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CONCENTRATION PHENOMENA
FOR A FOURTH-ORDER EQUATION ON R”

MOHAMED BEN AYED AND ABDELBAKI SELMI

We consider the problem A%u = K(y)|u|¥® 9y in R” with u, Au — 0 as
|y| = oo, where K is a bounded and continuous function on R", n > 5. Our
aim is to construct infinitely many solutions which concentrate around k&
points, k > 2, under some appropriate conditions on K. Moreover we prove
that there is no solution which concentrates at one point.

1. Introduction

In this paper, we consider the following problem:

(Pk)

Ay = K(y)|u|8/(”_4)u y e R",
u—0, Au—20 as |y| - +oo0,

where n > 5. The aim of this paper is to construct infinitely many solutions for
(Pg) under the condition that K has a sequence of strictly local minimum points
(respectively maximum points) moving to infinity. The solutions which we con-
struct in this paper concentrate at k points, kK > 2, and when K has a sequence of
strictly local minimum points these solutions have to change sign and concentrate
at two points each of which is a nearly local minimum point of K. When K has
a sequence of strictly local maximum points, solutions concentrating at k points,
k > 2 are constructed. These solutions are not necessary positive. However under
an appropriate condition on K we can prove that these constructed solutions are
positive. Further we can perturb K in L norm to obtain another function K, such
that the problem (Pk,) has solutions which concentrate near k fixed points, k > 2.
We also explain why we do not have solutions which concentrate at one point.

In the past few decades, there has been a wide range of activity in the study
of concentration phenomena for second-order elliptic equations involving critical
Sobolev exponent; see for instance [Atkinson and Peletier 1987; Bahri et al. 1995;
Ben Ayed et al. 2003; Brezis and Peletier 1989; Chabrowski and Yan 1999; del Pino
et al. 2002; 2003; Han 1991; Micheletti and Pistoia 2003; Musso and Pistoia 2002;
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Rey 1989; 1990; 1991; 1992; 1999] and the references therein. In sharp contrast
to this, very little is known for equations involving the biharmonic operator. Our
results extend to a fourth-order equation on R” some results of [ Yan 2000] that were
previously known in the context of elliptic equations of second order. Compared
with the second-order case, further difficulties have to be solved by delicate and
careful estimates. Such estimates use the techniques developed by Bahri [1989]
and Rey [1990].

To state our results, we fix some notation. Let E be the closure of C°(R") (the
set of all smooth functions with compact support) equipped with the norm || - ||
and its inner product (, ) defined by

1/2
(I-D) Jlu|| = (/ |Au|2) , (u,v) :/ AuAv, u,v € E:=CXR").
R R
We define the Sobolev constant by

S | Aut]?
(fqun |M|2”/(n—4))(n—4)/na

ue L2 =N®RY), Aue L2(RY), u #0.

(1-2) S, =min

For any x € R", 1 € RY we set

cph=9/2 (n—4)/8
(14 A2y — x|?)n=4/2’ ) '

(1-3) 0, (v) = with ¢, = (n(n — 4)(n* — 4)

It is well known [Lin 1998] that J, ; are the only solutions of
(1-4) A%y =uH =Dy s 0 in R,

and are also the only minimizers of (1-2).
Let k e N*, for x; = (xj,,...,x;,)€R", 1; eRY, j=1,...,k. Set

k
Ey k= ﬂ Ex; ;s
j=1
where
aax-,i- 5x-,2- . .
(1-5) Exj,gj={l)€E, (5xj,,1j,v):<aT’j’,v>=<aT]ji’,v>:0, lfl’l}, Jj<k.

Now we state the main results of this paper.
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Theorem 1.1. Assume that K is a bounded continuous function in R" satisfying
the following condition:

(Hy) K has a sequence of strictly local minimum points z; € R" such that |z;| —
+00 and in a small neighbourhood of each zj, there are constants K; > 0
and f; € (n — 4, n) such that

(1-6) K(y)=K;+Q;(y—2z))+R;(y—z))

where K ; satisfies K j > n for some constant n > 0, and Q j and R; satisfy
(1-7) aolyl’’ < Q) <aly”  and  R;(y) = O(Iy/"i*?)

for some constants a; > ag > 0 and o > 0 independent of j.

Then for each small v > 0 and zj, there exists another strictly local minimum
point z,, such that (Px) has a solution of the form

— 070y,

U= a0y, 1o

124y Aj +o,

where (a, x, A, v) satisfiesv € Ex ;2 |lo]l <v, x = (xj,,x},), A= (4, 4},) and
4—n)/8 -

|Zj]_Zj2|>1/V, ||al_K(yj,)( m/ |§Ua |in_Zji|§V, j~j,'21/va l=1,2-

Theorem 1.2. Assume that K is a bounded continuous function in R" satisfying
the following condition:

(Hz) K has a sequence of strictly local maximum points z; € R" such that |z ;| —
o0 and in a small neighbourhood of each z j, there are constants K ; > 0 and
B; € (n—4,n) such that

(1-8) K(y)=K;—0Q;(y—z;)+R;(y—2z)),

where K ; satisfies K; > n for some constant n > 0, and Q; and R; satisfy
(1-7).

Then for each small v > 0 and z, there exists another strictly local maximum
point zj,, such that (Px) has a solution of the form

u= aléle’}‘jl +a25Xj2,}.j2 +va
where (a, x, A, v) satisfies v € Ex ;. 2, vl < v, x = (xj,,x},), A = (4}, 4},) and
2j =2l > 1y, o =K (@)@ <v, Ixj, —z1<v, A, >1/v, i=1,2.

Remark 1.3. (i) We can find some functions which satisfy the assumptions (H{)
and (H,). Therefore the problem (Pg) has at least four solutions given by
Theorems 1.1 and 1.2. (In fact if u is a solution of (Pg) then —u is another
one).
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(i) To show that functions which satisfy the assumptions (H;) and (H,) exist, we
can take some functions which are periodic in at least one variable and having
one strictly local minimum point and one strictly local maximum point.

Observe that if (Pk) has a solution then the problem (Pk,..) has another one,
where 7 : x > (x. The condition that |z;| — +o00, in Theorems 1.1 and 1.2
is useful to get the distance [ = |z; — z2| large enough in the proof of Theorems
1.1 and 1.2. Therefore for any two fixed points z;, z2, we can choose ¢ small as
desired such that é%Izl — zo| will be large as desired, hence the proof of Theorems
1.1 and 1.2 are valid. This leads to the following perturbed result.

Theorem 1.4. Let K be a bounded continuous function in R". Then for any & > 0,
xo € R" satisfying K(y) > n > 0 forall y € B.(xg), v > 0 and any two different
points z1, 22 € B.(x0), we can find another continuous function K, which satisfies
|K; — K| =@ < ¢, and K;(y) = K(y) in R" \ B;(xo) such that the perturbed
problem

Au=K.()ul¥"bu, yeR,
(Px,) [ ‘

u—0, Au— 0, as |y| = oo,
satisfies one of the following statements:
(1) (Pk,) has a solution of the form u, = a0y, ;, — @20y, ;, + 0,
(2) (Pk,) has a solution of the form u, = a0y, ;, + 020y, ;, + 0,
where (a, x, A,v) satisfiesv € Ex ; 2, x = (x1,x2), 4= (41, 42) and
loll <v, la; —K@)* ™8 <v, |xj—z;l<v, 4;>1/w, j=12.

