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We obtain weighted Sobolev interpolation inequalities on generalized John
domains that include John domains (bounded or unbounded) for §-doubling
measures satisfying a weighted Poincaré inequality. These measures in-
clude ones arising from power weights d(x, d2)* and need not be dou-
bling. As an application, we extend the Sobolev interpolation inequalities
obtained by Caffarelli, Kohn and Nirenberg. We extend these inequal-
ities to product spaces and give some applications on products 2; x 2,
of John domains for A,(R" x R™) weights and power weights of the type
w(x, y) = dist(x, G1)* dist(y, G»)?, where G, C 99 and G, C 3R,. For
certain cases, we obtain sharp conditions.

1. Introduction

Sobolev interpolation inequalities are useful tools in the study of solutions of cer-
tain partial differential equations; see [Caffarelli et al. 1982; Gutiérrez and Whee-
den 1990; Fernandes 1991; Chua 1992]. These inequalities are indeed closely
related to the Sobolev inequalities

(P1) If = feullysy = ABIY fllLr s

on a ball B C R", where f3, = fB f(x)du/u(B) and in most cases ¢ = 1 or
M= w, and
A(B) =C|B|""w(B)10(B)~V/7.
There are many studies of such inequalities, for example, [Chanillo and Whee-
den 1985; Sawyer and Wheeden 1992; Chiarenza and Frasca 1985], and they have
been extended to domains other than cubes or balls, for example, in [Kufner 1985;

Bojarski 1988; Iwaniec and Nolder 1985; Chua 1993; Hajtasz and Koskela 1998;
Buckley and Koskela 1995]. Estimates of sharp constants have also been made
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in [Chua and Wheeden 2000; 2006; Acosta and Duran 2004] on convex domains.
They have also been used to deduce Sobolev interpolation inequalities of the form

. k 1-a
(P2) ||Vlf||L?U(W) f CHf”(iZO(IRH)”v f”Lf(lR”)’

(P3) IV fllg@ < CCill fllg @) (Creg ' £l @ + C2AIVE fll o)

l—a

for0<i <k—1and 0 < a < 1 by Caffarelli, Kohn and Nirenberg [1984], Gutiérrez
and Wheeden [1991], and Chua [1994]. The inequality (P2) was also obtained by
Brown and Hinton [1988; 1990] for some domains Q in R”. Moreover, the author
[Chua 1992; 2006] discussed (P2) and (P3) on (g, co) domains (as introduced by
Jones [1981]). Of course one cannot replace R" in (P2) by bounded domains Q; in
that case (P3) seems to be a natural substitute of (P2). Indeed, Brown and Hinton
discussed mostly the weighted interpolation inequalities in sum form, namely,

(A1) 1V Fllg@ < Cre~ NNy @ + Cae ™IV  fll () forall & € (0, &),

where 0 < o < 1. They were obtained from a basic Sobolev integral representation
formula (in R"). It is easy to see that (P2) or (P3) is indeed equivalent to (1-1) with
g9 = 00 or gy < oo respectively; see Remark 1.8(4) below.

It is well known that weighted Sobolev inequalities on cubes/balls imply that the
inequalities will also hold on John domains [Chua 1993; Chua and Wheeden 2008;
Hajtasz and Koskela 1998] under standard balance conditions on the weights; see
also Theorem 2.11. However, even though it is well known that Sobolev inter-
polation (weighted or unweighted) inequalities hold for cubes, these inequalities
have not been well studied on general domains. Indeed, it was only made known
in [Chua 1995] that such inequalities remain true for Lipschitz domains when the
weights involved satisfy some standard balance conditions, as they were shown to
be special cases of a Boman-type domain introduced there.

In this paper, we will first define a generalization of John domains that clearly
contains John domains. Surprisingly, it turns out that these generalized domains are
equivalent to the domains introduced in [Chua 1995, Definition 1.2], and hence it is
clear that the weighted Sobolev inequalities obtained in [Chua 1995] also hold on
generalized John domains. Our generalized John domains include John domains
and hence also Lipschitz domains; see Definition 1.2. Moreover, we will relax
the standard doubling condition to just J-doubling (see Definition 1.4). Note that
power-type weights d (-, Q°)“ for a > 0 will induce a J-doubling measure on € (but
we do not know whether it is doubling unless € is Lipschitz). We then extend our
ideas to generalized John domains in product spaces. Meanwhile, as an application,
we will discuss a Sobolev interpolation inequality that is an extension of the one
obtained by Caffarelli, Kohn and Nirenberg [1984] and Lin [1986].
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In what follows, (H, d) will always be a metric space. For any x € H and r > 0,
recall that the metric balls are of the form B(x,r) ={y € H : d(x, y) < r} and
call B(x, r) the ball with center x and radius r. If B = B(x,r) is a ball and ¢
is a positive constant, we often use ¢B to denote B(x, cr). We usually use r(B)
and xp to denote the radius and center of a ball B. We say Q C H satisfies the
nonempty annuli property if (QN B(x,r))\ B(x,r’) # @ forall 0 < r’ < r and
x € Q whenever Q is not a subset of B(x,r’). The domains considered in this
paper will always satisfy the nonempty annuli property. We say a family % of balls
has bounded intercepts with bound K if each fixed ball in & intersects at most K
balls in &. Thus, if & consists of disjoint balls, then it has bounded intercepts with
bound 1. If & has bounded intercepts with bound K, then & = UlK: | Fi such that
balls in each %; are pairwise disjoint.

For E, F C H, we define

d(E, F)= inf d(zi,z2).

z1€E

22€F
If x e H F C H, we define d(x, F) = d({x}, F). For a fixed Q C H (here
Q is usually open) and when there is no danger of confusion, we will also write
d(x) =d(x,Q° and d(E) = d(E, Q) for x € Q and E C Q. We also write
diam(Q) = sup{d(x, y) : x, y € Q}.

Let o, N > 1. Recall that a Boman domain € in a metric space (H, d) has a

covering W of balls such that

(1) oW = {0 B}gew has bounded intercepts and ¢ B C Q;

(2) there exists a central ball B* € W such that for any other ball B € W, there
exists a Boman chain connecting B to B*, that is, a finite chain of balls

{Bo=B, By, ..., By = B*} C W such that, for all i,
* B;N B;y contains a ball B such that B; U B; | C NoB; for some Ny > 1
and
e« BC NB;.

We will write Q € ¥, (o, N), and sometimes we just write %(o, N) when the choice
of the metric is clear. We say W is a Boman cover of Q2 and define r (QQ) =r(B*). To
reduce the number of constants involved, we will assume that No = N and that o B
for any B € W intersects at most N balls in the family ¢ W ={o B} pcw. Among the
many examples of Boman domains in R” are bounded Lipschitz domains, bounded
(¢, 00) domains, and John domains; see [Bojarski 1988; Iwaniec and Nolder 1985;
Chua 1992; 1995].
Now, let us define John domains in a metric space.

Definition 1.1. Let Q C H and 0 < ¢ <1 (here c is usually < 1). We write Q € J(c)
if there exists a “center” x’ € Q such that for all x € Q with x # x’, there exists a
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map vy : [0, ] — Q such that y(0) = x and y(/) = x’ and such that

(1-2) d(y(t1), 7)) <|t2—t;| and d(y(t)) =d(y(t), Q) > ct

forall #1, 5, ¢t € [0, 1].

Clearly Q is always open connected. We will usually say Q is a John domain
or a J(c) domain. Though our definition may look different from the usual one
[Martio and Sarvas 1979], it is essentially the same; see also [Acosta et al. 2006].

Under the assumption of the existence of a doubling measure, it is easy to see that
a John domain (using a Whitney-type decomposition) is a Boman domain such that
each Boman chain of balls {By, By, ..., Bx = B*} can be chosen such that r (B;) >
C cf)r(Bo) for some fixed cg > 1 forall i. The converse is not obvious at all. It wasn’t
until 1995 that it was shown — by Buckley, Koskela and Lu [1996] — that a Boman
domain is indeed a John domain when the domain satisfies a geodesic condition.
We say that Q C H satisfies the geodesic condition if, for any z € B(x,r) C Q,
there exists a y : [0, d(x, z)] = B(x, r) such that

d(y(tl)a V(IZ)) = |tl - t2| for all I, e [09 d(xa Z)]

Clearly, the metric balls that satisfy the geodesic condition are J(1) domains. In
most cases, domains considered in this paper will satisfy the geodesic condition.
We will now define a generalization of John domains.

Definition 1.2. Let 0 < ¢ <1 and 0 < My < oo. We write Q € J(c, Mp) if, given
any z € Qand 0 < M < My with d(z, Q) < M, there exists y : [0, ] — Q such
that y(0) =z and d(y (), Q°) > M and such that

1-3) d(y(t), 7)) <|n—n] and d(y(1)) =d(y(t), Q) > ct

for t, 11, € [0,!]. Of course, one can choose / such that d(y(l)) = M. We will
say Q is a generalized John domain or J (¢, My) domain.

Our generalized John domains include John domains and the unbounded John
domains introduced in [Viisdld 1989]; see also [Hurri-Syrjdanen 1992]. It also in-
cludes uniform domains introduced in [Martio and Sarvas 1979]. We do not require
a J (¢, Mp) domain to be connected; however, each of its connected component will
be in J(c, My).

Examples (unbounded generalized John domains in R?). (1) Let xx = (k, 0)e R?
fork e Z. Then Qn = Uz oy B, 1427 K71 e J (1, 1) for 1 < N < o0,
Qn € J(cy) for any positive number N, and cy — 0 as N — oco.

(2) Let r > 0 and let Q be a convex domain in the Euclidean ball B(0, r). Then

S ={(x1,x) e R\ Q: |x1| <3r}e J(1,r).
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See Proposition 2.24 for more examples.

Definition 1.3. Suppose Q is an open subset of H and that 0 < J < 1. A ball
B(x, r) will be called a J-ball if x € Q and r < dd(x). It is easy to see that then
d(B) =d(B, Q) > (1 —90)r. If B; and B, are intersecting d-balls, then (by the
triangle inequality)

(1-4) d(By) < (1+2/(1—9))d(B2)
and vice versa.

The concept of J-ball has been introduced before; see for example [Sawyer and
Wheeden 2006]. Balls in a Boman covering of a domain Q € %(o, N) are clearly
o-balls with 1/ <d < 1.

We next define d-doubling and doubling on Q (usually open).

Definition 1.4. Let Q C H. We say u is a doubling measure on € if there exists
a doubling constant D, such that

w(2*B) < (D,)*u(B) forallk eN

for any ball with center in Q such that r(B) < diam(Q). If the above is true for
all balls in H, we will just say u is doubling. Moreover, if 0 < J < 1 and the
above is true only for J-balls B in Q, then we will say u is 0-doubling on Q. Note
that if 0 < J; < &, < 1, then u is d;-doubling if and only if it is d»-doubling.
Clearly, if u is d-doubling on Q then so is u|q, where u|o(E) = u(ENQ). Itis
obvious that a doubling measure on Q is always d-doubling on Q. Conversely, a
0-doubling measure on a John domain is also doubling on € since any ball with
center in Q with radius less than diam(£2) must contain a d-ball of comparable
size; see [Chua and Wheeden 2008, Proposition 2.2] or [Chua and Wheeden 2009]
for details. Furthermore, if Q C H; x H,, where (H;, d) and (H,, d>) are metric
spaces, we say that u is a product d-doubling measure on Q in H; x H; if

1(2¥By x 2¥By)) < (D) u(By x By) forallk e N

for any product of balls By x B, C H; x H, (that is, B; is a metric ball in H;
fori =1, 2) such that By /dx B,/ C Q. We define product doubling on €2 similarly.

If Q satisfies the nonempty annuli property, then d-doubling or doubling on Q
will imply reverse doubling (of the same type on Q); see Proposition 2.8. If u is
doubling on H and Qy C Q¢ it is easy to see that any weight d(x, Q)% will give
rise to a d-doubling measure uq(E) = [, d(x, Qo)*dp(x) on Q for any a > 0.
It is clear that if u; is 6-doubling on Q; C H; fori = 1,2, then u; x uy will be
product d-doubling on Q| x Q, in H| x H,.

