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We obtain a characterization of property (T) for von Neumann algebras
in terms of 1-cohomology, similar to the Delorme—Guichardet theorem for
groups.

0. Introduction

The analogue of group representations in von Neumann algebras is the notion of
correspondences which is due to Connes [Connes 1982; 1980; Popa 1986], and
has been a very useful in defining notions such as property (T) and amenability for
von Neumann algebras. It is often useful to view group representations as positive
definite functions that we obtain through a GNS construction. Correspondences
of a von Neumann algebra N can also be viewed in two separate ways, as Hilbert
N-N bimodules ¥, or as completely positive maps ¢ : N — N, and the equivalence
of these two descriptions is also realized via a GNS construction. This allows one
to characterize property (T) for von Neumann algebras in terms of completely
positive maps.

For a countable group G there is also a notion of conditionally negative defi-
nite functions y : G — C, which satisfy y(¢~!) = w(g) and the condition that
foralln €N, aj,az,...,0, € Cand g1, 82,...,8:, € G, if >/_, a; = 0 then
Z:’ j=1 @0 Q/J(gj_lgl-) < 0. Real-valued conditionally negative definite functions
can be viewed as cocycles b € B'(G, n), where 7 : G — O(%) is an orthogonal
representation of G; see [Bekka et al. 2008]. Real-valued conditionally negative
definite functions can also be viewed as generators of semigroups of positive def-
inite functions by Schoenberg’s theorem. These equivalences then make possible
certain connections between 1-cohomology, conditionally negative definite func-
tions, and positive definite deformations, for example the Delorme—Guichardet
theorem [Delorme 1977; Guichardet 1977], which states that a group has prop-
erty (T) of Kazhdan [1967] if and only if the first cohomology vanishes for any
unitary representation.
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It was Evans [1977] who introduced the notion of bounded conditionally com-
pletely positive/negative maps and related them to the study the infinitesimal gen-
erators of norm continuous semigroups of completely positive maps. He noted
that this definition gives an analogue to conditionally positive/negative definite
functions on groups. We will extend the notion of conditionally completely neg-
ative maps to unbounded maps and use a GNS type construction to alternately
view them as closable derivations into a Hilbert N-N bimodule. This is done in
the same spirit as [Sauvageot 1989; 1990], where Sauvageot makes a connection
between quantum Dirichlet forms and differential calculus. Indeed, it is shown in
Theorem 1.1 that conditionally completely negative maps are in fact extensions of
generators associated to completely Dirichlet forms; however we are coming from
a different perspective here and so we will present the correspondence between
conditionally completely negative maps and closable derivations in a way more
closely related to group theory.

In studying various properties of groups such as property (T) or the Haagerup
property, one can give a characterization of these properties in terms of bound-
edness conditions on conditionally negative definite functions (as, for example in
[Akemann and Walter 1981]); hence one would hope that this is possible for von
Neumann algebras as well.

We will show that one can indeed obtain a characterization of property (T) in this
way. The main result is that a separable finite factor has property (T) if and only
if the 1-cohomology spaces of closable derivations vanish whenever the domain
contains a non-I" set (see Section 3 for the definition of a non-I set).

Theorem 0.1. Suppose that N is a separable finite factor. Then the following
conditions are equivalent:

(1) N has property (T).

(2) N does not have property I, and given any weakly dense *-subalgebra Ny C
N with 1 € Ng such that Ng contains a non-I" set, every densely defined clos-
able derivation on Ny into a Hilbert N-N bimodule is inner.

(3) There exists a weakly dense x-subalgebra No C N such that Ny is countably
generated as a vector space and every closable derivation into a Hilbert N-N
bimodule whose domain contains Ny is inner.

This is the analogue to the Delorme—Guichardet theorem for groups. As a
corollary we obtain that if X, ..., X, generate a finite factor with property (T),
and if at least one of the X; has diffuse spectrum, then the derivations Jx, from
[Voiculescu 1998] cannot all be closable, and hence the conjugate variables cannot
all exist in L2(N, 7).
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Corollary 0.2. Suppose that N is a finite factor with property (T). Let X1, ..., X,
generate N as a von Neumann algebra such that C[ X1, ..., X,] contains a non-I'
set in the sense of Definition 3.1. Then ®*(X4, ..., X,) = o0.

We also give an application showing that man amalgamated, free products of
finite von Neumann algebras do not have property (T).

Theorem 0.3. Let N| and N, be finite von Neumann algebras with normal faithful
tracial states t\ and t) respectively, and suppose that B is a common von Neumann
subalgebra such that t1|p = 12|p. If there are unitaries u; € U(N;) such that
Ep(ui) =0fori =1,2,then M = N\ xp N, does not have property (T).

Other than the introduction there are four sections. Section 1 establishes the
definitions and notations and gives the connection between closable derivations,
conditionally completely negative maps, and semigroups of completely positive
maps. In Section 2, we characterize when a closable derivation is inner, in terms
of the conditionally completely negative map and the semigroup. In Section 3,
we state and prove the main theorem, Theorem 3.2, and in Section 4, we give the
application to amalgamated free products (Corollary 4.2).

