Volume 245 No. 1 March 2010



PACIFIC JOURNAL OF MATHEMATICS

E. F. Beckenbach (1906-1982)

Vyjayanthi Chari
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Darren Long
University of California
Santa Barbara, CA 93106-3080
long@math.ucsb.edu

Sorin Popa
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Paulo Ney de Souza, Production Manager

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY
INST. DE MATEMATICA PURA E APLICADA
KEIO UNIVERSITY

MATH. SCIENCES RESEARCH INSTITUTE
NEW MEXICO STATE UNIV.

OREGON STATE UNIV.

PEKING UNIVERSITY

STANFORD UNIVERSITY

http://www.pjmath.org

Founded in 1951 by

EDITORS

V. S. Varadarajan (Managing Editor)
University of California
Los Angeles, CA 90095-1555
pacific@math.ucla.edu

Robert Finn

Stanford University

Stanford, CA 94305-2125
finn@math.stanford.edu

Jiang-Hua Lu

The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Jie Qing

University of California
Santa Cruz, CA 95064
qing@cats.ucsc.edu

Paul Yang

Princeton University
Princeton, NJ 08544-1000
yang @math.princeton.edu

PRODUCTION

pacific@math.berkeley.edu

Silvio Levy, Senior Production Editor

SUPPORTING INSTITUTIONS

UNIVERSIDAD DE LOS ANDES

UNIV.
UNIV.
UNIV.
UNIV.
UNIV.
UNIV.
. OF CALIFORNIA, RIVERSIDE
. OF CALIFORNIA, SAN DIEGO
UNIV.

UNIV.
UNIV.

OF ARIZONA

OF BRITISH COLUMBIA

OF CALIFORNIA, BERKELEY
OF CALIFORNIA, DAVIS

OF CALIFORNIA, IRVINE

OF CALIFORNIA, LOS ANGELES

OF CALIF., SANTA BARBARA

F. Wolf (1904-1989)

Kefeng Liu
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Alexander Merkurjev
University of California
Los Angeles, CA 90095-1555
merkurev@math.ucla.edu

Jonathan Rogawski
University of California
Los Angeles, CA 90095-1555
jonr@math.ucla.edu

Matthew Cargo, Production Editor

UNIV. OF CALIF., SANTA CRUZ
UNIV. OF HAWAII

UNIV. OF MONTANA

UNIV. OF NEVADA, RENO

UNIV. OF OREGON

UNIV. OF SOUTHERN CALIFORNIA
UNIV. OF UTAH

UNIV. OF WASHINGTON
WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no respon-

sibility for its contents or policies.

See inside back cover or www.pjmath.org for submission instructions.

Regular subscription rate for 2009: US$450 a year (10 issues). Special rate: US$225 a year to individual members of supporting institutions.
Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to Pacific Journal of
Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163, U.S.A. Prior back issues are obtainable from Periodicals Service Company, 11
Main Street, Germantown, NY 12526-5635. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and the Science Citation Index.

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 969 Evans Hall,
Berkeley, CA 94720-3840 is published monthly except July and August. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS

at the University of California, Berkeley 94720-3840

Copyright ©2010 by Pacific Journal of Mathematics

A NON-PROFIT CORPORATION

Typeset in IATEX



PACIFIC JOURNAL OF MATHEMATICS
Vol. 245, No. 1, 2010

STRONGLY r-MATRIX INDUCED TENSORS,
KOSZUL COHOMOLOGY, AND
ARBITRARY-DIMENSIONAL QUADRATIC POISSON
COHOMOLOGY

MOURAD AMMAR, GUY KASS, MOHSEN MASMOUDI AND NORBERT PONCIN

We introduce the concept of strongly r-matrix induced (SRMI) Poisson
structure, report on the relation of this property to the stabilizer dimen-
sion of the considered quadratic Poisson tensor, and classify the Poisson
structures of the Dufour—Haraki classification (DHC) according to their
membership in the family of SRMI tensors. A main result is a generic co-
homological procedure for classifying SRMI Poisson structures in arbitrary
dimension. This approach allows the decomposition of Poisson cohomology
into, basically, a Koszul cohomology and a relative cohomology. Also we
investigate this associated Koszul cohomology, highlight its tight connec-
tions with spectral theory, and reduce the computation of this main building
block of Poisson cohomology to a problem of linear algebra. We apply these
upshots to two structures of the DHC and provide an exhaustive description
of their cohomology. We thus complete our list of data obtained in previous
work, and gain fairly good insight into the structure of Poisson cohomology.

1. Introduction

Let (£,[-,-]) with & = @; &' be a graded Lie algebra (glLa). Any element
with degree 1 that squares to 0 generates a differential graded Lie algebra (dgla)
(£,[-,-1,04), where 5 :=[A, -], and a glLa H(Z, [+, -], dA) in cohomology.
Depending on the initial algebra, such a 2-nilpotent degree 1 element is, say,
an associative algebra structure, a Lie algebra structure, or a Poisson structure,
and the associated cohomology is the adjoint Hochschild, the adjoint Chevalley—
Eilenberg, or the Lichnerowicz—Poisson (LP) (or simply Poisson) cohomology,
respectively. Recall that the LP-dgla is implemented by the shifted Grassmann
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2 MOURAD AMMAR, GUY KASS, MOHSEN MASMOUDI AND NORBERT PONCIN

algebra (X(M)[1], A, [-, - Isn), with X (M) =T (AT M), of polyvectors of a man-
ifold M, endowed with the Schouten—Nijenhuis bracket [ -, - ]sn. The Hochschild
dgla is generated by the space of multilinear mappings of the underlying vec-
tor space endowed with the Gerstenhaber graded Lie bracket, and similarly the
Chevalley-Eilenberg dgla is generated by the space of skew-symmetric multilinear
mappings of the underlying vector space endowed with the Nijenhuis—Richardson
graded Lie bracket.

Alternatively, LP-cohomology can be viewed as the Lie algebroid (Lad) coho-
mology of the Lie algebroid (T*M, {-, -}, ) canonically associated with an arbi-
trary Poisson manifold (M, A). The cohomology of a Lad (E — M, [ -, -1, p), or
equivalently a Q-structure on a supermanifold, is defined as the cohomology of the
Chevalley-Eilenberg subcomplex of the representation p : I'(E) — Der(C*(M)),
made up by tensorial cochains. Algebraically, LP-cohomology is defined as the
adjoint Chevalley—Eilenberg cohomology of any Poisson—Lie algebra, restricted to
the cochain subspace of skew-symmetric multiderivations.

More details about Poisson cohomology can be found, say, in [Lichnerowicz
1977; Vaisman 1994].

The last few decades have seen much work on Poisson cohomology and Pois-
son homology, starting with [Koszul 1985; Brylinski 1988]. Problems studied
include the cohomology of regular Poisson manifolds [Vaisman 1990; Xu 1992],
(co)homology and resolutions [Huebschmann 1990], duality [Huebschmann 1999;
Xu 1999; Evens et al. 1999], cohomology in low dimensions or specific cases
[Nakanishi 1997; Ginzburg 1999; Gammella 2002; Monnier 2002b; 2002a; Roger
and Vanhaecke 2002; Roytenberg 2002; Pichereau 2005], and various extensions
of Poisson cohomology — for example, the cohomologies Lie algebroid, Jacobi,
Nambu—Poisson, double Poisson, and graded Jacobi [de Leén et al. 1997; Ibaiez
et al. 2001; Monnier 2001; Grabowski and Marmo 2003; de Leén et al. 2003;
Nakanishi 2006; Pichereau and Van de Weyer 2008]. In [Masmoudi and Poncin
2007; Ammar and Poncin 2008], we suggest an approach to the cohomology of
the Poisson tensors of the Dufour—Haraki classification (DHC).

Here we focus on the formal LP-cohomology associated with the quadratic Pois-
son tensors (QPTs) A of R” that read as real linear combinations

(1-1) A:Zaffymyj ::Zainij fora’/ e R

i<j i<j
of the wedge products of n commuting linear vector fields Y1, ..., Y,, such that
Yin---AY, =Y , #0. Let us recall that “formal” means that we substitute the
space R[[xy, ..., x,]1® / R" of multivectors with coefficients in the formal series

for the usual Poisson cochain space Z(R") = C*(R") ® A R". Furthermore, the
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reader may think about QPTs of type (1-1) as QPTs implemented by a classical
r-matrix in their stabilizer for the canonical matrix action.

Hence, in Section 2, we are interested in characterizing the QPTs that are im-
ages of a classical r-matrix. We show that a QPT is induced by an r-matrix if
the dimension of its stabilizer is large enough; more precisely, we prove that if
the stabilizer of a given QPT A of R" contains n commuting linear vector fields
Y; such that Y|, # 0, then A is implemented by an r-matrix in its stabilizer;
see Corollary 2. We refer to such tensors as strongly r-matrix induced (SRMI)
structures and show that any structure of the DHC decomposes into the sum of
a maximal SRMI structure and a small compatible (mostly exact) Poisson tensor;
see Theorem 4. This decomposition is the foundation of our cohomological tech-
niques proposed in [Masmoudi and Poncin 2007; Ammar and Poncin 2008]. This
splitting is in some sense opposite to the one proved in [Liu and Xu 1992], which
incorporates the largest possible part of the Poisson tensor into the exact term.

Masmoudi and Poncin [2007] developed a cohomological method in Euclidean
three-space that greatly simplified LP-cohomology computations for the SRMI
structures of the Dufour—Haraki classification. Section 3 extends this procedure
to arbitrary-dimensional vector spaces. In Theorem 10, we inject the space R of
“real” LP-cochains (formal multivector fields) into a larger space P of “potential”
cochains. In Theorems 13 and 15, we identify the natural extension to % of the LP-
differential as the Koszul differential associated with n commuting endomorphisms

X; — (div X;)id, where X; = Zj ai-in and a’/! = —al/,

of the space made up by the polynomials on R” with some fixed homogeneous
degree. We then choose a space & supplementary to R in % and show that the LP-
differential induces a differential on &. Eventually, we end up with a short exact
sequence of differential spaces and an exact triangle in cohomology. Theorem 16
shows that LP-cohomology (®-cohomology) reduces, essentially, to Koszul coho-
mology (%-cohomology) and a relative cohomology (¥-cohomology).

To take advantage of these results, we investigate in Section 4 the Koszul coho-
mology associated to n commuting linear operators on a finite-dimensional com-
plex vector space. We prove a homotopy-type formula in Proposition 19 and —
using spectral properties — show in Theorem 20 and Corollary 21 that the Koszul
cohomology is located inside a primary subspace of the corresponding commuting
endomorphisms.

In Section 5, we apply this result to gain insight into the structure of the Koszul
cohomology implemented by SRMI tensors, and show that to compute this central
part of Poisson cohomology it basically suffices to solve triangular systems of
linear equations.
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We conclude Section 5 by providing a full description of the LP-cohomology
spaces of structures A3 and Ag of the Dufour—Haraki classification.

2. Characterization of strongly r-matrix induced Poisson structures

Stabilizer dimension and r-matrix generation. Poisson structures implemented
by an r-matrix are of interest, for example in deformation quantization, especially
in view of Drinfeld’s method. We next report on an idea for generating quadratic
Poisson tensors by classical r-matrices.

Set G = GL(n, R) and g = gl(n, R). The Lie algebra isomorphism between g
and the algebra 96’(])([R§") of linear vector fields extends to a Grassmann algebra and
a graded Poisson-Lie algebra homomorphism J : A g — @, (R ® /\k R™). Tt
is known that its restriction

Jk: Nog— SRR @ AP R
is onto, but has a nontrivial kernel if k, n > 2. In particular,
J3[r, rlsn = [JZr, er]SN forregAng,

where [ -, - Jsn is the Schouten—Nijenhuis bracket. It is still an open problem to
characterize the quadratic Poisson structures that are implemented by a classical
r-matrix, that is, a bimatrix r € g A g satisfying the classical Yang—Baxter equation
[r,rlsn =0.

Quadratic Poisson tensors A and A, are equivalent if and only if there is A € G
such that A,A; = Ay, where * denotes the standard action of G on tensors of R”.
Since J2 is a G-module homomorphism, that is,

A.(J*r)=J*(Ad(A)r) forAeGandregng,

the G-orbit of a quadratic Poisson structure A = J2r is the pointwise J2-image of
the G-orbit of r. Furthermore, the representation Ad acts by graded Lie algebra
homomorphisms, that is,

Ad(A)[r, rlsn = [Ad(A)r, Ad(A)r]sn.

Hence, if A = J2r, where r is a classical r-matrix, the orbit of this quadratic
Poisson tensor consists of r-matrix induced structures.

Any quadratic Poisson tensor A is implemented by bimatrices r € g A g. To
determine whether the G-orbit O, of this tensor is generated by r-matrices, we
look at the preimage (J%)~!1(0)) = UrE(Jz)—]A O,, composed of the G-orbits O,
of all the bimatrices r that are mapped on A by J2. We claim that the bigger the
chance that a fiber of this bundle is located inside r-matrices, the smaller is Ox.
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In other words, the dimension of the isotropy Lie group G of A, or of its Lie
algebra, the stabilizer

gr:={acg:[A, Jalsx =0}

of A for the corresponding infinitesimal action, should be big enough. For example,
in R3 the Poisson tensor A = (xf +x2x3)023, where 023 := 0> A0z and J; :=0/0y,, is
not r-matrix induced (see [Manchon et al. 2002]) and the dimension of its stabilizer
is dim gp = 2. More evidence comes from the corollary of the following theorem:

Theorem 1. Let A be an analytic Poisson tensor of R". If its stabilizer contains n
commuting analytic vector fields Y; fori € {1,...,n} such that Yy A---ANY, #0,
then there exist constants o' € R such that A = Zk<, ak'Y, A Y.

Proof. Since Y1 A--- AY, # 0, there exists an open subset O of R" such that

A= d"@YAY, inoO
k<l

kl

for some local functions a*’ = a*(x). Since for any i € {1, ..., n}, we have

0=1Y;, Alsn = ZYi(akl)Yk NY; in O,
k<l

the X! are constant in O the theorem follows by analytic continuation. O

Corollary 2. Let A be a quadratic Poisson tensor of R". If its stabilizer g con-
tains n commuting linear vector fields Y; fori € {1,...,n} such that Y1 A--- A Y,
does not vanish, then A is implemented by a classical r-matrix that belongs to the
stabilizer, that is, A = J*a, where [a,alsy =0 and a € gA A GA.

Definition 3. If A is a quadratic Poisson structure implemented by a classical
r-matrix r € ga A ga, we call A a strongly r-matrix induced (SRMI) tensor.

Classification theorem in Euclidean three-space. Two concepts of exact Pois-
son structure — which are closely related to two special cohomology classes —
are used below. Let A be a Poisson tensor on a smooth manifold M oriented
by a volume element Q. We say that A, which is of course a LP-2-cocycle, is
Lichnerowicz—Poisson-exact or LP-exact if

A=[A, Xlsn for some X € X' (M).

The vector field X is called the Liouville vector field and the cohomology class
of A is the obstruction to infinitesimal rescaling of A. We call A Koszul-exact or
K-exact if

A=06(T) forsome T € X*(M).
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Here, the operator d := ¢~ od o ¢ is the pullback of the de Rham differential d by
the canonical vector space isomorphism ¢ := i()Q. Although introduced earlier,
the generalized divergence ¢ defined by §(X) = divg X for X € ¥!(M) is usually
attributed to J.-L. Koszul. The curl vector field K (A) := 6(A) of Al is an LP-1-
cocycle. K(A) maps a function to the divergence of its Hamiltonian vector field.
The cohomology class of K (A) is the well-known modular class of A. This class is
independent of €, is the obstruction to existence on M of a measure preserved by all
Poisson automorphisms, and is relevant in the classification of Poisson structures
[Dufour and Haraki 1991; Grabowski et al. 1993; Liu and Xu 1992] and in Poincaré
duality [Evens et al. 1999; Ibafiez et al. 2001]. In R" with n > 3, a Poisson tensor
A is K-exact if and only if it is irrotational, that is, K (A) =0, and in R3, K-exact
means function-induced, that is,

A=Tl =0 fon+dfd+afon for feCOR.

The K-exact quadratic Poisson tensors II, of R3, that is, the K-exact Poisson struc-
tures induced by a homogeneous polynomial p € >R, represent class 14 of the
Dufour—Haraki classification. The cohomology of this class has been studied by
Pichereau [2005] (actually Pichereau deals with structures II, implemented by a
weight-homogeneous polynomial p with an isolated singularity). Hence, we will
not examine class 14 here.

Recall that two Poisson tensors A and A, are compatible if their sum is again
a Poisson structure, that is, if [A1, Az]Jsny = 0.

The next theorem classifies the quadratic Poisson tensors according to their
strongly r-matrix induced structure. It also shows that any such tensor is the sum
of a “maximal” strongly r-matrix induced tensor and a “small” compatible Poisson
structure. The classification makes available the cohomological technique used in
[Masmoudi and Poncin 2007], while the splitting? is relevant to cohomological
approach of [Ammar and Poncin 2008].

Denote the canonical coordinates of R3 by x, y, z and by x1, x3, x3; denote the
corresponding partial derivatives by 01, 02, 03. Let 0;; = 0; A 0;.

Theorem 4. Leta, b, c € R, and let A; fori €{1, ..., 13} be the quadratic Poisson
tensors of the Dufour—Haraki classification [1991].

If dimgp > 3 (where the subscript i is omitted), there are mutually commuting
linear vector fields Y1, Yo, Y3 such that

AN=aYn+pY31+yYi, wherea,p,y €R,

UIf Q is the standard volume of R3 and A is identified with a vector field A of R3, then K (A)
coincides with the standard curl V A A.

2This splitting differs from the decomposition used in [Liu and Xu 1992] in that we incorporate
as much structure as possible into the strongly induced term.
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so that A is strongly r-matrix induced (SRMI), that is, implemented by a classical
r-matrix in ga Aga. In the following classification of the quadratic Poisson tensors
by the SRMI property, we decompose each non-SRMI tensor into the sum of a
maximal SRMI structure and a smaller compatible quadratic Poisson tensor.

o Set Yy =x01, Yo =y0; and Y3 = z0s.
(1) A1 =ayz0x3+bxz031 +cxyory is SRMI for all values of the parameters
a, b and c, and decomposes as Ay = a¥Yy3 +bY31 + cYpo.
(2) A4 =ayzdn +axzds + (bxy + 22012 is SRMI if and only if a and b are
both zero. We have Ay = a(Yo3 + Y31) +b Y12 + %Hza.
o Set Y| =x01+ Yy, Yy =x0, — yo and Y3 = z0s.
(1) As = (ax — by)zdy3 + (bx +2ay)z831 + a(x? + y*)d12 is SRMI for any
a and b. We have Ay =2aY»3+bY31 +aYis.
(2) A7 = ((2a+c)x —by) 2023 + (bx + (2a + ¢)y) 2031 + a(x* + y*)d12 is
SRMI for all a, b, c. We have A7 = 2a +c)Y3 +bY3 +aYis.
3) Ag=axzox+ayzos + (%(a +b)(x% 4 y?) £22)d12 is SRMI if and only
if a and b are both zero. We have

Ag=aYy+ %(a +b)Yp, £ %HZL

o Set Y| =x01 4+ yd2, Yo =x0, and Y3 = z0s.

(1) Az =2x —ay)zo3 +axzds + X201, is SRMI for any a, and we have
A3 =2Y3+als + Y.
(2) As = ((2a+ )x + y)z623 — x2031 + ax?dy2 is SRMI for any a # —1/2.
We have As = 2a+1)Y23 — Y31 +aYp.
(3) A¢=ayzdy3 —axz03 — %xzalz is SRMI for any a. The decomposition is
Ag=—aYs — Y.
o Set Y| =€ :=x01 +y0,+ 203, Yo =x0,+ yd3 and Y3 = x05s.
(1) Ag = (ax?* — %yz + %xz)623 + %xyagl - %xzalz is SRMI for any a. We
have A9 =a Y3 — %le.
(2) Ao=(a y*—(@a+1)x2)623+Q2a+1)xyds; —(a+1)x206y is SRMI if and
only ifa = —1/3. We have Ay =—Q2a+ 1Yo+ Ba+ 1)(y? —2x2)3.
e SetY1 =€, Yo=x0and Y3 = (ax+ 3b+1)z)0s.
(1) Seta =0. Then Ay; = b + 1)xz023 + (bx? + c¢z%)d12 is SRMI if and
onlyifc=0. We have A|1 = Y3 +bY12n + %CHZ_%.
(2) Seta = 1. Then A1y = (x> + (2b + 1)x2)d3 + (bx* + ¢z%)d12 is SRMI if
and only if c =0. We have A1y = Y3 +bY1n + %cﬂzs.
(3) A3 = (ax?>+ 2b+ D)xz 4 z%)623 + (bx? + ¢ 2% + 2x2)813 is not SRMI
forany a,b,c. We have A1z =Yy3+bY12+ 1 3/34 2.
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Proof. The basic fields Y1, Y5, Y3 have been read in the stabilizers of the considered
Poisson tensors, but for brevity we omit the stabilizer computations. Indeed, once
the vector fields Y; are specified, it is easily checked that, in the SRMI cases, they
satisfy the assumptions of Theorem 1. Thus the corresponding Poisson structures
are actually SRMI tensors. To show that a quadratic Poisson structure A is not
SRML, it suffices to prove that A ¢ J2(ga A ga), which we will do below.