Most of the weights or measures studied in the previous papers were assumed
to be at least doubling (on the whole space). In this paper we will relax these
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assumptions and consider merely J-doubling measures on the domain involved.
With the help of metrics d; (see Definition 1.9), we also manage to generalize our
idea to study Sobolev interpolation inequalities on product spaces.

In what follows, C denotes various positive constants, which may differ even in a
same string of estimates. We will use C(a, f, .. .) instead of C to emphasize when
the constant depends only on a, 8, .... Also, p’ = p/(p—1)if 1 < p < 00 and
p' =ocoif p=1. Next, for any open set Q C R", we let C{;Cl (Q) be the collection of
all functions on Q whose derivatives of degree < k exist and are locally Lipschitz
continuous. If f € CIOO’C1 (Q) and Q C R" x R™, then for any (x,y) € R* x R™
such that (x, y) € Q, we denote by V, f(x, y) and V, f(x, y) the partial gradients
of f containing the x- and y-derivatives, respectively. If f € Cltcl (Q), we denote
by V2 f(x,y) the vector of all second order x-derivatives and by Vi f(x,y) the
vector of all y-derivatives of the x-derivatives of f.

If w is a measure on Q C H, we define for 1 < p < 00

1/p
g = ([ 1£7aw) " and 1 £ 1 = esssupl £ o).
Q xeQ

By a weight w, we always mean a nonnegative measurable function that is finite
almost everywhere. We will also denote the measure arising from w by w, and
sometimes we write dw instead of w(x)dx.

We now extend the Boman-type domain introduced in [Chua 1995] to metric
spaces.

Definition 1.5. Let 1 <o, N < oo and 0 < gy < 0o. Let Q be a subset in a metric
space (H, d). By Q e F,(c, N, &), we mean that given any 0 < & < &, there exist
{Q;} C F4(o, N) such that ¢ < r(Q;) < Ne forall j, and yo <>’ xao;, < N xa.

When there is no danger of confusion, we will write % (o, N, &o) instead of
0}; (o, N, &9). We will show that these domains are just generalized John domains
when the domain satisfies the geodesic condition; see Proposition 2.21. Our first
theorem, extends [Chua 1995, Theorems 1.3 and 1.4] to the case of J-doubling
measures on the above domains in metric spaces.

Theorem 1.6. Let Q be a subset in a metric space (H,d). Let A’, Ag> 0, a, B€R
and o, N > 1. Let0 < gg <00, Qe F(0,N,e0) and1 < p,r <q < 0. Let
0=1/c and 1 <17 < 0. Let v,v9, w, it be measures such that w is o-doubling
on Q and dvy = vod u. Let

—1

w(B)l/q ”50

u(B)

for all §-balls B with r(B) < Ne.

(1-5) iy oy < Aor (B)
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(a) If f and g are measurable functions on Q for a > 0, such that

1-6) 1S — Foull g < Ar(BY I8l Ly,
for all 6-balls B with r(B) < N’¢,

where fp = [z fdu/u(B), then
) 1f ) < COV. Dure @) (Aos ™11 Fllig, @ + A'e” I8l 1)
forall ¢ € (0, &).

(b) Let k e N. Suppose H =R" and d is a metric arising from a norm. Suppose U
is also 0-doubling on Q. For any f € Cloc (Q), | <k and 6-ball B, let P'(B) f
be the polynomial of degree <l such that fB D'(f — P/(B) f)du =0 for all
[yl <L Ifi <kfori eNU{0}, k—i+a >0,

w(BYV4
%”JC - Pk(B)f”LL(B) < A/r(B)k+a“Vk—’_lf”l,,])}(‘[B)’

(1-9) I1f = P (B) fll o,y < ArB) V" fll o em)

(1-8)

or all 0-balls B withr(B) < N*¢p and all f € ck! (Q), then
loc

(1-10) |V’ fll 9@ < C(N,n,k, Dy, Dy, q)
x (Aoe™ "N flly @ + A UV £l )

foralle € (0,&9) and all f € CloC (Q).

As most applications involve the Sobolev inequality (P1), we will prove a useful
corollary of Theorem 1.6.

Corollary 1.7. Let Q C R". Leta,p € R, A’, Ag,c1 > 0and o, N > 1. Let i
and k be nonnegative integers withi <k. Let 0 < gy <00, Q € F (o, N, &) and
1<p,r<qg<oo. Letd=1/o. Let v,v9, w, u be measures such that w, u, v
are 0- doubling on Q and dvg = dod u. For all §-balls B with r(B) < N%¢ and all
fe c (Q) suppose

loc

(1-11) I1f = ol < ArBY IV fllLrs)
r(B)
(1-12) (B) Lf = foaullym) < WHW”M(B)-

If, for all 6-balls B with r(B) < N2gyandk —i+a >0,

w(B)
(1-13) u(B)
ciw(B)9v(B)"/Pr(B) < A'r(B)",

~—1 _
1" iy sy < Aor(B) 7.
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then, for all ¢ € (0, g0) and all [ € ck. (Q)

loc
(1-14) IV fll g < C(N.n,k, Dy, Dy, Dy, p,q)

x (Aoe™ N flly @ + A& UV Fll )
Remark 1.8. (1) [Chua 1995, Theorems 1.3 and 1.4] are indeed special cases of

Theorem 1.6 with H = R", g = |V f| and w a doubling weight. It was further
assumed in [Chua 1995, Theorem 1.4], that 4 =1 and i = k.

(2) (1-8) and (1-9) seem to be arbitrary. However, they are usually true under
standard assumptions. For example, suppose

(1-15) w(B)90(B)~"?r(B) < Cr(B)*,
1 Cr(B)
(1-16) Wﬂf — fBullLe gy < W||Vf||L5(B)

for all f € C!(Q) and d-balls B. If v and w are d-doubling (on Q), then (1-8)
and (1-9) will hold with ¢ = w. To see this, first observe that

||f_fB,w||Lg)(B) <If- fB,y ”LZ;(B) + ||fB,,u - fB,w”L?U(B) <2If - fB,y ”qu(B)'

Hence by Holder’s inequality, we have

r(B)
(B) If = fBwliy ) < o (BYP IVl )
We can now apply Proposition 2.15 with 4 = w to obtain
(1-17) 1f = fo.wllirmy < CrBIY fllLr s

for all f € CIOO’C1 (Q) and o-balls B. Taking x4 = w and letting P¥(B) f be as in
Theorem 1.6, we have by iterations of (1-17)

IV(f = PEBY ) oy < CrBY IV Fllr s

Hence,
PX(B B \% P*(B
w(B)”f (B)fllLy 8y < o(BYP IV(f = P*(B) H)llLr s
C k+1
< %nvk“fnm).

The inequality (1-8) is now clear with 4 = w and 7 = 1 by (1-15). Finally, (1-9)
is also clear by (1-15), (1-16) and (1-17).
(3) In the theorem and corollary above, we have chosen d = 1/0 for convenience:

0 could be any constant such that 0 < ¢ < 1. Clearly the theorem above remains
true if 0 > 1/0. However, in case 0 < 1/¢, we will need Corollary 2.12.
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(4) Interpolation inequalities of sum form such as (1-10), (1-14) or (1-7) are usu-
ally equivalent to interpolation inequalities of product form. For example, when
a, p > 0, inequality (1-7) is equivalent to

(1-18) 11 £ 1290 < C(Aoll fllg @)+
x (A'llgll Lz + Aosy” I fllzy @)/ @HP).

00

Here is a short proof: Clearly, by the fact that arithmetic mean is larger than
geometric mean, we know the right hand side of (1-18) is less than

C(e™ Aol f 1z, +“ (A8l Lp @) + Aogy” 11 £ llg, @)

00

=C(* +sgﬁ)A0||f||L;O(Q) +Ce*A'llgll 1p -

Inequality (1-7) is now clear since ¢ € (0, &9) and f > 0. Conversely, if (1-7) holds,
its right side is less than

C (e Aol fllig, @ +&“ (Aligll L) + Aogg” I flliy, @))-

)

Inequality (1-18) is now clear by taking

( Aol fllzy @) )1/(“*/“
& = .
Alglpi@ + Aogg” N f iy, @

which is possible since the above choice of ¢ is certainly less than gp. Note that
if Qe ¥ (o, N, ), then Q € F (o, N, &) for all &g > 0, and one could just let
&9 — o0 in (1-18) to obtain (as C is independent of &)

(1-19) 171129, = C(Aoll £llg @) “ (A gl @) “HP.

Indeed, it can also be obtained directly from (1-7) if we assume (1-7) holds for
all ¢ € (0, 00). Note that the equivalence of (1-7) and (1-19) is well known when
&p = 00; see for example [Brown and Hinton 1990] or [Brown and Hinton 1988].

(5) Let u, v and w be d-doubling on Q C R". Let Q € F (o, N, &9), 0 <a <1
and 1 < p < g < oo. Suppose the normalized Sobolev inequality

(1-20) If = fB.ullLg

w

3 = Cw(B) 0 (B)"rB)IV fllLs s

holds for all d-balls B with r(B) < N%ey and f € Cp:! (Q).
If v € A,(u) on all d-balls in Q, that is, dv = 0d u and

1
n(B)
for all 5-balls B in Q, then

(1-21) IV fllpn ) < Crle““ N fll g + eIV F o)

v

o(B)P |51 <C,

Ly (B)
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for all functions f € C:!(Q) and ¢ € (0, &) if and only if

(1-22) w(B)1u(B)~VP < Cor(B)~*+D* for all §-balls B with r(B) < N2e&.
To see that the above is true, first note that by (1-20) and (1-22), we have (1-11)

with « =1 — (k+ 1)a +i. By Proposition 2.15, (1-20) implies

(1-23) 1f = follrs < CrBIV £l e

for all 6-balls B with r(B) < N2y and f € C2! (Q). By the fact that v € A, (u),
(1-22) and (1-23), we have (1-12). Thus, in view of Corollary 1.7, we only need
to show why the condition (1-22) is necessary. To this end, for simplicity, let us
consider only metrics such that metric balls are cubes. For any J-cube Q, there
exists a polynomial P of degree > k41 such that D*P =0 on 0Q for all |a| <k.
Let f = xoP. Then f € ck (Q) First by (1-21), we have

loc
IV fllzg @ = Culf gy @0 I g+ IVE Flp)”
< LA Ity o TS 1 p gy + IV F 1 5 )-
Hence,
IV P50y < Cro(@) " PIPI )
x (60" 0@ PPN ) +0(Q IV Pllfg)-

However, by Proposition 2.6 (Markov’s inequality) and the fact that D* P = 0 on
0Q for all |a| <k, we have

VP o0y < Cr(Q) I Pl 1)
Cr(Q) IPllL=0) < IV P|lL(0).-
But by (2-2), we have

IV PllLe(g) < IV Pll 3 0)-

_C
w(Q)/e

Hence

w(@)"4r(Q)™ = Co(@) "7 (65" ()P +0(Q)Pr(Q)¢HY).
Inequality (1-22) is now clear since r(Q) < N 2g0.

Let us now define a Boman-type domain in product spaces.

Definition 1.9. Let (H{, d;) and (H>, d») be metric spaces. For each 1 = (11, 1)
with A1, 42 > 0, we will define a metric on H; x H, by

dy((x,y), (u,v)) =max{d(x,u)/ A1, d2(y,v)/A2}
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for any (u, v), (x, y) € H; x H,. Clearly d, defines a metric on H; x H. Note that
metric balls (with respect to d;) are just products of balls I x J C H; x H,, with
r(D)/r(J)Y=A1/A. Let QC Hy x Hy. Wesay Qe F (o, N, 1, €2, HH x Hy) if Q e
?;ﬁ (o, N, 1) forall A =(Ay, A;) such that 0 < A; <¢; fori =1, 2. In another words,
for such A; and 1,, there exists {Q;} C g4, (o, N) such that yo < " x9; < Nxa
and 1 <7y, (Q;) < N.

