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We consider nonlinear Dirichlet problems driven by the p-Laplacian, which
are resonant at +o0o with respect to the principal eigenvalue. Using a varia-
tional approach based on the critical point theory, we show that the problem
has three nontrivial smooth solutions, two of which have constant sign (one
positive, the other negative). In the semilinear case, assuming stronger reg-
ularity on the nonlinear perturbation f(z,-) and using Morse theory, we
show that the problem has at least four nontrivial smooth solutions, two of
constant sign.

1. Introduction

Let Z € R" be a bounded domain with a C2-boundary 8Z. In this paper, we study
the following nonlinear Dirichlet problem driven by the p-Laplacian differential
operator:

—A,x(2) = f(z,x(z)) ae.onZ,

Xloz =0.

(1-1)

Here, A, denotes the p-Laplace differential operator, namely,
Apu =div(| Du||”"2Du), 1< p < o0.

The aim of this work is to prove the existence of three nontrivial smooth solu-
tions when resonance occurs at infinity and the Euler functional of the problem need
not be coercive. Recently, three-solution theorems for the Dirichlet p-Laplacian
were proved in [Carl and Perera 2002; Liu 2006; Liu and Liu 2005; Papageorgiou
and Papageorgiou 2007; Zhang et al. 2004]. In all these works, either nonresonance
i1s assumed or the Euler functional is coercive or both. In this work, in addition
to the resonance condition at +o0o with respect to the principal eigenvalue 4; > 0
of (—Ap, WO1 'P(Z)) near the origin, we require that the quotient (slope) %

(here F(z,x) = fox f(z,s)ds the primitive of f(z, -)) stays strictly above 4, > 0,
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the second eigenvalue of (—A , Wo1 'P(Z)). This way, we can take advantage of an
alternative variational characterization of A, > 0 by Cuesta, Figueiredo and Gossez
[Cuesta et al. 1999]. Our approach is variational and based on the critical point
theory. In the special case p = 2 (semilinear problem), using in addition Morse
theory and stronger regularity conditions on f(z,-), we are able to produce four
nontrivial smooth solutions.

2. Mathematical background

We start by recalling some elements from critical point theory and from Morse
theory, which we will need in the sequel. So, let X be a Banach space and let
X* be its topological dual. By (-, -) we denote the duality brackets for the pair
(X*, X). Given ¢ € C'(X), we say that ¢ satisfies the Palais—Smale condition (the
PS-condition for short) if every {x,},>1 € X such that {¢(x,)},>1 is bounded and
¢'(x,) = 0in X* as n — oo admits a strongly convergent subsequence.

The following minimax principle is known in the literature as the mountain pass
theorem.

Theorem 2.1. If 9 € C'(X), ¢ satisfies the PS-condition, x¢, x| € X,
llx1 = xoll > r >0, max{p(xo), ¢(x1)} <inf{p(x):llx —xoll =r}=c
and
= inf t
¢ = inf max o(y (1))
where I ={y € C([0, 1], X) : y (0) =x0, y (1) = x1}, then ¢ > ¢, and c is a critical
value of ¢, that is, there exists x € X such that ¢ (x) = ¢ and ¢'(x) = 0.

Another result from critical point theory, which we will use in the analysis of
problem (1-1), is the so-called second deformation theorem [Chang 1993, p. 23].
Let ¢ € C'(X) and ¢ € R. We define

p-={xeX:p(x)<c} asthe sublevel set of p atc,
K={xeX:¢'(x) =0} as the critical set of ¢ and
K.={xeK:px)=c} asthe critical set of ¢ at the level c.

In the next theorem (the second deformation theorem) we allow b = +00 in

which case ¢” \ K;, = X.

Theorem 2.2. If 9 € C'(X) , ¢ satisfies the PS-condition, a € R, a < b < +00,
@ has no critical values in (a, b) and ¢~'(a) contains at most a finite number of
critical points of ¢, then there exists a deformation

B0, 11 x (p”\ Kp) — @°

such that
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(@ h(l, 9"\ Kp) C 9°,
(b) h(t,x)=x forall (t,x) €0, 1] x ¢* and
) p(h(t,x)) < o(h(s,x)) foralls,t €[0,1],s <t and all x € "\ K.
Let (Y1, Y») be a topological pair with Y, C Y} € X. For every integer k > 0, by
H; (Y, Y1) we denote the k-th relative singular homology group of (Y1, Y») with

coefficients in Z. The critical groups of ¢ € C!(X) at an isolated critical point
xo € X with ¢(x¢) = ¢ are defined by

Ci(p,x0) = H(p°NU, p° NU \ {xo}) forall k >0,
where U is a neighborhood of xq such that
KNoe“NU = {xo}

(see [Chang 1993; Mawhin and Willem 1989]). The excision property of singu-
lar homology implies that this definition of critical groups is independent of the
particular neighborhood U we use.

