .

7. A family of minimal surfaces close to ﬂa,o, g and ﬂg,a,o

The aim of this section is to find a family of minimal surfaces near conveniently
translated and dilated pieces of Mg,o, p and Mg,a,o, with given Dirichlet data on the
boundary.

We denote by Z the immersion of the surface 1\71,,,05, 4. The following proposition,
proved in Appendix B, states that the linearization of the mean curvature operator
about ]\715,0[, p 1s the Lamé operator £, introduced in Section 5.2; see (30).

Proposition 7.1. The surface parameterized by Z; := Z + f N is minimal if and
only if the function f is a solution of

Lo f =0Qs(f)

where Q, is a nonlinear operator that satisfies

(38) 119+ (f2) = Qo (D) lleeo. (1, x[0,0+11)
< C(‘Slllpzllfi 2.1, ><[D,u+l])) I f2 — filleze(r, x[o.o+17)
i=l,
Jor all functions fi, f> such that || fi|l¢2e (1, xp,0+17) < 1. Here the constant ¢ > 0
depends neither onv € Rnorono € (0, 7 /2).

In Section 5.1 (see Lemma 5.3) we have written annular pieces of M, ,.0(y, &)
and M, 0,5(y, &) as vertical graphs over an annular neighborhood of {r = r.} in
{x3 = 0} of the functions

(39) Uy (r,0) = (1+7)In2r) = 2rsin} o cos ) — 1 y§10059+d+©(3)

@0y T°. (@, 9)_(1—i—y)ln(2r)—{—2rs1n2ﬂsm(9——szsmﬁ—l—d—i—@(e)

7,82

respectively, where ¢ = (&1, &, &) and y, &, &, &3 are small. We now truncate
the surfaces M, ,,0(y,<) and M, 0,4(y, <) at their respective graph curves over
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{r = r.}. We only consider the upper half of these surfaces, which we call M;
and M,, respectively. We are interested those minimal normal graphs over M
and M, that are asymptotic to them, and whose boundary is prescribed.

As a consequence of the dilation of the surfaces by the factor 14y, the minimal
surface equation becomes

1
(41) Swpaw=mQU (1 +y)w).

That is, the normal graph of a function w over the dilated M, 4 1s minimal if and
only if w is a solution of (41).

Two more modifications are required: In Lemma 5.5 we showed that the value
of the variable v corresponding to r = r, is v, = —% Ine + O(1). Since we are
working in the (u, v) variables, we would like to parameterize M; in I, x [v,, +00]
for i =1, 2. But the boundary of M; does not correspond to the curve {v =v.}. We
therefore modify the parameterization so that it remains fixed for v > v.+In 4, while
requiring, in a small annular neighborhood of {v = v.}, that the curves {v = const}
correspond to the vertical graphs of curves {r = const} by the corresponding func-
tion (39) or (40). We also want the normal vector field relative to M; to be vertical
near its boundary. This can be achieved by modifying the normal vector field into
a transverse vector field N that agrees with N when v > v, + In4, and with e3
when v € [v,, v, +1n2].

We consider a graph of some function w over M;, using the modified vector
field N. This graph will be minimal if and only if the function w is a solution of
a nonlinear elliptic equation related to (41). To get the new equation, we take into
account the effects of the change of parameterization and the change of the vector
field N into N. The new minimal surface equation is

(42) Fow=L,w+ Q, (0).

Here Q, enjoys the same properties as Q,, since it is obtained by a slight perturba-
tion from it. The operator L, is a linear second order operator whose coefficients
are supported in I, X [vg, v, + In4] and are bounded in the €*° topology by a
constant multiplied by /¢ , where partial derivatives are computed with respect to
the vector fields ¢, and 0,. In fact, if we take into account the effect of the change
of the normal vector field, we would obtain by applying the result of [Hauswirth
and Pacard 2007, Appendix B] a similar formula in which the coefficients of the
corresponding operator L, are bounded by a constant multiplied by &, since

Ng Ny =1+0¢>*(¢) whenv € [v,, v, +1In2].

If we take into account the effect of the change in the parameterization, we would
obtain a similar formula in which the coefficients of the corresponding operator L,
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are bounded by a constant multiplied by /¢. The estimate of the coefficients of L,
follows from these considerations.

Now we will give a detailed proof of the existence of a family of minimal graphs
about M and asymptotic to it. Recall that M is invariant by reflection across the
{x2 =0} plane. The normal graph of the function w = w(u, v) over M inherits the
same symmetry property if w is even in the u variable. The corresponding results
for M, are obtained similarly, considering odd functions instead of even ones.

We consider a function ¢ € € (Sl) that is even and Lz—orthogonal to €0, €0,1
and that satisfies

(43) o lle2e(sty < e,

where x > 0 is a constant. We define w, («, v) := %,,,, where ¥, , is the har-
monic extension introduced in Proposition A.5. If u = (27 /Uy )u’, then w,, (u, v)
belongs to ‘612;"‘(10 x [vg, +00)), and w, (-, v,) € ©>%(1,) is even and L?-ortho-
gonal to e, €5,1. To solve Equation (42), we choose 1 € (—2, —1) and look for
we %i’“ (15 x[vg, +00)) of the form w = w,, +g for some g € %fj“ (I X[vg, +00)).
Using Proposition 6.5, we can rephrase this problem as a fixed point problem

(44) g§=5(0,8) = Gep, (Le(wy +8) — Lowy + O (wy + 8)).

where the nonlinear mapping S depends on o, ¢, y, and operator G, is as defined
in Proposition 6.5. To prove the existence of a fixed point for (44), we need the
next lemma. We will abbreviate by writing || - ||(6%,a instead of || - ||(6i,a( 1 x[0s.400))"

Proposition 7.2. Let 0 < o <&, u € (=2, —1). Suppose ¢ € €>*(S") satisfies
(43) and enjoys the properties given above. Then there exist some constants ¢, > 0
and ¢, > 0 such that

45) 1S(p, O)”‘@i'“(lﬂx[ugﬁroo)) < CK8(3+”)/2

and, for all ¢ € (0, &),
1
||S((/’, 82) — S((D, gl)”%fja(l,,x[ng,—i-oo)) < j”gZ — 81 ||(€,2[“(1,,><[D5,+oo))’
1
46)  1S(92,8) = S@1, O lle2e(r, xv,,+00)) S ce? 29y — g1l sty

orail g, 81,82 € 6,7 (I X |vg, +00)) such that ||gi |2« S 2¢x € ,and a
/] € (I, x | hthat |gi @z« < 2¢c ¥/, and all
01, 02 € €>%(S") enjoying the same properties as .

