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We prove that the d and d operators introduced by Gualtieri for a general-
ized complex structure coincide with the d, and 9 operators introduced by
Alekseev and Xu for Evens—Lu—Weinstein modules of a Lie bialgebroid.

Introduction

Generalized complex structures [Hitchin 2003; Gualtieri 2003; Cavalcanti 2007]
have been extensively studied recently due to their close connection with mirror
symmetry. They include both symplectic and complex structures as extreme cases.
Gualtieri [2003; 2007] defined the 6 and & operators for any twisted generalized
complex structure in the same way that these operators are defined in complex
geometry. In fact, he proved that an H-twisted generalized complex structure J
determines an alternative grading of differential forms and a splitting d¥ = 6 + o,
where d" =d — H A is the de Rham differential twisted by a closed three-form H.

A Lie bialgebroid, as introduced by Mackenzie and Xu [1994], is a pair of Lie
algebroids (A, A*) satisfying some compatibility condition; see also [Kosmann-
Schwarzbach 1995]. They appear naturally in many places in Poisson geometry.
In [Alekseev and Xu 2001], two differential operators d and 0 were introduced
for Evens—Lu—Weinstein modules of a Lie bialgebroid, as follows.

We consider a pair of (real or complex) Lie algebroid structures on a vector
bundle A and its dual A*, and we assume that the (real or complex) line bundle
P=(A\PA*® NPT*M)'/? exists. Then & is a module over A*, as discovered by
Evens, Lu and Weinstein [Evens et al. 1999]. The Lie algebroid structures of A*
and A induce two natural differential operators ds : I'( /\k ARL)—T( /\k AR%)
and 9 : F(/\kA RYF) — F(/\k_lA ® ¥); see Equations (2-1) through (2-7).

Since a generalized complex structure J induces a (complex) Lie bialgebroid
(L, L), where L and L are respectively the +i and —i eigenspaces of J, it is
tempting to investigate the relations between the operators 4, o, d, and 8. In this
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note, we show that o and & essentially coincide with d, and o respectively, under
some natural isomorphisms.

1. Courant algebroids and Lie bialgebroids

In this article, all vector bundles are complex vector bundles. Likewise, Lie alge-
broids are always complex Lie algebroids.

A (complex) Courant algebroid consists of a vector bundle 7 : E — M, a non-
degenerate pseudometric (-, -) on the fibers of 7, a bundle map p : E — TcM,
called the anchor, and a C-bilinear operation o on I" (E) called the Dorfman bracket,
which for all f € C*°(M, C) and z1, 22, z3 € ['(E) satisfy the relations

(1-1) z10(z2023) = (z1022) 023+ 220 (21 0 23),
(1-2) p(zi1oz2) =Ip(z1), p(22)],

(1-3) zio fza=(p(x)fzza+ f(z1022),
(1-4) z1022+ 22021 =2%(z1, 22),

(1-5) Dfozr =0,

(1-6) p(z1)(z2, 23) = (21022, 2) + (22, 21 023),

where & : C*°(M, C) — I'(E) is the C-linear map defined by (D f, z1) = %p(zl)f.

The symmetric part of the Dorfman bracket is given by (1-4). The Courant
bracket is defined as the skew-symmetric part [z;, z2] = %(zl 07y —zp0721) of the
Dorfman bracket. Thus we have the relation z; o zo = [z1, z2] + D(z1, 22)-

The definition of a Courant algebroid can be rephrased using the Courant bracket
instead of the Dorfman bracket [Roytenberg 1999].

A Dirac structure is a smooth subbundle A — M of the Courant algebroid E; it
is maximally isotropic with respect to the pseudometric and its space of sections is
closed under (necessarily both) brackets. Thus a Dirac structure inherits a canonical
Lie algebroid structure [Liu et al. 1997].