Remark 1.5. (i) We can perturb K in B, (xp) and B, (x1) (B;(x9) N B;(x1) = ),
so that the conclusions (1) and (2) of Theorem 1.4 hold at the same time.

(ii) Taking four different points z1, z2, ] and z} in B;(xo), we can choose K (z;
and z, are two minimum points of K, and z| and z}, are two maximum points
of K,) so that the conclusions (1) and (2) of Theorem 1.4 hold at the same
time. Note that for (1), the concentration points x; are near z;, but for (2), the
concentration points x; are close to z;.

Note that in Theorems 1.1 and 1.2 we need some flatness of the function K near
the critical points of K. See (H;) and (H,). In these assumptions the constants
B, are larger than n — 4, however if K is a C 2 function, we derive that B =2
Furthermore if we assume that the critical points are nondegenerate, then near each
local minimum point (respectively maximum point) of K, (1-6) (respectively (1-8))
holds with ; =2. We remark that f; =2 <n—4if n > 6. Thus, this possibility is
admissible only for n = 5. In this case we can improve the result of Theorem 1.2 in
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constructing some solutions with k bubbles, k£ > 2. In fact, we have the following
result.

Theorem 1.6. Let k > 2 be a fixed integer. Assume n = 5 and K is a bounded
continuous function on R’ satisfying the following condition:

(Hy) K has a sequence of strictly local maximum points z; € R> such that in
a small neighbourhood of each zj, K is C? and we have ay < K(zj) <
a;, —ay < AK(z;) < —ag < 0, for some ay > ay > 0. Moreover for any
small © >0, there is an n = n(r) > 0 such that K(z;) — K(y) > n, for
all y € 0B;(z;). Furthermore, for any L > 0 and z;,, there exist 2j,, ..., 2,
such that min; ¢y, |z, —z,| > L and max; x|z, —zj,|/ min; 2 |2, —z,| < C,
where C > 0 is a constant.

Then for each smallv > 0 and z j,, we can find k—1 other strictly local maximum

points zj,, ..., 2, such that (Pg) has a solution of the form
k
u= Zaiéxji,gji +o,
i=1
where (a, x, A, v) satisfiesv € Ex j i, [[o[| <v, x=(xj,, ..., x;), A=A, ..., 4j)

andfori=1,...,k,
i =zl = /v, i #F R e = K@) <, =zl sy, 2521/,

We remark that the proof of Theorem 1.6 is easier than the proof of Theorem
1.2. Indeed, assumption (1-8) also holds for Theorem 1.6 with Q; = D’K(z i)
Furthermore, all the f; are equal to 2. Hence some inequalities in the proof of
Theorem 1.2 become equalities. However, we can obtain a more general result
than Theorem 1.6 by assuming that n > 5 and in (1-8) all the constants §; are the
same.

Theorem 1.7. Let n > 5. Assume that K is a bounded continuous function in R"

satisfying the following condition:

(H)) K has a sequence of strictly local maximum points z; € R" such that |z;| —
oo and there exists f € (n — 4, n) such that in a small neighbourhood of
each z;, (1-8) and (1-7) are satisfied (here f; = p). Furthermore, for any
L > 0 and z;,, there exists zj,, ..., zj, such that min;x |zj, — z;,| > L and
max;xp |2, — 2j,|/ minjxy |z, — zj,| < C, where C > 0 is a constant.

Then for each small v > 0 and z j,, we can find k—1 other strictly local maximum
points zj,, ..., 2j, such that (Pg) has a solution of the form

k
u= E a,-éx_/i,i_,i +o,
i=1
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where (a, x, A,v) satisfiesv € Ex ; i, || <v,x=(xj, ..., x;), A=A, ..., 4})
and

2=z = 1w, i #h lai—=K @) ¥ < v, Ixj =zl <v, 5= 1/v, i<k
Using Theorem 1.6 we get the following perturbation result for the case n = 5.

Theorem 1.8. Assume n = 5. Let K be a bounded continuous function on R.
Then for any ¢ > 0, xo € R’ satisfying K(y) = n > 0 forall y € B;(xg), v > 0
and any k different points z1, ..., zr € Bg(x0), with k > 2, we can find another
continuous function K. which satisfies |K, — K |~ gsy < &, and K.(y) = K(y) in
R\ B, (xo) such that (Pk,) has a solution of the form

k
u= E ajéxj,,lj +0,
j=1

where (a, x, A, v) satisfiesv € Ey j x, x = (x1,...,x), A=(41,..., A) and
ol <v, laj—KG) ®I<v, Ixj—zil<v, ;=1 j=1,..k

The constructed solutions, roughly speaking, concentrate at k different points
and in Theorems 1.1, 1.2, 1.6 and 1.7 the distance between different concentration
points is very large, while in Theorems 1.4 and 1.8 the distance between different
concentration points is fixed but K is very steep on the concentration points.

Note that our solutions are not necessary positive. In fact, for the case of A
instead of A2, we multiply the equation by the function ¥~ = max (0, —u«) and we
integrate on R", so we are able to prove that the constructed solutions are positive.
However, in our cases the function u#~ is not in the space E. To overcome this
difficulty, we add another assumption on the function K. More precisely, we have:

Theorem 1.9. In Theorems 1.2, 1.4-(2), 1.6, 1.7 and 1.8, if we assume further that
there exists a positive constant no such that K > 1o > 0 on R", then the constructed
solution is a positive function.

Finally we give the following result which shows that £ > 2 in our main results
is necessary.

Proposition 1.10. Assume that K (y) is periodic in all variables and it satisfies
AK (x) < —co < 0 for all global maximum points x. Then for any a. > 0 small, we
have

Sup {|u|p~, u satisfies (Pg), ¢ <I(u) <c+a} < oo,

where ¢ = %52/4/1(1(‘,’;74)/4 and K yy = maxg: K (y).
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The proof of our results is inspired by the methods of [ Yan 2000]. As in [Bahri
1989; Bahri et al. 1995; Rey 1990] we first reduce the problem of finding a so-
lution for (Pg) to that of finding a critical point for a function defined in a finite
dimensional domain.

Our paper is organized as follows. In Section 2 we give the proofs of Theorems
1.1, 1.2 and 1.4. Section 3 is devoted to the proofs of Theorems 1.6, 1.7 and 1.8.
The proofs of Theorem 1.9 and Proposition 1.10 are given in Section 4. Some
basic estimates needed in the proofs are presented in Appendices A and B.

2. Proofs of Theorems 1.1, 1.2 and 1.4

Our method is a variational one. Hence, we introduce the Euler Lagrange func-
tional

@D 1w=y [ 1aup-"1

/K(y)|u|2"/(”_4), uekE:=CeRn).
R” 2n R

Note that the critical points of I are solutions of (Px) and inversely. Thus, to
prove the theorems, we will construct some critical points of /. The constructed
solutions concentrate at some critical points of K. Therefore, for z; and z, two
critical points of K and v a small positive constant, we introduce the sets

(2-2) Dyo={(x,2) e R xR?, x; €B,(z;), 4;=1/v, j=1,2},

(2-3) M, = { (a,x,2,0): (x,A)eDyp, vEEy; 2,
2

Z o — K(@z)@ ™8 + ol <vi.
j=1

Our goal is to prove we can choose (a, x, 4,v) € My, 2 S0 u =010y, ), +K020x, 1, +0
is a critical point of I, where ¥ € {—1, 1}. Since |x; — x3| > d > 0 and the concen-
tration 4;’s are large, the interaction between J,, ;, and Jdy, ,, is very small. More
precisely, using [Bahri 1989], it is equivalent to (with a multiplicative constant)

LA 5 —(n—4)/2
(2-4) gl-j=(f /1—1.+/ll-lj|x,-—xj|) fori # j.

