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ALGEBRAS OF TYPE A; WITH COORDINATES IN RANK 2
QUANTUM TORI

LIN WEIQIANG AND SU YUCAI

We construct a Lie algebra L from rank 3 quantum tori and show that it
is isomorphic to the core of extended affine Lie algebras of type A;. Then
we construct two classes — which turn out to be exhaustive — of irreducible
Z-graded highest weight L-modules and give necessary and sufficient condi-
tions for these modules to have finite-dimensional homogeneous subspaces.
As a consequence, we also determine all the irreducible Z-graded L-modules
with nonzero center and finite-dimensional homogeneous subspaces.

1. Introduction

Extended affine Lie algebras (EALAs), which were introduced in [Hgegh-Krohn
and Torrésani 1990] under the name of irreducible quasisimple Lie algebras, are
higher-dimensional generalizations of affine Kac—Moody Lie algebras. Roughly
speaking, they are complex Lie algebras that have a nondegenerate invariant form,
a self-centralizing finite-dimensional ad-diagonalizable abelian subalgebra (that is,
a Cartan subalgebra), a discrete irreducible root system, and ad-nilpotency of non-
isotropic root spaces; see [Berman et al. 1996; Allison et al. 1997a; Allison et al.
1997b]. Prime examples of EALAs are toroidal Lie algebras, which are universal
central extensions of § ® (D[tli], e tnil] (here g is a finite-dimensional simple
Lie algebra); these were studied in [Frenkel 1985; Gao and Zeng 2006; Moody
et al. 1990; Yamada 1989; Etingof and Frenkel 1994; Eswara Rao and Moody
1994; Berman and Cox 1994] and elsewhere. There are many EALAs that allow
not only the Laurent polynomial algebra C[tlil, -+, tF!] as coordinate algebra
but also quantum tori, Jordan tori and the octonian tori as coordinate algebras,
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depending on the type of the Lie algebra; see [Allison et al. 1997a; Berman et al.
1996; Berman et al. 1995; Allison and Gao 2001; Yoshii 1996]. The structure
theory of the EALAs of type A;z—; is tied up with the Lie algebra gl,;(C) ® Cgp,
where C is the quantum torus. The quantum tori defined in [Manin 1991] are the
noncommutative analogue of Laurent polynomial algebras. The universal central
extension of the derivation Lie algebra of the rank 2 quantum torus is known as the
g-analogue Virasoro-like algebra; see [Kirkman et al. 1994]. For representations of
Lie algebras coordinatized by quantum tori, see [Jakobsen and Kac 1989; Berman
and Szmigielski 1999; Gao 2000b; 2000a; Eswara Rao 2004; Rao 2003] and the
references therein. For structure and representations of the g-analogue Virasoro-
like algebra, see [Zhang and Zhao 1996; Jiang and Meng 1998; Rao and Zhao
2004; Lin and Tan 2006; 2008].

This paper is organized as follows. In Section 2, we first recall some con-
cepts about quantum tori and EALAs of type A; with coordinates in rank 2 quan-
tum tori. Next, we show that these EALAs are isomorphic to a Lie algebra L
that is constructed from a special class of rank 3 quantum tori. Then we prove
some basic propositions and reduce the classification of quasifinite irreducible
Z-graded L-modules to the classification of generalized highest weight modules
and uniformly bounded modules. In Section 3, we construct two classes of ir-
reducible Z-graded highest weight L-modules, and give necessary and sufficient
conditions for these modules to have finite-dimensional homogeneous subspaces.
In Section 4, we prove generalized highest weight irreducible Z-graded L-modules
with finite-dimensional homogeneous subspaces must be highest (or lowest) weight
modules; thus the modules constructed in Section 3 exhaust all generalized highest
weight modules; see Theorem 4.3, our main theorem. As a consequence, we
also complete the classification of irreducible Z-graded L-modules with finite-
dimensional homogeneous subspaces and nonzero center.

2. Basics

We use C, Z, Z+ and N to denote the sets of complex numbers, integers, nonneg-
ative integers, and positive integers, respectively. We denote by C* the nonzero
complex numbers and by Z?* the set Z* \ {(0,0)}. All vector spaces we con-
sider are over C. As usual, if uy, us, ..., u; are elements in vector spaces, we use
(U1, ...,ur) to denote their linear span over C. We let g be a nonzero complex
number and suppose throughout that ¢ is generic (that is, not a root of unity).
Now we recall the concept of quantum torus from [Manin 1991]. Let v be a
positive integer, and let Q = (g;;) be a v x v matrix with elements in C* such that
gii =1 and g;; = qﬁl for 0 <i, j <v —1. A quantum torus associated to Q is

+1

the unital associative algebra (EQ[IOil ,...»1,_] (or, simply Cp) with generators
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t&tl ey tjt_ll and relations
7' =17 =1 and fit;=gq;t;t; forall0<i,j<v—1.
Write 1™ = t3"°t]"" ---£,""]" for m = (mg, my, ..., m,_1). Then

Mot = H ql.’;.li"j)t'”Jr", where m,n € 7".

0<j<i<v-—1

If Q is a2 x 2 matrix with go; = ¢, we will simply write C, instead of Cyp.

Next we recall the construction of EALAS of type A; with coordinates in C,2.
Let E;; be the 2 x 2 matrix with 1 at position (i, j) and O elsewhere. The Lie
algebra 7 = gl,(C,2) is defined by the commutator

[Eij (tm)’ o (ln)]() — 5j’kq2m2n1 Eil(tm-i-n) _ 51,1'5]2”2"“ Ekj (tm-i-n)’

where m = (m1, my) and n = (n1, ny) are in 72. Thus the derived Lie subalgebra
of 7is 7 =sh(Cp)®(I(™)|me 7%), where I = E|; + Ey, since ¢ is generic.
The universal central extension of 7 is 7 = 7 @ (K, K») with Lie bracket

[X (™), Y(t™)] = [X (™), Y )]0 + Omin0g” ™" (X, Y)(m1 K| +mrK>),

where K| and K are central, X (t™), Y (t") € 7 and (X, Y) is the trace of XY. The
Lie algebra 7 is the core of the EALAs of type A with coordinates in C,.. If we
add degree derivations d; and d; to 7, then 7 @ (d;, d,) becomes an EALA since
q is generic.