In particular, when H; x Hy = R" x R™, we will define

d;((x,y), (u,v)) =max{|x; —u;|/A1,|y; —vjl/A2: 1 <i<n,1<j<m}

for any (u,v), (x,y) € R® x R". Clearly, now d; arises from a norm. Note that
now the metric balls (with respect to d,) are just parallelepipeds I x J C R"* x R™,
(that is, I and J are cubes in R" and R™ respectively) with r(I)/r(J) = A1/ A>.

In this paper, we will work on these domains, which include products of gener-
alized John domains. Indeed, if Q; € ¥ (o, N, ¢;) and Q; C H; for i = 1, 2, then
Q) x Q € F(o,N', Cey, Cep, H X Hy); see Propositions 2.21 and 2.23. Our
main theorem is about weighted interpolation inequalities on such domains.

Theorem 1.10. Let (H,, d) and (H>, d>) be metric spaces. Let 0 < a;, b; <1 such
thata;+b; <1 fori=0,1,2. Let Ag, A1, A2 >0. Let1 <o, N <00, 0 <&, 60 <00
and Qe F (o, N, &1, €2, H X Hy). Suppose 1 <rg,r1,1rp<q <o00. Letd=1/c. Let
I, 0o, V1, 02 be measures, let dvg = vod ut, let w be a product d-doubling measure
on Qin H; x Hy, and let

Ao(R) = w(R)4 1 (R)™ 15" Il /by
(a) If f, g1 and gr are measurable functions on Q such that
1-24)  f = frallzgiry < ARIFDI 1 oy + A2R)F(D g2l 12 oy
(1-25) Ai(R) < Air(D)~%r(N)™P fori=0,1,2,

for all products R =1 x J C Hy x Hy of balls I and J such that c R C Q with
r(I) < N?¢j and r(J) < N*¢,, then

(1-26) ”f”LZ)(Q) <C(q, Dy, N,0)
—an A —b, —ar o — _ _
x (Aod "2, 0||f||L,ﬁ%(Q) +A1/1} @43 by ||g1||L;'] @ +A22] uzg; b2||82||L;%(Q))

forall 2; € (0, &) fori =1,2.

(b) Suppose also that H) x Hy = R" x R™, that u is a product 6-doubling measure
on QinR" xR™, and that dyu =du xdu,, where y and po are measures on R"
and R™, respectively. Assume

(1-27) & — &1, ||LL1(1) = CZ’"(I)HVg”L}”(I) where c3 > 1
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for all cubes I C R" and g € C%'(I), that is, g is Lipschitz continuous on I. If the
inequalities (1-25),

(1-28) If = FroullLgry < right side,

w(R)\/4

1-29
(129 u(R)

lf— fR,ﬂIIL/ll(R) < right side,
where
right side = Ay (R)r(I)||fo||L;11 (R) + AZ(R)r(‘])”Vyf“L%(R)’

forall f e c! (Q) and parallelepipeds R =1 x J C R" x R™ such that 6 R C Q,

loc

with r(I) < N?gy and r(J) < N?e, then
(1_30) ”fo”LZ)(Q)SC(mana Dsz/nNaan-)
xea (A1 "IV f

—ay 5 1-b —l—ao ) —b
—i—Azll az/lz 2||nyf||L;22(Q)+AO/11 “012 O“f”L,r)%(Q))

forall1; € (0,¢;),i=1,2,and f € ch! (Q). Of course, a similar inequality holds

loc
Jor IIVy fll (), in which the roles of x and y are interchanged under similar

assumptions.

Remark 1.11. (1) If ap = a, =0, then || f|,¢ q) is independent of [|gi]|, @
w l)]
in (1-26).

(2) If by = by =0, then ”f”Lz)(Q) and ”v)Cf”L?U(Q) are independent of ||g2||L£zz(Q)
and ||nyf||L£§ Q) respectively (in (1-26) and (1-30)).

(3) Again, (1-26) or (1-30) are equivalent to interpolation inequalities of product
form when a; =a and b; = b fori =0, 1, 2; for example, (1-26) is equivalent to

(131 11y < CAlLF Il @) ™7 (Aoer 1 Il ) + Atlg1 1 )
_ b
x (Aoey £ 1120 ) + A2llg2ll 2 )

To see this, note that by the fact that geometric mean is less than arithmetic mean,
the right side of the above is less than

C(A7 23" Aol Fll oy + 41227 (Aoe 1 Il o ) + Atll81 121 ()
+ 27 (Aoey 1 o o+ A2llg2ll 2 @)
= C((A“2, 2+ 21705 e + a7 2y e D Aol Flln @)

+ A5 ALIg L o) + AT Ay Adllgall L )
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It is now easy to see that (1-26) holds. Conversely, it suffices to see that (when
a; =a, b; =b fori =0, 1, 2) the right side of (1-26) is less than the above. Then
(1-31) can then be obtained with

Aoll fllzro 1/2
A :( - Lo (©) ) fori=1,2.
&; AO”f”L;%(Q) +Ai||gi||L£ii(Q)

(4) If either &1 = 00 or & = 00, all we need to do is to let &, — 0o or €3 — 0
in (1-31).

5) Ifa;=a, bj=b, A; =Ap, vi=vandr; =r fori =0, 1, 2, it is necessary
that
(1-32) w(R)90(R)™Y" < CAor()~r(J)"

in order for (1-26) to hold for all f € C{2! (Q) with g; = |V, f| and g2 = |V, f].
In fact, for any parallelepiped R = I x J C ¢ R C Q such that r(I) < N?¢; and
r(J) < N?¢&,, by choosing an appropriate function similar to Remark 1.8(5), we

have by (1-31) (using the fact that w is J-doubling),
w(R)4 < C(Ag(R)/")' =P (Age o (R)" + CAgr(1) "o (R)/")"
x (Aoey 0 (R)" + CAor(J) "o (R)V7)"
1+ elr(l)_l)“(l +eor(J)7! )b

&1 &2
< CAwR)" r()™r(J)°,

= CAOU(R)I/’(

since g, (J)~! and &7 (I)~! > 1/N?. It is now clear that we have (1-32).

(6) Some necessary conditions for the Sobolev inequalities in product spaces have
been obtained in [Shi and Torchinsky 1993; Fefferman and Stein 1982; Lu and
Wheeden 1998; Chua 1999]; see also Proposition 2.16.

2. Preliminaries

First, let us state a useful lemma on polynomials. Its proof is a simple modification
of that of [Stromberg and Torchinsky 1989, Chapter 3, Lemma 7].

Lemma 2.1. Let Q be a closed convex set in R". If p is a polynomial of degree k
such that

M = |p(xo)| = max|p(x)|, xo € Q,
xeQ

then

M

% Jorall0 <t < 1/(2k)* and x € Q.

(2-1) [p(xo+1(x —x0)| =
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We will write Q%0 = {xo+1(x —x0) : 0 <1 < 1/(2k)*, x € Q}. Clearly, Q" C Q.

Remark 2.2. If d is a metric arising from a norm in R"” and Q = B(xy, r) with
X0 € 0B(xy, r), then

B(zo, k) C Q" where zg =

(2k) (2k)k @i &1~ %0)-

Note that B(x1, ) C B(zo, ((2(2k)* —1)/(2k)*)r) C 2(2k)* B(zo, r/(2k)").

It is now easy to prove the following proposition. From now on, in Euclidean
space, we will only be interested in those metrics arising from norms.

Proposition 2.3. Let k € N, py > 0 and a polynomial p of degree less than k. Let
B = B(x,r) be a norm ball in R". If u(B) < C,u(B') for any ball B' C B such
that B C 4(2k)XB’, then

C 1/po
(2-2) Ipllzes) < Zk(ﬂ(;)) IO

Proof. It suffices to see that if |p(xo)| = lIpllL=(B). X0 € B, then there exists
= B(x1,r) C B C2B(x1, r1) with xo € 0B’. By the previous remark, we know
it contains a ball By such that B’ C 2(2k)* By with |p| > | p(x0)|/2* on By.

Remark 2.4. It follows that if u is a J-doubling measure on €, p is a polynomial
of degree < k, and B is a J-ball, then

2k
2-3 o0 ,
(2-3) | pllLee(B) < (B) ||P||L 1 (B)

where C, is the constant in the previous proposition. Clearly, C,, depends only on
the doubling constant D, and k.

Also, we have the following simple property about polynomials.

Lemma 2.5 [Chua 1992, Theorem 2.2]. Let y > 0. Let B be a metric ball in
Euclidean space with the metric arising from a norm and let E be a (Lebesgue)
measurable set in B with | E |> vy | B |. If p is a polynomial of degree < k, then

| plleey=C |l p lL>(B),

where C depends only on y, k and the choice of norm. Moreover, if we consider
only metric of the form d, as in Definition 1.9, then indeed C is also independent
of 4= (41, 42).

Note that though [Chua 1992, Theorem 2.2] is only proved for cubes, it is easy
to see that the proof also works for norm balls. Moreover, if we consider only
metric of the form d, as in Definition 1.9, then indeed C is also independent of
A = (41, 42) as there is a simple one-to-one linear transformation between their
respective unit norm balls with center at the origin.
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Now, let us state Markov’s inequality; see for example [Bos and Milman 1993,
Theorem 1.1] and [Bos and Milman 1995].

Proposition 2.6. Let p be any polynomial in R" of degree less than k. Then
D% pllreco) < kzl"‘lr(Q)_“"| Ipllizeco)y forall cubes Q in R".

Our next theorem concerns the projection of functions into polynomials and is
just an extension of [Chua 2005, Proposition 2.4] to J-doubling measure.

Proposition 2.7. Let d be a metric arising from a norm on R*. Let 0 <0 < 1. For
any k € N, 6-ball B C Q C R" and J-doubling measure u on Q, there exists a
projection nlf (B):L /11 (B) = Pi—1 (space of polynomials of degree < k) such that

C(k,n, D,)
||71'15(B)f||L°°(B) =< ,UT)#”JC”L}‘(B).

Proof. First note that %;_; is a finite-dimensional vector space over R" and that

| g P1p2du defines an inner product on %;_;. There is an orthonormal basis
{01, 02, ..., 0m} C Pr_1 with respect to this inner product. Then | ¢; ||L%(B) =1
and

P@) =20 [ pOndn it p @i
i=1

We now define
T B0 =200 [ FOn0 for f < LB
i=1

Itis clear that ,f (B) is aprojection to P;_;. Next, by (2-3) and Holder’s inequality,
we have

k
C/z k 1/2
loill=e = gm0l ) = 2Cu/ n(B) 2.
It is now clear that
m ke \2
m2C,)
I7{ (B) fllLe(s) < ZH%||L°°(B)||€0i||L°°(B)||f||LL(B) = lu(—B;l”f”L/‘[(B)- O

i=1
The next theorem is slightly different from [Wheeden 1993, page 269].

Proposition 2.8. Let 0 < 0 < 1 and N > 1. Let Q C H such that Q satisfies
the nonempty annuli property. If u is a 0-doubling measure on Q, then there exist
C1, C2, Dy, Dy > O depending only on N and the doubling constant D, of u, such
that

(2-4) Ci(r(B)/r(B)”" < u(B)/u(B) < C2(r(B)/r(B))"
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for all 5-balls B and B such that B C NB. If i is doubling on Q, then (2-4)
will also hold for all balls B and B with centers in Q such that B C NB and
r(B), r(B) < diam(Q).