Let A — M be a vector bundle. Assume that A and its dual A* both carry a Lie
algebroid structure with anchor maps a : A — T¢cM and a, : A* — Tc M, brackets
on sections

rA)®clr(A)—=TA): XY~ [X,Y],
F(A") ®cT(A") > T'(A"):00¢ — [0,{]s,

and differentials d : T(A\"A*) - (AT A%) and d, : T(\"A) — T(\"T' A).

By [Kosmann-Schwarzbach 1995; Mackenzie and Xu 2000; 1994], this pair
(A, A*) of Lie algebroids is a Lie bialgebroid (or Manin triple) if d, is a derivation
of the Gerstenhaber algebra (I'(A\"A), A, [ -, -]) or, equivalently, if d is a deriva-
tion of the Gerstenhaber algebra (I'(/A\"A*), A, [ -, - ]+). The link between Courant
and Lie bialgebroids is as follows.
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Theorem 1.1 [Liu et al. 1997]. There is a one-to-one correspondence between Lie
bialgebroids and pairs of transversal Dirac structures in a Courant algebroid.

More precisely, if the pair (A, A*) is a Lie bialgebroid, then the vector bundle
A @ A* — M, together with the pseudometric

(1-7) (X1 +&, X2+ E) = 1(E(X2) +E(XD)),

the anchor map p = a + a, (whose dual is given through @ f = df + d, f for
f € C*(M, C)), and the Dorfman bracket

(1-8) (X1 +<&D)o(X2+&)=

([X1, Xo] + % X2 —15(d X1) + ([E1, &1 + Ex &2 — 1%, (dE1)),
is a Courant algebroid of which A and A* are transverse Dirac structures. It is
called the double of the Lie bialgebroid (A, A*). Here X and X, denote arbitrary
sections of A, and &; and &, arbitrary sections of A*.

An important example is when A = Tc M is the tangent bundle of a manifold M
and A* = TZM takes the trivial Lie algebroid structure. Then T-M @ TZM has
the standard Courant algebroid structure. Severa and Weinstein [2001] observed
that the Dorfman bracket on 7-M & TZM can be twisted by a closed three-form
H e Z3(M):

(x14+m)on (x2+m) = (x1 +m)o (x2+m) +ixiyH
= [x1, X2] + Ly 12 — Lyt + 3d (1 |%2) + 13y, H.
And oy defines a Courant algebroid structure on 7-M @ TS M, using the same
inner product and anchor. The corresponding Courant bracket is also twisted:
[x1 +m, x2+m]u
=[xi+n,x2+m]+inigH
(1:9) =l xl+ L = Lom +3d (O 1x) = (12131)) + a1 H.

2. Clifford modules and Dirac generating operators

Let V be a vector space of dimension r endowed with a nondegenerate symmetric
bilinear form (-, -). Its Clifford algebra €(V) is defined as the quotient of the
tensor algebra @;_, V" by the relations x ® y + y ® x = 2(x, y), with x, y € V.
It is naturally an associative Z;-graded algebra. Up to isomorphisms, there exists a
unique irreducible module S of 6(V'), called spin representation [Chevalley 1997].
The vectors of S are called spinors.

Example 2.1. Let W be a vector space of dimension r. We can endow V=W@W*
with the nondegenerate pairing defined in the same fashion as in Equation (1-7).
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The representation of €(V) on S = @, _, /\kW defined by u - w = u A w and
¢-w=1:w, whereu e W, & € W*and w € S, is the spin representation. Note
that S is Z-graded and thus also Z,-graded.

Now let 7 : E — M be a vector bundle endowed with a nondegenerate pseudo-
metric (-, - ) on its fibers, and let €(E) — M be the associated bundle of Clifford
algebras. Assume there exists a smooth vector bundle § — M whose fiber S,
over a point m € M is the spin module of the Clifford algebra €(E),,. Assume
furthermore that S is Z,-graded, that is, S = % St

An operator O on I'(S) is called even (or of degree 0) if O(S?) C ' and odd
(or of degree 1) if O(S?) c S'*!. Here i € 7.