Proof. We know from Proposition 6.5 that |Gy, (f)|l¢2« < cll fll40« for some
u i
¢ > 0 (throughout the proof, ¢ will denote an arbitrary positive constant). Then

150, 0z < cllLowy — Lo wp+ Qg

< (1L g e + 1% w4 e + 11 O 10y o)



42 LAURENT HAUSWIRTH, FILIPPO MORABITO AND M. MAGDALENA RODRIGUEZ

So we need to estimate the three terms above.
In the proof of Proposition A.5 we obtain that, for every v € [v,, +00),

—2(v—0;
lwg llgzar, xpo.or1y < €€ 27" 1@ llgaa(st.

Therefore,

lw llg2e = sup (e Nwg lle2a (1, x[o.0+17))
veElv,,+00)

<c  sup (e_"”)_z("_“”))||(/)||<@z,a(§|) <ce " [lpllgrasy < Kee! TH/2,

v€[,,+00)
From this inequality and the estimates of the coefficients of L., it follows that
IL: ()l e < ce' 2wyl gza < ce®H072,
Since w,, is an harmonic function, the definition of £, in (30) gives the equality
Lowy =2k(u, v)w,.
Recall (see Lemma 5.5) that if v > v,, then y(v) > 7 — a,, where a, = 0(\/¢).

From the facts that if |y(v) — 7| < a;, then

2

k(u,v) = sin® o cos®(x (1)) + cos® & sin®(y(v)) < sin® o +sin®(a;) < ce

and that w,, is an exponentially decaying function, we conclude that

Ly |l0e < cellwyl|woe < < kee?tH/2,
gl gl

Finally, | Q5w llo.(1, x[o,0+1)) < C||w<o||<€za(1 Kowt1]) S

5 - 2 2 24p)2
10 wpllge < e sup (€7 g r gy ) < € N0l < w7ee® 4,
: vefvg,+00) ’
Putting together these estimates, we get (45). The details of other the estimates are
left to the reader. U

Theorem 7.3. Consider 0 <o < ¢, u <€ (=2,—1)and ¢ € €>*(S") as above.
We define B :={g € ‘62 (I, X [vg, +00)) : ||g||<€za < 2¢3eCH/2) . Then the non-
linear mapping S(p, - ) has a unique fixed point g in B.

Proof. The previous proposition shows that if ¢ is chosen small enough, the
nonlinear mapping S(¢, -) is a contraction mapping from B into itself. Hence
Schauder’s theorem ensures that S(¢, - ) has a fixed point g in B. U

Theorem 7.3 provides, for each even function ¢ € €>*(S!) L?-orthogonal to
€0,0, €0,1 With [|¢|l¢2«(s1y < k&, a minimal surface S; 4. ¢, 4(p) close to M, (the
subindex ¢ reflects the fact we are considering the upper half of M(w’o(y, ¢)).Ina
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neighborhood of its boundary, this surface can be written as a vertical graph over
the annulus B,,, — B,, C {x3 = 0} of the function

(47) U,1(r,0) = (1+7y)In@r) —2rsin %(a) cosf — 1—:—])5 cosf

+d+%,,,(n2r,0)+ V, 1(r,0).

The function V,; = V,1(y, ) depends nonlinearly on y and ¢, and there exists
a ¢ > 0 such that

”Vt,l(ya (ﬂ)(rs E )”(@Z,a(Ez_Bl) < ce,

(48) IV, o) (e ) = Vii(y, 92) (s -, eg2a(,—5))

1/2
<ce'?llor — pallgacs)y,

for all even functions ¢, @1, p» € €>*(S!") that are L>-orthogonal to €0,0, €0,1 and
whose €¢2“-norms are bounded above by xe. The latter estimate follows from
estimate (46) and

||‘71,1(Va o) (rs -, ) — Vt,l(V: 2)(re -, ‘)||<</;2,a(1§2731)
< etve ||S((01; ‘71‘,1) - S(¢2: ‘_/t’l)“‘@fja(l,,x[vg,—i-oo))‘

The boundary of S; ,,,..4(¢) corresponds to the image by U, ; of {r =r,}.

Similar arguments can be followed for the lower half of Mg,a,o(y, &), and we
obtain a minimal surface Sp 4., ¢ (@) close to such a half of My 4.0(y, &), which
can be written in a neighborhood of its boundary as a vertical graph over the annulus
By,, — B, of the function

(49) Up(r.0) = —(1 +y) In(2r) — 2r sin Lot cos 6 — “;—Vg cos 0

+d+%ug,(ﬂ(ln2ra 9) + Vb,l(r, 9):

where the function Vb,l = V4.1(y, 9) enjoys the same properties as ‘_/,,1. The
boundary of S, 4 , ¢ 4(p) corresponds to the image by Ub,l of {r =r.}.
Analogously, for an odd function ¢ € @2 (Sl) that is Lz—orthogonal to €00, €0,1
(see Remark 6.8) and that satisfies ||¢ |2« (s1) < k&, we obtain minimal surfaces
§,,ﬁ,y,5,d((/)) and §b,ﬂ,y,5,d () near the upper and lower half of Ma,o,ﬂ (7, <) that can
be written in a neighborhood of their boundary as vertical graphs over the annulus
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By, — B, respectively of the functions

U;o(r,0) = (1+y)In(2r) + 2r sin %,B sinf — 1#5 sin@

+d+%,, ,(n2r,0)+ V,1(r,0),
Tpa(r,0) = —(1+7)In(2r) +2r sin L f sin 0 — “;—Vf sin0

+d+%,, ,(n2r,0)+ V, (1, 0),

where the functions 171’2 = 17,’2(;/, @) and \7;9,2 = ‘_/b,z(y, @) enjoy the same proper-
ties as ‘_/t, 1. Their respective boundaries correspond to the image by U ¢,2 and U b2
of {r=r.}.