Proof. We will only prove the first part, that is, the case when u is J-doubling.
We use a simple modification of argument used in [Wheeden 1993]. Since the left
inequality follows immediately from standard argument, we will only show the
right one. We first show that there exists a f > 1 such that 4 (B) > fu(B/4) for
all §-balls B. Suppose x € Q and s > 0. Assume that B(x, 4s) is a J-ball. By the
nonempty annuli property, there exists y € Q such that 2s < d(x, y) < 3s. Thus if
z € B(y, 5), we have

25 <d(x,y) <d(x,z)+d(z,y) <d(x,z)+s.
Hence d(x, z) > s, and clearly B(y, s) N B(x, s) = &. Also, for z € B(y, s),
d(x,2) <d(x,y)+d(z,y) <3s+s =4ds.
Hence B(y, s) C B(x, 4s). Now, since u is a measure, we know
(2-5) #(B(x,4s)) = u(B(y, s)) + u(B(x, s))

since the two balls are disjoint and inside B(x, 4s). Also, B(x,4s) C B(y,7s).
Using the d-doubling property of x on €, we have

n(B(x,45)) < u(B(y,75)) < (D) u(B(y, 5)) = (1/mu(B(y, 5)).
Hence by (2-5), we have
1(B(x,4s)) = nu(B(x, 4s)) + n(B(x, s)).
Thus
n(B(x,49) = (1=~ u(B(x, ) = Bu(B(x,s)).
It is now easy to see that there exists D, > 0 such that

w(B(x,r))/u(B(x,7) < C@r/F)P? forr <7 and B(x,F) a 5-ball,

where C is an absolute constant. Suppose now B = B(x,r) C NB = B(y, NF)
and that B and B are both ¢-balls. Then B(y, (N + 1)7) D B(x, 7) and

#(B(y, 7)) /u(B(x,r)) = C(N, D) u(B(x, 7))/ u(B(x, 1)) = Ca(F/r)"=.
The first part of the proposition is now clear. U

Now, let us define the Hardy-Littlewood maximal function with respect to a
doubling measure w on a given set Q.
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Definition 2.9. Let Q C H and let f be a function on Q. We define

1
dw forxeQ,
5 o

where the supremum is taken over all balls B with center x.

ME f(x) = sup

By a proof similar to the one used for the usual Hardy-Littlewood maximal
function and the Vitali type covering lemma, it can be shown when w is doubling
on Q that

wlx €Q: M2 f(x) > 1} < (C(DW)/DI fll 1y forall >0,

On the other hand, it is obvious that ||le}f||Loo(g) < I fllL>~()- By a standard
interpolation argument, we see that

IME 1l @) < CDuw, PIfllpr if1<p<oo.

The next lemma is similar to [Chua 1993, Lemma 2.5] and is an extension of
[Iwaniec and Nolder 1985, Lemma 4] and [Bojarski 1988, Lemma 4.2].

Lemma 2.10. Let Q C H, and let w be a doubling measure on Q. Let { B, }q,c; be
an arbitrary family of balls with center in Q and with radius less than diam(Q). If
{ay}acr is a family of nonnegative real numbers, then for 1 < p < oo and N > 1,

we have
“ Z Qo XN B,
o

Sketch of the proof. We follow approach in [Chua 1993] (which in turn follows
the approach in [Iwaniec and Nolder 1985]); however, in the case 1 < p < 0o, we
now make use of lef instead of the usual weighted Hardy-Littlewood maximal
functions. The case p = 1 follows immediately from the fact that w is doubling
on Q; hence w(NB,) < C(N, D,)w(B,) since B, are balls with center in Q and
with radius less than diam(Q). (Il

<C(Dy,. p.N H .
L@ = ( ws P ) ;aa){Ba LD(©@)

Retracing the proof of [Chua 1993, Theorem 1.5] using Lemma 2.10, inequality
(2-3) and Lemma 2.5, we find that the following is true since d-doubling measures
on a John domain are also doubling on the domain [Chua and Wheeden 2008,
Proposition 2.2]; see also [Chua and Wheeden 2008, Theorem 2.9].

Theorem 2.11. Let o, N > 1, 1 < g <00, d=1/0 andk € N. Let Q C H.
Let Q € F(o, N), and let W be a corresponding Boman cover with center ball B*.
Let f be a function on Q, and let w be a d-doubling measure on Q with doubling
constant D,,. If there is a constant a(f, B) associated to any B € W, then

(2-6) I f —a(f, BN, ) < €, D, N)§V||f —a(f. By -
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In case the metric space is R" with any metric d arising from a norm and if there
is a polynomial P(f, B) of degree < k associated to any B € W, then

*\ 114 q
@7 If = P(f. By o < Cn.k,q, Dy, N, d) ;Vuf = P(f. B}y -
(S

If the metric d is of the form d;, as in Definition 1.9, then, just as in Lemma 2.5, the
constant above is independent of A = (41, 42).

Corollary 2.12. Let N, 7t > 1and0 <o < 1. Let Q C H, and let w be a d-doubling
measure on Q. Suppose Q satisfies the geodesic condition and the nonempty annuli
property. If  and g are measurable functions on Q such that

2-8)  Nf = Foulrym) = ABgLr 5
for all §-balls B with tB C Q and r(B) < N2&,

where A(B) < AA(B) for all 5-balls B and B with B C B, then
29 Nf = fBullie s < C(z.q, D) AAB)IIg Ly (5
for all §-balls B in Q withr(B) < N%g .

Proof. Any ball B C Qisa J(1) domain. Hence B € %(z, Ny) with some constant
No = C(7) > 1; see Proposition 2.21 and the remark after the proof.

For each J-ball B such that r(B) < N 2¢0, let W be a Boman cover of B. Then
we have by Theorem 2.11 that

q 1/q
1 = Faulizis = COu ) TS5 = F3,00y )

Bew
- q 1/q -
=C(ZA®elly ) = CDu e DAAB) gl
Bew
since ¢ > pand > x5 < Noxs. O

Next, a consequence of [Franchi et al. 2003, Theorems 1 and 2, Corollary 3]:

Proposition 2.13. Ler 1 < g <ooandcy > 1. Let 0 <6 < 1. Let Q C H,
and let Q satisfy the geodesic condition and the nonempty annuli property. Let f
be a measurable function defined on a J-ball By and let ‘a’ be a nonnegative set
function on all balls B in By. Let u and w be d-doubling measures on Q. Suppose
that for any metric ball B in By,

1

2-1
(2-10) u(B)

If— fB,,u”LL(B) <a(B)
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such that there exists 0 < 8 < 1 with

(2-11) D @By w(B))’ < (coa(Bo)!w(By))’

Be%
for any collection € of disjoint balls B in By. Then, for all t > 0,
(2-12) w{x € Bo: | f(x) = fBy,ul > 1} < C(Du, O)coa(Bo)!w(Bo)/1?.

If (2-10) and (2-11) hold with a(B) = b(B, f) for all f € § with'b’, and §
satisfies [Franchi et al. 2003, (H8)—(H13) on pages 524-525], then we also have
the strong-type inequality

(2-13) 1S = fooull 2 5y < C(Duy O)cob(Bo, f)  forall f €.
Remark 2.14. (1) By Proposition 2.8, u and w are reverse doubling (on J-balls).

(2) Similar theorems of this form have been discussed in [Hajtasz and Koskela
1998; 2000; Franchi et al. 1998; Chua 2001]. A more extensive discussion
can be found in [Chua and Wheeden 2008].

Proposition 2.15. Let 1 < p <ocoand Ag > 0. Let Q C H. Suppose Q satisfies the
geodesic condition and the nonempty annuli property. Let 0 <0 < 1. Let f and g
be measurable functions on Q. If u and v are 6-doubling measures on Q such that

1 r(B)
(B If = fBulle s < cOW Igllresy for all 5-balls B,
then

Q-14)  If = faullire < Cp, Dy)eor(B)lgll s for all -balls B.

Proof. First, since v is d-doubling on Q, by Proposition 2.8, there exist kK > 1 and
a constant C, both depending on p and D, such that

v(B) l_l/k r(B) ~ ~
(v(é)) >C(p, D)( @ )) for all J-balls B, B such that B C B.

Let a(B) = co(r(B)/v(B)l/p)||g||L11;(B). If 9 = 1/k and ¢ = kp, then for any
collection 6 of disjoint balls in the ball B, we have

> @B o(B) =D b (B)l —— g ||L,)(B)

Be€ Be%

< C(p, Dy)c} B)l —— legllwm

< C(p, Dv)coa(B)”v(B)” ".
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Since 0 < p < kp = g, it follows from Proposition 2.13 that

If = fBo.u ||Lzl))(B()) <C(p, Du)Cor(Bo)llglng’(B)- g
Next, we will prove some Sobolev inequalities on parallelepipeds.

Proposition 2.16. Suppose 1 <rj,ry <g <o0. Let0 <d <lando =1/9. Let w
be a product 6-doubling measure on Q CR"* xR™, and let v| and vy be nonnegative
weights on R, Let

Ai(Ry=w®)V o7 RITY fori=1,2.

L'i(R)

IfA (R)r(]) < AA; (R)r(I)forz =1, 2 forall parallelepzpeds R=IxJCR=
I x J CR" x R™ such that 6 R C Q and r(1)/r(I) = r(J)/r(J), then for all
parallelepipeds R = I x J C R" x R™ such that 6 R C Q and f € C®'(R),
2-15) Nf = frliLaw)
< COm,n, g, D)A(ALRI DIV F 1l 11 gy + AR DIV Fl 22 1)
where fr = [p f/IR].
In particular, if 1 <ry,ry, p <ocosuchthat1/p>1/ri—1/(m+n) fori=1,2,
then
(2-16) If — frllLr(r
< C(m,n, p) (r(DIRIVP=VNVe flln gy +r(DIRIVPTV2 9, fllnw)

holds for all f € C%'(R) and all parallelepipeds R = I x J C R" x R™.

Proof. This result is probably quite well known. However, as we are unable to find
a suitable reference, we will give a quick sketch here.

If R=1xJ CR"xR" is a parallelepiped, then, noting that » (/) and r(J) are
equal to half of the edge lengths of the cubes I and J, respectively, we have

If = frllLiry < v/nr(DI Ve flligry + Vmr (DIVy fll L1 (r):

see [Lu and Wheeden 1998, page 148] or [Chua and Wheeden 2006, Theorem 1.3].
Hence by Holder’s inequality, we have

@17) R|||f fRllLicry < Cm,m)(r(DAIR)w(R) IV fll 21 gy
+r(DARWR) NV 2 r)-

For any fixed parallelepiped Ry = Iy x Jyp C R" x R™ such that o Ry C Q, let
1(Jp)/1l(Ilp) = 5. Consider the metric d; with A = (1, #) as in Definition 1.9.
Let 6 be any collection of disjoint metric balls (with respect to d;) in Ry. Then
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r(J)/r(I)=r(Jy)/r(ly) = n forany R =1 x J € 6. Let r = max{ry, rp}. Check
that

1/r
(Z (R (r (DAL RV f 1l 11 gy +7 (D ARV £ (R))’w(R)’/‘I)
Re€
1/r

1/r
< (g(r(z)Al(R))r||vxf||’L;)ll ) +(ZR:(Z(J)Az(R))IIVyfIIVL% )

= A("(IO)AI(RO)”fo”L;II (RO)+r(J)A2(Ro)IIVyfIIL;ZZ(RO))-

Let
b(R, f) = w(R) ™V (r(DARIVx fll 71 gy + 7 (DALRIVy Fll 122 )

and § = CO’I(R). It then follows from Proposition 2.13 that (2-15) holds since
b(R, f) and C%'(R) satisfy [Franchi et al. 2003, (H8)—(H13)]. The constants
involved are independent of the ratio r(Iy)/r(Jp), since w is product d-doubling.
This proves the first part of the proposition.

Letg > 1 be such that 1/g =1/r —1/(m + n), where r = max{ry, r;}. Clearly
g > r. Let w=wv; =vy = 1. Itis then easy to check that A; (R)r(I) < A;(R)r(])
fori =1, 2 and for all paralleleplpeds R=1xJCR=1IxJCR"xR" such that
r(l)/ r(D)=r(J) / r(J). Holder’s inequality completes the proof, since ¢ > p. [

Remark 2.17. We are unsure whether the above can also be proved by using
[Franchi et al. 1998, Theorem 3.1] when w € A; see [Chua 1999, Theorem 2.4].
This is because the former’s proof only mentions that the constant is independent
of the ball and the function f, while we need our constant to be independent of
the ratio # of the parallelepiped.

The following proposition gives a simple extension of facts from [Sawyer and
Wheeden 1992, page 843], which concern the construction of a crude notion of
dyadic cubes in a metric space.