Example 2.2. If the vector bundle E decomposes as the direct sum A @ A* of
two transverse Lagrangian subbundles as in Example 2.1, then S = A\ A. The
multiplication by a function f € C*°(M, C) is an even operator on I'(S), while the
Clifford action of a section e € I'(E) is an odd operator on I'(S).

If O, and O, are operators of degree d; and d, respectively, then their commu-
tator is the operator [O1, O2] = O10 Oy — (=H)%1% 0,0 0.

Definition 2.3 [Alekseev and Xu 2001]. A Dirac generating operator for (E, { , })
is an odd operator D on I'(S) satisfying the following properties:

(1) [D, f1eT(E) forall f € C*°(M,C). This means that the operator [D, f] is
the Clifford action of some section of E.

(2) [[D, z1], z2] e T(E) for all zy, zo € T'(E).

(3) The square of D is multiplication by some function on M, that is, D? is in
C*®(M, C).

Note that “deriving operators” of [Kosmann-Schwarzbach 2005] do not require
assumption (3).

Theorem 2.4 [Alekseev and Xu 2001]. Let D be a Dirac generating operator for
a vector bundle t : E — M. Then there is a canonical Courant algebroid structure
on E. The anchor p : E — T M is defined by p(z) f =2([D, f1,z) =I[[D, f1, z],
while the Dorfman bracket reads z1 o zo = [[ D, z1], 22].

We follow the same setup as in [Alekseev and Xu 2001; Chen and Stiénon 2009].
Let (A,[-,-],a) and (A*,[-, -], as) be a pair of Lie algebroids, where A
is of rank r and the base manifold M is of dimension m. Then the line bundle
N A*® N"TEM is a module over the Lie algebroid A* [Evens et al. 1999]: A
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section a € T'(A*) acts on T'(A\"A*® \"TEM) by
2-1) Ve(arA---Aa, @ )
r
=Z(a1 /\-'-/\[a,a,-]*/\---/\a,(g)y) Foar AN AN Q@ (-
i=1
If it exists, the square root £ = (/\"A* ® A" T M)!/? of this line bundle is also a
module over A*. Here & is a (complex) vector bundle whose square, > =% ® &,
is isomorphic to \"A*® A" T#M. The A*-module structure of & is illustrated in

[Evens et al. 1999, Proposition 4.3].
One can thus define a differential operator

(2-2) d, TINA®®) > TINT'A® %).

Similarly, (A"A® \"TEM )!/2 is— provided it exists —a module over A. Hence
we obtain a differential operator

(2_3) F(/\kA* ® (/\rA® /\mTEM)l/Z) _ F(/\k-HA* ® (/\rA® /\ngM)lﬂ).

But the isomorphisms of vector bundles

(2-4) /\kA* ~ /\kA* ® /\r—kA* ® /\r—kA ~ /\r—kA ® N\ A*
and

(2-5) NA Q@NARN'TEM) > = (N A @ N"TEM)'?
imply that

(2-6) /\kA*®(/\rA®/\mTEM)1/2 ~ r_kA®/\rA*®(/\rA®/\mTEM)1/2
~ /\r_kA®(/\rA*®/\ngM)l/2.

Therefore, one ends up with a differential operator
(2-7) 0:TINA®SL) > TN T'A®P).

Theorem 2.5 [Chen and Stiénon 2009]. The pair of Lie algebroids (A, A*) is a
Lie bialgebroid if and only if D> € C*®(M, C), that is, the square of the operator

D=di+0:T(\NA®L >T(\ A%

is multiplication by some function f € C*®°(M,C). Moreover lv)i = f , where
D, = d + 0, is defined analogously to D by exchanging the roles of A and A*.



58 ZHUO CHEN

3. Generalized complex geometry

In this section, we fix a real 2n-dimensional manifold M and denote the tangent and
cotangent bundle of M by T and T*, respectively. Let T, and T be respectively
the complexification of T and 7. The first vital ingredient in 7@ T is the natural
pairing:

G-1) (xi+m,x2+m) = 3((x1|m) + (x2lm))  forall x; € T and 7; € T

Here on the right side, (x|#) is the natural pairing between T and 7.