All the decompositions above can be directly verified. In most instances, the
twist is obviously Poisson, so that compatibility follows. In the case of Ay, the
twist Ajor = (y2 — 2x7)0y3 is a non-K-exact Poisson structure, which follows
directly from the fact that K(A]o’n) = % A K]()’H = —2x0, — 2y33 # 0 and the
formula [P, Qlsn=(—1)?D(PAQ)—D(P)AQ—(—1)?PAD(Q) for P e X’ (M)
and Q € ¥9(M). The main part of this proof will make it obvious why we require
that dim g, > 3.

Denote by E;; for i, j € {1, 2, 3} the canonical basis of gl(3, R).

o If (a, b) # (0, 0), stabilizer g, and the image J>(ga, Aga,) are generated by
(3E11 + Ex, $E11 + E33) and yz0y3 — $x2831 — 3xy012, respectively. Hence
A4 is not SRMI.

o If (a, b) # (0, 0), the generators of ga, and J>(ga, A gag) are
(Ei1+ Exn+ Es3, En— Ey) and  —xz8x3 — yzd31 + (x° + y*) 0.
So Ag is not SRMIL.
o If a £ —1/3, the generators in the case of A are
(En1+Exn+ Es3, Enn+ Ex3) and (y* —x2)023 — xyd31 + x°01.
o For the cases of Aj; and A, with ¢ # 0, and the case A3, the generators are
(Ey1+ Exn+Es3, Epp, Ex)  and  —xzdp3 +x%012, 22003 —x2012. O

Remarks. < In the cases Aj, Ay and A3, with ¢ # 0 in the latter two, the
dimension of the stabilizer is dim gy = 3, whereas Jga A Jga A Jga = {0}.
Hence, if the dimension of the stabilizer coincides with the dimension of the
space, the Poisson structure is not necessarily a SRMI tensor.

o For A9, the decomposition proved in [Liu and Xu 1992] yields
AlO = —%Y]z + ch3/3+xz2+(b+1/3)x22+ax3/3'

3. Poisson cohomology of quadratic structures
in a finite-dimensional vector space

Koszul homology and cohomology. Let )\ = )\, (i) be the Grassmann algebra on
n € Ny with generators 7 = (71, ..., 7,), that is, the algebra over a field F (here R



STRONGLY r-MATRIX INDUCED TENSORS AND KOSZUL COHOMOLOGY 9

or C) of characteristic 0 generated by 7y, . . ., 7, and subject to the anticommutation
relations ngye + e = 0 for k, € € {1, ..., n}. Set A\ = @’;ZO A?, with obvious
notations, and let 4 = (hy, ..., h,) be dual generators defined by ij, 1, = drr. We

also need the creation operator e,, : \ — /\, @ #;o and the annihilation operator
in, © \ > N\, @ — ipw, where the interior product is defined as usual. Finally,
we denote by E a vector space over [ and by X=(X..., X,) an n-tuple of
commuting linear operators on E.

Definition 5. The Koszul chain complex (or K,-complex) K, ()? , E) associated
with X on E is the complex

0—>E®[F/\"—>E®[F/\”71—>---—>E®[F/\l—>E—>O

with differential x5y = > Xi ®i,. We denote by KH, (X,E ) the corresponding
Koszul homology group.

Definition 6. The Koszul cochain complex (or K *-complex) K “X,E ) associated
with X on E is the complex

O—>E—>E®[F/\]—>...—>E®[F/\”_l—>E®[F/\"—>0

with differential 5 =2} | XxQe,,. We denote by KH* (X, E) the corresponding
Koszul cohomology group.

Since the X commute, the anticommutativity of the i, and the e,, imply that
kgky = 0and K iy = 0, respectively. See [Koszul 1950; 1994].

Example 7. Let F = R and E = C*®°(R?). If we choose 7, = dx; and X = &,
the K*-complex is the de Rham complex (Q2 (R®), d). With Nk = Ok = Oy, and
hy = dxy, the K,-complex is the dual de Rham complex (Z(R?), 9).

If we identify the subspaces Q (R?) of homogeneous forms with the correspond-
ing spaces of components E, E3, E3 and E, this K*-complex reads

H=V(-) 3 H=VA()

(3-1) 0= E E 3 1=V 0

E E — 0.

Example 8. Let F =R and E = YR* = R[x, x2, x3]. For k € {1, 2, 3}, let sz = &,
Xy =mp, P € E% and dy € N, where mp, : E— E, O+ P;Q. Then the chain
spaces of the K,-complex are the spaces of homogeneous polyvector fields on
R? with polynomial coefficients, and by identifying these with the corresponding
spaces E, E 3 E3and E of components, we can write this K,-complex in the form

k=(-)P g3 k=(-)AP B3 k=(-)-P

(3-2) 0— E E— 0.

Remarks. First, the Koszul cohomology and homology complexes of Example 7
are exact, except that KH(3, C®(R%)) ~ KH (9, C*°(R3)) ~
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Second, recall that an R-regular sequence on a module M over a commutative
unit ring R is a sequence (rq, ..., rq) € R? such that ry is not a zero divisor on
the quotient M /(ry, ..., rk—1)M fork e {1,...,d},and M/{(r,...,rg)M #0. In
particular, xi, ..., x4 is a (maximal length) regular sequence on the polynomial
ring R = [F[xy, ..., x4], so that this ring has depth d.

It is well known that the K,.-complex described in Example 8 is exact, except for
surjectivity of k = (-)- ﬁ, if the vector P = (P1, P2, P3)isregular on R[x1, x2, x3].
IfP=V p for p a homogeneous polynomial with an isolated singularity at the
origin, then Pis regular; see [Pichereau 2005].

Poisson cohomology in dimension 3. Set E := C>®°(R?) and again identify the
spaces of homogeneous multivector fields in R? with the corresponding component
spaces: #°(R?) ~ %3 (R?) ~ E and ¥ (R?) ~ ¥*(R*) ~ E>.

Let A = (A1, As, A3) € E> be a Poisson tensor, and let f € E, Xe E3, BeE3
and 7 € E be a 0-, 1-, 2-, and 3-cochain of the LP-complex. By straightforward
computations, we get formulas for the LP-coboundary operator 05 :

a2 =VfAA,

X =(V-X)A-V(X-K)+XAVAR),
2B=—(VAB)-A-B-(VAR),

3 _

3T =0.

Recall the dlfferentlal 37{ from (3-1), and let ¥’ and x” be the differential in (3-2)
when P = A and P =V A A, respectively. Then

07 =x'¥H,
=x'H — K+« ai:-ﬁ%—xh

3 _
07 =0.

>l'—‘ >10

(3-3)

Again, this paper investigates only quadratic Poisson tensors and polynomial (or
formal) LP-cochains. If the structure A is K -exact, that is, in view of notations due
to the elimination of the module basis of multivector fields, A =V p for p e 3R>
if and only if V A A = 0, homology operator x” vanishes. If, moreover, p has an
isolated singularity, the K*-complex associated with J{ is exact up to injectivity
of X = %( -), and the K,-complex associated with x’ is acyclic (see above) up to
surjectivity of k' = (-) - A. Pichereau [2005] computed the LP-cohomology for a
weight-homogeneous polynomial p with an isolated singularity.

Next we describe a generic cohomological technique for SRMI Poisson tensors
in a finite-dimensional vector space. This approach extends (3-3) to dimension n
and also reduces the LP-coboundary operator 04 to a single Koszul differential.
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Poisson cohomology in dimension n.
Definition 9. Let Y; = > {;,0, be n linear vector fields in R”. Set

n n p
R=P " =PRIxi,.... 0l \ @),
p=0 p=0 n

n n p
? =P =D PRIx1,.... .10 \(T),
p=0 p=0 "

where D =det¢ and \” (5) and A\ (17 ) are the terms of degree p of the Grassmann
algebras on generators 5= 01,...,0,) and Y = (Y1, ..., Y,), respectively. The
spaces % and P are respectively the space of real and potential formal LP-cochains.

Fori=(i,...,iy)e{l,...,n}", withi; <--- <iypandm e {l,...,n}, we
denote by I = (11, ..., I,—,) its complement in {1, ..., n}. The definition of D
gives Y{A---AY, =D o) A---AO,. If we take the interior product of this equation
with dxy =dx; A--- Adxp,_,, we get

Do =Y (=D)L,
k

where k is a subscript analogous to i, where 0; and Y; are compact notations
similar to dxy, where | - | is the sum of the components, and where Lj; denotes
some homogeneous polynomial. Setting L¥ := Lk, we have a theorem:

Theorem 10. (i) There is a canonical nonsurjective injection i : R — P.

(i) A homogeneous potential cochain D™ Dk P*"Yy (of bidegree (p, r), where
p is the exterior degree and r the polynomial degree) is real if and only if the
n!/pl(n — p)! homogeneous polynomials D, LK P¥r (of degree p + r) are
divisible by D; in case p = 0 this condition means that P" is divisible by D.

Remark. The bigrading % = @ZZO P2, PP, defined on P by the exterior degree
and the polynomial degree, induces a bigrading R = @;:0 B2, R on R.

Consider now a quadratic Poisson tensor A in R”. From now on, we assume
that A is SRMI, and more precisely that there are n mutually commuting linear
vector fields ¥; = >""_, €0, with £ € gl(n, R"™) such that D = det{ # 0 and

A= Zain,-j, where o/ € R.
i<j
Proposition 11. The determinant D = det £ € $"R"*\ {0} is the unique joint eigen-

vector of the Y; with eigenvalues divY; € R, that is, D is up to multiplication by
nonzero constants the unique nonzero polynomial of R" that satisfies

Y;D=(divY;)D forallie{l,...,n}.
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Moreover, if D = D D,, where D; € $"'R"™ and D, € S R"™ withn; +n, =n
are two polynomials without common divisor, these factors Dy and D, are also
Jjoint eigenvectors. Their eigenvalues 1; and u; satisfy 1; + u; = divY;.

Proof. Fori e {1,...,n},
0=[Yi, in---AY]=[Yi, DOy A+ NGyl
=Y;D)oyA--- AN, — D(divY;)0; A--- Ay,
so that ¥; D = (div ¥;) D.

For uniqueness, let P € R"* \ {0} be another polynomial such that ¥; P =
(divY;)P foralli € {1,...,n}. Then Y; (P/D)=01in Z = {x € R*, D(x) # 0},
and, reasoning as in the proof of Theorem 1, we conclude there exists a € R* such
that P = aD.

Finally, because ((div Y;)D; — Y; D{)D, = D{(Y; D,) and the polynomials D,
and D; have no common divisor, ¥; D, = PD; and (div Y;)D; — Y; D) = QDy,
where P = Q is a polynomial. Looking at degrees, we see P = Q is constant. [J
Remark. The eigenvalues div Y; fori € {1, ..., n} cannot vanish simultaneously,
for otherwise the polynomial D € ¥"R™* \ {0} vanishes everywhere.

Definition 12. The complex 0 - R — R! — ... - R"* — 0 with differential
On = [A, - Isn is the formal LP-complex of Poisson tensor A € PR @ /\2 R".
We denote the corresponding cohomology groups by LH* (R, A).

The next theorem shows that if the cochains C € & are read as C =iC € P, the
LP-differential simplifies.

Theorem 13. Set A=3", _;a"Y;j, a/' = —a", and X; =3 ; ,; oV Y.

(i) Let C = D! Dk P¥ry, € PP be a homogeneous potential cochain. The
LP-coboundary of C is given by

oAC =D Xi(D™'P*YY; A Vi
ki

= D' D (X; — g id)(P*)Y; A Y e PP,
ki

(3-4)

where §; = div X; € R.

(i) The LP-coboundary operator o5 endows P with a differential complex struc-
ture and preserves the polynomial degree r. This LP-complex of A over %
contains the LP-complex (R, 0p) of A over R as a differential subcomplex.

Proof. If C = fY, with f a function and Y a wedge product of vector fields Yy,

we get

(3_5) 8/\(‘][Y) = [A9 fY]SN - [Av f]SN A\ Y)
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since the Y; commute. However,

[A, flsn =D o ((Y; ))Yi = (Y; [)Y})

(3-6) <
=3 (v =3 XN
iy i
By combining (3-5) and (3-6), we get the first part of (3-4), whereas its second part
is a consequence of Proposition 11. ([l

Corollary 14. The LP-cohomology groups of A over R and % are bigraded, that
is,

o0 n [e.¢] n
LH@, A) =P @ LH @A) and LH@,N) = EPLH” @, A),
r=0 p=0 r=0 p=0

where for instance LHP" (P, A) is defined by
LHP" (P, A) =ker(dp : PP" — PPTL) /im(0p : PP — PP,

In the following we deal with the terms LP* (P, A) = EB’;):O LPP" (%P, A) of the
LP-cohomology over % and with the corresponding part of the LP-cohomology of
the subcomplex R.

Theorem 15. Let E, be the real finite-dimensional vector space ¥ R™, and let
)?(5 =(X1—011d, ..., X, —0,1d), where 6; = div X;, be the n-tuple of commuting
linear operators X; —9; id on E, defined in Theorem 13. The LP-cohomology space
LH™ (%, A) coincides with the Koszul cohomology space KH* (}_() s, Er).

Proof. This follows from 65 = >, (X; — d; id) ® ey,, as proved in Theorem 13. O

Since (R, dp) is a subcomplex of (P, dp), we can use classical techniques
(namely, the long exact cohomology sequence) to deduce the LP-cohomology
of A from the Koszul cohomology associated with X 5. More precisely, consider
the relative cohomology LH(%?, R, A) of (P, 05) with respect to R, that is, the
cohomology of the space (P /%R, d5), and let ¢ be the composition of 95 with the
projection of % onto R.

Theorem 16. The LP-cohomology groups of a SRMI Poisson tensor A over the
space R of cochains with coefficients in formal power series are given by

LH"" (R, A) =~ LH"" (P, A)/ ker” ¢, @ LHP "7 (P, R, A)/ ker” """ ¢;.

Remark 1. This theorem reduces computing the groups LH?" (R, A) to finding the
groups LHP" (%, A) ~ KH? ()_f(;, E,) associated to the operators )_5(5 on E, =Y"R™
induced by A, and to finding the relative cohomology groups LH” 1" (P, R, A).
It thus links Poisson and Koszul cohomology. In [Masmoudi and Poncin 2007],
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we showed via explicit computations in R? that %-cohomology (now identified as
Koszul cohomology) and ¥-cohomology (or relative cohomology) are less intricate
than Poisson cohomology.

4. Koszul cohomology in a finite-dimensional vector space

In view of Remark 1, we now turn to the Koszul cohomology space KH* (X,,E )

associated to operators X =X —A11d, ..., X,, — 4, id) made up of commut-
ing linear transformations X = (X1,...,Xy) of a finite-dimensional real vector
space E and a point A := (41, ..., 4,;) € R". Koszul cohomology is known to be

closely connected with spectral theory: A fundamental principle of multivariate
operator theory is that all essential spectral properties of operators Xina complex
space should be understood in terms of properties of the Koszul complex induced
by X, for 1 € C". Thus the complex setting is the natural one for investigat-
ing Koszul cohomology. To engage this point of view, it suffices to note that, if
X e Endg(E) are commuting R-linear transformations of a real vector space E,
and if XC € Endc(EC) are the corresponding commuting complexified C-linear
transformations of the complexification EC of E, the cohomology KH* ()? C EC
of the complexification K *(XC, E®) of the complex K *(X, E) is isomorphic to
the complexification KH*® (X, E) of the cohomology of K *(X,E ).

Below, we use the concept of joint spectrum o X ) of commuting bounded linear
operators X=(Xi,..., X,,) on a complex vector space E. Such spectra are defined
variously in the literature, where E may be a normed space, a Banach space, or
a Hilbert space. Here we investigate Koszul cohomology in finite dimension and
need the following characterizations of the elements of the joint spectrum (X );
for a proof, see [Bolotnikov and Rodman 2002].

Proposition 17. Let X = (X1, ..., Xpn) be an n-tuple of commuting operators on
a finite-dimensional complex vector space E. Then these statements are equivalent

foranyﬁxedi: A1, ..., 4y) €C™:
(a) 1ea(X).

(b) There is a basis in E in which the matrices representing the X ; are all upper-
triangular, and there is an index q in 1 < g < dim E such that ; is the (q, q)
entry of the matrix representing X ; for j € {1,...,n}.

(c) For every basis in E in which matrices for the X ; are all upper-triangular,
there is an index q as in (b).

(d) There is a nonzero vector x such that X jx = A;x forall j € {1,...,n}

(e) There are no Y; in the subalgebra of Endc(E) generated by id and X that
satisfy Z?Zl Y;(X; —2;id) =id.
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We now supply some results about Koszul cohomology spaces, using the same
notation as above. The first is obvious.

Proposition 18. Let \ = A, () be the exterzor algebra on n with generators 1
over a field F of characteristic 0 and let h be the dual generators, that is, suppose
in e = Ok¢. We then have the homotopy formula ey, iy, + ip e, = k¢ id, where iy,
and ey, are the creation and annihilation operators, respectively.

Proposition 19. Let % e End;"(E) and Y e End;"(E) be n commuting linear
operators % and Y, respectively, on a vector space E over F. We denote by X =
> Xe®ey, and k =, Yy Qiy, the respective corresponding Koszul cohomology
and homology operators. Then

Yre + kI = (Z Yg%g) ®id+ > [%e, Vel ® i,
4 kt

Proof. This is a direct consequence of Proposition 18. U

Theorem 20. Let X € End("(E) be n commutlng endomorphisms of E, a finite-
dimensional complex vector space, and let 1 eC". For splitting E = E1 ® E»,
denote by i;: E; — E the injection of Ej into E and by p; : E — E the projection
of E onto E;.

If E| is stable under the operators X, that is, p)Xeiy =0, and if 7 is not in the
Jjoint spectrum o (X ) of the commuting operators X/ X; = = prX¢ip € End@(Ez) then
any cocycle C € E® )\ of the Koszul complex K *(X,,E ), where X, =X—7idg,
is cohomologous to a cocycle Cy € E1 ® N\, with \ = N\, (7

Proof. If q()?) € C[X1, ..., X,] C Endc(E) denotes a polynomial in the X, the
map q()? )2 = pag (X )i coincides with the (same) polynomial q()? ") € End¢c(E>)
in the X;. Indeed, due to stability of E;, we have

P2 XeXiin = paXei1p1Xiiz + paXeiopa Xiin = X X5.

This implies that the X,} commute.
Since 1 ¢ a()_f "), Proposition 17(e) implies that there are n operators Y’ in the
subalgebra of Endc(E>) generated by idg, and X' such that

(4-1) D Yi(X} - deidg,) =idg, .
4

Hence Y; = Qy (X’) is a polynomial in the X, forany €. Set Y, = 0¢(X) €Endc(E).
If applied to operators X; and Y, Proposition 19 implies that

(4-2) (Z Ye(Xy — idE)) ®idy+ D [Xe — Acidp, Yil ® ey, in, = I + &,
4 kl
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where K and x are respectively the Koszul cohomology and homology operators
associated with X, and ¥ on E. Since Yy is a polynomial in the commuting endo-
morphisms X¢, the second term on the left side of (4-2) vanishes. Hence, when
evaluating both sides on a cocycle C = e ® w of cochain complex K *(X,, E), we
get

(QX)(e)w =r(e®w),

where Q(X) =3, Ye(X; — Acidg) =3, Q¢ (X)(X; — A¢idg) is a polynomial in
the X,. Absent the factor w, the left side reads

Q(X)(e)=p1 Q(X)i1 p1(e)+p2Q(X)i1 p1(e)+p1 Q(X)ir pa(e)+p2 Q(X)iapa(e),

where the second term on the right vanishes in view of the stability of E, and the
last term equals py(e), in view of the first sentence of the proof of Theorem 20
and (4-1). Finally, the cocycle C = e ® w is cohomologous to

C1=C-%xC=(pi(e)— p1 QX)irpi(e)— p1 0(X)izapa(e)) @w e Ey@ A\ . O

This theorem has a number of new and partially practical consequences.