Proposition 2.18. Let (H, d) be a metric space. For each k € Z, there exists a
collection of balls {Bk B(x 3%)); in H such that

(1) foreachk, H=\J; B.k and every ball of radius 3" is inside at least one Bk'

(2) the balls Bk B(x 3%=1Y are disjoint in i for each k, that is, for every k,
nk Rk
B] N B; —@zfl # j;and
(3) if 0 < 0 < 1 and there exists a d-doubling measure on an open set Q C H,
then the subcollection of {B{‘ = B(xl(‘, 3%))i consisting of d-balls in Q has

bounded intercepts with bound depending only on the doubling constant of
the measure.
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Proof. For (1) and (2), see [Sawyer and Wheeden 1992, pages 843-844], where
these were proved for a homogeneous space (see also [Coifman and Weiss 1971]).
For a doubling measure, (3) is proved in [Sawyer and Wheeden 1992, page 844]
by using a standard volume argument; a similar argument works for a J-doubling
measure. O

Lemma 2.19. Let Q C H, 0 <0 < 1 and N > 1. Suppose there is a d-doubling
measure y on Q. If F = {B;} is a family of bounded (say K) intersecting o-balls
in Q such that l_lr(Bj) < r(B;) < Ar(Bj) for all B;, B; € & whenever the in-
tersection N B; N N Bj is nonempty. Then the family {N B;},c5 also has bounded
intercepts with bound C(4, N, D, )K, where D, is the doubling constant of .

Proof. Fix a ball By. First, NB; N N By # & will imply B; C C{By = C(4, N)By.
However, by standard volume arguments, there can be at most C, = C(4, N, D)
disjoint balls B; withr(B;) >r(Bo)/Ain C1 By since u(C1By) <C(4, N, D,)u(B;)
for all B; € C1By and B; € %. It is now easy to see that there are at most C, K
balls B; from & containing in CyBy. Thus, the family {N B;}p,c5 of balls must
have bounded intercepts. ([

Proposition 2.18 yields a special Whitney-type decomposition of an open set
in a metric space. Coifman and Weiss [1971] obtained a similar statement on
homogeneous space (assuming u is doubling instead of J-doubling).

Proposition 2.20. Let Q be an open set in a metric space (H, d) with a 5-doubling
measure p on Q. Let T > 1 and 0 < 6 < 1/7. Then Q has a covering of d-balls
W ={B,} such that

(@) r(B,) <dd(B,) < 32r(Ba);

(b) for every Tt > 1 that satisfies 16 < 1, there is a constant K , depending only on
t, 0 and the doubling constant D,,, such that each ball t B; intersects at most
K balls tBj; and

(¢c) the family of balls W= {B/3: B € W}isalso a cover of Q.

Proof. For each k € Z, there is a set of balls of radius 3* as in Proposition 2.18.
Let W be the collection of balls Bl.k =B (xf, 3%) such that

(2-18) 351 < 6d(BF) < 353,

For any x € Q, there exists a k' € Z such that 3 < dd(x) < 3**!. Let k =
k' — 2. By Proposition 2.18, there exists i such that B(x, 3*~1) C Bl.k = B(xf, 35).
Moreover,

d(Bf) <d(x) <3+ /5 =335,
d(B) > d(xF) — 3" > d(x) —d(x, x}) — 3k > 3¢+1 /9.
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Thus Bl." € W and it is clear that it covers Q.

Now let W ={B, = 3B, : B, € W}. Clearly B, are ¢-balls and (a) and (c) hold.

Next, we will show (b). By Proposition 2.18, Wy = {Ej ew: r(Bj) = 3K}
has bounded intercepts for each k. It then follows from Lemma 2.19 that the set
tWi ={3tB i =71B;j: B i € Wk} also has bounded intercepts. Finally, note that if
tBiNtB; # @ and B;, B; € W, then by (1-4) and (a), we have r(B;) ~ r(B;). It
is then easy to see that (b) holds. O

We can now show that any open set that satisfies the geodesic condition is a
Boman domain if and only if it is a John domain. Also, the notion of generalized
John domains is the same as the Boman-type domain introduced in Definition 1.5.

Proposition 2.21. Let 0 < 0 < 1. Let Q C H such that Q satisfies the geodesic
condition. Suppose u is a 6-doubling measure on Q. If Q € J(c) for 0 < c¢ < 1,
then there exist o, N > 1 such that Q € %(o, N), where N depends only on c
and D,. Conversely, if Q € F(o, N), then Q € J(c) with ¢ depending only on N
and D,. If Q € J(c, My) for My > 0, then Q € F (o, N, g9) with &y depending
only on My. Finally, if Q € F (o, N, &), then Q € J(c, My), where My = 4¢y and
c=C(N, D,).

Proof. The first part of the proof follows the proof in [Buckley et al. 1996]. First,
by Proposition 2.20, € has a Whitney-type decomposition W. For convenience,
we will take 6 = 1/2 in Proposition 2.20, though of course we could also choose
0 < 1/2. By Definition 1.3, we know for By, B, € W that if B; intersects B;, then
d(By) ~ d(By) and hence r(B;) ~ r(B3) by Proposition 2.20(a). If Q € J(c), it
is easy to see that this family W of d-balls provides a Boman covering of Q and
hence Q € ¥(o, N), with 0 =2 and N depending only on the doubling constant
D, and c. We will choose a ball that contains the center x’, the center ball B*.
Any Boman chain (connecting B to B*) can be just taken to be an appropriate
subfamily of balls (in W) along the curve connecting the center of B to x’ € B*
(this curve exists by the c-John condition). By balls along the curve, we mean balls
B € W such that B/3 intersects the curve.

Next, suppose Q € F (o, N) and Q satisfies the geodesic condition. Then, similar
to the proof in [Buckley et al. 1996], it suffices to find a number K such that if
{Bo, Bi, ..., By = B’} is a Boman chain with N > K, then there exists a B;
with r(Bj) > 2r(Byp). To find such a constant K, note that r(B;) > r(By)/N
because By C N B; and {B;} has bounded intercepts with bound depending on the
doubling constant. Suppose there are M disjoint balls B; with r(B;) < 2r(By) and
By C NB;. Then B; C C{(N)By. However, by J-doubling,

u(Bi) > C(N, D, )u(Bo) and u(C1(N)Bo) <C(N, D,)u(Bo).
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It is then clear that My < C(N, D), and hence K depends only on N and D,,.
Thus, by the argument of [Buckley et al. 1996], we know that Q € J(c) with xp«
the center of B* and ¢ depending only on D, and N. It is now easy to see that if
Qe F (o, N, &), then Q € J(c, My) with My = 4¢ and ¢ depending only on D,,
and N. Indeed, for any M < 4gp and d(z) < M with z € Q, we have z € Q; C Q
with Q; € #(o, N) and M /4 < r(Q;) < NM/4. We know from the above that
Q; € J(c) (here ¢ depends only on N and D,) with xp; the center of the center
ball B; of Q;. Hence d(xp;, Q?) =d(B;j, Q§)+r(BJ-) >4r(Bj) > M. Now, since
Q; € J(c) for all x € Q;, there exists y : [0,[] — Q; satisfying (1-2). It is then
clear that Q € J (¢, Mp) since d(y(t), Q) > d(y (1), Q;T).

Conversely, suppose Q € J (¢, My). For each M < M, we will show that Q can
be decomposed into union of bounded overlapping J(c/3) domains that contain
a center ball of size about M. Let us fix a set W of J-balls with 6 = 1/2 as in
Proposition 2.20. We will now consider two types of balls B € W withd(B) > M /2.

Type 1. Wy ={B € W :d(B) > 2M}. For any fixed ball B € W;, we will find a
finite number of disjoint balls {Q;(B)};c1(p) With center in B and of radius M /3,
such that B C |J3Q;(B). Such family of balls exists since there is a J-doubling
measure on Q. Each of these 3Q;(B) is a J-ball and the family {3Q;(B)} (for
each fixed B) has bounded intercepts by standard volume argument, since there
is a d-doubling measure on Q. Each of these balls 3Q;(B) is clearly a domain in
J (1) by the assumed geodesic condition.

Type2: Wy ={BeW:M/2<d(B)<2M}. Forany Be€ Wy and 0 <7 <c, let
Qp =Qp(7) be the set of y € Q such that there exists y : [0, /] > Q with y(0) =y
and y (/) = xp (the center of B) and such that

(2-19)  d(y(t1), () < |t — 12| and d(y(r)) > 7t forall, 71,2 €[0,1].

Since d(xp) <d(B)+r(B) < Cr(B), itis clear that Qp(r) C C(r)B. We will
now check that Qg = Qp(7) is a J(r) domain.

It is easy to see that Qp is open since Q satisfies the geodesic condition. Hence
it suffices to observe that if y satisfies (2-19), then I', C Qp, where

I'y={z:d(z,y(t)) <tt, 0=t <I}.

So suppose d(z, y (1)) =11 < tty. Since Q satisfies the geodesic condition, we can
define y, : [0,/ — (to — t1)] —> Q by

a geodesic with y,(0) =z and y,(t;) = y(tp) ift €0, 7],

ye(1) = {y(t-i-(l‘o—fl)) if 1 € 11,1 = (10 —11)].

It is easy to see that y, satisfies (2-19). We will now fix 7 = c/3.
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We will now show for any x € Q that either x € Qp(c/3) for some B € W,
or x € B with d(B) > M/2. Note that if d(x) > M and B € W contains x, then
d(B)+2r(B) > d(x) > M and hence d(B) > M /2. Thus, we only need to look at
those x € Q with d(x) < M. By definition, we know for any x € Q with d(x) < M,
there is a a curve y : [0, [] — Q connecting x to x’ that satisfies condition (2-19)
with 7 = c and d(x") = M. Let x’ € B with B € W. Then B € W,. It is clear that
x € Qp(c/3) if x’ = xp. If x" # xp, then, since Q satisfies the geodesic condition,
x’ can be connected to xp by a geodesic in the ball B. We can then extend y from
[0, ] to [0, + d(xp, x)] by attaching the geodesic on [I,[ + d(xp, x")]. Recall
that ¢l <d(y(l)) = M and r(B) <d(B)/2, and hence for ¢t € [I,] +d(xp, x')], we
have

d(y(t)) > d(B) = 2d(B) + 1d(B) > 1M + 1d(B) = c1(1 +2r(B)) = ict

since d(xp, x") <r(B). Thus, x € Qp(r) = Qp with 7 = ¢/3. Hence Q is a union
of domains in {Qp : B € W} and {3Q;(B):i € I(B), B W}

It is clear that Qp or 3Q;(B) has a center ball with radius more than CM and
less than C(c) M. Moreover, it follows from the first part that each of these domains
is in #(2, N), with N depending only on c.

Finally, it can be checked that they have bounded overlaps. First, let us show
that %, = {3Q;(B) :i € Ig, B € W;} has bounded intercepts. We will first check
that %90 ={Q;(B):i € Iz, B € W} has bounded intercepts. Let us fix a ball Q¢(B;)
in the family. Note that if Q;(B;) intersects Qo(B1), then 3Q¢(B1) D Q;(B;) and
%B ; will intersect %Bl. But, by Proposition 2.20(b), there are at most C, = C(D,,)
balls in {%B.,- : B € W;} that intersect %Bl. Moreover, for each fixed B; € Wy,
a ball Q¢(B;) intersects at most C3 = C(D,,) balls from {Qy(B;) : k € I(B})}
since they are disjoint balls in %B ; (again by the standard volume argument). It
is now clear that Qo(B) will intersect at most C,C3 = C(D,,) balls in the family
Fo=1{Q;i(B) :i € Ig, B € W;}. It then follows from Lemma 2.19 that %; has
bounded intercepts (with bound Ky = C(D,)).

Next, note that Qp C C4B = C(c)B. Hence if Qp, intersects Qp,, then C4 B>
intersects C4B;. Since the family W, has bounded intercepts, by Lemma 2.19, the
family &, = {C4B; : B; € W} also has bounded intercepts. Thus, any fixed Qp,
intersects at most K» = C(D,,, ¢) domains in {Qp,, B; € W>}.

To complete the proof, we need to show that any Qp, intersects a bounded
number of sets 3Q; (B;) and any 3Q(B,) intersects at most a bounded number of
sets Qp,. We will only prove the first part. By Lemma 2.19, it suffices to show that
the family {B;} U % has bounded intercepts since r(B1) ~ M and Qp, C C4B;.
Since ¥ is already known to have bounded intercepts, it suffices to show that B,
intersects at most a bounded number of balls from %,. But B; intersects B, in %
provided B, C CsB; = C(D,,) B;. Hence there can be at most C¢ = C(D,,) disjoint
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balls from %( in CsB; (again by the volume argument). Thus, B; can intersect at
most K1C¢ = C(D,,) balls from Fy. O

Remark 2.22. The above proof also shows that Q € J(¢) implies Q € (o, N) for
any o > 2 if we choose 0 = 1/0. However, N will then depend also on o.

