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In this last article of the series on outer actions of a countable discrete
amenable group on approximately finite-dimensional factors, we analyze
outer actions of a countable discrete free abelian group on an approximately
finite-dimensional factor of type III, with 0 < A < 1 and compute outer
conjugacy invariants. As a byproduct, we discover the asymmetrization
technique for coboundary condition on a T-valued cocycle of a torsion-free
abelian group, which might have been known by group cohomologists. As
the asymmetrization technique gives us a very handy criterion for cobound-
aries, we present it here in detail.
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Introduction

This article concludes the series [Katayama and Takesaki 2003; 2004; 2007] on
the outer conjugacy classification of outer actions of a countable discrete amenable
group on an approximately finite-dimensional (AFD) factor, by examining outer
actions of a countable discrete abelian group G on an AFD factor R, of type 111,
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with 0 < A < 1. Prior to the outer conjugacy classification theory, the cocycle
conjugacy classification theory of actions of a countable discrete amenable group
on an AFD factor had been completed through the work of many mathematicians
over three decades; see [Connes 1977; 1976b; 1975; Jones 1980; Jones and Take-
saki 1984; Ocneanu 1985; Katayama et al. 1998; 1997; Kawahigashi et al. 1992;
Sutherland and Takesaki 1985; 1989; 1998].

Unlike the general classification program in operator algebras, the outer conju-
gacy classification of a countable discrete amenable group on R is almost smooth,
as shown in our series of previous work; see [Katayama and Takesaki 2007].
The only nonsmooth part of the classification theory stems from the classification
of subgroups N of G; for instance, the classification of subgroups of a torsion-
free abelian group of higher rank is nonsmooth. See [Sutherland 1985] for the
Borel parameterization of polish groups. When the modular automorphism part
N = &~ '(Cnt,(M)) of the outer action & of G on R; is fixed, the set of invariants
becomes a compact abelian group. This is a rare case in the theory of operator
algebras. So we are encouraged to make a concrete analysis of outer conjugacy
classes of a countable discrete amenable group. Of course, without having a con-
crete data on the group G involved, we cannot make a fine analysis. So we take
a countable discrete free abelian group G and study its outer actions on R, and
identify the invariants completely. The justification of this restriction rests on the
fact that all outer actions of a countable discrete abelian group A can be viewed as
outer actions of G by pulling back the outer action via the quotient map G — A.
Thanks to all hard analytic work on the cocycle conjugacy classification in the
past, as cited in the references, our work is very algebraic and indeed done by
cohomological computations.

We will begin by relating the discrete core of R, and the core of an AFD factor
Ry of type III;. This analysis will give us a simple model construction with given
invariants, which is presented here in Section 1. We first study single automor-
phisms and a pair of commuting automorphisms of ;. Then we will work on
the asymmetrization of a cocycle of a countable discrete abelian group; this will
provide a powerful tool for analysis of the third cohomology group H(G, T).
The general theory of group cohomology is available to us today; for example
see [Brown 1994]. But, since we will need to work with individual cocycles to
analyze outer actions, we will need a tool to work with a cocycle directly beyond
the computation of the cohomology group. For example, we have to identify which
data of a given cocycle contributes to the modular automorphism part of the action
in question. Thus we will work on the cohomology group based on a very primitive
method of chasing cocycles, through which we discover the asymmetrization tech-
nique that provides us a handy criterion for the coboundary condition on a cocycle
of a torsion-free abelian group. In [Katayama and Takesaki 2003; 2004; 2007], we
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studied the outer conjugacy classification of countable discrete amenable group
outer actions by a resolution of the relevant third cocycle. In the abelian case, we
showed that there is a universal resolution group that takes care of all third cocycles
at once, which simplifies greatly the investigation of outer actions of a countable
discrete abelian group. The reduced modified HIR-sequence will provide us a tool
to chase the cocycles, along with the asymmetrization technique. The first step
of studying outer actions of a countable discrete abelian group G on a factor M
of type III; with 0 < 4 < 1 is to find a countable discrete amenable group H
and a surjective homomorphism 7z : H — G such that the pull back 7j5(c) is a
coboundary; this process is called the resolution of a cocycle ¢ € Z3(G, T). Then
the outer action « is identified with a lifting s, (a) of an action a of H through a
cross-section sy : G — H of the homomorphism 7. Luckily, a countable discrete
abelian group G admits a universal resolution {H, s}, a group H and a surjective
homomorphism 7 : H — G such that 7} (H3(H, T)) ={1}. We construct the group
H via a relatively simple process from a countable discrete free abelian group G.
This makes it possible to reduce the study of an outer action ¢ of G to that of an
action a of H. Now, the action a of H does not lift to the discrete core fftd if
mod(a) # 1. So we construct a central extension Hy, of H by

n—>zg

0—>Z Hy, H—1

and work with the characteristic cohomology group A(Hp, L, M, T), where the
normal subgroup L is the inverse image L = 75 L(N) with N = ¢~(Cnt,(M)).
Thus we are going to investigate the reduced modified HIR-sequence

H(H, T) —=> A(Hm, L, M, T) —>— H.(G, N, T) —% > H3(H, T
”‘;l aGlni
6 *
H2(H, T) —= > A(H,M,T) — =% S H3(G, T) ¢ . H3(H,T).

Here s is a fixed cross-section of the quotient map G — Q = G/N. The groups
appearing on the exact sequences above are all compact abelian groups and are
indeed computable as shown in this paper.

We cite [Brown 1994; Eilenberg and Mac Lane 1947; Mac Lane and Whitehead
1950; Huebschmann 1981; Jones 1980; Ratcliffe 1980] for the general cohomology
theory of abstract groups and [Sutherland 1980] for the cohomology theory related
to von Neumann algebras. See [Takesaki 1979; 2003a; 2003b] for the general
theory of von Neumann algebras. For information about the discrete core of a
factor of type III,;, see [Connes 1973; 1974; Connes and Takesaki 1977; Falcone
and Takesaki 1999; 2001].
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1. Simple examples and model construction

Factors of type 111, and type 111y, and their cores. We begin with the following
folk theorem in the structure theory of factors of type III.
Theorem 1.1. Let {My 1, 7, 0} be a factor of type 1l equipped with faithful semi-
finite normal trace t and trace scaling automorphism 6 by A with 0 < A < 1, that
is, 700 =At. Let M = Mg’l be the fixed point subalgebra of My 1 by 0.

(1) The von Neumann algebra M is a factor of type 111;.

(i1) The triplet {Moy 1, 7, 0} is conjugate to the discrete core of M.
(iii) For an automorphism a € Aut(Mp 1),

a(M) =M isequivalentto a6 =0-a.

(iv) Let Aut(Mo,1, M) be the group of automorphisms of Aut(Mo,1) leaving M
globally invariant. Then we have the exact sequence

a—a|n

0—7Z =% Aut(Mo. 1, M) Aut(M) — 1.

(v) The subgroup {0" : n € Z} is the Galois group of the pair {My,1, M} in the
sense that {0" :n € Z} = {a € Aut(Mp,1) : a(x) = x,x € M}.

(vi) If a € Aut(Mo,1, M), then the modulus modyy, , (&) as a member of Aut(Mo,1)
gives the modulus mody(a) of the restriction oy € Aut(M) as

mody(a) = 77 (modyy, , (@) € R/T'Z,

where T' = —logA, T =2x /T andny :s eR+—> s7r=s+T'Z € R/T'Z.
Proof. Statements (i) and (ii) are known in the general structure theory of a factor
of type III; see [Takesaki 2003a, Chapter XII, Sections 2 and 6].

We prove statement (v) first. Let w be a generalized trace of M, that is, a faithful
semifinite normal weight on M such that w (1) = 400 and 0%’ = id. Then the
covariant system {Mo, 1, @} is conjugate to the dual system (M x,,R/TZ, Z, a’}.
Thus we may identify them, so that My ; admits a periodic one parameter unitary
group {u? (s) : s € R} with

u’(Ty=1, O’ (s))=2"u’(s), and o¥ =Adu"(s))|» forseR.
Furthermore, the one parameter unitary group {u" (s) : s € R} together with U(M)
generates the normalizer Up(M) = {v € U(Mo,1) : vMo™ = M}, giving the semi-
direct product decomposition Uy = U(M) x,» R/ T Z. Suppose that a € Aut(My ;)

leaves M pointwise fixed. We then show that x € M and u¥ (s)*a (4" (s)) for s € R
commute by calculating

xu¥(s)* o (u”(s)) = u’(s)"u”(s)xu"(s)" o’ (s)) = u(s)"o (x)o (u"(s))

=u’(s)"a (o) (x)u”(s)) = u”(s) o’ (s)x) = u”(s)" o (u’(s))x,
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so that u" (s)*a(u” (s)) € Mo,; "M’ = C. Hence there exists a scalar u(s) € T
such that a (" (s)) = u(s)u (s) for s € R. Since u¥(T) = 1, we have u(T) = 1.
Since (s 4+1) = u(s)u(t) for s, € R, we have u(s) = A" for s € R and some
n € Z. Since M together with {u" (s) : s € R} generate the whole algebra My 1, we
conclude that o = 6". This shows (v).

We next show (iii). Suppose that a € Aut(My,;) leaves M globally invariant.
Let f = ant = aln be the automorphism of M obtained as the restriction of o
to M. Then the uniqueness of a generalized trace on M gives a scalar s € R and a
unitary v € U(M) such that e = w o (Ad(v)  f). This means that

mod(B) = mod(Ad(v)o B) =57 =s+T'ZeR/T'Z,

and that ¥ and Ad(v) o f commute. Hence it is possible to extend Ad(v) > f to
the automorphism y € Aut{Mp ;} such that

y@?’ @) =u¥@) forteR and y(x)=Ad®)op(x) forxeM.

Now comparing a and y on M, we find y(x) = Ad(v) o f(x) = Ad(v) o a(x) for
x € M. From (v) it follows that a is of the form o =" o Ad(v*)~ y for some n € Z.
Since # commutes with both y and Ad(»), a and # commute. Hence a(M) =M
implies o o @ = @ o a. The reverse implication is trivial. This proves part (iii).

Part (iv) follows from (iii) and (v).

Let {3\7[, R, 7, 8} be the noncommutative flow of weights on M, so that the co-
variant system {Mo, 1, Z, 8} is identified with {M Vv {y¥p(—s):s €R}, O/}, where
p(s) for s € R is the one-parameter unitary group generating the center C of M
such that p(T) = y'T.

To prove (vi), fix a member a € Aut(Mo 1, M) and let m(a) = mod(a) € R so
that 7o =™z, Consider the crossed product M= Mo, X9 Z =ML(L*(2))
and the generalized trace ¢ =70 € on M given by

go(x)zroé:(x):r(/

év(x) ds) for x € JVLL.
R/TZ

With U € U(J\~/[) the unitary corresponding to the crossed product Mo, Xg Z, we
extend a to a € Aut(M) by a(x) = a(x) for x € Mo,; and a(U) = U. Then we
have for each x € M4

poa(x)= r(/R/TZ s (a.(x)) ds) = r(a (/R/TZ B (x) ds))

=e MWy (/ 0y (x)ds) = e "Wy (x).
R/TZ
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Hence we get
(1-1) mod(a) = [m(a)]; =m(a)+T'Z € R/T'Z.

Since the covariant systems {M, a} and {Jv[, a} are cocycle conjugate, we have
mod(a) = mod(a). This completes the proof. QO

From now on we denote by R, an approximately finite-dimensional factor of
type 11;.

A factor M of type III; generates a one-parameter family {M, : 0 < A < 1} of
factors of type III;, who share the same discrete core Mg 1. So let M be a factor of
type III;, and let {Mpy 1, 6;, s € R} be the noncommutative flow of weights on M,
that is, Mo, is a factor of type Il equipped with a trace-scaling one-parameter
automorphism group {f; : s € R} and a faithful semifinite normal trace = such that
M = J\/[g’l and 7 oy = ¢ °7 for s € R. The following is a folk theorem in the
structure theory of type IIL
Theorem 1.2. In the above context, fixing T' > 0, set . = e~ and T =2z /T".
Let M, be the fixed point subalgebra Mgﬂ of Mo,1 under the automorphism Or:.

(i) The subalgebra M, C My, is a factor of type 1l1;, whose discrete core is
conjugate to the pair {My 1, Or'}.
(i) The triplet {Mo,1, M, 07/} is a Galois triplet in that

Gal(MO,l/Mg) = {9% ‘ne Z},
where Gal(M/N) = {a € Aut(M) : a|n = id} for any pair N C M of von

Neumann algebras. We have the exact sequence
1> {0 neZ —— Aut(M )y — Aut(M)) — 1,
and
AutM;)m = {a € Aut(Mo,1) - a(M;) = M}
={a e Aut(M(),l) 2000 =0 0al.
(iii) Another pair {M,, M} forms a Galois pair
Gal(M, /M) ={6;,, : 57 =5+T'ZeR/T'Z, s € R},
that is, an a. € Aut(M}) is of the form a = 6;,, for some §7: € R/T'Z if and
only if a(x) = x for x € Mj.
(iv) The modulus of 0;,, € Aut(M,) is precisely —s7: € R/T'Z itself, that is,

mod(0;,,) = —s7 € R/ T'Z.

T/

If any of M, My and My, is approximately finite-dimensional, then all others are
approximately finite-dimensional, and the following statements hold:
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W) If a € Aut(M,) has aperiodic modulus m = mod(a), that is, if km # 0 for
every nonzero integer k € Z or equivalently if {mod(a)}r /T’ & Q, then o is
cocycle conjugate to 6_p,.

(vi) If an automorphism o € Aut(M,) has trivial asymptotic outer period, that
is, pa(a) = 0, then its cocycle conjugacy class is determined by its modulus
m = mod(a) € R/T'Z. In fact, the automorphism « is cocycle conjugate to
the automorphism 0_, ® o9 on M; = M, ® Ry, where oy € Aut(Ry) is any
aperiodic automorphism of the approximately finite-dimensional factor Ry. If
m #£ 0, then 6, ~ 0, ® oy.

Proof. We prove statements (v) and (vi). Choose an automorphism a € Aut(M})
such that m = mod(a) is aperiodic. Let Ry be an AFD factor of type II; realized
as the infinite tensor product of two by two matrix algebras

®
Ro = H {M,, ©,}
neZ
relative to the normalized traces 7, = Tr/2 on M, = M(2,C). Let oo be the
Bernoulli shift automorphism of Ry, that is, the automorphism determined by

0’0( H® xn) = H® Xn+1-
neZ neZ
Then by the grand theorem of Connes [1975] (also [Takesaki 2003b, page 267])
a and o ® o are cocycle conjugate under the identification of M, and M, ® Ro
because the asymptotic outer period p,(a) of a is zero, that is, p,(a) = 0. The
same is true for 6, that is, 8, ~. 6, ® 0g, where ~, means the outer conjugacy.
Since mod(a; ® a) = mod(a;) + mod(ay) on M; ® M, = M,, we have a ~,
0®00~c0Q®0nQO_ ~c 00 0O_m ~cO_n. This proves statement (v).

To prove (vi), suppose that p € N is the period of m € R/ T'Z, that is, the smallest
nonnegative integer with pm = 0. We assume that p #0. Let {e;x : 1 < j, k < p}
be the standard matrix units of the p x p matrix algebra M(p; C), and for each
n € N set M, = M(p; C). Also consider the diagonal unitary

P
up = 2 expri((i —1)/p))eii € U(p; C) C M,

i=1
of order p, that is, u; = 1. Now we identify the AFD factor R, with the infinite
tensor product

®
Ro = H {M,, t,}, wherer, = %Tr,
neN

and let

oy =[] Adw,) € Aut(Ro) € Aut(Ry).

neN
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Then the automorphism o, has the properties

oy & Int(R) fork=1,...,p—1, and o/ =id,
Om ~c O ® 0 on M; = M; ® R,

Om ®0O_m ~,id®id®as, onM; ®M,; =M, @M, ® Ry,
00 Q) ~c 00 on Ry ® Ro = Ro.

If a € Aut(M,) has the trivial asymptotic outer period p,(a) = 0, then the auto-
morphism o has the properties

a~.opa on M; = Ro @M,
OnQa ~.id®cyg on M; @ M; =M; @R,
9—m®00’\'c9—m®9m®0€ Nco'p®a ~e O

under the isomorphisms M, ® Rog = M,; @ M; @ M, = Ry ® M, = M;. This
completes the proof. Q

Thus if mod(a) is aperiodic, or p,(a) = 0, then the grand theorem of Connes
[Connes 1975], or see [Takesaki 2003b, page 270], identifies the cocycle conjugacy
class of a € Aut(M,). But if mod(a) has nontrivial period, and p; = p,(a) # 0,
then the cocycle conjugacy class of a involves algebraic invariants. For example,
one has to consider the extension of  to the discrete core M 2.4 on which a alone
cannot act. In fact, one has to consider a larger group Z? than the integer group Z.

Invariants for single automorphisms. We consider a single automorphism of a
factor M of type III;, which can be viewed as an action of the integer additive
group Z. As the integer group Z appears in many different roles, we denote it here
by G = Z. Let a; be the generator of the group G, so that G = Za;. Sometimes
we view G as a multiplicative group, in which case G becomes G = {a{‘ 1k elZ).
Since H*(G, T) = H*(G, T) = {1}, that is, the integer group is cohomologically
trivial, there is no distinction between the cocycle conjugacy problem and the outer
conjugacy problem of actions of G. Namely, an outer action ¢ of G always comes
from an action o of G, and outer conjugacy of the outer action ¢ of G is the same as
the cocycle conjugacy of the action a of G. Hence the obstruction Ob(a) of ¢ and
the characteristic invariant y (o) of a are handily identified. The same is true for
the modular obstruction Oby,(¢) and the modular characteristic invariant yp(a).