8. The matching of Cauchy data

In this section we shall complete the proof of Theorems 1.1, 1.2 and 1.3.

8.1. Proof of Theorem 1.2. The proof is articulated in two distinct parts: the proof
of the existence of the family ¥; and of the existence of the family ¥».

We start with the second. Its proof is based on an analytical gluing procedure.
The surfaces in the family ¥, are symmetric about the plane {x; = 0}, so all the sur-
faces involved in the proof must have the same property. We will show how to glue
a compact piece of a Costa—Hoffman—Meeks-type surface with bent catenoidal end
to two halves of the KMR example A7I(,,a,0 along the upper and lower boundaries
and to a horizontal periodic flat annulus with a disk removed along the middle
boundary. All the surfaces just mentioned have the desired symmetry, as do the
surfaces obtained from them by slight perturbation. We recall below the necessary
results proved in previous sections.

As we have seen in Section 3, we can construct a minimal surface M Z (e/2,F),
with W = (w;, v, ¥m), that is close to a truncated genus k Costa—Hoffman—Meeks
surface M} and has three boundaries. The functions y;, v, W, € c2a (Sl) are
even. Also, y,, is L*>-orthogonal to 1, and y; and y,, are L?-orthogonal to 1 and to
cosf. Close to its upper, lower and middle boundaries, the surface M kT (€/2,F)
is a vertical graph over the annulus B, — B,, />, respectively, of the functions

U (r,0) = o, +In(2r) — Yer cos @ + Hy, (s, — In(2r), 0) + Oc2e(e),
Uy(r, 0) = —0op, —In(2r) — 1er cos 0 + Hy, (s, —In(2r), 0) + Oc2«(¢),

Un(r,0) = Hy,., (1/7,0) + 0z (&),
where s, = —In /¢ and p, = 2./¢; see Equations (14), (15) and (16).
Using the results of Section 7 we can show the existence of a minimal surface
St,a1,70.¢,d: (97) near the upper half of the KMR example Mj, 4, o, and asymptotic
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to it. Near its boundary, this surface can be parameterized over By, — B,, as the
vertical graph of (see (47))

U/r,0) =1+ y:) In(2r) — 2r sin %a, cosf — #ft cosd
+d; + %y, 4, (In2r, 0) + Oc2e ().

We recall that ¢, € C>%(S!) is an even function L?-orthogonal to 1 and to cos 6.
The surface Sy q,.5,.2.4,(¢:) Will be glued to the upper boundary of M ,{ (€/2, 7).

Near its boundary, the surface S, 4, .,,.¢,,d, (95) that will be glued along the lower
boundary of M ]?’8(8 /2, V) can be parameterized in the annulus By, — B,, as the
vertical graph of

1+7p
r

+dp + %y, 4, (In 27, 0) + Oc2e(e);

Up(r,0) = —(1+7y,)In(2r) — 2r sin %ab cosf — &pcosd

see (49). Recall that we assumed ¢, € C 2,0 (Sl) to be an even function that is
L?-orthogonal to 1 and to cosé.

Using the results of Section 4, we can construct a minimal graph S, (¢,,) close
to a horizontal periodic flat annulus with a disk removed. Here ¢,, € C>%(S') is
an even function L2-orthogonal to 1. In a neighborhood of its boundary, it can
be parameterized (see (21)) as the vertical graph over B,,, — B, of Upn (r,0) =
H,, 4, (r, 0) +0c2(e).

The functions Oc?“(¢) in the formulas above replace the functions V;, Vj,, V,,,,
V,:, V, and V,, that appear in Equations (14), (15), (16), (47), (49) and (21). They
depend nonlinearly on the different parameters and boundary data, but they are
bounded by a constant times ¢ in the Cg’a topology, where partial derivatives are
taken with respect to the vector fields 79, and dp.

We assume that the parameters and the boundary functions are chosen so that

(50) [yl +1ysl+1—=y:i In e+ n | + 1yp In /& +
+ (4y/e) " —4sin(o,/2) +&| + (4/e) ' |—4sin(a,/2) + ¢
+2Ve(((1 4y )&+ 1+ 75)E1)
+lloellc2asty + I@pllczagsty + lomlc2asy)
+lyillczasty + Wb llczasty + lwmllc2a sty < ke,

where #, = d; — o, and 5, = dj 4 o} for some fixed constant x > 0 large enough.
It remains to show that, for all ¢ small enough, it is possible to choose the
parameters and boundary functions so that the surface

MkT (8/27 \P) U St,(lr,y[,étx,d[ (¢[) U Sb,ahyyb’ﬁbadb (¢h) U Sm ((Dm)
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is a C! surface across the boundaries of the different summands. Regularity theory
will then ensure that this surface is in fact smooth, and then by construction it has
the desired properties. This will therefore complete the proof of the existence of
the family of examples ¥{,.