Jj i

Proof of Theorem 1.1. In this proof, we will assume that, near z; and z;, K satisfies
(1-6) and (1-7). Let J be the function defined by

J: M, >R, (a,x,4,0)—>1 (0615):1,).1 — 020x,.), —i—v) .

Note that (a, x, 4,v) € M, » is a critical point of J if and only if the function
U = a0y, — 020x,,7, + 0 is a critical point of /. That means there exist A;, B;
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and C;; €eR, 1 <i <mand 1< j <2 such that
oJ

2.5 =0,
(2-5) da;

oJ 020, 020
(2-6) o Bj< X0 > ZC,h< .t >

axj,. a/ljax]' 6xjhale

oJ 0%0,. ;. " 02 .0
2-7) —=B-< 2 >+ C/< , >

a/lj I 8/12. Z Jh j J

2 n
aax. Iy 80y, ;.

2-8 Aoy, L2 Cip—2L4 ),

where x j, is the i—th component of x;.

First we state the following proposition which allows us to reduce the origi-
nal problem to a finite-dimensional problem and to show that the v-part of u is
negligible with respect to the concentration phenomenon.

Proposition 2.1. Assume that near z, and z,, K satisfies (1-6) and (1-7). There
exists vy > 0, such that for each v € (0, vol and (x, 1) € D, », there exists a unique
(a(x, A),v(x, 1)) € R? x E ; 2 such that (2-5) and (2-8) are satisfied and we have
the estimate

2

29 >

j=1

1
K (x,)n978

2

_ B 1 1/2+7

= O(Z (lxl ZjI" + /linf(ﬁj,(n+4)/2)) tép )’
J

j=1

aj— + llo]]

where >0 is a constant. Moreover the function (x, A) — (a (x,2),0(x, /1)) is Cl.
Proof. Let w = (&, v) € R? x Ey )2, a=(a1,02), 0 =0 — K(xj)(4_”)/8, j=
1,2, and let

Fx, 2, w)=J(a,x,1,v), weR>x Ey 2,

S R B
K (x))9/8 X141 K ()98 x2,42

As in [Bahri 1989] (see also [Rey 1990]), we expand $(x, 4, w) at w = 0. We get

Hx7/1,2 -

F(x, 2,w) = I (@0, %, 4,0+ Fw) + 3 0(w) + R(w),

1 1
Where ag = (K()Cl)(n_4)/8 s K(XQ)("_4)/8)
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and where
F(w) = (Hx,1,2, @10x,,2, — T20x,,1,)

- / K|Hy o "V H, ; 2(@10x,,2, — 82052, +0),
Q(w) = 130y, 3y = @2053,, 1* + 0 |I?

n+4 _4) — _
_n+4/ K| Hy ;oY@ 10y, — @20uy.0, +0)?
—4 J

and R(w) satisfies

R(U)) =0 (” w ||min(3,2n/(n—4))) , R/(w) -0 (” w ||min(2,(n+4)/(n—4))) ,
R//(w) — 0(||w||min(l,8/(n—4)))‘
It is clear that F is a continuous linear form on R? x E,_; » which is equipped with
the R? x E scalar product. Therefore there exists a unique f € R2x E x.4,2 such that

F(w) = (f, w). Furthermore, Q is a continuous quadratic form over R?x E X, 1.2
It satisfies

2
QW) =~y D> (1+0(1)a@ + o] - ”*42/ 8502 +o(lo)?),
i=1

where y is a positive constant. Now using [Ben Ayed and El Mehdi 2007] we
know that the quadratic form

(2_10) 0= ||U||2—n+4 Z/ 8/(” 4) 2

is positive definite on the space E, ; ». Hence it is clear that Q is an invertible
quadratic form. Therefore from the implicit function theorem, we derive the ex-
istence of a C'! map which to (x, 1) € D, 2, v < vg (vo small enough) associates
w(x, A) = @(x, 1), v(x, 1)) € R? x E\ ;2 such that

(2-11) lwCe, VI = O fID.

Moreover, for a;(x, 4) =a;(x, 1)+ K(xj)(4_”)/8, we have that (a(x, 1), v(x, 1))
satisfies (2-5) and (2-8) for certain A;, B; C;;,i =1,...,n, j =1,2. It remains
to estimate || f||. Using Lemmas A.2 and A.3 we derive

2

) 1 1/2+7
ILfIl = O(Z (Ixj — 7l +m) +e) )
J

j=1

where 7 > 0 is a constant. From (2-11) the same estimate holds for ||w(x, 1)|. [
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Without loss of generality, suppose z;, = z; and z, is another local minimum
point of K with [ = |z, — z1| is large enough. Define

L= l(n—4)ﬂz/(ﬂ|ﬂz—(ﬂ1+ﬂ2)(n—4)/2)’
Ly = (=8B p=(Bip)(n=4)/2)
where f;, j =1, 2 is the constant defined in (1-7).

Let (x, ) = (a(x, 1), v(x, 1)) be the function defined in Proposition 2.1. We
consider the problem

(2-12) sup{J (a(x, 1), x, 2, v(x, 1)), (x,2) € Sy},
where
(2-13) Sv2=1{(x,A) €Dy, A; €[yiL;,y2L;], j=1,2},

y1 > 0 is a small constant and y, > 0 is a large constant, which will be determined
later. Since S, > is a compact set, it follows that the problem (2-12) has a maximizer
(x, Z) € S,,2. We will prove that for v small enough, there exists /o > 0 such that
if | = |z0 —z1| > lo, the maximizer (x, /) is an interior point of S, ». Hence (x, )
is a critical point of J (a(x, 1), x, 4, v(x, 1)).

By Proposition 2.1 and Lemma A.4 we have for any (x, 1) € S, 2,

(2-14)  J(a(x, ), x, 4, 0(x, 1))
=%(x, A, w)
=§(x 4,00+ O (Il fllllwll + l[w]?)

D¢
—(n—4)/8 12
;I ) % ) R Gy ()

2
26 1 147
+0(Z(|XJ—ZJI g +W)+8u )

j=1 J

where D > 0 is a constant depending on n only.
On the other hand, using (H), a computation shows that

(2-15) I(K (x;)" "9, ;)

1 1 K(z)) Y\
= (s~ - /e )i

_n—4 1 2n/(n—4)
7 K(Xj)n/4 - Qj ( +xj )5(),1

. 1
0 (li' —4l ite )
j
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Hence
(2-16) I(K(z;) "3, ;)

28n/4
nK(Zj)(n—4)/4

_n—4 1 Yy 2n/(n 4) 1
27’1, K(Zj)n/4 Re Ql (ij) + 0 lﬁf_'_a
J

- 254 C +0( 1 )
T nK(z;)nH/4 1§’f 1?]‘*" '

At this time we will proceed in two steps.