First, if X € End{"(E) are n commuting C-linear endomorphisms, the complex
finite-dimensional vector space E on which these operators act has a direct sum
decomposition E = P zecr E*, where the primary subspace of E associated with
the weight z, namely

EF — ﬂ EMi — m U ker(X; — u;1d)",

i neN

is stable under the action of the operators X [Bourbaki 1975, théoréme 1]. Let us
also mention that

E*i = | ) ker(X; — pi id)" =ker(X; — p; id)™,
neN

where m; denotes the multiplicity of the solution u; of the characteristic poly-
nomial of X;, and that dim E# = m;. Since the multiplicity m of 0 in the joint
spectrum of the commuting operators X; — u; id coincides with its multiplicity in
the joint spectrum of the operators (X; — u; id)™, where m = sup{m;}, we easily
see that the dimension of E# = ), ker(X; — u; id)™ cannot exceed m.

Another consequence of Theorem 20 is that Koszul cohomology KH* (X, E ),
roughly speaking, is made up of weak joint eigenvectors with eigenvalues A,.

Corollary 21. Let JeC andlet X € End("(E) be n commuting endomorphisms
of a finite-dimensional complex vector space E. Denote by )\ = \, (1) the Grass-
mann algebra with n generators 1. Any cocycle C € E® ) of the Koszul complex
K*(X;, E) is cohomologous to a cocycle C1 € E* @ .
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This corollary has a useful variant. Choose a supplementary subspace E® in E
of the stable subspace ker X, = M ker(X; — A¢id) of joint eigenvectors, and
denote by X@ the restrictions of the operators X to E®; see Theorem 20. We can
iterate this procedure, choosing a supplementary subspace £ in E? of ker X 512),
introducing the restrictions X® of the operators X@ to E® and so on, until we
get ker X ngfl) = 0. We will show that the direct sum of these kernels coincides
with the space E* above, so that Corollary 21 means that any cocycle C € E® A
of K*()?,{, E) is cohomologous to a cocycle C; € @, _, ker )?ﬁ“) ® A, where of
course ker X 511) —ker X 1.

Proof of Corollary 21. Let E) :=ker X, C E* and denote by E(4) a supplementary
subspace of £ in E*. Set

E:E’lea@ﬁ#jE” = E\®E,

and use the notation of Theorem 20. Assume that / € & ()_() "), that is, that ker X L #0.
If e € E, is a nonvanishing joint eigenvector of the X, = p,X,i with eigen-
values A,, we have Xpe = py Xce + Age for any €. Since E; is fixed by the X, we
get p1 Xpe =0, so that e € E; N E; = 0, a contradiction; finally 7 ¢ a()?’) and we
finish using Theorem 20.

On the other hand, set

E=E@(E® o®.; E") = Ey @ Ex,

Note that the operators X' in this decomposition coincide with the X® above.
Now (X; — Agid)e = p1 Xre € E| = ker X . Any e € kerf; = ker )?22) belongs
to E*. Also ker )_(),1 @ ker )_()52) C E*; more generally, @221 ker )_ff{l) C E*. Since,
as is easily checked, the dimension of this direct sum is equal to the multiplicity m
(which is no less than dim E*) of 0 in the joint spectrum a()_() 1), this direct sum

coincides with E*. ]
We next recover a well-known result, and then an important special case.

Corollary 22. Let X € End(" (E) be n commuting endomorphisms, and let JecCn.
Then KH*(X ,, E) is trivial if and only if dim(ker )?g) =0.

Corollary 23. Assume the conditions of Corollary 21. If for any € € {1, ..., n} the
kernel and image of X¢— /¢ id are supplementary in E, then any cocycle C € EQ )\
of the Koszul complex K *()? 2, E) is cohomologous to a cocycle C; € ker X;® .

Proofs. First the forward implication in Corollary 22. If there exists e € ker X;\{0},
then

n
Hg,e=> (Xe—dcidyens =0,
=1
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so that e is a nonbounding 0-cocycle. As for Corollary 23, it follows from the proof
of Corollary 21 that if there is a nonzero vector e € ker X 512) C E®, then for every
¢ we have (X;— ¢ id)e € ker X ; Nim(X;— A¢id) =0, so that e e ker X, NE® =0,
which is a contradiction. U

5. Koszul cohomology associated with Poisson cohomology

We now return to the Koszul cohomology implemented by a SRMI tensor of R".
Recall the QPT tensor A from (1-1) and the conditions under which it is SRML.
Theorems 13 and 15 identify the main building block of the LP-cohomology of A
as the Koszul cohomology space KH* (Xs, E +). We noted that this cohomology
can be deduced from its complex counterpart KH* ()?g, EE:), which, according
to Corollaries 21-23, is closely related to the joint eigenvectors and spectrum of
XCor X ‘g. We now further investigate KH* (XS, E®). In particular, we reduce
its computation to a problem of linear algebra, and describe the spectrum of the
commuting transformations X g.

Proposition 24. Let a; = J_IY,- € gl(n,R) for j € {1,...,n}. Any basis of C"
in which the a are upper-triangular naturally induces a basis of Eﬂj ="C"™ in
which the X g are upper-triangular.

In what follows, the use of super- and subscripts is dictated by aesthetics and
not by contra- or covariance.

Proof. Let x = (x1,...,x,) € R" and z = (z1,...,2,4) € C". As usual, we set
Yi=>,, tkmOx, = Zmp aZ”’xpaxm and use notations as x” =x{’)l . -x,/j” for f eN".
We complexify

E,=9R*={PeC®R"): P(x) =2 5 rpx", x €R", ry € R}

to EC ~ $"C"* by replacing R with C. The complexification Y,f: € Endc(EY) of
Yy € Endr(E,) is the holomorphic vector field

YE =Y a;" zp0;, € Vect'/(C")  of C".
mp

There is a unitary matrix U € U(n, C) such thatb; =U ~la ;U is upper-triangular,
and there is a corresponding basis (e}, ..., e,) of C" such that the a; themselves
are upper-triangular. Let (¢], ..., &) be the corresponding dual basis.

Express z in this basis as z = Zj 31’4/ € C". If viewed as a basis of the space Eﬁj
of degree r homogeneous polynomials of C", the induced basis of the space ¥ C"*
of symmetric covariant r-tensors of C" is the set 3 with f# € N" and || =r.

To find the matrices of the operators X (g in the basis 37, we arrange its elements
by the lexicographic order < and perform the coordinate change z = U}j and put
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0, = 5;{163 in the first order differential operators (X; — J; id)". We get
(X;—0;id)" = Za!k > b30,, — 0;id"

m=<p
k - 1C ik m
=zaj b;(nm(zmaﬁm _ld )+Z Zaj bkpap 3m >
km k m<p
sinced; =divX; =2, a'“a k = im’ kbm’” These operators are then upper-

trlangular in the 55 basis, since

(5-1) (X;=6;id)%" =D al*b{™ (Bu— 15"+ D D" @ B B T,
km k m<p

where 3f—enter < 58, O

With matrices b; as above, let B € gl(n, C) be the matrix Bj; = bkk

Theorem 25. The joint spectrum o, (X a‘) of the XC s is given by
o (X5)={aBI: 1€ NU{-1))",|I|=r—n}CC", where|l|=31;.
Proof. This follows directly from Proposition 17 and (5-1). (I

Remark. In Proposition 11, we showed YD = (div Y;)D that for all k, where

D =detl € E, C Ey. Then X7D = X;D = (div X;)D = §; id® D for all j, so

that 0 = O,...,0) €0, (X (5) Thls is 1mmed1ately recovered from Theorem 25.
Set K,()?g) ={I eker(aB): I € (NU{=1}",|I| =r —n}. Corollary 22 can

then be reformulated as follows.

Corollary 26. KH*(X¢, EY) is acyclic if and only if K, ()_()C) =

Proof. KH (X C, E®) is trivial if and only if dlm(ker X C) = 0, which is true if and

only if 0 ¢ ar(X(;) that is, if and only if K, (X(s) = O

Example 27. Consider the structure A, of the Dufour—Haraki classification as in
Theorem 4, and assume that a # 0 and b = 0. It is easily checked that the matrix

0 i/vV2 —i/V2
U=[01/v2 1/v2
1 0 0

transforms the matrices a, into upper-triangular matrices b;. A short computation
shows that K3t(}_()§’) for t € N contains a single point I, = (t — 1, — 1, — 1), so
that the multiplicity ¢ of 0 in the joint spectrum o3; ()?g) equals 1; see the proof
of Theorem 25. Tt follows that the KH* ()_f C Eécl) are not trivial; see Corollary 26.
Furthermore, since the matrices b, are in fact diagonal in this case, (5-1) implies
that 33535 belongs to the kernel of the X ; X® in ES.. Looking at dimensions, we see
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that this kernel is C3/ 3535 and that the reduced operators )_()g W) for jef2,...,s}
do not exist, that is, that s = 1. Then, since the change to canonical coordinates is
z = U} by the proof of Proposition 24, the space KH” ()?g, Eéct) for pe{0,1,2,3}
and 7 € N is contained in

tt,t (2 2N\t t L
313233 @ CYj j, =@ +22)'% @ CYj..j,-
j1<---<jp j1<--~<jp

This easy consequence agrees with the results of [Masmoudi and Poncin 2007]
modulo slight changes in notation — showing that the new approach is more effi-
cient, though the same results could also be obtained via complexification.

Example 28. For A3 of the Dufour—Haraki classification with parameter a = 0,
the multiplicity of 0 in the spectrum o, (X g) equals 0 or 1, depending on the value
of r. The computations are similar to those of Example 27 except in the case
r = 3, which generates multiplicity 3. Since for A3 the matrices a, are already
lower-triangular, a coordinate change is not necessary, and it is easily seen that
s =3 and

ker; )?g = Cz%z3, ker; Yg(z) =Czi122z3, ker; Y(EG) = Cz§z3.
The next two theorems follow from similar computations; no proofs are given.
In both, the Y; are those defined in Theorem 4,
Theorem 29. Ifa # 0, the cohomology spaces of the structure A3 are
LH” @, A3) =R,
LHY (@, A3) = RY| + RY, + RY;3,
LH™ (@, A3) = RY2 @ RY31 @ RQ2yzé31 + Y 0n2),
LH* (@, A3) = Ro123 @ Ry*z0123.
Theorem 30. If a # 0, the cohomology spaces of the structure Ay are
LH™ @, Ag) =R, LH> (R, Ao) =P, .\ H

reN *4r»

LH"™ (@R, Ao) =RY, + RY; + RY3,  LH*R, Ao) = D,y R 0123,
where

H = R, H? =RCY, H} =RC},
H3 = Rx?823 + Rxz(823 — 27'031) + R(x2012 — 2%023)
+R(yz012 4+ (—27a%x* — 9axz + 3ay* — z%)631),
H? | =RC|+RC} forr >3,
with

Cl=—-alxz"+ ry*z" Nom + (9a’xy" +a@Br — 1)(r + 1) 7' 203 +ayz 63
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and

C} = (9a’xy*z" ™ —9ar~'xz"
+3a(r=3)r — D7y =30 = D)r N+ 1) o
+ (—a(r —2)y*7 7+ y* Hop,
+6a(r — 1) 'xy TN —ay 2 —ry)as,

and where the terms that contain a negative power of x, y, or z are ignored.
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A CLASSIFICATION OF SPHERICAL CONJUGACY CLASSES
IN GOOD CHARACTERISTIC

GIOVANNA CARNOVALE

We classify spherical conjugacy classes in a simple algebraic group over an
algebraically closed field of good, odd characteristic.

Introduction

When studying a transitive action of a group G, it is particularly interesting to
understand when a given subgroup B of G acts with finitely many orbits. An
important case of such a situation in the theory of algebraic groups is when B
is a Borel subgroup of a connected reductive algebraic group G. The G-spaces
for which B acts with finitely many orbits in this case are the so-called spherical
homogeneous spaces, and they include important examples such as the flag variety
G /B and symmetric varieties. They are precisely those G-spaces for which the B-
action has a dense orbit in the Zariski topology [Brion 1986; Grosshans 1992; Knop
1995; Vinberg 1986]. One may want to understand when homogeneous spaces
that are relevant in algebraic Lie theory, such as nilpotent orbits in Lie(G) and
conjugacy classes in G for G reductive, are spherical. Spherical nilpotent orbits in
simple Lie algebras were classified in [Panyushev 1994; 1999] when the base field
is C and in [Fowler and Rohrle 2008] when it is an algebraically closed field of good
characteristic: They are precisely the orbits of type rA; for r > 0 in the simply-
laced case and of type rA; + sﬁl for r, s > 0 in the multiply-laced case. As for
conjugacy classes, it is natural to use the interplay with the Bruhat decomposition,
since this has proved to be a fruitful tool in the past. For instance, it is essential
in describing regular conjugacy classes [Steinberg 1965], whose intersection with
Bruhat cells is the subject of ongoing research [Ellers and Gordeev 2004; 2007].
This approach has led to two characterizations of the spherical conjugacy classes
in a connected, reductive algebraic group G over an algebraically closed field of
zero or good, odd characteristic [Cantarini et al. 2005; Carnovale 2008; 2009].
The first one is given through a formula relating the dimension of a class O and the
Weyl group element whose associated Bruhat cell intersects O in a dense subset.

MSC2000: primary 20E45, 20F55, 20G99; secondary 14M15.
Keywords: algebraic group, conjugacy class, Bruhat decomposition, spherical homogeneous space.
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The second one states that spherical conjugacy classes are exactly those classes
intersecting only Bruhat cells corresponding to involutions in the Weyl group of G.
These characterizations can be used to give a complete list of the spherical classes
in G. This problem can be easily reduced to the case in which G is simple, so
we shall make this assumption from now on. The spherical conjugacy classes in
a simple algebraic group over C have been classified in [Cantarini et al. 2005],
making use of the classification of spherical nilpotent orbits. Spherical classes in
type G, in good characteristic have been classified in [Carnovale 2009].

In the present paper, we complete the picture by classifying spherical classes
in a simple algebraic group G over a field of good, odd characteristic. In con-
trast to [Cantarini et al. 2005], this work is independent of the classification of
spherical nilpotent orbits existing in the literature. Since Springer isomorphisms
exist in good characteristic, it provides an elementary classification of spherical
nilpotent orbits alternative to [Fowler and Roéhrle 2008], where Kempf-Russeau
theory is involved and where a computer program is needed to help deal with the
exceptional types. The crucial tools in our method are just those conditions in the
characterizations in [Cantarini et al. 2005; Carnovale 2008; 2009], whose proofs
are general and rather short. The arguments used for this classification can also be
transferred to the characteristic zero situation, providing an alternative, elementary
approach to [Panyushev 1994; 1999], although by case-by-case considerations.

After fixing notation and recalling basic notions in Section 1, we introduce
spherical conjugacy classes and their characterizations in Section 2. Section 3
provides the list of spherical conjugacy classes through a case-by-case analysis.

The result is as when the base field is C: In the simply-laced case, spherical
conjugacy classes are, up to a central element, either semisimple or unipotent, and
if G is simply-connected, the centralizers of the semisimple ones are all subgroups
of fixed points for an involution on G. By abuse of notation, we say that such
classes are symmetric.

In type G, spherical conjugacy classes are again either semisimple or unipotent
but, as in types B, and C,, there are spherical semisimple classes that are not
symmetric. Just as in other situations involving spherical homogeneous spaces
(for example, in the description of maximal spherical ideals of Borel subalgebras
[Panyushev and Roéhrle 2005]), the doubly-laced case is slightly more involved.
The new phenomenon in the present situation is that there appear spherical classes
that are neither semisimple nor unipotent.

1. Notation

Let G be a connected reductive algebraic group over an algebraically closed field £
of good odd characteristic [Springer and Steinberg 1970, Section I.4]. In Section 3,
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we will restrict to the case of simple G. When we consider an integer as an element
in k, we mean its image in the prime field of k. We denote by ® and ®* the
root system and the set of positive roots relative to a fixed Borel subgroup B and
a maximal torus T of G; denote by A = {ay, ..., a,} the corresponding set of
simple roots. We number the simple roots as in [Bourbaki 1981, planches I-IX].
Denote the highest positive root by f;. For a root «, we denote the elements of the
associated root subgroup X, by x,(7), and we put X, = X, \ {1}. We denote the
maximal unipotent subgroup of B by U.

For elements in 7" in exceptional simple groups, we use the notation in [Steinberg
1968, Lemma 19], that is, every element in 7 can be expressed as a product of
hg, (t;) fori =1, ..., n and nonzero #; € k, with uniqueness if the group is simply
connected. The h,, (#;) satisfy the commutation relations

oy (x5 (), 071 = x5 (P %)r)  for f e ® and 1, r €k,

where (f, a) = f(h) as usual; see [Steinberg 1968].

When G is simple of type A,, B,, C, or D,, we work with the corresponding
matrix groups, and we choose G and T so that the elements in T are diagonal. Let
X1, ..., X; be square matrices of sizen; > 1for j=1,...,[. By diag(Xy, ..., X))
we mean the square matrix of size > inj with the blocks X1, ..., X; along its
diagonal. As usual, E;; is a square matrix with the entry 1 in the i-th row and j-th
column and all other entries 0. We denote by ‘M the transpose of a matrix M.

Weput W=N(T)/ T, and s, indicates the reflection corresponding to the root a.
Given an element w € W, we denote by w a representative of w in N(T).

Let ¢ denote the usual length function on W, and let rk(1 — w) denote the rank
of the endomorphism 1 — w in the geometric representation of W.

We shall frequently use these properties of the Bruhat decomposition of G (see
[Bourbaki 1981, IV.2.4)):

(1) X' ,CX,sqTX, CBsyB forallaec®t,
) BwBw'B = Bww'B if {(ww') = t(w) + £(w).

Given an element x € G, we denote by O, the conjugacy class of x in G and
by H, the centralizer of x in H < G. Denote by Z(K) the center of an algebraic
group K and by K° its identity component.

For the dimension of unipotent conjugacy classes in arbitrary good characteris-

tic, see [Carter 1985, Chapter 13] and [Premet 2003, Theorem 2.6].
For a conjugacy class O in G, we denote by V" the set of its B-orbits.

2. Characterizations through the Bruhat decomposition

Here we introduce our characterizations of spherical conjugacy classes.
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Definition 2.1. Let G be a connected reductive algebraic group. A homogeneous
G-space X is spherical if it has a dense orbit for a Borel subgroup of G.

It is well known [Brion 1986; Grosshans 1992; Knop 1995; Vinberg 1986] that
O is a spherical conjugacy class in G if and only if its set of B-orbits V" is finite.

Since G = |J, ey BwB, for every class O there is a natural map ¢: V" — W
associating to v € V" the element w in the Weyl group of G for which v C BwB.
Besides, there is a unique w € W for which Bw BNO is dense in O, and this element,
which we denote by wg, is maximal in Im(¢) with respect to the Bruhat ordering
[Cantarini et al. 2005, page 32].

There are two characterizations of spherical classes in G.

Theorem 2.2 [Cantarini et al. 2005, Theorem 25; Carnovale 2008, Theorem 4.4].
A class O in a connected reductive algebraic group G over an algebraically closed
field of zero or good odd characteristic is spherical if and only if there exists v inV’
such that £(¢ (v)) +1k(1 — ¢ (v)) = dim O. If this is the case, v is the dense B-orbit
and ¢ (v) = we.

Theorem 2.3 [Carnovale 2008, Theorem 2.7; Carnovale 2009, Theorem 5.7]. A
class O in a connected reductive algebraic group G over an algebraically closed
field of zero or odd, good characteristic is spherical if and only if Im(¢) contains
only involutions in W.

Since all Borel subgroups and all maximal tori are G-conjugate, the statement
in Theorem 2.3 is independent of the choice of B and 7'. By abuse of notation, we
say that g € G is spherical if its class O, is.

Remark 2.4. Let g € G. The B-orbits in O, are in one-to-one correspondence
with the (B, G,)-double cosets in G. Therefore if x € G is such that G, = Gg,
then O, is spherical if and only if O, is. In particular, if g% € Z(G), then g and x
are semisimple. If G is affine, by [Borel 1969, Proposition 9.1] the orbit map is
separable, so the symmetric variety G/ G, = G/ Gy is G-equivariantly isomorphic
to O, and O,. By [Springer 1985, Corollary 4.3], the class O, is spherical. Moti-
vated by this, we abuse notation when G, = G, and g% € Z(G) by saying that O,
is a symmetric conjugacy class.

Remark 2.5. Regular classes in a reductive algebraic group whose semisimple
quotient is not of type r A cannot be spherical. By [Steinberg 1965, Theorem 8.1],
regular classes intersect Bruhat cells corresponding to Coxeter elements.

We will frequently use the following observation.

