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We construct a Lie algebra L from rank 3 quantum tori and show that it
is isomorphic to the core of extended affine Lie algebras of type A;. Then
we construct two classes — which turn out to be exhaustive — of irreducible
Z-graded highest weight L-modules and give necessary and sufficient condi-
tions for these modules to have finite-dimensional homogeneous subspaces.
As a consequence, we also determine all the irreducible Z-graded L-modules
with nonzero center and finite-dimensional homogeneous subspaces.

1. Introduction

Extended affine Lie algebras (EALAS), which were introduced in [Hgegh-Krohn
and Torrésani 1990] under the name of irreducible quasisimple Lie algebras, are
higher-dimensional generalizations of affine Kac—Moody Lie algebras. Roughly
speaking, they are complex Lie algebras that have a nondegenerate invariant form,
a self-centralizing finite-dimensional ad-diagonalizable abelian subalgebra (that is,
a Cartan subalgebra), a discrete irreducible root system, and ad-nilpotency of non-
isotropic root spaces; see [Berman et al. 1996; Allison et al. 1997a; Allison et al.
1997b]. Prime examples of EALAs are toroidal Lie algebras, which are universal
central extensions of § ® C[tlil, e, tnil] (here g is a finite-dimensional simple
Lie algebra); these were studied in [Frenkel 1985; Gao and Zeng 2006; Moody
et al. 1990; Yamada 1989; Etingof and Frenkel 1994; Eswara Rao and Moody
1994; Berman and Cox 1994] and elsewhere. There are many EALASs that allow
not only the Laurent polynomial algebra C[tlil, -+, t*1] as coordinate algebra
but also quantum tori, Jordan tori and the octonian tori as coordinate algebras,
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depending on the type of the Lie algebra; see [Allison et al. 1997a; Berman et al.
1996; Berman et al. 1995; Allison and Gao 2001; Yoshii 1996]. The structure
theory of the EALAS of type A;z—; is tied up with the Lie algebra g[,;(C) ® Cp,
where Cg is the quantum torus. The quantum tori defined in [Manin 1991] are the
noncommutative analogue of Laurent polynomial algebras. The universal central
extension of the derivation Lie algebra of the rank 2 quantum torus is known as the
g-analogue Virasoro-like algebra; see [Kirkman et al. 1994]. For representations of
Lie algebras coordinatized by quantum tori, see [Jakobsen and Kac 1989; Berman
and Szmigielski 1999; Gao 2000b; 2000a; Eswara Rao 2004; Rao 2003] and the
references therein. For structure and representations of the g-analogue Virasoro-
like algebra, see [Zhang and Zhao 1996; Jiang and Meng 1998; Rao and Zhao
2004; Lin and Tan 2006; 2008].

This paper is organized as follows. In Section 2, we first recall some con-
cepts about quantum tori and EALAs of type A; with coordinates in rank 2 quan-
tum tori. Next, we show that these EALAs are isomorphic to a Lie algebra L
that is constructed from a special class of rank 3 quantum tori. Then we prove
some basic propositions and reduce the classification of quasifinite irreducible
Z-graded L-modules to the classification of generalized highest weight modules
and uniformly bounded modules. In Section 3, we construct two classes of ir-
reducible Z-graded highest weight L-modules, and give necessary and sufficient
conditions for these modules to have finite-dimensional homogeneous subspaces.
In Section 4, we prove generalized highest weight irreducible Z-graded L-modules
with finite-dimensional homogeneous subspaces must be highest (or lowest) weight
modules; thus the modules constructed in Section 3 exhaust all generalized highest
weight modules; see Theorem 4.3, our main theorem. As a consequence, we
also complete the classification of irreducible Z-graded L-modules with finite-
dimensional homogeneous subspaces and nonzero center.

2. Basics

We use C, Z, Z+ and N to denote the sets of complex numbers, integers, nonneg-
ative integers, and positive integers, respectively. We denote by C* the nonzero
complex numbers and by Z?* the set Z* \ {(0,0)}. All vector spaces we con-
sider are over C. As usual, if uy, us, ..., u; are elements in vector spaces, we use
(1, ..., u) to denote their linear span over C. We let ¢ be a nonzero complex
number and suppose throughout that ¢ is generic (that is, not a root of unity).
Now we recall the concept of quantum torus from [Manin 1991]. Let v be a
positive integer, and let Q = (g;;) be a v x v matrix with elements in C* such that
gii = 1 and g;; = qj_l-l for 0 <i, j <v —1. A quantum torus associated to Q is

+1

the unital associative algebra CQ[tOil, ..., t,—,] (or, simply Cp) with generators
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+1 £1 :
fy »--.»t,_, and relations

7' =17 =1 and fitj=gq;t;t; forall0<i,j<v—1.
Write 1™ = 1,"°t["" - - - 1)""]" for m = (mg, my, ..., m,_1). Then

"ot = ( H qqu.i"'f)t'"Jr”, where m,n € 7".

t
O<j<i<v—1

If Q is a2 x 2 matrix with g2 = ¢, we will simply write C, instead of Cyp.

Next we recall the construction of EALAs of type A; with coordinates in C,2.
Let E;; be the 2 x 2 matrix with 1 at position (i, j) and O elsewhere. The Lie
algebra 7 = gl,(C,2) is defined by the commutator

[Eij (tm), Ey (ln)]o — 5j’kq2m2m Eil(lm+n) _ 51,1'612"2"“ Ekj (tm—i-n)’

where m = (m, my) and n = (n1, ny) are in 72. Thus the derived Lie subalgebra
of Tis T =sh(Cpr)® (I (™) |me 7%), where I = Eq; + E, since g is generic.
The universal central extension of 7 is 7 = 7 & (K, K») with Lie bracket

(X (™), Y(t™)] = [X (™), Y )]0 + Omin.0g” ™" (X, Y)(m1 K| +maK>),

where K| and K are central, X (t™), Y (t") € 7 and (X, Y) is the trace of XY. The
Lie algebra 7 is the core of the EALAS of type A; with coordinates in C,2. If we
add degree derivations d; and d; to 7, then 7 @ (d;, d») becomes an EALA since
q is generic.