Step 1. We claim that |X; — z;| < C/Zj, if [ is large enough.
Using the fact that J(a (x,2), %, 4, 0(x, Z)) > J(oc (z,4), 2, 2, 0(z, Z)) together
with (2-14), (2-15) and (2-16) we obtain

2
1 1 n—4 K(Z]) n/4
@-17) jZ_;(EK(x,-)<n—4)/4_ 2n K(xj)n/‘*)S”

_n—4 1 2n/(n—4)
2}’1 K()?])HM /n Qj( J +xj )50,1

2 n/4 2
285, C
> ZnK(z )=/ ZIZT,
j=1 J
Den Dep»
_K(il)(n74)/8K(f2)(n74)/8 o K (z) =D/ K (75)(n=4/8
2
_ . 1
+0(Z (Ixj —z;Pte 4 _ﬁj+a) +8]1;’).
j=1 2]
Now by (H;) a computation shows that
1 n—4 K(zj) 2 _ 28
@I S KGHT DA an KGy P nK (AT O(1%; —2jI*),
Bj Bj
(2-19) Ql( +Xx; _ZJ) = agp /ly +X;—zj| Zaolx; _Z‘/‘lﬂj _Clzlﬁ >
Aj J ;
J

where ag and ¢ are some positive constants. Therefore (2-17), (2-18) and (2-19)

imply
2 2

_ o1
Z j—zlfi=0 (Z:(|JC]‘—ZJ'|ﬁ’Jr +/1/;)+612)

j=1 j=1
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Since X ; € B,(z), it follows that for v small enough

2

(2-20) |x,-—zj|=0((z
i=1

1 1/B;
/_1—/3 + 812) )

1

On the other hand since Z; € [y;L;, y2L ], one has

(2-21) % — 0(l*(n*4)/31/32/(,31ﬂ2*(ﬂl+/32)(n*4)/2)), j=1,2
/lj’
(2-22) £1p = 0(1*("*4)51ﬁ2/(ﬁ1/7’z*(ﬁ1+ﬁ2)(n*4)/2))_

Then (2-20), (2-21) and (2-22) imply

%, — 2] = O(l—(("—4)51ﬂ2/(ﬂ1ﬁ2—(ﬂ|+ﬂ2)(n—4)/2))(1/ﬁj)) — O(L)
i)

and the claim follows.
Step 2. We claim that Z]- € (y1iL;, y2Lj).

Write Zj =t;L;, j=1,2. Since f; > n—4, we see that there exists (11, fo2) € R2
with #; > 0 large enough such that

c D
i —4)/2 (n—4)/2
= fjf té'{ )/ tég 2K (7)) n=9/8K (2,)n—4)/8

Let Ag; =1to;L;, j =1,2. Then (2-14) and (2-16) imply

(2-23) < —cp <0.

J(a(z, Ao), 2, Ao, v(z 20))
2 2

2854 C ( 1 )
+0 -
znm o oS

2

De1n ! 141
+ K (21)=D/8K (25)n—/8 + O(Z;, imf(Zﬂ/ o tén )
j

Then using (2-23), we obtain
(2-24)  J(a(z, 40), 2, 20, v(z, A0))
2 5 Sn/4
Z + eyl DB/ (Br S (Brtfr) (n=4)/2)

nK(z =474
2
147
o> g +4lt7)
. 1'1j
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On the other hand by (2-14), (2-15), (2-18) together with the fact |[x; —z;| < C/Zj,
we get

(2-25) J(a(x, 1), %, 4, 0(x, 1))
_ 2 250/
= = nK(Zj)(n—4)/4
n—4 Bi son/(n—4)
- K(x—)”/“,lﬂ/ ly+2;(xj—z))| .1

2

Dern ! I+
TKGE)TIBK G0 O(Z; e e
J= J

- Deya N 2, st C
= K(Xl)(n74)/8K()?2)(n74)/8 = nK(ZJ)(n 4)/4 Zf’j

1 1
+O(Zﬁ - +8J’).

J

Combining J(a (x, Z), X, A, v(x, Z)) > ](a (z, 40), 2, 40, v(z, /10)) with Equations
(2-24) and (2-25) we obtain

2 C Deyy 21
; ~ 1 147
@26 25+ e ae sk e st O(Z e o )
j=1% j=17j
> C(/)/l*(”*“)ﬂlﬂZ/(ﬁlﬁZ*(ﬂl+ﬁ2)(”*4)/2).

If we take v small enough such that |x; — x| > [/2, we get

e Cvo 1~ Db S/ Bifo=Brth2) (n=4)/2) i=1,2,
l J

EEI-T < CpT =D == B2/ (BrB2—(B1+2) (n—=4)/2)

Then (2-26) implies

2
Des

C
e lezﬂf (K (®)K (2) 78

< (c1v” + cqv™ @ — ()@ Bifa= BI04/
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Since ¢1v? 4 ™" tends to zero as v goes to zero, we can choose v small
enough such that c;v? + vt < cg /2 and (2-27) becomes

2 C Deis

(2-28) T oo =
,Z::‘ ,lf-’ K (o)) —D/8K (3)n—H1/8

/!
< _COl*("*4)ﬂlﬁ2/(ﬂ152*(ﬁl+/32)(n*4)/2)_
2

First, assume that 1; = y1L1. Then

L +o(D) LoDty o/ (8142 -4 2)

= (1112|x1 —xZ|2)(n74)/2 - (Vltz)(”—4)/2

_ I+o() [~ =8B B2/ (B o= (Br+52) (1=4)/2)
= Vln_4

€12

The last inequality follows from the fact that Jr=tl, € [y1L2, y2L5]. Then

2

C D812
(2-29) z Z_f’ - K (3%1) =978 K (5,)(n=4)/8

j=1

> (L _ L’) [~ (=481 B2/ (B fr—(1-+2) (—4)/2)
- B n—4 :

Since i > n—4 we see that, C/y{"' — C’/yln_4 tends to infinity as y; tends to zero.
So we can choose y; small enough such that C/y " — C’/yln_4 > ko > 0. Hence
(2-29) implies

2
¢ aar — (=4 12/ (12— (B1+p2)(n—4)/2)
@30 22~ KoK G = |

Combining (2-28) and (2-30), we obtain a contradiction.
Now, assume that 1| = y2L1. Then

_ 1+ _ o) =i o/ Brfo— 1+ (—4)/2)
(L1 dalx) —x2|2)=H/2 " (yarg)=4/2

1+o() _j—a-4pp/ (B2~ Br+5)n-4/2)
= (niy)2 ,

€12
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since Ay =t Ly € [y1L2, y2Lo]. It follows that

[38)

C _ _
@3 > T (De1) /K (e1) VB K () /8
J=17
o _cr1H0) =i/ Brfo—BrBa) =) /2)
B (y1y2) =9/ .
Combining (2-28) and (2-31) we get

e 1+0(1) <_C(/)/
(y1y2)=9/2 7 2

Now since (1 +0(1))/(y172)" /2 tends to zero as y, tends to infinity, we derive
a contradiction. The same argument can be applied to 4, and the claim follows.

Since (X, 1) is an interior point of S, » maximizing J(a(x, 1), x, 4, v(x, 1)) on
Sy.2, it follows that

u:=a(x, I)éf — 02(%, 2)0- 7, o, ),

X2,
is a critical point of J. Hence our theorem follows. U

Proof of Theorem 1.2. In this proof, we will assume that near z; and z,, K satisfies
(1-8) and (1-7). Let

J: M, >R, (a,x,4,0)—>1 (aléxl,g, + a20x,.2, —i—v) .