Lemma 2.6. Let G be a connected reductive algebraic group, let T be a maximal
torus in G, and let H be a closed connected reductive subgroup of G containing T .
Let x € H and suppose that O, is spherical. Then the H-conjugacy class of x is
spherical.
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Proof. Let By be a Borel subgroup of H containing 7', and let B be a Borel
subgroup of G containing By. Let y lie in the H-conjugacy class of x. For some
€ Ny(T) = N(T)N H and for some b, b, € By < B, we have

y =byiby € BuyNy(T)By C BN(T)B.

Since y € O, we have i? € T by Theorem 2.3. As this holds for every y € H, the
H-class of x satisfies the sufficient condition provided by Theorem 2.3. O

As a first application of Lemma 2.6 we have the following statement.

Lemma 2.7. Let G be a connected reductive algebraic group. Let g € G with
Jordan decomposition g = su. If O, is spherical, then Os and O, are spherical in G
and the G3-class of u is spherical.

Proof. It is well known that G, = G, N G,,. Therefore, if for a Borel subgroup B
of G there are finitely many (B, G,) double cosets in G, there are finitely many
(B, Gy) double cosets and (B, G,) double cosets in G. Thus if O, is spherical,
then Oy and O, are also spherical. For the last statement, by [Humphreys 1995,
Section 1.12], we have u € G§, and we may apply Lemma 2.6 with H = G;. [J

The next lemma helps show that certain classes in a group are not spherical.

Lemma 2.8. Let G be a connected reductive algebraic group, let T be a maximal
torus in G, and let H be a closed, connected, reductive subgroup of G containing T
such that its semisimple part is not of type rA. Let x € H and suppose that the
H-conjugacy class of x is regular. Then O, is not spherical.

Proof. This is obtained by combining Lemma 2.6 with Remark 2.5. |

3. The classification

From now on G, will be a simple algebraic group. We aim at a classification of
spherical conjugacy classes in G in good odd characteristic. The main tools in
our classification will be the sufficient condition in Theorem 2.2 and the necessary
condition in Theorem 2.3.

If #: G; — G is a central isogeny between two simple algebraic groups, a
conjugacy class O, in G is spherical if and only if 7 (O,) is spherical. Indeed,
let x € Gy, with G, its centralizer in G| and G, . the centralizer of 7 (x) in
G,. Also suppose B is a Borel subgroup of G;. Then 7 (B;) is a Borel subgroup
of G, and the (B;, G| )-double cosets of G| are in one-to-one correspondence
with the (B, G2, ,)-double cosets of G,. For this reason it is enough to provide
the classification for one representative for each isogeny class of simple groups.

By Remark 2.4, if x, y € G and xy~! is central, then O, is spherical if and only
if Oy is. Thus it is enough to provide the classification up to a central element.
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If G is of type G, Carnovale [2009, Section 2.1] gives the classification in good
characteristic; we provide it here for completeness.

Type Go.

Theorem 3.1. Let G be of type G,. The spherical classes are either semisimple
or unipotent. The semisimple ones are represented by h,, (—1) and h, (¢) for  a
fixed primitive third root of 1. The unipotent ones are those of type A and A;.

Type A,. In this section G = SL,;(k), B is the subgroup of upper triangular
matrices, T is the subgroup of diagonal matrices in G, and U is the unipotent
radical of B. For a positive root « = a; +a; 41 +---+a; we have

Xo={l+1tE; 1,1 €k} and X_,='X, foreverya € ®.

Theorem 3.2. [fn=1, all classes in G are spherical. Ifn > 2, the spherical classes
in G are either semisimple or unipotent up to a central element. The semisimple
ones are those corresponding to matrices with at most two distinct eigenvalues, and
they are all symmetric. The unipotent ones are those associated with the partitions
Q" 12y form =1, ..., [(n+1)/2].

Proof. If n = 1, all Bruhat cells correspond to involutions in W, so every class is
spherical by Theorem 2.3.

Unipotent classes. Let n > 2, and let 0 = 0, be a unipotent class. By Jordan
theory, we may assume that u = x4, (c1) - - - X4, (c,) With ¢; € {0, 1}. Then u lies
in the connected reductive subgroup H generated by 7" and by X, for all i such
that ¢; = 1. By [Steinberg 1965, Lemma 3.2 and Theorem 3.3], u is regular in H.
Lemma 2.8 implies that if O, is spherical then c;c;4+1 =0, so its associated partition
is of type (2, 1"+1=2m)  Conversely, let O ; be the unipotent class corresponding
to 2/, 1"1=2)), with2j <n+1. Let fi =a; + -+ ap_iy1 fori =1,..., j.
The element x_g, (1) ---x_p,(1) lies in 0;. By (1) and (2) this element lies in
Bsp, - -+ sp, B, so its B-orbit satisfies the condition in Theorem 2.2, and thus O is
spherical.

Semisimple classes. Let s = diag(411,,, A21y,, . .., A11,,) for distinct scalars ;. If
[ > 2, then s is conjugate to r =diag(1;, A2, 43, t;) for some invertible diagonal sub-
matrix #;. Then # lies in the connected reductive subgroup H = (T, X+4,, X+a,)>
and it is regular therein. It follows from Lemma 2.8 that if O is spherical semi-
simple, then s has at most 2 eigenvalues. Conversely, suppose that s € T has
2 eigenvalues. We may assume s = diag(Al,, ul,+1—-m). Let ¢ be a primitive
2(n+1)-st root of unity if n+ 1 —m is odd, and let y =1 if n 4+ 1 —m is even. Let
also so = diag(¢ 1y, —¢ In+1-m). Then sé € Z(G) and G4 = Gy,. By Remark 2.4
the class Oy is symmetric and hence spherical.
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Mixed classes. We now show that there is no spherical element x with Jordan
decomposition x = su such that s ¢ Z(G) and u # 1. Were this the case, we
could assume by Lemma 2.7 that s = diag(Al,,, ul,+1—y) with m > 2 and that
ueUNG,=(Xy,i #m).

We could then choose u = x4, (t1) - - - X4, (tn—1) Xy (tms1) - - - X, () With
titiy1 = 0 because u is spherical by Lemma 2.7. If u is nontrivial, we may assume
that #,,—1 or #,,4+1 is nonzero. Put J ={i | t; # 0} and H = (T, X4, , Xta,)ics-
Then su is regular in H. Since H contains at least a subgroup of type A, we may
conclude using Lemma 2.8. (I

Type C,. Let us view G = Sp,, (k) as the subgroup of GL,, (k) of matrices pre-
serving the bilinear form whose matrix is (_Y () in the canonical basis of k"
We choose B as the subgroup of G of matrices of the form (6‘ ,ﬁfﬂ ), where A
is an invertible upper triangular matrix, ‘A~! is its inverse transpose, and X is a

symmetric matrix. The torus 7 is the subgroup of diagonal matrices in B. We have

Xai = {I+Z‘Ei’l‘+1 —Z’En+l’+1,n+i,t € k} fori = 1, R (A 1,
Xa,, = {I+tEn,2n,tek},

and X_, = 'X, for every a € ®. We recall that if g, h € Sp,, (k) are GLy, (k)-
conjugate they are Sp,, (k)-conjugate [Springer and Steinberg 1970, IV.2.15(ii)].
It is well known that unipotent classes in G are parametrized through Jordan theory
by partitions where odd terms occur pairwise [Humphreys 1995, Section 7.11].

Theorem 3.3. Let G = Sp,, (k) for n > 2. The nontrivial spherical semisimple
classes are represented by oy = diag(—1;, I,—;, —1;, I,_;) for l = 1,...,n — 1;
by a; = diag(A1,, /l_lln); and, up to a sign, by ¢, = diag(4, I,,_1, 27N L_y) for
A € k with 22 # 0, 1. The unipotent ones are those associated with the partitions
@™, 1272 form = 1, ..., n. The spherical classes that are neither semisimple
nor unipotent up to a sign are represented by the elements oju, where u € G4 =
Sp,; (k) x Sp,,,_»;(k) is unipotent and corresponds to the partition (2, 1"~2).

Proof. Semisimple classes. Let s € T, and let A be the set of eigenvalues of s.

Let us first suppose that |[A| > 4. If n =2, then s is a regular element, and hence
it is not spherical. Let n > 3.

If {1} C A, then s is conjugate to s’ = diag(4, 1, —1,¢, A1, 1, —=1,¢7") for
some invertible diagonal submatrix ¢ and some nonzero 4 € k with A% # 1.

If |{£1} N A| = 1, then, since eigenvalues come with their inverse, |A| > 5
and s is conjugate to s’ = diag(4, u, £1, ¢, A1 ,u_l , =1, t71) for some invertible
diagonal submatrix ¢ and some A # u € k with A2 # 1 # u°.

If {£1} N A = @, then either |A| > 6 or there are two reciprocally inverse
eigenvalues with multiplicity at least 2. In both cases, the matrix s is conjugate to
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s’ = diag(A, u,v,t, 27", =1, v~ t71) for some invertible diagonal submatrix ¢

and some distinct 4, u, v € k with 22, 42, v> # 1 and v possibly equal to 27!

In all these cases, the element s’ is regular in H = (T, X14,, X14,); therefore
by Lemma 2.8 the class O; cannot be spherical.

Let us now suppose that |[A| = 3. Then A = {5, A, A"} with 4> = 1 and
2% # 1. If the multiplicity of A*! is greater than 1, then s is conjugate to some ' =
diag(4, A7 L, A7 A, rl_l) with | an invertible, diagonal submatrix. The
element r’ lies and is regular in the subgroup H above described. By Lemma 2.8
the class O; cannot be spherical. On the other hand, if A = {A*1, 1} with the
multiplicity of 2*! equal to 1, then O; is spherical. Indeed, the representative of
such a class in [Cantarini et al. 2005, Theorem 15, page 42] works also in odd
characteristic and its B-orbit satisfies the condition of Theorem 2.2.

Now assume that |A| = 2. Then either A = {%1} so that O is symmetric, or
A = {A, 271} for A% # 1 so that s is conjugate to a, = diag(41,, 2711, whose
centralizer is independent of A in the given range. Since a? e Z(G)if A=¢is
a primitive fourth root of 1, we may apply Remark 2.4 and conclude that a; is
spherical.

Unipotent classes. Let O, be a unipotent class and let 4 be its associated partition.
Let u = (u1, ..., ;) be obtained by taking a representative of each term occurring
pairwise in A and let v = (v, ..., v;;) be obtained by taking the remaining even
terms without repetition in 4, so that 2n = |v|42|u|. A representative u’ of O, can
be taken in the subgroup isomorphic to

Sp2,ul (k) Xoeee X SpZ,ul(k) X Spvl (k) X X Spvm (k)

obtained by repeating the immersion of Sp,;, (k) X Spy, (k) into Spy4, 14,) (k) given

by
A B,

A1 B] A2 Bz s A2 BZ
C, D)’ \C, Dy C D
C2 D,

The component of i’ in Spvj (k) corresponds to the partition (v;) and is thus regular
in Spvj (k), whereas the component of u” in Sp, 4, (k) can be taken to lie and be
regular in the subgroup isomorphic to SL, (k) obtained by the immersion mapping
M to diag(M,'M~"). Therefore, u’ is regular in the semisimple group

SL,, (k) x -+ x SLy, (k) x Sp,, (k) x - -- x Sp,, (k).

By Remark 2.5 if u is spherical, we have u; < 2 and v; < 2 for every i and
j. Conversely, let 4 = (27, 12"72/), and let © ; be the unipotent class associated
with A. Let 8, =2a,+---+20,-1 +a, forg=1,...,n—1and f, = a,. The
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element

I,

x_p(1)--x_p(1)= with X; = diag(/;, 0,_;)

! X I,
lies in Bsgp, - --sp; B by (1) and (2). Since it also lies in 0y, its B-orbit satisfies the
condition in Theorem 2.2 for 0}; see [Cantarini et al. 2005, Theorem 12, page 36].

Thus, O; is spherical.

Mixed classes. Let g = su be the Jordan decomposition of a spherical element in G
with s € Z(G) and u # 1. Then O is spherical and we may assume s equals a,, ¢,
or g; for some /. The case s =a, is ruled out because dim 0,,,, > dim O,;, = dim B,
so Oy,, cannot have a dense B-orbit.

Assume that s = ¢;. Then u € Gy = k* x Sp,,,_, (k) and it is spherical therein,
so it corresponds to a partition (2™, 12”_2_2’”) for some m > 1. The class O, is
represented by c;xp,(1) - - - xp, ., (1), with notation as before. Such an element is
regular in the subgroup H = (T, X1, X1p,,i =2,...,m+ 1). This case is thus
excluded by Lemma 2.8 because the semisimple part of H is of type Co x (m—1)A.

It follows that s = ¢; for some /. Then G; is generated by X4, for i # 1
and X1p. We have u = (u1, uz) € Gy = Spy;(k) x Sp,,_o;(k), and it is spherical
therein. Then u; and u; are spherical in the respective components. We claim that
uy and uy cannot be both nontrivial. If on the contrary u; corresponded to the
partition 4 = (2%, 1%=2¢) and u, corresponded to the partition U= (2P, 12n=21=2by
with a, b > 1, the G,-class of u; would be represented by u| =xp,_,, (1) --xp(1)
and the G,-class of u, would be represented by u, = xp,,,(1) - - - xp,, (1). It is not
hard to verify that oju/u) is regular in (T, X4, X4p,,i =1l —a+1,...,1+D),
whose semisimple part is of type (@ +b —2)A; + C>. By Lemma 2.8 this option
is excluded, and we have a + b < 1; hence at least one of the u; is trivial.

There is no loss of generality in assuming that u; = 1. We claim that the partition
U= (2P, 127=2=2by associated with u, has no repeated 2. Let b = 2h + j with
Jj =0, 1 according to the parity of b, and assume that 4 > 1. The G,-class of u; is
represented by u) = x4, (1)xg, 5 (1) - - - Xy, (1)Xp,,,., (). The element o), is
regular in (T, X4, Xag,, 1> Xtoy30 -+ > Xtay,_1» X+p5,1 (J)), Whose semisimple
partis of type Ay xhA|x jAj, where A| corresponds to a short root. By Lemma 2.8
the claim is proved.

Conversely, for all classes of type o;u with u € G, corresponding to the partition
(2, 12"=2), the representative in [Cantarini et al. 2005, Theorem 21, page 50] is
defined in odd characteristic and its B-orbit satisfies the condition of Theorem 2.2.

O

Type D,. Let n > 4, and view Oy, (k) as the subgroup of GL,, (k) of matrices

preserving the bilinear form whose matrix is (9 /) in the canonical basis of k",
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so that G = SO», (k) is viewed as the subgroup of such matrices of determinant 1.
We choose B as the subgroup of G of matrices of the form

A AX
0'A°1)"

where A is an invertible upper triangular matrix, ‘A" is its inverse transpose and
X is a skew-symmetric matrix. We fix T C B as its subgroup of diagonal matrices.
We have

Xai = {I +tEi,i+1 —tEn+i+1,n+i,l‘ € k} fori = 1, oo n— 1,
Xan = {I +tEn—1,2n _tEn,Zn—l, re k}

and'X_, = X, for every a € ®.

We recall that if g, h € G are GL,,(k)-conjugate, they are Oy, (k)-conjugate
[Springer and Steinberg 1970, IV.2.15(ii)] but not necessarily G-conjugate. How-
ever, conjugation by an element in Oy, (k) determines an automorphism y of G,
so if h = w(g), the class O, is spherical if and only if y(0g) = 0y,(g) = 0, is.
For this reason, in what follows we will sometimes replace an element g € G by a
GL,, (k)-conjugate h lying in G.

To list a representative for each spherical conjugacy class, we will then have to
verify whether an O,,, (k)-class splits into two G-classes or not. We recall that such
a class splits into two classes if and only if the O,, (k)-centralizer of a representative
is contained in G.

It is well known that the even terms occur pairwise in the partition 4 associated
with a unipotent conjugacy class in G via Jordan theory. Moreover, a unipotent
O, (k)-class splits into two G-classes only if n is even and the associated partition
has only even terms [Humphreys 1995, Section 7.11].

Theorem 3.4. Let G = SOy, (k) for n > 4. The spherical classes in G are either
semisimple or unipotent up to a central element. The nontrivial semisimple ones
are those represented by

o] = diag(—ll, In,l, —I[, Infl) fOi’l = 1, cee, 1 — 1;
¢, =diag(A, I_1, A7, I,_1)  for 22 #0, 1, up to a sign,

and the pairs of SOy, (k)-classes into which the Oy, (k)-class represented by a) =
diag(Al,, 2~'1,) splits, for 2> #0, 1. The unipotent ones are those associated with
the partitions

(2%m, 12n—4m)y form=1,...,[n/2),
(3,22m, 127374y form=1,...,[n/2]—1

and only (22/2)) for n even corresponds to two distinct conjugacy classes.
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Proof. Semisimple classes. Lets € T, and let A be its set of eigenvalues. Adapting
the analysis in type C,, and replacing s by a GL,,, (k)-conjugate if necessary, we see
that if s is spherical, then |A| <3 and if |A| =3, then, up to a sign, A = {4, 17!, 1}
for some A2 # 1 and the multiplicity of 2 and 2~! is equal to 1.

On the other hand, if A = {4, 2~!, 1} with the multiplicity of 4 and 1~! equal
to 1, then s is GLy, (k)-conjugate to c¢; = diag(4, I,,—1, 271, I,_1). Its centralizer
G, is equal to the identity component H° of the centralizer H of the involu-
tion o1 = diag(—1, I,—1, —1, I,_1). By [Borel 1969, Proposition 9.1], we have
0., =G/G., =G/H°". Since the index of H° in H is finite, O, is spherical if and
only if G/H = O,, is, and therefore O, is spherical. The centralizer in O, (k) of
¢, contains the matrix

so each c; represents a single spherical SO,, (k)-conjugacy class.

Let now |A| =2. If A = {1}, then s> = 1 and O, is symmetric. The GL,, (k)-
class of s is represented by o; =diag(—1;, I,,—;, —I;, I,—;) forsomel=1, ..., n—1.
The centralizer in Oy, (k) of each o; contains the matrix M above described, so each
oy represents a single spherical SO,, (k)-conjugacy class.

If A ={A, 27"} with A2 # 1, we may assume that s = a; = diag(11,, 1~'1,)
whose centralizer is independent of 4 in the given range. Since a? e Z(G) for¢ a
primitive fourth root of 1, by Remark 2.4 all those classes are symmetric and hence
spherical. The O,, (k)-centralizer of a, consists of all matrices diag(A,’ A~ for
some invertible n x n matrix A and hence is contained in SOy, (k). Therefore the
O, (k)-class of each a, splits into two spherical SO», (k)-conjugacy classes.

Unipotent classes. By the discussion of GL,, (k)-conjugacy, it suffices to consider
a class for each admissible partition.

Let u be a unipotent element in G, with associated partition 4. Obtain y =
(u1, ..., 1) by taking a representative of each term occurring pairwise in 4, and
v=(v1,..., V) by taking the remaining distinct odd terms so that 2n =2|u|+|v|.
A representative u’ of 0, can be taken in the subgroup isomorphic to SOy, 4., (k) x
-+ X 8O0y,,_, 4, (k) x SOz, (k) x - - - x SOy, (k) obtained by repeatedly immersing
SOZdl (k) X SOzd2 (k) into SOz(dl +d>) (k) by

Ay B

Al By Ay By . A B>
C1 D] ’ Cz D2 Cl Dl

G Dy
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The component of u’ in SO,,,,,, (k) is associated with the partition (v;, vi11),
whereas the component of u’ in SO,,, (k) can be chosen to lie and be regular in the
subgroup isomorphic to SL,, (k) obtained by the immersion A — diag(A, ‘AT,
Thus u' lies in SO, 1, (k) X - - - x SO, 1,, (k) x SL, (k) x - - - x SL, (k). A class
in a semisimple group is spherical if and only if its projection onto each simple
component is. By Remark 2.5 applied to SL, (k) x - - - x SL, (k), we see that if u
is spherical, then u; <2 for all i. We now show that under the same assumption,
v1 < 3 so that v is either (3, 1) or the empty partition. It is enough to analyze the
SOy, 4, (k)-class O of the component of u’. Let vi =2/ + 1 and v, =2j — 1 with
I >j=>1,andlet y1,..., y4+; be the simple roots of SO,, 4, (k). The class O is
represented by x = diag(A,"’A~") (! ¥), where

1 0;_1
1 0 1
A = X =
‘ and 10
11 01
Since diag(A,’A™") lies in X/_),l e X/—7j+1—1 and (1 )1() lies in B, it follows from

(1) and (2) that x lies in a cell corresponding to an involution only if j +/ < 2,
whence the claim.