Thus we have the Clifford algebra 6(7 @ T;%), which acts on the spinor bundle
Jl/té@izio /\iTg via(x+n)-p=1p+nApforall p e .

Introduce a C-linear map ()7 : M — M by (m A---An))T =njA---An. The
Mukai pairing ( , ) : M x M — /\2"(TE) is defined by (y, ) = [xT Aw]*", where
[ 1*" indicates the top degree component of the product. Explicitly, if y = lei o0 Xi
and o = Zizio w;, where y;, w; € /\i TZ, then

2n
(@) =D (=)0 Ay
i=0

Forall y,w e M and ¢ € /\2 TZ, these properties are standard [Gualtieri 2003]:

(3_2) (X,C()) = (_l)n(a)a X)a
(3-3) (@A), o)+, ¢ Aw)=0.

Consider a real, closed 3-form H € Z3(M) and the twisted differential operator
df =d+ H A (-) it induces.

Definition 3.1 [Gualtieri 2003; Cavalcanti 2006]. A twisted generalized complex
structure with respect to H is determined by any of the following three equivalent
objects:

(i) Areal automorphism J of T@T* that squares to — 1, is orthogonal with respect
to the natural pairing (3-1), and has vanishing Nijenhuis tensor, meaning that
forall z;,zo e I'(T & T*),

N(z1,20) = —[dz1, Iz22] g + I[Dz1, 22 + I[z1, Jz2]  + [z1, 2] 5 = O.

Here [, | g is the twisted Courant bracket defined in (1-9).

(i) A Dirac structure L C T @ T that is twisted with respect to H and satisfies
LNL={0}.

(iii) A line subbundle N of M = A’ (T(Y) generated at each point by a form u, such
that L = {X € To @ T¢ | X - u = 0} is maximally isotropic, (u, u) # 0, and
d%u=e-uforsomeeec (T HT).
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The line bundle in (iii) is called the pure spinor line bundle corresponding to L.

Remark 3.2. See also [Alekseev and Xu 2001] for the relation between Dirac
structures and Dirac generating operators.

To generalize the usual & and & operators in complex geometry, Gualtieri [2003]
introduced & and ¢ operators for any twisted generalized complex structure. We
recall its construction briefly below.

Let J be a twisted generalized complex structure, and let L C T @ T be its
+i eigenspace. L is a twisted Dirac structure and satisfies L N L = {0}. We will
regard L = L* by defining the canonical pairing between L and L by

(3-4) (X10) =2(X,0) forall XeLandfeL.

The coefficient 2 is due to the natural pairing; see Equation (3-1).
Set No = N and N; = /\kZ N for k =1,...,2n. Then Ny = Ny,_; and
specifically N», = N is the pure spinor of L. We have a decomposition

M=No@® N1 D--- D Nay.
Gualtieri [2003] proves that one can decompose d! = & + 6. Here
d:T(N.,) = I'(N._y), 0 :T(N,) = I'(Noy1)
(or T(N.) — I'(N._;) ) are defined by
o(ny) = pry,_ (d"ny), o(ni) £ pry,, (d"ny)  for all n € T(Ny).

Using the identification N = ( /\k L)® N (see (4-5)), Gualtieri observed that &
is determined by the rule

oW ®s)=([dW)®s + (=)W @ds,

where W e I'( /\k L) and s is a local nonvanishing section of N. It is clear from
this description that N must be a module of the Lie algebroid L. Moreover, under
the additional assumption that N admits a global nowhere vanishing section s,
Gualtieri showed that dfs = s = e - s, where e € C OO(E), and e actually defines
a cohomology class in the Lie algebroid cohomology H'(L).