As in Proposition 2.1 we get a C! map (a(x, A), v(x, 1)) such that

aJ 0] <
——=0,j=1,2 and —= Ajdy, 4, + B; ""’ C; "’“ ,
for certain A;, B; and C;; € R",i =1,...,n, j = 1,2. Moreover the estimate

(2-9) holds. Then replacing the problem (2-12) by
(2_32) lnf{J (a (-xa /1)9 X, /,{7 U(x, /1)), (xn /1) € Sv,2}7

where S, is defined in (2-13), and following the proof of Theorem 1.1, our result
follows. Note that there are some changes in the proof taking account of the sign
behind the function Q; and the new problem (2-32) instead of (2-12). [l

Proof of Theorem 1.4. We begin by proving Claim (1). Let 7 > 0 be small enough
so that By;(z1) N Ba;(z2) = ¢. For a fixed f € (n — 4, n), we define

K( ): K(y): lnyRn\ U?:] B211T(Zj):
K@)+ /)y —zlf, ifyeBy.(), j=12
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where # > 0 is a small constant. Since 7 is small and K is continuous, for each
y € By;(z;), we have

(2-33) K.(y) — K()| =|K(z;)+#|y—zj|ﬂ—1<(y)|
<K -K@)l+f <t+f <Cr <e.

In U?:] (Bzm (Zj))\ By (z j)), K. can be continuously extended such that (2-33)
is satisfied. Then consider the problem

Alu=K,()ul¥"Vu, yeR",

u—0, Au—0, as|y| — +o0.

(2-34) [
Let w(y) = n"=*/2u(yy). Then w satisfies

A2 = K* 8/(n—4) , ER",
235 [ w=K;)wl" w0,y

w—0, Aw— 0, as |y| — +oo,

where K} (y) = K. (7y). Let z’;. =zj/n, j=1,2. Forany y € B, (z}k.), we have

K: () =K. (1y) = K (z) + niﬂm — gl
= K.(z))+ niﬁmy —olf (since Ko(z)) = K (27))
= K:(nz}) + ni,,my —z;l
=K @)+ niﬂlny —zl.

Thus K;(y) > K.(z7), for all y € B;(z}) \ {z}}. Hence z} and z3 are two strictly
local minimum points of K} (y) with |z} —z3| = |z1 — z2|/#. Moreover

K;0=K;@)+1y -z’ forally € B ().

Then arguing as in Theorem 1.1 we see that for any v > 0, we can choose # > 0
small enough so that (2-35) has a solution of the form

W = @10y jx — 020y 5 + 0

where 0* € Eyy #2, l0*|| < v and for j = 1,2, |a; — 1/K;(zjf)<"—4>/8| <,
|x;‘ - z;f| <v, 1/ /17 > v. We deduce that (2-34) has a solution of the form u =
010y, 3, — 020y, 7, + 0 Where v(y) = n~ "= 2p*(y /), x; = nx;and A; = A7/n,
and it is easy to check that u satisfies the desired properties.
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To prove Claim (2), we take
K (), if y € R™ U3 Boye (2)),
K(zj))— (/nP)ly—z;1f, ifyeBy(z)), j=1,2,

where 7t and f are defined as in the proof of Claim (1). Finally, following the
previous proof, Claim (2) follows. ]

Ke()’) =

3. Proofs of Theorems 1.6, 1.7 and 1.8

Proof of Theorem 1.6. Let z1, ..., zx be k different strictly local maximum points
of K such that

(3-1) [ :=min|z; —z;j| islarge and max|z; —z;|/[ is bounded.
i#] i#]

Note that this choice is possible using the assumption of the theorem.
As in the previous section, we introduce the sets

Dv,k={(x,i), Xj EBU(Z]'), lj > 1/1), J= 1,...,k},
k

M, = [(a,xaisv) i(x,A)e Dy, veEx i, z |a; — K (z;) |+l SV],
=1

and our functional will be

k
J:M;—R, (a,x,1,0)— I(Zaiéx[,,li —i—v).
i=1
As before, we start by giving the estimate of the v-part and the a-variables. Using
Lemmas A.5 and A.6, we obtain similarly to Proposition 2.1 the following result:

Proposition 3.1. Assume that K is a C? function. Then there exists vy > 0, such
that for each v € (0, vo] and (x, A) € D, i, there exists a unique (a(x, 1), v(x, 1)) €
Rfx E v.4.k such that (2-5) and (2-8) are satisfied. (We remark that the sum in (2-8)
will be from 1 to k). We note that the function (x, ) — (a (x, 1), o(x, l)) isaC!

map. Moreover we have
VK (x; )| 1 1/2
=03 (T L) e

j=1 =1 i#]

where T is a positive constant.

We then consider the problem

(3-2) inf{](a(x,/l),x,/l,v(x,/l)), (x,4) € Sk},
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where Sy x :={(x, 1) € Dy, 4j €[y1l, y2l1} and y2 > y; > 0 are two constants to
be determined later. Since S, ; is a compact set it follows that the problem (3-2)
has a minimizer (¥, 1) € S, x. We will prove that (¥, /) is an interior point of S, x
and thus a critical point of J(a (x, A), x, 4,0(x, /1)). For this we proceed in two
steps.

Step 1. We claim that X; € B,(z;) if [ := min;%; |z; — z;| is large enough. By
Proposition 3.1 and Lemma A.7 we have

(3_3) J(a(x,l),x,i,v(x,/l))
LAVEGHE L
:I(Hx,i,k)_ko(Z(# )+Z 1+r)
j=1 J 4 i#]

~ Z s 1ZBAK(x,-) Z D
KGp)/ 105 22K ()5 & K) PR ('

(E() ) (51

j=1 j=1

Using the fact that J(a (¥, 1), %, 4, v(X, 1)) < J(a(z, 1), z, 4, v(z, 1)) together
with (3-3), we derive

k k
1
Z (K(x )1/4 K(z; )1/4) (Z +ZSU)
j=1 J i#]j
It follows that
(3-4) 0<K(zj))—K(x;) =0 asl— +oo.

Assume X ; € 0B,(z;). By hypothesis (H;) we have K (z;) — K(x;) = n(v) > 0,
which contradicts (3-4). Hence X ; € B, (z;) if [ is large enough.

Step 2. We claim that Z,- € (y1l, y2l) if y; is small enough and y, is large enough.
Consider the function

__ B ARG
f @) — K(x J)5/4IJ D; K(xi)l/SK(x])l/g’

aij 117

where a;; =1/|x; — x; |. Since each x; is close to z;, from (3-1), we get that each
a;;j is bounded below and above and AK (x;) < —c <0 for each i. Hence, it is easy
to check that f(¢) has a global minimizer t* = (¢, ..., #*) € R¥. Moreover there
are constants by > by > 0 such that by < [t;*| < b, for any global minimizer t*
of f(t)and j = 1,...,k. Indeed since f (1) — 400 as |f| > 400 we deduce
|t*| < by for some constant b,. On the other hand, we have ming: f(¢) < —¢’ <.
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Indeed, we have [ = min;; |z; — z;|, without loss of generality, we may assume
that [ = |z; — z2|, which implies that a;, satisfies 1/2 < ajp < 2, then

B (AK(x1) AK(x2)\,5 2Dai» 4
0,0,0,...,0)=—— -
f( s Uy U, 5 ) lo(K(xl)5/4 K(X2)5/4 K(XI)I/SK(Xz)l/S
— (3/04—D/)04,

where B’ and D’ are some positive constants independent of /. Since B'6* — D’
tends to — D’ as 6 tends to 0, we see that there exists # > 0 such that if |8] < 7
we have (B'6* — D")0* < —(D'/2)5*. It follows ming f(r) < £(8, 6,0, ...,0) <
—(D’/2)n*. We deduce since f(t) — 0 as |t| — O that |r*| > b’ > 0. Now since
g—i;(tl*, L) =0, we get

k

(3-5) - K(x—)9/8 i*

i=1, i#j
Therefore, if |7;*| is small for some j, then from (3-5) and the fact that a;; > ¢ > 0
for each i # j, |t;*| is also small for i =1, ..., k. We obtain a contradiction.