Conversely, let 0, be a unipotent class corresponding to (22, 12=#") or to
(3, 2%, 121—3=%m) Cantarini et al. [2005, Theorem 12, pages 37—38] give matrices
that represent these classes also when char(k) is odd and their B-orbits satisfy the
condition in Theorem 2.2.

Mixed classes. We show that there is no spherical element with Jordan decompo-
sition g = su with s ¢ Z(G) and u # 1. We may assume that s = ¢,, o7, because
dim B =dim0,; < dimO,,,.

The subgroup G, is of type D,—; x k™ and is generated by T and the root
subgroups X+ig,, ..., X+q,. The element u € Ggﬁ, corresponds to a partition & of
2n — 2 from which we may construct, as before, the partitions x4 and v. Since u
is spherical in G¢,, we have u = (224, 1Py with a possibly zero and v = (3, 1) or
trivial. The G, -class of u may be represented by the element

u' = Xay (l)xa4 (1) c KXo, (1 )xazg+z (j)xaza+2+2a2a+3+-~-+2an—2+an—1 +on (J)a

where j = 1 if v = (3,1) and j = 0 if v is trivial. Then c,u’ is regular in
(T, Xta;> Xtay» Xooat2 (> Xarar24+200a43+ +20n—2+0n—1+ay (J)i=1,...a- We may thus
apply Lemma 2.8 to deduce that s cannot be equal to c;,.

Let then s = ¢; for some /. The identity component of G, is equal to G,, and
we may use the argument above to show that oju cannot be spherical. Let [ > 2.
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Then Gy, = S0y (k) x SO,y (k) and it corresponds to the roots
Ofyeeny Q1,041 + 20042+ -+ A1 + Ay Rig1y .oy G

Letu = (ul, uz) S SOZI(]C) X SOzn_zl(k) = ng‘ Since Ga/u = Ggl N Gu1 N Gu2
is contained in G, for i =1, 2, it is enough to show that o;u; is not spherical.
We will do so for u;, the other case being similar. Let 4 be the partition associated
with u;, and let x4 and v be as above. We may find a representative u, in the
SOy, —9;(k)-class of uy lying and being regular in a subgroup H constructed as
above for s = c;. If u; # 1, the subgroup H contains the root subgroups X,
and oyu), is regular in H' = (T, H, X +,,). This proves the claim. O

Type B,. Let n > 2. View Oy, (k) as the subgroup of GLj, (k) of matrices
preserving the bilinear form whose matrix is

100
00 I,
017, 0

in the canonical basis of k"1, so that G = SOy,41(k) is the subgroup of such
matrices with unit determinant. Fix B to be the subgroup of matrices of the form

1 0 1
—Ay A AX |,
0 0'A!

where A is an invertible upper triangular matrix, y is a column in k" and the
symmetric part of X is —(1/2)y’y. We fix T C B as its subgroup of diagonal
matrices.

We have Xo, = {I + tEi 1 iv2 —tEntivontyivlst € k}yfori=1,...,n—1,
X(xn ={I +Z‘E1,2n+1 — tEn-I—l,l}’ and X_, ='X, for every a € O.

If g, h € G are GL,, 1 (k)-conjugate, then they are also O, (k)-conjugate by
[Springer and Steinberg 1970, I1V.2.15(ii)]. Thus, they are G-conjugate because
O,41(k) = GU(—I,41)G. Partitions in which even terms occur pairwise param-
etrize unipotent conjugacy classes in G [Humphreys 1995, Section 7.11].

We shall frequently use the fact that the group SO, (k) may be embedded into
G through the map : defined by X — diag(1, X). Denote the image of : by K.

Theorem 3.5. Let G = SOy,,11(k). The spherical semisimple classes in G are
represented by

pr=diag(l, =10, I,_;, —1;, I,_;) forl=1,...,n,
d, =diag(1, 2, I—1, 27", I,—1),
b, =diag(1, Al,, A7'L,) with A2 0, 1.
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The unipotent ones are those associated with (22", 12" H1=4m) form =1, ..., [n/2]
and (3,27 1277274 form = 1, ..., [(n — 1)/2). The spherical classes that are
neither semisimple nor unipotent are represented by p,u, where u € G, =S50,, (k)
is a unipotent element associated with (2°", 1" =" form =1, ..., [n/2].

Proof. Semisimple classes. Let s € T be a spherical element in G, and let A be its
set of eigenvalues. By the description of T', we always have 1 € A. By Lemma 2.6
applied to K and Theorem 3.4, we see that | A| <4. We claim that |A| <4. Assume
that |[A|=4. Then —1 € A and s is conjugate to s’ =diag(1, A, —1, 7, A7 -1, =1
for some invertible diagonal submatrix # and some scalar A with > # 1. Thus s’
is regular in (T, X+, X+ (sy4a3+-+a,)) Whose semisimple part is of type By, and
by Lemma 2.8 we have the claim. It follows that |[A] = 2,3. If |A| = 2, the
element s is conjugate to some involution p; = diag(1, —1;, I,—;, —1I;, I,—;) for
some [ =1, ..., n; hence it is spherical. If |A| =3, then A = {1, 1, A~!} and the
multiplicities of A and 1 cannot be both greater than 1, by Lemma 2.6 applied to K
and the discussion in Theorem 3.4 for spherical semisimple elements. Thus, s is
conjugate either to b; = diag(1, A1,, A~'1,) or to d; = diag(1, A, I,_1, A~', I,_1),
for A2 # 1, 0. A representative of Op, satisfying the condition in Theorem 2.2 is
found in [Cantarini et al. 2005, Theorem 15, page 44] and it is well defined in odd
characteristic too, so b, is indeed spherical. Moreover, G;, = G;’)l. Hence d; is
also spherical because p; is and the index of G, inGp, is finite.

Unipotent classes. Let u be a spherical unipotent element in G associated with
the partition A. Let x4 and v be constructed as in Theorem 3.4 with 2n + 1 =
2|u| + |v]. We may find a representative u’ of O, in a subgroup isomorphic to
SOy, (k) x SOy 45 (k) X - -+ x SOy, 4, (k) x SOz, (k) x - - - x 8O, (k). Such a
subgroup can be obtained using the embeddings in the proof of Theorem 3.4 and
the embedding of SOy, 4+1(k) X SO24, (k) into SOz, +4,)+1(k) given by

I o B

I a1 B A, B 71 A B
y1 A1 B |, Co D = A B>

51 C] D] 2 2 (51 C] Dl
G D,

The component of u” in SO,,, (k) corresponds to (v1), so it is regular therein. Hence,
its SO,,, (k)-class is spherical only if v; <3. Therefore v = (3) or v = (1). Moreover,
as in Theorem 3.4, the component in SO, ; (k) can be chosen to lie and be regular
in a subgroup isomorphic to SL,; (k), forcing u; <2 for every i. Conversely, for a
unipotent class associated with (2™, 12”+1_4m) or (3,2%", 12”_4’"_2), the represen-
tatives in [Cantarini et al. 2005, Theorem 12, pages 38-39] are well defined in odd
characteristic, and the corresponding B-orbits satisfy the condition in Theorem 2.2.
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Mixed classes. Let g = su be the Jordan decomposition of a spherical element in G
with s, u # 1. If s = b, for some 4, then u and b, lie in G, C K. By Lemma 2.6
the element su would be spherical in K, but this is excluded by Theorem 3.4.

If s = p; for some [, its centralizer is isomorphic to SOy (k) x SOp;—_2i+1(k)
and it corresponds to the roots ay, ..., a;—1, oy +20y41 4+ - +20, 041y ..., 0.
Then u = (uy, uz) € SOy (k) x SOz, 2141 (k).

First assume that u, corresponds to the partition (3, 22%) of 2n — 21 + 1, so that
n—I1 is odd. We claim that p;u> is not spherical. Then, since G, C G ,u,, We may
conclude that the class 0, cannot be spherical in this case. The SO, _11(k)-
class of u> may be represented by the element u), = xg,,, (1)x4,5(1) - - - x4, (1) sO
that plu/2 is regular in (T, X+, X44,,;)i>1and 0dd- Invoking Lemma 2.8, we prove
the claim.

If u; does not correspond to the partition (3, 224), we may find a representative
of 0y, that lies in K. By Lemma 2.6 and Theorem 3.4, this is possible only if
p; = 1(t) for some t € Z(K). Therefore g = p,v = diag(1, —I»,)v for some
spherical unipotent v in G7, = K. We claim that the partition 4 of 2n associated
with v has no term equal to 3. If 4 = (3, 2%a 19), the K-class of v could be
represented by V' = x4, (1)x45(1) -+ - Xap, , (1)xg,_, (1)Xq, 424, (1). The element
piv' is regular in (T, X4, X4as5 - - - Xty 1> Xta, » X+a,)» Whose semisimple
part is of type a A x B;; hence the claim follows from Lemma 2.8. Conversely, let
g = pnu With u corresponding to (22", 12"=#™") for some m. The representative of
its class provided in [Cantarini et al. 2005, Theorem 21, page 52] is well defined
in odd characteristic and it allows application of Theorem 2.2.

Finally assume that s = d; for some 4. Then u € G4, = G, and we may apply
the arguments used for s = p; to show that su cannot be spherical. ]

Type Eg.

Theorem 3.6. Let G be simply-connected of type Eg. The spherical classes in G
are either semisimple or unipotent up to a central element. The semisimple ones are
symmetric and up to a central factor are represented by py =h(—1)hg(—1)hg(—1)
and pa. = hi(c®)ha(c)h3(cH)ha(cO)hs(c)he(c*) for ¢ € k with 3 #1,0. The
unipotent ones are those of type A1, 2A| and 3A;.

Proof. Semisimple classes. Let s € T be spherical. We may apply [Humphreys
1995, Theorem 2.15] to choose s so that G is generated by 7" and Xy, for o in
a subsystem @ (IT) C ® with basis a subset IT of A U{—/;}. By Theorem 2.2 we
have dim O5 < £(wq) + k(1 — wq) and a dimension count shows that [T can only
be one of the following subsets:

Iy ={a1, a3, a4, a5, 06, =1}, 2 ={ai, a2, as, as, ag, —p1},

II3 = {a1, a2, a3, a4, a6, —f1}  of type As X Ay,
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or

[y ={a1, a2, a3, a4, as}, 15 ={az, a3, as, as, —p1},

Ilg = {a2, a3, a4, as, a6}  of type Ds.

Letus put H; = (T, X14,0 €I1;) fori =1,...,6. The sets II; fori =1,2,3
are R-bases for the span of A, and one may find automorphisms of ® mapping I1;
for i =2, 3 to £I1,. On the other hand, Aut(®) = {—wg} x W so any element s
whose centralizer is H, or Hz is N(T')-conjugate to an element whose centralizer
is H;. The elements s for which Gy, = H| are p; = hi(—1)h4(—1)hg(—1) and
zp1 for any z € Z(G). Conjugation by these elements is an involution, so 0, is
symmetric. This completes the analysis for II; with i < 3.

The subgroups Hs and Hg are wg-conjugate, so any element whose centralizer
is Hy is N(T)-conjugate to an element whose centralizer is Hg. Besides, the au-
tomorphism of @ defined by a; — —p1, az = a3, a3z +— oz, a; +— a; for
j =4,5,6 maps I14 onto IIs. As before, we may conclude that Hs is N(T)-
conjugate to Hy and any element whose centralizer is Hs is N(T)-conjugate to
an element whose centralizer is Hs. The elements whose centralizer is H4 are
P2.c = h1(cAha(c?)h3(cMha(c®)hs(c?)he(c*) for ¢ € k with ¢ # 1, 0. Multiplying
¢ by a third root of unity yields the same element multiplied by a central one. Since
P2,—1 1s an involution, O, . is spherical by Remark 2.4. We claim that p; . is not
conjugate to p 4 for ¢ # d. If they were G-conjugate, they would be N(T)-
conjugate by [Springer and Steinberg 1970, Section 3.1], so there would exist a
o € W such that ¢ pz,cd_l = p2.4. Thus, o would stabilize ®(I14) and would
restrict to an automorphism of ®(Il4). Its restriction would therefore be of the
form 7w, where 7 acts an automorphism of the Dynkin diagram of type Ds and w
lies in the Weyl group W’ of Hj, which is contained in W. Then o w~' would
lie in W, and it would act on Il4 as 7. Besides, two automorphisms y, y, of ®
coinciding on Il are equal. Indeed, for o = w1y, ! (a6), we have (a;, a) =0 for
j=1,2,3,4 and (a,as) = —1. Such a root a can only be a¢, SO ¥ 1//2_1 =1.
It follows that o w ™!
mapping a; to a; for j =1, 3,4, interchanges a; and as, and maps a¢ to —f.
However, one may verify that the second possibility cannot happen because such
an automorphism is equal to §1535455525456555354515352545556(—wp); hence it does
not lie in W. Therefore 7 =1 and ¢ = w € W'. Since G, = H,, conjugation
by the lift in N(7') of an element in W’ does not modify ps ., so p2. and ps 4
represent distinct classes.

is either the identity, when 7 = 1, or it is the automorphism

Unipotent classes. Let O be a nontrivial spherical unipotent class. Then dim0 <
£(wp) 4+ rk(1 — wq) by Theorem 2.2, so O is of type A, 2A; or 3A;. Conversely,
the arguments in [Cantarini et al. 2005, Theorem 13, pages 39-40] apply in good
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characteristic and show that the listed orbits have a representative whose B-orbit
satisfies the conditions of Theorem 2.2.

Mixed classes. A dimension counting together with Lemma 2.7 shows that no class
Oy, with s € Z(G) and u # 1 can be spherical. O

Type E-.

Theorem 3.7. Let G be simply-connected of type E7. The spherical classes in G
are either semisimple or unipotent up to a central element. The semisimple ones
are symmetric and are represented by q1 = ha(O)hs(—)he(—1)h7(0), where ¢ is
a fixed primitive fourth root of 1; q» = h3(—=1)hs(—1)h7(=1); zq1, and zq> for
z2€Z(G);and g3 4 =h, (@®)hy(a®)h3(a*)ha(a®)hs(a)he(a*)hy(a’) witha® #1, 0.
The unipotent ones are those of type A1, 2A1, 3A1), (3A1)" and 4A,.

Proof. Semisimple classes. Let s € T be a spherical element. Proceeding as we
did in Theorem 3.6, using that dim O; < dim B, we may choose s so that Gy is
generated by T and X, for a € ®(II) where II is one of the following subsets of
AU{=pi}:

Iy ={ay, a3, a4, as, a6, a7, —f1}  of type Az;

H2 = {a29 a3, 04, &5, 06, 07, _181}5

3 = {a1, a2, a3, 04, a5, 07, =1} of type D x Ajy;

Iy = {ai1, a2, a3, as, as, ag} of type Eb.

Letus put H; = (T, X14, a € 11;).

There is only one element, up to a central one, whose centralizer is Hj, and this
is g1 = ha(O)hs(=)he(—1)h7(0), where ¢ is a fixed primitive fourth root of 1.
Since ql2 = hy(—=Dhs(=1)h7(—1) € Z(G), the corresponding class is symmetric
by Remark 2.4. The root systems generated by I, and II3 are mapped onto each
other by elements in Aut(®) = W. Thus, each element whose centralizer is H;
is N(T)-conjugate to one whose centralizer is H3, and it is enough to look at I1,.
The elements whose centralizer is Hy are g» = h3(—1)hs(—1)h7(—1) and zg, for
z € Z(G). The corresponding classes are symmetric. The elements whose central-
izer is Hy are g3, = hi(a®)ha(a®)hs3(a*)ha(a®)hs(@)he(a*)h7(a®) for a® # 1,0.
For ¢ a primitive fourth root of unity, we have q%ﬁ c€Z (G) and hence all such
classes are symmetric. Multiplication of g3, by the nontrivial central element
gives gq3,_,. We claim that g3 , is never conjugate to g3 for a # b. If they were
G-conjugate, they would be N (T')-conjugate, so there would exist a ¢ € W for
which (fq3,a(7_] = q3,5. Such a o would preserve ®(Il4), and its restriction to
it would be an automorphism. As in the proof of Theorem 3.6, we see that for
some w in the Weyl group W’ of Hj, the restriction to ®(Ily) of cw™! € W
would come from an automorphism of the Dynkin diagram of type E¢. There is no
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automorphism of ® whose restriction to Ej¢ is the nontrivial automorphism. Indeed,
if such an automorphism 7 existed, for « = 7(a7) we would have (a, a ;) = 0 for
j=2,3,4,5,6and (a, a;) = —1, but there is no such a € ®. Therefore g w ™! is
the identity on ®(I14). By uniqueness of the extension of an automorphism from
Eg to E7 we have 0 = w € W'. Since G, , = Hy, conjugation by lifts in N(7') of

elements in W’ preserves g3 4.

Unipotent classes. Let u # 1 be a spherical unipotent element. Then dim0,, <
dim B, so 0, is either of type rA| for some r, or of type A;. In the latter case,
u would be regular in a Levi subgroup of type A;, so this case cannot occur by
Remark 2.5. The arguments in [Cantarini et al. 2005, Theorem 13, pages 39—40]
apply also in good characteristic and show that for all unipotent classes of type
r Ay, there is a representative whose B-orbit satisfies the condition in Theorem 2.2.

Mixed classes. We claim that there is no spherical element with Jordan decomposi-
tion g =su with s ¢ Z(G) and u # 1. Indeed, O, would be spherical and u would be
spherical in G§. A dimensional argument shows that this is possible only if s € 0,
up to a central element and « is nontrivial only in the component of type A; in Gy.
It follows from the discussion of semisimple elements that we may choose s so
that Gy = H3 with notation as before, so that we may choose g to be conjugate to
§X_g,(1). Conjugation of g by x_, (1) and Chevalley’s commutator formula would
give 2=5X_q(a)x_g;(1)X_44—a, (b) € O4 for some nonzero a, b € k. Conjugating z
by a suitable element in X’ ag—ap> WE could get rid of the term in X’ dg—ar® obtaining
an element in O, N Bses7B. By Theorem 2.3, the class O, cannot be spherical. []

Type Eg.

Theorem 3.8. Let G be of type Eg. The spherical classes are either semisimple
or unipotent. The semisimple ones are symmetric ,and they are represented by
r1 =ha(—1)h3(=1) and rp = hp(—=1)hs5(—1)h7(=1). The unipotent ones are those
of type A1,2A1,3A1 and 4A,.

Proof. Semisimple classes. Let s € T be a spherical element. Proceeding as we
did in Theorems 3.6 and 3.7 we see that, up to N(7T)-conjugation, the central-
izer Gy is generated by T and by the X4, for a in a subsystem with basis either
{az, 03, a4, as, as, a7, ag, —p1} of type Dg or {ay, az, a3, a4, as, ag, a7, —f1} of
type E7 x Aj. Then s is conjugate either to r; = hy(—1)h3(—1) or to rp, =
ha(—1)hs(—1)h7(—1). Since r} =r; = 1 the corresponding classes are symmetric.

Unipotent classes. Let O be a nontrivial spherical unipotent class. Then dim0 <
dim B, so O is either of type r A; for some r, or it is of type A;. The latter case is
excluded as in the case of G of type E7. Conversely, the arguments in [Cantarini
et al. 2005, Theorem 13, pages 39—40] apply in good characteristic and show that
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for each orbit of type r A in G, we may find a representative whose B-orbit satisfies
the condition in Theorem 2.2.

Mixed classes. We claim that there is no spherical element with Jordan decompo-
sition g = su with s, u # 1. Indeed, by dimensional reasons, s would be conjugate
to r2 and u would lie in the component of type Ay in G, =(T, X1p,, X+4,)i=1,...7-
In other words, we could assume g =rx_p, (1). Let y = 1 —ag. Conjugation of
g by s, gives tx_u (a) € O, for some nonzero a € k and some ¢ € T. Since r, does
not commute with X;:(ﬂl—ag—(m) and s, (a7 4+ ag — B1) = a7, the element ¢ does not
commute with X Q_Laf Since s, (a7 + ag) = a7 + ag and r, does not commute with
X ;E(m +ag)> the same holds for 7. Then conjugation of 7x_g (a) by x_g4,(1) would
give 1x_q, (b)x_gg(a)x_4;—g5(c) € O, for some nonzero b, ¢ € k. Conjugation by
a suitable element in X’ ;. would yield an element x € O, NT X" X" . By
(1) and (2), x would lie in O, N Bs7sg B, leading to a contradiction. [l

Type F4.

Theorem 3.9. Let G be of type F4. The spherical semisimple classes are symmet-
ric and represented by fi = hq,(—1)he,(—1) and f> = h,,(—1). The spherical
unipotent ones are those of type rA| + sA for r,s € {0, 1}. There is a spherical
class that is neither semisimple nor unipotent, and it is represented by f,xp, (1).