1. A GNS-type construction

1.1. Conditionally completely negative maps. Let N be a finite von Neumann
algebra with normal faithful trace .

Definition. Suppose ¥ : N — L'(N, 7) is a s-preserving linear map whose do-
main is a weakly dense *-subalgebra Dy of N such that 1 € Dy. Then W is a
conditionally completely negative (c.c.n.) map on N if,

(1.1.1) foralln €N, xj,y; € Dy, and j <n,
n n
ijyj =0 implies Z yi¥(xixi)yi <0.
j=1 i,j=1
It is not hard to see that condition (1.1.1) can be replaced with the condition that

(1.1.1) forallneN, x;,y; € Dy, and j <n,

n n
ijyj = 0 implies Z (P (x7xi)yiy;) < 0.
j=1 i,j=1
If ¢ : N - N is completely positive and k € N, then ¥ (x) = k*x + xk — ¢ (x)
gives a map that is c.c.n. and bounded. If § : N — L?(N, 7) is a derivation, then J
isc.c.n. Alsoif Y isac.c.n. map and a : N — N is a t-preserving automorphism,
then ¥ = a o ¥ oa~! is another c.c.n. map.
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One can check that if ¥'; and ¥, are c.c.n. such that Dy, N Dy, is weakly dense
in N, and if 5,¢ > 0, then ¥ = s¥| 4 ¥, is c.c.n. Also if {¥,}, is a family of
c.c.n. maps on the same domain and ¥ is the pointwise || - ||;-limit of {¥,},, then
Y is c.c.n.

We say that ¥ is symmetric if 7 (¥ (x)y) =t (x ¥ (y)) for all x, y € Dy. We say
that ¥ is conservative if 7 o ¥ = 0. We also say that ¥ is closable if the quadratic
form ¢ on L?(N, t) given by D(q) = Dy and g(x) = 7 (¥(x)x*) is closable.
Note that we will see in Section 1.3 that if ¥ : Dy — L?>(N,7) Cc L'(N, ) is a
conservative symmetric c.c.n. map, then ¥ is automatically closable.

If ¥ is a conservative symmetric c.c.n. map, then 7 (¥ (1)x) = (¥ (x)) =0 for
all x € Dy; hence W (1) =0. Also, if ¥ is symmetric and ¥ (1) > 0, then given any
x € Dy, ifweletx; =x, x, =1, y; =—1, and y, = x, then the above condition
implies that 7 (W (x)x*) > 0, so that we actually have positivity instead of just the
symmetry condition.

1.2. Closable derivations. Let 3¢ be a Hilbert N-N bimodule. A derivation of N
is a (possibly unbounded) map J : N — ¥ defined on a weakly dense *x-subalgebra
Ds of N such that 1 € Dy, and such that d(xy) = xd(y) +J(x)y for all x, y € Ds.
The map J is closable if it is closable as an operator from L?(N, 7) to ¥.

The map ¢ is inner if d(x) = x& — &x for some & € H. It is spanning if
spDso(Ds) = ¥, and it is real if

(xd(y), 0(2))9e = (9(z"), 6(y")x")g forall x, y,z € Ds.

If o' : Ds — 3 is another derivation, then we say that J and ¢ are equivalent if
there exists a unitary map U : # — 9 such that U (xd(y)z) =xU (6(»))z=x'(¥)z
for all x, y, z € Ds.

Recall that if # is a Hilbert N-N bimodule, then we can define the adjoint
bimodule #°, where #° is the conjugate Hilbert space of ¥ and the bimodule
structure is given by x&°y = (y*éx™)°. If 6 : Ds — ¥ is a closable derivation,
then we may define the adjoint derivation ¢° : Ds — #° by setting 6°(x) = d(x*)°;
then J° is a closable derivation and the derivations %(5 +6°) and %(5 —0°) are real
derivations from Dy to € @ F€°.

1.3. From conditionally completely negative maps to closable derivations. Let
Y be a conservative symmetric c.c.n. map on N with domain Dy. We associate to
Y a derivation in the following way (compare with [Sauvageot 1989]):

Let

n n
¥Ho = {in ®yi € Dy @ Dy ‘ inyi =0}-

i=1 i=1
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Define a sesquilinear form on ¥ by

n

n m m
<§x,{®yi’,;xj®yj>\y=—%§§ (\P(x* ,y;f).

The positivity of (-, - )y is equivalent to the c.c.n. condition on ¥. Let ¥ be the
closure of ¥y after we mod out by the kernel of (-, - )y. If p= ZZ: 1 Xk @ yi such
that >} _; xxyx = 0, then

n n
1 1
x> =2 Dt Y iy)) and yes =5 > ey
i,j=1 i,j=1

are both positive normal functionals on N with norm (p, p)y. We also have left
and right commuting actions of Dy on ¥ given by

xpy = X(Z Xk ® yk)y =D (xx0) ® (),
k=1 k=1

and by the preceding remarks we have, for all x, y € Dy,

(xp, xp)y = (x*xp, p)w < |x*x|(p, p)w = |x]*(p, P)w,
(py, pY)w < IvI*(p, p)w.

Hence the above actions of Dy pass to commuting left and right actions on #, and
they extend to left and right actions of N on J€ given by the formulas

<x[2?:1 X ® y,f], [Z'}Ll X ® yj]>% = Z Z T(x;cxx;lp(y;)ﬁ)),

i=1 j=I

([(Zix ey (S ©y]), =2 > e (P iy,

i=1 j=1

Since the above forms are normal, the left and right actions commute and are
normal, thus making ¥ into a Hilbert N-N bimodule.