Now we construct our Lie algebra. Let

Let J be the two-sided ideal of Cy generated by tg — 1. Define
L=Co/l =itk iet,, jke),

to be the quotient of C¢ by J, and identify £y with its image in L. Then the derived
Lie subalgebra of L is

L= |me7*) @ {lt" |me?.
Now we define a central extension L = L @ (cy, ¢2) of L by the Lie bracket
[létm, l‘({ tn] — ((_Dmqumznl _ (_l)inlqmlnz)t(i)-i-jtm—i-n

+ (_])mqumz"l5i+j’()5m+n,0(mlcl + mzcz),
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where ¢; and ¢, are central and where i, j are in Z,, as are m = (my, m;) and
n = (ny, ny). One can easily see that (tgt'” |meZ*)@® (ci, cp) is a Lie subalgebra
of L that is isomorphic to the g-analogue Virasoro-like algebra.

First we prove that the Lie algebra L is in fact isomorphic to the core of the
EALAs of type A with coordinates in C,2.

Proposition 2.1. The Lie algebra L is isomorphic to t© and the isomorphism is
given by the linear extension of the map ¢ defined by

i 2mi+1_ m | — mp.,m mi+1._ m
oty (1) g M ER (") + Ex (1T 157,
- . B |
ot;"'ty = (=D En("5?) + ¢ Ex(t]"' ") + 6, 10m,.00m,,05 K1,
Cl — Kl,

Cy — 2K2,

where th "™ 2 2" ) € L.

Proof. One can easily see that ¢ is a bijection. Thus we only need to prove that ¢
preserves Lie bracket. First we have

(=g ™ En@" 1)+ Ex (t]" ' 85), (= 1) g ™ Enn(t]' 5°) + Ear (1} ' 152)]
— ((_l)qu2(2n1+l) _ (_l)iqnz(ZmH—l)) ((_I)H_jEll(t{nl+nl+ltgh+n2)

+ q—mz—nzEzz(tlm1+n|+lt£nz+nz))

+5m1+n1+1,05m2+n2,0(_l)qu2(2n1+l) ((_1)i+j(m1K1 +m2K2)

+ (m1 + DK +mzK>)
— ((_l)qu2(2n1+l) . (_l)iqn2(2m1+l)) ((_1)i+jEll(tinl+nl+ltén2+n2)

+ q—mz—nzE22(t1n1+n1+1tg12+n2))
+5i+j,(_)5m1+n1+1,0§m2+n2,0(_l)qu2(2’11+1)((2m1 + 1K +2myK>)

+ 5,‘+j’iém1+n1+1,05m2+n2,0(_l)quZ(znl—H)Kl~

On the other hand, we have
i 2mi+1,my j 2n1+1 n;
[tot; Lot ]
— ((_l)quz(an-‘rl) _ (_l)iq(2m1+1)n2)t(l)+jt12m1+2n1+2t;n2+n2
+ 6, ;.60 +2m 42.00my4n0.0(= D) g™ CM D (2my + Dey + macy).

Thus

o (2™ g 2 ) = [ 2" 1), o 2 ).
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Similarly, we have
) 2
o™ ) 0@ 17" 157)]
=[(=D'En@"65?) + g " En(t]" 13, (= 1) En (t]'15%) +q " Exna(t]'15%)]
— (q2m2n1 —qznz’"l)((—l)i+jE11(tf"‘+"1t£"2+”2) +q—mz—anzz(tlml-i-nlténz—ﬁ—nz))

+ Oy 1. 00my 4,004 ;507" 2m Ky +2ma Ko),

and
i 2my my Lj 2n1,nay __ ¢ 2mon 2myngy it 2mi42ny ma+no
[tot; 'ty 2 1ot 1,71 = (g —q )y 1
2
+ 5i+j,(_)5m1+n1,05m2+n2,0q " (2myc +macy).
Therefore

[p Gt 8572), 0 (] 1" 5] = o (517" 157, 1 17 £521).
Finally, we have
[p g™ 1), o) 17 15)]

=[(=D)ig ™™ Epn(t]" 1)+ En (1" ' 15), (= 1) Eni (1] 5> +q 7" Ena (] 157) ]
= ((—l)jq2m2"1 _ qn2(2m1+1))

i+  —moy— 1
. ((_l)z-i-]q my anlz(tlrn1+n1t£n2+n2) + Ey (tlrn1+n1+ tg12+n2)),
and
i 2mi+1,m Jj,2ny n ) 2mi+1N, i+ 2mi+2n1+1 mo+n
[tétl 1 t2 2’ tO tl 1122] — ((—1)"6] moyny _qnz( my ))[0 tl 1 1 12 2tn2.
Thus
i 2mi+1 i 2 i 2mi+1 j 2

[ ) o )] = p (g ', ). O

Remark 2.2. This proof shows also that gl,(C,2) = Land7=L.

Next we will recall some concepts about Z-graded L-modules. Fix a Z-basis
my = (mi;,mp) and my=(my,my) €2’

If we define the degree of the elements in (té timitkmy 1 |i€Z,,keZ) tobe j
and the degree of the elements in (c;, c2) to be zero, then L can be regarded as a
Z-graded Lie algebra with graded subspaces

Lj=({t/™*me e [ |ieZs,keZ)®olc1,ca),

sothat L=€P;, L;. Setting Ly =€P;nL;jand L_ =P _; L, we have the
triangular decomposition L=L_@® LoD L.
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Definition 2.3. For any L-module V,if V =@D,,.; Vim With L;-V,, C Vj,; for all
j,m e Z,then V is called a Z-graded L-module and V,, is called a homogeneous
subspace of V with degree m € Z. The L-module V is called

(1) a quasifinite Z-graded module if dim V,,, < oo for all m € Z;

(i1) auniformly bounded module if there exists some N € N such thatdim V,,, <N
for all m € Z;

(iii) a highest (respectively lowest) weight module if V is generated by some
nonzero v € V,, such that L -0 = 0 (respectively L_ - v = 0);

(iv) a generalized highest weight module with highest degree m (see for example
[Su 2003]) if there is a Z-basis B = {b;, b,} of Z* and a nonzero v € V,, such
that V is generated by v, and té t".v=0forallmeZ b+7,by andi € Z5;

(v) an irreducible Z-graded module if V does not have any nontrivial Z-graded
submodules (see for example [Mathieu 1992]).

Denote by Oz the set of nontrivial quasifinite irreducible Z-graded L-modules.
From the definition, one sees that generalized highest weight modules contain
highest and lowest weight modules as special cases. Since the central elements
c1 and ¢ of L act on irreducible graded modules V as scalars, we shall use the
same symbols to denote these scalars.

Now we study the structure and representations of Ly. By the theory of Verma
modules, the irreducible Z-graded highest (or lowest) weight L-modules are clas-
sified by the characters of L.