Proof. Semisimple classes. Let s € T be a spherical element in G. A dimension
counting similar to the previous exceptional cases shows that G is N (T )-conjugate
to the subgroup generated by 7' and the root subgroups corresponding to roots in a
subsystem with basis either I1; = {—p1, a2, a3, ag} or 11, = {ay, az, a3, —f1}.
They correspond to the involutions fi = hg,(—1)he,(—1) and fo = he(—1),
respectively, which are indeed spherical.

Unipotent classes. Let O be a nontrivial spherical unipotent class in G. Then
dim 0 <dim B, so O is either of type A, Al or A —I—Al. Conversely, the arguments
in [Cantarini et al. 2005, Theorem 13, pages 39—40] hold in good characteristic and
show that Theorem 2.2 applies to these three classes.

Mixed classes. Let g = su be the Jordan decomposition of a spherical element with
s,u # 1. Since dim 0y, = dim B, we may assume s = f>. Also, G 4, is a reductive
group of type Bs. A dimensional argument shows that u lies in the minimal unipo-
tent class in G ,, S0 we may assume g = f2X_ (24, +3us+4a34+204) (1) = f2x_p, (1). We
have dim O, = dim B. The proof in [Cantarini et al. 2005, Theorem 23] contains
an incorrect argument, which we rectify here.

The element f, = hgy,(—1) lies in the subgroup G| = (X4q,, i = 2,3,4) of
type C3. By looking at the centralizer of f, in G| we see that, up to an element
in Z(G1), the Gi-conjugacy class of f> is represented by o1 with notation as in
Theorem 3.3. By [Cantarini et al. 2005, Theorem 15, page 42], the G-class of g
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has a representative in $484,+2¢;+a, 7 When k = C. The same matrix represents the
class in good characteristic. Besides, G| centralizes X1p,, so fox_p (1) can be
represented by an element z € s4Sa,4203+as T X g, C SaSoo+20s+as T X 55 X )y C
X, wos2T X}y . Conjugating z by $»81, we obtain an element z' € Bwosi B N 0.
Thus, we, > W0S2 and we, > Wos1, forcing wg = woe, (notation as in Section 2).
Then O, has a representative whose B-orbit satisfies the condition in Theorem 2.2
and therefore is spherical. (]

Acknowledgments

I thank Mauro Costantini for pointing out an incorrect argument in the discussion
of type Fy4 in [Cantarini et al. 2005] and in a previous version of this manuscript. It
is corrected in Theorem 3.9. I am grateful to the referee for suggesting a significant
reordering of the exposition.

References

[Borel 1969] A. Borel, Linear algebraic groups, W. A. Benjamin, New York-Amsterdam, 1969.
MR 40 #4273 Zbl 0186.33201

[Bourbaki 1981] N. Bourbaki, Eléments de mathématique: Groupes et algébres de Lie, Chapitres 4,
5 et 6, Masson, Paris, 1981. MR 83g:17001 Zbl 0483.22001

[Brion 1986] M. Brion, “Quelques propriétés des espaces homogenes sphériques”, Manuscripta
Math. 55:2 (1986), 191-198. MR 87g:14054 Zbl 0604.14048

[Cantarini et al. 2005] N. Cantarini, G. Carnovale, and M. Costantini, “Spherical orbits and repre-
sentations of U¢ (g)”, Transform. Groups 10:1 (2005), 29-62. MR 2005m:17020 Zbl 1101.17006

[Carnovale 2008] G. Carnovale, “Spherical conjugacy classes and involutions in the Weyl group”,
Math. Z. 260:1 (2008), 1-23. MR 2009d:20091 Zbl 1145.14040

[Carnovale 2009] G. Carnovale, “Spherical conjugacy classes and Bruhat decomposition”, Ann. Inst.
Fourier (Grenoble) 59:6 (2009), 2329-2357.

[Carter 1985] R. W. Carter, Finite groups of Lie type: Conjugacy classes and complex characters,
Wiley, New York, 1985. MR 87d:20060 Zbl 0567.20023

[Ellers and Gordeev 2004] E. W. Ellers and N. Gordeev, “Intersection of conjugacy classes with
Bruhat cells in Chevalley groups”, Pacific J. Math. 214:2 (2004), 245-261. MR 2004m:20091
Zbl 1062.20050

[Ellers and Gordeev 2007] E. W. Ellers and N. Gordeev, “Intersection of conjugacy classes with
Bruhat cells in Chevalley groups: The cases SL,(K), GL,(K)”, J. Pure Appl. Algebra 209:3
(2007), 703-723. MR 2007m:20071 Zbl 1128.20034

[Fowler and Rohrle 2008] R. Fowler and G. Rohrle, “Spherical nilpotent orbits in positive charac-
teristic”, Pacific J. Math. 237:2 (2008), 241-286. MR 2009f:14095 Zbl 05366370
[Grosshans 1992] F. D. Grosshans, “Contractions of the actions of reductive algebraic groups in

arbitrary characteristic”, Invent. Math. 107:1 (1992), 127-133. MR 93b:14072 Zbl 0778.20018

[Humphreys 1995] J. E. Humphreys, Conjugacy classes in semisimple algebraic groups, Math-
ematical Surveys and Monographs 43, American Mathematical Society, Providence, RI, 1995.
MR 97i:20057 Zbl 0834.20048



SPHERICAL CONJUGACY CLASSES IN GOOD CHARACTERISTIC 45

[Knop 1995] F. Knop, “On the set of orbits for a Borel subgroup”, Comment. Math. Helv. 70:2
(1995), 285-309. MR 96¢:14039 Zbl 0828.22016

[Panyushev 1994] D. I. Panyushev, “Complexity and nilpotent orbits”, Manuscripta Math. 83:3-4
(1994), 223-237. MR 95e:14039 Zbl 0822.14024

[Panyushev 1999] D. I. Panyushev, “On spherical nilpotent orbits and beyond”, Ann. Inst. Fourier
(Grenoble) 49:5 (1999), 1453—1476. MR 2000i:14072 Zbl 0944.17013

[Panyushev and Rohrle 2005] D. Panyushev and G. Réhrle, “On spherical ideals of Borel subalge-
bras”, Arch. Math. (Basel) 84:3 (2005), 225-232. MR 2005k:14100 Zbl 1076.14061

[Premet 2003] A. Premet, “Nilpotent orbits in good characteristic and the Kempf—Rousseau theory”,
J. Algebra 260:1 (2003), 338-366. MR 2004i:17014 Zbl 1020.20031

[Springer 1985] T. A. Springer, “Some results on algebraic groups with involutions”, pp. 525-543
in Algebraic groups and related topics (Kyoto/Nagoya, 1983), edited by R. Hotta, Adv. Stud. Pure
Math. 6, North-Holland, Amsterdam, 1985. MR 86m:20050 Zbl 0628.20036

[Springer and Steinberg 1970] T. A. Springer and R. Steinberg, “Conjugacy classes”, pp. 167-266 in
Seminar on Algebraic Groups and Related Finite Groups (Princeton, NJ, 1968/69), Lecture Notes
in Mathematics 131, Springer, Berlin, 1970. MR 42 #3091 Zbl 0249.20024

[Steinberg 1965] R. Steinberg, “Regular elements of semisimple algebraic groups”, Inst. Hautes
Etudes Sci. Publ. Math. 25 (1965), 49-80. MR 31 #4788 Zbl 0136.30002

[Steinberg 1968] R. Steinberg, Lectures on Chevalley groups, Yale University, 1968. MR 57 #6215

[Vinberg 1986] E. B. Vinberg, “Complexity of actions of reductive groups™, Funk. Anal. i Prilozhen.
20:1 (1986), 1-13. In Russian; translated in Func. Anal. Appl. 20 (1986), 1-11. MR 87j:14077
Zbl 0601.14038

Received December 1, 2008. Revised May 7, 2009.

GIOVANNA CARNOVALE

DIPARTIMENTO DI MATEMATICA PURA ED APPLICATA
TORRE ARCHIMEDE

VIA TRIESTE, 63

35121 PADOVA

ITALY

carnoval @math.unipd.it
www.math.unipd.it/~carnoval






PACIFIC JOURNAL OF MATHEMATICS
Vol. 245, No. 1, 2010

COUNTING CONJUGACY CLASSES IN THE UNIPOTENT
RADICAL OF PARABOLIC SUBGROUPS OF GL,(q)

SIMON M. GOODWIN AND GERHARD ROHRLE

Let g be a power of a prime p. Let P be a parabolic subgroup of the general
linear group GL,(¢) that is the stabilizer of a flag in F; of length at most 5,
and let U = O,(P). We prove that, as a function of g, the number k(U) of
conjugacy classes of U is a polynomial in ¢ with integer coefficients.

1. Introduction

Let GL, (q) be the finite general linear group defined over the field [, of g elements,
where g is a power of a prime p. A longstanding conjecture attributed to G. Higman
[1960] asserts that the number of conjugacy classes of a Sylow p-subgroup of
GL, (q) is given by a polynomial in ¢ with integer coefficients. This has been
verified by computer calculation by A. Vera-Lopez and J. M. Arregi [2003] for
n < 13. G. R. Robinson [1998] and J. Thompson [2004] have shown much interest
in this conjecture. For recent related results, see [Alperin 2006; Evseev 2009;
Goodwin and Réhrle 2008; 2009a; 2009b; 2009c¢].

The following question is precisely Higman’s conjecture when P = B is a Borel
subgroup of GL,(g).

Question 1.1. Let P be a parabolic subgroup of GL,(g) and let U = O,(P). As
a function of ¢, is the number k(U) of conjugacy classes of U a polynomial in ¢?

Here we recall that O, (P) is by definition the largest normal p-subgroup of P.
In this paper, we give an affirmative answer to Question 1.1 in the following cases.

Theorem 1.2. Let P be a parabolic subgroup of GL,(q) that is the stabilizer of
a flag in B of length at most 5, and let U = O »(P). Then, as a function of q,
the number k(U) of conjugacy classes of U is a polynomial in g with integer
coefficients.
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Keywords: Higman conjecture, parabolic subgroups, unipotent radical.
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We now explain the significance of the hypothesis imposed in Theorem 1.2. Let
P be a parabolic subgroup of GL,(F,), and let U be the unipotent radical of P,
where F, denotes the algebraic closure of F,. All instances when P acts on U
with a finite number of orbits were determined in [Hille and Rohrle 1999]; this
is precisely the case when P is the stabilizer of a flag in U_:Z of length at most 5.
So Theorem 1.2 deals with parabolic subgroups P of GL,(g) that correspond to
parabolic subgroups P of GL, (F,) with a finite number of conjugacy classes in U.
In such cases, it is observed in [Hille and Rohrle 1999, Remark 4.13] that the
parameterization of the P-conjugacy classes in U is independent of ¢g: This is the
crucial point that we require for our proof of Theorem 1.2.

The proof involves a translation of the problem to a representation theoretic
setting. More precisely, recall from [Hille and Rohrle 1999, Section 4] that the P-
conjugacy classes in U correspond bijectively to the so-called A-filtered modules
of a certain quasihereditary algebra s{,. This allows us to see that the parameteri-
zation of the P-orbits in U is independent of g and that we can choose a set % of
representatives that are matrices with entries equal to 0 or 1. The other key point
is that the structures of the centralizers Cp(x) and Cy (x) for x € R do not depend
on g; this is covered in Propositions 2.2 and 2.4.

We now discuss some natural generalizations of Theorem 1.2. First consider the
case of a normal subgroup N of P with N C U. Still assuming that there is only
a finite number of P-orbits in U, we readily derive from the proof of Theorem 1.2
that k(U, N), the number of U-conjugacy classes in N = N N U, is given by
a polynomial in g with integer coefficients. It should also be possible to prove
that the number k(U, N) is a polynomial in g with just the assumption that there
are finitely many P-orbits in N. For example, for N = U® the [-th member of
the descending central series of U, there is a classification of all instances when
P acts on U® with a finite number of orbits; see [Briistle and Hille 2000]. In
such situations a generalization of the proof of Theorem 1.2 would require detailed
knowledge of the P-conjugacy classes in N.

It is also natural to consider the generalization of Question 1.1, where GL, (¢) is
replaced by any finite reductive group G, and also to consider the number k(P, U)
of P-conjugacy classes in U rather than k(U). (To avoid degeneracies in the
Chevalley commutator relations, it is sensible to only consider these generalizations
when g is a power of a good prime for G.)

At present there are no known examples in which k(U) is not given by a poly-
nomial in ¢, and there are many cases not covered by Theorem 1.2, where k(U)
is given by a polynomial in g; see for example [Goodwin and Rohrle 2009b] and
[Vera-Lopez and Arregi 2003]. However, it is not necessarily the case that k(P, U)
is a polynomial in ¢g. Indeed in [Goodwin 2007, Example 4.6], it shown that in
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case G is of type G, and P = B is a Borel subgroup of G, the number k(B, U) is
given by two different polynomials depending on the residue of ¢ modulo 3.

Let P be a parabolic subgroup of a reductive algebraic group G defined over [,
and suppose that P has finitely many conjugacy classes in U; let P and U be the
groups of [ -rational points of P and U, respectively. Given the discussion after
Theorem 1.2, a natural generalization to consider is whether the number k(U) of
conjugacy classes of U is a polynomial in g. Our proof of Theorem 1.2 is dependent
on the detailed information about the P-conjugacy classes in U. For this reason the
argument does not adapt to the case in which G is any finite reductive group. The
main difficulty is that it is not clear whether the parameterization of P-orbits in U
and the structure of centralizers depends on the characteristic of the underlying
ground field. Another problem is that centralizers Cp(u) for u € U need not be
connected, so determining the P-classes in U from the P-classes in U may be
nontrivial.

2. Translation to representation theory

Here, we recall the relationship established in [Hille and Rohrle 1999, Section 4]
between adjoint orbits of parabolic subgroups and modules for a certain quasi-
hereditary algebra. This relationship is central to our proof of Theorem 1.2. In
particular, it is crucial for Propositions 2.2 and 2.4, which describe the structure of
certain centralizers. Throughout this section we work in generality over any field,
before specializing to finite fields for the proof of Theorem 1.2 in Section 3.

Let K be any field, and letn,t € Z>;. Letd =(d, ..., d;) € Z;O with d; <d; 1
and d; =n. We define the parabolic subgroup P(d) = Pk (d) of GL,(K) to be the
stabilizer of the flag 0 € K% € K% C ... C K% in K"; any parabolic subgroup of
GL,(K) is conjugate to P(d) for some d. We write

Ud)=Uk(d)={ueGL,(K)|(u—1)V; CV,;_, for each i}
for the unipotent radical of P(d), and

u(d) =ug(d) ={x e M,,(K) | xV; C V;_ for each i}

for the Lie algebra of U(d). Then P(d) acts on u(d) via the adjoint action, that is,
g-x =gxg ! for g € P(d) and x € u(d). For x € u(d), we write P - x for the
adjoint P-orbit of x and Cp(x) for the centralizer of x in P; we define U - x and
Cy (x) analogously.

Though we are primarily interested in the conjugacy classes of U(d) and the
P (d)-conjugacy classes in U(d), it is more convenient to consider the adjoint
P(d)-orbits in u(d). The map x — 1+ x is a P(d)-equivariant isomorphism
between u(d) and U (d), which means that the adjoint P (d)-orbits in u(d) are in
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bijective correspondence with the P (d)-conjugacy classes in U (d); this allows us
to work with the adjoint orbits.

The quiver 9, is defined to have vertex set {1, ..., ¢}, and there are arrows
oj:i —>i+1land f;:i+1—ifori=1,...,t — 1. Here is an example of
the quiver 9, for r = 5:

B B2 B3 Pa
o . ® = . ® . ® o
1 o 2 o 3 a3 4 o4 5

Let I; = I; x be the ideal of the path algebra K9, of 2, generated by the relations
2-1) ﬁlalzo and aiﬁi:ﬂi+1ai+1 fOl‘iIl,...,l—Q.

The algebra o; = 9; g is defined to be the quotient K92, /1;.

Recall that an ${;-module M is determined by a family of vector spaces M (i)
over K fori = 1,...,t such that M = @;Zl M (i), and linear maps M(a;) :
M@GE)—> M@GE+1)and M(B;)) : M(i+1)— M(i)fori =1,...,¢—1 that satisfy
the relations (2-1). The dimension vector dim M € Z. , of an s{,-module is defined
by dim M = (dim M (1), ..., dim M(¢)). -

Let M, = A, x be the category of s{,-modules M such that M (a;) is injective
for all i. Write Jl,(d) = M, k (d) for the class of modules in .(; with dimension
vector d. Hille and Rohrle show in [1999, Section 4] that the orbits of P(d) in
u(d) are in bijection with the isoclasses in Jl;(d) and moreover, using [Dlab and
Ringel 1992, Sections 6 and 7],' that there is a unique structure of a quasihereditary
algebra on of; such that J; is the category of A-filtered s{,-modules.

Suppose for this paragraph that K is infinite. Using the above bijection and the
results from [DR], it was proved in [HR, Theorem 4.1] that there is a finite number
of P(d)-orbits in u(d) if and only if r < 5. This is deduced from the fact that <,
has finite A-representation type if and only if ¢ < 5; see [DR, Proposition 7.2].

Let + < 5. Because the results in [HR, Section 4] are proved for an arbi-
trary field —see [HR, Remark 4.13] — the parametrization of indecomposable A-
filtered #{;-modules does not depend on the field K'; we explain this more explicitly
below. Let {Ii, ..., I,,} be a complete set of representatives of isoclasses of inde-
composable A-filtered ${;-modules, and write d; for the dimension vector of I;.
Let x; € u(d;) be such that the P(d;)-orbit of x; corresponds to the isoclass of I;.
As discussed in [HR, Section 7] — see also [Briistle et al. 1999, Figure 10] — one
can choose x; to be a matrix with entries 0 and 1, and these matrices do not depend
on K. In particular, this implies that the modules /; are absolutely indecomposable.

Another important consequence for us is the following lemma.

IThese two references are henceforth abbreviated as [HR] and [DR].
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Lemma 2.1. Assume t <5. We may choose a set R of representatives of the adjoint
P(d)-orbits in u(d) such that each element of R is a matrix with all entries equal
to 0 or 1. Moreover, the elements of R do not depend on the field K, that is, the
positions of entries equal to 1 do not depend on K.

We still assume that 7 < 5, and letd € Z_,. Let P = P(d), U = U(d) and
x €u=u(d). For the proof of Theorem 1.2 we need information about the structure
of the centralizers Cp(x) and Cy (x); this is given by Propositions 2.2 and 2.4.

Let M be a A-filtered sd;-module (with dimension vector d) whose isoclass
corresponds to the P-orbit of x. Extending the arguments of [HR, Section 4], one
can show that the automorphism group Auty, (M) of M is isomorphic to Cp(x).
Below we explain the structure of Endgy, (M) and Autg, (M); this uses standard
arguments that we outline here for convenience. We proceed to explain how Cy (x)
is related to Endgy, (M).

As above, let {1, ..., I,,} be a complete set of representatives of isoclasses of
indecomposable A-filtered s{;-modules. We may decompose M as a direct sum of
indecomposable modules

m
(2-2) M= @ nil;, wheren; € Z=.
i=1
Then
m
Endy, (M) = EB nin; Homg, (I;, 1)
i,j=1

as a vector space and composition is defined in the obvious way.

We observed above that I; is absolutely indecomposable, which means that
End, (1;) is a local ring, and that we have the decomposition Endy, (1;) = K &m;,
where K is acting by scalars and m; is the maximal ideal. Therefore,

n? Endy, (I) = M,, (K) ®M,, (m;),

where M,, (K) is a subalgebra and M,,, (m;) is an ideal. In fact, M, (m;) is the
Jacobson radical of ”1'2 Endy, (1;).
Now one can see that the Jacobson radical of Endgy, (M) is

m

J (Bndg, (M) = EPM,,, () & @D ninj Homy, (1, 1)).
i=1 itj
There is a complement to J(Endy, (M)) in Endy, (M) denoted by C(Endy, (M))
with

C(Endg, (M) = M, (K).

i=1
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We can now describe the automorphism group Auty, (M). We have
Auty, (M) = U(C(Endg, (M))) x (1p + J (Endg, (M))),

with U (C (Endy, (M))) the group of units of C(End, (M)) and 1+ J (Endy, (M))
the unipotent group {1y + ¢ | ¢ € J(Endy, (M))}. We have U(C(Endgy, (M))) =
[T/Z, GL,,(K), and therefore

m
Auty, (M) = [ [ GL,, (K) x N,
i=1
where N is a split unipotent group over K. By saying N is a split unipotent group,
we mean that N has a normal series with all quotients isomorphic to the additive
group K. The dimension of N is

m
(2-3) 8:= > n}(dimEndy, (I) = 1)+ > nin; dim Homy, (I;, I).

i=1 i#j
One can compute all Hom-groups Homg, (/;, 1;) from the underlying Auslander—
Reiten quivers of &, in [DR, pages 221 and 222]; see also [Briistle et al. 1999,
Appendix A]. The dimensions dim Homy, (/;, /) are independent of K. Therefore,
the positive integer J is also independent of K.