Suppose that ¢ € C!(X) satisfies the PS-condition and —oo < inf ¢ (K). Choos-
ing ¢ < inf @ (K), we define the critical groups of ¢ at infinity by

Ci(p,00) = Hi (X, ¢¢) forallk >0
(see [Bartsch and Li 1997]). If K is finite, we set

M(t,x)= > rankCy(p,x)t* forallx €K,
k>0

P(t,00) = Zranka(go, o0) k.
k=0

Then the Morse relation holds

2-1) D M(t,x) = P(1,00) + (1+1)Q()
xekK
where
JOEDI T
k>0

is a formal series with nonnegative integer coefficients (see [Chang 1993, p. 36]
and [Mawhin and Willem 1989, p. 184]).

Let X = H be a Hilbert space, x € H is a critical point of ¢ € C'(H) and
for U a neighborhood of x, ¢ € C>(U). Then the Morse index of ¢ is defined as
the supremum of the dimensions of the vector subspaces of H on which ¢”(x) is
negative definite.
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Definition 2.3. A map A : X — X* is said to be of type (§). if for any sequence
{xn}n>1 € X for which x, 2 xin X and

lim sup{A(x,), x, —x) <0
n—odo
one has x, — x in X.
LetA: Wol’p(Z) - W hr(z)= Wol’p(Z)* (% + # = 1) be the nonlinear map
corresponding to —A ,, namely,

(2-2) (A(x), y) =/ ||Dx||”_2(Dx, Dy)gv dz forall x,y e W(;’p(Z).
z

Hereafter by (-, - ) we denote the duality brackets for the pair
—1.p 1,
(WP (2), Wy" (2)).

For the map A, we have the following result (see [Gasiniski and Papageorgiou 2006]
for example).

Proposition 2.4. The map A : Wo1 P(72) - W—LP(Z) defined by (2-2) is maximal
monotone, strictly monotone and of type (S)+.

Finally let us recall some basic facts about the spectrum of negative Dirichlet p-
Laplacian denoted by (—A , Wol’p (2)). For details and additional references, see
[Cuesta 2001; L& 2006]. Of course, if p =2 then A, = A, the usual Laplace differ-

ential operator defined on H(} (Z). We consider the following nonlinear eigenvalue
problem:

03 —Apu(z) = Mu(z)|P2u(z) ae.on Z,
uloz =0.

Every 4 € R for which problem (2-3) has a nontrivial solution is said to be an
eigenvalue of (—A ,, W,"”(Z)). The smallest eigenvalue 2; of (—A,, W,""(Z))

is positive, simple and admits the following variational characterization
D P
(2-4) llzinf{w:uewol’p(Z),u;éO}.

p
llullp

Let u; be the L”-normalized eigenfunction corresponding to 4; > 0. We know
that u; € C(l) (Z) (see [Lieberman 1988]). The Banach space C(l) (Z) is an ordered
Banach space with the order cone

Ci={ueClZ):u(z)=0forall z € Z}.

This cone has a nonempty interior given by

_ 9
intC, = {u e Cl(Z):u(z) > 0forall z € Z, a—”(z) <0on az},
n
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where n denotes the outward unit normal on 6Z. The nonlinear strong maximum
principle of Vazquez [1984] implies that u; € intC..