So the function

k
B AK(X ) 1 aijj
36 ——> ——L D :
10 £ K (1)) 6,2 ; K (xp) /5K (x,)1/56, 1726, 17
has a global minimizer 0* = (6", ..., 6;*) and there are constants b} > b} > 0 such

that b, > 0;* > b} >0, j=1,...,k for any global minimizer 0* = (6", ..., ;™).
Denote Ej = 0;l, 2* = 0;*1. Using the fact that J(a(x, ), %, 2, 0(x, 1) <
J(a(x, 2*), X, 2*, v(x, 1*)) together with (3-3), we derive

k
B K(x]) ij
102 Keyyvi0, % K () VEK ()13, %0}

5_%2 AKS/:])*Z Z ~.\1/8 —aljl/g *1/29%1/2
K (x;)>/40; iz K(x;)!/°K (x;)'/°0; 707

k - k
VK (x))I? 1
+0(Z—m2 +o( X))
j=1 J j=1"J

Hence, 6; will tend to one of the global minimum points of the function defined
by (3-6). As a result, if y; > 0 is small enough and y, > 0 is large enough,
/lj =0l € (y1l, y2l). ~

From Steps 1 and 2, (X, A) is an interior point of S, x and thus it is a critical
point of the function J (a(x, A), x, 2, v(x, 1)). O
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Proof of Theorem 1.7. As in the proof of Theorem 1.6, let z1, ..., zx be k different
strictly local maximum points of K satisfying (3-1). Define

L = [/ (B-nt4),

where f is defined in (H}'). As in Proposition 2.1, we get a map (a(x, 1), v(x, 1))
which is C! such that

k n
oJ oJ aéx-ﬂ.- aéx-/l-
S0, j=1,.. kand == (A;0,, +B oL LS ¢, 00 )
oo, 7 a0 ;( 3%kt B +; it axﬂ,)

Moreover we have the estimate
k

D e

j=1

k

. 1 1/2+4t
+llol=0 (Z(Pfj—zj & +_}Li.nf(ﬁj,(n+4)/2)) +Z &jj )’

j=1 j i#]

1
IT K)o

where 7 > 0 is a constant. We consider the problem
(3_7) inf{](a(x,i),x,i,v(x, j'))a ()C,i) ESU,k},

where

Svk=1{(x, 1) € Dy, Aj €[y1L,y2L], j=1,...k},
y1 > 0 is a small constant and y, > 0 is a large constant. Then arguing as in the
proof of Theorem 1.2, Theorem 1.7 follows. (]

Proof of Theorem 1.8. Let n > 0. As in Theorem 1.4 we define K,.(y) = K(z;) —
(1/nP)ly —zj|% for y € Byy(z;), j=1,..., k with a suitable extension of K(y)
into R \Ul;: | B:;(z;). Then using Theorem 1.6 and arguing as in the proof of
Theorem 1.4, we see that the perturbed problem (P, ) has a solution concentrating
at the k given points z; if # > 0 is small enough. U

4. Proofs of Theorem 1.9 and Proposition 1.10

Proof of Theorem 1.9. Let u be a solution of ( Pk ) of the form u = Zi<k 00y, 3, +0.
We will argue as in [Ben Ayed et al. 2005]. Let u = ut — u~, u™ = max(0, u),
u~ = max(0, —u). Then we have |u~| < |v] and (u~)*+H/ (=4 ¢ [20/(1+4) ] et
us introduce w satisfying

4-1) A’w=—K@ )" 0=9 0 Aw—>0 as ly| = +o0.

Using a regularity argument, we derive that w € D'2(R"). Furthermore, since
K > 0 by the maximum principle, w < 0. Multiplying (4-1) by w and integrating
on R”, we obtain

- - — (n+4)/(n—4
||w||2=/ Azw.w:_/ K@)/ 0=9y < el |u| V00—
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so that, we have either ||w]| = 0 and it follows u~ = 0 or ||w]| # 0 and therefore
— (1+4)/(n—4
(4-2) lwll < erlu 5005 .

Now, in view of the fact that u is a solution of (Pg), we have

(4-3) / AZUJM :/ wAZM :/ K|M|8/(n_4)uw

:_/ K(u—)(n+4)/(n—4)w+/ K(u+)(n+4)/(n—4)w
u<0

u>0

<-— / K@)/ =9y, (since w <0, K > 0)
u<0

5—/ K(u—)<"+4>/<"—4>w=/ Aw-w=|w|>

On another hand, using the fact that K > 7y > 0, we have
(4-4) [ 2= [ koo,
n Ril
:/ K(u_)Z"/("_A') > c2|u—|i’;,{/((’,’;ﬁ).

From (4-2), (4-3) and (4-4), we deduce

—2n/(n—4) 2 —2n/(n—4)

colu |L2n/(n74) < |lwll” < nolu |L2n/()174) .
Now since, |u~ |r2:/-4 is small enough, we derive a contradiction, and the case
|lw|| # 0 cannot occur. Therefore u~ =0 on R", and the strong maximum principle
implies that u > 0. 0

Proof of Proposition 1.10. We proceed by contradiction. Assume that there exists

a sequence of solutions u,, of (Pg) such that |u,,| .~ — 400 and I (u,,) — c as

m — +00. Denote |u,, |~ = ﬂ,gf_4)/2 and let x;, € R" be a maximum point of u,,.

Since K (y) is periodic in all variables, by translation we may assume that x;, is
bounded and thus we may assume that x,, — xo as m — +00. Set

1 y /
wn(¥) = —— 74 (—‘HC )
O gty
Then w,, satisfies

A2u)m=K(y/ym+x,’n)|wm|8/("*4)wm, y e R,
(4-5) Uy, —> 0, Au,, — 0, as |y| = +o0,
w, (0) =1.
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By the L?” estimate, we see that w, converges weakly in £ and converges in

Cﬁ)c (R™) to a function wq € E satisfying

(4-6) |A2wo = K (o) wol ¥/ Hwy, in R,

wog— 0, Awg— 0, as |y| - +oo.

Let tp = K(xo)S/(”_4) wg. Then 7 satisfies

A%ty = |tp|¥ =1y, in R
@-7) 0 = |tol 0, 1In

to— 0, Atg— 0, as |y| — +oo.
We have
(4-8) lo]I* = K (x0) "=/ wo|* = S2/4.