Since the single automorphism cocycle conjugacy classification wasn’t handled
properly in [Katayama et al. 1998; 1997], and more importantly because the pre-
sentation of a single automorphism on a factor of type III; in [Takesaki 2003b]
contains a minor mistake, we present it here in some detail.
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In the case that the modulus m = mod(a) is aperiodic, the last theorem takes
care of the cocycle conjugacy of a, that is, it must be cocycle conjugate to 6_p,.
So we handle only the case that {mod(a)}7 is rational multiple of 7.

Suppose a1 (Cnt,(M)) = Zb, and by = pya, with p; e N.

Choose a pair py, g1 € N of positive integers with g; < p; such that

m=(q/p)T' +T'ZecR/T'Z for0<gq; < p1.
Form a group extension

Gm={(g,)eGxR:gm=sr=s+T'ZeR/T'Z}

(1-2) . '

07 20 6 PG .
Set
13) z20=(0,T"), z1 = (a1, {m}7),

by =pizi—qizo, N=2Zb;, Qm=Gn/N.
The group Gy, is equipped with a distinguished homomorphism kg, = pr, to R:
(1-4) kn(g,s)=se€R for(g,s) € Gp.
Letzn,: g8 € Gmt— & € On be the quotient map and further set
(1-5) Dy =ged(p1,q1), and ri=pi/Di, s1=q/D,
and find a pair u, 01 € Z of integers such that
1 =riu; —sjo;, orequivalently D;= pju; —qivi,

which can be done through the Euclid algorithm. In the event that g; = 0, the
modulus m is trivial, thatis, m =0 and G, = G & Z.

Theorem 1.3 (invariants for a single automorphism with periodic modulus). Set
Dy =gcd(pi1, q1)- If p1 and qy are both nonzero, we have the following statements:

(1) The pair{zo, 21} is a free basis of G, so that every element g € G, is written
uniquely in the form g = eg(g)z0 + e1(g)z1.
(i1) The group Gy, admits another free basis {wq, w1} such that by = Diw;. There-
fore N = D1 Zw; and
Om = Zwo @ Zwy,
Diw; =0 in Qn QZ@ZDI,

where the dotted notations indicate their images in the quotient group Q.
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(iii) The character group Qm of Om and the characteristic cohomology group
A(Gn, N, T) are identified under the correspondence

(1-6) Ay(nby; g) = x(my(g))" forgeGmand y € Qm.

(iv) The character group Qm is given by the exact sequence

exp(2ri )

0ﬁzZHR@(ﬁZ) T@ZDIZQ\m—)O,

which describes the characteristic cohomology group A(Gn, N, T) as
(1-7) A(Gm, N, T) =T Zp,.

If x (z0) is a root of unity, then the outer period po(a) of a is given as the product
D1So With so € Z 1 the smallest nonnegative integer s € 7 such that 1 = y(z0)°. If
x (z0) is not a root of unity, then the corresponding automorphism o. is aperiodic,
that is, po(a) = 0.

Proof. (i) Since pry(z1) = a; and G is a free abelian group, the exact sequence
(1-2) splits along with the cross-section: m € G +— mz; € Gp,.

(i) We set wg = u1z9 —v1z1 and w; = —s1z9 +r1z1. Since zg = rjwo + v w; and
Z1 = S1wo + ujwy, the pair {wg, w,} is a free basis of G, such that

Gm=2Zwo+2Zw;, by =Dyw;, N=DZwi, Qm=GCn/N=2Zy®Z,

as we wanted.

(iii) Since H?(N, T) = {1}, the second cocycle part of a characteristic cocycle in
Z(Gn, N, T) is taken to be trivial, so that the A-part vanishes on N and therefore
it is a character of Gy, that vanishes on N and factors through the quotient map
Ty:Gm—> Om. Thusitis of the form A(by; g) = y(wy(g)) forge G and y € Qm.

(iv) It follows from (ii) that the character group Qm is parameterized by R&® (DLIZ):

Xx.y(8) =expri(x fo(g) +y f1(g))) for g = fo(g)wo + fi1(g)w1 € G,

with (x, y) e R&® (DLIZ). This gives the exact sequence

)= xxy A

0— 272 —=R@(52) ———> On=T&Zp, >0, V)

Model construction. Suppose G is a fixed countable discrete amenable group and
let {H, ng} be a universal resolution group of the third cocycles of G, that is,
ng : H — G is a surjective homomorphism such that 7} (Z*(G,T)) c B3(H,T).
We require H to be a countable discrete amenable group. Let M = Ker(zs). Fix
a normal subgroup N of G, and set L = 7 Y(N). With a fixed invariant homo-
morphism m € Homg (N, R/ T’Z) such that Ker(m) D N, we use the abbreviated
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notation m for mo 7 and form a group extension Hy, via
T
0>Z——>H, —=H—1,

where Hy, ={(g,s) e HxR:m(g)=s7=s+T'ZecR/T'Z}, withm,(g,s) =g H
and k(g, s) =s € R for (g, s) € Hy,. We get the reduced modified HIR-sequence

o ——>HX(H,T) = A(Hp, L, M, T) —2> HY (G, N, T) - 1.

Thus every modular obstruction cocycle (¢, v) € Z;’I}"‘E(G, N, T) is of the form

(c,v) =6(4, ) mod B (G, N,T).
Consequently the construction of an outer action ¢ of G on an AFD factor M of
type III; with Oby(a) = ([c], v) € HI‘E{‘E(G, N, T) is reduced to the construction of
an action a** of H,, such that
@ )7 IntVG) DM, x@h) =[4, xl € A(Hm, L, M, T),
(@)~ (CntM;)) =L, mod (ap") =m(wg(g)) for g € H.

So fix a set of invariants (4, u) € Z(Hy, L, M, T) and m € Homg (G, R/ T'Z) such
that Ker(m) D N. We are going to construct the model action a*** of Hy,:

Step I. Let X be a countable but infinite set on which Hy, acts freely from the left.
In the case that Hy, is an infinite group, we take X to be Hy, itself and let Hy, act
on it by left multiplication. So the infinite set X is only needed when Hy, is a finite
group, in which case X can be taken to be the product set X = Hp, x N and H,
acts on the first component by left multiplication. Let {M,,x € X} be the set of
2 x 2 matrix algebras M(2, C) indexed by elements x € X.

Step II. We form the infinite tensor product Ry = Hf’e x{My, 7} relative to the

normalized trace
ap; ap 1
Ty ( ) = 5(a11 +an).

ar ax
Then we let 6 be the Bernoulli action of Hy, on Ry that is determined by
® ®
0 —
(T ) = T e
xeX xeX

Step I1l. Form the twisted partial crossed product of Ry by N relative to the second
cocycle u € Z*(N, T) and the action ¢°, that is, My = Rg X0, N. Then let
{U(m) : m € N} be the projective unitary representation of N to My corresponding
to the twisted crossed product, so that
U(@U(h) = u(g; h)U(gh) forg,heN,
U(g)aU(g)" = ag(a) forae Ry, g € N.
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Let *# be the action of Hy, on My determined by
oM (U(m)) = 2(gmg™": g)U(gmg™") form e N and g € Hp,
@) = o0 fora € Ry and g € i,

Step 1V. Let My,1 be the AFD factor of type Il equipped with trace-scaling one
parameter automorphism group {6, : s € R} and set Ry ; = Mo, 1 ® My. We then
set the action a** by d;ﬁ’” =On(e) ® a;’” on Ry | for g € Hy,. Set R = (Ro,l)&ZO.
The automorphism a,, = 07 ® az'};” scales the trace 7 by A = ¢~ 7", so the von
Neumann algebra R is an AFD factor of type III,. Finally we define the action
a’* by aé’” = dé’” |% for g € H; this makes sense because @, acts trivially on R.

Theorem 1.4 (model action).
(i) The action a = a** constructed above has the invariants

N =a ' (Cnt(R,)),
mod (ag) =m(g) forgeH,
x(@)=1[4, ul € A(Hn, L, M, T),
v (g) = [T Log(4(g; 20))/2x]r € R/TZ forg € N.

(i1) Let sy : G — H be a cross-section of the homomorphism ng : H — G.
Then the outer action aﬁ;f " of G has associated modular obstruction given by
6([4, u]) = [, v*] € HR' (G, N, T).

The construction of (i) and (ii) exhausts all outer actions of G on the approxi-
mately finite-dimensional factor R of type 11, up to outer conjugacy.

Proof. (i) Let & denote the action &*# of Hy, on Ro,1. Since R is the fixed point
subalgebra of Ro | under the automorphism a_,, the restriction a = a|x of a to R
factors through the quotient group H = Hy,/(Zzp). Hence « is indeed an action
of H. Since Ry ; is a factor of type Il and

I

—m(zp)

TO&ZOZ‘[OHm(ZO)ze T—=e T=if,

the fixed point subalgebra R is a factor of type III; and the pair {Ro 1, G} is the
discrete core of the factor R. Since Rg ; is AFD, R is as well by the grand theorem
of Connes [1976a]. As zg is a central element of Hy,, o (Hy,) leaves R globally
invariant and hence its restriction to R makes sense. The inner part & (N), which is
given by the projective representation {U (g) : g € N}, leaves R globally invariant,
that is, U (g) for g € N normalizes R; thus we have the inclusion U (N) C ﬁO(IR).
Hence N = a~'(Cnt(R)). As in (1-1), we have mod(ay,) = m(h) for h € H. If
g,81,8 € N and h € H, then

Mg h) =U*(g)an(Uh'gh)),  UlgNU(g2) = u(gi; 82)U(g182),
Vo (8) = s, (U(g)) = U(g)"a, (U(g)) = A(g; 20)-
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Hence y(a) = (A, u] € A(Hm, L, M, T) as required. Finally viewing v, as a
homomorphism of N into R/TZ, we get v, € Homg (N, R/ TZ) as stated.
(ii) The assertion follows from the construction of a*#. Qo

Actions and outer actions of two commuting automorphisms on an AFD factor R
of type II,.. In this case, we have to consider the free abelian group G = Z? of rank
two and its extension G, = Z° relative to a homomorphism m: G — R/ T'Z. We fix
a subgroup N of G, which is going to represent the inverse image a ! (Cnt(M}))
of the extended modular automorphism group. We assume that N is in the diagonal
form, that is, with a free basis {a;, a;} of G, the subgroup N is of the form N =
p1Zay + paZay. Of course, one can choose p; and p; so that 0 < p; < p, and
p1 divides p», but to go beyond the finite rank case, we don’t assume that p; is a
divisor of p;, which might make the matter slightly more involved. In the case that
G =72, we have H*(G, T) = {1}, so every outer action of G comes from an action
of G. Since H?(G, T) = T # {1}, the outer conjugacy class of an action is bigger
than the cocycle conjugacy class. To go further, we recall the reduced modified
HIJR-exact sequence from [Katayama and Takesaki 2007, Theorem 3.11 page 116]:

H?(G, wr) —% A(Gm, N, T) *>H°‘”(G N, T) —=HG,T)={1},

where O, = G,/N. Here since H3(G, T) = {1}, we don’t have to consider the
resolution group H and its subgroup M. To identify the subgroup N C G as a
subgroup of G,, we need a little care. First, set

20=(0,T") € G,

z1=(ai, 1T'/p1) € G, 22 = (a2, 27"/ p2),

by = (p1a1,0) = p1z1 —q120 € G,
(1-8) q m

= (p2a2,0) = p222 — 4220 € G,
N=7b1+7by, CGpn =270+ 7271+ 72>,

Om=Gn/N.
This gives the following coordinate system in G, and N:

. ei
(1.9) g=ein(g)b1+ern(g)br € N, thatis, e; n(g) = ;g)
h =eyg(h)zo+e1(h)z1 +eéx(h)z2 € Gn.

fori=1,2,

Theorem 1.5 (invariant). Define Z and B by
(1-10)0 Z={b=1{bG,j):i=1,2, j=0,1,2} eRO:

pib(i, j)—q;b(i,0)€Z, i=1,2, j=1,2},
B={beZ:b(i,0),bi,i)eZ, i=1,2,pb(1,2)+ p1b(2, 1) € ged(p1, p2)Z},
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and to each b € Z associate a cochain (Ap, up) € Z(Gm, N, T) by

g =ep(2ri( X b Den@am)).

(1-11) i=1,2;j=0,1,2
ub(g1;82) =1 forg,gi,8 € Nandh € Gn.
Then the cochain (1p, up) is a characteristic cocycle (Ap, 1) € Z(Gy, N, T). The

modular obstruction cocycle (cp, vp) = 6(Ap, 1) € Z2™

m.s(G, N, T) corresponding to
(Ap, 1) takes the form

cr(815 &2; 83) = Ap(ny (82 £3); 5(83))  (where g1, 2, 83 € Om)

=exp(2m( 3 b(i:j)’//pi([ei(gZ)]p,-;[ei(g’s‘)]p,-){éj(gl)}pj)),

. Di
- =1,2
(1-12) jl:O,l,Z

vb<g)=[TZb(i,0)e,-,N(g)] €R/TZ forgeN,

i=1,2 T

where for the notations np, and ny we refer to definitions (3-8) and (3-14), and
furthermore {€9(g1)}p, = €0(81) € Z for &1 € Om. The (i, j)-components Z(i, j)
and B(i, j) of Z and B give more precise information about the cocycles:

(1) Fori =1,2, we have
Zp(i,i) ={z=(x,u) e R*: pjx —qu € Z},

(1-13)
By(i,i)=Z®Z.

The bicharacter /1;”' on N x Gy, determined by

(1-14) AL (gs h) = expQri(xe; n(8)é; (h) + uei n(g)éo(h)))

for each pair g € N and h € Gy, gives a characteristic cocycle of Z(Gp, N, T).
It is a coboundary if and only if z is in By(i,i). The corresponding coho-
mology class [/1;"'] € Ap(i, i) has the parameterization

[2271 € A, D) ~ ([pix — qitt]gea(pi.gn)» [—0ix + uiulz)
€ Zged(pi,g) ® (R/2),

where the integers u; and v; are determined by p;u; — q;v; = ged(p;, qi)
for i = 1,2 through the Euclid algorithm. For the same i, the associated

LEVE) € HY' (i, i) corresponds

(1-15)

modular obstruction cohomology class ([¢
fo the class:

([pi-x - Qi“]gcd(pi,qi)a [_Di-x + uiu]Z) € chd(pi,qi) @ (R/Z)a
o' (g) =[Tue;n(g)lr €R/TZ.
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(i) With (i, j) = (1,2),

Zp(i, j)= {(x, u,y,n)€ R*: pjx—qju€l, piy—qv € Z};
(1-16)  By(i, j) = {(x,u,y,0) €Zy(i, j) : pjx + piy € ged(pi, pj)Z,
u,v GZ}.

For each element 7 = (x, u, y,v) € Zyp(i, j), the corresponding bicharacter 1,
on N x Gy, determined by

(L-17) 79 (g5 ) = exp(2xiCre; y (), () + vej v (8)é (h)))
x exp(2ri(ue; y(g)eo(h) +vej n(g)eo(h))),

for each pair g € N and h € Gy, is a characteristic cocycle in Z(Hy,, L, M, T).
It is a coboundary if and only if z belongs to By (i, j). The cohomology class
(2271 € Ap(i, j) of A. corresponds to the parameter class

(1-18)

1
(m; ;j(xrj; +yri ;) —n;jus;; +vs; )]z (mz) /Z
[zl = | LyijCxrji+yrij) +xij(usji +vsi )z | € ,IR/Z ,
[—uw;;+ow;j;lz R/Z

where the integers D(i, j), ..., w; j are those such that

D(, j) = ged(pi, pj, 4i. 4)),
D; j = ged(pi, pj),  Eij=ged(qi, q)),
ri,j = pi/Di,j, rii=Dj/Di;j
Si.j =4qi/Eij, sji=4q;/Eij,
m; ;= D;;/DG,j), nij;=E;;/DGQ,j),
qiwij+qjwj;=Eij, x;;jDjj+yi;Eij= D@, j).

(1-19)

out

The associated modular obstruction class ([c;’],v;”’) € H (i, j) corre-

sponds to the pair of classes

(i 572)/2

[z] € R/Z >
R/Z
vii(g) = [T(uelp(f) +uezp(‘2g))]T eR/TZ forgeN.

The proof of this special case is not much simpler than the general case, so we will
discuss later in the general free abelian group case; see Theorem 4.2.
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2. Asymmetrization

Set the notations X = Z,,4; = Z/(n + 1)Z and X| = X\{1}. The signature of a
permutation o is the sign of the product: sign(c) = sign{Hi<j(a (j)—o (i))}. Let
S be the cyclic permutation

2-1) S=@2,3,...,n,n+1,1) e II(X),

whose signature is given by

(2-2) sign(S) = (—1)".

Each element o € I1(X) is identified with an element of IT1(X) so that
c=(1,012),6(3),...,0(n),o(m+1))eI(X).