The Ljusternik—Schnirelmann theory in addition to 4; > 0 provides a whole
strictly increasing sequence {1t }r>1 € R4 of eigenvalues for problem (2-3), known
as the LS-eigenvalues of (—A , Wol’p (Z)). If p =2 (linear eigenvalue problem)
then the LS-eigenvalues are all the eigenvalues of (— A, HO1 (2)). If p #2 then we
do not know if this is true. Nevertheless we know that 4, is the second eigenvalue
of (—A, Wé 'P(Z)). So the Ljusternik—Schnirelmann theory provides a variational
characterization of 1, > 0. However, for our purposes, that characterization is not
convenient. Instead, we will use an alternative one produced by Cuesta, Figueiredo
and Gossez [Cuesta et al. 1999]. More precisely, let

OB ={ueLl(Z): |ull, =1},
S=Ww,"(Z)ynaB
endowed with the relative WO1 "P(Z)-topology and
F={7 eCU-1,118):7 (=)= —ur, 7 (1) =u}.
Then

(2-5) Ap = inf max ||Dj?(t)||§.

jel —lst<

Finally, if p =2 and m € L*>°(Z), m™ # 0 (weight function), we consider the
linear eigenvalue problem

—Au(z) = Am(2)u(z) ae.on Z, ulpz =0.
This problem has a sequence {7k (m)}r>1 of positive eigenvalues
il(m) < ;Ig(m) <--e < /Alk(m) — 400
and a sequence {:Lk (m)}i>1 of negative eigenvalues
0> A_1(m) > A_a(m)> > A_x(m) > —oo.
We know that ;11 (m) is simple, isolated and

2
[ Dull3

zZ

‘u € HOI(Z),u #O}.

Similarly for A_;(m). If m = 1, then Az (m) = A for k € Z\ {0}.
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3. The nonlinear problem

In this section, using a variational approach, we produce three nontrivial smooth
solutions, two of which have constant sign.
The nonlinearity hypotheses on f(z, x) are the following:

Hy: f:Z xR — Ris a function such that f(z,0) =0 a.e. on Z.
(i) For all x € R, z — f(z, x) is measurable.
(ii) For almost all z € Z, x — f(z, x) is continuous.
(ii1) For almost all z € Z and all x € R,
£z 2] < a()+clx|"™!
with a € L*°(Z)4, ¢ > 0 and

Np

if N> p,
p<r<p'=] N-p

400 ifp>N.

(iv) For almostall z € Z and all x >0, f(z,x) > 0andif F(z, x) = fox f(z,8)ds
then
F
im PEEY o and lim (pF(x) — 4xP) = —oo,

x—+00 |x|P x—+00

both uniformly for almost all z € Z.

(v) There exist a < 0 and ¢ > 0 such that for almost all z € Z, f(z,a) = 0,
f(z,x) <0 forall x € [a, 0] and

x = ExP2x + £z, x)

is nondecreasing on [a, 0].

(vi) There exist dyp > 0 and &) > A, such that
o, p
F(z,x) > —|x|’ foraa.ze Z, all |x| <dp.
p

Remark 3.1. Hypothesis H;(iv) implies that at 400 we have resonance with re-
spect to A1 > 0 from the left. The hypotheses on f(z, - ) on the negative semiaxis
are minimal and allow the Euler functional to be strongly indefinite in the negative
direction. Specifically, we only assume H;(v). Nevertheless, this condition with
suitable truncation techniques and with the use of the nonlinear maximum principle
of Vazquez [1984] leads to a negative solution of (1-1). We point out that the
conditions on the two semiaxes are asymmetric.
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Example 3.2. The following function f(x) satisfies hypotheses H; (for the sake
of simplicity we drop the z-dependence):

Elx|P72x —&|x197 2 ifx <0,
fx)=1 &x[P2x if x € [0, 1],
Mlx|P72x 4 clx|"2x if x > 1,

witht < p<q <p*é>drandc=¢&—Ay.

First using truncation and variational techniques, we will produce two nontrivial
smooth solutions of constant sign (one positive and the other negative). To this end,
we introduce the following truncation of the nonlinearity f(z, - ):

0 if x <0,
fi(zx) = | f(z,x) ifx>0.

We set .
Fi(zx) = / Fozs) ds
0

and introduce the functional ¢ : Wé 'P(Z) — R defined by
9 (x) = %nmng —/ Fi(z,x(x))dz forall x € WP (2).
z

Evidently ¢ € Cl(W&’p(Z)).
Proposition 3.3. If hypotheses H hold then ¢ is coercive.

Proof. We proceed by contradiction. So suppose that ¢ is not coercive. Then we
can find {x,},>1 € Wol’p(Z) such that

(3-1) |lxpll > occasn— 00 and ¢@4(x,) < M; for some M; >0, alln > 1.
Let y, =x, /| x|, forn>1. Then ||y, || =1 for all n > 1 and we may assume that
(3-2) y,— yin W(}’p(Z) and y, — yin L?(Z) asn — o0
= yF S yFin Wol’p(Z) and y* — y*in LP(Z) as n — oo.
By virtue of hypotheses H| (iii)—(iv), we have
(3-3) Fi(z,x) < %(er)p +c¢, foraa.ze Z, all x € R and some ¢; > 0.