Now we construct our Lie algebra. Let

o=|-1 147!
1

Let J be the two-sided ideal of C generated by tg — 1. Define
L=Cyo/l=({itlkiet,, jke),

to be the quotient of C by J, and identify 7y with its image in L. Then the derived
Lie subalgebra of L is

L= me7* @l |me7?).
Now we define a central extension L = L @ (cy, ¢2) of L by the Lie bracket
[l‘(i)l‘m, l‘({ tn] — ((_1)m1qu2nl _ (_l)inlqmlnz)l,é-i-jtm—i-n

+ (_ 1)m1qu2n15l.+jj(—)§m+n’0(m1C1 + mzcz),
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where ¢; and ¢, are central and where i, j are in Z,, as are m = (mj, m;) and
n = (n1, ny). One can easily see that (tg " |m e Z*)@® (ci, c») is a Lie subalgebra
of L that is isomorphic to the g-analogue Virasoro-like algebra.

First we prove that the Lie algebra L is in fact isomorphic to the core of the
EALAs of type A with coordinates in C,2.

Proposition 2.1. The Lie algebra L is isomorphic to © and the isomorphism is
given by the linear extension of the map ¢ defined by
" T s (1) g ER (" 5R) + En (),
t6t12m|t£n2 = (—1)iE11(t;mt£n2) —I—q_szzz(l‘Tnltglz) +5i,15m1,05m2,0%K1’
Cl — Kl,

Cy — 2K2,

where th " R 2" ) € L.

Proof. One can easily see that ¢ is a bijection. Thus we only need to prove that ¢
preserves Lie bracket. First we have
(=g ™ En(" 1)+ Ex(t]" ' 85), (=1) g ™ Enn(t]' 5?) + Ear (1} ' £52)]
— ((_l)quz(ZnH—l) _ (_l)iqn2(2m1+l)) ((_l)i—i-jEll(t{ﬂl+n1+1tg12+n2)
+ q—mz—nzEzz(t;?11+n|+1t§12+n2))

+ Gy +1,00m5-4m0,0 (= 1) ™D (1) (m K| + moKo)
+ (my + DK +myK>)

— ((_l)quz(2n1+1) _ (_l)iqn2(2m1+l)) ((—1)i+jE]](tinl+nl+lt£n2+n2)

+ q—mz—nz Ezz(t;nl+nl+ll§12+n2))
+ 0,1 00mi4m+1.00ms 00, 0(— 1)/ g2V (2my + 1)K +2maKo)
+ 5i+j’15m1+n1+1,05m2+n2,0(_ 1)qu2(2”1+1)K1 .

On the other hand, we have

e
j 2n1+1 i (2my+1 i+Jj 2m+2n1+2 my+n
= ((_1)qu2( ny )—(—l)lq( mi )ﬂz)to i 1+2n1 t22 2
j 2, 1
+ 6,602 +2m 42.00my4n0.0(= D) "™ PNV (2my + Dey + macy).
Thus

o (s 22 4] 22y = [ 212, o (1] 2 ).
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Similarly, we have
oG 5). 0 (3 17" 15)]
=[(=D'En@"65?) +q " Exn(t]"13), (= 1) E1 (t]'15%) +q ™ Exn(t]'15%)]
— (q2m2n1 _ q2n2m1)((_1)i+jE“(t;nl—i-n.tgtz—i-nz) +q—mz—ann(t;nl—i-n.téﬂz—i—nz))
+ Oy ,05m2+n2,05,-+,-,()612m2"1 @2mi K1 +2m>K>),
and
[t(i)tfm]t;nz, t({ t%ﬂltgz] _ (q2m2n1 _ q2m1n2)té+jt12m1+2n1tgnz-i-nz
+ 5i+j,(_)6m1+n1,05m2+n2,0q2m2n1 (2mycy +mac).
Therefore
(o3 . 0] 2] = o (1 52 7).
Finally, we have
oG ™). p (17" 157)]

=[(=1)/g ™ En@" ™)+ Exn (i7" '), (1) En (' 52 +q " Eny (t]'13?)]
— ((_1)jq2mzn1 _ qn2(2m1+1))

(=D g B (T ) 4 By (1T ),
and

i 2my+1 my L 2np mo _ oo 1NJ o 2many o na(my+1)y BT 2my+2n+1 mo+no
[tor;™ 5, 10 1" 152 = ((=1)/q q ot 5,

Thus
oG5, g 2] = p W g, ). O
Remark 2.2. This proof shows also that gl,(C,2) = Land T =L.
Next we will recall some concepts about Z-graded L-modules. Fix a Z-basis
my = (mi1,mp) and my=(my,mn) €2’

If we define the degree of the elements in (tétj'"“rk”’2 elL|ieZy,keZ)tobe j
and the degree of the elements in (c;, c2) to be zero, then L can be regarded as a
Z-graded Lie algebra with graded subspaces

Lj=(tht/™Thm e [ |ieZy,k €Z)®d;0c1,ca),

sothat L=€P;.; L. Setting Ly =€P;L;and L_ =D
triangular decomposition L = L_ @ Lo @ L.

_jen Lj, we have the



148 LIN WEIQIANG AND SU YUCAI

Definition 2.3. For any L-module V,if V=@p,,.; Viu With L - V,,, C V,,1 for all
j,m e Z,then V is called a Z-graded L-module and V,, is called a homogeneous
subspace of V with degree m € Z. The L-module V is called

(1) a quasifinite Z-graded module if dim V,,, < oo for all m € Z;

(i1) auniformly bounded module if there exists some N € N such thatdim V,, <N
for all m € Z;

(iii) a highest (respectively lowest) weight module if V is generated by some
nonzero v € V,, such that L - v = 0 (respectively L_ - v = 0);

(iv) a generalized highest weight module with highest degree m (see for example
[Su 2003]) if there is a Z-basis B = {b,, b,} of Z* and a nonzero v € V,, such
that V is generated by v, and té t".v=0forallmeZ by+7,by andi € Z5;

(v) an irreducible Z-graded module if V does not have any nontrivial Z-graded
submodules (see for example [Mathieu 1992]).

Denote by Oz the set of nontrivial quasifinite irreducible Z-graded L-modules.
From the definition, one sees that generalized highest weight modules contain
highest and lowest weight modules as special cases. Since the central elements
c1 and ¢; of L act on irreducible graded modules V as scalars, we shall use the
same symbols to denote these scalars.

Now we study the structure and representations of Ly. By the theory of Verma
modules, the irreducible Z-graded highest (or lowest) weight L-modules are clas-
sified by the characters of L.

Lemma 2.4. (1) If my is an even integer, then L is a Heisenberg Lie algebra.
(2) If myy is an odd integer, then
Lo=(d+RB)® (miici +mizc2),
where A = (tgtzj”’z, myic1 +mocy | j € Z) is a Heisenberg Lie algebra and
B = (1961, (1@ ey +maes | j € 2),

which is isomorphic to the affine Lie algebra A(ll) via the linear extension of
the map ¢ defined by

th‘ijz — _q—2j2m22m21 ((Ell _ Ezz)(xj) + %K),
TR LR g2 @it mama ()i B (x) 4 gy (x1))),
myic1 +moypcr — K.