We now show that products of generalized John domains are a special class of
generalized John domains.

Proposition 2.23. Let (H;, d;) be metric spaces fori = 1,2. Let 6, N > 1 and
0 < ée1,8 <00. Let Q; C H; such that Q; € ¥ (o, N, &;) fori = 1,2. If both Q;
satisfy the geodesic condition, then Q1 x Qp € ¥ (0, N, Cey, Cep, Hy x Hp).

Proof. By the previous proposition, it suffices to show that if Q; € J(c, ;) for
i = 1,2, then for any metric d, defined in Definition 1.9 with A = (11, 4,) and
0<4; <egj, wehave Q; xQj € J(c, 1) withrespect to d;. So let (x, x3) € Qq x Q.
Then since Q; € J(c, g;), there exist y; : [0, [;] — Q; for i = 1, 2 such that

di(yi(t),yi(s)) <|t —s| and d;(y;(t), Q) > ct fort,se][0,l;]

and d(y;(l;), Q) > A; for i = 1,2. Without loss of generality, we may assume
l]//ll < 12//12. Define

(f): [(yl(/llt)a VZ(/IZI)) iftfll/lla
(y11), y2(dat))  ifre€lli/A1, 12/ 22].

It is now easy to see that
d;(y(), y(s)) < |t —s| and d;(y (1), (Q1 x Q2)) > ct forallt,s €[0,1/12].
Moreover, it is clear that d; (v (l2/42)) > 1. O

Finally, let us show that if a point is removed from a generalized John domain,
then it is still a generalized John domain under an additional, mild assumption.

Proposition 2.24. Let z € Q C H and suppose Q € J(c, My), where 0 < ¢ < 1 and
0 < My < oo. Suppose Q satisfies the geodesic condition and the nonempty annuli
property. Suppose there exists a cq satisfying 0 < ¢y < 1 and the mild property that

e for any two points x1,xy € B(z,d(z)/2) C Q such that d(x1,z) < d(x2, z),
there exists n : [0,1'] — B(z,d(z)/2) such that d(5(t), z) is nondecreasing,
n(0)=x1, n(l') = x2, and

colh — ol <d(n(n), n(t2)) < |ty — 2| forallt, 1, €[0,1'].

Then Q\ {z} € J(cco/3, My/3).
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Proof. For convenience, let d(z) =inf{d (x, z) : x € Q°} =2¢. Suppose 0 < M < M.
Let us consider two cases.

Case (1): 2e > 2M /3. For any x € Q\ {z}, if x € B(z, ¢), we need only connect x to
any point of the boundary of B(z, ¢) using the assumed #. Note that the boundary of
B(z, €) is nonempty by the geodesic condition and the nonempty annuli property.
Thus, we may assume x € B(z, ¢) and we only need to consider the case d(x) <
M/3.

By definition, there exists y : [0, /] — Q such that y(0) =x and d(y(l)) = M,
and

d(y(t1),y(t2)) <Iti —t2| and d(y(t)) > ct forallt,t,1, €[0,1].

If p[0,11N B(z,¢) = @, then d(y(t),z) = M/3 > ccot/3 for all ¢ € [0, 1], since
I < M/c. Now suppose y[0,1]N B(z, ¢) # &. Then there exists a t’ € [0, [] such
that d(y(¢'), z) = & > M /3, and we may assume y[0, t'] N B(z, ¢) = &. It is then
clear that d(y(t),z) > M/3 > ccot/3 for all ¢ € [0, ¢']. Note that d(y(¢')) > M /3.

Case (ii): Now suppose 2¢ < 2M /3. Again, let x € Q\ {z} such that d(x) < M/3
or d(x,z) < M/3. In any case, d(x) < M. Hence, by definition, there exists
y : [0, 1] — Q such that y(0) = x and d(y(l)) = M, and

d(y(t1),y(t2)) <Iti —t2| and d(y(t)) > ct forallt,t,1, €[0,1].

We will now consider two subcases.

Subcase (a): y[0,1]N B(z, &) = &. Here it is clear that d(y(¢), z) > ct/3 for all ¢.
Indeed,

diy(®),z) =d(y()) —d(z) > ct —2e > ct/3 ift > 3¢/c,
d(y(t),z) =¢>ct/3 if t <3¢/c.

Note that d(y (1), z) > d(y()) —d(z) = M/3. This proves this subcase.
Subcase (b): y[0,[1NB(z, &) # J. Let

to =inf{r € [0,1]: y(r) € B(z,&)} and ¢, =sup{t €[0,1]:y(r) € B(z,¢)}.

Note that d(y(t)), z) = € as y(I) & B(z, ¢) because d(y(l)) = M. By assumption,
there exists # : [0, I'] — Q with #(0) = y () and #(I") = y () such that

colty — ol =d(n(t1), n(12)) < |ty — 1| forallty, 1, €[0,1']
and d(7(t), z) is nondecreasing. Note that 7o + " < to + (1) — t0) /co < t,/co and
cot =d(n(r), n(0)) <d(n(r), z) +d(n(0), z) <2d(5(), 2),

and hence d(7(¢), z) > cot /2.
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We define
7:00,11— Q, t {5t —1) if t € [to, 1o +1'1,
p(t =1+ (t)—t0)) iftelto+1,1],
wherel_=l+l/—t(’)+t0.
First, for ¢ € [0, #], similar to Subcase (a), it is easy to see that d(y (), z)) > ct /3.
Next, consider ¢ € [fy, tp +[']. Note the following.
e d(j(t)) = & > ccolto+1")/3 = ccot /3. This is because

() _d0().9)+dE) _ 3¢
cc - - ’

0 cco cco

fo+1" <ty/co <
e d(y(t), 2) > ccot /3. If to = 0 this is because d(y(¢), z) = d(n(t), z) > cot /2.
On the other hand, if 7y > 0, then
d(§(1),z) = d(y(to), 2) =& > ccot +1')/3 = ccot /3.

Next, if # € [19 +1', [], then since col’ < (ty—to) and t > I’, we have
dF@)=d(y(@t—1'"+1y—10)) > c(t —=1"+1;—10) > c(t — (1 —co)l") > ccot > ccot /3.
If t > 3¢/(ccp), then

dF@),2) >d(H @) —d(z) > c(t =1+ 1) — 19) —2& > ccot — 2& > ccot /3.

On the other hand, when ¢ < 3¢/(ccy), it is clear that d(3(¢),z) > &€ > ccot/3.
Finally, note that d(y (1), z) > d(y (1)) —d(z) > M —2¢ > M/3. O

Remark 2.25. If Q € J(c, Mp) for Q C R", it follows from Proposition 2.24 that
Q\ {z} € J(c'/3, My/3) with ¢ =¢/C, where C > 1 is an absolute constant.

3. Proofs of the main results

Proof of Theorem 1.6. The proof of part (a) is just a simple modification of the
proofs of [Chua 1995, Theorems 1.3 and 1.4].

Given any ¢ € (0, &), there exists a set {Q;} C F(o, N) such that | JQ; = Q,
2 xe; < N and ¢ <r(Q;) < Ne. For each Q;, let Q; be the central ball in Q;,
and let W; be its corresponding Boman cover. Then by Theorem 2.11,

v 1/q
I = Sosulisia < CPusa M 15 = Fually )

BeW;

1/q .
<CA'r(Q)" (Z”g”zﬁ(rB)) (by (1-6), since a > 0)
<C(Dw,q, N)A/F(Qj)a||g||Lé’(Qj)
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since ¢ > p and > Bew,; XtB = < N xq,- Hence, by the triangle inequality,

1/ sy < Wforulis@y + 1F = fo,ulism,
<fo;.u ”L,U(Q-) + C(q, Dy, N)A'r(Q))" ||g||L{j(Qj)

w(Qj)]/q/ ~1/r~—1/r
< | £19g dp+CAr(Q)“lgllr
#(Q)) b))
w(@)V7
< CDw. )= 551 oz ol g0 + CATQ) I8l sy

(by Holder’s inequality and the fact that w is J-doubling)
< CAor(Qj)_ﬂHflngO(gj) +CATQ) gl r @, by (1-5)
< C(N, Dy, 9)(Aos "I fll @) + CA'e 1l 15 ;)

Hence by the fact that (3 |a; + b)) < (X la;|1)V4 + (S |b;j|11)14,

(I Ng g )" = CAE (SN, @) +CA (Zlgl]pq )

5 1/r 1/p
< CAoe™ (U f Iy @) +CA (sl )"
since r, p < q. Thus
”f”LZ;(Q) =< C(N, Dy, q)(AOS_ﬁ”f”er)O(Q) + Ale? ”g”Lf(Q))‘

This completes part (a). For part (b), even though we use essentially the ideas of
[Chua 1995], this time the proof is more tricky because we do not assume u =1
and i = k. First by Proposition 2.6, the triangle inequality, and Proposition 2.7, we
have (like [Chua 1995])

IV'PX(O) g0
< C(n, byr(Q,) "' w(@)"IP*(Q) fll=co)
<Cr(Q)'w(@n"l
< (I (@) FlliLecopy + Imf (@) f — PX(O) fll=(o))
=Cr(Q)'w(@)"
< (It (@) flliLecopy + Ixf (@) = PX@) Hll=co))
< C(n,k, D)w(Q)"r(Q,)~ u(@n™
< (1fllyop + 1LF = PEQ) FllLico))



244 SENG-KEE CHUA

< C(w(@)"r (@)~ w(@ ) 5y N0 I g 0

+A'r Q) l+a||vk+1f||L5(er))
(by Holder’s inequality and (1-8))

< C(Ar (@) N fllLg 0 +AT@) UV fll o))

by (1-5). Also, since w is J-doubling and Q; C N Q;, we have by the triangle
inequality, Lemma 2.5, (2-3) and Theorem 2.11 that

IV fllg @) < IV PYR) Fllg g, + IV (f = PXO) Ny,

w

< C(N, Dy, k, ¢, m)IV' PO ) fll g0,y + 1V (f = PXRHNlng ;)

< C(||ViPk(Qj)f||Lq(Qj)+ ( DIV~ Pk(B)ﬁ”ﬂ(B)) /‘1)‘

BeW;
Hence by (1-9) and the penultimate calculation above, (recall that k —i 4+a > 0)

IV Fllg @) < €, k, Dy, Dy g, N)
x (Aor(Q) I fllg 0 + Ar(@) IV fllLp @)
< CAoe " fllL @) + CAE IV Fll g

Thus, just as before, we have

IV fll 2@y < C(n, k, Dy, Dy, N, q)
x(Aos "N fllag @ + ANV fllpg). O
Proof of Corollary 1.7. We will show that both (1-9) and (1-8) hold with t = 1.