Lemma 2.4. (1) If my is an even integer, then L is a Heisenberg Lie algebra.
(2) If myy is an odd integer, then
Lo= (A +RB)® (miici +mizc2),
where A = (tgtzj””, maic1 +moacy | j € Z) is a Heisenberg Lie algebra and
B = (117 101 @TOm oo fmyer | j € Z),

which is isomorphic to the affine Lie algebra A(ll) via the linear extension of
the map ¢ defined by

thijz — _q—ZjZmzzmzl((E11 _ Egz)(xj) + %K)’
AR g2 @it mama ()i B (x) 4 By (x))),
maic1 +mocr — K.

Moreover, we have [A, B] = 0.
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Proof. Statement (1) can be easily deduced from the definition of L.
To show & = A(ll) in case (2), we need to prove that ¢ preserves Lie bracket.
Notice that

[q 2 @I mma (1) By (xd) + Ea (x741)),
_1 2
g2 (D Ep () + En () |
= q—%((2j+1)2+(21+1)2)m22m2| (((—l)i _ (—l)k)(E“ _ Ezz)(xj+l+l)
+0j4141,0(=D'j + (=D + D)K),
and
[t(i)t(Zj—H)mz’ t(l)ct(2k+l)m2]
— ((—l)k _ (_l)i)q(2j+1)(2k+1)m22m2|té+kt(2j+2k+2)m2
+ g 50 +h1,0(= 1) g FTHDEEEDMRINQ j 1) (may ey + maes).
One sees that
¢([tét(2j+1)m2, l,(l)ct(Zk—H)mz]) — [¢(t6t(2j+1)m2), ¢(tgt(2k+l)m2)].
From the facts that
[ _ q—2j2m22m21 ((Eq1 — E22)(xj) + %K)’
~1 2mayrm
g DR (D En(x) + En ()]

_ _q—%(4j2+(2z+1>2>mzzmz. Q=D Ep(x! ) — 2 (xIH+1Y)

| T 2jm k 2l+1)m 2jQI+1)ymopm k+I 2j420+1)m
tOt J Z,to t( ) 2] 2q .]( ) 22, 21t0 t( J ) 2’

we have
B (lrd2m2, ik 1 CHDm ) = [ (10122, (1 1D,
Finally, we have
[_q—2j2m22m21 ((En — En)(x/) + 1K), —q 7 mama (B — Ep)(x!) + 1K)]
= 2jg 2T mama djs1.0K =2jq*mamig; oK,

and
[tgr2m, 1 e2me] = 2, Mmama1 5, ) o (moyey +monea).
Thus
DL, 1g1™1) = [$ g2, $(r5r*™)].

This proves % = A{". The proof of the remaining claims is straightforward. ~ [J
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Since the Lie subalgebra % of L is isomorphic to the affine Lie algebra A'", we
need to collect some results from [Rao 1993] on the finite-dimensional irreducible
modules of A(ll).

Letv > 0, and let a = (aj,...,a,) be a finite sequence of nonzero distinct
numbers. For 1 < i < v, let V; be finite-dimensional irreducible sl,-modules,
andletv:= (0 ®---Qv,) € Vi®---®V,. We then define an A(ll)—module
Vi) =Vi@V,®:--Q YV, by setting

v
X(xj)'vZza;/m®~-®(X-v,~)®~-®vv and K-v=0
i=1

for X e sly and j € Z. Clearly V (a) is a finite-dimensional irreducible A(ll)—module.
For any Q(x) € C[x*'], we have X(Q(x))- (Vi ®---® V,) =0 for all X € s, if
and only if []_,;(x —a1) | Q(x). Now by Lemma 2.4(2), if my; is an odd integer,
we can define a finite-dimensional irreducible Ly-module V(a, )=V ®---®V,
by

t(())tzij = l//([thlmz) . (1)1 RX--- ®UU),

v
tétzjmz v = _q—zjzmzzmzl Zal_Jm QR QUEII—En) 0)® - Quy,

i=1

v
1 @Ithme gy — (=3 Q1) maaman ((_1)1- >alvi®- @ Epn-v)® v,

i=1

v
+Zail+lvl ®--®(En 'Di)®---®vu),
i=1
(majcy +macz)-v=0

for j € Z and i € Z,. Here y is a linear function over .

Theorem 2.5 [Rao 1993, Theorem 2.14]. Let V be a finite-dimensional irreducible
A(ll)-module. Then V is isomorphic to V (a) for some finite-dimensional irreducible
sly-modules Vi, ..., V, and a finite sequence a = (ay, . .., a,) of nonzero distinct
numbers.

This theorem and Lemma 2.4 implies another:

Theorem 2.6. Let my be an odd integer, and let V be a finite-dimensional ir-
reducible Lo-module. Then V is isomorphic to V(a, y), where Vi,...,V, are
finite-dimensional irreducible sly-modules, a = (ay, . . . , ay) is a finite sequence of
nonzero distinct numbers, and y is a linear function over .
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Remark 2.7. Let mj; be an odd integer, and let V (¢, y) be a finite-dimensional
irreducible Ly-modules defined as above. One can see that for any k € Z5,

n
(Z biq%(2"“)2'"22’"21t(;t(z"“)"“) -(Vi® --®V,)=0 and

i=1

n
(Z biqzﬂmzzmzlt&t%mz) V®---® V,)=0

i=1
if and only if []/_,(x —a1) | Q.1 bix').

Proposition 2.8. If V is an irreducible Z-graded L-module, then V is a general-
ized highest weight module or a uniformly bounded module.

Proof. Let V.= @,,.7 V- We first prove that if there exists a Z-basis {by, b,}
of Z* and a homogeneous vector v # 0 such that tétbl ‘0= tétbz -v = 0 for all
i € Z,, then V is a generalized highest weight module.

For A C 72, we denote by 1 the set {t* | a € A}.

By assumption, one can deduce that téth1+Nb2 -v =0 for all i € Z,. Thus for
the Z-basis {m| = 3b + by, my = 2b, + b,} of Z*> we have tétl+m1+z+m21) =0 for
all i € Z,, so that V meets the definition of generalized highest weight module.