Define dy : Dy — # by x — [x ® | — 1 ®x]. Then Jy is a derivation such that,
for all x, y € Dy,

(Op(x), 06y =xR@1-1Q0x,y@1-1Qy)y
= —2t(P(*x) + 11 (P(0)y*) + 37 (P (y*)x) — St (¥ (Dxy*)
=7(¥(x)y").
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Also Jy is real since, for all x, y, z € Dy,

(x99 (), 0y (@Nx=(xyR1—x®y, 201 -1®2)y
= —%r(‘l’(z*xy)) + %r(‘l’(xy)z*) + %r(‘{‘(z*x)y) — %r(‘l’(x)yz*)
= =3t (P()7"xy) + 31 (¥ ()xy) + 37 (P (1)2"x) — 37 (P (y2")x)
=(I1®z" =" L 1@y x* =y ®@x )y = (0p(z"), dp (y*)x™) 3.

It follows that dy is closable if ¥ is. Also if ¥ : Dy — L?(N, 7) C L'(N, 7), then
we would have Dy = D(d30y), which would show that J (and hence also V) is
closable.

We will also assume that dy is spanning by restricting to SpDwd(Dy) C ¥.

It is not really much of a restriction that ¥ (1) = 0, since if ¥ is any symmetric
c.c.n. map with W(1) € L*(N, ), then ¥/ (x) = ¥ (x) — ¥ (1)x — 3x'¥(1) defines
a symmetric c.c.n. map with ¥/(1) = 0.

1.4. From closable derivations to conditionally completely negative maps. Let
3 be a Hilbert N-N bimodule, and suppose that 6 : N — 9 is a closable real
derivation defined on a weakly dense *x-subalgebra Ds of N with 1 € Dj.

Define

Dy ={x € D(O)NN | y+> ((x),(y")) gives a normal linear functional on N}.

Then by [Sauvageot 1990; Davies and Lindsay 1992], D(6) N\ N is a *-subalgebra,
and hence one can show that Dy is a dense *-subalgebra of N. We define the map
¥s: Dy — L' (N, 1) by letting Ws(x) be the Radon—Nikodym derivative of the
normal linear functional y — (6(x), d(y*)). Since ¢ is closable, W is also.

Since o is real, Ws is a symmetric *-preserving map such that 7 o ¥ =0, and if
neNandxi,x2,..., X0, Y1, Yxs - - -» Yo € Dy such that 37| x;y; =0, then

D (X)) = D (0GTx), 6(y; ¥
i,j=1 i,j=1

= D (3006, ;07 + () e+ (GDxi, 3,607 +0(0) v e

i,j=1

2
( <0.
¥

n n
= D (0Gi)yi, x;0(r))se + (xi0(i), 6(x )y )ae = —2“25()@'))’1‘
i,j=1 i=1
Hence W5 is a conservative symmetric c.c.n. map on Dy.
Note that if we restrict ourselves to closable derivations that are spanning, then
an easy calculation shows that the constructions above are inverses of each other
in the sense that %5, |p, = ¥ and oy, = 9.
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1.5. Closable derivations and c.c.n. maps from groups. Let I' be a discrete
group, (C, 79) a finite von Neumann algebra with a normal faithful trace, and
o a cocycle action of T' on (C, 79) by 7op-preserving automorphisms. Denote
by N = C x ,I the corresponding cross-product algebra with trace t given by
T(Zcgug) = 10(c.), where ¢, € C and {ug}, C N denote the canonical unitaries
implementing the action ¢ on C.

Let (7o, o) be a unitary or orthogonal representation of I', and let b : ' — €y
be an (additive) cocycle of I, that is, b(gh) = mo(g)b(h) + b(g) for all g, h € T.
Set ¥, to be the Hilbert space %0®RL2(N , T) if mo is an orthogonal representation
and 9o®cL*(N, 7) if m( is a unitary representation. We let N act on the right
of ¥y, by ( ®X)y =@ (xy) for x,y € N and & € ¥, and on the left by
c(¢®x)=¢®(6x) and uy (E®X) = (10(8)E) ® (gx) force C, xe N, geT,
and ¢ € ¥y. Let Dr be the x-subalgebra generated by C and {u,},. We define 9,
by dp(coutg) = cop(ug) = b(g) ® gty for ¢y € C and g € I'; then we can extend Jp,
linearly so that dj, is a derivation on Dr. If (7¢, #)p) is an orthogonal representation
and 1, denotes the Dirac delta function at g, then

= (m0(g)b(h), b(k)) (Cugun, iix)

= (=0(@)mo(M)b(h "), —xo ()b (k™)) (€Ugitn, itx) 15 (gh)
= ("), ) ag, wpuic)

= (I (u), O (up)ugc™),

for all g, h, k € I and ¢ € C, thus showing that ¢, is real.
Also we have

|<5b(cgug)a 517(2}161’ dhuh)>| = |Zher (b(g), b(h»(cﬁga d;;h”
= 1b(2) 1| (Cattg> > per dnun)|
< 16 P lleg M| > per dnutn

forall g eT, ¢, € C and D, dpuy, € Dr. Hence if x = der cgUtg € Dr and
y € Dr. then |{d(x), (1)) < (X oer16(2) I llcg D1y [11. In particular this shows
that J;, is closable.