We said above that Auty, (M) is isomorphic to Cp(x), so we have the following

proposition.

Proposition 2.2. The Levi decomposition of Cp(x) is given by

Cp(x) = H GL,,(K) X N,

i=1

where N, the unipotent radical of Cp(x), is a split unipotent group over K of
dimension o.

Remark 2.3. It is natural to ask whether Proposition 2.2 still holds if £ > 5. The
arguments above do apply in case K is assumed to be algebraically closed. It would
be interesting to know what happens in general, and also if Corollary 3.1 holds for
t>5.

We now wish to give the structure of the centralizer Cyy (x). By further extending
the arguments in [HR, Section 4], one sees that there is an isomorphism

CU(X) = 1M +End;¢l (M),
where

Endfﬁt(M) :={¢ €Endy, (M) | pM () € M (I —1) for all [};
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here we are identifying M (I — 1) with its image in M (/) under M (a;—;). We have
that End’&ﬁ[ (M) is a nilpotent ideal of Endgy, (M). We define

Hom!, (I3, I}) := {¢ € Homy, (I;, I;) | ¢1;(1) € 1;(I — 1) for all I},

Then we have the isomorphism

m

End), (M) = @ ninj Homy (I;, I;).
i,j=1

We write
m
(2-4) &' :=dimEnd}, (M) = )" n;n; dimHomy (I;, I;).
i,j=1

From the Auslander—Reiten quivers of s, exhibited in [DR, pages 221 and 222],
one can compute the dimensions dim Hom;gt (1;, ;). These integers are indepen-
dent of K, so that ¢ is also independent of K. The discussion above proves the
following proposition.

Proposition 2.4. The centralizer Cy (x) is a §'-dimensional split unipotent group
over K.

3. Proof of Theorem 1.2

Let g be a prime power and let K = [, be the field of g elements. Let 7 < 5 and
letd e Z,,. Let P = P(d), U =U(d) and u=u(d) be as in the previous section,
so that P is a parabolic subgroup of GL, (g).

The following corollary is a key step in our proof of Theorem 1.2. It follows
immediately from Propositions 2.2 and 2.4 along with the elementary fact that the
order of a general linear group over [, is given by a polynomial in g. The positive
integers in the statement are determined in (2-2), (2-3) and (2-4).

Corollary 3.1. Let x € u. Then there are positive integers ny, ..., N, 6 and &
independent of q such that

ICp@) =[]IGL, (@)1 ¢° and |Cyx)|=q""
i=1

In particular, |Cp(x)| and |Cy (x)| are polynomials in g with integer coefficients.

Proof of Theorem 1.2. We must prove that k(U) is given by a polynomial in g. As
discussed in the previous section k(U) is equal to k (U, u), the number of adjoint U -
orbits in u. We will prove that k(U, u) is a polynomial in ¢ with integer coefficients.
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We may choose a set of representatives %R of the adjoint P-orbits in u, as in
Lemma 2.1, and consider % to be independent of g. We have

k(U,u)=>_k(U, P-x),
XER

where k(U, P - x) is the number of U-orbits contained in P - x. For x € u and
g € P, wehave Cy(g-x)=gCy(x)g~"'. Therefore, we get |U -x| = |U - (g - x)|
and k(U, P -x)=|P -x|/|U - x|. It follows that

KU =3k, P o= P _PIs G0l 5 [Cut)

XER xe%|U’x| |U|x€%|CP(x)| x€%|CP(x)|

where L is a Levi subgroup of P. Since |L| is a polynomial in ¢, Corollary 3.1
and the fact that R is independent of ¢ imply k(U, u) = k(U) is a rational function
in g. Since k(U) takes integer values for all prime powers, standard arguments
show that k(U) is in fact a polynomial in ¢ with rational coefficients; see for
example [Goodwin and Rohrle 2009a, Lemma 2.11].

Let P be the subgroup of GL,, (F,) corresponding to P and let U be the unipotent
radical of P. The commuting variety of U is the closed subvariety of U x U defined
by

CU)={(u,u)ycU xU |uu' =u'u}.
Setting €(U) =6(U)N (U x U) and using the Burnside counting formula, we get

[6U) =D ICyx)| =|U|-k(U).
xeU

Since |U| = ¢%™V and k(U) is a polynomial in ¢ with rational coefficients, so

is |[€(U)|. Now using the Grothendieck trace formula applied to €(U) (see [Digne
and Michel 1991, Theorem 10.4]), standard arguments prove that the coefficients
of this polynomial are integers; see for example [Reineke 2006, Propopsition 6.1].
Thus, it follows that k(U) is a polynomial function in g with integer coefficients,
as claimed. (]

Remark 3.2. Lett <5andd,d’ € 7., with d; = d; = n. Suppose that P = P(d)
and Q = P(d’) are associated parabolic subgroups of GL, (Fy), that is, P and Q
have Levi subgroups that are conjugate in GL,,(¢). This means that thereisa o € S,
such thatd; —d;_| = d{’y(i) — d(;(l.)_l foralli =1,...,t, with the convention that
dy=dy=0.LetU=U(d)and V = U(d'). A consequence of [HR, Corollary 4.7]
is that the number k(P, U) of P-conjugacy classes in U is the same as k(Q, V);
see [Goodwin and Rohrle 2009a, Corollary 4.8] for similar phenomena. However,
it is not always the case that the number of conjugacy classes of U is the same
as the number of conjugacy classes of V. For example, take ¢+ = 3 and consider
the dimension vectors d = (2,3, 4) and d’ = (1, 3,4). Then P(d) and P(d’) are
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associated parabolic subgroups of GL4(g). Let U = U(d) and V = U(d’). Then
by direct calculation one can check that

k(U)=(g—1P+6(q—1)2>+5(@—-1)+1
#(@—D"+4@-1>+6(g—1)>+5(g—1)+1=k(V).
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THREE CLASSES OF PSEUDOSYMMETRIC CONTACT
METRIC 3-MANIFOLDS

FLORENCE GOULI-ANDREOU AND EVAGGELIA MOUTAFI

We study the class of pseudosymmetric contact metric 3-manifolds satis-
fying Q& = p&, where p is a smooth function constant along the charac-
teristic flow. We classify the complete pseudosymmetric contact metric 3-
manifolds of constant type satisfying Q& = p&, where p is a smooth function,
and we also classify the complete (k, 1, v)-contact metric pseudosymmetric
3-manifolds of constant type.

1. Introduction

A Riemannian manifold (M"™, g) is said to be semisymmetric if its curvature ten-
sor R satisfies the condition R(X,Y) - R = 0 for all vector fields X,Y on M,
where the dot means that R(X, Y) acts as a derivation on R [Szabd 1982; 1985].
Semisymmetric Riemannian manifolds were first studied by E. Cartan. Obviously,
locally symmetric spaces (those with V R =0) are semisymmetric, but the converse
is not true, as was proved by H. Takagi [1972].

According to R. Deszcz [1992], a Riemannian manifold (M™, g) is pseudo-
symmetric if its curvature tensor R satisfies R(X,Y)-R=L((X AY)-R), where
L is a smooth function and the endomorphism field X A Y is defined by

(1-1) XAY)Z=g(Y,2)X —g(Z,X)Y

for all vectors fields X, ¥, Z on M, and X A Y similarly acts as a derivation on R.

The condition R(X,Y)- R = L((X A Y) - R) arose in the study of totally
umbilical submanifolds of semisymmetric manifolds, as well as in the study of
geodesic mappings of semisymmetric manifolds [Deszcz 1992]. If L is constant,
M is called a pseudosymmetric manifold of constant type. Obviously, pseudosym-
metric spaces generalize the semisymmetric ones where L = 0. In dimension 3,
the pseudosymmetry condition of constant type is equivalent to the condition that
the eigenvalues pi, p2, p3 of the Ricci tensor satisfy p; = p» (up to numeration)
and p3 = constant [Deprez et al. 1989; Kowalski and Sekizawa 1996b].

MSC2000: primary 53C15, 53C25, 53D10; secondary 53C35.
Keywords: pseudosymmetric manifolds, contact metric 3-manifolds.
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Three-dimensional pseudosymmetric spaces of constant type have been studied
by O. Kowalski and M. Sekizawa [1996b; 1996a; 1997; 1998]. N. Hashimoto and
M. Sekizawa [2000] classified 3-dimensional conformally flat pseudosymmetric
spaces of constant type, while G. Calvaruso [2006] gave the complete classifica-
tion of conformally flat pseudosymmetric spaces of constant type for dimensions
greater than two. J. T. Cho and J. Inoguchi [2005] studied pseudosymmetric contact
homogeneous 3-manifolds. Finally, M. Belkhelfa, R. Deszcz and L. Verstraelen
[Belkhelfa et al. 2005] studied pseudosymmetric Sasakian space forms in arbitrary
dimension.

This article studies 3-dimensional pseudosymmetric contact metric manifolds,
and is organized as follows. In Section 2, we give some preliminaries on pseudo-
symmetric manifolds and contact manifolds as well. In Section 3, we give the
necessary conditions for a 3-dimensional contact metric manifold to be pseudo-
symmetric. In the remaining sections, we use the results of Section 3 to study
3-dimensional contact metric manifolds that satisfy one of the following:

e M is pseudosymmetric with Q& = p&, where p is a smooth function on M
constant along the characteristic flow.

o M is pseudosymmetric of constant type with Q&=p¢, where p a smooth func-
tion on M.

e M is pseudosymmetric of constant type and its curvature satisfies the (x, u, v)-
condition.

2. Preliminaries

Let (M™, g) for m > 3 be a connected Riemannian smooth manifold. We denote
by V the Levi-Civita connection of M™ and by R the corresponding Riemannian
curvature tensor with R(X, Y)Z =[Vy, Vy1Z — Vix | Z.

A Riemannian manifold (M™, g) for m > 3 was called pseudosymmetric by
R. Deszcz [1992] if at every point of M the curvature tensor satisfies

(R(X,Y) - R)(X1, X2, X3) = LI((X A Y) - R)(X1, X2, X3))
or equivalently

(2-1) R(X,Y)(R(X1, X2)X3) — R(R(X, Y) X1, X2) X3
— R(X1, R(X, Y)X2) X3 — R(X1, X2)(R(X, Y)X3)
=L((X AY)(R(X1, X2)X3) — R((X AY) X1, X2) X3
— R(X1, (X AY)X2)X3— R(X1, X2) (X AY)X3))
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for all vectors fields X, Y, X, X», X3 on M, where X A'Y is given by (1-1) and
L is a smooth function. For details and examples of pseudosymmetric manifolds,
see [Belkhelfa et al. 2002; Deszcz 1992].

A contact manifold is a smooth manifold M?"*+! endowed with a global 1-form #
such that # A (dn)" # 0 everywhere. Then there is an underlying contact metric
structure (7, &, ¢, g), where g is a Riemannian metric (the associated metric), ¢ is a
global tensor of type (1, 1), and ¢ is a unique global vector field (the characteristic
or Reeb vector field). These structure tensors satisfy

(2-2) ¢p*=—1+n®, n(X)=g(X, ), n&) =1,
dn(X,Y)=g(X,9Y), g@X,9Y)=2g(X,Y)—n(X)n(Y).

The associated metrics can be constructed by the polarization of d# on the contact
subbundle defined by # = 0. Denoting by L the Lie differentiation, we define the
tensors

(2-3) h=3Lsp, t=Leg, I=R(-.OL
These tensors satisfy the formulas

$E=hE=1E=0, nog=noh=0, dn(¢, X)=0,

Trh =Trh¢ =0, Vxé = —¢pX — phX, h¢ = —ph,
(2-4) hX =AX 1implies h¢pX = —A¢pX,

Veh=¢ — ¢l —ph®, Pl —1 =2+ 1),

Vep =0, Trl = g(Q¢&, &) =2n —Trh>.

Now 7 = 0 (or equivalently 4 = 0) if and only if ¢ is Killing, and then M is
called K-contact. If the structure is normal, it is Sasakian. A K-contact structure
is Sasakian only in dimension 3, and this fails in higher dimensions. For details
about contact manifolds, see [Blair 2002].

Let (M, ¢, ¢, n, g) be a 3-dimensional contact metric manifold. Let U be the
open subset of points p € M such that 2 # 0 in a neighborhood of p, and let Uy be
the open subset of points p € M such that # =0 in a neighborhood of p. Because &
is a smooth function on M, the set U UUj is an open and dense subset of M ; thus a
property that is satisfied in Uy UU is also satisfied in M. For any point p € U U Uy,
there exists a local orthonormal basis {e, ¢e, £} of smooth eigenvectors of £ in a
neighborhood of p (a ¢-basis). On U, we put he = le, where 4 is a nonvanishing
smooth function that is supposed positive. From the third line of (2-4), we have
hpe = —Ape.
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Lemma 2.1 [Gouli-Andreou and Xenos 1998a]. On U we have

Vee = age, V.e = boe, Vgee = —cpe + (4 —1)¢,
Vepe = —ae, Vepe =—be+ (1+21)E, Ve =ce,
Ve =0, V& ==+ )e, Vgl = (1= Ae,

where a is a smooth function and

b= %((qﬁe )+ A), withA=S(E,e),
(2-5)
= %((e J)+B),  with B=S(, pe).

From Lemma 2.1 and the formula [X, Y] = VxY — Vy X we can prove that
le, pe]l = Vepe — Vyoe = —be + cpe +2E,
(2-6) le, 1=Vl —Vee=—(a+ 1+ 1)ge,
[¢e,E]= Vgl — Vepe = (a— A+ De,

and from (1-1) we estimate

(enge)e=—ge, (endle=—C, (pe N =de,
(enge)pe =e, (end)=e,  (pend)pe=—C,

while (X AY)Z =0 whenever X #Y #Z # X and X, 7, Z € {e, e, &}.
By direct computations we calculate the nonvanishing independent components
of the Riemannian (1, 3) curvature tensor field R to be

(2-7)

R, ) =—1e— Ze, R(e, pe)e = —Cpe — BE,
R, pe)l = —Ze — Doe, R, e)pe = —Ke+ Z¢,
(2-8) R(e, pe)¢ = Be — Age, R, pe)pe = He + DE,
R(,e)e=Kpe+ I¢, R(e, pe)pe = Ce + AL,
R(E, pe)e = —Hoe+ Z¢,

where
C=-b*—c2+22—142a+(e-c)+ (e - b),
H=b(ZA—a—-1)+( c)+(¢e-a),

2.9 K=c(A+a+1)+(&-b)—(e-a),

I =-2a)—1>+1,
D=2al—2*+1,
Z=¢.
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Setting X =e, Y = ¢e and Z = ¢ in the Jacobi identity [[ X, Y], Z]+[[Y, Z], X]+
[[Z, X], Y] =0 and using (2-6), we get
010 bla+i+1)— (&)= (pe- 1) — (pe-a) =0,

cla—2+D)+(&-b)+(e-A)—(e-a)=0,

or equivalently A = H and B =K.
The components of the Ricci operator Q with respect to a ¢-basis are

Qe = (3r — 1+ 2> —2al)e + Zpe + AE,
(2-11) Qe = Ze+ (3r — 1+ 2> +2al)pe + BE,
Q& = Ae+ Bee +2(1 — 17)¢,
where
(2-12) r=TrQ=2(1-2>=b*—c?4+2a+(e-c)+ (¢e-b)).
The relations (2-9) and (2-12) yield
(2-13) C=-b"—c+1*—1+2a+ (e o)+ (pe-b) =21 -2+ 1r,
and the relation on the last line of (2-4) gives Trl = 2(1 — 4?).
Definition 2.2 [Gouli-Andreou et al. 2008]. Let M3 be a 3-dimensional contact

metric manifold and A = Ah™ — Ah~ the spectral decomposition of 4 on U. If

Vi-xh™ X =[&, h1X]

for all vector fields X on M? and all points of an open subset W of U, and if 1 =0
on the points of M3 that do not belong to W, then the manifold is said to be a
semi-K-contact manifold.

From Lemma 2.1 and the relations (2-6), the condition above leads to [&, ¢] =0
when X =e and to Vg.¢pe =0 when X = ¢pe. Hence on a semi-K-contact manifold,
we have a + 4 + 1 = ¢ = 0. If we apply the deformation

e— e, Ppe—e, E— ¢ A—>—A, b—c, c—b,

the contact metric structure remains the same. Hence a 3-dimensional contact
metric manifold is semi-K-contactifa — 1+ 1=5b=0.

Definition 2.3. In [Koufogiorgos et al. 2008], a (x, u, v)-contact metric manifold

is a contact metric manifold (M?>"*!, 5, &, ¢, g) on which the curvature tensor sat-

isfies for every X, Y € X (M) the condition

(2-14) R(X,Y)S =x((Y)X —n(X)Y)+u(n(Y)hX —n(X)hY)
+V(()PhX = n(X)PhY),
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where x, 1, v are smooth functions on M. If v = 0, we have a generalized (x, u)-
contact metric manifold [Koufogiorgos and Tsichlias 2000], and if also x, u are
constants, then M is a contact metric (x, u)-space [Blair et al. 1995; Boeckx 2000].

In [Koufogiorgos et al. 2008], it was proved that for a (x, u, v)-contact metric
manifold M?"*! of dimension greater than 3, the functions x and u are constants
and v is the zero function; in [Koufogiorgos and Tsichlias 2000], this was proved
for generalized (i, u)-contact metric manifolds M>"*+! of dimension greater than 3.

Remark 2.4. If M3 = U, the case treated in [Gouli-Andreou and Xenos 1998b],
then Lemma 2.1 is expressed in a similar form with A = 0, e is a unit vector field
belonging to the contact distribution, and the functions A, B, D, H, I, K and Z
satisfy A=B=Z=H=K=0, I=D=1and C=r/2-2.

Proposition 2.5. In a 3-dimensional contact metric manifold, we have
(2-15) Qp=¢Q ifandonlyif &E-1=2bA—(pe-1)=2ci—(e-1)=al=0.
Proof. The relations (2-11) by (2-2), (2-5), (2-9) and (2-13) yield
(Qp—pQ)e =2Ze+4alpe+ BE,
(Q9p — ¢ Q)pe =4ate —2Z¢e — AL,
(Q¢ — Q)< = Be — Adpe,

from which the proposition follows. U

3. Pseudosymmetric contact metric 3-manifolds

Let (M, n,g,¢,&) be a contact metric 3-manifold. In case M = Uy, that is,
(¢, n, @, g) is a Sasakian structure, then M is a pseudosymmetric space of constant
type [Cho and Inoguchi 2005]. Next, assume that U is not empty, and let {e, e, &}
be a ¢-basis as in Lemma 2.1.

Lemma 3.1. A contact metric 3-manifold (M, n, g, $, &) is pseudosymmetric if
and only if

[ B(E M) +(—2a)—)2+1)A=LA,
AE-2)+Qai—2*+1)B = LB,
& DGr+242=2)+AB = L(&-2),
G-b A2 |(E) P+ Qai— 22 +1)(~2ai—312+3 - Lr)
= L(—2al—3*+3—1r),
B2 —|(& D)+ (—2aA—2+1)2ai—322+3—1r)
= L(2aA—32>+3—1r),
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where L is the function in the pseudosymmetry definition (2-1).
Proof. Setting X1 =e, X, = ¢e and X3 =¢ in (2-1), we obtain
(R(X,Y)-R)(e, pe, &) = L((X AY) - R)(e, pe, &)).
First we set X = e and Y = ¢e. Then by virtue of (2-7) and (2-8), we obtain
(B(E-A)+(=2al— 22 +1)A)e+ (A(E - A)+ (2al— 2> +1)B)pe = L(Ae+ Bee),

from which the first two equations of (3-1) follow at once.
Similarly, setting X = ¢e, ¥ = ¢ we obtain

(A* =& - D+ (az =22 +1)(=2a% =322 +2 = 3r))e
+ (€ DGr+222=2) + AB)pe = L((=2a2 — 322 +2 = Lr)e + (¢ - D),

from which we get the next two equations of (3-1).
Finally, setting X = e and Y =&, we have

(B> = (& D)P + (—2a4 — 22+ 1)(2ai — 34> + 2 — §r)) e
+((€-D)(Gr+24* =2)+ AB)e = L((2al — 32> +2 — Ir)pe + (¢ - De),

from which we obtain the last equation of (3-1). Using the equations (2-9) and
(2-13), the system (3-1) takes the convenient form

ZB+IA=LA,
ZA+DB =LB,
(3-2) ZC+AB=LZ,
A’—724+D(I-C)=L(I-0),
B*~7*4+1(D—C)=L(D—-C). a

Remark 3.2. If L =0, the manifold is semisymmetric and the system (3-2) is in
accordance with [Calvaruso and Perrone 2002, equations (3.1)—(3.5)].