It is necessary to fulfill the following system of equations on S':
Ul‘(r&‘,'):l_]l(rg:')n arUt(rga'):arUt(rga'):
Ub(rg,'):l_]b(rg,'), 8,Ub(rg,-):6,17;,(r8,-),
Um(ra,‘):l_]m(rm')y arUm(raa'):arUm(rga')-

The left three equations lead to the system
yeInQ@rz) + e — (14 y:)(&/re) cos O
+ro(=2sin3a; + 38) cos 0 + g, — iy = 0 (e),

51 1 = 7o InQ@re) +mp — (1 +yp)(p/7e) cos O
+71,(—2sin Jap + &) cos O + g, — yp = Oc2e(e)

Pm — Ym = 0c2*(e).
The right three equations give the system
ve+ (L +y)(&/re)cost
+1,(—2sin fa, + &) cos O + 95 (g + 1) = Oc)e(e),
(52) —vb+ (1 +75)(&/re) cos O
+r.(—2sin %ab + %8) cos 0 + 3y (pp + wp) = Oc)(¢)
0y (9m + wm) = Oc}=(e).

Here 0 denotes the operator that associates to ¢ = Zi>1 ¢; cos(if)) the func-
tion Jy¢ = Zi>1 ig; cos(if). To obtain this system, we applied the results of
Lemmas A.6 and A.7. The functions Oc’«(¢) in the above expansions depend
nonlinearly on the different parameters and boundary data functions, but they are
bounded in the C* topology by a constant times ¢. The projection of the first two
equations of each system over the L>-orthogonal complement of Span{1, cos#},
together with the remaining two equations, gives the system

@1 =y =0c(¢), 0y o1 + 0y wr = Ocl(e),
(33) o — wp =0cp(e), 05 op+ 0y wp = 0c)(e),
om = Ym =0cp(€),  Fpom+ 0y ym = 0cy(e).

Lemma 8.1 [Fakhi and Pacard 2000]. The operator

h:C>*(SY) — b (SH, e o5p
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is invertible when acting on functions that are even and L*-orthogonal to 1.

Proof. If we decompose ¢ = Zj>l @ cos(j0), then

h(p) =D jpjcos(j6),

izl

is clearly invertible from H!(S') into L>(S'). Elliptic regularity theory implies
that this is still true when this operator is defined between Holder spaces. (I

Using this result, the system (53) can be rewritten as

(54) (@15 @by Oms Wis Wb, W) = 0c24(e).

Recall that the right hand side depends nonlinearly on ¢;, ¢y, @m, ¥, Vs, Wm and
also on the parameters y;, yp, %z, b, &t5 $by O, 0. We look at this equation as a
fixed point problem and fix x large enough. Thanks to estimates (48), (20),(22),
(17) and (18), we can use a fixed point theorem for contracting mappings in the
ball of radius xe in (C>%(S'))® to obtain, for all & small enough, a solution
(01, Obs> Om» Wi> Wo, W) Of (54). Since this solution is a fixed point for a con-
traction mapping and since the right hand side of (54) is continuous with respect to
all data, we see that this fixed point (¢, @, @m, ¥, Wb, W) depends continuously
(and in fact smoothly) on the parameters y,, vy, %;, flp, &5 Ep, @t , p. Inserting this
solution into (51) and (52), we see that it only remains to solve a system of the
form

piIn@r) 4+ (=14 70+ 7o (=2sin ds + 32)) cos 0 = ),
o In@ro) + 1y + (~(1+ mf—b +ro(=2sin Jap + &) cos 0 = 0(c),

y,+((1+yz)ff+rg< 2sin Loy + 1e)) cos 0 = 0(e),

s+ (1472 +ri(2sin day + £0)) cos = 0(e),

where this time the right hand sides only depend nonlinearly on y;, v5, #:, #5, &»
&p, ar, ap. There are eight equations that are obtained by projecting this system
over 1 and cosf. If we set

(7> 1p) = (v InQCre) + 1, — 75 In2re) + 1),
(Et, Z:b) = r.;l((l + 70, (14 75)8), (@;, ap) = re(2sin %al‘s 2sin %az),

the previous system can be rewritten as

(55) (Vts Vbs El‘agba Nes Mp, 0y, 0p) = O(e).
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This time, provided x has been fixed large enough, we can use the Leray—Schauder
fixed point theorem in the ball of radius k& in R® to solve (55), for all ¢ small
enough. This provides a set of parameters and a set of boundary data such that (51)
and (52) hold. Equivalently, we have proved the existence of a solution of systems
(51) and (52). So the proof of the first part of Theorem 1.2 is complete.

The proof of the second part uses the same arguments as above, so we will omit
most of the details. We wish to show the existence of the family of surfaces ¥,
which are symmetric about the plane {x; = 0}. It is important to observe in this
proof that the KMR example is obtained by slight perturbation of 1\710,0, p. The
symmetry properties of this surface differ from those of the surface close to M{;,a,O
involved in the previous gluing procedure. In particular 1\710,0, 4 1s symmetric about
the plane {x; =0}, whereas the Costa—Hoffman—Meeks-type surface from before is
symmetric about the plane {x, = 0}. Thus Ma,o, 4 1s not appropriate for gluing with
a KMR example of the type described above. To obtain a surface with the desired
symmetry about {x; = 0}, we rotate the Costa—Hoffman—Meeks surface with bent
catenoidal ends described in Section 3 counterclockwise by 7 /2 about the x3 axis.
In the parameterizations of the top and bottom ends, the cosine function is replaced
by the sine function, that is,

U(r,0) = o, +InQ2r) — ersind + Hy, (s, — In(2r), 0) + Oc*(e),
Up(r,0) = —a, —In(2r) — Lersind + H,, (s, — In(2r), ) + Oc2«(e),

where 5, = —% Ine¢ and (r, 0) € B,, — B,, /2. As for the planar middle end, the form
of its parameterization remains unchanged; see the first part of the proof. Another
important remark concerns the Dirichlet boundary data v, v, y,,. Before, to
preserve the symmetry about the plane {x, = 0}, it was required that these were
even functions and that y, and y, were orthogonal to 1 and to cos§. Now these
must be odd functions and y, and y;, must be orthogonal to 1 and to sin§. Then
all results shown in Section 3 continue to hold (see Remark 6.8).