Now suppose that v : I' — C is a real-valued conditionally negative definite
function on T" such that y(e) = 0, and let (7, b;) be the representation and
cocycle that correspond to y through the GNS construction [Bekka et al. 2008].
Let (#, 0) denote the Hilbert N-N bimodule and closable derivation constructed
outof (z,, by ) as above, and let ¥ be the symmetric c.c.n. map associated to (¥, J)
as in Section 1.4. Then a calculation shows that ‘P(Zg Collg) = Zg w(g)cglty, and
in fact it is easy to show that this equation still describes a c.c.n. map even if v is
not real valued.

(cugdp(up), op(ui))

17
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Conversely, if (#, 0) is a Hilbert N-N bimodule and a closable derivation such
that ¢ is defined on the x-subalgebra generated by C and {u,}, then we can asso-
ciate to it a representation 7o on o = Sp{d(ug)uy | g € I'} by mo(g)¢" = uel'uy
for &' € #y. Also we may associate to J a group cocycle b on I" by b(g) = Oug)uy
for g e I'. If ¥ is a c.c.n. map that is also defined on the *-subalgebra generated
by C and {ugz},, then we can associate to it a conditionally negative definite func-
tion y by y(g) = (¥ (ug)uy). Furthermore if J is real, then by taking only the
real span above, we see that ¥ is a real Hilbert space and 7 is an orthogonal
representation; also v is real valued if and only if ¥ is symmetric, and if (%, o)
and W correspond to each other as in Sections 1.3 and 1.4, then (7g, b) and v
correspond to each other via the GNS construction.

1.6. Examples from free probability. We now have two main examples of clos-
able derivations, those that are inner, and those that come from cocycles on groups.
Voiculescu [1998; 1999] uses certain derivations in a key role for his nonmicro-
states approach to free entropy and mutual free information. These derivations will
give us more examples of closable derivations under certain circumstances.

1.6.1. The derivation dx from [Voiculescu 1998]. Let B C N be a x-subalgebra
with 1 € B and X = X* € N. If we denote by B[X] the subalgebra generated by
B and X, and if X and B are algebraically free (that is, they do not satisfy any
nontrivial algebraic relations), then there is a well-defined unique derivation

0x : B[X]— B[X]® B[X]C L*(N,7)® L*(N, 1)

such that 0x(X) =1® 1 and 0x(b) =0 for all b € B.

We note that if dy is inner, then identifying L>(N, 7) ® L*(N, t) with the
Hilbert—Schmidt operators gives the existence of a Hilbert—Schmidt operator that
commutes with B. Therefore if B contains a diffuse element (that is, one generating
a von Neumann algebra without minimal projections), then dy is not inner.

From [Voiculescu 1998], the conjugate variable J (X : B) of X with respect to B
is an element in L' (W*(B[X]), 7) such that 7 (J (X :B)m) =t ® t(6x (m)) for all
m € B[X], thatis, J(X:B) =05(1®1).

If J(X:B) exists and is in L2(N, ) (as in the case when we perturb a set
of generators by free semicircular elements), then dx is a closable derivation by
[Voiculescu 1998, Corollary 4.2]

1.6.2. The derivation d4.p from [Voiculescu 1999]. Suppose A, B C N are two
x-subalgebras with 1 € A, B. If we denote by A VvV B the subalgebra generated
by A and B, and if A and B are algebraically free, then we may define a unique
derivation

Sap:AVB—> (AVB)®(AV B)C L*(N, 1) L*(N, 1)
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by da:p(a)=a®1—1R®a foralla € A, and d4.5(b) = 0 for all b € B.

For the same reason as above, if B contains a diffuse element and A # C, then
the derivation is not inner.

Recall from [Voiculescu 1999] that the liberation gradient j(A:B) of (A, B) is
an element in L' (W*(A U B), t) such that 7 (j(A:B)m) =t ® t(d4.5(m)) for all
me AV B, thatis, j(A:B) =0}.,(1®1).

If j(A:B) exists and is in L?(N, z), then d4.5 is a closable derivation by
[Voiculescu 1999, Corollary 6.3]

1.7. Generators of completely positive semigroups. Suppose N is a finite von
Neumann algebra with normal faithful trace 7. A weak*-continuous semigroup
{¢:}i>0 on N is said to be symmetric if 7 (x¢;(y)) = (¢ (x)y) for all x,y € N,
and completely Markovian if each ¢, is a unital c.p. map on N. We denote by A
the generator of a symmetric completely Markovian semigroup {¢;};>0 on N, that
is, A is the densely defined operator on N described by

D(A)={x €N :(x —¢:(x))/t has a weak limit as t — 0},

and A(x) =lim;_o(x — ¢, (x))/t. We also let A denote the generator of the corre-
sponding semigroup on L>(N, 7). Then A describes a completely Dirichlet form
[Davies and Lindsay 1992] on L?(N, 7) by

D& =D(A'"?) and €(x)=[A"*@)];5.