4. The main theorem

Given a generalized complex structure J as above, it is clear that (L, L) is a Lie
bialgebroid (regarding L* = L by (3-4)). We prove in Theorem 4.3 that the oper-
ators d, and 9 for this particular situation are essentially @ and 8.

We continue the notations in Section 3. The following lemma is easy.



60 ZHUO CHEN

Lemma4.1. Forall W e N'L and X € N L, and fori < j < 2n, one has
(4-1) X-Wou=(=D"D20,W) .

Here 1 denotes the generalized interior product defined by

(4-2) uxWI|Y)=(W|XAY) forallY e N'L.

Let u be a nowhere vanishing local section of N. Assume that V € I'( /\Z"L)
satisfies V - = u. Hence V - u = i and by (4-1),
(VIViu=0yVu=(=D"V-V-u=(—1)u,
(4-3) (VIV)=(=D".
Here (V| V) is the natural pairing. Therefore the dual section of V is given by
Q=(—1)"V el (N"L).

Proposition 4.2 [Gualtieri 2003, Proposition 2.22]; also [Chevalley 1997, I11.3.2].
The line bundle ¥ = (/\znl_,® /\2" 1Y) 172 and N>, = N are canonically isomorphic.
The isomorphism can be explicitly described by

N®N — = N"Le \"'T¢,
w1 Q@uwy—> QR (V -wy, w).

(4-4)

This isomorphism does not depend on the choice of u and V.

From now on we will identify N with ( /\Z"Z ® /\2" Té“)l/ 2. As a consequence
of the L-module structure on the latter, we have two differential operators (see
Equations (2-2) and (2-7))

d.: (NL)®N - (NT'L)®@N and 0:(ANL)®N — (AN'L)®N.

It is also shown in [Gualtieri 2003] that (A*L) ® N = Nj and (A'L) @ N = N,
respectively by the two isomorphisms

45 1:(NL)QN—>N,, W@pr>W-p foralWe ANL, peN,
4-6) I:(NL)QN—> Ny, X®p+— X-p forallXe N'L, peN.
We now give our main theorem, whose proof is in Section 6.

Theorem 4.3. The following two diagrams are commutative.

NDON T (NL)eN

4-7) ) l il

Ni Niti
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(NL)ON —= (NN
(4-8) il
Ny

In retrospect, the existence of such a result has likely been suggested by earlier
works of Gualtieri. In [2007], he constructed an L-module structure on N and an
L-module structure on N, respectively by

(4-9) Vxp2X-d"p=X-op,
(4-10) Vwp2E2W-dlp=w.0op,

forall pe T'(N), X eI'(L)and W e I'(L).
Here is a special situation of k = 0 in diagram (4-7):

Proposition 4.4. The above L-module structure defined by (4-10) coincides with
the L-module structure defined by (2-1), under the isomorphism (4-4).

5. Modular cocycles of Lie algebroids

In this section we establish a list of important identities valid in any Lie bialgebroid
(A, A*) and generalized complex structure; we use these in Section 6 to prove the
statements of Section 4.

We continue the setup of Section 2: Let (A, [-,-],a) and (A*,[-,-]«, as) bea
pair of rank-r Lie algebroids over dimension-m base manifold M.

Assume there exists a volume form s € T'(A"T*M) and a nowhere vanishing
section Q € I'(/\" A*), so that & is the trivial line bundle over M. Let V € T (/\" A)
be the section dual to Q, that is, (2| V) = 1. These induce bundle isomorphisms

(5-1) Q' ANA > NTRAT X 140,
(5-2) Vi ANA S N A e e

Here we adopt similar conventions as that of Equation (4-2). These two operations
are essentially inverse to each other:

(5-3) (VEo Q) (X) = (=D DX forall X € NA;
(5-4) (Q o VH(p) = (=D Dy forallp e \FA*.