We can prove our proposition. Suppose that V is not a generalized highest
weight module. For any m € Z, consider the maps

tgt_’”'"]+'”2 c Vo > Vo, tgt_””"”r”’2 V> Vo,
(0 mmitma oy oy L Gemmitm oy Gy
Since {—mm | +m;, (1 —m)m| + my} is a Z-base of 72, one can check that
ker 0 ~mmitme (yger (O (I=mymitma (g g Ly=mmitms oy gep ¢ 1 (1=mymitma _ 10y

Therefore dim V,, <2 dim Vp+2dim V;. So V is a uniformly bounded module. [

3. The highest weight irreducible Z-graded L-modules

In this section, V is a finite-dimensional irreducible Ly-module; V becomes a
(Lo + Ly)-module if we put Lo = 0 for all v € V. Then we obtain an induced
L-module

M*(V,my,my)=Indy ,, V=U(L)QuysryV=UL)SV,

where U (L) is the universal enveloping algebra of L. If we set V to be the
homogeneous subspace of 1\7I+(V, my, my) with degree 0, then MH(V,my, my)
becomes a Z-graded L-module in a natural way. Obviously, M*(V, m|, m,) has a
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unique maximal proper submodule J that trivially intersects with V. So we obtain
an irreducible Z-graded highest weight L-module

MYV, my,my)=M"(V,m,my)/J.

We can write it as M (V, my, m,) = @ieL V_;, where V_; is the homogeneous
subspace of degree —i. Since L_ is generated by L_j, and L is generated by L,
we see by the construction of M+ (V, m;, m,) that

(3-1) L \WV_;=V__ forallieZ,,
and for a homogeneous vector v € V; withi <0,
(3-2) Li-v=0 1implies v =0.

Similarly, V gives rise to an irreducible lowest weight Z-graded L-module
M=(V,m, my).

If my; € Z is even, then L is a Heisenberg Lie algebra by Lemma 2.4. It is
well known from the representation theory of this algebra that V must be a one-
dimensional module Cog, and there is a linear function y over Lg such that

l‘(i)l‘jm2 cD) = W(tétjmz) -vg and l//(mZICl 4+mapcy) =0 forallieZ,, jel.

In this case, we denote the corresponding highest and lowest weight irreducible
Z-graded L-modules by M (y, my, m>) and M~ (y, my, m,), respectively.

If my; is an odd integer, then by Theorem 2.6, V must be isomorphic to V (a, y),
and we denote the corresponding highest and lowest weight irreducible Z-graded
L-modules by M (a, y, my, m,) and M~ (a, v, m|, m5), respectively.

The L-modules M (w, my, m>) and M (a, w, m|, m5) are quasifinite only for
certain a and y, which we shall now determine.

For later use, we obtain from the definition of L the equations

(3-3) [t(; tm|+km2’ t6t—m|+smztimz] :qi(—m12+sm22)m21 [l‘(; tm'+km27 tgt_m""(“‘i)mz]
= qimllmlszm11m22+5m12m21+k5m21m22(_ l)r(m11+km21)
: ((1 — (= 1)(j+r)m”+(kr+js+ji)m2l q(k+s+i)a)t({Jrrt(k—t-s)mztimz
—(k4s)2
+5k+5+i,05j+r,()q (k+s) A2 ((myy 4+ kmoy)cy + (ma +km22)62)),

and
(3-4) [ta tkmztimz’ t6t—m1+jmz] — qkimzzmzl [tét(k+i)m2, t6t_m1+jm2]

— qkm22(*m11+jm21)(_1)(7‘k+ri)m21 (qfia _ (_1)3m11+(rk+ri+sj)m21qka)

r4s  —mi+(k+j)my im;

hy Ut e

Here o = miymoy — mipMmo| € {:l:l},
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Lemma 3.1. Let my| be an even integer. Then M:t(l//, my, my) € Oz if and only if
there exists a polynomial P(t™2) = "_, a;t'™ e C[t™] with apa, # 0 such that
forkeZand j €7,

(3-5) y (i ™ P (™) — (= 1) g* 4] ™2 P (q% ™) + 5.,,(—)a_kq—k2mzlmzz B) =0,

where o = myymay —miaymy| € {1} and f =myc1 +ma2cy, and where ap =0 if
ke&{0,1,...,n}.

Proof. Since my| is an even integer and mmoy — mpmy; € {£1}, we see mq; is
an odd integer.

We first prove the forward implication. Since dim V_; < oo, there exist an
integer s and a polynomial P (") = Z?:o a;t'™> e C[t™] with aga, # 0 such
that )

tdg—mtsme p (pm2y o = Q).
Applying té tmi+tkm: for any k € Z and j € 7, to this equation, we have
n
0 = g fmitkmz. tgt"”“”"'zP(t'”Z) g = Z[t({ fmtkmy aitg’r—mlﬂmzﬂmz] - 0.
i=0
Thus, by (3-3), we have
n
0=y (Z a;i((1—(— l)jq(k+s+i)a)lé g (krsyma pimz 5k+s+i,05j7()61_(kﬂ)zm”mzzﬁ))
i=0
— l//(l‘({ t(k—i—s)mzP(tmz) _ (_1)jq(k+s)at({ t(k—i—s)mzp(qatmz)

+ a—k—s5j,()q *(k+5)2m21m22ﬁ) )

This proves necessity.
We next prove sufficiency.
Claim 1. For any s € Z, there is a polynomial Ps(1™2) =", _, a, ;1™ € C[t™]
such that, for all r € Z, and k € Z,
(t6 fkm> Py(t™) — (_1)quat6 fhmo Py(q*t™) + 5r’(_)aS,_kq—k2mz]mzzﬂ) Vo =0,
Gt~ P(e™2) - Vo =0.
We prove the claim by induction on s. For s = 0, the first equation holds with
Py(t™2) = P(t™2), where P is as in the proof of necessity, and by (3-2), the second
equation proved by proceeding as in the forward direction.
Now suppose the claim holds for s. For s + 1, the equations in the claim are
equivalent, for all r € Z, and k € Z, to
(10 Q™) — (=1)'150(q"t") + 9, 5agp) - V—s =0,
(3-6) prmTkm 2y Ly =0
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for any Q(t™2) € C[t*™2] with Ps(t™2) | Q(t™2), where ag is the constant term

of Q(t™2).
Let Py (t™2) = Po(q*t™2) Py (t™2) Ps(g—“t™2). Then we have

Ps(tmz) | Ps—i—l(tmz), Ps(tmz) | Ps+l(qatm2)a Ps(tmz) | Ps+1(q7atm2)-
For any p,r € Z, and j, k € Z, by induction and (3-4), we have
(15 ™2 Py (t™) — (1) "t "™ Py 1 (g%1™) + 5r,()as+1,—kqfk2m21m22,3)
Tty
= (151 Py (™) = (= 1) g* 151 Py (g%1™)
+ 5r7(‘)as+l,—kq_kzmﬂmzzﬂ, t(ft_ml_'—jmz) . V—s
= b (P (P (g7 )~ 2(=1) g Py ()
+ g% P (g“t™))) - Vo
=0.
Thus, by (3-1) and (3-2), we obtain
G-7) (1™ Py (") — (1) ¢ 15 " Py (“1™™)
+ 5,,()as+1,—kq7k2m21m225) -V_s_1=0.