Moreover, we have [A, B] = 0.
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Proof. Statement (1) can be easily deduced from the definition of L.
To show 3B = A(ll) in case (2), we need to prove that ¢ preserves Lie bracket.
Notice that

[ 270 (1) B 4 By (1)),
g 2GR (1B () + Ean (x1))
= g @RI (1) — (= D)(En — E) (7
+0j4141.0((=1D)j + (=D + 1)K),
and
[tét(Zj-H)mz’ t(l)ct(2k+l)m2]
= (= D)k = (= 1)")q @It D@kt Dmazma ik, 2+ 2k+2m:

)kq(2j+l)(2k+l)m22m21 2+

+ 044,09 +k+1,0(—1 1)(ma1c1 +macy).

One sees that
¢([t6t(2j+1)m2, t(])ct(Zk—H)mz]) — [¢(I6t(2j+l)m2), ¢(t§t(2k+1)m2)].
From the facts that
[ g~ e ((Ey) — Ep)(x7) + 5K),
_1 2
g 2R (D Ep () + Ean ()]
—q =3 @24+ QI+ 1)) mamy (2(— 1)kE12(XZ+J) —2E, (xl+j+l))

and
t t J 2’t t( ) 2]_ !q ]( ) 22 ZIt t( J ) 2,

we have
¢([tgt2j’”2, t(l;[(zm)mz]) _ [¢(tgt2jmz)’ ¢(té€t(21+1)m2)].
Finally, we have
[—g727 2 (Byy = En) () + 3K), —q 27" (En = En) () +3K)]
= qu_z(jzﬂz)mzzmz'5j+1,oK =2jg*mamang, oK

and
[tgtzj'"z, tgt”'”z] =2jg¥mamang, o (maer +macs).
Thus
B ([19r>7™, 1567™1) = [$ 151>, (154

This proves % = A‘". The proof of the remaining claims is straightforward. ~ [J
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Since the Lie subalgebra % of L is isomorphic to the affine Lie algebra A(ll), we
need to collect some results from [Rao 1993] on the finite-dimensional irreducible
modules of A(ID.

Let v > 0, and let a = (aj,...,a,) be a finite sequence of nonzero distinct
numbers. For 1 < i < v, let V; be finite-dimensional irreducible sl,-modules,
andlet v := (1 ®---Qv,) € Vi®---®V,. We then define an A(ll)—module
V)=V V,®---®YV, by setting

vV
X(xj)'vzza;ll)l®~-®(X‘v,')®~~®z)v and K-v=0
i=1

for X e sl and j € Z. Clearly V (a) is a finite-dimensional irreducible Aal)—module.
For any Q(x) € C[x*!], we have X(Q(x))- (V; ®---® V,) =0 for all X € sl, if
and only if []_;(x —a1) | Q(x). Now by Lemma 2.4(2), if my; is an odd integer,
we can define a finite-dimensional irreducible Ly-module V(a, )=V ®---®V,
by

tgtz'imz V= l//([gtzjmz) . (Dl R--- ®UU)7

v

o o ,

fot2im .y = — g2 mam E alvi®@ - @UE1 —En) 0)Q - Qu,,
i=1

Vv
1 @ItDme gy — (=3 @j+1) maaman ((_1)i Zai/m ® - ®(En-0)® - Q0

i=1

+Zaij+lv1 ®---® (En 'Di)®“'®0u),
i=1

(ma1c1 +mpcy) - v=0
for j € Z and i € Z,. Here y is a linear function over .

Theorem 2.5 [Rao 1993, Theorem 2.14]. Let V be a finite-dimensional irreducible
A(ll)-module. Then V is isomorphic to V (a) for some finite-dimensional irreducible
sly-modules Vi, ..., V, and a finite sequence a = (ay, . .., a,) of nonzero distinct
numbers.

This theorem and Lemma 2.4 implies another:

Theorem 2.6. Let my be an odd integer, and let V be a finite-dimensional ir-
reducible Lo-module. Then V is isomorphic to V(a, y), where Vi,...,V, are
finite-dimensional irreducible sly-modules, a = (a1, . . ., a,) is a finite sequence of
nonzero distinct numbers, and y is a linear function over .
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Remark 2.7. Let mj; be an odd integer, and let V (¢, ) be a finite-dimensional
irreducible Ly-modules defined as above. One can see that for any k € Z5,

n
(Z b,-q5(2"“)2'"22'"21t{;t@f“)mz) -(Vi®--®V,)=0 and

i=1

n
(Z biquzmzszItéZZimz) . (Vl R---Q Vv) =0

i=1
if and only if []/_,(x —ay) | C_F_; bix?).

Proposition 2.8. If V is an irreducible 7-graded L-module, then V is a general-
ized highest weight module or a uniformly bounded module.

Proof. Let V.= @,,.; Vin. We first prove that if there exists a Z-basis {by, b,}
of 7% and a homogeneous vector v # 0 such that té thoo = té th2 . = 0 for all
i € Z,, then V is a generalized highest weight module.

For A C 72, we denote by 14 the set {t* | a € A).

By assumption, one can deduce that téth‘Jrsz -0 =0 forall i € Z,. Thus for
the Z-basis {m| = 3b + by, m> = 2b, + b,} of Z*> we have té tLemitZimay, — () for
all i € Z,, so that V meets the definition of generalized highest weight module.

We can prove our proposition. Suppose that V is not a generalized highest
weight module. For any m € Z, consider the maps

tgt_m"’1+m2 Vi > Vo, forT My sV,
(O mmmitma oy L Gemmitm oy Gy
Since {—mm +my, (1 — m)m; + m,} is a Z-base of 72, one can check that
ker (0 ~mmitme (ke (O (=mymitma (y gap g Ly=mmitma oy gep ¢ 1, (1=mymitma _ oy

Therefore dim V,,, <2 dim Vy+2dim V;. So V is a uniformly bounded module. []

3. The highest weight irreducible Z-graded L-modules

In this section, V is a finite-dimensional irreducible Lg-module; V becomes a
(Lo + Ly)-module if we put Lo = 0 for all v € V. Then we obtain an induced
L-module

M*(V,my,my)=Ind} ,, V=U(L)Quytr) VULV,

where U (L) is the universal enveloping algebra of L. If we set V to be the
homogeneous subspace of M*(V, m|, m,) with degree 0, then M*(V, m;, m;)
becomes a Z-graded L-module in a natural way. Obviously, M T(V,my, m;) has a
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unique maximal proper submodule J that trivially intersects with V. So we obtain
an irreducible Z-graded highest weight L-module

MYV, my,my)=M"(V,m,my)/J.