Now we parameterize the surface E, Biyiérdi (@1), the minimal surface obtained
by perturbation from the KMR example 1\710,0, s and asymptotic to it. This surface
can be parameterized in the neighborhood B»,, — B,, as the vertical graph of

U,r,0) =0+ y:) In(2r) 4 2r sin %,B, sin€ — (14 y,)/r& sinf
+d; + %y, 4,(In2r, 0) + Oc2e ().

The parameterization of Eb, Bo.y.Snody (P1), the surface that we will glue to the
Costa—Hoffman—Meeks-type surface along its lower boundary, is given by

Up(r,0) = —(1+ ) In(2r) + 2r sin 1 B, sin0 — (1 + ;) /r&, sin@
+dp + %, 5, (In2r, 0) + Oc2e(e),
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where (r,0) € By, — B;,.
To prove the theorem it is necessary to show there is solution to the system

Ut(r{-,‘s')zﬁl(r&‘,'): arUb(rS,')zarﬁb(r{;‘a')5
Ub(ré‘s')zljb(r{;‘a')a arUt(rS,')zaI’Ut(ré‘a'),
Um(res')zljm(rsa’)a arUm(ra,')zarUm(rea')

on S', under the assumption (50) for the parameters and the boundary functions. It
is clear that the existence proof for this system is based on the same arguments seen
before. Note that the role played before by the functions cos(if) is now played by
the functions sin(i@). This completes the proof of Theorem 1.2. (I

8.2. The proof of Theorem 1.1. We will glue a compact piece of the surface
M kT (&) with ¢ = 0 described in Section 3 to two halves of a Scherk-type surface
along the upper and lower boundary and to a horizontal periodic flat annulus along
the middle boundary. The construction of these surfaces was shown in Section 4.
In particular, we showed the existence of a minimal graph close to half of a Scherk-
type example whose ends have asymptotic directions given by cos 8 e} 4 sin 6 e3
and — cos 6, e + sinb, e3. These surfaces, in the neighborhood B,,, — B, of the
boundary, admit the parameterization

U; =d; +1n(2r) + I:I,E’% (r, 0) + Oc2e(e),
Uy =dy—In(2r) + Hi, ,(r, 0) +Oci“(e),

where the Dirichlet boundary data ﬁrc,(Pi € C>%(SY) fori =1t, b is required to be
even and orthogonal to 1, and H,, ,, denotes their harmonic extensions. The other
surfaces in the gluing procedure have been described in Section 8.1.

The proof is similar to the one given for Theorem 1.2, so we will give only the
essentials. We must show there is a solution to the system

Ul‘(r&‘)'):[jl(rgn')v arUb(rga'):arl_]b(ra;'):
Ub(r&‘;'):l_]b(r&‘:')a arUl(r&':'):arl_]t(rS)')n
Um(ra;'):Um(rm')a arUm(rga'):arUm(FSa’)

on S!, under an assumption similar to (50). See Section 8.1 for the expressions of
U,,Up, Up, U,,. We point out that here we consider the more symmetric example
(with & =0) in the family (M kT (€))¢, so we must replace /2 by 0 in the expressions
of the functions U; and U, of the top and bottom ends.

The boundary data for the surfaces we will glue together do not all share the same
orthogonality properties. All are orthogonal to the constant function, but only w,
and y;, are orthogonal to cos . The functions denoted by O«¢2>“(¢), appearing in
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the expressions of U, and U; with i = t, b, m, have a Fourier series decomposi-
tion containing a term collinear to cosd only if the corresponding boundary data
is assumed to be orthogonal only to the constant function. Furthermore the fact
that & = O (which reflects that the catenoidal ends are not bent) implies that the
functions parameterizing the top and bottom end of M, kT (0) are orthogonal to cos 6.
In other words, in contrast to the Scherk-type surfaces, we are not able this time
to prescribe the coefficients of the eigenfunction cos 8 for the catenoidal ends of
M kT (0), because they are required to vanish in this more symmetric setting.
The left three equations lead to the system

N+ — yr =0c2(e),
1+ o5 — wp =0c(e),
Pm — Ym = ©C§’“(5)>
where %, = d; — oy, 17, = dp + 0p. The right three equations give the system
8;(;0, + ) = @C;’“ (e),

1 %+ i) =0c(e),
| a;(gom + ¥m) = @Cbl’a(g)-

The proof is completed by the arguments of Section 8.1. U

8.3. The proof of Theorem 1.3. To prove this theorem, we treat separately the
casesk =0and k > 1.

The case k=0. We will glue half of a Scherk example with half of a KMR example
with o = f# = 0. We observe that this surface is symmetric about the {x; = 0} and
{x2 = 0} planes. The Scherk example is symmetric about the {x, = 0} plane. To
preserve this property of symmetry in the surface obtained by the gluing procedure,
we will consider the perturbation of Mg,o,o that has the same mirror symmetry. This
is the surface denoted by S;0,,,.&.4,(¢;) with y; =& = 0 and d; = d. It can be
parameterized in the annulus B,,, — B, as the vertical graph of

U(r,0) =In2r)+d + %vw (In2r, 0) +Oc2*(e).
The Scherk example is parameterized as the vertical graph of
U(r,0) =InQ2r)+d + H,,,, (r, 0) + Oc2«(e).