This identification of an element of I1(X;) with the corresponding element of
IT1(X) preserves the signature of o. Then the total permutation group IT1(X) is
the disjoint union of the translations {SkH(X 1) : 0 <k <nj}, that is,

(2-3) n(x) =] | sFxy).
k=0

Definition 2.1. The asymmetrization AS ¢ of ¢ € C"(G, A) is defined by

Q24 (ASO(g1, 82,8 = D sign(0)(2r (1) 8o (2)s -+ -5 Goln)):

cell(Z,)
Define 7 : G"*! — G” by
(2-5) mi(g1, 8255 8ns nt1)
(82, g3:"'9gn, gn+1) fOfk:O,
=181, -5 8k—1, 8k&k+1> 8k+2» - - -» &nt1) for 1 <k <mn,
(g1, 82,5 8n) fork=n+1.

The boundary operation d € Hom(Z(G"*"), Z(G")) is then given by

n+1

(2-6) d= (-Drom,
k=0

o0& =d*¢& for & e C"F1(G, T). We view the asymmetrization AS also as an element
of End(Z(G"™)) determined by

As(gla 82,..., gn) = Z Sign(o-)(ga(l)a 85 (2)s -+ ga(n))-
o ell(Z,)
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Lemma 2.2. The asymmetrization and the boundary operation are related by
AS od =0 in Hom(Z(G"*"), Z(G")).

Proof. Define Q € Hom(Z(G"*"), Z(G")) and R € Hom(Z(G"*"), Z(G™)) by

n+1
Z Z(sign(Sj_la)iron_la + (=1 ! sign(Sja)nnHSja),
cell(X)) j=1
n+1
Rg = Z ngn(S’a)Z( YnS'og for g e GMHL
cell(X)) j=1 k=1

So we have AS od = Q + R. We know that

nonfla = nn+1Sja forl <j<n,
sign(§/ o) oS "o + (=1)" sign(SV o), 1570
= (=1)"U Vsign(o)moS' "o + (= 1" (—=1)" sign(o)mys1 S/ = 0.

Thus we get Q = 0.
We need the notation oy x4 for the flip of k and k 4 1:

okkr1=1,2,. ., k=2, k=1L k+ 1,k k+2,k+3,...,n+1) e II(X).
Then we get
sign(ok k+1p)Tk0k k+1p8 + sign(p)mrpg =0 for p e [1(X) and 1 <k <n.

Hence we come to

n+1
= > ZSlgn(SJO')Z( DSl
oell(Xy) j=I1
n+1
_Z( DY > 81gn(SJU)7rkSJa—Z(—l)k > sign(p)mip
j=loell(X)) k=1 pell(X)

= Z(—l)k > (sign(p)mip +sign(oy k419)Tr0k k1) =0,
k=1 pelly(X)

where ITy(X) is the group of even permutations of X, that is, the alternating group.
Therefore we conclude AS od = Q0+ R =0. Q@

Let A be a G-module with action a. We recall the dimension shifting theorem
and the dimension shift map ¢. First, a new G-module A is defined through the
following:
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(i) Map(G, A) is the module A° of all A-valued functions on G with pointwise
addition.

(ii) The group A is the submodule of Map(G, A) of constant A-valued functions.
(iii) The action a of G on A extends to the enlarged additive group Map(G, A) by

(anf)(g) = an(f(gh)) for f € Map(G, A)and g, heG.
(iv) Finally A is the quotient G-module A= Map(G, A)/A.
Thus we obtain the equivariant short exact sequence
(2-7) 0—> A —> Map(G, A) —= A — 0.
The short exact sequence (2-7) splits as follows:

(i) First,set j(f)(g)= f(g)— f(e) for f e Map(G, A) and g € G, where e € G is
the neutral element of G. Then the map j is a homomorphism of Map(G, A)
onto the subgroup Map, (G, A) of all A-valued functions on G vanishing at e.
Then we get Ker(j) = A C Map(G, A), so that the map j is viewed as a
bijection from A onto Map, (G, A).

(i1) The map j transforms the action & of G on A to the action, denoted by a again,

on Map,(G, A) defined by (ax f)(g) = an(f(gh)) —an(f(h)) for g, h € G
and f € Map,(G, A).

With the map j, we will identify A and Map, (G, A). Thus we have a short exact
sequence

0— A —= Map(G, A) —= A = Map,(G, A) — 0.

Let s denote the embedding of A= Map,(G, A) < Map(G, A), which is a right
inverse of the map j. If ii € Z"~!(G, A), then

0= dgii = j (3e8(@0)),

where d; means the coboundary operator in C% (G, Map(G, A)), so that we have
0gs() €eZl (G, A). We denote the cohomology class [505@7)] eH (G, A) by o[u]
for each [u] € H’gfl(G, A). It is known as the dimension shift theorem that the
map & is an isomorphism of Hg_l (G, A) onto H2 (G, A).

Definition 2.3. Suppose that the group G admits a torsion-free central element

20 € G. A cocycle c € Z (G, A) is said to be of the standard form (relative to the
central element zg) if

(i) foreach ky,...,k,€eZand g1,82,...,8, € G,

(2-3) C(zlélgl, s zlé”gn) =g, (de(ky; g2, .., 8n)) + (81,82, -+, 8n);
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(ii) the map k € Z > d.(k; g2, &3, ..., &) € A belongs to Z;ZO (Z, A) for each
82,83, ...,8n € G, that is,

(2-9) de(k+¢t; 8,83, ...,81) =dc(k; 82,83, ...,8n)
+olk (de(C; 82,83, .., 8n))-

(iii) For each k € Z and g1, g2, ..., gx € G, we have

(2-10)  (Oode) (ks g1, 82, - - - 8n) = At (c(81, 82, -+ - 8n)) — €(81, 82, - - -+ &n)-

Remark 2.4. If we choose d,. so that

k ky
(2081, 20/ 82> - -» 2 &n) = g, (dc (2, &3, - - - » gn)) + (81,825 - - -5 &n)>
(06dc) (81, 82, - -5 &n) = 0z (c(81, 82, -+, &n)) — (&1, 82, -, 8n)

and we define d.(k; g2, g3, . . . , gn) inductively by

(2'11) dc(k; 82,8355 gn)zdc(gZ’ 83, .-, gn)+azo(d0(k_1; 82,8355 gﬂ))’

Then the cocycle identity (2-8) for ¢(g2, g3, ..., gn) and d.(k; g2, g3, ..., &x) can
be fulfilled automatically.

In the sequel, we often write d.(g2, g3, ..., gn) for the d-part of a standard
cocycle ¢ without referring to the first variable k in d.(k; g2, €3, ..., &n)-

Lemma 2.5. In the above context, every cocycle c € Z), (G, A) is cohomologous to
a cocycle cg of the standard form.

Proof. For n = 1, the cocycle identity c(zgg) = ag(c(zg)) + c(g) for k € Z and
g € G shows that with d.(k) = c(z’é) the cochains d, and c satisfy Definition 2.3(i).
Now we have

ak (c(8)) = c(g) = c(z58) — c(z0) — c(g) = c(g) + oz (e(25)) — () — c(g)
= ag(de(k)) — de(k) = (05dc) (ks g),

which shows the property of Definition 2.3(iii) for ¢ and d.
Now assume our claim is valid for 1, ...,n — 1 and for any G-module {A, a}.
Choose an equivariant short exact sequence
0> A—eM-—Ls A0
such that H}, (g, M) = {0} for n > 1, and the cross-section s : A — M is a homo-

morphism of A into M, but is not equivarizglt. Then ;s : Zg_l (G, ﬁ) -7 (G, A)
gives rise to an isomorphism 0 : HZ_] (G, A)— HJ (G, A). For a standard cocycle



76 YOSHIKAZU KATAYAMA AND MASAMICHI TAKESAKI
- _ ~ k kn—
¢ e Z"1(G, A), we set, for each 20 815> 2y '8n—1€G,

-k kn—
c(zg' 81>+ 520" gn—1) = 0tg, (5(dz (k1 g2, 835 - - -5 8n—1)))
+5(c(g1, 82, 83> -+ +» &n—1))-

Since j(c¢) = ¢, we have ¢ = ;¢ € Z (G, A). We then compute

(28 g1s 128 8n) = (060) (2 815 .- 2" 81)

-k k kn
= o, (6582283 - 2"8n)

n—1
+Z(_1)jc(201g1,...,ZojngOJ+lgj+1,'--,gn)
j=1

F (=1 e, 2 )
=an, (g, (5(dz(ka; &35 ..., 8n))) + (82, 83, -+, &n))
- (aglgz(s(dE(kl +k2: 83,...,8n))) + (8182, 83, -, gn))

n—1
+ D (=1 (ag, (s(de (ki 82, -, 87815 8n)))
= F (810 s 88 t1s -+ 8n))
+ (=1)"ag, (s(dz(k1; 82, 83, - -, 8n—1))) + (=1)"¢(81, 82, 83 - - -» Gn—1)
= (060) (81,82, 8n) T @ i1, (g (s(de(kai 83, - 8n))))

+ ag1 (aﬁé (E(gZa g39 s gn)) - E(g2> g39 s gn))
— O, (5(da(ky: 83, ..., 8n)) + o) (s(da(kas g3, - .., €n))))

n—1
+ D (=1 0, (8(de (k13 82> 88115 8n)))
j=2

+ (= 1)" (ag, (5(dz (ki 82, 835 - - -» 8n—1))))
= (666)(g1a 82544, gl’l)
+oag, (ag (C(82, 83>+ 8n)) — (82,83, -, &n) — g, (s(dz(k1; &3, ..., &n)))

n—1

+ D (1) s(de(ky: 82, -, 88415 -+ -+ 8n))
j=2

+ (1) (6(de ks 82,83, -+ 82-1))))
= (06¢) (81582, -+ &n)

+ ag1 ((Xf{; (5(82, 835 --- 9gl’l) - 5(82, 835 --- 9gl’l))
—Bu(s°de) (k13 82,83, -+ 80))-
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Consequently, we get

(2 g1s -+ 20 8n) = gy (de (k15 82, 83, -, 8n)) + (81182, -+ &n)
with
c(81, 82, -+ 8n) = (06€) (81, 825 - - - » &n)>
dc(82, 83, -5 8n) = 05,(c(82, 83, .-, &) — (82,83, .-+ &n)
—0g(50dz)(82, 83> -+ » &n)-

We now check the requirement (2-10) for d, and c:

0z (c(81, 825 -+ -5 8n)) — (81, 82, - - - 5 &n)
= 0,(06¢(81, 825 - - -+ 8n)) — 06C(81, 825 -+ -5 &n)
= 0¢ (02 (C(81, 82, - - - 8n)) — €(81, 82, - - - &n))
= 06(dc(82, 835 -+ - 8n) + 065 °d:(g2, 83 - - » &n))
= 06dc(82, 83 - - » &n)-

Thus the cocycle c is standard.

We now state the main result on the asymmetrization, which extends the work

of Olesen, Pedersen, and Takesaki [Olesen et al. 1980]:

Theorem 2.6. Let Q be a countable torsion-free abelian group.

(1) The asymmetrization AS maps the group 7"'(Q, T) of T-valued n-th cocycles

onto the compact group X"(Q, ) of all asymmetric multicharacters on n
variables of Q.

(ii) The following sequence is exact for each n € N:
1= B"(Q,T) —=Z'(Q,T) > X"(Q,T) - 1.
Consequently,

‘u‘m!/(n!(mfn)!) lfm >n

H'Z", TYy=X"(Z",T)=
( ) ( ) <0 ifm <n.

More generally, if Q is a countable torsion-free abelian group, then the co-

homology group H"(Q, T) is naturally isomorphic to the Pontrjagin—Kampen

dual of the n-th exterior power Q AQ A --- A Q of Q.
(iii) The group X" (Q, 1) is a subgroup of 2" (Q, T) such that

70, Ty =X"(Q0,TH)B"(Q,T), X"(Q,T)ynB"(Q, T)=Ker(Powern!),

and AS ¢ = c" forc € X"(Q, T).
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Remark 2.7. If the group Q has torsion, then the theorem fails as seen in the case
that Q =7, =7/pZ for p >2, H*(Q,T) =Z, and X*(Q, T) = {0}.

For the proof, we need some preparation. First, if n = 1, then the claim is
trivially true for any abelian group Q with no assumption on torsion. We then
assume the claim is true for cocycle dimension 1,...,n — 1 with n € N fixed and
for any torsion-free abelian group Q. With this induction hypothesis, we prepare
a couple of lemmas for cocycle dimension 7.

Lemma 2.8. (i) If M is an abelian group such that a cocycle c € Z"(M, T) is
a coboundary if and only if AS ¢ = 1, then the same is true for the product
group Q =M x 7.

(i) If M is an abelian group such that the asymmetrization AS c of each cocycle
c €Z"(M, T) is a multicharacter, then the same is true for the product group
Q =M x /.

Proof. Let zy denote the element of Q corresponding to the product decomposition
0 = M x Z, so that every element g € Q is written uniquely in the form g = mz’é
forme M and k € Z.

(i) In Lemma 2.2, we proved the triviality of the asymmetrization of a cobound-
ary. Thus we prove the converse. Suppose ASc = 1 for ¢ € Z"(Q, T). By
Lemma 2.5 the cocycle ¢ is cohomologous to a cocycle ¢ of standard form, and

AScy=ASc=1by Lemma 2.2. So we may and do assume that c is standard:

C(ﬁla 132, L] ﬁﬂ) :dc(pZ, p37 e »pn)flCM(Pla p25 R pﬂ):

where p; = p,-zgi € Q=M xZ. As Q does not act on T, the d-part d. is a cocycle
inZ"~1(Q, T).
We look at the asymmetrization of c:

(AS C)(p~19 ﬁ27 ey ﬁn) = H (dC(pO'(z), p()‘(3)7 ) p()‘(l’l))gn(l)

oES, )signa

X CM(PJ(I): Po(2)s > pO'(n))
= H dc(po'(Z)a Po(3)s -+ > po_(n))fg(l) sign o

o€eS,

< [T emPoys Pe@)s - - - Pom) ™7,

oceS,
that is,

(2-12) (ASc)(p1, P2, ..., Pn) = H de(Po2)s PoG)s - - » Pon)) 7O SEN?

og€eS,

X (AScm)(p1, P2y -+ s Pn)-
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To compute the first term of the above expression, we take a closer look at the
permutation group S,. In particular, we have to pay attention to the fact that the
first term in the variables of d. is missing. To this end, we fix k with 1 <k <n,
which represents the missing term in d., and consider the cyclic permutation

Sic1(k)y=00,2,...,k—Lk+1,...,n)elI({1,2,...,k—1,k+1,...,n}).
Foro = (k,0(2),06(3),...,0(n)) € S,, define p, p and ¢ through

p = SEk+Dg

B 1 2 e k=1 k k41 .- n
T \o(n—k+2) c(n—k+3) - o(n) k c(2) --- c(n—k+1))’

AeY!

B 1 2 k=1 k41 n
" \o(n—k+2) o(n—k+3) --- o(n) 62 - c(n—k+1))’
G =805

1 2 v k=1 k+1 - n
:(0(2) 6@3) -+ k) ok+1) --- o(n) )=(0(2),a(3),...,a(n)).

Then observing sign p = sign p, we compute

sign o = sign S ! sign p = (—=1)=D&=D sign p
= (=) DE D gion(s,_; (k)" ) sign &

— (_1)(7[—1)(k—1)+(n—2)(n—k) sign& — (_1)k—1 Sign&.

Hence the first term of (2-12) becomes

Loy S
H (dc(pa(Z)a Po(3)s > pg(n))) (1) signo

oES,
b (—DF!

:H( H (d(,(p&(l)’ p&(Z),...,p&(n_l)))sign&)

k=1 5’€Sn_| (k)

- c—
= TT(ASdI 1, pos s B s )

k=1
where the notation — stands for removing the corresponding variable. Thus (2-12)
is replaced by
(2_12/) (ASC)(ﬁ15 ﬁ2>"'5ﬁn)

n m
= TT(ASd) 1, p- s oo )
k=1

x (AScm)(p1, P2, .-+ Pn)-
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The condition AS ¢ =1 yields that AScy; =1 with {y =0fork=1,...,n and

ASd. =1with{;=1and { =0fork=2,...,n and p; = e. Hence cy and d,
are both coboundaries by the induction hypothesis. Choose b € C*~!(M, T) and
ae C”_z(M, T) such that ¢y = 6,,b and d. = d,,a. Then the cocycle ¢ has the
form

C(ﬁl) ﬁ29 AR p~n) - dc(p29 p37 LR ] pl’l)[]C(plp p27 AR ) pn)
= ((@ua) (P2, P3 - - P))" @ub)(P1, P2, - - s )

Settlng f(pNI’ ﬁz, ctt ﬁn—l) = a(pZ, p3, ctt pn—l)iflb(pla p2, R Pn—l) Where
ﬁizzgip,- eQfori=1,...,n—1, we compute

(0o S)(P1> P2s - -+ 5 Pn)

n—1
- ~ ~ - ~ o~ - _ 1)k
:f(p2’p37"'7pn)XHf(pl:--':pkpk-i-lv"'7pn)( D
k=1
X f(ﬁl, ﬁz; e ﬁn—l)(_l)n

=a(ps, ..., pn) " 2a(ps, ..., p)ite

n—1
_ _1\k
XHa(PZa---aPkPkHa---,Pn) faEDh

k=2

X a(pa, Pay vy put) D"

n—1
VK
X b(p2, p3s - s pa) X [ | B(P1s s Dkt )T

k=1

X b(p1, p3y-..s pa) TV

n—1
_ _ 1)k
=a(ps, ... )" [Jap2s - prprsrs -, p) ™Y
k=2
X a(p2, p3s s Pa1) TV X (@b (P12 s )
= ((aMa)(pZa P3s---s Pn))fl (aMb)(pls P25 pn)
= c(ﬁlv ﬁzn L] ﬁl’l)
Therefore ¢ is a coboundary. This completes the proof of part (i).
(i1) Fix a standard cocycle ¢ € Z"(Q, T) by

C(ﬁl’ ﬁZa s ,ﬁl’l) :dc(PZ, P35 Pn)flC(Pl, P2, ... ,pn)

with d. € Z"~'(M, T) and ¢y € Z"(M, T). Observing that AS ¢y and AS d, are
both multicharacters by the assumptions, we compute with (2-12"), for g, = qlzgl,
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(ASc)(p1G1, P2, - - -5 Pn)
= (ASd)(pa, ..., pa)ith

. o £:(=1)/"1
x [T(ASd)(prgr, p. - B oos p) 7"
j=2
x (AScu)(p1g1, P25 - -5 Pn)
= (ASd)(p2, ..., pn)"!

n
o £i(—1)7!
x [T(ASd(pr. p2s o, By evs pi)) 7
j=2

x (ASd.)(pa2, - .., pu)"!