We can write it as M (V, my, m;) = @ieL V_;, where V_; is the homogeneous
subspace of degree —i. Since L_ is generated by L_;, and L is generated by L,
we see by the construction of M+ (V, my, m,) that

(3-1) L \WV_;=V_;_ forallieZ,,
and for a homogeneous vector v € V; withi <0,
(3-2) Li-o=0 1implies o =0.

Similarly, V gives rise to an irreducible lowest weight Z-graded L-module
M=—(V,m, my).

If my; € Z is even, then L is a Heisenberg Lie algebra by Lemma 2.4. It is
well known from the representation theory of this algebra that V must be a one-
dimensional module Cog, and there is a linear function y over L such that

l‘(i)l‘jm2 c0) = l,U(l‘(i)l‘jmz) -vg and l,U(m21CI +mapcy) =0 forallieZ,, jel.

In this case, we denote the corresponding highest and lowest weight irreducible
Z-graded L-modules by M (w, my, m>) and M~ (y, m, m,), respectively.

If my; is an odd integer, then by Theorem 2.6, V must be isomorphic to V (a, y),
and we denote the corresponding highest and lowest weight irreducible Z-graded
L-modules by M (a, y, my, m;) and M~ (a, v, m{, m5), respectively.

The L-modules Mt (w, m, my) and M (a, w, m|, my) are quasifinite only for
certain a and y, which we shall now determine.

For later use, we obtain from the definition of L the equations

(3-3) [l‘(; th—kmz’ t6t—m|+smztimz] :qi(—m12+smzz)m2| [l‘é tm|+km2’ tgt_m|+(s+i)mz]
— q*ml1m12*km11m22+sm12m21+ksm21m22(_l)r(m11+km21)
. ((1 — (_1)(j+r)mll+(k"+js+ji)m21q(k+s+i)a)t({Jrrt(k—O—s)mztimz
—(k 2
+ Ok+5+,00 4,09 (es)omaima2 (| ko) ey + (mn + kmx)ca)),
and
(3-4) [fé tkmztimz’ t6 t—mH—jmz] — qkimzzmzl [t6 t(k+i)m2’ t6 t—m1+jm2]
— qkm22(7m11+jm21)(_l)(rk+ri)ln21 (qfia . (_l)sm11+(rk+ri+sj)m21qka)
r+s ,—m+(k+j)my im;
S rantt 1",

Here o = miimoy — mipmo| € {:El},
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Lemma 3.1. Let mo; be an even integer. Then M*(y, my, my) € Oz if and only if
there exists a polynomial P(t™) = >""_, a;t'™ e C[t™] with apa, # 0 such that
forkeZand j € 75,

. , . 5
(3-5) w(tg "™ P("™) — (= 1)/ g"*15 1™ P(q*1™) + 6, ga_rg """ B) =0,
where oo = myymoy —miayma) € {1} and p =myc1 +myaca, and where ap =0 if
k&{0,1,...,n}.

Proof. Since m»| is an even integer and mjmyy —mipmy; € {£1}, we see my; is
an odd integer.

We first prove the forward implication. Since dim V_; < oo, there exist an
integer s and a polynomial P (1™?) = Z?:o a;t'™ e C[t™] with apa, # 0 such
that )

1t~ p (M2 . o = 0.
Applying t({ tmi+km for any k € Z and j € Z, to this equation, we have
n
0 = g fmitkm:. tgt"”1+s'”2P(t’"2) g = Z[t({ pmtkme airg’z—mlﬂmzﬂ'mz] - 0.
i=0
Thus, by (3-3), we have

n

. ) . ) B ,

O=wy (Z a; ((1 — (_])Jq(k-i-s-i-l)a)té t(k-i—s)mzttmz + §k+s+i,05j,()q (k+s) mﬂmnﬁ))
i=0

— l//(té t(k+s)m2P(tm2) _ (_1)jq(k+s)at({ l,(k—i—s)mzp(qatmz)
+ a_k_séj’(_)q*(k+3)2m21m22ﬁ).
This proves necessity.
We next prove sufficiency.
Claim 1. For any s € Z, there is a polynomial Py (™) =", _, a, ;#'™ € C[t"™]
such that, for all r € Z, and k € Z,
(l‘6 tkm2 Ps (tmz) _ (—l)quat6 tkmz Ps (qatmz) + 5r’(_)as,—kq_k2m21m22:8) . V—s — 0’
t =R P (™) V_ = 0.
We prove the claim by induction on s. For s = 0, the first equation holds with
Py(t™2) = P(t™2), where P is as in the proof of necessity, and by (3-2), the second
equation proved by proceeding as in the forward direction.
Now suppose the claim holds for s. For s + 1, the equations in the claim are
equivalent, forall r € Z, and k € Z, to
(15 Q™) — (1) 1§ Q(q"1™) + 8, 5agf) - V-5 =0,
(3-6) prmTkm g2y Ly =0
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for any Q(t™2) € C[t*™2] with Ps(t™2) | Q(t™2), where ag is the constant term

of Q(t™2).
Let Pgy(t™2) = Py(q*t™2) Py (t™2) Py (¢~ “t™2). Then we have

Ps(tmz) | Ps—i-l(tmz), Ps(tmz) | Ps+1(qatm2)s Ps(tmz) | Ps+1(qiatm2)-
For any p,r € Z, and j, k € Z, by induction and (3-4), we have
(15 ™2 Py (t™) — (1) "t "™ Py 1 (g1™) + 5r,()as+1,—kq7k2m21m22ﬂ>
. té)t_ml“l‘ij . V—S
= (354 Pyt (1) — (—1) 1 157 Py (g%1™)
+ 5r,(')as+1,—kq_kzmﬂmzzﬂ, t(g)t_ml-i_jmz) : V—s
= TR (D (P (g7 ) = 2(= 1) M P (07
+ g% P (g“1™))) - Vo
=0.
Thus, by (3-1) and (3-2), we obtain
G-7) (51" Py (") — (1) ¢ 15 " Py (%)
+ 5,,5as+1,—k617k2m21m22,3) -V_s_1=0.