As for the Dirichlet boundary data, we assume ¢ to be an even function orthogonal
to the constant function and to cos 8, and we assume y to be even and orthogonal
to 1.
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To prove the theorem in the case k = 0, we must show there is a solution to the
system

U, )= (7[(’%7 ),
U (e, ) =06,U,(rs,)

on S', under appropriate assumptions on the norms of the Dirichlet boundary data
and the parameters ¢, d, d.
These equations lead to the system

n+o¢—y=0c(e),
05 (9 + ) = 0c}(e).
where # = d — d. The proof is completed by the arguments of Section 8.1.

d
The case k > 1. The proof in this case is similar the proof of Theorem 1.1. In fact
three of the surfaces we are going to glue are ones we used there: a compact piece
of the Costa—Hoffman—Meeks example My, half of a Scherk-type example, and
a horizontal periodic flat annulus. The fourth surface is half of a KMR example,
of the type we used in the k£ = 0 case. The surfaces are parameterized as vertical
graphs over By, — B,, of the following functions:

Up(r,0) = —In@2r) +dp + Hy, ,, (r, 0) + Oc2+(e)
for the Scherk-type example;
Un(r,0) = Hy,,, (r,0) + Oce(e)
for the horizontal periodic flat annulus;
U,(r,0) =InQ2r) +d, + #,, 4, (In2r, 0) + Oc2e(e)
for the KMR example; and
Ui(r,0) = o;+InQ2r)+ Hy,(s; —In(2r), 0) + Oc2e (e),
Up(r,0) = —op —In(2r) + Hy, (s, —In(2r), 0) + Oc2e (e),
Un(r,0) = H,, ,, (1/1,0) +0c2(¢)
for the compact piece of the Costa—Hoffman—Meeks example. We require the
Dirichlet boundary data to consist of even functions. The functions y; and y; are
orthogonal to 1 and to cosé, but y,,, ¢;, p5 and ¢, are orthogonal only to 1. In
this case the system of equations to solve is
N+ o — i = 0cp (o), 0y (91 +vi) = Ocy(e),
1+ op — wp = 0c>(e), 9 (pp + wp) = 0cl(e),
om —ym =0c2*(€), % (pm+ ym) =0c)(e),
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where #, = d; — o, and 5, = dp 4+ 0. The details are left to the reader.

Appendix A

Definition A.1. For £ €N, a € (0, 1) and v € R, the space 6% (B, (0)) is defined
to be the space of functions in 6*:*

loe (B (0)) for which the norm [ p™" w ||<@f,a(Bp0 0))
is finite.

Proposition A.2. There exists an operator H : C**(S') — sz‘ ([p, +00) x Sh,
such that for each even function (@) € C>*(S") that is L*-orthogonal to 1, the
function w, = Hj , solves

Aw, =0 onl[p,+o0) x S!,
wy,=¢ on{p} x St

Moreover, ||Hﬁ>¢|ICi’f([ﬁ,+oo)x§1) < cllellc2a sty for some constant ¢ > 0.

Remark A.3. Following the arguments of the proof below, it is possible to state a
similar proposition but with the hypothesis that ¢ is odd.

Proof. We decompose the function ¢ in the basis {cos(i0)} as ¢ = > ;2| @; cos(if).
Then the solution w,, is given by

00(p.0) = 3-(2) pscos(io).
i=1

Because p/p < 1, we have (5/p)" < (p/p). Thus |w(r, 8)| < cp~'|p(#)| and then
lwgll2a < cliglicza. O

Now we state a useful result; for a proof see [Fakhi and Pacard 2000].

Proposition A.4. There exists an operator H : €>%(S') — €>5([0, +-00) x SY),
such that, for all ¢ € €>%(S") that are even and L*-orthogonal to 1 and cos 0, the
function w = H,, solves

[(634—63)10 =0 in[0,400) x s',
w=g on {0} x S'.

Moreover ||Hy |20 < cll@ |2 for some constant ¢ > 0.
-2
Proposition A.5. There exists an operator

T, : C*(S") — C*([vo, +00) x S1)
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for u € (=2, —1) such that, for every function ¢(u) € C>*(S") that is even and
Lz-orthogonal to eq i (u) withi =0, 1, the function v, = %vo,w solves

l@iuw¢+6fvw¢,:0 on [vg, +00) x S',
Wy =@ on {vo} x S.

Moreover, ”%Uo,(ﬂ ||Cz,a( ) < cllellc2a sty for some constant ¢ > 0.
"

[v0,+00)xS!

Proof. We decompose of the function ¢ in the basis {eg ; (1)} as ¢ = Zfiz pieo,i(u).
Then the solution w,, is given by

o0
w, (u,0) =D e e i (u).
i=2

We recall that u € (=2, —1), so we have —i < u, from which it follows that

lwpllgzaootixsy < e“C7pllc2a,

”w(p ||<gi~0‘ = Sup e M ” Wy ||<€2’“([u,v+l]x§l)
v€([vp,00]

< sup e e T gl con < e lpllera. O
ve€[vp, 0]

Lemma A.6. Let u(r, ) be the harmonic extension defined on [rg, +00) x S! of
the even function ¢ = Zgo p; cos(if) € (62’“(§1), and suppose u(rg, 0) = ¢ (0).
Then 359 (0) = rod,u(r, 0)r—r,.

Proof. If ¢ (0) = Zi>0 @; cos(i0), then the function u is given by

ur,0)=> o (r”—o) cos(if).
i>0

Then 6,u(r, 0) = 3.;, ¢i (r/ro) i cos(i@)/r, and 350 (0) = rod,u(r,0)|;=r,. O

Lemma A.7. Let u(r, ) be the harmonic extension defined on [0, ro] x S' of the
even function ¢ € €>*(Sh, with u(rg, 6) = @(0). Then 050 (0) =—ro0,u(r, 0),—,.