Z o £ (=11
X H((ASdc)(qb DP2seees Do ,p,,)) =D
=2
x (AScy)(p1, P2, ---» Pu)(AScm)(q1, P2, - - -, Pn)

= (AS C)(ﬁl, ﬁZ’ B ﬁn)(AS C)(Q], ﬁZa cees ﬁn)

Thus AS c is indeed multiplicative on the first variable, so that it is an asymmetric
multicharacter of Q = M x Z. v

Lemma 2.9. Suppose that ¢ € 7Z"(Q, 1) has a trivial asymmetrization, that is,
AS ¢ = 1. Assume the following:

(a) M is a finitely generated subgroup of Q;
(b) ag is in Q but not M
(c) fe cr! (M, T) cobounds the restriction cy of ¢ to M, that is, 0y f = cuy.

Then the cochain f has an extension to the subgroup N = (M, ay) generated by
M and agy such that oy f = cn, where cy is the restriction of c to the subgroup N.

Proof. To apply the structure theory of abelian groups, we use the additive group
operation in the group Q. From the general theory of abelian groups, it follows that
M and N are both free abelian groups and there exists a free basis {z1, z2, .. ., Zm}
of N and nonnegative integers {p1, p2,..., pr} C Z4+ for 1 <r < m, such that
N =(z1,22,...,2m) and M = {p1z1, ..., prz,). With the assumption for n — 1,
every (n — 1)-cocycle u € Z"~'(M, T) is cohomologous to an asymmetric multi-
character u,, that is, there exist a;, ;,,..;, € R such that

,,,,,

,ua(gla gZa ceey g}’l—l) =

exp(zﬂ:i Z ai],iz,”.,l'n,] (eil,M A eiz,M ZASSERIVAN einfl,M) (gla 82, ..+, gn—l)),
ije{l,2,..,r}

1<iy<ip<-<ip—1<n—1



82 YOSHIKAZU KATAYAMA AND MASAMICHI TAKESAKI

where {e; »y : 1 < i < r} is the coordinate system of M relative to the basis
{p1z1, ..., prz,}. Setting

Va(glagZa---:gn—l):
a
exP(Zni > M(e’il/\eizA-‘-Aein,l)(gl,gz,...,gnq)),
ief1,2,..r) Pii Pir *** Piy_y
J 3Ly

1<iy<ir<-<ip_1=<n—1

where {e; : 1 <i < m} is the coordinate system of N in the basis {z1, ..., Zm},
we obtain an extension v of u,. Choose & € C""2(M,T) so that u = (0y¢) ias
and extend & to a cochain & € C"~2(N, T). Then the second cocycle (9y&)v gives
an extension of the original (n — 1)-cocycle u € Z"~'(M, T). Thus we obtain the
surjectivity of the restriction map res: u € Z""'(N, T) — upy € Z"~1(M, T), that
is, the exactness of the sequence

72NN, T) = 7""'(M,T) - 1.

By induction on generators, Lemma 2.9 yields that the restriction cy of ¢ to N
is a coboundary. Hence there exists & € C"~!(N, T) such that cy = dy¢. Then we
have 8y, f = cy = 0yém, SO Uy = fﬁ}lf e7Z'" '(M, T). By the first arguments,
we can extend s to an element v € Z"Y(N,T). Set f =v& e (N, T). The
newly defined cochain f on N extends the original f € C"~!(M, T) and cobounds
the cocycle cy, that is, 8y f = (Oyv)(Ov&) = OvE = . Qo

We may now complete the proof of Theorem 2.6 by proceeding from cocycle
dimension 1, ...,n — 1 to the cocycle dimension 7.

Proof of Theorem 2.6. Suppose that ¢ € Z"(Q,T) and ASc = 1. Let {zx : k €
N} be a sequence of generators of Q and let M,, = (z1,22,...,2m) for m € N.
The sequence {M,,} is then increasing and Q = |J M,,. The triviality assumption
ASc =1 and Lemma 2.8(i) yield that the restriction ¢, of the cocycle ¢ to each
M,, is a coboundary, so that there exists f;, € ! (M, T) such that ¢, = O, fin-
The last lemma however allows us to choose the sequence { f;,,} so that each f,,
is an extension of the previous f,,—;. Hence the sequence {f,,} gives a cochain
f e C"1(Q,T) such that f|y, = f, for m € N, and therefore 6, f = c. Thus
we conclude that Ker(AS) c B"(Q, T). The inclusion Ker(AS) D B"(Q, T) was
proved in Lemma 2.2. Hence Ker(AS) = B"(Q, T).

Lemma 2.8(ii) for {M,,},en yields that the asymmetrization AS ¢ is a multi-
character for any ¢ € Z"(Q, T).

Set ¢, = AS ¢ for an arbitrary cocycle ¢ € Z"(Q, T). Then ¢, € X"(Q, T). Since
Q is torsion free, the group X" (Q, T) is indefinitely divisible. So the n!-fold power
mapping & € X"(Q, T) — &" € X"(Q, T) is surjective. But the asymmetrization
AS on X"(Q, T) is precisely the n!-fold power. Hence there exists £ € X"(Q, T)
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such that AS¢ = &" = ¢,. Now we have AS(E o) = e, = 1. Therefore
&~le e B'(Q, T). Consequently, we conclude

7'(Q,T)y=Xx"(Q, T)B"(Q, ),
X"(Q, T)NB"(Q, T) = X"(Q, T)NKer(AS) = {c € X" (Q, T) : " =1}. @

Corollary 2.10. If G is a discrete abelian group, then the asymmetrization of every
n-cocycle ¢ € Z"(G, T) is a multicharacter, that is, AS c € X" (G, T).

Proof. Let F be a free abelian group large enough so that there exists a surjective
homomorphism 7 : F — G. Consider the pull back 7 *(¢) and its asymmetrization,
AS t*(c) = n*(AS ¢). It follows from Theorem 2.6 that the pull back 7 *(AS ¢) is
a multicharacter of F'; consequently the original asymmetrization AS ¢ is a multi-
character of G. O

3. Universal resolution for a countable discrete abelian group

We discuss a universal resolution group for a countable discrete abelian group.
We consider only the case that the abelian group under consideration has infinitely
many generators since the finitely generated case can be covered by the infinite
generator case. Let G = Z<N be the free abelian group of a finite sequences of
integers, that is, every element g € G is of the form

g:(gl’ g29"‘7gi7""g€’ 07 07"') for gi GZ,
with £ = £(g) € N, the index of the last nonzero term of g € Z<N. With
(3-1) a; =(0,0,...,0,1,0,0,...),

where the 1 is in the i-th slot, every element g € Z<N is written uniquely

(3-2) g= Y ei(Q)a.

ieN

We call {a; : i € N} the standard basis of Z<N. We also fix a subgroup N of G that
is generated by a sequence {p;a; :i € N} with p; € Z and i € N. We will use the
matrix

P=1¢og o p3 , sothat N=PZ<N.
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Let M be the additive group of upper triangular matrices with integer coeffi-
cients, that is,

0 mp mpz myg ---

0 0
M={m= ma ma ezt

and sete; y(m)=mj; for j <kandm e M. Fori < j, leta; Aa; be the element of
M such that ey ¢(a; Aa;j) = dixdj¢, that is, the matrix with only (i, j)-component 1
and all others 0; equivalently a; Aa; with i < j is the (i, j)-matrix unit of M. Let
n,, be the M-valued second cocycle of G defined by

ejx(ny(g; h))=ej(g)ex(h) forg,heGandl<j <k,

0 ei(g)ex(n) ei(g)es(h) ei(g)es(h) ---
(3-3) o (gs h) = 0 0 e2(g)es(h) ea(g)es(h) ---
s 0 0 o e@eh) -

Let H be the group extension of G associated with n,, € Z>(G, M):
H=Mxu,,G and L=M xy,,N.

The group operation in H is given by (m, g)(n, h) = (m+n+ny(g; h), g+ h) for
(m, g), (n, h) € H. The inverse (m, g)~' is given by
(ma g)_l = (_m +nM(g7 _g)a _g)

because (0,0) = (m, g)(m’,g") = (m +m’' +ny,(g;8).8+¢), § =—g and

m' = —m + ny(g; g). To determine the commutator subgroup [H, H], we take

(m, g), (n, h) € H and compute

(m, g)(n, h)(m, g)~" (n, h)~!
= (m, g)(n, h)(=m +ny(g; g), —g)(—n +ny(h; h); —h)
=m+n+ny(g,h),g+h)
X (=m —n+ny(g; g)+ny(h; h) +ny(g; h), —g —h)
= (u(g; ) +nu(g; g) +ry(h; h) +ny(g; 1) +ny (g +h; —(g+h)), 0)
= (ny(g; h) —ny(h; g), 0)
= (Do (es@entn) — e;mex () (a; Aar), 0).

j<k

Lemma 3.1. The commutator subgroup [H, H] of H is the center M of H.
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Proof. From the computation above, it follows that for each pair j < k
sp(aj)sp(a)sn(a;) 'sula) ™ =a; na,

with sy the cross-section of 7y : (m, g) € H— g€ G givenby sy(g)=(0,g) e H
for g € G. Thus [H, H] contains the generators a; A ay for j <k of M. Qo

Theorem 3.2. The pair {H, m} is a universal resolution of the third cocycle group
Z3(G,T) of G. If K is a countable discrete abelian group, then for any surjective
homomorphism r - 7N K, the composed map tg = womg: H— K makes the
pair {H, mx} a universal resolution of the third cocycle group Z3 (K, T).

Proof. Since Z<N is a free abelian group on countably infinite generators, there
exists a surjective homomorphism from G to any countable abelian group K. So
it is sufficient to prove that

(23 (G, T)) cB*(H,T).

For each triplet &, 7, ¢ € Hom(G, R), we define a multihomomorphism, called the
tensor product and denoted by ¢ ® 7 ® ¢ € C*(G, R), as follows:

C®n®L)(g: hik) =L(g)n(h)¢ (k) forg, h,keG.

Then the tensor product ¢ ® 5 ® ¢ generates the third cocycle group Z*(G, R) up
to coboundary, that is,

({¢@n®¢: & n, ¢ e Hom(G, R)})+B*(G, R) = Z*(G, R).
Now for each pair 7, ¢ € Hom(G, R), we define a cochain B, - € C'(H, R) by
(3-4) By ()= D nlajc(aejr(mo(g)) for g = (mo(g), mo(g)) € H.
J<k

Then we have
(0u (e @ Byr))(g1; &2: 83)

=&(mwo(g2)) By, (g3) — E(mo(g1) + mo(g2)) By (83)

+&(mo(g1)) By, (8283) — E(mo(g1)) By, (82)
= —(mo(g1)) By, (g3) + S (wo(g1)) (Zj<k n(a;)¢ (ar)e; k(mo(g283)))

—¢(mo(g1)) By, (g2)
= —{(mo(g1)) By, (g3)

+&E(mo(g)) (22 <k n(aj)¢ (ar) (e x (mo(ga) +mo(gs) + minu(g2; €3)))
—¢(mo(g1) By, (82)
= &(mo(e)) (X, <1 1@ (@r)e (mo(g2))er(mo(g3)))-
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Choosing &, n, € Hom(G, T) tobe { =e¢;, n=ejand { =¢; fori < j <k, we
obtain

my(ei ®ej ®ex) =0y(mye; ® Be, o)

Every third cocycle in Z3(G, T) is cohomologous to a cocycle ¢, € Z3(G, T) of
the form

(3-5) ca(g1; 825 83) = CXP(27Ti( Z a(i, j, ke (gl)ej(gz)ek(ga)))-

i<j<k
So with b, € C2(H, T) defined by

(-6 bulgis g2) = exp(2xi( X al. j. bei(mo(81) Be(8)) )

i<j<k
we have
(3-7) n(’)"ca = 0yb,.

Hence we get 7} (Z3(G,T)) c B3(H,T), from which we conclude that the pair
{H, mo} is a universal resolution of Z3(G, T). V)

Remark 3.3. The p-part of every characteristic cocycle (4, ) € Z(H, M, T) is
trivial.

Proof. Since M < H is central, 4 is a bicharacter of M x H; in particular A(m, - ) is a
character of H for every m € M. Hence it must vanish on the commutator subgroup,
that is, A(m, n) =1 for all m, n € M. Thus u € Z*>(M, T) is a coboundary. Q

Consider (1, ) € Z(H, L, T) with L = M x,,, N. We may and do assume the
triviality g = 1 of the restriction of u to M. We then have the corresponding
crossed extension

| >T—>E2>L—1

u

The triviality of ujs means that the cross-section u is multiplicative on M, that is,
u(mn) = u(m)u(n) for m, n € M. Here we use the multiplicative group operation
since M sits in the noncommutative group H.

Lemma 3.4. If sy is a cross-section of the quotient map mo: H — Z<N = H/M
withwy, = dsy € Z>(Z<N, M), then each characteristic cocycle in Z(H, L, M, T)
is cohomologous to the one (A, u) € Z(H, L, M, T) such that

A(m; nsg(h)) = A(m; sy (h)) form,ne M, heZ=N,
u(msp(g); nsu(h)) = A(n; sp(g)p(su(g); su(h)) form,neM, g,heN.
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Proof. In the crossed extension E € Xext(Hpy, L, M, T) associated with (4, u) €
Z(Hn, L,M,T) givenby 1 - T — E — L — 1, we redefine the cross-section u
form € M and g € N as u(msy(g)) = u(m)u(sy(g)), so that u(m; sy(g)) = 1.
We now compute, form,n € M and h € Z<N,

A(m; ns g () u(m) = ausyy (ny (U(m)) = u(n) o, gy @(m))u(n) ™!
= A(m; s (W)u(mn)u(n) ™!
= A(m; sy (h))u(m);

for g, h € N, we complete the proof with the computation

p(msp(g); nsp(h))u(msy (g)nspy (h))
= u(msy (g))u(nsy (h))
= u(m)u(sy(g))u(n)u(sy (h)))
= u(m)os, o) u(n))u(sy(g))u(su (h))
= A(n; s (@) u(m)u(n) u(su(g); su(h))u(su(g)su(h))
= A(n; s (g))u(mn)u(sy(g); su(h))u(su(g)su (h))
= An; s (g) (s (g); su(h)u(msy (g)nsy (h)). ©

Groups G, Hy,, Gy, and Q. First, we fix notations. To work on the quotient
group Z/pZ = Z, with p € N and p > 2, we set

il,=i+pZeZ, wherei=np+{i},, 0=<{i}, <p,
0 if (i) + )y <P
p iff{i}p +{j}p = p.

(3-8)
np([i]ps []]p) = {i}p + {]}p —{i +j}p = [

We shall call the pZ-valued cocycle 7, € 77 p» PZ) the Gauss cocycle, which
can be written

(3-8) 1o (i1 Lily) =p([i +pj |- [l;] - [ﬂ)

where [x] for x € R is the largest integer less than or equal to x.
Given a homomorphism m of the group G to R/ T’Z such that Ker(m) D N, we
consider the group extension

Gn={(g,s)eGxR:sp=s+T'Z=m(g) e R/T'Z},

057 G - G 1,
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where zo = (0, T') € Gp,. Identifying m with me 7y € Hom(H, R/T’'Z), we also
form a group extension

Hp = {(h,s) € HxR:m(h) = € R/T'Z)
={(m,g,s) e M xGxR:m(g)=sr € R/T'Z},

n—>zg

0—>7 Hp, H—1,

where the central element zo = (1, T’) € Hy,, appears in both G, and H,,. We hope
that this abuse of notation for two distinct elements in the different groups will not
cause a headache later; it is just like the zero elements in ring theory.