Let B be a d-ball such that r(B) < N?&. First note that (1-11) implies (2-14) with
g = |V f| by Proposition 2.15; hence we have

(B)!/
wlu(B) If = Pk(B)fllL}l(B)
r(B)w(B)'/4
_C1Wuv(f—Pk(B)f)||L5(B) (by (1-12))
}’(B)k'Hu)(B)l/ k+1

= C(Dvs p)cl

v
(by repeated application of (2-14))
< C(Dy, p)A'r(B) IV fll L1 (), (by (1-13))

U(B)l/p f”Lp(B)
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and for any [ <k,

If = P'(B) fll 1 p)
<ArB)|V(f—PB)flrm by -11)
< C(D,, p)A'r(B)** ||Vl+1f||L5(B) (by repeated application of (2-14)).
The corollary is now a clear consequence of Theorem 1.6. (I

Proof of Theorem 1.10. Given any A; € (0, &;) for i =1, 2, there exist {Q;} such
that JQ; = Q and Q; € F,, (o, N), where 1 = (41, A2), and also such that
Z;(Qj <Nygand 1 <rg(Q;) < N. For each fixed j, let W; be a Boman cover
of Q; (with respect to d;). Let R; = I; x J; be the central ball (with respect to d;)
in Q;. Then recall that A} <r(I;) < NAjand A, <r(J;) < NAy. Let y = 42/A1.
Then r(J,)/r(1,) = n for all R, =1, x J, € W;. Recall that by Theorem 2.11
with d = d;, we have

G- If = friulle @)
1
< CW,q. D) D 1S = Sroally )

Ry eW;

< c( > (AR ) g1 2t gy + A2 (R (o) l18211 72 (Ra))")
R, eW;

< c( > AlR)rL)lgil " ))1/q+c( > AR (Ug )Ilgzll"a(R ))l/q

RoeW; Ry eW;

_ 1/q
= carp' = (3 il )
vy )

Ry,eW;

1/q

1/q
+CAr() = (3 Nl )
Ry eW;
SC(N,CL Dw)

> (Alr(lj)l—alr(_]j)—bl g ”Lzr)ll @) + Azr(lj)_azr(Jj)l_bz||82||L;22(Qj))-
Above, the second inequality follows from (1-24). The fourth follows from (1-25)
since R, =1, x J, CNR; = NI; x NJ; for all R, € W; and r(J,)/r(l,) =
r(J;)/r(I;) =n. The last follows since ¢ > ry, r, and ZRaer AR, < N xq;. Also,

by Holder’s inequality and the facts that w is product J-doubling on Q in H; x H,
and that Ag(R;) = w(R;)" u(R)" 155" ’°||L 0 (r,)» We have

1/q
1SR ullLe ;) < ((IJQ)) /|f|d

< C(Du, DAURDIf 110y < CAr )™ r ()™ 1/ 0
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by (1-25). Hence by the triangle inequality, we have
1flg @) < CDusa, NY(A027 25" 1 Fll 0 0, + A120 " 25" 181111 @)
+ 42070, g2l 2 o))

Next by the previous estimates and the fact that g > rg, r1, 2, we have

1l @ = (Z”f“tf(n ))
—agp 9 —bo 1/ro 1—ay 4 —b) | /n
< CAoT ™13 (ZIIfIILro(Q)) +CA T, (Z”gl”L"(ﬂm)
- vy y
J

_ 1/r2
+CA T b2(2||gz||L;;(Q )

— —b 1—- —b
< C(Du. N, ) (A0 ™ 45" 1 Fll o ey + 412 15" gl 21
— 1-b
+ Az /1 02/1 2”g2”L’2(Q))

This proves part (a).
We now prove part (b). Again, let R; = I; x J; be the central ball in ;. For
any fixed f € CloC (Q), let g(x) = f]j f(x, y)dus(y). Then

0 0
(32 Ew= [ Lyt fori=t2..n
ax,- Jj 8)6,'
Let P(g) = P(I;)g be the polynomial of degree < 1 in R" such that
/ P(g)d i (x) = / gdpu1 (2),

/—d ()—/&d,ul(x) fori=1,2,-

/J,/fd”Z/Jj/_ﬁP(g)dﬂ,
//axt //mu)ag;,g)d” fori=1,2,....n

Also, if Pf = P(R;)f is the polynomial in R"*" of degree < 1 such that

Note that

(3-3)

/ D'(f —Pf)du=0 forall|y| <1,
R

J
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then ij P(R;j) f(x,y)du2(y) = P(g)(x) by (3-2) and (3-3).
Next observe that

(])uv Py,
w(R )l/q w(R )l/q
Ve Pgllioc(ry = —2— Ve Pgllzoo(r:
< 2(J) Vi PgllLoo(r;) 12() Vi PgllLo;)
w(R j)l/q
<Cm)r (Ij)_ 1o, ) |PgllLoer)) (by Proposition 2.6)
_jw(R j)l _jw(R)Ve
< Cr(1)~ S Pg — 2l gl + Cr () T A gl
() ! o 12(J) o
(by the triangle inequality, where z{"' is the projection given in Proposition 2.7)
w(R )1 1w (/)1
= Cr(l) ™' ——E—llx{" (¢ = P&)l~qy + Crl)) ™ ——L—llz{" gl
12(J7) {5 D) ;)
<C(Dy,,n)rI;)” /J(Rj)_lw(Rj)l/q(”g_Pg”L/lll(l_,-)"i_”g”L}ll(I_,-))
(by Proposition 2.7)

< C(Dyy, ) (caw (RN (RN IVi(g = P&t (1)
+r() w@®)Y (R glLy 1) by (1-27))
= CDyys myw RNV pR)™Hea| [ 1Vx(f = PPV R:] 1)
+r(1)™! ”f/_, fd/‘ZHLLI(I,))
< CoRNVI R (2l Vx(f = POy +rU) Ly k)
(by Fubini’s theorem)
< Cor(ARDrUNIVEFll gy + A2(RDrUDIVey £l x)))
+ Cr(lj)_lAo(Rj)||f||L;%(Rj) (by (1-29) and Holder’s inequality)
< CDu,mer (A2 25" IV fll o, + A2 2 1V fll 2 o)
+ Aoy T2 1 N a)-

The last inequality follows from (1-25) and the fact that R; C Q;. Hence by the
triangle inequality, by the facts that w is product -doubling and Q; C NR;, and
by (2-2) and Lemma 2.5, we have

v, H V. P
Il f”LZ)(Q)_ Vi(f — (J) Pg) qu(Qj)+ﬂ (])” g”Lw(Q)
C( U)vNa Q)
<lv.r——L_p = T VL Pl p
|v.cr o Pigay ™ Ty Vel
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Recall that
0 oP
/—fdu:/ I @y fori=1.2.....n.
R R

5 0Xi i n2(Jj)  ox;
Hence by (1-28) and Theorem 2.11, similar to (3-1) we have
1
\Y ———:P <C(Dy,N,q,n,m
[V =5 Py = CPw N gomm)

< (Ar (I r U IVEF L ) + A2r U™ r () ™21V fll2 @)
Thus by the previous estimates, we have
”fo”LZ)(Q/-) <C(Dy,N,q,n,m)c;
X (Al,q—al,{z—bn ||V§f||L;1l @nt Azg;azg;—bz ||nyf||L;22(Q_,~)
+A0Z 2" 1 f i ap)-
Finally, by arguments similar to the ones used to estimate || f || L9@)> We have

”vxf”Lz)(Q) 5 C(Dw, N, q,n, m)cz
x (AL R IVE Il o) + 422 1V f 2 )

2

+ Aok T 1 f @) O

4. Applications

The next theorem is an extension of [Chua 1995, Corollary 3.1]. We are able to
obtain a stronger result simply because Theorem 1.6 is stronger; see Remark 1.8(1).

Theorem4.1. Leto, N > 1 and 0 < gy <00. Let QCR" such that Qe F (o, N, &).
Letcy > 1andcy,c3, D1 > 0. Let 1 < p,r <q < o0. Let v and w be d-doubling
measures on L such that

w(B)7v(B)"/? <c1r(B),
w(B) > cor(B)P',
(4-2) If = fB.0ll g8y < c3w(B) /40 (BY "V Pr(B)IV £l o s,

(4-1)

forall f e CIOO’C1 (Q), all 6-balls B, and k e NU{0}. Let i,k € NN {0} withi < k.
Let
(i) a=k—i+7t+min{t/g —s/p,0} =0,
b=i+Di(1/r —1/q) —min{t/q —u/r, 0};
(i) t/qg <s/pandt/q < u/rif Q is unbounded.
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Let G C Q€ and p(x) =d(x, G). Let pG =sup,cq p(x). Let w (E) = [ p(x)'dw
be d-doubling, and define w" and v® similarly. Then for all f € ClOC (Q), we have

@-3) IV flls @ < CN, 0,1, p.q, 7,5, 1,u, Dy, Dy, €2, ¢3)c)

— O 0
x ( bpgax {t/q—u/r,0} e +Sapgax {t/q—s/p, ||Vk+1f||LP (Q))

forall € € (0, eg). (When pg = oo, we will use the convention oo® = 1.)

Proof of Theorem 4.1. The proof goes like that of [Chua 1995, Corollary 3.1],
except that it was assumed there that i = k and v = w = 1. For convenience, let us
use the metric

dix,y)=max{|x; —y;|:i=1,...,n}L

Let 0 =1/0. If B is a metric ball (which is indeed a cube) in Q such that ¢ B C Q,
then B is a 0-ball in Q and we know that

d(B,G) <d(x,G) = p(x) < d(B, G) +2r(B)

(4-4)
<(1+4+2/(c —1)d(B,G) forallx e B.

Thus
d(B,G)*w(B) < w*(B) =/ p(x)*dw < C(a,0)d(B, G)*w(B) fora >0,
B
d(B,G)*w(B) > w*(B) > C(a,0)d(B, G)*w(B) for a < 0.

Similarly, we have v*(B) ~d (B, G)*v(B). Again, since r(B) <d(B, G)/(c — 1),
we have

wt(B)l/q

_ — 1/g—1
@) " gy < Clq, 1y 0,1, u)d (B, G717 w(B) V=T

<C(q,r,0,t,u, Cz)pmax {t/q—u/r,0} (B)Dl(l/q 1/r)+min{t/q—u/r,0}

<C(q,r,o,t,u, cz)pm“lx /a= "/ror(B) mans

Inequality (1-5) is now clear with 4 = w, vo = w" and f = b —i. We now need to
establish (1-8) and (1-9). To this end, first note that by (4-2), Holder’s inequality
and Proposition 2.15, we have

1f = Foallirs < 3C(Dy, PIr(BYIV fllps  for all $-balls B.
Hence by (4-2), letting P*(B) f be as in (1-8) with 1 = w, we have

(4-5) If = PXB) f it 8y < C(Dy, p)(csr (B) IV £l L ()

(B)
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Since
w'(B)"10°(B)™'/7r(B) < C(t,s, 0, p.q)cir(B) d(B, G)'/47/7
< C(t,s,0, p,q)cir(B)~*+ pxt/a=s/p.0,
it is now easy to see (again by (4-4)) that

"(B)'
%Wllf— PE(B) fllLy (s

S C(Dl)a p: t: s, 0, CI; C3)C1r(B)a+[pgax{t/q7S/p’0} ||Vk+1f”LPS(B)'
Next, by (4-2), (4-5) and (4-4), we have

ILf =P (B L, ()

—s/p,0 _;
<C(Dy, p.1,5,0,q, c3)cir(B) pmXt/a=s/p-0}) gk l+1f||L1’)'S(B)

for all f € Co’l(Q) and any o-ball B. These establish that (1-8) and (1-9) hold

loc
with u =w, v =0°, w=w"anda =k —i+a, b =i+ B. The theorem is now

clear by Theorem 1.6(b). O
Remark 4.2. (1) Clearly, w' is 5-doubling on Q when ¢ > 0.

(2) Incasew=v=1,weknow Di=nandt=1—n/p+n/q. Thus when 1/q >
1/p — 1/n, we have by the nonweighted Poincaré inequality and Theorem 4.1
(4-6) V' flls, ) = C(N, 0, p.q,n,5,1,u,7)

—u/r,0 —s/p.0
gax{t/q ur }||f||L; a max{t/qg—s/p }”Vk—klf”sz(Q))

x (7" @+

for all ¢ € (0, &9), where p*, p’ and p" are the measures arising from the weights
p(x)*, p(x)" and p(x)“, respectively.

(3) In [Chua 1995, Corollary 3.1], it was assumed that p’ is doubling and k =i. We
have only assumed here that p’ is J-doubling. Note that p’ is certainly d-doubling
when ¢ > 0.