From [Davies and Lindsay 1992], D(€)NN is a weakly dense x-subalgebra, and
hence it follows from [Sauvageot 1989] that there exists a Hilbert N-N bimodule #
and a closable derivation § : D(€) N N — % such that €(x) = [|d(x)||> for all
x € D(€) N N. Conversely it follows from [Sauvageot 1990] that if D(J) is a
weakly dense *x-subalgebra with 1 € D(d) and 0: D(9) — ¥ is a closable derivation,
then the closure of the quadratic form given by ||d(x)]||? is completely Dirichlet on
L%(N, 7) and hence generates a symmetric completely Markovian semigroup as
above (see also [Cipriani and Sauvageot 2003]).

From Sections 1.3 and 1.4 and from the remarks above, we obtain the following.

Theorem 1.1. Let N9 C N be a weakly dense x-subalgebra with 1 € Ny, and
suppose ¥ : No— L'(N, ©) is a closable, conservative, symmetric c.c.n. map such
that Y~ (L*(N, 1)) is weakly dense in N. Then A = Wlyp-1 12,0y 18 closable
as a densely defined operator on L*>(N, ©), and A is the generator of a symmetric
completely Markovian semigroup on N. Conversely, if A is the generator of a sym-
metric completely Markovian semigroup on N, then A extends to a conservative,
symmetric c.c.n. map ¥ : No — L' (N, t), where Ny is the x-subalgebra generated
by D(A).
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2. A characterization of inner derivations

Let N be a finite von Neumann algebra with normal faithful trace 7. Given a
symmetric c.c.n. map ¥ on N, we will now give a characterization of when ¥ is
norm bounded.

Theorem 2.1. Let ¥ : Dy — L'(N, t) be a closable, conservative, symmetric
c.c.n. map with weakly dense domain Dy. Let 0 : Dy — ¥ be the closable deriva-
tion associated with Y. Then the following conditions are equivalent:

(a) J extends to an everywhere-defined derivation ¢’ that is inner and such that for
any x € N there exists a constant C, > 0 such that |(5'(x), 5 (¥))| < C«llyl1
forally e N.

(b) There exists a constant C > 0 such that [{6(x),0(y))| < Clx||lIyll for all
x,y € Dy.

(¢) Y is norm bounded on (D).

(d) The image of ¥ is contained in N C L' (N, 1), and —¥ extends to a mapping
that generates a norm continuous semigroup of normal c.p. maps.

(e) There exists ak € N and a normal c.p. map ¢ : N — N with the property that
Y(x) =k*x +xk — ¢ (x) for all x € Dy.

Proof. (a) implies (c): Let &’ be the everywhere-defined extension of , and let ¥’ be
the c.c.n. map associated with ¢'. Since for any x € N there exists a constant C,, > 0
such that [{¢'(x), 0'(y))| < C|ly|l; for all y € N, the image of ¥’ is contained in N.
Also since ¥/(1) =0 we have P/ (x*x) — x*¥'(x) — ¥/'(x*)x <0 for all x € Dy,
and so —¥’ is a dissipation [Lindblad 1976; Kishimoto 1976]. Since —¥" is also
everywhere-defined, it is bounded by [Kishimoto 1976, Theorem 1].

(b) is equivalent to (c): If (b) holds, then for all x, y € Dy,

[t (W ()yH)I = [o(x), s = Clixllllyll-

So by taking the supremum over all y € Dy such that ||y||; < 1, we find that
¥ (x)| < Cllx|| for all x € Dy.
Suppose now ¥ is bounded by C > 0. Then for all x, y € Dy,

[(6(x), 6N = Ir (P )y = 1Y)yl < Cllx -

(c) implies (d): This follows from [Evans 1977, Proposition 2.10].
(d) implies (e): This is [Christensen and Evans 1979, Theorem 3.1].

(e) implies (a): Suppose that for k € N and ¢ c.p., we have ¥ (x) = k*x + xk —
¢(x) for all x € N. Let ¢’ = 7(¢(1))"'¢, and let (¥, &) be the pointed Hilbert
N-bimodule associated with ¢’. Hence if we set &' (x) = (7 (¢ (1))/2)/*[x, £], then
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we have & = 6. By replacing k with 1 (k + k*) and ¢ with (¢ + ¢*), we may
assume that ¢ is symmetric; it is then easy to verify that there exists a constant
C > 0 such that |{¢'(x), 5 (¥))| < Cllx]|lllyl for all x, y € N. Hence & gives an
everywhere-defined extension of ¢ satisfying the required properties. g

Our next result is in the same spirit as Theorem 2.1. It provides several equiva-
lent conditions for a closable derivation to be inner.

Theorem 2.2. Let ¥ : Dy — L' (N, 7) be a closable, conservative, symmetric
c.c.n. map with weakly dense domain Dy. Let 6 : Dy — 3 be the closable deriva-
tion associated with Y. Then the following conditions are equivalent:

(a) O is inner.
(B) 0 is bounded on (Dy);.
(y) Wis || - |l1-bounded on (Dy);.

(0) Y can be approximated uniformly by c.p. maps in the sense that, for all ¢ > 0,
there exists a k € N and a normal c.p. map ¢ such that

|W(x)—k*x —xk+ @)l <ellx|| forall x € Dy.