This proves the first equation in the claim for i = s 4 1.
Using (3-3), (3-6) and induction, we deduce for any [, k, j € Zand n,r, p € Z,
that
t(}’)l tm1+lm2 X t6t_m1+km2 Ps+1(1m2) . [gt—ml—i-jmz Vo,
— [t(r)z lm1+lm2, t6t_m1+km2 Ps+1 (tmz)] _léil—ml—i-jmz Vo,
Y Ay NRY (L B R B L A
=(— l)rq—m11m12+km12m21 —Imymyp+lkmaima
(i M Py (1) — (=) gD M P (g%
_—(+hk)?
+as+1,fl*k6r+n,0q ¢ 4 m2]m22ﬁ) . V*S
=0,

since £ ™Mz gl ymmitima .y e V_ . Hence by (3-2),
(f MM p L (gmy P mmiime 0 forallr, peZy andk, j € Z.

Thus, by (3-1), 75 t~mitkma po L (#™2) - V_g_ =0, which implies the second equa-
tion in the claim for i = s + 1. Therefore the claim follows by induction.
From the second equation of the claim and (3-1), we see that

dimV_g;_; <2deg(Pyy1(t™))-dimV; forallseZ,,
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where deg means “degree of”. Hence M (y, m{, m;) € 07.
The statement for M~ (y, m, m5) is proved similarly. (Il

Theorem 3.2. Let my| be an even integer. Then M*(y, my, m>) € Oz if and only
if there exist

0 310 0 3 1) () 0 3 '
by by, b b by b by b, b e C
forjeZyanday, ..., o, €C" such that foranyi € 7* and j € 75,
s () kY i
v (1 1im2) = oo (Do by i) ay
; =

(1- (_l)jqia)q(l/Z)i2m21m22 ’
0 0 0
w(B)=b +b0 ...+ b9,
1,0y _ 1,3 6)) M _
w(tgt?) = 5(byg +byg +---+by), and y(maici+mncy)=0,
where o = myymyy —myymp € {1} and f = myic1 +mzcs.

Proof. We first prove necessity. Let f;; = w((1 — (—l)jq"“)q%"z’”z”"”tg tim2) for
j€Zyandi e Z*. Alsolet fo o=y (f)and f1 o= 1//(2t& 1*). By Lemma 3.1 there
exist complex numbers ag, ay, . . . , a, with apa, # 0 such that

n
(3-8) > aig 2R =0 forallkeZ and j € Z,.
i=0

Let b; = aiqg=V/ 2itmaima Suppose a, ..., a, are distinct roots of the equation
o bix' = 0 with respective multiplicities s; + 1, ..., s, + 1. By a well-known
combinatorial formula, we see that for j € Z, there exist
0 W) )] (A0 j
b by by by b b e T

such that fj; = > ,_ 1( o bE;],?i k)a é, for all i € Z. The equations of the theorem
follow.

We now prove sufficiency. For j € Z; and i € Z*, set

Q) =[x —a)*' = bix' eClxl,
i=1

i=1
Fii= (= (1) gi*)gEmam y if i),
and set fo 0=y () and f10=2y (t} 1°). Then with b; and q; related as before, we

deduce that (3-8) holds. Thus (3-5) holds for P(t™) =", a;t"™. Sufficiency
now follows by using Lemma 3.1. (I
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Lemma 3.3. If m» is an odd integer, then M (a, w, m|, m>) € Oy if and only if
there exists a polynomial P(t™2) =>""_ a;t*™ e C[t™] with aga, # 0 such that
forany k € Z and v € Vj,

(3_9) (tgt2km2 P(tmz) _ qZkathkaz P(qatmz) + a_kq74k2m21m22ﬁ) = 0,

(3-10) (04 @kt Dma p(pmay ) — (0, ChADima p apmay ) —
(3-11) 1tk p () Ly = gl p(gmy .y = 0
where ap =0ifk ¢{0, 1, ...,n},and o =mymy—mipmy; and f =myjci+miacs.

Proof. First necessity. Since Vj is a finite-dimensional irreducible Lo-module, we
have V) = V(a, ) as Lo-modules by Theorem 2.6. Since # = (151%™ | k € Z)
is an abelian Lie subalgebra of Ly, we can choose a common eigenvector vg € Vy
of . First we prove the following claim.

Claim 2. There is a polynomial P.(t"2) = Z:’ZO a;t*"™ with a,ao # 0 such that

( (_) kaZQ(tmz) _ 2ka 0 2km2 Q(q tmz) +aQ,B) 0o = 0’

( 1 2km2 Q(tmg) ( l)mlquka 2km2 Q(CI tmz)) vo =0,
(tot(2k+1)m2 Q(tmz) _ q(2k+1)at_t(2k+1)m2 Q( )) vy = 0,

(3_12) (tgt(Zk-i-l)mz Q(tmz) _ (_1)m11q(2k+1)a (2k+1)m2 Q( mz)) vy = 0

for all k € Z and Q(1™2) € C[tT2™2] with P.(¢™2) | Q (™), where a is the constant
term of 122 Q (1™2).

To prove the claim, since dim V_; < oo, there exist an integer s and a polynomial
P.(t™) =", a;t*™> ¢ C[t"™2] with aga, # 0 such that

(3-13) tdgmT2m p(¢m2) . o = 0.
Applying t8tm1+2k”’2 for any k € Z to the above equation, we have
0= tOtm1+2km2 X t(())tfm1+2sm2 Pe(tmz) -0

— Z 1 tm|+2km2 quWm(—M1z+2smzz)tgt—m1+2(S+i)m2] - Do

— q*m11m12*2km22m11+ZSM12m21+4ksrn21m22
. (t8t2(k+s)m2 Pe(l‘mz) _ q2(x+k)at8t2(k+s)m2 Pe(qatmz)

+ a_k_xq—4(k+s)2m21m22ﬂ) -0
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Now applying tgtm1+2k”’2 for any k € Z to (3-13), we have

1 2 0,—mi+2s
0= totm1+ kmy -l‘gt m+ smzPe(tmz) o

n L mi+2kmy  2imy; (—min+2 0, —m+2(s+i)m
:Zi:()ai[lot 1 2 g imay (—miz szz)tol 1+2(s+i) 2] vg

—myymip—2kmaamy+2smama+4ksmayman

=q
. (t(}tZ(k—',-s)mz Pe(th) _ (_1)m|1q2(s+k)at(;t2(k+s)m2 Pe(qatmz)) - 0p.