By the assumption N C Ker(m), the homomorphism m factors through the quo-
tient group Q = G/ N, so that it is also viewed as a homomorphism of Q — R/T'Z;
therefore we can form the group extension Qp, as before, which sits on the follow-
ing commutative diagram of exact sequences:

1 1

0—>6m(N) —=N —=0

|

0 7 G — = G 1
TQ | 1s " ro 15

0 7 Om —2> 0 1
0 1 1

From the assumption Ker(m) D N, it follows that m(p;a;) = 0, so that there
exists an integer ¢; € Z with 0 < g; < p; such that

m; = {m(a;)}r =q;T'/pi € (T'/pi)2),

(3-9)
m(ai) = l’i'l,' =m; +—[|—/Z € R/T/Z

For g € G, we set

Guos= | 1120

0,7 ifi=0,

(3-10) sm(8) = > ei(9)z = (8. D ei(@)mi) = (g.n(s),
ieN ieN

n(g) = > ei(g)m.

ieN
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Then G, decomposes as

57
Gm=220®5m(G) = D~ Zz;, where Nog=NU {0},

iEN()
g=20(@)z0+ Y &)z € Gm;
ieN
G3o11) §=1(8.9) =0, T+ (D& @a, X &@m)

ieN ieN
=(0,é0(2, )T+ D &(@)z;
ieN

eo(g,s) = (s —n(g)/T" e Z,

ei(g,s)=e¢;(g) forieN.
In particular, if g € N, we have g = (g, 0) = —(n(g)/T")zo+ >_;cn €i ()zi, so that

Z(g) =—n(g)/T'#0 unlessn(g) = > ei(g)m; =0.

ieN

We then have m(g) = [n(g)]rr € R/T'Z. Setting b; = pja; for j € N, we write
every g € N uniquely in the form

(3-12) g=zej;?)bj=2em(g)bj,
J

jeN jeN

where ¢; y(g) =e;(g)/pj; also in Hy,, we have
(3-13) bj=pjzj—pjmjzo=pjzj —q;20-
Remark. The element (a;, 0) is not a member of Gyy,.

Next we define a cross-section sy, : Q — Qp, so that the diagram
Gm<—6G

Om<—20
Sm
commutes. FiI'St, we set

g=g+NeQ=G/N forgeG, s(g)= E {ei(q@)}pai forge Q,
. . . ieN
ai =mo, (@), zi =(a;,m;),

5m(@) = D_lei@))pzi = D {ei @) G m) = (0. D ler(@))pmi),
ieN ieN ieN
5(q,5) = (5(q), 8) € G for (¢, 5) € Q.
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The cross-section s : O, — Gy, gives rise to an N-valued cocycle
(3-14) Ny = 0y5 € Z*(Om, N),
which is given by

ny(q1; ¢2) = 5(q1, 1) +5(q2, 52) — 5(q1 +q2, 51+ 52)
= (s(q1) +5(q2) —5(q1 +¢2),0)

= (z np: (Lei(q1)]p,;: Lei(g2)]p)ai, 0)
ieN
= Z(ﬂp[ ([ei (gD p;; Lei(q2)]p)ai, 0) € N = N x {0}

ieN

for each pair g1 = (g1, 51), 2 = (¢2, 52) € Om.
For each element h = (m, g) € H withm € M and g € G, we write m = mg(h)
and g = ns(h). Then we have L = 77(;_] (N) and

mo(gh) =mo(g) +mo(h) +ny(7g(g); ng(h)) forg,heH.

For short, we write e; ;(8) = e;, j(mo(g)) for g = (mo(g), g,s) € Hn and i, j € N.
With s5(g) = (0, g) € H for each g € G, we have

0y (g5 h) =54(8) + 54 (h) — sy (g +h) =0s5u(g; h) forg,heG.

With § = sy o s, we obtain a cross-section § of 7, cns : H — Q = H/L, which
gives rise to an L-valued second cocycle n; € 7% (0, L); forqi, g2 € Q,itis
n.(q1; 92) = $(91)5(42)5(q1 + ¢2) "
= 5 (5(q1)) 50 (5(92)) 50 (5(q1 +q2)) ™!
(3-15) =1,(5(q1); 5(q2)) 50 (5(q1) +5(q2)) 50 (5(q1 + 42))
=1y (5(q1); 5(g2))5u (ny (q1: 92) +5(q1 + 92)) 5 (5(q1 +¢2)) "
=1y (5(q1); 5(g2))nu (ny (q1; 92); 5(q1 +92)) 5w (ny (q15 92))-

We further compute the (j, k)- and k-components as

ejk(nu(s(q1): 5(q2))) = ej(s(q1))ex(s(q2))
= {e;j(q)}p,lex(q2)} pi
(3-16) ejk(nun(qr; 42); 5(q1 + 2))) = e (v (q1; g2))ex(s(q1 + 92))
= 1np,;(lej(q)] ;s [ej(g2)]p ) ex(qr +g2)} s
ex (51 (Mn(q15 92))) = np, ([lex(gD)] e Lex(g2)15,)-
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Since o
H,=M Xk (nar) (Z ZZi @ZZO),
ieN
for each h = (m, g) € H, we set

G17) sn) = 0m5m(@) = (m, D ei(@)zi) = (m. g, > ei(g)mi),

ieN ieN
and we identify £ = (m, Pg) € L with (m, Pg,0) € Hpy, so that L is a subgroup
of Hy,, while H is not.

4. The characteristic cohomology group A (Hy,, L, M, T)

Since H is a universal resolution group for G = Z <N, every third cohomology class
[c] e H3(G, T) is of the form [c] = Jyyr[A, u] for some [4, ul € A(H, M, T). So
every outer action ¢ of G on a factor M of type III; comes from an action « of H,
that is, the outer action a is given by

4-1 Qg = Osy(g) forgeaG.

But the action a of H does not give rise to an action of H on the reduced (discrete)
core My. Instead, the action o of H on M gives rise naturally to an action, denoted
by the same notation «, of Hy on M, where

m(h) = mod (ay) € R/T'Z forh e H.

If N =6~ (Cnt,(M))) C G, then L =a~'(Cnt,(M)). We make a basic assumption
on the subgroup N that
N=PG=rzZN

In the case that G is finitely generated free abelian group, the fundamental structure
theorem for finitely generated abelian groups guarantees that every subgroup of G
is of this form.

We study first the characteristic cohomology group A(Hp, L, M, T) and mod-
ified HIR-map 6 : A(Hy, L, M, T) — Hg{‘;(G, N, T).

We introduce a series of notations first:

No=NU{0} =7,
Ao={(, j,k) eNJ i < j<kyU{(G,i,k) e N3;i <k}

4-2
2 U{(k,i,k) e N3 i <k},

A=AgNN.
For each g € Hy, let mo(g) be the M-component of g, that is,

(4-3) mo(g) = gsu(nc(g)) "' € M for g € Hp.
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We regard e; and e; ; as functions defined on Hy, by fixing the coordinate system

44 2= X eru@@Aa), D a(@)a) € Hn, with g = (@) € H.

1<j<k ieNg
We then introduce a cochain B, € C! (Hm, R) defined for & € Hy, by

—e; k(mo(h)) if j <k,
(4-5) Bji(h) = { —3(eje;)(h) if j =k,
ex,j(mo(h)) — (ejer)(h) if j >k,

The cochain enjoys the property
(4-6) OouBjr =my(ej®er) for j,keN.
We continue to define the following cochains for each a € RNG:

Xa(, j, k) =a(l, j,k)ej Qe +a(j,i,k)er®ej+alk,i, je, e,
Xo(i,k)y=a(i,i,k)e;; ®@e; +alk,i,k)e ; ey,
Yo(i, j,k)=a(i, j, k)(BijQer+ex Q@ Bji — By ®e; —ej @ By)
+a(j,i,k)(Bji @ex+ex @ Bij — Bjx ®e; — ¢; @ By;)
+a(k,i, j)(Bui®ej+e; ®Bix — By ® e; —e; ® Bj),
Y, (i, k) =a(i,i,k)(B; ®er+ex ® Bii — Bix @ e; — e; ® By;)
+a(k,i, k)(Bi @ ex +ex @ Bixk — B @ e; — e; @ Byk),
Z(--)(g ) =Y (- )(mo(h); g),
Za(i, j. k) =a(i, j k)(ej®@eix—er ®ei )
+a(j, i,k)(ek ®ej+e ®ej,k) +a(k,i, j)(ej ®eix—ei ®ej,k),
Zy(i,k)y=a(,i,k)e;@eir+alk,i,k)ex Qe ;
fijk=2(eie)) @ex —3e; ® (ejer) +ej ® (ejex)
—2(eier) @ej — e @ (eiej),
Ua(i, j, k) = ¢ (al, j. k) fijx +a(i, i, k) frix+ak, i, j) fei,j
—(ASa)(i, j, k) fi k)
Ua(i, k) = —a(i, i, k)Bii @ ex +alk, i, k) (Bu ® e; — ex ® (eiex)),
Valis j, k) = Za(, j, k) +mgUa(is j, k),
Vo(i, k)= Z,(3, k) +7T§Ua(i, k).
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The infinite summations

Xo= D Xaliy j, k) + D Xali, k),

i<j<k i<k
Yo= D Yalis jo k) + D Yalis k),
i<j<k i<k
(4_7) Ua= z Ua(iaj’ k)—f—ZUa(i, k)a
i<j<k i<k
Vo= D Vali, jo k) + D Valis k),
i<j<k i<k
Zo= D Zali, j )+ D Zali k)
i<j<k i<k

will become all finite sums as soon as variables from M or H,, are fed in. So no
divergence problem in the infinite sums will occur.

The cochain f; ; x relates basic cocycles e; @ ¢; @ e, and the asymmetric trichar-
acter

detijy =(e; Qe Qe +e; Qe Qe +er Qe ®ej)
—(jQei®er+eiQer®ej+er®ejQe) =e; NejNeg
as
(4-8) det,’jkzﬁLﬁ,j,k+6ei®ej®ek fori < j <k,

which can be confirmed by a direct computation.
Let Z be the set of all pairs (a, b) of functions a : (i, j, k) e N* = a(i, j, k) e R
and b: (i, j) € N(z) — b(i, j) € R such that a satisfies
a(i, j,k)=0 for j, k e Ny with j >k,
a(0, j,k)=0 forevery j,k € Np,
(4-9Z-a) (ASa)(, j, k) =al, j, k) —a(j,i, k) +a(k,i, j)

€ (—1 Z)
ged(pi, pj, px) /-
and b satisfies
b@i, jyp;j —b(i,0)gj e Z fori, jeNwithi < j,

(4-9Z-b)
b(0, j)=0 for j e No.

Let Z, be the setof a € RV satisfying (4-9Z-a), and let Z; be the set of all b € RN
satisfying (4-9Z-b). So we have Z =7, D Z,.
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Let B be the subgroup of Z consisting of all those (a, b) € Z such that a satisfies
the coboundary condition

a(i, j,k),ak,i, j),a(j,i,k)eZ ifi <j <k,
(4-9B-a) a(i,i,k)ye27 ifi <k,
atk,i,kye2z ifi <k,
and b satisfies the coboundary condition
bG. 1Y b(ii
bGJ) | PG (5-2)+(+2) = (o—=2) ifi<)
(4-9B-b) P pj pi pj lem(pi, pj)
b(i,0)eZand b(i,i) eZ if i e N.
Let B, (respectively B) be the set of all b € RNG satisfying (4-9B-a) (respectively
(4-9B-b)). Thus we have B =B, & B,. Set H, = Z,/B, and H, = Z;,/B;,. With
D(i, j, k) = gcd(p;, pj, px) for each triplet i < j <k withi, j, k € N, we set
Za(i, k) = (.0, 0) € R tu—v +w € (1/DG, j, k) D)),
B.(i,j,k)=2&7&7,

where u = a(i, j, k), v =a(j,i,k) and w = a(k, i, j). For a pair i, k € N with
i <k, we set

Za(i, k) = {(x,y) eR*} =R@OR and B, (i, k) = (22) & 22),
where x = a(i, i, k) and y = a(k, i, k). We then naturally define
Na(i, J, k) =Za(i, j, k)/Ba(i, j, k)
~ ((mz) /z) OR/ZOR/Z fori <j <k,
ANy, k)=272,3,k)/B,(i, k) =R/22) ®dR/(22) fori <k.
Here the second isomorphism above can be seen easily by considering the matrix

1
A=

S O =

1 (1) e SL(3, 2).
01
For each ordered pair i, j € N with i < j, we put D; ; = gcd(p;, p;) and define
Zy(i, j) ={(x,u,y,0) €R*: pjx —qu € Z, p;iy — qiv € 7},
By(i, j) ={(x,u,y,v) €Zy(i, j): pjx + piy € Di jZ,u,v € 7},
Zp(i,i)={z=(x,u) eR>: pix —qiu e}, Bpli,i)=7Z&7Z,
Ap(, ) =200, j)/Bo(, ), Ap(i, 1) =Zp(0, i) /Bp(i, 0).

(4-10)
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Definition 4.1. To each (a, b) € Z we associate a cochain (1,4, 1,) defined by

Aap(g; h) =expRri((Y, + Xasa)(g: 1))
X eXP(zm(ZieN,J‘eNO b(i, j)ein(g)é;(h))),
(4-11) 1a(8; h) = expQri(Ya(g; h))),

Ua(g; h) =expriV,(g; h))
= Aa,p(mo(h); g) expRril,(ns(g); wg (h)))

for each (g, h) € L x Hy,. In the case that b = 0 (respectively a = 0) we denote the
corresponding cochains by (4,, u,) (respectively ;). Let Z, (respectively B,) be
the set of {(1q, tq) :a € Z,} (respectively {(Ap, 1):b€Zp}), andlet A = A, D Ay,
Aa = Za/Ba and Ab = Zb/Bb.

Theorem 4.2. (a) The cochain (A4, 1g) is a characteristic cocycle belonging to
Z(Hy, L, M, T) and the correspondence a € Z, + (A4, g) € Z, gives the
following commutative diagram of exact sequences:

0

’

0—-B,———>ae€”Z,———JaleH, —> 0
(4-12a) | | |
0_>BaH(ia:ﬂa)ezaﬂ[;{a,ﬂa]EAaﬁ1

|

0

(b) The correspondence b € Zp — (Ap, 1) € Z), gives the following commutative
diagram of exact sequences:

0

}

0—->By—be”Z,—[b]eH, — 0
(4-12b) ¢ ¢ i/
O%Bb*)(lb,l)ezb*)[lb]EAbﬁl

|

0

(¢) The characteristic cohomology group A(Hp, L, M, T) = A, ® Ay has further
fine structure:
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(i) The group A\, has the Cartesian product decomposition

@130) A,= [] Aulisb) @] Auli, i),

i<j<k i<j
where  A,(i, j,k)=Zpg,jn OR/ZOR/Z,
D(, j, k) = ged(pi, pj, pi),
Aq(i, ) =ER/(22) @R/ (22).
(ii) The fiber product decomposition of Ay, is the family {Ap(i, j) : i, j € N}

and each group Ny (i, j) is described by

Ap(i, j) = Z/(ged(pi, pj, i 9))2) ® (R/Z) ® (R/Z)  fori <,

Ap(i, 1) = Z/(ged(pi, gi)2) ® (R/Z).

The group Np(i, j) is equipped with three homomorphisms, and Ay (i, 1)

(4-13a)

has two:
o 1
mij: A, J) = (D(i, j)Z)/Z’
(4-14) ! A, j) = R/Z, ] Ap(i, j) = R/Z,

mi  Ap(i, i) — (1/p)Z)Z, =) Ap(isi) — R/Z,
These are such that for each z = (x, u, y,v) € Zp(i, j)
mij([A:)) = [my j(xrji + yri,j) —ni, j(usji +vsi j)lz,
(4-15) x} (1) = [ulz, 7! ([A:) = [v]z,
i (2:]) = [pix — qiulz, =/ ([A]) = [ulz,
where
D(, j) = ged(pi, pjs 4is 4;)s
Dij =gcd(pi, pj), Eij=ged(gi,q;)),
(4-16) rij=7pi/Dij, rji=p;j/Dij sij=qi/Eij, sji=q;/Eij
m; j=D; /DG, j), nij=E;/DGQ,j),
qgiw;j+qjwji=E;j, xi;jDij+yi;Eij=D(,]J).
The group Ay is the fiber product of {Ay(i, j) : i, j € N} relative to the
P

maps {r; IIRINT 7ri" :1, j € N} in the sense that Ay, is the group of all those

Ab € [ jyene Db, j) such that

(4-17) ) G, D] ==/ [, )] = 7 [Ap(k, D)] fori, j,k €N.
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We will prove the theorem in several steps.
First, we observe that the asymmetrization of f; ; x is given by
AS fi ik =2(eiej) Nex —3e; N (ejer) +ej A(eier)
(4-18) —2(ejex) Nej —ep N (eje))
= 3((ejek) Nei—(ejex) Nej+(ejej) A ek).
Lemma 4.3. (i) The difference X, — Y, is equal to Xas, on M x Hy,. In partic-

ular, if the integers
ei,j(m)ex(g), ejr(m)ei(g), eix(m)e;(g), ejx(m)ei(g)
are all divisible by ged(p;, pj, pk), then for eacha € Z
Y. (@, j,kY(m; g) = X,(, j,k)(m; g) modZ forme M and g € Hy,.
Therefore, if either g € L or m € L A Hy,, then

Xa(ia j, k)(m’g)EYa(l: j’ k)(m’g) mOd Za

(4-19)
Xa(i, j,kY(hiAg; hy)=Y,(, j,k)(hi Ag;hy) modZ

for each hy, hy € Hy,.

(i1) Foreverym € M and g € Hy, and i < k we have
(4-20) Xa(i, k)(m; g) =Ya(i, k)(m; g).
Proof. (i) We simply compute fori < j < k:

(Xa(, j, k) = Ya(i, j, k) (m; g)
=a(, j,k)ejr(m)ei(g) +a(j, i, k)e;x(m)e;(g)
+a(k, i, j)eij(m)ex(g)
—a(i, j, k)(eix(m)e;(g) — e, j(m)er(g))
—a(j,i,k)(ei j(m)ex(g) +ejr(m)ei(g))
—a(k,i, j)(eik(m)e;(g) —ejr(m)ei(g))
=(a(, j,k)—a(j,i,k)+ak,i,j))
x (ejk(m)ei(g) —eix(m)e;(g) +ei j(m)ex(g)).