62 ZHUO CHEN

Consider the operator 0 dual to d with respect to V¥, as defined by the diagram
T(N'AY) ———T(N"4)
(5-5) —(—1)de/ ia
F(/\k+1A*) F(/\r k— lA)

or by the relation

(5-6) —Vida = (=) oVta forall a € T(A\FA"),
which, due to (5-3) and (5-4), can be rewritten as

(5-7) Qp = (—1)/dQ*g forall e T(N A).

The operator 0 is a Batalin—Vilkovisky operator for the Lie algebroid A; see
[Kosmann-Schwarzbach 2000; Koszul 1985; Xu 1999; Michéa and Novitchkov
2005]. Similarly, we have the operator 0, dual to d,, as defined by

r(N*4) <L TN A%

(—l)kd*l ib*

F(/\r k+1A) r(/\k IA*)

or by the relation
d.Via = (=D)Vi,a  forall a e T(A'A¥).

According to [Evens et al. 1999], there exists a unique Xo € ['(A) such that
(5-8) $9(QR5)=(L£yQ)®s+QR (L4, 0)5) = (X010)Q®s forall e T (A).
Similarly, there exists a unique & € I'(A*) such that
(5-9) Zx(s@V)=(ELux)s)®V+5s@(£LxV)=({H|X)s®V  forall X eI'(A).

These sections X and & are called modular cocycles, and their cohomology
classes are called modular classes [Evens et al. 1999].

A simple computation yields the following formulas, which are also given in
[Alekseev and Xu 2001].

Proposition 5.1. With the above notations, the differential operators defined by
Equations (2-2) and (2-7) are given respectively by

(5-10) d(X®1) = (d:X +1Xo A X)® 1
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and
(5-11) dX @) = (—0X + 11, X) ®1
forall X e T(ANA) andl € T'(¥).

Hence the operator D in Theorem 2.5 reads
D=d,+d=d,—0+1(XoA - +15).

This construction of Dirac generating operators using modular cocycles appeared
in [Alekseev and Xu 2001] and [Chen and Stiénon 2009].

Now we consider a twisted generalized complex structure J on a 2n-dimensional
manifold M and let L and L be respectively the +i and —i eigenspace of J. Again
we assume that u is a nowhere vanishing local section of N, the pure spinor bundle
of L.

Lemma 5.2 [Gualtieri 2007]. There exists some e =x + 1 € F(E) such that
(5-12) dHu=5u=du+H/\u=e‘u=lxu+17/\u,

(5-13) dii=ou=di+HAu=¢-u=i3u+7A0.
The main result in this section is the following.

Proposition 5.3. Let V € I'( /\Z"L) such that V -u = u. Then the modular cocycle
of L with respect to the top form V and the volume form s = (u, u) is 2e, where
e € I'(L) is given by Lemma 5.2.

Similarly, the modular cocycle of L with respect to Q = (—1)"V € F(/\Z”Z)
and s is 2e.

Before the proof, we need a couple of identities and lemmas. Since L is a Lie
algebroid and L* = L, we have the differential

dp :T(NL)— T(ANT'L).
We also have the equality
oW -u)=(d W) -u+ (=)W - ou
=(dLW)-u+(—D"(W ne)-u
(5-14) =(dW+eAW)-u forall We (NL),

which encodes the L-module structure on N defined by Equation (4-9).
Similarly, one has

X -ut)=(d;X)-u+(—1)X-ou
(5-15) =(d;X+enX)-u forall X e T(N'L).
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Lemma 5.4. Forany X =a+ ¢ € T'(L), we have

(5-16) (LxV)-u=0(X-u)— (e|X)u,
(5-17) Lou={e|X)u—(d¢+1,H) Au,
(5-18) Pati = 0(X -it) + (dr X) - — (Al +1,H) A1