From (3-1) we have

(3-4) My >
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for some ¢p > 0, all n > 1 (see (3-3))
M > %um;ng —¢, foralln =1 (see (2-4))
(3-5) ={x; Jn=1 € Wy"(Z) is bounded.
Therefore ||x;|| — oo, y~ =0,
(3-6) v % yin Wol’p(Z) and yI — yin LP(Z), y >0 (see (3-2)).
From (3-4) and (3-5) we have
SIDF I = AL 1) < oy

for some M, > 0, alln > 1

M>

111

foralln > 1.

1 + ALy
(3-7) é;IIDyn ||§—;||yn 15 <

Passing to the limit as n — oo and using (3-6), we obtain
Dyl < 211yl = y =0 ory = nu; for some 5 > 0 (recall y > 0).
If y =0 then from (3-6) and (3-7) it is clear that
||Dy;[||p — 0=y —0in Wol’p(Z) =y, — 0in Wol’p(Z) (see (3-5)),

a contradiction to the fact that || y,|| =1 for all n > 1.
If y = nu, then recalling that u(z) > 0 for all z € Z we have x;" (z) — o0 for
almost all z € Z and so, by virtue of H(iv), we have

(3-8) Fi(z,x(2)) — %llxn*(z)p — —o0 fora.a.zeZ, asn — oo.
From (3-4) and (3-5), we have
Lypatye — Ayrpp - () — L1t (2)?
SIDxI = 1 Z(F+(z, @) =i @) ) dz < My
for some M3 > 0, alln > 1
(3-9) = —/ (F+(z, x (2) — %x;f(z)p) dz < M3 (see (2-4)).
z

If in (3-9) we pass to the limit as n — oo and use Fatou’s lemma and (3-8), we
reach a contradiction. This proves that ¢, is coercive. ([

Also we consider the following truncation of f(z, - ):

0 if x <a,
f(z,x) ifx >a.

f(z,X)Z[
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Set F(z, x)= f(f f(z, s)ds and let ¢ : Wol’p(Z) — R be the functional defined by

p(x) = %||Dx||§,7 —/ F(z,x(z))dz forall x € Wol’p(Z).
z

Clearly ¢ € C'(W, 7 (Z)).

Proposition 3.4. If hypotheses H| hold then problem (1-1) has a solution
Xo € intC4

which is a local minimizer of the functional §.

Proof. Exploiting the compact embedding of Wol’p (Z2) into L"(Z), we can easily
verify that the functional ¢ is sequentially weakly lower semicontinuous. Since
@+ is coercive (see Proposition 3.3), we can apply the Weierstrass theorem and
obtain xg € Wo1 "P(Z) such that

(3-10) 9+(x0) =my =info,.

We claim that m < 0. Indeed, since u; € intC,, we can find ¢ > 0 small such
that

(3-11) 0<tui(z) < forallzeZ
=F(z,tu1(z)) > f—ot”ul(z)” a.e. on Z (see Hy(vi))

t? .
=4 (tuy) < ;(/11 —<o) <0 (since [[Duy||) = Aillurlly) = my <O0.

Hence
0+ (x0) =my <0=0,(0) (see (3-10) and (3-11)) = xo 0.
From (3-10) we have
(3-12) 9!, (x0) = 0= A(x0) = N (x0)

where N (u)(-) = f1 (-, u(-)) forall u € Wy’ (Z).
On (3-12) we act with —x” € Wol’p(Z) and obtain

||Dx0_||§ =0 (recall fy(z,x)=0foraa.zeZ, all x <0)= x9 >0, x9#£0.
From (3-9) we have
(3-13) —Apxo(z) = fi(z,x0(z)) =0 a.e. on Z (see H;(iv)).

Nonlinear regularity theory (see [Lieberman 1988]) implies that xo € C \ {0}.
Moreover, from (3-13) we have

Apxo(z) <0 ae.onZ.
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Invoking the nonlinear strong maximum principle of Vazquez, we conclude that
X0 € int C+ .