Thus we conclude (X, — Y,)(m; g) = Xasa(m; g) form € M and g € Hy,.
(i1) The assertion follows from an easy direct computation. Q
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Lemma 4.4. Ifa € R” is asymmetric modulo ((1/(p; pjpx))Z) in that

(4-21) (ASa)(, j,k)=a(, j, k) —a(j,i,k) +alk, i, j) € (1/(pip;p) L)

for each tripleti < j < k, then the cochain u, of (4-11), that is,

ta(g; h) =expmi(Va(g; h))) forg,helL,
is a second cocycle u, € Z>(L, T).

Proof. Observing

(Orpa)(81; 825 83) = exp(wi(0r Va(g1; &2; 83))) for g1, 82,83 €L,

we compute the coboundary of V,:

oLVa(i, j,k)y=0LZ,(i, j, k) +0LU,(i, j, k)
=a(, j,k)(e; Qe Qe —e,®e; ®ej)
+a(j,i,k)(ex®e;®ej+e @ejer)
+ak,i, j)lejQ@e Qe —e; @e; ex)
+¢or(al, j. o) fiju+a(, i, k) frix+ak,i, j) fei
— (ASa)(i, j, k) fi jx)
=a(i, j,k)(ej Qe @er—er Qe ®ej)
+a(j,i,k)(er Qe ®ej+e ®e;®ex)
+ak,i, j)ej®e Qe —e; @e; Qex)
+ Hai, j, k) (det;jx —6e; @ ¢; @ ex)
+a(j,i,k)(detjjx —6e; ® e; ® ey)
+a(k,i, j)(dety;; —6er Qe Qe;)

— (ASa)(i, j, k)(det;jx —6e; ® ej ® e))
=—(ASa)(i, j,k)(ei®e;@ex—ej®e e +er®ei ®ej)
=0 modZ onLxLxL,

since e¢; @ e; ® ey takes values in p; p;prZ on L x L x L. Also we have
oLVali,k)y=0rZ,(i,k)+0oLU,(i, k)
=a(i,i,k)e; Qe Qep+alk,i,k)er Qe Qe —a(i,i,k)e; Qe Qe

+ak,i,k)(er@er Qe —er R (e; Qe +erVey))
=0.

Hence u, is a second cocycle on L. Q
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Lemma 4.5. (i) For every (a, b) € Z, the pair {A4p, a4} is a characteristic co-
cycleinZ(Hy, L, M, T).

(i1) Every characteristic cocycle (A, u) € Z(Hn, L, M, T) is cohomologous to
some (Aq.bs Ha)-

(iii) The characteristic cocycle (A4 p, ta} € Z(Hm, L, M, T) is a coboundary if
and only if (a, b) € B.

Proof. (i) We first check the cocycle identities for g, g1, go € Land h, hy, hy € Hy,:

@ (0L ®id)iap)(g1: g2i h) = pa(h™ g K™ gah)/ 1a(g1: 82)
= Lap(82 A h; 81),
() ((d®0s,)Aa,p) (g his ha) = 1/Aap(g Ah1; h2)
= lap(h1 N g; ha),
(© Aap(8: ) = pa(h; k=" gh)/ua(g; h) for g, helL.

Second, we compute for g1, g» € L and h € Hy, that

Xa(i, j, k) (g2 Ah; 1)
=a(i, j,k)ej (g2 Ah)ei(g1) +a(j,i, k)e; (g2 Ah)e;(g1)
+al(k,i, j)ei j(g2 A h)ex(g1)
=a(i, j,k)ei(g1)(ej(g2)ex(h) — ex(g2)e;(h))
+a(j,i,k)e;(gi)(ei(g2)ei(h) — ex(g2)ei(h))
+alk, i, j)ex(g1)(ei(g2)e;(h) —e;(g2)ei(h))
= (a(i, j,k)ei @ (e;Qer —ex @ej) +a(j, i, k)e; @ (e; Qe — ex Qe;)
+alk,i, e ® (e,- ®e;j—e; ®e,~))(g1; g2 h).
On the other hand, we have
(4-22) (0L ®id)Y,(i, j, k) =a(i, j,k)(eiQe; @er —e; @ ex R e;)
+a(j,i,k)(e;®@e Rer—e; Qere;)
+ak,i,j)ex Qe Rej —exQe; Qe;).

Since Xasq(i, j, k)(gaAh; g1) =0 mod Z, Lemma 4.3 yields, for each g1, g € L
and h € Hy,,

(oL ®1d) Y, (i, j, k))(g1: g2: h) = Xu(i, j, k) (g2 A T: g1)
=Y,(, j, k) (g2 Ah; g1) modZ.

Similarly, we have

(0L ®id)Y, (i, k) (g1, 82 W) =Y, (i, k) (g2 A h; g1) mod Z.
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Next, we have

Xa(i, j, k)(hi A g; h2)
=a(i, j, k)ejk(hi A gei(ha) +a(j, i, k)eix(hi A g)ej(ha)
+a(k, i, j)ei j(h1 A g)ex(h2)
= (a(i, k(e ®ej—e;@er) Qe
+a(j, i, k)(ex®@e —e; ®er) ®e;
(4-23) +a(k,i, j)(ej@e—e Qe;) Qex)(g; his ha),
(id ®0u, ) Ya (i, j, k)(g; 113 h2)
= (ali, j, k) (e ®ej®ei—e;@er @ e;)
+a(j,i,k)(e®e®ej—e; Qe @e))
+a(k,i, j)e;®e @ex—e; ®ejQer))(g: hi; ha)
= Xa(i, j, k)(h1 A g; ha)

and (id ®3dy,,)Xasaq(i, j, k) = 0. Hence Lemma 4.3 again yields, for each g € L
and hl, h2 S Hm,

(id@aHm)(Ya(ia j, k) + XASa(ia ja k))(& h], h2)
= (Ya(la ja k) +XASa(i9 j5 k))(h'l NE, hZ) mod Z.

Similarly, we get ((id 38y, )Y, (i, k))(g, h1; ho) = Y, (i, k)(hy A g; hy) for g € L
and hy, hy € Hy, and Xas. (i, k) = 0. Thus so far we have established formulas
(a) and (b).

Now we work on (c). Fixing g, h € L, we compute its right hand side as

taCh; R gh)  wa(h; (g Ah)g) ta(hs g)

= = Ja(g Ah; h)E22 57

ta(g: h) Ha(g: h) (g1 )ﬂa(g; h)
(g A h)ﬂa(mo(h)sH(h); mo(g)su (g))

ta(mo(g)su(g); mo(h)sy (h))
=exp(2mi(X,(g A h; h)))(expRmi(AS V4 (h; g))))

=exp2ri((Ya + Xasa)(g Ah; h)))(exp2mi(AS Va(h; g))).

Next we prove that

4a(81(8)s 1 (h)) = Aa(g A1 h)(AS pa) (s (h); 51(g)) forg,h eN.

First we observe that

Xasqa(g;h)=0mod Z forg,helL.
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To prove (c), we ignore the term X a5, and compute
Xa(i, j, k) (g Ahs h)
=a(, j, k)ejx(g Ah)ei(h)+a(j, i, k)ei (g Nh)e;(h)
+al(k, i, j)ei j(g Nh)ex(h)
= (a(i, j, k)(ej ® (exei) —ex ® (eje;))
+a(j,i,k)(e; @ (exe;) — ex @ (eie;))
+a(k,i, j)(ei ® (ejer) —e; @ (eier)))(g; h),
and also
Xa(i, k) (g Ahs h) =a(i, i, k)(ei(g)ex(h) — ex(g)ei(h))ei (h)
+a(k, i, k)(ei(g)ex(h) — ex(g)ei(h))ex(h)
=a(i,i,k)(e; ® (eier) — ex ® €])(g: h)
+alk, i, k)(e; ®e; —ex ® (eiex))(g; h).

Next we determine the asymmetrization of U, (i, j, k) based on (4-18):

ASU,(i, j. k)= ¢(a(, j, k) AS fijx+a(j,i,k) AS fjix+alk,i, j)AS fi;
—(ASa)(i, j, k) AS fi jx)
= 2(a(, j, k) ((ejex) nei — (eiex) Aej + (eief) Aex)
+a(j, i, k)((eiex) Nej— (ejer) Nei+ (eiej) Aex)
+a(k,i, j)((eiej) Nex — (ejex) Nei + (eiex) Nej)
—(a(, j,k)y—a(j,i,k)+a(k,i, j))
x ((ejex) Nej — (eiex) Nej+ (ejej) A ek))
= 3(a(j, i, k)((eiex) Aej — (ejer) Nei + (ejef) Aex)
+a(k,i, j)((eiej) Nex — (ejer) Nei + (eiex) Nej)
+(a(j, i, k) —a(k,i, j))
x ((ejer) Nei — (eier) Aej+ (eiej) Aey))
=—a(k,i, j)(ejer) ne;+alk,i, j)(eer) Ne;j
+a(j,i,k)(eiej) Nex.
Hence we get
(4-24) ASULG, j, k) = —a(k, i, j)((ejer) @ ei — e Q (ejex))

+a(k,i, j)((eiex) ®ej —e; @ (eiex))
+a(j,i,k)((eie;) @er —er @ (eie))).
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We also check the asymmetrization of U, (i, k):
ASU,(i,k)=a(,i,k)ex AN B +a(k, i, k)(Brr N e; —er A (ejer))
= %a(i, i k)(ei2 Rer—er ® e?) + %a(k, i,k)le; ® e,% — e,% Re;)
+a(k, i, k)((eiex) @ ex —ex ® (eiex)).

We then combine these with the above computations for X, (i, j, k), paying atten-
tion to the order of variables in the first and second term:'

Xa(i, j,k)(g Ay h) +AS Uy (i, j, k) (su(h); su(g))
=a(i, j,k)(e; ® (exe;) —ex ® (ejei))
+a(j,i,k)(e; ® (exej) —ex @ (eje;))
+a(k,i, j)(ei ® (ejer) —e; ® (eiex))
+ (a(k, i, j)ejer) nei—alk,i, j)(eiex) Ne;j
—a(j, i,k)(eiej)/\ek)
=a(i, j,k)(e; ® (exe;) —ex @ (ejei))
+a(j, i, k)(e; ® (exej) — ex ® (eiej) — (eiej) Ae)
+a(k,i, j)(ei @ (ejex) —e; @ (eiex) + (ejex) Aei — (eiex) Aej)
=a(i, j,k)(ej ® (exe;) —ex @ (ejei))
+a(j,i,k)(e; ® (exej) — ex ® (eiej) — (eiej) ® ex + ek ® (eie;))
+a(k,i, j)(e; @ (ejer) —ej @ (ejex) + (ejer) @ e;
—¢; @ (ejer) — (eiex) ®ej +e; ® (eiex))
=a(i, j,k)(ej @ (exe;) —ex ® (eje;))
+a(j, i, k)(e; ® (exe;) — (eiej) @ ex)
+a(k,i, j)((ejer) ®e; — (ejex) Rej).
and
Xa(i, k)(g Ahs h) + ASUa (i, k) (51 (h); 51 (g))
=a(i, i, k)(e; ® (eier) —ex ®¢€})
+a(k, i, k)(e; ®ef —ex ® (ejex))
+ %a(i, i,k)(ex ®el~2 - ei2 Qer)+ %a(k, I k)(e,% Qe —e; ®e,%)
+alk,i,k)(er ® (ejex) — (eiex)  ex)
=a(i,li, k)(ei R (ejex) — %(ek ®el~2 + 61‘2 ® ek))
+ak,i,k)(3(e; ® e +ef ®e;) — (eiex) @ ex).

n the first term, the variables g and h appear in this order, but in the second they appear in the
opposite order.
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We now compare these with Y, (i, j, k):

Ya(i, j, k) (su(g); su(h))
=a(i, j,k)(e; ® (eiex) —ex ® (eie;))
+a(j,i, k)(e; ® (ejer) — (eiej) ® ex)
+alk, i, j)((ejer) @ ei — (exei) Qe;)
= X,(i, j, k) (g Ah; h) +AS U, (i, j, k) (sy(h); 51 (g))
=Y., j, k) (g Ah; h) +ASUL(, j, k) (su (h); 51(8)),
and
Yo (i, k) (51 (8); 51 (h))
= (a(i,i,k)(Bii @ ex + ex @ Bij — Bix ® e; — ¢; @ By;)
+a(k, i, k)(Bi ® ex + ex ® Bix — Bk @ ¢ — €; @ Bik))
=a(i,i,k)(e; ® (ejex) — S(ex ®ef +ef ®ex))
talk,i, k) (3(e; ®e; +e; ®e;) — (eex) ®ex)
= X,(i, k)(g A h; h) + AS U, (i, k) (s (h); 51(g))
=Y.(i,k) (g Ah; h) + AS U, (i, k) (51 (h); 51 (8)).
Therefore, we have

ta(sn (h); $1(8))

ta(su(8); su(h))

Since we have Y,(mg; nh) = Y,(m; h) + Y,(g; n) + Y.(g; h) for every m,n e M
and g, h € Hp, we get, foreachm,ne M and g, h € N,

Lap(msy(8); nsy (h))
= Za,p(m; s (h))Aap(55(8); n)Aap (51 (8): 51 (R))
Aa,p(m; sy (h)) ta(5h(h); sp(g))
= h:h
Fan i on(2) P E N L G (o) sn ()
_ Ha(nsy(h); (nsy () "' msy (g)nsu (h))
Ua(msg(g); nsy (h))

This proves the cocycle identity (c). Consequently {4, 5, &4} is a characteristic
cocycle in Z(Hy,, L, M, T).

(ii) Suppose that (4, ) € Z(Hp, L, M, T). Since M is central in Hy,, the A-part
is a bicharacter on M x Hy,, so there exists an a = {a(i, j, k)} € R® such that

A(m: h) = exp(27ri( > al, j, k)ej,k(m)ei(h))) form € M and h € Hp.
i,j<k

2ap(81(8); 55 (M) = Aap(g A h; h)
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As [Hy, Hy,] = M, for each fixed m € M the character A (m; - ) on Hy, must vanish
on M, that is, A(m;n) = 1 for m,n € M. Thus the restriction u s of the second
cocycle u to M is a coboundary. Hence, replacing u by a cohomologous cocycle
if necessary, we may and do assume that x; = 1. Now consider the corresponding
E € Xext(Hpy, L, M, T), with diagram

> T—=E—Jop 51,
<«

5j

Redefining the cross-section s; as §;(msy(g)) = 5;(m)s;(su(g)) for m € M and
g € N, we may and do assume that u(m; g) =1 form € M and g € L. Now we
compute the second cocycle ¢ withm,n € M and g, h € L:

u(mg; nh)sj(mgnh) =s;(mg)s;(ng) =s;(m)s;(g)s;(n)s;(h)
=5;(m)A(n; g)s;(n)s;(g)s;(h)
= A(n; g)u(g; h)sj(m)s;(n)s;(gh)
= A(n; g)u(g; h)sj(mngh) = A(n; g)u(g; h)s;(mgnh),

which gives u(mg; nh) = A(n; g)u(g; h) form,n € M and g, h € L. In particular,
we have

1(g; h) = A(mo(h); &) pu(su (w6 (8)); s (g (h)) forg,helL,

where mo(h) = hsy(zg(h))~' € M. Now with g{, g, g3 € N, we compute the
coboundary:

1= (0Lu)(su(81); 51(82); 51 (g3))
_ u(su(82); 51 (g3)) 1 (1 (81); 51 (82)5H(83))
(o815 (82); 51 (g3)) 1 (5 (81); 51 (g2))
(425 u(su(82); 5u(83)) (5 (81); nu(g2; 83)5m (82 + 83))
oy (g1; g2)su (g1 + £2); 51 (83)) 1 (su (81); 51 (82))
u(sr(82); 51 (g3)) (51 (g1); 51 (82 + 83))
(s (g1 + 82)5 81(83)) i (51 (81): 51(82))

= A(ny(g2: 83); 5u(g1))

Thus the cocycle ¢, € Z*(N, T) given by

ca(81; 825 83) = A(nu(g2; 83); 81)
=exp (27ri( > alis j,k)ejr(nu(gs g3))ei (gl)))

i,j<k

= exp(zni( Z a(i, j, k)ei(g1)e; (gz)ek(g3)))

i,j<k
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is a coboundary in Z3(N, T). Thus we get, for every g1, g2, g3 € N,
1= (AScq)(g1, 82, 83)
=exp(27i( D ali, k) D sign(@)ei(gom)es (g )ek (80 w)))

i,j<k oell(i,j,k)

= exp(2ni(2a(i, J, k) det;ji(g1; g2; 83)))

i,j<k

=oxp(2ri( Y. (AS@)G. j k) deti(s1, 2. 8) ).

(i,j,k)eA

Thus the coefficient a = {a(i, j, k)} € R? is asymmetric in the sense of Lemma 4.4,
so that it gives the second cocycle u, = exp(2ziV,) € Z*>(L, T). Then the cocycle
pu;' €Z>(L, T) falls in the subgroup 7 (Z*(N, T)) € B2(L, T) because

u(msy (g); nsy(h)) = An; s55(g)) u(s51(8); 51 (h))
a H ; nsy (h

_H ﬂ(”ZjH ((gg)) ;f(h()))) (o (8): 1(h))
_ u(sy(8); su(h))
Ua(51(8); 51 (h))
uy'u=miosi(uu,") € nf(Z*(N,T)).