This proves the first equation in the claim for i = s+ 1.
Using (3-3), (3-6) and induction, we deduce for any [, k, j € Zand n,r, p € Z,
that
I —m 4k - '
[g fmHmy '[6t mi+ msz+1(tm2) . [é’[ mi+jm; V_,
— [t(’)’ tm1+lm2, t6t_”’1+k'"2 Py+1(tm2)] .,é’t—m1+jm2 Vg
T Py (172) g M Ty
— (_l)rq—m11m12+km12m21—lm11m22+lkm21m22
(rg e p () — (1) g D me p (g
—(I+k)?
+as+1,fsz5,+n,()q (I+k) m21m22ﬂ) -V
=0,
since 7} fmitHim: gy mmtim . y_ e V_;. Hence by (3-2),
t6t_m‘+k'”2Ps+1(t”’2) . z‘(‘;’t—m‘Jrj'"2 -V_y=0 forallr,peZ,andk, jeZ.

Thus, by (3-1), #; t~mtkma po L (#™2) - V_g_ =0, which implies the second equa-
tion in the claim for i = s + 1. Therefore the claim follows by induction.
From the second equation of the claim and (3-1), we see that

dimV_g;_; <2deg(Pyy1(t™))-dimV; forallseZ,,
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where deg means “degree of”. Hence M (y, m{, m»>) € 0.
The statement for M~ (y, m, m») is proved similarly. O

Theorem 3.2. Let my; be an even integer. Then M*(y, m, m») € Oz if and only
if there exist

0 0 D o) ) ) 0 0 :
iy by, b b b, by by b, b e T

forjeZyanday,...,o, € C" such that for anyi € 7* and j € 7,
r K (). i
=1 ( 10 bt’jk)lk)az
1- (—l)qu)q(l/Z)izmzlmzz ’
A ()] (0) (0)
w(B)=byy +byy +---+Dby,
l//(tito) = l(b(l)+b(1)—|----—H)m) and (ma1c1 +mocy) =0
0 7010 20 r0)> yma1Cy 2202 )

w(ig 1) =

where o = myymyy —mymyy € {1} and f = myic1 +myzcs.

Proof. We first prove necessity. Let fj; = w((1 — (—l)jqi“)q%i2m2‘m22tgti'”z) for
J€Zyandi e Z*. Alsolet fo.0=w(f) and fi o= 1//(2té t%). By Lemma 3.1 there

exist complex numbers ag, a1, . . . , a, with apa, # 0 such that
" 1
2
(3-8) D aig 2 0 =0 forallk € Zand j € Z,.
i=0
Let b, = aiq_(1/2)i2m21’”22. Suppose a1, ..., a, are distinct roots of the equation

Z?:o bix" = 0 with respective multiplicities s; + 1, ..., s, + 1. By a well-known
combinatorial formula, we see that for j € Z, there exist

() B () G () :
by by by b b b e

such that f;; =>,_ 1( o b%gi k)a é, for all i € Z. The equations of the theorem
follow.
We now prove sufficiency. For j € Z, and i € Z*, set

Q) =[x —a)™' = bix' eClx],
i=1 i=1

Fii= (1= (=1) g'*)g/mam y f im),

and set fo o=y (f) and f1 0= 21//(t(} t%). Then with b; and g, related as before, we
deduce that (3-8) holds. Thus (3-5) holds for P(t™2) =", a;t"™. Sufficiency
now follows by using Lemma 3.1. O
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Lemma 3.3. If m» is an odd integer, then M (a, w, m|, m>) € Oy if and only if
there exists a polynomial P(t™2) =>""_ a;t?™ e C[t™] with aga, # 0 such that
forany k € Z and v € Vj,

(3_9) (tgt2km2 P(tmz) _ qZkathkaz P(qatMQ) + a_kq74k2m217i122ﬂ) 0= 0’

(3-10) 101 @Dma p may ) — 0,k Dma pagmay gy — ),
(3-11) thekma p 2y Ly = gl gk p(gepmy .y =0,
where ap =0ifk ¢{0, 1, ...,n},and a =myimy—mipymy and f=myjci+miacs.

Proof. First necessity. Since Vj is a finite-dimensional irreducible Lo-module, we
have Vo = V(a, y) as Lo-modules by Theorem 2.6. Since # = (151%™ | k € Z)
is an abelian Lie subalgebra of Ly, we can choose a common eigenvector vg € Vj
of #. First we prove the following claim.

Claim 2. There is a polynomial P (:™2) =>" 0 a;t*™ with a,ay # 0 such that

=
(t((;)llkmz Q(tmz) _ qZkat((;)Ikaz Q(qatmz) + aQ,B) ‘g =
(tthkmz Q(tmz) . (_1)m11q2katgt2km2 Q(qatmz)) S0 =
(tgt(2k+1)m2 0(t™) — q(2k+1)at((;)t(2k+1)m2 Q(qatmz)) 0g =

(3_12) (tgt(Zk-i-l)mz Q(th) _ (—1)mllq(2k+1)atgt(2k+l)m2 Q(qatmz) 0

for all k € Z and Q(1™2) € C[tT2™2] with P.(¢™2) | Q (™), where a is the constant
term of 2™ Q (1™2).

To prove the claim, since dim V_; < 0o, there exist an integer s and a polynomial
P.(t™) =31, a;t*'™> ¢ C[t"™2] with aga, # 0 such that

(3-13) tdmT2m p(¢m2) o = 0.
Applying t8tm1+2k'”2 for any k € Z to the above equation, we have
0= t(())tm1+2km2 . t(())tfm1+2sm2 Pe(tmz) -0
n — -
— Zai [tgtm'+2km2, quﬂm(—m12+2smzz)t(())t—m1+2(S+i)m2] o
=0
— qfm11m1272km22m11+25m12m21+4k5m21mzz
0,2(k-+s 2(s+k)a ;0,2 (k+s
. (Zol ( +v)m2Pe(tm2) —q (s+ )atot ¢ +v)m2Pe(qatm2)

+ a_k_sq—4(k+s)2m21m22ﬁ) - 0p.



MODULES FOR THE CORE OF EXTENDED AFFINE LIE ALGEBRAS OF TYPE A; 157

Now applying tgtmlﬂk’"z for any k € Z to (3-13), we have

0= l’(} tm1+2km2 . l,(())t—m1+2Sm2 Pe(tmz) - 00
— Z?:()ai [[(% tm1+2km2, q2im21(—m12+2sm22)t(())t—m1+2(s+i)m2] -0
:q—ml1m12—2km22m11+2sm1211121+4ksm21mzz
. (t&tZ(k—FS)mz Pe(tmz) _ (_l)m“qZ(S-i-k)at&tZ(k-ﬁ-S)mz Pe(q(xtmz)) - 00.