Proof. (a) implies (6): Suppose there is a & € ¥ such that d(x) = x& — Ex for
all x € Dy. Let ¢ > 0. Since the subspace of “left and right bounded” vectors is
dense in #, we may choose & € # so that there exists a constant C > 0 such that
lxSoll < Clix|l2 forall x € N, Il = II<]l, and also [|€ —&oll < &/8]|<|l. Since &y
is “bounded”, we may let ¢, be the normal c.p. map associated with & /[|<ol|. Let

¢ = 2% > ps,» and let k = ¢ (1)/2.

Note that since ¢ is real, & is real also, that is, (x&, &oy) = (y*&, &ox™) for
all x,y e N.

Then if x, y € Dy, we have

(W (x) —k*x —xk + $(x))y™)
=1 (P(0)y*) = 51(@(Dxy*) — 37 (xp(1)y*) + 7(p(x)y")
= (0(x), 0(y)) — (xy* o, <o) — (¥"x<o, o) +2{xSoy™, o)
= (x¢ —¢x, y& —&y) — (x&o — Sox, yo — oy)-
Hence,
(W (x) —k"x — xk + ¢ (x), y)|

< lxé —=Exllllyé =&y — yéo +Soyll + 11yéo — Soy lllxE — Ex — xéo + Sox ||

< AxIEMYIIE = Soll + 4yl lIxIIE —Soll

<elxlliyll.

The desired result follows by taking the supremum over all y € (D).
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() implies (y): Let k € N and ¢ c.p. such that || ¥ (x) —k*x —xk+ P (x)||1 < |Ix].
By [Popa 2006, 1.1.2], ||¢ (x)]l2 < ||¢(1)]l2]lx|| for all x € N. Hence, for all x € Dy,
W) < W (x) —k*x —xk + () + kX — xk + @ ()]l

<@ +2[kll2+ M) llx]l-
Thus ¥ is bounded in ||-||; on (Dy)j.
(y) implies (B): If ||¥(x)||; < C|x]|| for all x € Dy, then

101> = 7 (P (x)x*) < [P@)l1llx]| < Cllx[|* forall x € Dy.

(f) implies (a): Since ¢ is bounded on (D), we may extend ¢ to a derivation on
the C*-algebra A that is generated by Dy. Let X = {0(u)u™ | u € U(A)}. For each
v €U(A), weletv acton H by v-& =vé +5(v). Let & be the center of the set X.
Then since ||o-&—v || =& —nll = |1Ev — po|| for all &, # € K, the center of the
set v - X is v - &, and the center of the set Xv is &yv. Further we have v - X = Xv,
and thus v - & = &o. Since v was arbitrary and every x € A is a linear combination
of unitaries, we have d(x) = &x — x& for all x € A. Il

In general, ¥ may be unbounded in || - ||; even if [l¢;(x) — x]||> converges to 0
uniformly on N;. However, the next section shows that this cannot happen if N
has property (T) and the domain of ¥ contains a “critical set” as in [Connes and
Jones 1985, Proposition 1].

3. Property (T) in terms of closable derivations

Suppose M is a finite von Neumann algebra with countable decomposable center.
We will say that M has property (T) if the inclusion (M C M) is rigid in the sense
of [Popa 2006]; that is, M has property (T) if and only if there exists a normal
faithful tracial state z/ on M such that one of these equivalent conditions hold:

e For all ¢ > 0, there exists a finite ' C M and a &' > 0 such that if ¥ is a
Hilbert M-M bimodule with a vector ¢ € ¥ satisfying the conditions

I{(-& & —7'll<d, -8 —7I1=d, Nyé—<&yl<d" forallyeF,

then there exists a & € # such that ||&y — || < ¢ and x& = &x for all x € M.

 For all ¢ > 0, there exists a finite ¥ C M andad > Osuch thatifp: M — M
is a normal, completely positive map with

top <7, d()=1L, () —yll<d forallyeF,

then ||¢(x) —x||» <& for all x € M with x| < 1.
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Furthermore, Popa [2006] showed that the above definition is independent of the
trace 7/, and in the case when N is a factor, this agrees with the original definition
in [Connes and Jones 1985].

In this section we will obtain a characterization of property (T) in terms of certain
boundedness conditions on c.c.n. maps. Since we are dealing with unbounded
maps, the domain of a map will be of crucial importance. We will thus want to
consider c.c.n. maps whose domain contains a “critical set”, which by [Popa 1986,
Remark 4.1.6] motivates the following.

Definition 3.1. Suppose that N is a II; factor, and let Ny C N be a weakly dense
x-subalgebra of N with 1 € Ny. Then Ny contains a non-I" set if there is a finite
F C Ny and a K > 0 such that for all & € L*(N, ), if (£, 1) = 0 then we have

I€13 < K D epllxg — Exli3.

Note that by [Connes 1976, Lemma 2.4] one can check that Ny has a non-I" set
if and only if there exists a finitely generated subgroup % C Int C*(Np) such that
there is no nonnormal %-invariant state on N. Also it follows from the definition
that N C N contains a non-I" set if and only if N does not have property I' of
[Murray and von Neumann 1943]. Also, if A is a countable ICC group, then by
[Effros 1975] A is not inner amenable if and only if CA contains a non-I" set.

We now come to the main result, which is to give several equivalent character-
izations of property (T); in particular we obtain a 1-cohomology characterization
of property (T), which is the analogue of the Delorme—Guichardet theorem from
group theory.