Proof. A basic fact is that
(5-19) O0=X-u=1u+{ANu
forany X =a+¢ € I'(L). Hence
X -n)=0(X-V-u)y=0(axV)-u)
=(dpixV)-u—GxV Ae)-u (by (5-14))
=(dpixV +i1xdi V) -u+{e|X)V)-u
=(LxV)-u+(e| X)u.
This proves (5-16). For (5-17), we have
Lou=1,du+dizu
=1,(;u+nAu—HAu)—d( Au) (by (5-12) and (5-19))
= —iyiqu+{a|lmu—nAiqgu—1gHAu+HANigu—di Au+ ¢ ANdu
=1 Au)+(almu+ (n—H) A Au)
—1aHAu—diAnu+ANG@u+nAu—HAu) (by (5-12) and (5-14))
= ((x]¢) + (@l n)u —1aH Au—d¢ Au.
To prove (5-18), we observe that, on one hand
A (X -uw)=0(X -u)+o(X -u)
=0(X-u)+(dfX)-u— (X Ae)-u (by (5-15)).
On the other hand, we have
A (X -u)=dGuu+¢ Ai)+HA X -u)
=diut+di A Nu—¢Adu+HAN(X-u)
= (digu+1,du)+di ANu— g+ AN)du+HAN (X -u)
=Fu+dirnu—X-(e-u—HAu)+HA(X-u) (by (5-13))
=Fu+dirnu—(Xne)-u+X-(HAu)+HA(X-u)
=Su+dinu—(Xne)-u+(,+EAN)YHAu)+HA Qi+ ANu)
=SPu+dinu—(Xne)-u+G.H)Au. O
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Lemma 5.5 [Cavalcanti 2006]. The Mukai pairing vanishes in N; X Ny, unless
i + k = 2n, in which case it is nondegenerate.

Proof of Proposition 5.3. For an X =a +¢ € T'(L), we assume that 6(X - i) = fu
for some function f € C*°(M, C). Then (5-16) implies that £xV = (f — (e| X)) V.
Since the paring between V and V is a constant (see (4-3)),

(5-20) ExV =(elX)-NHV.
According to (5-17) and (5-18), we also have
Lorx)s =La(u, u) = (Lau, u) + (u, L4ut)
= el X)u—d¢+iH)ANu,u)+ (u, fu+(dpX)-u—(di+1,H) Air)
= (el X)+ ), u) = (e| X) + f)s.
In the last step, we have applied (3-3) and Lemma 5.5. In turn, we get
ExVRs+ VL, xs=2elX)V®s.
This proves the first claim. By symmetry, we also have
LwV RS+ VL, w)s=2(€|W)V®5
for all W € T'(L). By (3-2), we know § = (, u) = (—1)"(u, 1) = (—1)"s. Thus
EwQRs+QRF, (wys =2(e|W)Q®s,

which implies that 2¢ is the modular cocycle of L with respect to Q and s. (I

6. Proof of the main theorem

Proof of Proposition 4.4. N has an induced L-module structure arising from the
L-module &; see (2-1). According to the second statement of Proposition 5.3, we
know that this module structure is determined by the equation

Pwii = (e|W)u forall W e T'(L).
This coincides with the standard L-module structure defined by (4-10) because
W-ou=W-.e-u={|W)u,
by Lemma 4.1. (Il

Proof of Theorem 4.3. By Proposition 5.3 and Equations (5-10) and (5-11), we

conclude that y
di(XQ®u)=[drX+enX)®u,

(X Qu)=(—0X+1.X)Qu
forall X e T(N'L) .
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Comparing with the expression for 0 in (5-15), we immediately know that dia-
gram (4-7) is commutative. To prove the commutativity of diagram (4-8), it suffices
to prove that

(6-1) (X -it)=(—0X+1,X)-u forall X e "(NL).

In fact, by (5-14),

left side of (6-1) =a(X -V -u) = (=1)"D25((x V) - u)
= (—l)i(i_l)/z(dLlX\_/+e/\lx\_/)~u.