By applying tgtml+(2k+1)’”2 and tg M+ @k Dm 1 (3-13) one respectively gets that

0= t8tm1+(2k+1)m2 ,t(())t—m1+2smz Pe (™) - vg
— q—m11m12—(2k+1)m11m22+28m12m21+2S(2k+1)m21m22

) (t((;)t(2k+2s+l)m2 P.(t™) — q(2k+23+1)at(()_)t(2k+23+1)m2Pe(qatm2)> 0o,

0= t(%tml+(2k+l)m2 X (t8t7m1+2smz Pe(fmz)) -0
— q—m11m12—(2k+1)m11m22+2sm12m21+2s(2k+1)m21m22
X (tét(2k+2s+1)m2 Pe(tmz) _ (_l)mllq(2k+25+1)atgt(2k+23+l)m2 Pe(qOCIM2)) - 0.

So we obtain the four equations of Claim 2.

On the other hand, we can choose an integer s and a polynomial P,(1"?) =
S pait¥™ e Clt™] with aga, # 0 such that ¢{=m1+s+hmz p (gm2) .5 = 0,
since dim V_; < oco. Thus by a calculation similar to the proof of Claim 2, we can
deduce the following claim.

Claim 3. There is a polynomial P,(t") =", a;t*™> with a,aqy # 0 such that

(tgt2km2 Q(tmz) _ q2kal‘(§)1‘2km2 Q(C]afmz) + aQﬁ 0o = 0,

(tthkmz Q(th) _ (—1)m11+1q2katgt2km2 Q(qatmz)) ‘0g = 0,

(tgt(2k+1)mz o(t™) — q(2k+l)at((;)t(2k+l)m2 Q(qatmz) vo =0,

(3_14) (tgt(2k+1)m2 Q(tmz) _ (_ 1)m11+1q(2k+1)a tgt(2k+l)m2 Q(qatmz)) ‘0o = 0

forall k € Z and Q(t™2) € C[t*>™] with P, (™) | Q(t™*), where a is the constant
term of r2k™2 Q (™).

Let P(t"™) =", a;t*™ be the product of P,(t™*) and P.(¢™?). We see that
both (3-12) and (3-14) hold for P (™). Thus one can directly deduce that both
(3-9) and (3-11) hold for P(#™2) and vg € Vj. Since vy is an eigenvector of t&, we
have

0 =14 - tgtGkFDm2 p(pm2) .,

= [1g, 11 @+Dm (2] - vg = 2§ A Dme p () .y,
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and o
0 =14 - 1dt@kFDm2 pgogmy
— [tg, zgt@"“)mzza(q%mq] v = 2tgt(2"“)”’2P(q“t"’2) .00,
which implies (3-10) for P (:™2) and vo.
From the definition of Lg, one easily deduces that if (3-9)—(3-11) hold for any
v € V, then they also hold for 73 tkm> .y for all Vs € Z/27 and k € Z. This completes

the proof of necessity since Vj is an irreducible Ly-module.
Now sufficiency.

Claim 4. Forany s € Z, there is a polynomial P, (¢"?) = ZjeZ as,jtzj”’2 € C[t?™]
such that for all r € Z, and k € Z,
(t((;)IZk”Q Ps (tmz) _ q2katg)[2km2 Ps (q(ltmz) + as’_kq—4k2mnmz2ﬂ) . V—s — 0’
(04 @tma p (pmay [y glgkma p oy y =),
oMtk p may =0,
We prove this claim by induction on s. By assumption and the definition of the
Lo-module Vj, the claim holds for s = 0 with Py(¢z™2) = P(+™?). Suppose it holds

for s, and consider it for s + 1.
The equations in the claim are equivalent, for all » € Z, and k € Z, to

(3-15) (10(™) — 10 Q(g"1™) +agf) - V_y =0,
Q1M O (1™ Y = 4™ Q™) -V =0,
Mk g2y Ly =

for any Q(t™) e C[t¥>™] with P;(t™) | Q(t™*), where aop is the constant term

of Q™).
Let Ps1(#™2) = Ps(g*t™2) Py (t™2) Ps(g~*t™2). For any p,r € Z; and j, k€ Z,
using induction and (3-15) we have
0 0 _AL2
(t8[2km2 Ps—‘,—l (tmz) _ qZkatgl,kaZ Ps—‘,—] (qatmz) 4 as+l,—kq 4k mzlmzzﬁ)‘
i ) té)t_ml"l‘.]mZ . Vis
— [l‘(())ZkaZ [)s+1 (th) _ qZkatgl,kaz Ps+l(qatm2)
+ as_i_l’_kq—kz"m"uzﬂ’ té’t—ml-i-jmz] -V
— qkazz(—mll-i-jmzl)
(g mmE G (P (g7 ™) = 2674 P (172) 4 ¢ Py (g°1™)) - Ve,

which is equal to zero. Thus, by (3-1), we obtain that

0,2 2ka 0,2 —4k?
(l(())l kmy Px+1(tm2) —q kal(())l kmy Px—i—l(qatmz) +asy1,-1q k mzlmzzﬂ) -V_,_1=0.



MODULES FOR THE CORE OF EXTENDED AFFINE LIE ALGEBRAS OF TYPE A; 159

Similarly, one can prove that for all k € Z
Qe Gk p L (1M2) Vg = 1P (1) Vo =0,

This proves the first two equations of the claim for s + 1.

Using the two equations just above and induction, we deduce that forany [, k € Z
and n,r € Z,,
tg tm1+lm2 . t(; t_ml+km2 PS—H (tmz) . V—s—l
— [t(;l tm|+lm2’ t(})’t—mH-kmz PS+l(tm2)] . stfl

4 t(r)"t—ml-i-kmz Ps+1 (tmz) . t(l)l tm1+lm2 N VA

— (_ l)r(mn-i-lmz] )q—mllmlz+km12m2I —Imyymoyy+lkmyymoy

. (t61+rt(l+k)m2 Ps+1 (tmz) _ (_ 1)(n+r)m11+nk+rlq(k+l)a t(l)1+rt(l+k)m2 Ps+1 (qatmz)

—(l+k)2m21m22ﬁ) .V

+ as41,iOk+1421,00, 4 59 —s—1,

which is equal to zero. Hence, by (3-2),
t6t_m1+km2 Ps+1([m2) Vo = 0

for all r € Z; and k € Z, which implies the third equation in the claim for s + 1.
Therefore the claim follows by induction.
From the third equation of the claim and (3-1), we see that

dim V_g_; <2deg(Pyy1(t™*))-dimV; forallse”Z,,
Hence M+ (V (a, w), m;, my) € Oz. O

Theorem 3.4. Let my| be an odd integer. Then M (a, w, m, my) € Oz if and
only if there exist by, b1y, ..., b]sl,bgo, by, ... ,bzsz, e bro, b, L, brs, e C,
anday,...,a, € C* such that foranyi € 7* and j € 7,

> (ko beri®) e
a _q2ia)q2i2mzlm22 ’
w(B) =bio+bx+---+bro, and y(maci+mnc)=0,

p (tor* ™) =

where oo = m1moy —moymip € {£1}.