Note that p|c, = @|c,. So it follows that xq is a local Cé (Z)-minimizer of
¢. Then, by [Garcia Azorero et al. 2000, Theorem 1], x¢ is also a local WO1 P(Z)-
minimizer of ¢. O

Next we produce a negative solution. For this purpose, we introduce the follow-
ing truncation of the nonlinearity f(z, -):

0 ifx <a,
f-(z,x) =1 f(z,x) ifa<x <0,
0 if x > 0.

We set F_(z, x) = f(f fl (z, s) ds and then define the functional
G- WyP(2) > R,

p—(x) = %||Dx||§ —/Z F_(z,x(z))dz forallx e Wol’p(Z).

Again we have ¢_ € C' (W, (2)).

Proposition 3.5. If hypotheses Hy hold then problem (1-1) has a solution
vg € —intC4

which is a local minimizer of the functional ¢_.

Proof. Clearly ¢_ is coercive and it is also sequentially weakly lower semicontin-
uous. Therefore, we can find v € W(} "P(Z) such that

(3-14) $_(vo) =ri_ =infj_

by the Weierstrass theorem.
As we did for ¢ (see the proof of Proposition 3.4), by choosing ¢ > 0 small
such that
max{—dp, a} < —tui(z) <0

for all z € Z, we can show using hypothesis Hj(vi) that
p_(vg)=m_ <0=¢_(0)= vy #0.
From (3-14), we have
(3-15) A(vo) = N-(vo)

where N_(u)(-) = f_ (-, u(-)) for all u € Wy""(Z).
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On (3-15) we act with o € W,*”(Z) and obtain
IDog (5 =0 (since f_(z,x)=0foraa.ze Z, all x > 0) = g < 0,0 #0.
Also from (3-15) we have
Ap(—00(2)) = —Ap0(z) = f-(z,00(z)) <O a.e. on Z (see H(V))
= g € —intC4 (see [Vazquez 1984]).
If we act with (@ — o)™ € Wol’p(Z) on (3-15), we obtain

(3-16)  (AWo), (@ —ovo)*) = / G, o) (@ — o) dz =0

{a>vp}

= ||D(a—1)0)+||§ =0=a <vy.
By virtue of hypothesis H;(v), we have
—Ap00(2) +E00(2)1P*00(2)
= £(z,00(z)) + &|0o(2) [P 200(z) = Elal’2a  a.e. on Z (see (3-16))
= Ap0(2) +E(jalP2a — |0o(2)|P200(z)) <0 ae. on Z.

Involving the tangency principle of Serrin [1970] (see also [Pucci and Serrin
2007, p. 35]), we obtain

vo(2) > a forall z € Z.

Then it follows from the definition of ¢_ that we can find p > 0 such that if
_CI (Z) _
By"" (v0) = {u € Cy(2) : llu —vollcy z) =< 0}
then
(/3—|Bgcé(2) = (ﬁlégc(l)@y

Hence vy € —intCy is a local Cé (Z)-minimizer of ¢. Once again, Theorem 1 of
[Garcia Azorero et al. 2000], implies that

Do € —intC+
is a local Wol’p(Z)—minimizer of ¢. O

Now using minimax techniques from critical point theory, we can produce a
third nontrivial smooth solution of (1-1) and have the full multiplicity result (three
solutions theorem) for problem (1-1).

Theorem 3.6. If hypotheses Hy hold then problem (1-1) has at least three nontriv-
ial smooth solutions

xo €intCy, wvg€ —intCy and yoe Cy(Z).
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Proof. From Propositions 3.4 and 3.5 we already have two constant sign solutions
xp €intCy, 0o € —intCy.
Without any loss of generality, we may assume that
(3-17) 9 (00) =< ¢ (x0).

Also arguing as in [Motreanu et al. 2007, proof of Proposition 6], we can find
p > 0 small such that

(3-18) lloo —xoll > p and @ (xp) <inf{@(x): [lx —xoll = p} = 7,.
Claim 3.7. ¢ satisfies the PS-condition.
Proof of Claim 3.7. Let {xp},>1 € WO1 P(Z)bea sequence such that
(3-19) @ (x,)| < My for some My > 0, alln > 1 and
(3-20) ¢'(x,) > 0 in W r(Z) (544 =1)asn— oo,

From (3-20), we have
(3-21) (¢ (xn), u)| < enllull  for all u € Wy"(Z) with &, | 0

= ‘(A(xn), u) —/Z f(z, xpudz| < ey|lul forall u € Wol’p(Z) with &, | 0.