Observe that

(4-9) 2 |Awm|2:1 |Awm|2_”_4/ K(l+x,’n)|wm|2"/("—4>
n Rn .\ Unm

R 2 2n
1 n—4
— A 2 _ K 2n/(n—4)
2 S | Auy| 2n S (@) |um]
2 s
:I(um)—)CZ:’;W as m — +0o0.
M

Since liminf ||w,, || = |Jwg]|, it follows that

sn/4

2 2 2 2
(4-10) c — [ [Awpy] +0(1)ZE [Awo|” +o(1),
Rn Rn

Tk n

which implies

(n—4)/4
(411 loll? < (K& s,
K n

Hence from (4-8) and (4-11), we get ltoll? = S;,’/A' and K (xg) = Ky, that is, xg is a

global maximum point of K. Therefore S, is achieved with £y, which implies the
existence of ag, Ao such that o = d,,,3,. From (4-8), (4-9) and (4-10), we have
Sn/4

n

2 2
2 Ky — €= lomll”+ o).

2 2
=llwnl* +o0(1) = =llwol* =
n n
It follows that ||w,, || — ||wo|| as m — +o0 and then w,, converges strongly to wy.
Hence

4-n)/8
Nt — K™

Oy inll = 0 asm — 400,
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with y,, — xg, &, — +00. Then, following the same idea as in [Bahri 1989; Bahri
and Coron 1988; Rey 1990], we can write

(4'12) Unm = améxm + Om,
(4—n)/8
where v, € Ey, 5., llomll = 0, a — K, , Xm — X0 and 4,, — +o00, as

m — +4o00. Next, we will give an estimate of v,, defined in (4-12). We have by
multiplying A%u,, = K |, |¥ " u,, by v,, and integrating

ol = [ KO n 0,
Rn
n+4 _
=2 [ RO )0
Rn

4
+0( / K (oo ‘”vm+||vm||2+f)

—4)/8

where 7 > 0 is a constant. It follows since a,,, = l/Kg +o(1)

@-13) (1 +o(M)llvml?

n+4 K(y) 8/(n 4,2 +0(

(n+4)/(n—4)
" n—4 Jp Ky O KO0, i D’")'

Rn

Since v,, € Ey,, ;,, a computation using Holder’s inequality and Sobolev embed-
ding theorem shows that

n n— VK (x,, 1
/ K( ) (+4)/( 4) mzo(w—{-l—z)”l)m”

xm “m lm

Then (4-13) implies

n+4 8/(n—4 VK (x 1
(1+0(1) [on]? < m/ XA +0('TW+F) lom .
R m m

Since the quadratic form defined by (2-10) is positive definite, we derive the esti-
mate

] _ o IVEKGwI | 1
(4-14) ||um||—0( p” +%)-

Multiplying equation A2u,, = K (y)|u,n | "~u,, by 89,
we obtain

00y, / 8/(n— 00y,
4_15 A A ms/m — K /(}’l 4) ms/tm .
( ) /n Um oA IR" (D) |uml Um —a/lm

/0Anm and integrating,

msAm
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Since v, € E,,, 5, , We have

00y,
4_16 A A mofm O
o / e
On the other hand
a0
(4—17) K(y)|um|8/("_4)um Xim > om
R" 0lm
- / K (5) g 1)+ /0= Dt
R msAm alm
n—+4 B acsx 1
+— K o 5 8/(" 4)0 mshm
n—4 R~ (y)( m xmaﬂm) m—a/lm
+0 (/ Il)m |(n+4)/(n_4) a5xm,j-m
|a’"6)fm,/1m |S|Um‘ 5/1,"
ag‘x)ﬂ’}'m

N / S b)), o )
. .
oml <lmOe ] "

Using the fact that a,, = 1/K ](‘;’_4)/ 8 4 o(1) together with Lemma B.3, we derive

00 —BAK(xp) 1
4-18 K () (@, ,,) T/ (=) el -
(4-18) /W (") (amoy,,1,) 7. ) +o P

Next, a computation using Holder’s inequality, Sobolev embedding theorem shows
that

n— 6‘5xmy/lm |VK xm' 1
(4-19) / K () (@m0,,2,)% Doy, =0( ( )+—)||vm||,
Rn

0Am

0 FPAIVE)
2n/(n—4)
(4—20) / |1)m|(”+4)/(l’l—4) aéxm,im — O(HUm” n/n ),
|am6xm,lm|§‘um| a/lm /lm
(4-21)

12—n)/(n—4 005y, 7m llom 1
/ 5)(0;1,1:)/(” )lvml2 - = 0( W; .
(o <l i | 0dm Am

From (4-17)—(4-21) and (4-14) we get

_ 00y, —BAK (x,) 1
8/(n—4) motm J—
(4-22) /[R" KO)lum| U ohy ) —I-O(/l;n).
Then (4-15), (4-16) and (4-22) imply

—BAK (x,) 1
(4-23) — +o =)= 0

which contradicts the fact A K (x,,) — AK (xg) # 0. This ends the proof of Propo-
sition 1.10. O
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Appendix A

In this section we will focus on the estimates needed in the proof of Theorem 1.1.
Hence we will assume that (H;) holds. Note that the same program is needed for
Theorem 1.2. There are some changes in the formula but the proofs are the same.
We have to take account of the form of H, ;> and the behavior of the function K
near the critical point.

Lemma A.1. Forany x € B,(zj) and v € E ; we have

(n+4)/(1—4) B L
/Rn K(y)d, v= 0<|x Zil" + lmf(ﬁj,(n%)/z))”“”'

Proof. Since v € E, ;, we have

(A-1) K (y)sl /0=,
Rl‘l
4)/(n—4 0 od
:/ (K(y) — K(x))é)(c’?;r )/ (n=4), +/ (K(y) . K(x))ainzr )/ (n=4)
B, (x) Bg(x)

Using Holder’s inequality and Sobolev imbedding theorem we compute

(1+4)/(n—4) llo]l
(A-2) /B . (K(») —K(x))d,"; v= 0(_,1<n+4>/2)’

n n— . 1
(A-3) /()(K@)—K(x))éij“)“ “)v=0(|x—z,-|ﬂf+ﬁ)non,
B,(x i

by (1-6) and (1-7). Then the lemma follows from (A-1), (A-2) and (A-3). ]

Lemma A.2. Forany (x, ) € D, and v € E, ; » we have

(A-4) K| Hy 2" H, ;20
Rn

2
j 1 12+
B O(Z ('x" —ult s m) +e1) ’)nvu,

j=1 J
where t is a positive constant.
Proof. For p > 1, there exists C(p) > 1 such that for any a, b € R, we have

C(p)aP/*bP/?, if p<2,

(A-5) |la —b|P~ (@ —b) —a” +bP| < _
C(p)aP~'b4abP~"), if p>2.
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From (A-5) we see that

(A-6) KW Hy 2" H, ;0
Rn

4 —4 4 —4
( ))(c’|1+ )/ (n— ) ( ) ("+ )/ (n— )

X2,42

o K (rg) )8

/ (@ﬂ,Aléxz,zz)<"+4>/<2<"—4>>|v|), ifn>12,
Rn

ol > | a5, 1), ifn < 12.
i#j R

1
- /R K (x;) /8

+

By Holder’s inequality, the Sobolev embedding theorem and Lemma B.2 we have

Ay o, G di)

=0 (8%2—"_4)/(2(”_4)) (log 81_21 )(n+4)/(2n)) ”D ”
(A-8) [ 0,101 = 0 eratiog e )" ol fori # .
Rll
The lemma then follows from (A-6), (A-7), (A-8) and Lemma A.1. U

Lemma A.3.