Proof- 1f (0) = ;5 ¢i cos(i0), then

u(r,0) = pi(ro/r) cos(i6).

i20

Then 6,u(r,0) = — Zi>1 i (ro/r) i cos(if)/r, and the result follows. O
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Appendix B

Proof of Proposition 7.1. Let Z be the immersion of the surface 1\7[”,0,, p and N its
normal vector. We want to find the differential equation a function f must satisfy
so that the surface parameterized by Zy = Z + f N is minimal. In Section 5.2 we
parameterized the surface 1\710’(1’ 4 on the cylinder S' x R. We introduced the map
z(x, y): S!' %[0, x[— C where x, y denote the spheroconal coordinates. We start
with the conformal variables p and ¢, defined to be as the real and the imaginary
part of z. We have

1Zp1* = 1Z41* = A, IN,I> = [N, > = —KA,
(Np, Ny= (N4, Ny =0,  (Z,,Zs)=0, (N,,N,)=0,
(NCI9 Zq>:_<va Zp)s (Nq: Zp>:<Np:Zq)s

o)

(Np, Zp) =INpl|Zy|cosy1 = V=K Acosy1,

(Np, Zg) = INp|1Z4] cos y2 = v/—K A cos 7.
Here K denotes the Gauss curvature, Z,, Z, and N, N, denote the partial deriva-
tives of the vectors Z and N, y; is the angle between the vectors N, and Z,,,
and y» is the angle between the vectors N, and Z,,.

The proof of Proposition 7.1 is articulated through some lemmas. We denote

by Er, Fr, G the coefficients of the second fundamental form for the surface
parameterized by Z ;. The first lemma expresses the area energy functional.

LemmaB.1. A(f) :=/(Efo—Fg)1/2dpdq, with

EfGy—F} =N+ A(f2+ fH+2KN 2421 (f2 — fHV—KAcosy
—4ffpfo—KNAcosys— KAL*(fp+ [+ [TK*A%.
Proof. The coefficients of the second fundamental form are
Ep=10,Zs1> =1Zp)>+ [} + f2INy > +2F (N, Z,),
Gr=10,Zs1 =1Zgl> + f] + f2INg > +2f Ny, Zg),
Fr=10,Z7-04Z¢1= fpfy +f((Zp, Ny) +(Z,, Np)).
Then
EfGy=IZpP1Zgl + [ Zgl + I Zp1* + [RUNGPIZp 1> + IN, P Z4 )
+ F2FINGP + F2IN D) + FHN PING P+ 4 £2 (N Zp) ((Ng Zg))
+2f(f7(Ng» Zg) + [ {Np Zp)) + [ f]
+2f((Ngs ZONZpl? + (Np, Zp)Zg 1)+ 21> ((Ngs Z Zp)* + (Nps Zp) 1 Zg1).
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Since (Ny, Z4) + (Np, Z,) = 0 and |Z,,|2 = |Zq|2, we can conclude that the last
two terms of the previous expression are zero. Since (N,, Z,) = (N,, Z,), we
have Fy = f, f, +2f(N,, Z;). Then

F}=f2f2+4f ((Np, Zg)? +4ffo fe(Np, Zg).
So the expression for E ;G j — Fj% is
\ZpP1Zg P+ 1241 + FZp1 + PPN PIZ, )+ IN PIZ4 1)
+ PAUFINGE + [7IN D) + FHAN PING I +4F2(N . Z,) (N, Z4)

+2f(f7(Ngs Zg) + [ (Np, Zp)) =4 (N, Zg))* =4 £ o f4(Np. Zg).
Ordering the terms, we get
\ZolP1Zg 1P+ Fo Zg P + 11 Zp 1 + FPUANGPIZp P + NP1 Z41%)

—4fHNp, Zg)? + 4Ny, Zp)(Ng, Zg) + 21 (f3(Ngs Zg) + £ {Np., Zp))
—4FFofa(Nps Zg) + F2(FoINg 1>+ 1IN 1D 4 fHN PN .

The expression for E ;G 5 — FJ% becomes

A2+A(f§+fqz)—2KA2f2+4f2KA2(coszy1 +cos? y)
+2f(fqz_fp2) \ _KACOSVI _4ffpfq\/ —KACOS))2
— KAPASE+ [+ KA
Using the relations (N, Z,) = (N, Z,) and (N,, Z;) = —(N,, Z,), one can see

that vectors are pointed so that yo = /24y . So cos? y =cos?(z /24y ) =sin® y,
and cos® y| 4 cos? y, = 1. Then we can write

N+ A+ [D+2KN 2421 (f] — f))V—KAcosy,
—4ffpfo/—KAcosys —KALA(f2+ [+ KA O
The next lemma completes the proof of Proposition 7.1.

Lemma B.2. The surface whose immersion is given by Z + f N, is minimal if and
only if f satisfies

Lo [+ Q0 (f)=0,
where £ is the Lamé operator and Q, is a second order differential operator that
satisfies

” Qo (fZ) - Qrf (fl) ||<€0~“(I,T x[v,0+1])

< e sup || fillgza(r, xpo,o+11) 12 = flleza s, x(o,0411)-
i=1,2
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Proof. The surface parameterized by Zy = Z + f N is minimal if and only the first
variation of A(f) is 0. That is,

_ ! _F2 _
2DA(g)—/ (Efo—F})l/z f=0Df(Efo Fr)(g)dpdgq =0.

By the previous lemma, the integrand above is equal to

L (2AUngn+ foge) +4K A fg
+2V—KAcosy (2ff,8q +8F] —2ffr8p —8&f7)
—4V—KAcosya(ffygp+ f8qSp+8fp]s)
—2KA(f2f2+ fogpf*+ [oS2+ fgaf?) +4K2N2fg),

which, by reordering the summands, becomes

2(f,,g,, + f,8, + 2K Afg
+ \/jcosyl(Zf(fng - fpgp)+g(fq2_ f;%))
—2+/—K cos v2(f(fagp +8afp) +8fpf4)
— K(F2U2+ D+ P2y + fug) +2K°AFS).