In (3-21) we choose u = —x,, € Wol’p(Z). Recalling the definition of f, x),
we have

(3-22) ||Dx, II5 —/ fo @ —x, @) (—x, () dz < ellx;, |
VA
= [ Dx, I < csllx, | for some c¢3 >0, alln > 1
= {x] }uz1 € WP (Z) is bounded.

From (3-19) and (3-22) we have

(3-23) %HDx,ng —/ Fi(z,x(z))dz < Ms for some M5 > 0, alln > 1
z
= ¢+ (x))<Ms foralln>1.

But from Proposition 3.3, we know that ¢ is coercive. Hence, from (3-23) it
follows that

(3-24) {xF a1 € W, P (Z) is bounded.
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From (3-22) and (3-24) we infer that {x,},>1 € W(;’p (Z) is bounded. So we
may assume that

X, — x in Wol’p(Z) and x, — xin L"(Z).

From (3-21) we have

(3-25) (4G, % —x) = /Z f@ox) (e = x) 2| < gllx —x].
Note that
/Z £z, x2) (0 —x)dz — 0
as n — 00. So from (3-25) we have
nli)nolo(A(xn), Xp—x)=0=x, - xin W(}’p(Z) (see Proposition 2.4).

Claim 3.7 follows. (]

Then (3-17), (3-18) and Claim 3.7 permit the use of Theorem 2.1 (the Mountain
Pass Theorem). Therefore, we obtain yg € Wol’p (Z) such that

(3-26) 9'(y0) =0,
(3-27) ¢=¢(o) = ylrelg [max ¢(y (1)) = 1y > ¢ (x0) = ¢ (vo)
where I' = {y € C([0, 11, Wy (2)) : y (0) = vo, y (1) = xo}.
From (3-27) it is clear that yy # x¢ and yg # vg. We need to show that yg

is nontrivial (that is, yp # 0). According to the minimax expression in (3-27), it
suffices to produce y, € I' such that ¢|,, < 0. Then

¢=9(0) <0=¢(0)

and so yg # 0.
So our goal is to produce such a path y, € I'. Let

S=w,"Z)noBt
be endowed with the relative Wol’p (Z)-topology and let
S.=8NCH2Z)
be endowed with the relative Cé (Z)-topology. Also let

e (C[-1,11,8) :y (=) = —uy, 7 (1) =u1},

[={j
[o=1{7 €(Cl-1,11,8) 1y (=1) = —u1, 7 (1) = uy}.
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The density of S. in S for the W(}’p (Z)-topology implies the density of I in
I for the C([—1,1], S )-topology. From (2-5) we see that given any J > 0 we can
find 79 = 70(d) € I'. such that

(3-28) max | Djo(0)l; < 42+,

Since 7y € fc, we can find ¢ > 0 small such that
elP0(t)(z)| < min{dy, —a} forallt € T andall z € Z.

Then for all ¢ € [0, 1], we have
R el N S A
(3-29) e = 10RO - / Fz. 50(0)(@)) dz
z
el eP eP
<—MU2+9d)——=—U2+—-<)
p p p

(see (3-28), hypothesis H;(vi) and recall that ||7o(¢)[l, = 1).
We choose

5<f()—)~2

(hypothesis H;(vi)). Then from (3-29) it follows that for j§ = &7, we have

(3-30) bl <.

0

Next we will produce a continuous path from eu; to xo along which ¢ is negative.
Suppose that {0, xo} are the only critical points of the functional ¢. Otherwise,
we have one more critical point of ¢, which as before we can check that it is
in intC4. Hence it is also a critical point of ¢ and thus it is a solution of (1-1).
Therefore we have three constant sign solutions and we are done.

We set

a=my <0=¢4(0)=0>b.
From Proposition 3.3 we know that ¢ is coercive. Therefore, ¢ satisfies the
PS-condition (it can be verified as in Claim 3.7 in the proof of Theorem 3.6).