By applying tgtm1+(2k+1)'”2 and tgt'"”r@k“)’”2 to (3-13) one respectively gets that

0= t8tm1+(2k+1)m2 ,t(())t—m|+2smz Pe(1™) - v
— q—m11m12—(2k+1)m11m22+2sm12m21+2s(2k+l)m21m22

) (t(()_)t(2k+2s+l)mzpe(tm2) - q(2k+2s+1)a t(()_)t(2k+25+1)m2 Pe(qatmz)) 0o,

0 — tétml+(2k+l)m2 . (t8t7m1+25m2 Pe(th)) - g
:q—ml1m12—(2k+1)m11m22+2sm12m21+2s(2k+l)m21m22
X (tét(2k+2s+l)m2 Pe(tmz) _ (_1)m11q(2k+2s+1)at(())t(2k+2s+l)mz Pe(q(xtmg)) - 00.

So we obtain the four equations of Claim 2.

On the other hand, we can choose an integer s and a polynomial P, (1"?) =
> pait¥™ e C[t™] with aga, # 0 such that ¢{=m+Gs+thmz p (gm2) .5 = 0,
since dim V_; < oco. Thus by a calculation similar to the proof of Claim 2, we can
deduce the following claim.

Claim 3. There is a polynomial P,(t"2) =", a;t*™> with a,ay # 0 such that

(t((;)Ikaz Q(tmz) _ q2kat((;)t2km2 Q(qatmz) +aQﬁ) ‘g =
(tétZk”Q Q(tmz) _ (_1)m11+1q2k0{t(;t2km2 Q(qath)) S0g =

(t((;)t(Zk—i-l)mz Q(tmz) _ q(2k+l)at((;)t(2k+l)m2 Q(qatmz) o

(3_14) (tgt(2k+l)m2 Q(tmz) . (_1)m11+1q(2k+1)(xtgt(2k+1)m2 Q(qatmz)) g =

for all k € Z and Q (™) € C[t*2™2] with P, (™) | Q(¢™2), where ao is the constant
term of 2™ Q (1™2).

Let P (™) =>""_ a;t*™2 be the product of Po(t™2) and Pe(t™2). We see that
both (3-12) and (3-14) hold for P(¢™?). Thus one can directly deduce that both
(3-9) and (3-11) hold for P(#™2) and v € Vp. Since vy is an eigenvector of t&, we
have o

0 =1} - gt FkFDm2 p(pm2y .y

— [fg, tg[(Zk-H)mzP(tmz)] S0 = 2tgt(2k+1)'”21)(;'"2) 00,
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and o
0 =14 - rdt@kFDm2 pgogmy
— [;g, tgt@k“)mp(q%m)] v = 2t§t(2"“)’”2P(q“tm2) .00,
which implies (3-10) for P (#™2) and vo.
From the definition of Lg, one easily deduces that if (3-9)—(3-11) hold for any
v € V, then they also hold for 75 tkm> .y for all Vs € Z/27 and k € Z. This completes

the proof of necessity since Vj is an irreducible Ly-module.
Now sufficiency.

Claim 4. For any s € Z, there is a polynomial P, (:"2)=>)" as’jﬂj”’2 € C[t?™]

such that for all r € Z, and k € Z,

jeZ

(tg[2km2 P, (tmz) _ q2kat((;)[2km2 P, (qatmz) 4 aS,—kq_4k2m21m22ﬂ) Vo, =0,
(04t ma p (pmay gl gkma p oy y ),
tormitkmap may =0,
We prove this claim by induction on s. By assumption and the definition of the
Lo-module Vj, the claim holds for s = 0 with Py(¢+™2) = P(+™?). Suppose it holds

for s, and consider it for s + 1.
The equations in the claim are equivalent, for all r € Z, and k € Z, to

(3-15) (10(™) — 10 0(g"1™) +agf) - V_y =0,
QORI Q) v = i Q™) V., =0,
Mk g2y Y=

for any Q(t™) e C[t¥>™] with P;(t™) | Q(t™*), where aop is the constant term
of Q(t™2).

Let P51 (#™2) = Ps(g*t™2) Py (t™2) Ps(g~*t™2). For any p,r € Z; and j, k€ Z,
using induction and (3-15) we have

0 a2
(t(())Ikaz Pv—‘,—l (tmz) _ qZkat(())l,kaz Ps—‘,—] (qatmz) 4 541, kq 4k m21m22ﬁ).
té?t—ml-‘rjmz . st
— [[(())Ikaz Pg+1(tm2) _ qZka[(())Ikaz RY+1(qatm2)
k2 _ i
+ag41.1q k mamn g té)t m1+jm2] -V
— 2kmy(—mi1+jmar)
=q
: (fgfmlJr(Zkﬂ)mz (Pyri(g™ ™) — 27 Py (™) + g™ Py (q*t"™))) - V_y,

which is equal to zero. Thus, by (3-1), we obtain that

0,2 2ka 0,2 —4k?
(l‘(())t kmy Ps+1(tm2) —q kal‘(())l kmy Ps+1(qatm2) +asi1,-1q k mzlmzzﬂ) -V_s_1=0.
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Similarly, one can prove that for all k € Z
Q1@ Ly (1M2) . Vg = g P (1) Vo =0,

This proves the first two equations of the claim for s + 1.

Using the two equations just above and induction, we deduce that forany [, k € Z
and n,r € Z,,
g "M MR P (1) Vo
— [tg gmimy t6t_m‘+km2 Ps+l(tm2)] Voo

+ l‘6t_m1+km2 Ps+1 (tmz) . t(r)z tm1+lm2 . V—s—]

— (_ l)r(m11+lm21)q—m11m12+km12m21 —Imyimy+lkmyymay

. (t(r)l+rl,(l+k)m2 Ps-‘rl (tmz) _ (_ 1)(n+r)m11+nk+rlq(k+l)a t(r)l+rl,(l+k)m2 PH_1 (qatmz)

_(l+k)2m21m22ﬁ) .V

+ @541,i Ok+1421,00, 4, 59 —s—1,

which is equal to zero. Hence, by (3-2),
tgt—m1+kmzps+1(tm2) Vo1 = 0

for all r € Z, and k € Z, which implies the third equation in the claim for s + 1.
Therefore the claim follows by induction.
From the third equation of the claim and (3-1), we see that

dim V_;_; <2deg(Py1(t™*))-dimV; forallseZ,,

Hence M+ (V (a, w), m|, my) € Oz. a

Theorem 3.4. Let my| be an odd integer. Then M™(a, w, m, my) € Oy if and
only if there exist by, b1y, ..., blsn byo, bo1, . . ., bgsz, e b, br, e, brs, e C,
and ay, ..., o, € C* such that foranyi € 7* and j € 7,
ZZ:l(Zi;o bfkik)aé