(Hx,i,Z, aléxl,h - a25x2,/12> _/ K(y)IHx,/l,ZIS/(nizt)Hx,i,Z(al5X|,)q - a25x2,/12)
Rn

2
. 1

= O(Z(|Xj—2j|ﬂj+ﬁ)+812)-
J

j=1

Proof. By Lemma B.1 we have

ar S ay S
(A-9)  (Hy,p2, @10x,,7; — 020xy,0,) = KO8 K ()78 +0(en),
where S, is defined by (1-2). On the other hand it is easy to get
10 [ KOIH ol Hs 210, = 0200
=L/ K (y)or = L/ KMan ¥+ 0(en).
K ()98 o, 1,41 K (x) /8 [, 2,02
Now,

(A-11) / KMo = K(xpsi+ /R (K () — K (x)a2 /),



CONCENTRATION PHENOMENA FOR A FOURTH-ORDER EQUATION ON R" 27

Since K is bounded, it is easy to check that

(A-12) / (K (y) = K ()32~ = 0(%”)-
By (xj)

J

On the other hand by using (1-6) and (1-7), we compute
(A-13) / (K() — K)o " = 0(%+|x,-—z,-|ﬁf).
B, (x) ljj

The lemma follows from (A-9)—(A-13). O

Lemma A.4. There exists a constant T > 0 such that

2
1 D812
I(Hy,52) :Zl K (x: (n—4)/85xj’)“j K (x ) —D/BK (xr)1—H/8
, (x;) (x1) (x2)

2

1
+0(Z(|xj—z,| 2 —i—l—)%—e}f).

j=1 J
Proof. The proof follows immediately from the fact that K is bounded, (A-5),

Lemmas B.1, B.2, and from

(A-14) K)ol 5=,
Bg(x;)

J» I

Sty /- )" /)"

n/(n— n/(n— n/(n—

=< C(/ 5)5{,/1,- 5)6,',/11' ) (/ 5)6,',/1,' )
Bg(x;) ' B (xi)

C —1\(n—=4)/n
5/1—48ij(10g8ij ) .
i

In the ball B, (x;), by (1-6) and (1-7), we have

(A-15) / K)ol e =s,
B, (x;)

Xjshj
n n— 4)/(n—4
=K@ [ A [ 0=,
Bg(xz Bg(xi
*/ Ri(y —2)ol Vs .
By (x;)
We compute
K(z;

(A-16) ( ‘) 5("4‘4)/(" 4)5x g = Dglj 4 0(|xl — 7z |2ﬂz +81+T),

K(xz) B, (x;) ot
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(A-17) 0i(y— 1)5(n+4)/(n 4)5x 2 (Ixi —Zilzﬂ’ + % +351~+T ,
By (xi) ” j’in J

(A-18) Ri(y —z)dy b0 4)5)6/’2/ = 0(|xi — 44—+ 81'1'#).
By (xi) o : 22 J

This completes the proof. 0

In the following, we will focus in dimension five and we will assume that K is
a C? function. Hence for each x € R, we can expand K near x and we obtain

K() = K@)+ VK@) —2) + 3 DK@ —x, y =0 +o(ly =2 P).

Moreover, we have || D?K (x)|| is bounded.

Lemma A.5. Forany x € D,y and v € Ex ; i, we have

VK
(A-19) /K(y) Mu—O(Z(' lix’ﬂ 12)+Z 1/2+r)”0“

Jj=1 i#]

where t > 0 is a constant.

Proof. As in (A-6) and using Lemma B.2, we have

(Azo)/ K(WH M—Z/ Oy er )9/852,A,v+0(z ”2”)” I

i#]

For the integral in the right hand side of (A-20), we follow the proof of Lemma
A.1. But here we cannot use (H;). In fact, (A-1) and (A-2) hold. It remains to
compute

(A-21) / (K() = K)o, ;.0
B, (x;)

-/ vz<<xj><y—x,->53,.,i,v+o( | wexpe,, Ivl)
B, (x)) By (xj)

Now, by using Holder’s inequality and the Sobolev imbedding theorem, we have

VK (x
(A-22) / VK () (y — )82, ;0 = 0( i( Dy ||)
BQ(X]') ’ J

(A-23) / |y—xj|25§ 0= 0(”%.”).
B,(x)) AZ

i
Then the lemma follows from (A-1), (A-2), (A-21), (A-22) and (A-23). U
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Lemma A.6. We have
9
(A-24)  (HyeiksOn,0;) — /R KOV 40,5, = (Z + Zel,)
Jj=1 J i#]
Proof. Similarly to (A-9) and (A-10), we have

5/4

S5
(A_ZS) (Hx,/l,kaaxj,lj> I{(—)I/S + O(Zgl])a
i#]
(A-26) / KG)H? , 105, J=I((+‘)9/8/R K3, +0(Zsl¢,~).
Jj 5

i#]

Since K is a C? function, then expanding K around x ; and using the evenness of
5x,—, by with respect to y — x;, we get

(A-27) / K1), =K@)s)* + 0(12)
RS

From (A-25), (A-26) and (A-27), the lemma follows. U

Lemma A.7.

k 5/4 k

2 S 1 1 BAK(xj))
I(Hep) =% ) ———7— — :
* 5 JZ:; K(xplv4 10 ]Z:; K ()3 23

k
Deij 1 L4r
_é K () 5K (i) /8 +"(Z E) ! O(ZS )

j=l1 i#]
where B = % RS |x|251?1.
Proof. We have
1
(A-28) H(Hy ) = M1 - / KWH, .

First by Lemma B.1, one has

k 5/4

N De;;
2 5 1j 147
(A-29) [[Hyz2l? = K ()7 +22 K () /3K (x))1/8 +O(Zaij )
j=1 i#j

i<j
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Second using Lemma B.2, we get

(A-30) / K(y)HY,
1
ZZI—K(XJ)S/4/ K(y)élo
j:
1 T
i#j

i#]

Now since K is a C? function, by expanding K around x ; and using the evenness
of dy, »; with respect y —x;, we compute

AK(x)) 1 |x|? 1
A-31 KOO, = Kapss+=—=572 | ———cto( ).
a3) [ KO, =K ) 7 5 Jparner oAz

We have also by expanding K around x; and using Lemmas B.1 and B.2

(A-32) / K()0, ;0.4 _K(x,)De,,Jro(/WL +el+’).
RS ;
It is easy to see that the lemma follows from (A-28)—(A-32). U
Appendix B

A computation similar to the one performed in [Bahri 1989] shows that, for i # j,
if the interaction ¢;; is small and the concentration A; are large, then we have the
following lemmas:

Lemma B.1.

(B-1) / IO = Dayy+ 0 (),
Rn
dx
a (L [xP) 072

Lemma B.2. Let o > 1, f > 1 be such that o+ =2n/(n—4) and let 0 =inf(a, p).
Then we have

(B-2) / 50{1 léx, )/ — 0(816;(10g(8;1))(n*4)0/n)

Lemma B.3. If K is a C? function near the concentration point x, then

90 n—4 AK()
B-3 K 5(n+4)/(n 4) >
(B-3) /R (). Py m 2 T 13

where D =
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