Thus there exists a cochain f € C!(L, T) such that
f(@) fh)

f(gh)

Since 1 = pu(m; h) = p,(m; h) form € M and h € L, we have f(mh)= f(m)f(h).
Since (0 f)(m; h) =1form € M and h € Hy,, we have 0f (4, 1) = (4, ua).
Next we look at one of the cocycle identities, for g1, go € L and h € Hp,:

ta(msy(g); nsy (h)),

Ha(gih) = p(g:h) for g,h € L.

1a(g1; 82)
ta(h=lgih; h=1gah)
1

— ml(gl; h)A(g2; h)
= A(h A g2; g1)A(g1; h)A(g2; h)
= exp(27ti( Z a(i, j, k)ei(g1)ejr(h A 82)))/1(812 h)i(g2; h),

i,j<k

A(g182; h) = A(g1; h)A(g2; h)

which gives the partial coboundary condition

(0r ®id)A = exp(27ri( Z a(i, j,k)e;® (e; @ ex —ex ®ej))).
i,j<k
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Another cocycle identity for g € L and hy, hy € Hy, is

2(g; hiha) = A(g; h)A(hy 'ghys o),
=A(g Ahy; ha)A(g; h1)A(g; ho)

= oxp(2mi( D ali, j. e (g Aei(h)) ) Alg: h)a(g: ho):

i,j <k
this gives the second partial coboundary condition
(1d®0oy, )4 = exp(Zni( Z a(i, j,k)(ex®@e; —e; Q@er) ® e,-)).
i,j <k
Setting #, = exp(27i(Y,)), we obtain, by (4-22) and (4-23),
(0L ®id)A = (0L ®id)n, and (id ®0y,)A = (id @3y, ) 4.

Therefore the cochain 7,4 = y is a bicharacter on L x Hy,. Since M = [Hy,, Hn],
the bicharacter y vanishes on L x M, thatis, A(m; g) = n,(m; g) form € M and
g € L. Thus we get

1= A(m; g)7a(m; g) = exp2mi(Xa(m; g) — Ya(m; g)))
= exp(2ri(Xasa(m; g))) = Aasa(m; 8),
which is equivalent to the fact that (ASa)(i, j, k) € ((1/gcd(pi, pj, pk))Z). Thus
we conclude the cocycle condition (4-9Z-a) on the parameter {a(i, j, k)}. There-
fore the coefficient a € R satisfies the requirement for the element (a, 0) € Z.

Consequently, it follows from (i) that (44,0, #4) € Z(Hm, L, M, T). Then the co-
cycle identity (c) for (44,0, i4) yields that

ta(h; h='gh)

(g h) = oz )

=2a,0(8:h) =n.(g;h) forg,helL.

Thus the bicharacter y = 77,4 on L x Hy, vanishes on L x L. Since Lemma 4.3(i)
yields for each m € M and h € Hy, that

o ) = .m0 ) = 2 om B )
= Zasalms h) = exp(2ai( D (AS @) (i, j. K)esu(m)es (),

i,j<k

we conclude that y is of the form

7 (g 1) = (w6 (9): 76 () exp(2mi( D (AS )i, j. K)esu(@lei () )

i<j<k
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for g € L and h € Hp,, where y, is a bicharacter on N x G, and 7 : Hy — G
the quotient map with M = Ker(zg). We choose b(i, j) € R so that

exp(2ri(b(i, j))) = xo(bi; zj) fori e Nand j e Ny.
Then we must have
1= yo(bi: bj) = xo(bis pjzj —qjz0) = expQri(b(i, j)p; — b(i, 0)g))),
so that b(i, j) € R fori € N and j € Ny satisfies the condition
b(i, j)pj =b(i,0)q; modZ fori,jeN.
Hence y, is written in the form
wolgs ) =exp(22i( D bG, Pein(@)e;(h) + D bli, 0esn()e0(h) )
i,jeN ieN
for each pair g € N and & € Hy,, where each coefficient b(i, j) satisfies
b(i, j)pj —b(i,0)gj € Z fori,jeN and b(0,i)=0 forieNy.

Consequently the pair (a, b) is a member of Z and we conclude that (4, ) is
cohomologous to the characteristic cocycle (14,5, tta) € Z(Hm, L, M, T).

(iil) Suppose (1, ) = (Aap» tta) = 6f with f € C1(L,T). Since up = 1 and
ta(m; g)=1forme M and g € L, we have f(mg) = f(m)f(g) form € M and
g € L, so that the restriction of f to M is of the form

fe(m) = 6Xp(27ri( Z c(, j)e,-,j(m))) forme M.
1<i<j

Since M is central in Hp,, we have for every pair (m, g) € M x Hy,

fe(g™'mg) oy : i
1= W =Alm; g) = exp(27r1(zct(l, 7 k)ej,k(m)ei(g)))’

which yields the integrality condition a(i, j, k) € Z for every (i, j, k) € A. that
Ag(m; h)y =1form € M and h € Hy,. Since y =1 on L x L, forevery g,h € L
we have

i,j<k

1= 20,(g; h) = Aa(mo(g); h)Aop(su(g); h) = A(g: h)
= f(h~'gh)/f(g) = f.(g Ah);
e, j) e (#z) fori, j € N.
iPj

This computation also shows that

Ao.b(g; h) = fc(gAh) forge L and h € Hy,.
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Furthermore, we have for eachm,n € M and g,h € L

Ua(mg; nh) = dqp(n; 8)ta(g; h) = pa(g; h),
so that u, is of the form u, =z} (i) with

fa(g: h) =expri(Ua(g; h))) forg,heN.

Since A4 (ny(g2; 83); g1)=1for g1, g2, 83 € Hm, we have ji, € Z*(N, T) by (4-25).
We first compute for each g, h € L that

f (@) f(h) f(hg) f(hgh™"h)
AS 14)(g: h) = = = f.(h =1.
ASHEEM =500 Form —  sem - 0N®
Since AS U, (i, j, k) is also integer valued, we have
AS iy = exp(Zni(Z AS U, (i, k)))

i<k

= exp(2ni(2(%a(i, i k)(ei2 Qe —er e?))))

i<k

X exp(27ri(z %a(k, i,k)(e ®e,% — 6/% ® ei)))
i<k

=1.
Thus we get
a(i,i,k),a(k,i,k)€2Z and U,(i,k)=0 mod Z.

Consequently, ji, is a coboundary as a member of Z2(N, T). Hence there exists a
cochain f € C!(N, T) such that

f(g)f(h) . f(x6(@) f (g (h))
—F 3 = Malg; h) = a 5 h)) = = .
Fah) X (g3 h) = la(mg(8): mg(h)) Flro(@h)

Thus f is of the form

1(8) = fo(mo(g)) f(su(8) = x(8) f(ms(g)) forgel,
fe(m) = y(m) forme M.

where y € Hom(L, T). Since L/[L,L]1= M/PMP & N, the homomorphism y
is of the form

1@ =exp(27i(X el eju(e) + Y c)in(p)) forge L,

i<k keNg

where

.1 .Z) fori <j and c(k)eR.

iDj

i, j) € (
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Since Y, is integer valued, the A part becomes for g € N and h € Hy,

2emy =exp(2xi( D b0 K (@EM)).

jeN,keNo
~1
_ f(;(;h) _ f((igg;z)g) — f(gnh)
= exp(27zi(1§JZ<k c(j,k)eji(g N h)))
- exp(27ri(lzk c(j, k) (ej(g)ex(h) — ex(g)e; (h))))
<j<
=exp(2ai( 3 el Rpsesn e = pien(@le, ) )
<j<

Hence we conclude that for j <k andi e N

b(,0 €7, b(LK= c(j,k)p; modZ,
b(la Z)EZ, b(k, ./)E_C(ja k)pk mod Z.

Thus we have fori < j

b(i, j)= c(, j)pi+m;; forsomem;;e”Z,
b(j,i)=—c(, j)pj+mj; forsomem;; €7,

b, i b(ji.i . -
@ ])+ (J l):ml,]+m],l E(LZ)-F(LZ):( 1 Z).
Di pj Di pj Di pj lem(p;, pj)

Conversely suppose (a, b) € B, that is,
a(i, j,kyezZ fori<j<k and a(,i,k),alk,i,k)ye2Z fori <k,

and b(i, j)/pi +b(j,i)/p; € ((1/lem(p;, p;))Z); also b(i,i) € Z and b(i,0) € Z
for i € N. So we can write
b(i, i b(j.i o
(i J)Jr (J l)=m,,+
Di Pj Di Pj

mj.i

for some m; j,m;; € Z.
Set c(i, j)=b(i, j)/pi —m, j/pi fori < jand c(i, i) = b(i, i), so that

. )
PUD _ o jy+ Mt
Pj Pj
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Then we have

> bl pein(@)e;(h)

i,jeN
=D c(i. j)(piein(9)ej(h) — pjej.n(g)ei(h)) mod Z,
i<j
— Z c(i, j)ei j(gAh).
i<j
Thus with f,(g) = exp(2ni(zlii<j c(i, j)e,"j(g))) for g € L, we have
. .. C h’_] h
exp(2n1(§b(l, ])e,-,N(g)ej(h))) = % =01 fc(g; h),

where e; y(g) means e; yom;. We then compute the coboundary of f,. for g,he L
as

(001 ) = L8
= exp(27i( X (i, j) i i(9) + e () — i (gh) ) )
i<j
- exp(—27ri(Zc(i, he (g)ej(h))) =1,

i<j
because e;(g) € piZ and e;(h) € p;Zif g, h € L and
pic(, j)pj =b(, j)pj —m; jp; =b(i,0)qg; =0 mod Z.
As a(i, j, k) € Z for every triplet (i, j, k) € A, we get trivially
dao=1, fia=sj1a €Z*(N,T), and p,=np(jia).
Since oy U, (i, j, k) fori < j < k is integer valued, the cochain
ik = expQai(Ua(, j, k)

belongs to Z2(N, T). Since AS U, (i, j, k) is integer valued by (4-24), AS i =1
and therefore ,&ij € B>(N, T). Because ik = exp(2ri(U, (i, k))) = 1 fori <k,
we conclude that /i, € BZ(N, T). Thus there exists a cochain f € C' (N, T) such
that fi, = &y f. Define a cochain f € C'(L,T) by f = (n(’;‘f)fc. Then we get for
each pair g € L and h € Hy,

f(h'gh) _ flag(h~"gh)) fe(h~"gh) _ fe(h™'gh) _

0 i h) = = — = =, i h
@D =""0) Fro(2) f(g) fe(8) #(8: %)




OUTER ACTIONS OF A DISCRETE AMENABLE GROUP, III 111

and for g,h e L
f(x(9)) fo(8) f (ws (h)) fo(h)

0 ch) = =
(1)) F(za(gh)) fo(gh)
=01 fe(g5 )0y ) (76 (9); 6 ()= fia(ms(8); o (h)) = pa(gs h).
Therefore we conclude 6f = {45, tta} € B(Hm, L, M, T). V)

Lemma 4.6. The cocycle A, corresponding to b € Zj, does not depend on the M-
component, that is,

Ap(mg:nh) = Jp(g:h) form,neM, g€ L and h € Hy,.
We will view Ay, as a bicharacter on N x Gy, rather than on L x Hy,.
(1) Fori e Z, set
Zpy(i,i)={z=(x,u) eR*>: pix —qiu€Z} and By(i,i)=7Z&Z.
The bicharacter i;’i on N x Gy, determined by
AL (gy h) = expQmi(xe; v (8)¢; (h) + uei n(8)eo(h))) for g € N and h € G,

gives a characteristic cocycle of Z(Hm, L, M, T). It is a coboundary if and
only if z is in By(i, i). The corresponding cohomology class [/12”' 1e Ap(i, i)
is given by

[ = ([pix — qittlecd(pi,gi) [—0ix + uiulz) € Zgca(ps.q0) D (R/Z),

where the integers u; and v; are determined by p;u; — q;v; = ged(p;, qi)
through the Euclid algorithm.

(i1) Fix a pairi, j € N of indices and set
Zb(iaj):{(X,M,yaD)ER43ij_CIjMEZaPiy_CIiUEZ},
By(i, j) ={(x,u, y,0) € Zy(i, j) : pjx + piy € ged(pi, p;)Z, u,v € Z}.

To each element 7 = (x,u,y,v) € Zp(i, j), there corresponds a bicharacter
Az on N x Gy, determined by

A5 (g; h) = expQui(xe; n(g)é;(h) + ye; n(g)ei (1))
x exp(2mi(ue; y(g)eo(h) +ve; n(g)eo(h))) for g € N and h € Gy,

which is a characteristic cocycle in Z(Hy,, L,.M , ). It is a coboundary if and
only if 7 € By(i, j). The cohomology class [12'] € Ay(i, j) of A, corresponds
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to the parameter class

1
[m; j(xrj; +yri ;) —n;j(us;; +vs; )z (WJ)Z) /Z
[zl = DijGerji+yri ) +xij(usji+osij)lz | € R/Z ,
[—uw; ; +ow;;ilz R/Z

where D(i, j), ..., wj,; are given in (4-17) of Theorem 4.2.

Proof. (i) Set D; = ged(p;, q;); set r; = p;/D; and s; = q; / D;, and choose integers
ui, v; € Z so that rju; —s;v; = 1, where such a pair (u;, v;) € Z? can be determined
through the Euclid algorithm. Next we set e; = (1, 0) and e; = (0, 1). Set

fi=ujei+vie; and fr =sie1 +rjen,

so that e; =r; fi —v; f> and e» = —s; f1 + u; f>. Then Z, (i, i) is given by
.. 1
Zp(i, i) = (Ez)fl +Rf2,

1

and B, (i,i) =Ze| + Zey = Z f1 + Z f>, so that

.. .. o~ ] : .
Aolis D) =26 /By 1) = (-2 /Z) o @ R/ D) o,
1

where the dotted elements indicate the corresponding elements in the quotient
group Ay (i, i). Now we chase the parameter:

z=xe; +uey = x(r; fi —v; o) +u(=s; f1 +u; f>)
= (rix —siu) f1 + (—vix +u;u) fo;
z=[rix — siu]zﬂ +[—vix + ui”]ZfL

and
25 (g1 h) = expQmi((xern (9)ei (h) + uei n (8)eo(h))))

for each pair g € N and & € Gyy,.
(i) First we fix the standard basis {ei, . .., es} of R* and set

go=rijer—rjies and gy =uj,e|+u;;jes,
where we choose u; j, u;; € Z so that r; ju; j +r;;u;; =1. Since
er=u;jgo+rjig and ex=—u;;go+7ri g1,
we have Ze) + Zes = Zgo+ Zg1. Also we have

By (i, j) +Rgo = Rgo +Zg1 + Zex + Zey.
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Consider an integer 3 x 4 matrix

M jrji —NijSji Mi,jlij —NijSi,j
T=\ yijrii XijSji Yijlij XijSij
0 —U),"j 0 U)j’i

We claim that

T(Zo(i, ) +Reo) = (5a—2Z) R SR,

1
D(, j)
To prove the claim, for each vector z = xe; + uey + yes + ves € R*, we simply
compute

Tg() = 0,
X
Mijrji —RSji M jTig =i\ [
Tz=|\ yijrji XijSji Yijlij XijSij y
0 —wiy; 0 wj,i

Y]

mi j (X1 i+ yrij) — nijWsji +si,;)

= | yijGerji+yrij) +xij(usji +osi )

—uwij towj;
Suppose
D k — = m,‘,j(xer' —I—yrijj) — ni,j(usj,i —I-USi’j) € (D 1 - )Z.
@i, ) (W)

Then we have
k=(m; j(xrj;+yri;j)—nijus;; +vs;;)D(3, j)
= (xpj —uq;)+ (ypi —vq)
=((x+1ri,j))pj —uq;)+((y —trji)pi — v4gi).
A choice of t € R, such that (x +1r; ;) p; —ugq; is an integer, yields the integrality
of the other term (y —tr; ;) p; —vg;, so that z +1tgo € Z,(i, j). Now we prove that

T7'7° =B, (, j) + Reo.

Since T is a matrix with integer coefficients and the generators g1, e, e4 are all

integer vectors, we have 7' (B, (i, j)) C Z3. Conversely, suppose that Tz € Z3. Then
we have

k= mi (xrj,i 4+ yr;,j) —njj (MS‘/"[ 4+ l)S,',j) ez,
= y,-,j(xrj,,' + yr,-,j) +xi,j(qu,,' + l)S,',j) S Z,

m=—uw;;j+ow;; €.
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Hence we get
xrji+yrij=xijk+n;jt€Z, n=usj;+vs;j=-—y;jk+m;;lel,
u=nw;; —ms;j €L, v=nw;;+msj; €L,
xpj+ypi = (xrji+yrij)D;jeD;;Z.
Therefore z € B, (i, j) + Rgo.