Apply Theorem 2.2 (the Second Deformation Theorem) to obtain a continuous
deformation

h: 10,11 x (05 \ K;)) — of,
where KJ ={xe Wol’p(Z) 19l (x) =0, py (x) =0} for every 0 € R, such that

h(t, ‘)|1(;r :id|1<a+
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for all r € [0, 1] and

(3-31) A(L i \K) Sof
(3-32) o+ (h(t,x)) <epi(h(s,x)) forall0<s<t<l, allx e goﬁ_ \ K;r.
Let 74 (t) = h(z, ¢uy). Evidently y; € C([0, 11, Wy'”(2)). Also
y+(0) =h(0, euy) = eu; (since h is a deformation),
y+(1)=h(1,eu;) =xo (see (3-31) and recall that < = {xo}),
P+ (74+(1) = o4 (h(z, eur)) < 94 (h(0, euy))
=i (eu) <0 (see (3-32), (3-30) and §lc, = p.c,).

Therefore, from the above we have that y is a continuous path from eu; to xg
and

(0+|)’+ < 0

Recall that f(z,x) >0fora.a.ze Z,allx e Ry and f(z,x) <Oforaa.z e Z,
all x € [a, 0]. So it follows that ¢ < ¢, and hence

(3-33) él,, <O.

Finally, we produce a continuous path from —eu; to vg along which ¢ is neg-
ative. Again, we may assume that {0, vg} are the only critical points of ¢_. Oth-
erwise, as before, we have a third nontrivial constant sign solution (in —intC ) of
(1-1) and so we are done. We set

a=rm_<0=¢_(0)=b.

The functional ¢_ is coercive; hence, it satisfies the PS-condition. We apply
Theorem 2.2 (the Second Deformation Theorem) and obtain a continuous defor-
mation

fz:[O,l]x((ﬁli\I?b’)egﬁli
with the similar properties as before, where

Ky =lx e Wy"(2): ¢ (x) =0,6_(x) =6}

for every € R. We set y_(t) = h(t, —eup) and as we did for y;, we check that
y_ is a continuous path from —eu; to vg such that

(3-34) -1, <0=¢l,_ <0 (since ¢ < ¢_; see hypothesis H;(v)).
We concatenate y_, 75 and y and obtain y, € I' such that

Ply, <0 (see (3-30), (3-33), (3-34)) = yo #0.
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From (3-26), we have

A(o) = N(30) = —A,30() = f(z,0(z)) ae. onZ
= ) € Cé (Z)\ {0} (nonlinear regularity theory).

As in the proof of Proposition 3.5, acting with (a — yo)™ € Wol "P(Z), we obtain
a < yp and hence yy is a nontrivial smooth solution of (1-1). O

4. The semilinear problem

In this section, we focus on the semilinear problem (that is, p =2). So, the problem
under consideration is

—Ax(z) = f(z,x(z))) ae.onZ,

X|az =0.

(4-1)

By strengthening the regularity on f(z, - ) and using Morse theory, we can show
that the problem has four nontrivial smooth solutions.
Now the nonlinearity hypotheses on f(z, x) are the following:

Hy: f:Z xR — Ris a function such that f(z,0) =0 a.e. on Z.
(i) For all x € R, z — f(z, x) is measurable.
(ii) For almostall z € Z, x — f(z,x)is C'.

(iii) For almost all z € Z and all x € R,
/i@ 0 <a(@) +elx?
witha € L*°(Z)y,c>0and 2 <r < 2%,
(iv) For almost all z € Z and all x >0, f(z,x) >0 and

2F(z, .
lim # =/, and  lim (2F(z, x) — 21x%) = —o0,
xX—>400 X xX—>400
both uniformly for almost all z € Z.
(v) There exists a < 0 such that f(z,a) =0 a.e. on Z and f(z,x) < 0 for a.a.
ze€ Z and all x € [a, 0].

(vi) There exist dy > 0 and an integer m > 2 such that

fzx) _

lm = X = j«m—}-l

for a.a. z € Z, all |x| < dp and if m = 2, then in addition

f(z,x)
X

72 < f1(z,0) = lim
x—

uniformly for almost all z € Z.
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Remark 4.1. Evidently hypotheses H(ii)—(iii) imply that we can find & > O large
such that for almost all z € Z, x — &x + f(z, x) is nondecreasing on [a, 0].

Example 4.2. The following function f(x) satisfies hypotheses H>. Again for the
sake of simplicity we drop the z-dependence:

xr+x if x <0,
fx)=1 clx—x?) if x €0, 1],
Ax—@A14+c)lnx —7; ifx>1,

with A,, <c¢ < Apa1, m > 3.
Theorem 4.3. If hypothesis H, hold then problem (4-1) has at least four nontrivial

solutions
xo €intCy, wvo€ —intCy, and yo,ug€ C&(Z).