Theorem 3.2. Suppose that N is a separable finite factor with normal faithful
trace t. Let Ny C N be a weakly dense x-subalgebra such that 1 € Ny and Ny is
countably generated as a vector space. Consider the following conditions:

(a) N has property (T).

(b) There exists a finite F C Ng and a K > 0 such that if ¥ is a Hilbert N-N
bimodule with { € ¥ and if 6 = maxyer{l|x{ — Ex||}, then there exists a
&o € ¥ such that x&y = Cox forall x € N and ||&y — ¢ < oK.

(c) Every densely defined closable derivation on Ny is inner.

(d) Every closable, conservative, symmetric c.c.n. map on Ny is bounded in || - ||
on (No)1.

(e) There exists a finite F' C Ng and a K' > 0 such that if ¢ : N — N is a c.p.
map with¢(1) <1, to¢ <7, and ¢ =¢*, and if 5 = maxyep {l|lx — ¢ (x)ll2},
then t((y — ¢ (y))y*) < K'6), for all y € (N)1.

Then (b) = (¢) = (d) = (e) = (a). If moreover Ny contains a non-I set, then
also (a) = (b).
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Proof. (b) implies (c). Let 0 : N9 — ¥ be a closable derivation, and note that
by Section 1.2, we may assume that ¢ is real. Let ¢, : N — N be the semigroup
of normal symmetric c.p. maps associated with . Then for all y € Ny, we have

IS =1imy 0 7 (3 (v = 1 (¥))y)-

Let (3€;, &) be the pointed correspondence obtained from ¢;. Then since ¢; is
unital and symmetric, || y& —é‘,y||% =27((y—¢:(y))y*) forall ye N. Let F C Ny
and K > 0 be as in (b), and let C = supy_, < ,cp 7((x — ¢ (x))x*)/t. Then

0N = lim 7 (- (v = 1 (1))y")
= lim|ly¢; — &yll3/21
<2 sup [|x& —&x[3K7/1 =4 sup 7((x — ¢ (x))x*)K>/t =4CK?
0<r<l1 0<r=1
xeF xeF
for all y € (Np);. Thus ¢ is inner by Theorem 2.2.
(c) implies (d). This follows from Theorem 2.2.

(d) implies (e). Let {x,},n be a sequence in (Ng); such that Ny = sp{x, }nen. If
(e) does not hold, then for each k € N there exists a c.p. map ¢, : N — N such
that ¢x (1) <1, 7 o¢ < 7, and ¢ = ¢}, and there exists a y, € (No); such that

T ((k — b)) yy) > 455, where 6, = max; < {lx; — ¢ (x;) 12}

Let Wi = (id — ¢)/d,, and let ¥ = >}, 27k, Then since Ny = sp{x, }nen.
¥ : Ng — L?*(N, 7) is a well-defined symmetric c.c.n. map with ¥ (1) > 0. Also
since ¢ (1) <1, to¢y <, and ¢ = ¢, if we let (J;, &) be the pointed Hilbert
N-N bimodule corresponding to ¢ then, for all x € N,

27 ((x — r(x))x™) = T o i (x™x) + 7 (x"x (1)) — 27 (P (x)x™)
= llx&k — &ex|* = 0.

Thus

Yol = (P Gye) =275 (G — b ) y) /6 > 2* forall k € N.
Hence if we let ¥/ (x) = ¥ (x) —x¥(1)/2 — ¥ (1)x/2, then ¥’ is a closable, con-
servative, symmetric c.c.n. map that is unbounded in || - ||; on (Ng);.

(e) implies (a). Let F’ and K’ be as in (e), and let ¢ > 0. Suppose ¢ : N — N is a
c.p. map such that (1) <1, t0¢ <17, ¢ =¢* and ||x — p(x)|l» < &2/2K’ for
all x € F'. Let (¥4, &) be the pointed Hilbert N-N bimodule associated with ¢.
Then since ||¢(1)]|2 < 1 by [Popa 2006, Lemma 1.1.3], we have

Iy =5 < llyép—Epy 11> =2t ((y—p (»)y*) <2K'd <& forall y € (N)1.

Hence N has property (T) by [Peterson and Popa 2005, Lemma 3].
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(a) implies (b). If Ny contains a non-I" set, then [Popa 1986, Remark 4.1.6] shows
that [Connes and Jones 1985, Proposition 1] applies to give the desired result. [J

The proof in Theorem 3.2 that (d) implies (e) can be suitably adapted to the
case of inclusions of o-compact and locally compact groups, thus showing that
an inclusion of groups has relative property (T) if and only if “d depends linearly
on &”, answering a question of Jolissaint— see [2005, Theorem 1.2].

Let B C N with 1 € B be a x-subalgebra, and suppose X = X € N. Recall
from [Voiculescu 1998] that a dual operator to (X ; B) in L?(N, 7) is an operator
Y € B(L*(N, 7)) such that

[B,Y]=0 and [X,Y]=P,
where P; is the orthogonal projection onto C1.

Corollary 3.3. Suppose N is a separable finite factor with property (T), let BC M
with 1 € B be a *-subalgebra, and let X = X* € N such that B[ X] generates N as
a von Neumann algebra. Suppose that B is diffuse and B[X] contains a non-I'
set. Then the conjugate variable J(X:B) does not exist in L>(N, 1), that is,
®*(X:B) = 00. Also (X ; B) does not have a dual operator in L>(N, 7).