In the next computation we skip the overall factor of 2 in this expression. We find

fpgp+fng+2KAfg+Ql(fa fp, fq)g_QQ(fa fp, fq)gp_Q?a(f: fpa fq)gq =0,

where
Q1(fs fps f) = =(f = FIN =K cos y1 =2, fy/=K cos 72
—Kf(fy+ f)+2K*Af°,
O2(fs fps f) = 2ffp/=K cosyi +2ff;v/—K cos y2+ Kf2fp,
O3(fs fps 1) = —2ff4;v/—K cos y1 +2 ffo/—K cos y2 + Kf2 f,.

An integration by parts and a change of sign give us the equation
(fpp +qu _2KAf_ Ql(fa fp, fq)
+ PZ(fa fpa fqa fppa qua qu) + P3(fa fpa fqa fppa qua qu))g = Oa

where

Pz(f, fpa fqa fppa qu, qu) = apQQ(fa fp, fq),
P3(f, fpa fqa fppa qua qu) = aq Q3(f: fpa fq)
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That is,

PZ(f, fpa fqa fppa qu, qu) =
2(f§+ffpp)\’_KCOSV1+2(fpfq+fqu)\/ _KCOSV2+K(2ff§+f2fpp)

+21(fy(W=Kcosy1)p+ fy(v—K cos 72) ) + f2 [, K .,

P3(f, fpa fqa fppa qu: qu) =
—2(f7 4 [fag)V =K cos y1 +2(fp fy + [fpg)V =K cos y2+ KQLf] + [ faq)

+2f(—fy(W=K cos y1)g + fp(v—K cos 72)4) + £ f, Ky

Now we want to understand how differential equation above changes when pass-
ing from the (p, q) to the (u, v) variables. We recall that p and ¢ are the real
and imaginary part of the variable z that is expressed in terms of the spheroconal
coordinates x, y in (28). The metric g induced on a surface whose immersion
Z is given by the Weierstrass representation on a domain of the complex z-plane
can be expressed in terms of the metric d5> = dp® + dg® by § = A(dp? + dq?),
where A = |Z), |2 = |Z, |?. The Laplace-Beltrami operators written with respect to
the metrics d5> and g are related by A, = (1/A)A g» that is, they differ by the
conformal factor 1/A. In Proposition 7.1, we observed that the conformal factor
related to the change of coordinates (x, y) — (u,v) is —K/k. So the conformal
factor induced by the change (p, g) — (u, v) is the product of the conformal factors
described above. Summarizing, we have

Jop+ Jag = _kLA(fuu + foo)-

So we can write

_kLA(fuu+fvu)+2(_KA)f+Rl+R2+R3:0,

where
Ri(f, fus 1) =
RN (2 VTR cos 21N R cos 1o = KU+ 1) ~ 2K AT
= L2 = SIV=R cos 1 +2fu i/ =K cos ya + KF(f2 + £2) — 2KKf)
= ZERPS S 1)
and
Rofs fus fos Fuus Funs For) = 22 PoCFs fus Fos Fus fuos f)

—K

kAP3(f9 fua fua fuua fm), fuu)-

R3(f’ fua fzn fuua fuua fvu) =
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Simplifying the notation, we can write

R (Fu+ fon+ 2Kk, 0) [+ Pr() + Po() + Po(f) =

We can recognize the Lamé operator in
Lo f = fuu+ foo +2(sin’ o cos® x(u) 4 cos® o sin y(v)) f;
then, if we set Q, = P1(f) + P>(f) + P3(f), the equation can be written

$of"i_Qa(f):O

To show the estimate of O, it suffices to show that all its coefficients are bounded.
In particular we will show that the Gauss curvature K and its derivatives K,
and K, are bounded. We start observing that — K /k(x (1), y(v)) is bounded. It is
well known that the Gauss curvature can be expressed in terms of the Weierstrass

data g, dh as
d B
——16(| I+ ) ‘ g‘ \dh| 2

We recall that dh = udz/\/ (2 +/12)(12 +272). Now |z2 4+ A?||z%> + A7?| and
k(x, y)=sin? ¢ cos? x(u)+cos? o sin® y(v) have the same zeros, that is, the points
D, D', D", D" are given by (23), so —K /k is bounded, as are its derivatives.

We estimate the derivatives of K and /—K. We can write ~/—K = vk/—K /k.
From the observations made above, it follows that to show that the derivatives of
V=K are bounded, it suffices to study the derivatives of v/k.

We recall that

I(x)=+v1—sinfosin®x and m(y)=+1—cos?c cos? y.

From the expression of k, it is easy to get from (29) that

O o= SO SI2W))) ang Dy = SIS0, )

2k 2\/_

Then
‘ ‘ sin” & |sin 2x ()1 (x () < sin” o |sin 2x ()| <sino
ou \/Sin2 o cos2 x(u) + cos? o sin® y(v) 2sing|cosx()l
‘ ‘ cos? o [sin 2y (v) [m(y(v)) < cos” o [sin2y (v)| < coso
P = 2cosalsiny(v)| '

\/ sin? o cos? x (1) + cos? o sin’ y(v)

Thus the derivatives of v/k (and consequently those of /—K) are bounded. O
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Appendix C

The differential equation

(56) siny éy(siny &y f) — j2f +2sin*y f =0

is the [ = 1 case of the associated Legendre differential equation
siny dy(siny 0, f) — P2 f+I10+Dsin’y f =0,

where [, j € N. The family of the solutions of (56) (see [Abramowitz and Stegun
1964]) is ¢ P] (cosy)+c Qz (cosy) for I =1, where PJ (t) and Qz () are respec-
tively the ass001ated Legendre functions of first and second kind. If [ = 1, these
functions are defined as follows:

t if j=0,
Pl(y=1-V1-12 if j=1,
0 if j>2,

, ) d’ oY
0jt = -1y T40
(t)——tl (}‘H) 1.
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