Proof. First necessity. Let f; = w((1 — q2i“)q2i2m2‘m22t8t2im2) for i € Z* and
let fo = w (). By Lemma 3.3, there exist complex numbers ag, ag, . .., a, with
apa, # 0 such that >7_, aiq_2i2’”21’"22 fx+i =0 for all k € Z. Thus, by using the
techniques of the proof of Theorem 3.2, we deduce necessity.

Now sufficiency. Set

0(x) = (f[(x —a)) (ﬁ(x ~a)) (f[(x ~¢"a)) = S b,
i=1 j=1 j=1 i=1
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and f; = w((1 — qu“)quszImzztgtzi’"z) for all i € Z*. Set fy = w(f). Then one
can easily verify that

(3-16) S bifesi =0 forall k € Z.

Meanwhile, we have (H;zl(x —aj)) | x*Q(x) and (szl(x —a;j)) | x*Q(g**x)
for any k € Z, which implies for all s € Z, that

n
(3_17) Z biq%(2i+2k+l)2m22m21 tos‘ t(2i+2k+l)m2 . VO — 0,

i=1

n
(3-18) Z biquaq%(Zi—i-Qk-i-l)zmzzmzl 1 ¢ Qi+2k+Dmy | Vo=0

i=1

and, by Remark 2.7,

n
(3-19) Z biq2(i+k)2mzzm21 tth(i+k)mz Vo =0,

i=1

n
(3_20) Z biqZ[an(i-‘Fk)zmzzmzlléIZ(l'-'rk)mz X VO =0.

i=1

Let b, = g mumnp. for 0 < i < n and P(x) = >"  bix'. By (3-16) and the
construction of V (a, y), we have

(t((;)tkazp(thz) _ qZkat((;)tlkaP(anthz) + b/_kq_4k2m21m22ﬁ) Vo

n
_ q—2k2mz]m22 V/(Z b,’(l _ qZ(k+i)a)q2(k+i)2m22m21 t((;)tZ(k+i)M2 + bkﬁ) -Vo
i=1

n
S b fe Vo =0,

i=1

which implies (3-9). Similarly, we have, for any k € Z,

n
) . . .
ts t(2k+l)m2P(t2m2) X VO — § biq(ZZ +4kl+21)m21mz2t6‘t(2k+2!+1)m2 . VO

i=1

n
92 _op_1 1 : 2 .
=q 2k=—2k 2 § blq 2(2k+2!+1) m21m22t5t(2k+21+1)m2 . V()

i=1
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and

n
t8 t(Zk—H)mQP(anthz) . VO — 2 biq21(x+(21 +4k1+21)mz]m22t(3)t(2k+21+1)m2 . VO

i=1

n
_ q—2k2—2k—% Z biquaq%(2k+2i+1)2m21m22t8 ¢ Qk+2i+m; Vo
i=1

which then vanish by (3-17) and (3-18), respectively. Now one can easily deduce
the equations t&t”‘"’2 P(t?™2).Vy=0and t(% t2km2 p (g2¢12m2). Vo =0 by using (3-19)
and (3-20), respectively. Therefore (3-9)—(3-11) hold for P(t?™2) = >""_| bit*™2,
Thus M (a, w, m, my) € Oz by Lemma 3.3. O
Remark 3.5. A linear function y over L of the form described in Theorem 3.2 is
called an exp-polynomial function over Lg; a linear function y over & of the form
described in Theorem 3.4 is called an exp-polynomial function over .

4. Classification of generalized highest weight
irreducible Z-graded L-modules

Lemma 4.1. Suppose V is a nontrivial irreducible generalized highest weight
Z-graded L-module corresponding to a Z-basis B = {by, b>} of Z>.

(1) For any v € V, there is some p € N such that tétm1b1+m2b2 -v = 0 for all
my,my>pandi € Z,.

(2) Foranynonzerov €V, my,my > 0andi € Z,, we have t(")t_””b‘_’"zb2 -0 #£0Q.
Proof. Assume that vy is a generalized highest weight vector corresponding to the
Z-basis B = {by, b>} of 7>.

(1) By the irreducibility of V and the Poincaré—Birkhoff—Witt theorem, there

exists a u € U(L) such that v = u - v, where u is a linear combination of elements
of the form

U, = (t(l)cl tilbl+j1b2) . (tgztizbl+j12b2) - (t(]){’ltinbl"'jan)’
where - denotes the product in U (L). Thus, we may assume u = u,. Take
p1=_zi5+1 and P2=—st+1-
iy<0 Jjs <0

By induction on n, one gets that t(’)‘z‘il’l‘Lﬂ’2 -v=0forany k € Z5,i > py and j > p»,
which gives the result with p = max{p;, p»}.

(2) Suppose there is a nonzero v € V, an i € Z, and my, my > 0 such that
tét_””bl_mzb2 -v =0. Let p be as in the proof of (1). Then for all j € Z,,

tét—mlbl—mwz t({ tb1+p(m1b1+m2b2) l‘({ tb2+l7(m1b1+’nzbz)
b bl
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act trivially on v. These elements generate the Lie algebra L. So V is a trivial
module, a contradiction. O

Lemma 4.2. [fV € Oz is a generalized highest weight L-module corresponding to
the Z-basis B = {b1, by} of 7%, then V must be a highest or lowest weight module.

Proof. Suppose V is a generalized highest weight module corresponding to the
Z-basis {b; = b ym| + bjama, by = byym; + byymy)} of Z2. By shifting the index
of V; if necessary, we can suppose the highest degree of V is 0. Let a = b1 + by
and (V) ={m € Z | V,, # 0}. We may assume a # 0: In fact, if « = 0, we can
choose b} = 3b; + b, and b, = 2b; + b,. Then V is a generalized highest weight
Z-graded module corresponding to the Z-basis {b}, b5} of 7?%. Replacing b; and
b, by b} and b), gives a # 0.
Now we prove that V is a highest weight module if @ > 0. Let

di={jeZ|i+ajepV) forall0<i<a.