Proof. If the conjugate variables J(X:B) did exist in L>(N, 7), then we would
have, as in Section 1.6.1, a closable derivation on B[X] that is not inner. Therefore
by Theorem 3.2 this cannot happen.

The fact that (X ; B) does not have a dual operator in L>(N, ) then follows
directly from [Voiculescu 1998]. O

4. Property (T) and amalgamated free products

We include here an application of the above ideas, showing that a large class of
amalgamated free products do not have property (T). We first prove that if N has
property (T), then even though a c.c.n. maps may be unbounded on some domains,
it must still satisfy a certain condition on its rate of growth.

Theorem 4.1. Suppose N is a finite von Neumann algebra with normal faithful
tracial state ©. If N has property (T) and ¥ : Dy — L*>(N,7) C LY(N, 1) isa
conservative, symmetric c.c.n. map, then any sequence {x,}, in (Dy)| such that
I (xp)ll2 = oo satisfies [ (xn) ll2/ 1Y (xn) | = O.

Proof. Let {®,}, be the semigroup of unital normal symmetric c.p. maps associated
with ¥ as in Section 1.7, and for each > 0, let g5 = SUP; < xeN, D, (x) — x]l2.
Since N has property (T), we know ez — 0 as g — 0.
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For all § > 0 and x € (Dy);, we have
B B
/ O, 0 ¥Y(x)dt = lin})/ O, ((Ds(x) —x)/s)dt
0 s=0Jo

P s
=}£f5;( /0 D, (x)dt — /0 (I),(x)dt)

S LR L
—Slﬁmog(/s t<x)r—/0 (i)

= lim -(/ﬁﬁﬂ @, (x)dt —/OS (D,(x)dt): Dp(x) — x.

Hence for all x € (Dy)y,

iy | 0,0 W]+ 5/ @0 () — P
< %’* + % /Oﬂ (@, 0¥ (x) — W (x)) | dr

B
=2 veony /O srdt = 54 1YWl

Thus eg > ||V (x)]l28/(1 + [|'¥(x)[| ), and since ez — O the result follows. []

Corollary 4.2. Let N and N; be finite von Neumann algebras with normal faithful
tracial states t| and T, respectively, and suppose B is a common von Neumann
subalgebra such that t1|g = 12| g. Suppose also that there are unitaries u; € U(N;)
such that Eg(u;) =0 fori =1,2. Then M = N\ x5 N does not have property (T).

Proof. Let © = 11 *p 1 be the trace for M, and let # = L*(M, 7) ®p L*(M, 7).
Define ¢ to be the unique derivation from the algebraic amalgamated free product
to # that satisfies d(a) =a®p1—1®pa for all a € N, and 6(b) =0 for all b € N,.
By [Nica et al. 2002, Corollary 5.4], 6*(1 ® g 1) = 0. In particular and just as in
the nonamalgamated case, 0 is a closable derivation. Furthermore if u; and u; are
the unitaries as above and z € Ny, then (5((u1u2)"), 6(z)) is equal to

n—1

Z((Mluz)jul ®p ua(u1u2)" 7 — (u1u2)? ®p (u1u2)"7, 3(2))
=0

—_

=D (1@ L ufuiu}) 0(2) uiu) ™~ us — (wiut)! o) whup)" ™),
=0

~
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also, for each 0 < j < n, we may use the Leibniz rule for the derivation to rewrite
(uiut)’ 6(z)(uiu?)"~/ as the sum

o((u3 “T)]Z(uzul )"y +

j—1
. — D suP uss @) iut)y 2 up) T +

n—j—1

- Z (u3 ”T)]Z(uzul)l 50(uy) (usuy)"™ Jmin

However when we take the inner product with 1 ® g 1, the first term will be O as
mentioned above, and by freeness (since #; and u;, have expectation 0) the other
terms will be 0, except, when i =n — j — 1 in the third term. In that case, we have

—(1®p1, (uﬁu’f)jz(u;u’f)"fj ! usouy)) =—(1®p1, (uzu*)]z(uzu’f "I ®p1)
= —1(Ep((u1u2)" ' 2% (wruz)’)).

Similarly,
(1@p 1, uf(uzu}) 6@ wiup)' 7~ uz) = 1(Eg(ua(uiua)" 7~ 2" (wruz) uy)).

Hence from the above equalities we get

n—1
(0((uru2)"), 6(2)) = D v (uauruz)" =" 2" () wy + (rua)" 7 2* (uru2)7)
j=0
=2nt((uu2)"z").

In particular, the c.c.n. map ¥ associated with ¢ has W ((u u2)") = 2n(uuz)",
and so [V ((u1u2)")ll2 = oo but ¥ ((uiu2)")ll2/ 1Y ((u1u2)")|l 7> 0; hence M
does not have property (T) by Theorem 4.1. U

Note that we only used the fact that u#; and u, are unitaries to insure that
2n||(uiuz)" || — oo. Also note that the conditions of Corollary 4.2 are satisfied
when M is a free product (with amalgamation over C) as well as when M is a
group von Neumann algebra coming from an amalgamated free product of groups.
We also mention that from the calculation above we are able to compute explic-
itly the semigroup of c.p. maps that J generates —it is the semigroup given by
¢ = (e id+ (1 — e 2)Ep) %pid.
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