(4) In the case that a, b > 0, under the assumption of Theorem 4.1, we have
4-7) ||Vif||L3),(Q) <C(N,n,o,p,q,r,5,t,u, Dy, Dy, c2, c3)C]

< (Kill fllzr @) “t (e P Kill fller )+ K2V £l (Q))b/(a+b)’
where K| = pgax{t/q—u/r,()} and K, = pglax{t/q—s/p,O}'

S) If0<a<a, 0<p <band gy < 00, then it is clear that (4-6) will still hold
with a and b be replaced by a and f, respectively.
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(6) Conditions (i) and (ii) of Theorem 4.1 when w=v =1 (hence t =1—n/p+n/q
and D; = n) are also necessary when gy = co. Indeed, suppose (4-6) holds with
a+b=A=k+14+n(1/r—1/p)+u/r —s/p > 0. Then

IV Fllis, @) = CUF @) IV fllr, @) forall f € Ciod (@),

It is well known that 1/q > 1/p — 1/n; see for example [Caffarelli et al. 1984] or
[Lin 1986]. For any J-ball B in Q, let f be as in Remark 1.8(5). Then

r(B)™'|B|"d(B, G)"
< C|B|"Dd(B, G)"“ ") (r(B)™*"|B|"/Pd(B, G)*/P)"/*.

Thus, we must have (letting ¢’ =a/A and b’ =b/1)

r(B)b/(k—i-l)—i—',-n(l/q—a//r—b//p)d(B’ G)t/q—a/u/r—b’s/p <C

for all d-balls in Q. However, since Q is unbounded, /g < a’'u/r + b's/p and
hence /g <u/r and t/q < s/p. Next, since d(B, G) > d(B) > (¢ — 1)r(B), we
have

Vk+1)—i+n(l/g—ad' /r—b/p)+t/g—adu/r—bs/p=0

and hence (A/q)(n +t —qi) = (a/r)(n+u)+ B/ p)(n+s — (k+1)p).
We now note that (n +u)/r # (n+s — p(k+1))/p, since otherwise

(n+t—qi)/g=m+u)/r=n+s—pk+1))/p

and hence 4 = 0, which is impossible.
It is then clear that ¢ and b are as in condition (i).

The following Sobolev interpolation inequality, an application of Theorem 4.1,
extends the one obtained by Caffarelli, Kohn and Nirenberg [1984] and Lin [1986].

Theorem 4.3. Leto, N > 1 and 0 < gy < 00. Let Q C R" and Q € F (o, N, &).
Leti, k e Nsuchthati <k. Supposet > —n, 1 <p,r<qg<oo, 1/g=>1/p—1/n
and that the conditions (1) and (ii) of Theorem 4.1 hold witht =1 —n/p +n/q
and Dy = n. Then (4-6) holds with G = {0}.

Proof. We will apply Theorem 4.1 with v = w = 1. Inequality (4-2) holds since
1/g>1/p—1/n. Also, (4-1) holds withz =1—n/p+n/q and D; =n. Also, it
is well known that |x|" is doubling for > —n. It is hence clear that the measure
arising from the weight p (x)" = |x|" is J-doubling on Q. The theorem now follows
immediately from the fact that Q\ {0} € ¥ (o, N', &), with N’ and ¢, depending
on N and &g, respectively, by Propositions 2.24 and 2.21. U

Remark 4.4. (1) Lin [1986] has also dealt with fractional derivatives.
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(2) Inequality (4-7) has been obtained by Caffarelli, Kohn and Nirenberg [1984]
when Q = R". We have only considered the case ¢ > p, r here. However, we
have no restriction on s and u. Also, Chua [2005] made some observations
about sharp conditions when Q = R".

(3) For C* functions with compact support in €, Gurka and Opic [1991] have
also obtained similar results on bounded Lipschitz domains Q for measures
arising from powers of distance weight d(x, 0Q2).

(4) We can of course extend our idea to obtain various weighted Sobolev in-
terpolation inequalities with distance type weights. For example, G can be
also chosen as a line segment or image of a Lipschitz map (if we know that
Q\ G is still a generalized John domain). Some sufficient conditions for such
distance-type weights to be doubling were been discussed in [Chua 1995].

We now discuss interpolation inequalities for power weights on product spaces.

Theorem 4.5. Let 0 <a;,b; <1 suchthata; +b; <1 fori=0,1,2. Leto, N > 1
and 1 <rg,r1,rp<q <o0. Let0<ey, ey <ooandlet Qe F (o, N, &1, &2, R" xR™).
Let G| C R" and G, C R™, with (G| x R™) N Q and (R" x G3) N Q both empty.
Let w(x,y) =d(x, G1)*d(y, G2)? for (x,y) € R" x R". Assume w is product J-
doubling on Q in R" xR™. Suppose v;(x, y)=d(x, G1)%d(y, G2)” fori=0,1, 2.
Let

p1 =sup{d(x, Gy): (x,y) € Qfor some y € R"},

p2 =sup{d(y, G2) : (x, y) € Q for some x € R"}.

Suppose these conditions hold:

(1) a/q—a;/ri <0ifpy=o00and B/q — Bi/ri <0when pp =00 fori =0, 1, 2.
(ii) min{a/q —a;/ri, 0} + min{B/q — pi/ri, 0} + (m +n)(1/q — 1/r;) = —1 for
i=0,1,2
(iii) —a; =n(l/q —1/r;) +min{a/q —a;/r;, 0},
—bi=m(1/q—1/ri) +min{f/q — fi/ri,0} fori=0,1,2,

Then (again we will use the convention oo? =1)

—ag 4 —b —a/r0,0 —Bo/10,0
(“48) If gy = C (A0 ay /oo Bty )

+ Ai*all;blpllnax{a/q_al/rl’O}p;nax{ﬂ/q_ﬂl/rl’O}”fo”L;ll @
+ j‘l*azj‘é*bZpllnax{a/q_a2/r270}p;nax{ﬂ/q_ﬂZ/rZ’O} ||V}f||L

r

@)
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P 0,1
forall A; € (0, &) withi =1,2,and f € Cj ;. (Q). Also

49 IVa Sl
< C(AL 1y ple =1/ 0) maxiBla =i O g2 )

r

)

g iy ppeelame bl BRI F s g

+/11—1—a()iz—h()pinax{a/q7a0/r0,0}p£nax{ﬂ/q7ﬂ0/r0,0}”f”Lr

" @)

forall 1; € (0, &) withi =1,2,and f € Cllo’cl (Q). All the constants above depend
onlyonq,ri,m,n,a,a;, S, fi,oc and N.

Remark 4.6. (1) If D = Q; x Qp C R" x R™ in Theorem 4.5, we may take
G C Qf and G, C €.

(2) The distances d(x, G1) and d(y, G;) can be any distance functions arising
from any norm on R" and R, respectively. Of course, all norms on Euclidean

space are equivalent. For convenience, we will use our previous norm, namely,
d(x,u) =max{|lu; —x;|:i =1,2,...,n} forany x, u € R" (or R™).

(3) Clearly, if a, g > 0, then w is product -doubling on Q in R* x R™.

Proof of Theorem 4.5. We will use Theorem 1.10 with 4 = 1. First, for any
parallelepiped R = I x J C Q such that 0 R C Q, we have

d(1,G)+2r(I) = d(x,G1) =d(I, G1) = (o — Dr(),
d(J,Ga)+r(J) zd(y,G2) =2d(J,G2) = (6 — Dr(J)

for any (x, y) € I x J. Hence w(x, y) is comparable to d(I, G1)*d(J, G,)? for
any (x,y) € R and hence w(I x J) is comparable to d(I, G{)*d(J, G2)?|I||J].
Similar estimates can be obtained for vg, v; and v5.

For any Lipschitz continuous function f on R, we have by Proposition 2.16,

”f fR”L‘i(R)
<C@m,n 1 Rl/q 1/n V r +r(J Rl/q 1/ra V r
= ( D aq)(r( )l | “ xf”Ll(R) r( )| | ” yf”LZ(R))

for all parallelepipeds R = I x J C R" x R™, where fr = [, f/IR|.
It is then clear that for any parallelepiped R = I x J C Q such that 6 R C Q,
we have

lf— fR”Lz)(R) <C(m,n, LI)

% (Klr(l)1+n(1/q*1/r1)r(‘])m(l/qfl/n)d([’ Gl)a/‘[*al/’]d(‘], Gz)ﬁ/q*ﬂl/’] ”VXf”LZII ®

+ Kzr([)"(l/qfl/rz)r(J)1+M(1/¢1*1/r2)d([, G)*1~ /g (], Gz)ﬁ/q*/fz/rz IVy fll, (R))’
- 1)2
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where K; = C(0,q, a, B, a;, Bi, ri). We now let
A;(R) = r(I)n(l/q—l/ri)+min{a/q—a,-/r,-,O}r(J)m(l/q—l/r,-)+min{,b’/q—ﬂl-/rl-,0}

« pinax{a/q_ai/ri,O}p;ﬂaX{ﬂ/q—ﬂi/ri,0}

fori =1, 2. Also, recall that

_ —1
Ao(R) =0 (R IR og "™

<Cd(l, Gl)a/q aO/rOd(J’ Gz)ﬁ/q—ﬁO/ro|]|]/4—]/V0|J|1/q—1/ro
< Cpmax{e/a—ao/r0) max(p/g—fo/ro.0)

w (1) (/4=1/ro)Fmine/q—ao/ro.0) . _])m(l/q—1/r0)+min{ﬁ/q—ﬁo/r0,0}_

Itis now easy to see that (1-25) holds with A; = K; p|"X\#/a=¢i/r-0} ,maxth/a=Fi/ri.0
Moreover, we have

ILf = FrllLg r) = CRIATRIDNV fll 1t gy + CK2 ARV Fll 172 ()

for all parallelepipeds R = I x J C R" x R™ such that ¢ R C Q. This establishes
(1-28) with u = 1. Similarly, (1-29) is clear.

Finally, (1-27) clearly holds by the unweighted Poincaré inequality.

The theorem now follows from Theorem 1.10. U

Next, let us prove an interesting case when we have A, weights on R" x R™;
see [Chua 1999] or [Fefferman and Stein 1982] for definitions.

Theorem 4.7. Let1 < p <oocand1 <o,N,0 <e1,e <o00. Ifwe A,(R" xR™)
and Q € F (o, N, &1, &2, R" x R™) is a bounded set, then there exists an ¢ > 0
depending only on the weight w, such that for any p < q < p + ¢ there exist
0 < hy,hy <1withh;+ hy <1 such that

11l

w

@ < Cw(Ro) 17V Pr (1) r (o)™
x (723" fll ey + A S Ve Fll e + A" AT IV f L )

forall f € CIO(;Cl (Q) and
IV £l 19y < Cw(Ro) 47 P1(Io)" 1(Jo)"
x (AT ey + 4T AP IDE Fl @y + AT AT Ve Fll e )

forall f e cl (Q) where Ry = Iy X Jy is any parallelepiped that contains €.

loc

Proof. First note that since w € A,(R" x R™), by the Holder inequality we have
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for all parallelepipeds R C R C R" x R™. Next since w is reverse doubling
on R” x R™, there exists an # > 0 such that w(R)/w(R) > C(|R|/|R])" for
all parallelepipeds R C R C R" x R™. Hence if we choose ¢ > 0 such that
(m+n)n(1/p—1/(p+e¢)) <1, thenforany p <g < p+e, there exist 0 <hy, hy <1
with iy + hy < 1, such that

1/ hi/n—1 ha/m—1 ;. —1/(p—1) 1/p'
(4-10) (@) q(m) (ﬂ) (w) e ve
w(R) |1] [J] w1/ P=D(R)

for all parallelepipeds R =1 x J C R=1 x J C R* x R". Let
Ai(R) = w(R) IR (™D (®R)7.
Since hy +hy < 1,if r(J)/r(I) = r(I)/r(J), we have

Ai(R)r(I) _ Ai(R) (r(l))'“*hz _Ai(R) (r(l))f“(r(J))”z -c
AR r(D) — AR \r(D) AR \r(D)) \r(D)) ~
by (4-10).
Hence by Proposition 2.16, we have
||f_fR||L‘{U(R)
< Co(R)I|R|™ PR P ((DIVe £l 1o gy + F(DIDy £l 2 (1))

for all f € CO’I(Q) and parallelepipeds R = I x J C R" x R™. Furthermore, if

loc

Ry = Iy x Jy is any parallelepiped that contains Q, then
Ai(R) = Cw(Ro) 4= Pr (10" r (Jo)r (1) ™1 r (1) 72

fori =0, 1, 2 and all parallelepipeds R =1 x J C R" x R™ such that ¢ R C Q.
The result now follows from Theorem 1.10. U
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