Proof. From Theorem 3.6, we already have three nontrivial smooth solutions
xp €intCy, vg€ —intCy, yoe€ Cy(Z).

From Propositions 3.4 and 3.5 we know that x¢, g are both local minimizers of ¢.
Therefore

4-2) Ck((ﬁ, X0) = Ck(gb\, vg) = 5](’02 forallk >0

(see [Chang 1993, p. 33] and [Mawhin and Willem 1989, p. 175]).
Hypothesis H>(vi) and [Li et al. 2001, Proposition 1.1] imply that

(4-3) Ci(9,0) = 04,2
for all kK > 0, where

dy = dim@ E(4)
i=1

(E(4;) is the eigenspace corresponding to the eigenvalue A;). From the proof of
Theorem 3.6, we know that yg € Cé (Z)\ {0} was obtained via the use of the moun-
tain pass theorem (see Theorem 2.1). Moreover, as before, using the maximum
principle of Vazquez, we obtain a < y((z) forall z € Z. Note that ¢ € C 2_O(H(} (2)).
The fact that ¢ is not necessarily C? does not allow the direct use of well-known
results from Morse theory. We overcome this inconvenience by approximating
¢ with a C2-functional ¢, keeping the essential properties intact. Note that the
nonlinearity f(z, - ) need not be C! only at x =a. So we approximate f (z,x)bya
Caratheodory function fy(z, x) which is C! in the x-variable, differs from f (z,-)
only near a and for a given ¢ > 0, we have

/ sup | f(z,x)— fo(z,x)|dz <& forallr> 0.
z

—r<x=<r
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We let ¢ be the C2-functional corresponding to fo(z, x).
Then, exploiting the continuity of the Morse critical groups in the C'-norm (see
[Chang 2005, p. 337]), we have

(4-4) Ci(@1c)(z) Y0) = Cilpolc)(z)» yo)  forall k = 0.
But from [Liu and Wu 2002], we know that, for all kK > 0,

4-5)  Ci(9,y0) = Ci(Plcy(z)» yo) and  Ci(go, yo) = Ci(@olcy(z)» Yo)-
From (4-4) and (4-5), we infer that

(4-6) Ck(9, y0) = Ci(po, yo) forall k > 0.

But ¢ € C2(H01 (2)) and ¢/ (yo) is a Fredholm operator. Suppose that the Morse
index of ¢ at yg is zero. Then

@7) | Dul3 > / mu? dz
Z

for all u € H} (Z), where m(z) = f}(z, yo(z)) and m € L®(Z). Let u € ker [/ (o).
Then
(4-8) —Au(z) =m(2)u(z) ae.onZ, ulaz =0.

If m* =0 then clearly (4-8) has only the trivial solution. If m™ # 0 then from the
variational characterization of the principal eigenvalue 4;(m) of (—A, HO1 (2), m),
we have

Ai(m)>1 (see (4-7)) = dimker ¢”(yo) <1 (see (4-8)).

So we apply [Mawhin and Willem 1989, Corollary 8.5, p. 195] and obtain:
(4-9)
Ci(90, Yo) =0k 1Z for all k > 0= Ci(p, yo) = k1Z for all k > 0 (see (4-6)).

Claim 4.4. ¢ is coercive.

Proof. We argue indirectly. So suppose that Claim 4.4 is not true. Then we can
find {x,},>1 € H} (Z) and Me > 0 such that

(4-10) |x:]] = 00 asn — oo and @(xp) < Mg foralln>1.

Then, recalling the definition of f (z, x), we have
91 (xy) = 211 Dxy 13 —/ Fy(z,x,)dz < M7 forsome M7 >0, alln>1,
Z

which contradicts Proposition 3.3 (see (4-10)). U
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Using Claim 4.4 and directly from the definition of the critical groups of ¢ at
infinity, we have

4-11) Ci(§, 00) =6 0Z forall k > 0.

Suppose that {0, xo, vg, Yo} are all the critical points of ¢. Then from (2-1) with
t = —1, we have

2=+ (=D =(=1)° (see (4-2), (4-3), (4-9), (4-11)) = (— 1) =0,

a contradiction. So there is a fourth nontrivial critical point ug € HO1 (Z) of ¢p. We
can show that i > a; hence, it solves (4-1) and by regularity theory ug € C(l) (2). O
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