We also have

(X)) i=e-X-V-u=(=1)D2¢. (xV) -u= (=1)/E=D72 e AixV)-u.
By (5-3) and (5-7),

X = (—IThen=Dyigiyx
= (=1)DC=DHiyig ol x = —vig, Q' x.
Hence
—X)-u= V', QX)) u
— (=)@ =i+, Q). Vi = (= 1) D2 (dy 1y V) -

This proves (6-1), and the proof of Theorem 4.3 is thus completed. (]

7. Some corollaries
The first obvious result is that, by the isomorphisms
NL®EL=(NL)-N =N =Ny,
the Dirac generating operator constructed by Theorem 2.5 for E = L@ L is exactly
D=d.+d=0+d=ad",

and specifically f =D?=0.

In Section 5, we defined for any Lie bialgebroid (A, A*) a pair of operators
dy and 0 on I'(\ A), and similarly d and o, on I'(A\ A*). Let D = d, + 0 and
D, = d +0,. Their squares yield the pair of Laplacian operators

(7-1) A =D?=d,0+0d,:T(N'A) - T(A\'A),
(7-2) A, = D?=do, +0.d:T(N'A*) - T (N AY).

See [Alekseev and Xu 2001].
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Theorem 7.1 [Chen and Stiénon 2009, Theorem 3.4]. If (A, A*) is a Lie bialge-
broid, then
A=1(Ex,+%5) : T(NA) = T(A A,
A= 3(Ex,+%5) - T(\ A*) = T(A A,
where Xo and &y are modular cocycles defined by (5-8) and (5-9).

As an immediate corollary, we have:

Corollary 7.2. Let (L, L) be the Lie bialgebroid coming from a twisted general-
ized complex structure . The Laplacian operators A and A, defined by (7-1) and
(7-2) are given by

Af =Asf =5prr(e+e)(f) forall f € C*(M,C),
AX =(e+3e)oy X —td(eoy X) forall X eT(L),
AW = (e+3e)oy W+ 1id(@oy W) forall W e T(L).

Proof. For e € T(L) and & € T'(L), the Lie derivations ¥, and ¥; on I'(L) are
given by

L X =pri(eogX) and $Lz=eoy X forall X eI'(L).
The projections of T ® T to L and L are given respectively by
pri(z) = %(z —iJz) and pri(z)= %(z +idz) forallze T ®T¢.
The claim then follows directly from Theorem 7.1. (Il

It is well known [Mackenzie and Xu 1994] that, if a and a, denote the anchor
maps of a Lie bialgebroid (A, A*), the bundle map

(7-3) nf=ao(a) : TEM — ToM

defines a (complex) Poisson structure on M.

In particular, for the Lie bialgebroid (L, L) coming from the twisted generalized
complex structure J, the map —iz is a real Poisson structure. In fact, up to a factor
of 2, it is given by [Barton and Stiénon 2008; Gualtieri 2007]

(7-4) P&, n) = (IS, n).

Let us briefly recall the definition of the modular vector field of a Poisson
manifold (M, =) from [Weinstein 1997]. Let w € Q°P(M) be a volume form.
The modular vector field with respect to w is the derivation X, of the algebra of
functions C*°(M) characterized by

(7‘5) ﬁgﬂt(df)a) = Xa,(f)a).
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For the Poisson structure induced from a Lie bialgebroid, the relation between
modular cocycles and modular vector fields is as follows.

Lemma 7.3 [Chen and Stiénon 2009, Corollary 3.8]. Suppose M is an orientable
manifold with volume form s € QP(M), and let (A, A*) be a real Lie bialgebroid
over M with associated Poisson bivector © defined by (7-3). Then the modular
vector field of the Poisson manifold (M, ) with respect to s is

(7-6) X, = 3(a.(&) — a(Xo)),

where &y and X are modular cocycles defined by (5-8) and (5-9) (choosing arbi-
trary V and Q).

As an immediate consequence, we obtain [Gualtieri 2007, Proposition 3.27].

Corollary 7.4. The modular vector field of the Poisson structure P defined in (7-4)
is given by 5 pry,_(e — ) with respect to the volume form s = (u, ).
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