(1 _ q2ia)q2i2m21m22 ’
w(B)=bio+bx+---+bo, and y(mac+mpc)=0,

p (10r*™) =

where oo = m1moy —moymiy € {£1}.
Proof. First necessity. Let f; = w((1 — qu“)quz’"z'm22tgt2i'”2) for i € Z* and
let fo = w(f). By Lemma 3.3, there exist complex numbers ag, a1, . . ., a, with
aoa, # 0 such that "7 a,»q_Z"ZmZ'm22 fx+i =0 for all k € Z. Thus, by using the
techniques of the proof of Theorem 3.2, we deduce necessity.
Now sufficiency. Set
r % Vv

0 = ([T =) ([T =ap) ([T —*a) = S b,
i=1

i=1 j=1 j=1



160 LIN WEIQIANG AND SU YUCAI

and f; = w((1 — qzja)q2i2”12'm22tgt2i”’2) for all i € Z*. Set fy = w(f). Then one
can easily verify that

(3-16) S bifisi =0 forallk €Z.

Meanwhile, we have (H‘j’-zl(x —aj)) | x*Q(x) and (H;=1(x —aj)) | x*Q(g**x)
for any k € Z, which implies for all s € Z; that

n
(3_17) Z biq%(2i+2k+l)2mz2m21t8 t(2i+2k+l)m2 . VO — 0,
i=1

n
(3-18) Z biquaq%(2i+2k+l)2m22mz|tg £ Qi+2k+Dmy Vo=0
i=1

and, by Remark 2.7,
n -
(3_19) Z biqZ(i+k)2m22ln21 t(}tZ(i-i-k)mz . VO — 0’
i=1

n
(3_20) Z biquaq2(i+k)2m22m21t(%t2(i+k)mZ . VO =0.
i=1

Let b, = gHmumnp. for 0 < i < n and P(x) = > bix'. By (3-16) and the
construction of V (a, y), we have

0 0 2
(t8t2km2P(t2m2) _ Zk(xt(())tkaQP( 2at2m2) + b/_kq—4k m21m22ﬁ) . VO

_ —2k ma1my (Z bi(1— 2(k+i)a)q2(k+i)2m22m21 t(()_)tZ(k+i)m2 + bkﬂ) -Vo

_ q—2k2m21m22 Z b fr+i- Vo =0,
i=1

which implies (3-9). Similarly, we have, for any k € Z,

n
58 t(2k+l)m2P(t211l2) . VO — Z biq(2i2+4ki+2i)m21mz2t8t(2k+2i+1)}n2 X VO
i=1
n
—2k2—2k—1 Z biq%(2k+2i+l)2m21m22t5t(2k+2i+1)m2 Vo

i=1
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and

n
. ) . . i .
tét(Zk—H)mzP(qlathQ) . VO — 2 biq21a+(21 +4kl+21)m21m22t6 t(2k+21+1)m2 . VO

i=1

n
_ q—2k2—2k—% Zbiq2iaq%(2k+2i+1)2m21m22t8t(2k+2i+1)m2 Vo
i=1
which then vanish by (3-17) and (3-18), respectively. Now one can easily deduce
the equations tol g 2hem2 P(t?™2).Vy=0and téz‘z"""2 P(q**t?™).Vy=0 by using (3-19)
and (3-20), respectively. Therefore (3-9)—(3-11) hold for P (#?™2) = >"1_, bjt* ™2
Thus M ™ (a, v, m, m;) € Oz by Lemma 3.3. a
Remark 3.5. A linear function y over L of the form described in Theorem 3.2 is

called an exp-polynomial function over Lg; a linear function y over & of the form
described in Theorem 3.4 is called an exp-polynomial function over «.

4. Classification of generalized highest weight
irreducible Z-graded L-modules

Lemma 4.1. Suppose V is a nontrivial irreducible generalized highest weight
Z-graded L-module corresponding to a Z-basis B = {by, b>} of 7>.

(1) For any v € V, there is some p € N such that tét””b‘Jr’"zb2 -0 = 0 for all
mi,my>pandi € 7.

(2) Foranynonzerov €V, my,mp > 0andi € Z,, we have tét‘mlbl_mzbz -0 £0.
Proof. Assume that vg is a generalized highest weight vector corresponding to the
Z-basis B = {by, b>} of 7>.

(1) By the irreducibility of V and the Poincaré—Birkhoff—Witt theorem, there
exists a u € U (L) such that v = u - vg, where u is a linear combination of elements
of the form

Uy, = (t(])ﬂ l,i|b1+j|b2) . (tgzti2b|+j12b2) . (l,(’;ntinb|+jnb2)’
where - denotes the product in U(L). Thus, we may assume u = u,,. Take
p1=_zi3+1 and P2=—st+1-
iy <0 Jjs<0

By induction on n, one gets that t(/)‘t"b'ﬂb2 -v=0forany k € Z,,i > p; and j > p»,
which gives the result with p = max{p;, p»}.

(2) Suppose there is a nonzero v € V, ani € Z, and m, my > 0 such that
t(’;t""ll’l_’"zb2 -0 =0. Let p be as in the proof of (1). Then for all j € Z,,

téf_m‘bl_m2b2 t({tb1+p(m|b|+m2b2) t({tb2+P(m]bl+m2b2)
b 2
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act trivially on v. These elements generate the Lie algebra L. So V is a trivial
module, a contradiction. O

Lemma 4.2. [fV € Oz is a generalized highest weight L-module corresponding to
the Z-basis B = {by, by} of 7%, then V must be a highest or lowest weight module.

Proof. Suppose V is a generalized highest weight module corresponding to the
Z-basis {b; = b;ym| + bjama, by = byym; + byymy} of 72 By shifting the index
of V; if necessary, we can suppose the highest degree of V is 0. Let a = b1 + by
and (V) ={m € Z | V,, # 0}. We may assume a # 0: In fact, if « = 0, we can
choose b} = 3b; + b, and b, = 2b; + b,. Then V is a generalized highest weight
Z-graded module corresponding to the Z-basis {b}, b5} of 7?%. Replacing b; and
b, by b} and b), gives a # 0.
Now we prove that V is a highest weight module if a > 0. Let

di={jeZ|i+ajep(V) forall0<i<a.