Then there is m; € Z such that Ad; ={j € Z| j <m;} or A; = Z by Lemma 4.1(2).
Set b = by + by. We want to prove d; # Z for all 0 <i < a. Otherwise, by

shifting the index of «; if necessary, we may assume sy = Z. Thus we can choose

anonzerov; € V,; forany j € Z. By Lemma 4.1(1), there is a Po; > 0 with

(4-1) to 1012 =0 forall sy, 52> p,, and k € Z,.
Choose {k; e N| j € N} and Ok; € Vak; such that
(4-2) kw1 > kj+ po, +2.

If we can prove that {tgt_kfb vk; | j € N} C Vp is a set of linearly independent
vectors, then we will have a contradiction that proves the desired result.

Indeed, for any r € N, there exists a, € N such that tg 1 Xb+b v, =0forallx >a,
by Lemma 4.1(1). On the other hand, we know that tg ¥y #£ 0 for any

x < —1 by Lemma 4.1(2). Thus we can choose s, > —2 such that
(4-3) tgtS’bH" o, 70 and tgtbe‘ o, =0 forall x > s,.

By (4-2) we have k, +s, —k; > Puy, for all 1 < j < r. Hence by (4-1) we know
that forall 1 < j <r,

0, (kr+s:)b+b1 0, —k;b
tor Krtsb b 0=k

_ 1,0, (ke+s.)b+b; ,0,.—k;b
= 15t tsI0E0 40 =RiP] oy,

= g ki) Wit +hin) (b1 +b) (1 _qkj(b’lzb’ZIfb’llb’zz))t((;)t(kr+srfkj)b+b1 -
J

=0,
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where
by, =biimii + biamay, by, =biimiz +biama,
b5y = byimyy + bamoy, by = baymiz + byomay.
Now by (4-2) and (4-3), one gets

t(_)t(kr—i-Sr)b-i-bl —k.b
0

0
“Igt - Uk

-

_ [,0,(ke+s,)b+b; 0,—k.b
=[5t gt ok

r

= q_k'((kr+‘Vr)(h/12+b/22)+b/12)(b,11+b/21)(1 — qkr(b/lzhél_b/nhéz))[gtsrb"‘bl v, #0.

Hence if Z?:l /ljtgt_kf'b -vg; =0then 4, = 1,1 =---= /1, =0 Dby the arbitrariness
of r. So we see that the coefficients of A; form a set of linearly independent vectors,
which contradicts that V € Oz. Therefore, for any 0 <i < a, there is a m; € Z such
that o; = {j € Z | j < m;}, which implies that V is a highest weight module since

o (V) =UiZ) sh.
Similarly, one can prove V is a lowest weight module if a < 0. O

From Lemma 4.2 and the results in Section 3, we get our main theorem:

Theorem 4.3. V is a quasifinite irreducible 7-graded L-module if and only if one
of the following statements hold:

(1) V is a uniformly bounded module.

(2) If my is an even integer, then there exists an exp-polynomial function v over
Lo such that

VEM (y,m,my) or VZEM (y,m,m).

(3) If myy is an odd integer, then there exist an exp-polynomial function y over A,
a finite sequence of nonzero distinct numbers a = (ay, . . ., a,) and some finite-
dimensional irreducible sly-modules Vi, ..., V, such that

VEMY(a, y,mi,my) or VEM (a,y,mi,m).
Corollary 4.4. If V is a quasifinite irreducible Z-graded L-module with nontrivial
center, then one of the following statements must hold:

(1) If my, is an even integer, then there exists an exp-polynomial function v over
Lo such that

VEM(y,mi,my) or VZEM (y,mi,m).

(2) If myy is an odd integer, then there exist an exp-polynomial function y over s,
a finite sequence of nonzero distinct numbers a = (ay, . . ., a,) and some finite-
dimensional irreducible sl modules Vi, ..., V, such that

VEM*t(a,y,m,my) or V=M (a,y,mi,m).
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Proof. By Theorem 4.3, we only need to show that V is not a uniformly bounded
module. From the definition of the Lie algebra L, we see that

% = (1™ mier +micy |k €ZF) fori=1,2

are Heisenberg Lie algebras. Now myjjc; + mpycy; must be zero since V is a
quasifinite irreducible Z-graded L-module. Thus, by assumption, we have that
miicy + mipcr # 0 since {m, m;} is a Z-basis of 7?. Therefore, V is not a
uniformly bounded module by a well-known result from the representation theory
of the Heisenberg Lie algebra. U

Theorem 4.5. The modules M+ (y, my, my) and M~ (a, v, my, my) are uniformly
bounded only when they are trivial.

Proof. Set V=M (y,m,my) or V=M"(a, y,m, my), and suppose V is not
trivial. Also set V =@, ez, V_k. By nontriviality, there exist vg € Vy, k € Z* and
| € Z, such that £ t*™2 - vy # 0. Thus

totml t(l)t—ﬂn-‘rka S0 = [tgtml tl t—m1+km2]vo

— ((_l)le qmz(—Wln—i-kmm) mll(—m12+kr1122))t(l) tkmz

—q - Vo,
which is nonzero; this implies that ¢, Lpmmitkmy 0o #0.

Next, we prove that if 0 #v_,, € V_,, thent ™™ .v_,, #0. Suppose t T
v_m = 0 for some 0 # v_,, € V_,,,. From the construction of V, we know that
i Lpm+Dmim: a150 act trivially on v_, for any [ € Z,. Since L is generated by the
set {tO Mt LymtDmitmy |1 — (1}, we see V is a trivial module, a contradiction.

Set

‘ﬂn = {(fgl_m')j . t(l)t(—n+j)m1+km2 - Do | 0 f] < n} C V—n forall n e N.

Now we prove that &, is a linearly independent set of vectors. If
n—1 ~
D eyt mithmy — g,
Jj=0

then for any 0 <i <n — 1 we have

n—1
0= qn(n—i)ml1m12—k(n—i)m12m21 t(())t(”_i)ml . Z’lj(t(())t_m])j . t(l)t(_’l+j)ml+km2 -0

Jj=0

i
— Z /quj(n—l')mllmlz((_1)1(ﬂ—i)m11 _ qk(n_i)a)(tot_ml)j .t(l)t(j—i)mri-kmz - 00,
=0
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where oo = m1myy —miymoy; this implies 1o =--- = 4,1 =0. Hence A, is a set

of linear independent vectors in V_, and thus dim V_,, > n. Since n was arbitrary,

V is not a uniformly bounded module. (I
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