Consequently, we conclude

Aolis D =206, )/Byti. ) = (55 52) /) © @D © ®/2),

D(, j

in the sense that the cohomology class [ii’j 1€ Ap(i, j) corresponds to

(m; ;j(xrj; +yri ;) —n;j(us;; +vs; )]z ((1/DG, j)2)/z
2= | [yi,j(xrji+yri ;) +xij(us;; +os;i )]z | € R/Z
[—uu),-,j +DU)J',,']Z R/72

For each i, j € N, define maps 7] : Ap(i,i) — R/Z, =z} : Ap(i, j) — R/Z,
] NG, j) = R/Z and mj = Ay (i, j) — ((1/DG, j))Z)/Z by
7l (A0 ) =lulz € R/Z and 7 ([AL']) = [xr; —usilz € (1/D)2)/Z
for each z = (x, u) € Zy(i, i), and
n) ([A5]) = [ulz € R/Z, 1) =]z eR/Z,
mij ([,li’j]) =[m; j(xrj;+yrij)—n;j(us;; +vs;j)lz € (#,J)Z) /Z

for each z = (x, u, y,v) € Zp(i, j). The maps 7r ; and 7r ; are both well defined
because the coboundary condition on z implies the 1ntegrahty of u and v.
Let Ay be the set of all

= (AP, ), Ao, DY e [ [ AsGi) x [T AsG )
ieN i<j
i,jeN
such that 7/ (1, (i, 1)) = x] ;(Ap(i, j)) =71, (Ap(k, ) for all i, j, k € N. Finally we
have A(Hpn, L, M, T) = A, @ Ap. This completes the proof. Qo

Remark 4.7. The direct sum homomorphism 7;; ® 7r i® 7r ; 1s a homomorphism
of A, (i, j) onto the direct sum group:

i J
mij®n; ;On; ;

Moli. ) == ((5a52) /1) e ®D & ®/D.
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By multiplying z;; (1,) by D;, we get
Dim;i([2:]) = [xpi —uqilp,z € Z/(D;Z).
Similarly, we have
D@, j)mij(1z) = [(xpj +ypi) — (ug; +v49)]pa,j) € Z/(D(, j)2).

The kernel of z;; ® nii,j @ ni{j is given by

{0}
Ker(r;; EBH,{]' @ ni{j) = (%”Z)/Z
10}

At the parameter level, the kernel is described as follows:
[:] € Ker(zi; @ ) ; &=} ) if and only if xp; + ypi € D, j)Z, u,v € Z.

5. The reduced modified HJR-sequence

We are now going to investigate the reduced modified HIR-exact sequence

H?(H,T) =——— H?(H, T)

Res res
(5-1) A(Hp, L, M, T) —> A(H, M, T)
5 OHIR
out %0m 3

HY".(G, N, T) H'(G,T)
Inf 1nf

H3(H,T) ———H3(H,T)

We refer to [Katayama and Takesaki 2007, page 116] for details. We first discuss
the second cohomology group Z>(H, T) and the restriction map Res. Each second
cocycle u € Z2(H, T) gives rise to a group extension equipped with a cross-section

1—>TF*>E*(J_>H—>1

o
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such that 5;(g)s;(h) = u(g; h)s;(gh) for g, h € H. With

Au(gi ) = p(h; ™' gh)/u(g; h) for g, h e H,

we obtain a characteristic cocycle (4,, u) € Z(H, H, T). This corresponds to the
case that P =1 in the previous section. So we set

722={aeRY :a(, j,k)=0if j >k, (ASa)(, j, k) €7},

(5-2)
B*={ae€Z:a(,j,k) €Z, ali,i,k),alk,i,k) €2Z}.

Theorem 5.1. (i) Each element a € Z?* gives rise to a cocycle
(5-3) ta =exp(2riV,) € Z*(H, T)

and the diagram

1 B2 aeZ?

i |

1 —B%>(H,T) — p,€Z*(H, T) — [l € H*(H, T) — 1

1

[a] € H?
|

describes the second cohomology B>(H, T). More precisely, with
722G, j, k) ={(x,y,2) eR:x —y+ze7}, 7%, k)=R?,
B%(i, j, k) =273, B%(i, k) = (27)?,
H%(i, j, k) = Z%(i, j, k) /B*(, j, k), H2(i, k) = Z*(i, k) /B*(i, k)
for each tripleti < j < k (respectively pairi < k) and
a(i,jky=x, a(j,i,k)=y, ak,i,j)=z,
(respectively  a(i,i,k)=x, a(k,i,k)=y),

we set -
1% = expri(Va(i, j, k))) € ZX(H, T),

u* =exp(2ri(V, (i, k))) € Z*(H, T).

Then we have

22(H =[] 2°G. .k x[[2*G. k).

i<j<k i<k
B2(H,T)= [] B%G.j. k) x [[B*G.k),
i<j<k i<k

wa=(TT w)([Twik) e 22, m),

i<j<k i<k
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HX(H, Ty = [] B2, j. b x [[H2G. ),

i<j<k i<k
[l = (%], [uM:i < j <kandi <k) e H*(H,T).
Each H2(i, j, k) fori < j <k, (respectively B> (i, k) for i <k), is given by
H2(i, j, k) = (R/2) & (R/2),
(respectively H2(i, k) = (R/27) ® (R/27)).

Proof. Most of the claims have been proved already except the claim for the struc-
ture of H2(i, j, k). To prove this, it is convenient to introduce a matrix

1 1

1 —-11 11—
A=|0 1 0])eSL@3,7), forwhichA'={01 0
0 0 1 00 1

We then observe that AZ2(i, j, k) = (Z® R® R) and AB? = Z3; we conclude
H*(G, j, k) = {0} @ (R/2) ® (R/2). ©

Theorem 5.2. (i) Each second cocycle u, € Z*(H, T) for a € Z* gives the cor-
responding characteristic cocycle

Res(:ua) = (/la’ lua) = 71-:;1(}'(4|L><Hm, ,ua|L) € Z(Hm: L’ Ma T)
The image Res(Z*(H, T)) is therefore given by
Res(Z*(H, 1) = {(Aa: fta) @ € Za, (AS @) (i, j.K) €Z, i < j <k}

The (i, j, k)-component Res(i, j, k) of the restriction map Res gives rise to
the following commutative diagram of short exact sequences:
1 1
i X (i, j k) —> Xo(irj k ) J/
Bz(i, j’ k):ZS (i, j.k) (i, j,k) Ba(l,],k):

\L Xa(i,j,k)—X,(,],k J/
723, j. k) = A\ @ @ R2) IV TNEIY 5 G = A1/ D)7 @ R?)
] |
H2(, j, k) = {0} @ T2 S0 Aalisj. k) =Zp @ T
1 0.
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where D = D(i, j, k) = gcd(p;, pj, pr)- Also the restriction map Res, (i, k) :
H%(i, k) — A4(i, k) is given by
1

! 1
|

B2, k) = (22)% 2N XCH B i k) = @2)?
l/ WL,k — X, i,k
723i, k) = R2 OO XED 5 Gy = R2
H2(, k) = (R/22)? — 0 A, k) = (R/22)?

1 1
Consequently, we get
Aq(, j.k)/Res(i, j, K)(H*(, j, k) = Z/(DZ),
Aq(i, k)/Res(i, k)(H2(i, k)) = {0}.

(ii) The modified HIR-map 6 : A(Hy, L,M, T) — HOllt .(G, N, T) enjoys these
properties:

(@) The (i, j, k)-component and (i, k)-component of Ker(d) are given by
Ker(d)ijx = {0} ® (R/2) ® (R/2),
Ker(d)ik = (R/22) ® (R/22) = Aa(i, k).
(b) The image 6([A4, al) € Hfr‘llfs(G, N, T) for a € Z, depends only on the
asymmetrization AS a, that is,
d([4as pal) = 0([ 44, 1D),
where
a(i, j,k)=(ASa)(i, j, k) e (1/D)Z) fori < j <k,
a(j,i,k)y=a(k,i, j)=a(,i,k)y=a(,j,j)=ak,i k)=
(c) Set Z; = {a € Z, : a satisfies the requirement (5-4)}. If a € Z;, then the

image ¢, = 0(Aq4, 1) € Z°*(G, N, T) under the modified HIR-map 6 is
in the pull back n* (H*(Q, T)) and given by

(5-4)

(5-5) ca(q1, G2, 43) = ca(q1, g2, 93)
=exp(27i( X al. . etan)p lej (@) lex @) )

i<j<k

for each g1 = (q1, s1), 2 =(q2, 52) and q3 = (g3, 53) € Om.
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(d) The modified HIR-map dmr is injective on Ay, and Ker(9) is precisely the
connected component of A(Hy, L, M, T). If b € Zy, then

[ep, vp] = 0(Zp, 1) € Zy' (G, N, T)

m,s

is given by

(56) ez ds) =exp(2xi( 3 bl ey (@i 33 (@) )
ieN,jeNy

where

ei.n (M (q2; §3)) = np, (Lei (q2)] ;5 Lei (g3)] )/ i
(5-7) ei(s(q1)) = f{ei(q1)}p, fori > 1,
eo(s(q1)) = eo(q1).
The d-part d., of cj is given by vp:
ey (@25 93) = exp (271 (3 G Oy, (e @)1 e @)1/ ps))
jeN
(5-8) = exp(27i({vy (nv(g2; g3)}r/T)),

w(9) =77 (T X b0, 0ejn (@) €R/TZ forgeN,
jeN
where ty :s € R~ sy =s+TZ € R/TZ is the quotient map.
The modular obstruction group Hg;’fﬁ(G, N, T) looks like

(5-9) HO'W(G, N, T) =H"@H)" and H)" = A,

(U fta]) = [casal € i<j<k((m2) /7) foraez,

[cp, vi] = 0([Ap, 1]) forvy, € Hom(N,R/TZ),
[cy'1= (Lpib(i, i) — qib(i, 0)1p,z, [—vib(i, i) + u;b(i, 0)1z)
eZ/(D;Z)®R/Z,
N [mi,j(bG, jrji +b(, Dri ;) —ni (b, 0)s;; +b(j, 0)si, )]z
[e,' 1= [yi,; G, j)rji +b(j, i)ri ;) +xi,j (b, 0)sj; +b(j, 0)si j)]z
[—b(i, 0)w; j +b(j,0)w;ilz
((1/D, j)2)/Z

€ R/Z ,  where D(i, j) = gcd(pi, pj, qi, q;)-
R/Z



120 YOSHIKAZU KATAYAMA AND MASAMICHI TAKESAKI

(iii) The map 0g,, : Hgﬂtﬁ(G, N,T) — H3*(G, T) in the modified HIR-exact se-
quence above is given by

80, (callepvp)) = [cF1€ H (G, T) = X*(G,T) fora eZ,,
(5-10) where cg = exp(Zni( z (ASa)(i, j,k)e®e; ® ek)),

i<j<k
00, (Hy' (G, N, 1)) = w;(H(Q, ).
Proof. (1) The assertion has been already proved.
(ii) Foreachi < j <k, let D(i, j, k) = gcd(p;, pj, pr) € Z. Fix a € Z,, that is,
a € R? such that

(AS a)(i’ js k) = Cl(i, j’ k) _a(ja i> k) +a(k’ i5 ]) € ((I/D(l, js k))Z),
al, j,k)=0 if j>k.

Set
a(i, j, k) ((1/D(, j, k))Z)
2, jk)=a(,i k)| €eZ,=A"" R
a(k,i, j) R
Then we get
(ASa)(, j, k) (1/DG, j, k))Z
Azali, jok)= | a(i.ik) | e R
a(k,i, j) R
AB,(G, j, k) =27°
so that
. [(ASa)(i, j, k)]z ((1/D(, j, k))Z)
LR Wi ~ | a(f, i, k)12 | e R/Z
la(k,i, )1z R/Z

If (ASa)(i, j, k) € Z, the second cocycle ,ua ¥ extends to a second cocycle on H,
which gives Q7K 10k — Res(uh/™*). Since Range(Res) = Ker(d), the image
SQLIK kY depends only on the first term (AS a)(i, j, k) of Az,(i, j, k). Hence
we conclude 5([Aq, tal) =([Az], 1). We also have A, (i, k) =Res(i, k) (H>(i, k)),
so that the map ¢ kills the entire A, (i, k). This proves (ii)(a) and (ii)(b).

(ii)(c) Set ¢, = d(Aq4, uq) With a € Z;. We then look at the crossed extension
E;, u, € Xext(Hy, L, M, T), given by

1—>T*>E*(J_>L—>1.

5j
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Since

1

a(i, j, k) € (—Z
L Ve T

) and e;(g) € piZ forgel,

we have u, = 1. Hence observing that A,(g; #) = 1 for every g € L A Hy, and
h € Hy,, we get from (3-15) and (3-16) that

ca(q1, 42, G3) = as(g)) (8 (0.(q2; §3)))5;(n.(q1; G2G3))
X {5 (n.(q1; 32))5; (0(§1G25 G3)))

= 2a(5(@1)n. (@23 §3)5(G) "1 5(41)

= 2a((6@1) A1 (@23 33 (@23 32): 51)

= 7a(5(@1) A1, (@23 3); @0 a0 (@23 G2); 50)

= (1, (@23 43): (1)

=exp(27i( D ali, j, Kes . @2: 42)ei6(@))) )
i<j<k

= exp(27i( 3 ali, j, )@} le; @)1, le@)p, )
i<j<k

= exp(27i( 3 ali, j, ) lei@n)]p lej (@)} le(@s)p )
i<j<k

= ca(q1; 925 43)

for each g1 = (g1, 51), g2 = (q2, s2) and g3 = (g3, 53) € Om. The assertion (ii)(c)
follows.

(ii)(d) Since Res(H%(H, T)) N A, = {0}, the modified HIR-map J is injective
on Ap. Now fix b € Z,. Since uj, = 1 and A, (m; h) = 1 for every pair m € M and
h € Hy, we have, as in (i1)(c),

cp(q1: G2 43) = Ap(ny(q2; 93); (1))
=exp(27i( D bl Dein (2 43) (@) )

ieN,jeNy
=exp(27i( D bli, ey (a2 g3))e; (1)) ) )
i,jeN

X exp (Zni(z b(i, 0)e; N (ny(g2; g3))eo(q1 )))

ieN
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where ¢; y(ny(g2; g3)) is given by (5-7). Also we compute

de, (g2 43) = 2o (925 43); 20) = exp(zm(m;{z;qz)) ))

= exP(Zﬁi(Z b(i, 0)e; N (ny(q2; qa)))),
ieN

vp(g) = 77 (T > b, O)ei,N(g)) eR/TZ forgeN,
ieN
with 7y :s € R— sy =5+ TZ € R/TZ the quotient map.

The last assertion, (5-9), on Hﬁffs(G, N, T) follows almost automatically from

the above computations and Lemma 4.6 in the last section.
(iii)) We now compute the map

Or 1 HY (G, N, T) > H(G, T).

We continue to work on the cocycle (44, 1) for a € Z; whose restriction to
{Hm, K} gives rise to the crossed extension U € Xext(Hy, K, T), given by

1—>—|T—>U—(J_>K—>1,

%j

where the group K is given by

K =Ker(vpomg) = {g eL:>,;nD(j,00ejn(g) e Z}.
Then the third cocycle cg € Z*(G, T),

cG (815 82; 83) = Osyy(g1) (5 (N (g2: 83)))5; (N (g1: £283))
x (5 (nu(g1: 82))8) (N (g182: 83)))
= Aa,p(My(82; 83)5 &1) = Aa(ni(82; 83); &1)

= exp(27ti( Z a(i, j, k)e; (gl)ej(gz)ek(ga)))

i<j<k
=c{(g1; 82 83) for g1,82,83€G,
is precisely the image 0, © 0(44.p, 1). o

6. Concluding remark

The history of cocycle (respectively outer) conjugacy analysis of group actions and
group outer actions on an AFD factor goes back to the seminal work of Connes
[1977; 1976b]. Steady progress was then made over the course of three decades;
see especially the work of V. F.R. Jones [1980] and A. Ocneanu [1985].
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We have now computed the invariants, which determine the outer conjugacy
class, of an outer action of a countable discrete abelian group on an AFD factor
of type IlI, for 0 < A < 1. The reduction of outer conjugacy analysis of an outer
action of a countable discrete amenable group on an AFD factor of type III, down
to the associated complete invariants was successfully carried out in [Katayama
and Takesaki 2003; 2004; 2007]. As we have shown here, the invariants can be
computed as soon as the group is specified, except in the case of type Illj.

Toward the one parameter automorphism group. After completing the classifi-
cation of cocycle (respectively outer) conjugacy of countable discrete amenable
group (respectively outer) actions on an AFD factor, it is natural to consider the
same problem for a continuous group. The first step is obviously to study the one-
parameter automorphism group {a; : t € R} of an approximately finite-dimensional
factor Ry of type II;. Indeed, Y. Kawahigashi [1989; 1990; 1991b; 1991a] has
already classified, up to cocycle (or stable) conjugacy, most one parameter auto-
morphism groups of Ry constructed from concrete data; this was extended to the
case of type III by U. K. Hui [2002]. However the general ones with full Connes
spectrum are left untouched. One of difficulties is the lack of a technique that would
allow us to create a one cocycle {u; : s € R} for a projection p € Proj(&R) such that
the perturbed one-parameter automorphism group {Ad(u;) o a, : t € R} leaves the
projection p invariant; this would allow us to localize analysis of the action. If a
projection p € Proj(Ry) is differentiable relative to «, then the associated derivation
0, generates a desired cocycle. But we don’t know the answer to this:

Question. Does the C*-algebra
A={xeRy: liné lx —a;(x)]| =0}
t—

contain a nontrivial projection?

If p € Proj(A), then for each smooth function f € C°(R) with compact support,
the element

pU)=aﬂphi4fUMdmm

is smooth, and one can choose f so that ||p — p(f)]| is arbitrarily small, so that
Sp(p(f)) is concentrated on a neighborhood of the two points {0, 1}; this allows us
to generate a nontrivial differentiable projection g near p via the contour integral
G=5d G p(N
2ri

lz—1|=r
On the other hand, thanks to the exponential functional calculus, one can gener-

ate plenty of differentiable unitaries. For example, if 4 € Aq,, then for a real-valued
smooth function f, we get a differentiable unitary element exp(if (h)) of A that can
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stay near the unitary exp(i%) in norm. Hence the group of differentiable unitaries
is o *-strongly dense in the unitary group U(Ryp).
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