Then there is m; € Z such that Ad; ={j € Z| j <m;} or d; = Z by Lemma 4.1(2).
Set b = by + b,. We want to prove d; # Z for all 0 <i < a. Otherwise, by

shifting the index of «; if necessary, we may assume sy = Z. Thus we can choose

anonzero v; € Vy; for any j € Z. By Lemma 4.1(1), there is a p,; > 0 with

(4-1) to 101 TP2 =0 forall sy, 52> p,, and k € Z,.
Choose {k; e N| j € N} and Ok; € Vak; such that
4-2) kj+1 > kj +kaj + 2.

If we can prove that {tgt_k!'b vk; | j € N} C Vp is a set of linearly independent
vectors, then we will have a contradiction that proves the desired result.

Indeed, for any r € N, there exists a, € N such that tg lard v, =0forall x > a,
by Lemma 4.1(1). On the other hand, we know that tg t¥+b1 p . #£ 0 for any

x < —1 by Lemma 4.1(2). Thus we can choose s, > —2 such that
@-3) ey 20 and 0P g =0 forall x > 5.

By (4-2) we have k, +s, —k; > Puy, for all 1 < j < r. Hence by (4-1) we know
that forall 1 < j <r,

0,k +s,)b+by  0,—k;b
tot(r Sr) 1.1‘()[ J .ij

— [tgt(kr+5r)b+bl , l,(())t—kjb] . ij

= g Rt Blptbi)+h) B +02,) (1 _qkj(b’lzb’zlfb’llbéz))tgt(kr+srfkj)b+b1 g,
J

=0,
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where
b\ = bimiy +biymyy, biy =bumiz +bioma,
b5y = byimy; + bpmay, b5y = byimyp + baymas.
Now by (4-2) and (4-3), one gets

0,k +s,)b+b;  0,—k.b
t()t( +s5)b+b1 t()t 'Dk,

_ [,0,(ke+s,)b+by ,0,—k.b
=[5t gt o,

= q_k'((kr+Sr)(b/12+h,22)+h,12)(b/11‘H’/zl)(1 — qkr(b/lzh/zl_b/llblzz))tgtsrb‘*'bl v, #0.

Henceif 37}, 2,10t ~*-v;, =0 then 4, = 4,1 =" - -=A; =0 by the arbitrariness
of r. So we see that the coefficients of 4; form a set of linearly independent vectors,
which contradicts that V € 0z. Therefore, for any 0 <i < a, there is a m; € Z such
that od; = {j € Z | j < m;}, which implies that V is a highest weight module since
P (V) =UiZ) shi.
Similarly, one can prove V is a lowest weight module if a < 0. 0
From Lemma 4.2 and the results in Section 3, we get our main theorem:

Theorem 4.3. V is a quasifinite irreducible 7-graded L-module if and only if one
of the following statements hold:

(1) V is a uniformly bounded module.

(2) If myy is an even integer, then there exists an exp-polynomial function y over
Lo such that

VEMY(y,mi,my) or VEM (y,m,m).

(3) If myy is an odd integer, then there exist an exp-polynomial function y over A,
a finite sequence of nonzero distinct numbers a = (ay, . . ., a,) and some finite-
dimensional irreducible sly-modules V1, ..., V, such that

VEMY(a,y,m,my) or VZEM (a,y,m,m).

Corollary 4.4. If'V is a quasifinite irreducible Z-graded L-module with nontrivial
center, then one of the following statements must hold:

(1) If myy is an even integer, then there exists an exp-polynomial function y over
Lo such that

VEMT(y,mi,my) or VEM (y,mi,m).

(2) If myy is an odd integer, then there exist an exp-polynomial function y over A,
a finite sequence of nonzero distinct numbers a = (ay, . . ., a,) and some finite-
dimensional irreducible sl, modules Vi, ..., V, such that

VEM*(a,y,m,my) or VEM (a,y, m,m).
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Proof. By Theorem 4.3, we only need to show that V' is not a uniformly bounded
module. From the definition of the Lie algebra L, we see that

Wi = (0™ mijcy +mincy |k €Z¥) fori=1,2

are Heisenberg Lie algebras. Now mjjc; + mpycp; must be zero since V is a
quasifinite irreducible Z-graded L-module. Thus, by assumption, we have that
miicy + mipcr # 0 since {m, m;} is a Z-basis of 7?. Therefore, V is not a
uniformly bounded module by a well-known result from the representation theory
of the Heisenberg Lie algebra. U

Theorem 4.5. The modules M+ (y, my, my) and M~ (a, v, my, my) are uniformly
bounded only when they are trivial.

Proof. Set V=M"(y,m;,my) or V=M"(a, y, m, my), and suppose V is not
trivial. Also set V = ®kel+ V_i. By nontriviality, there exist vy € Vp, k € Z* and
| € Z, such that £5 ™2 - vy # 0. Thus

totml t(l)t—mri-kmz S0 = [t(())[ml , t([)t_ml+km2]1)0

— ((_l)lmllquZ(_ml]+km2l) M11(—m12+kmzz))t(l)tkm2 .0

-4 0>
which is nonzero; this implies that ¢ Lpmmitkmy vo #0.

Next, we prove that if 0 #v_,, € V_,, then to ™™ . v_,, # 0. Suppose t Og—m1
v_m = 0 for some 0 # v_,, € V_,,. From the construction of V, we know that
N LpmDmim: als0 act trivially on v_,, for any [ € Z,. Since L is generated by the
set {tO B 7S LymtDmitmy |1 — (1}, we see V is a trivial module, a contradiction.

Set

&gn = {(fgl_m')j . t(l)t(—n—i-j)ml-i-kmz - Do | 0 5] < n} C V—n forall n e N.

Now we prove that &, is a linearly independent set of vectors. If
> aj ey pmhms

then for any 0 <i <n — 1 we have

n—1
0= qn(n—i)m|1m12—k(n—i)m12m21 [g)t(n—i)ml . Z’lj(tgt_m])j . t(l)t(—n-‘rj)mﬁ-kmz 0o

Jj=0

i
— Z /Ijqj(n_i)mllmlz((_1)1(”_i)m11 _ qk(n—i)a)(tgt—ml)j ,t(l)t(j—i)mri-kmz - 00,
=0
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where oo = myjmyy —miymoy; this implies 1o =---=4,_1 = 0. Hence #,, is a set

of linear independent vectors in V_,, and thus dim V_,, > n. Since n was arbitrary,

V is not a uniformly bounded module. U
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