Remark 3.3. If the manifold M3 is Sasakian and we work in a similar way, then
(3-2) is reduced to the equation (C — 1)(L — 1) = 0. Cho and Inoguchi [2005]
proved that M is a pseudosymmetric space of constant type. Hence, a Sasakian
3-manifold satisfying the condition R(X,Y)-R=L(XAY)-R)with L #11isa
space of constant scalar curvature r = 6, where L is some constant function on M?>.

Proposition 3.4. Let M> be a 3-dimensional contact metric manifold satisfying
Qp=¢Q. Then M 3 is a pseudosymmetric space of constant type.

Proof. Cho and Inoguchi [2005] have proved that contact metric 3-manifolds sat-
isfying Q¢ = ¢ Q are pseudosymmetric. We know from [Blair et al. 1990] that in
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these manifolds the Ricci operator has the form QX =a X+ f#(X)<¢ or equivalently
the Ricci tensor is given by the equation

S=ag+pn®n,

where a = %(r —Trl) and f = %(3 Trl — r), and the functions of the ¢-sectional
curvature and Tr/ are constants. By [Koufogiorgos 1995], the ¢-sectional curvature
is given by r/2 — Tr/l. Hence in contact metric 3-manifolds with Q¢ = ¢ Q, the
function r =Tr Q is also constant; obviously the functions a and £ in the equations
above are constants as well. The manifold is quasi-Einstein and hence pseudo-
symmetric, and because f is constant it is pseudosymmetric of constant type, that
is, L is constant. O

Remark 3.5. In dimension 3, the pseudosymmetry condition is equivalent to the
Ricci-pseudosymmetry condition R(X, Y)-S=L((X AY)-S), so (3-2) is also valid
for the Ricci-pseudosymmetric contact metric 3-manifolds [Arslan et al. 1997].

4. Pseudosymmetric contact metric 3-manifolds with Q& = p& and p
constant in the direction of &

Theorem 4.1. Let M3 be a 3-dimensional pseudosymmetric contact metric mani-
fold such that Q& = p&, where p is a smooth function on M> constant along the
characteristic direction &. Then there are at most six open subsets of M for which
their union is an open and dense subset inside of the closure of M> and each of
them as an open submanifold of M? is either

(a) a Sasakian manifold,
(b) flat,

(¢) locally isometric to one of the Lie groups SU(2) or SL(2, R) equipped with a
left invariant metric,

(d) pseudosymmetric of constant type L and of constant scalar curvature r equal
10 2(1 — 22 + 2a),

(e) semi-K contact with L = —3a* — 4a, or

(f) semi-K contact with L = a?.

Proof. We consider these next open subsets of M:

Up={peM:1=0 inaneighborhood of p},
U={peM:17#0 inaneighborhood of p},

where Uy U U is open and dense subset of M.
If M = Uy, then M is a pseudosymmetric space of constant type [Cho and
Inoguchi 2005]. Next, assume that U is not empty, and let {e, ¢e, £} be a ¢-basis.
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The assumption Q¢ = p¢ and (2-11) imply

(4-1) pe- ) =2b),
(4-2) e-l=2ch,
(4-3) p=2(1-77,

where the smooth function p satisfies
(4-4) &-p=0.
From (2-10), (4-1) and (4-2), we have

(4-5) -c=—(pe-a)+bla—1+1),
(4-6) Eb=(e-a)—c(A+a+1).

Under the conditions (4-1) and (4-2), the system (3-2) becomes

(C-L)Z=0,
(4-7) —Z’4+(D-L)I-C)=0,
7’4+ (U -L)(D—-C)=0,

where Z, C, I, D are given by (2-9) and (2-13) and L is the smooth function of
the pseudosymmetry condition.
From equations (4-3) and (4-4) we can deduce everywhere in U that

(4-8) ¢-A=0.

Differentiating the equations (4-1) and (4-2) with respect to ¢ and ¢e respectively
and subtracting, we get

[e, pe]ld =2b(e- 1) +2A(e-b) —2c(pe - L) —2A(pe - ¢),
or because of (2-6), (4-1), (4-2) and (4-8), we obtain
(4-9) e-b=¢ge-c.

Differentiating Equations (4-1) and (4-8) with respect to & and ¢e respectively and
subtracting, we obtain [, pe]d = 2A(¢ - b) or because of (2-6), (4-2) and (4-6)

(4-10) E-b=c(A—a-—1),
4-11) e-a=2A.
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Differentiating (4-2) and (4-8) with respect to ¢ and e respectively and subtracting
we obtain [£, e]A = 2A(¢ - ¢) or because of (2-6), (4-1) and (4-5)

4-12) E-c=b(A4+a+1),
(4-13) ¢pe-a=—2bA.

Differentiating (4-11) and (4-13) with respect to ¢e and e respectively and sub-
tracting, we get

[pe, ela =2b(e- 1) +2A(e-b) +2c(ppe - 1) + 24 (e - ¢)
or because of (2-6), (4-1), (4-2), (4-9), (4-11) and (4-13)
(4-14) E-a=-2A(e-b) —2bcl
Under the condition (4-8) everywhere in U the system (4-7) becomes

{(I—C)(D—L) =0,
(D—C)(I—L)=0.

or equivalently

{(—261/1 — 202 424b*+c*—2a—(e-c)— (e -b))(2al—A>+1—-L)=0,
al—22242+b*+c*—2a—(e-c)— (pe-b))(—2ai— 1> +1—-L) =0.
To study this system we consider the open subsets
V={peU:2al—-22242+b*+c*—2a—(e-c)—(pe-b) =0
in a neighborhood of p},

V/:{peU:2ai—212—|—2+b2+cz—2&_(e‘c)_(¢e'b)3&0
in a neighborhood of p},

where V U V' is open and dense in the closure of U. We also have the equation
(—2a4 =222 424 b*+c*—2a—(e-c) — (pe-b))(2al— 1> +1—L) =0.
Hence we consider the open subsets

Vi={peV:-2a0—2)2+2+b*+c*—2a—(e-c)— (pe-b) =0

in a neighborhood of p},
Vo={pe V:—Za/l—2/12+2+b2+62—20—(€'c)_(¢€'b) #0

in a neighborhood of p},
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where the set V| U V; is open and dense in the closure of V. For V', in which
—2a)—1*4+1—L =0, we consider the open subsets

Vs={peV :=2al—2)24+24+b*+c*—2a—(e-c)— (pe-b) =0

in a neighborhood of p},
Va={peV':—2aA—22>+2+b"+c*—2a—(e-c) — (¢e-b) #0

in a neighborhood of p},

where V3 U V4 is open and dense in the closure of V’. We describe the previous
sets more precisely as

Vi={peVCU: —=2al—222+2+b*+c*>—2a—(e-c)— (pe-b) =0,
200 =22 424> +c?—2a—(e-c)— (pe-b) =0
in a neighborhood of p},
Vao={peV CU:2al—2224+24+b>+c*—2a—(e-c)— (¢e-b) =0,
2al—2*+1-L=0
in a neighborhood of p},
Vs={peV' CU: —2aA—=2)>+2+b*>+c*—2a—(e-c)— (¢e-b) =0,
—2al—1*+1-L=0
in a neighborhood of p},
Va={peV' CU: -2al—1*+1-L=0,
2a)—2*4+1—L =0 ina neighborhood of p},

and the set | J V; is open and dense in the closure of U.
In Vi, we have

—2a) — 203 +24+b*+c* —2a—(e-c) — (¢e-b) =0,

2a) =222 42+ b*+c*—2a—(e-c) — (¢e-b) =0.
Subtracting these two equations we find that a = 0 in V| C U. Hence we
conclude that the structure has the property Q¢ = ¢ Q (Proposition 2.5), that L is
constant (Proposition 3.4) and the classification results from [Blair et al. 1990] and

[Blair and Chen 1992] hold.
In V>, we have

200 =222 +2+b*+c*—2a—(e-c)— (pe-b) =0,
—2a) =272 424b*+c*—2a—(e-¢) — (pe-b) £0,
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(hence a # 0) or equivalently

(4-15) 20\ =212 42+ b*+c*—2a—(e-c) — (¢pe-b) =0,
(4-16) 20\ —2*+1—L=0.

Differentiating (4-15) with respect to ¢ and using (4-8), (4-10), (4-12) and (4-14),
we obtain

(4-17) Ee-c+&-pe-b=—4bcA* +8bck —4)%(e-b)+4i(e-b).

Differentiating (4-10) and (4-12) with respect to ¢e and e respectively, we use
4-1), (4-2), (4-9), (4-11), (4-13), and adding we obtain

(4-18) pe-&-b+e-&-c=2A(e-b)+8bcA.
Subtract (4-17) and (4-18) and using (2-6), (4-9) and (4-14), we obtain

4-19) e-b=¢e-c=—bc,
(4-20) ¢-a=0.
Differentiating (4-20) and (4-13) with respect to ¢e and ¢ respectively and sub-

tracting, we obtain [¢e, {la = 2A(E - b), or because of (2-6), (4-10), (4-11) and
since 4 # 0 in U, we have

(4-21) cla—2+1)=0.

Differentiating (4-20) and (4-11) with respect to e and ¢ respectively and subtract-
ing, we obtain [, e]la = 2A(¢ - ¢), or because of (2-6), (4-12), (4-13) and since
A #0in U, we have

(4-22) b(a+/1+1)=0.

Differentiating (4-16) with respect to &, ¢e and e and using (4-1), (4-2), (4-8),
(4-11), (4-13) and (4-20) we obtain respectively

(4-23) ¢-L=0,
(4-24) pe- L =4dab) —8bi%,
(4-25) e-L=4ach.

To study the system (4-21) and (4-22), we consider the open subsets

G ={p € V,: b =0 in a neighborhood of p},
G' = {p € V2 : b # 0 in a neighborhood of p},
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where G UG’ is open and dense in the closure of V,. Having also c(A—a—1) =0
we consider the open subsets
G| ={p € G : c =0 in a neighborhood of p},
G, ={p € G : ¢ # 0 in a neighborhood of p},
where G| U G, is open and dense in the closure of G. The set G’ (where b # 0 or
equivalently A 4+ a + 1 = 0) is decomposed similarly as
G3 = {p € G’ : ¢ = 0 in a neighborhood of p},
G4 = {p € G': ¢ # 0 in a neighborhood of p},
where G3 U G4 is open and dense in the closure of G’. The sets G, G2, G3 and
G4 are described more specifically as
G, ={p e G C V,:b=c=0in aneighborhood of p},
Gy={peGCV,:b=41—a—1=0in aneighborhood of p},
G3={peG CcV,:c=A+a+1=0in aneighborhood of p},
Gy={peG cVy:l+a+1=/)—a—1=0in aneighborhood of p},
The set | G; is open and dense subset of V,. We have V, C U, where 4 # 0; hence
Gy =0.

In G, we have b =0 and ¢ = 0. From (4-1), (4-2), (4-8), (4-11), (4-13), (4-14),
(4-23), (4-24) and (4-25), we find that A, a and L are constant in G| with A, a # 0;
hence from (2-12) the scalar curvature r = 2(1 — 4> + 2a) is also constant.

In G,, we have b =0 and 4 —a — 1 = 0. Hence we have a semi-K contact
structure. Then (4-16) anda = 4 — 1 give L = (1 — 1)> =a® #0.

In G3, we have ¢ =0 and 4 +a + 1 = 0. Similarly, we have a semi-K contact
structure with L = —312 =214+ 1 = —3a? —4a, with a #0.

In V3,
(4-26) —2a) =222 4+2+4b*+c*—2a—(e-¢)— (¢pe-b) =0,
(4-27) —2al—1*+1-L=0.

We similarly obtain the system of (4-21) and (4-22) with a # 0, while for the
function L, we have (4-23) as well as ¢pe - L = —4abl and e - L = —4ac) — 8cA>.
We consider the open subsets

G| ={p € V3:b=c =0 in a neighborhood of p},
Gy={pe€V3:b=2—a—1=0 in aneighborhood of p},
Giy={peV3:c=1+a+1=0in aneighborhood of p},
G,={peVs:A+a+1=1—a—1=0in aneighborhood of p}.



70 FLORENCE GOULI-ANDREOU aND EVAGGELIA MOUTAFI

The set |J G; is open and dense subset of V3. We have V3 C U, where 1 # 0;
hence G is empty.

In G’l, we have b = 0 and ¢ = 0. As in case of G, the functions A, a, L and r
are constants.

In G/z, we have b =0 and A —a — 1 = 0. Hence we have a semi-K contact
structure with L = —34% +21+ 1 = —3a? —4a, with a # 0.

In G/3, we have c =0 and 1 +a + 1 = 0. We have a semi-K contact structure
with L = (A4 1)? =a? #0.

In V4 we have —2aA — A?>+1— L =0 and 2al — 2> 4+ 1 — L = 0. Subtracting
these two equations we obtain @ = 0 in V4 C U, and hence as in case of V| we
have the structure Q¢ = ¢ Q.

Finally, the sets Up, Vi and V4, G and G/, G3 and G, G, and G, satisfy the
structures a, b and c, d, e and f respectively of Theorem 4.1. O

5. Pseudosymmetric contact metric 3-manifolds
of constant type with Q& = pé

Theorem 5.1. Let M3 be a 3-dimensional pseudosymmetric contact metric man-
ifold of constant type such that Q& = p&, where p is a smooth function on M?.
Then p is constant. If M3 is also complete then it is either a Sasakian manifold
(meaning Trl =2) or locally isometric to one of the following Lie groups equipped
with a left invariant metric: SU(2); SO(3); SL(2, R); E(2), the rigid motions of
Euclidean 2-space; E(1, 1), the rigid motions of Minkowski 2-space; or O(1,2),
the Lorentz group of linear maps preserving the quadratic form t> — x> — y?.

Proof. We consider open subsets

Uyp ={p € M : 2 =0 in a neighborhood of p},
U ={peM:1+#0 in aneighborhood of p},

where Uy U U is open and dense subset of M.

If M = Uy, then it is a pseudosymmetric space of constant type; see [Cho and
Inoguchi 2005]. Next, assume that U is not empty, and let {e, ¢e, £} be a ¢-basis.
The assumption Q& = p¢ and (2-11) imply

(5-1) pe- A =2bl,
(5-2) e-l=2ch,
(5-3) p=2(1-2%,

where p is a smooth function on M. From (2-10), (5-1) and (5-2) we have

(5-4) E-c=—(pe-a)+bla—1+1),
(5-5) E-b=(e-a)—c(A+a+1).
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Under the conditions (5-1) and (5-2) the system (3-2) becomes
(CcC-L)z=0,
(5-6) ~Z’4+(D—-L)I—-C)=0,
—Z’+(I—-L)(D-C)=0,

where Z, C, I and D are given by (2-9) and (2-13) and L is the constant of the
pseudosymmetry condition.

We work in the open subset U and suppose that there is a point p in U where
Z =¢ -1 #0. The function Z is smooth, so because of its continuity there is an
open neighborhood U; of p such that Uy C U and Z =¢ - A # 0 everywhere in Uj.
From the first equation of (5-6), we get C = L in U, or equivalently

(5-7) (e-c)+(pe-b)y=L+b*+c*—2*4+1-2a.

Differentiating (5-7) with respect to &, we get
Eoe-cHE-pe-b=2b(E b)+2c(E-c) =24 - 1) —2(E - a),

which because of (5-4) and (5-5) becomes

(5-8) E-e-c+E-pe-b=2b(e-a)—2c(pe-a)—24(E-2) —2(E -a) —4bci.

Next, we differentiate (5-4) and (5-5) with respect to e and ¢e, respectively. Adding
the results, we have

e-é-ct+ge-&-b=—[e,pela—(a+ A1+ 1)(pe-c)+(a—1+1)(e-b)
—c(pe-a)+b(e-a)—4bch.
Subtracting this from (5-8), we get
(£, elc+ <, pelb =b(e-a) —c(pe-a) —2(S-a) —24(E - 4) + [e, pela
+@+2+1)(pe-c)—(a— 21+ 1)(e-b),
or because of (2-6),
@+ A+D(pe-c)+(A—a—1)(e-b)
=ble-a)—c(pe-a)—2(¢-a)—2A(¢-2)—b(e-a)
+c(pe-a)+2(E-a)+(A+a+ D(ge-¢c)+ (A —a—1)(e-b).

Equivalently, A(¢ - 1) = 0, and because we work in U; C U, we have £ - 1 =0,
which is a contradiction. Hence, we can deduce everywhere in U that

(5-9) &-A=0.
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Working as previously, we obtain the equations

(5-10) e-b=ge-c,
(5-11) E-b=c(A—a-1),
(5-12) e-a=2l,

(5-13) {e=b(lt+a+l),
(5-14) ¢e-a=—2bJ.

Under the condition (5-9) everywhere in U the system (5-6) becomes
{(1 —-C)(D-L)=0,
(bD-C)yI—-L)y=0,
or equivalently
{(—mz — 202 424b>+c?—2a—(e-c)—(pe-b)(2al—A>+1—-L)=0,
al =222 424b>4+c*—2a—(e-c) — (pe-b))(—2arl— 2> +1—L) =0.
To study this system, we consider (as previously) the open subsets
Vi={peU: —2a)—2)>424b*+c*—2a—(e-c)— (pe-b) =0,
200 =212 +24b*+c2—2a—(e-c)— (pe-b) =0
in a neighborhood of p},
Vo={peU:2al—2)24+2+b*>+c*—2a—(e-c)— (¢pe-b) =0,

2a)—2*+1-L=0 in a neighborhood of p},
Vi={pelU: —2a)—2)2424+b*+c*—2a—(e-c)— (pe-b)=0,
—2aA—2*+1-L=0 in a neighborhood of p},

Vi={peU: —2ah—)*+1-L=0, 2al—2*+1-L=0,
in a neighborhood of p}.

The set |J V; is open and dense in the closure of U. We shall prove that the
functions A and a are constants at V; fori =1, 2, 3, 4.
In V;, we have

—2a)\ =222 +24+b*+c*—2a—(e-c) — (pe-b) =0,

204 =222 +2+b*+c*—2a—(e-c) — (¢pe-b) = 0.
Subtracting these two equations we can deduce that a = 0 in V| C U. Hence
from (5-12) and (5-14), we have ¢ = b = 0, and from (5-1) and (5-2), we have

¢e - A =e- 1 =0, which together with (5-9) give 4 = constant in V. Moreover, if
we put a = b = ¢ = 0 in one of the equations of the set V;, we finally get A> = 1.
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In V2,
(5-15) 2a) =222 424+ b*+c*—2a—(e-c) — (pe-b) =0,
(5-16) 2a)—22+1—L=0.

Differentiating (5-16) with respect to &, ¢e and e and using (5-9), (5-12) and (5-14),
we obtain respectively

(5-17) &-a=0,
b(a—21)=0, ac=0.

Differentiating (5-12) and (5-17) with respect to ¢ and e respectively and subtract-
ing, we obtain [£, e]la = 2A(¢ - ¢) or because of (2-6), (5-13) and (5-14)

(5-18) b(A+a+1)=0.

Similarly, differentiating (5-14) with respect to ¢ and (5-17) with respect to ¢e and
subtracting, we have [£, gpela = —24(& - b) or because of (2-6), (5-11) and (5-12)

(5-19) c(A—a—1)=0.

We study the system of (5-18) and (5-19). As in the previous section, we consider
open subsets

Gi1={p € Vo:b=c=0inaneighborhood of p},

Gy ={peVo:b=A1—a—1=0in aneighborhood of p},
Gs={peV,:c=41+a+1=0in aneighborhood of p},
Gys={peVy:i4+a+1=41—a—1=0in aneighborhood of p},

The set | G; is open and dense subset of V,. We have V, C U where 4 # 0; hence
G4 is empty.

In G, we have b =0 and ¢ = 0. From (5-1) and (5-2) we can conclude ¢e -1 =
e - A = 0, which together with (5-9) implies 4 is constant in G;. Similarly from
(5-12), (5-14) and (5-17), a is constant.

In G,, we have b =0 and 1 —a — 1 = 0. The second of these together with
(5-16) gives J2—21+1—L =0. If we assume e - 1 # 0, we differentiate this
equation twice with respect to e, and we obtain e - A = 0, which contradicts our
assumption. Hence, ¢ - 4 =0 (and ¢ = 0) and (5-1) gives ¢e - 4 =0, or finally 4 is
constant in G, and a = 1 — 1 is also constant.

In G3, we have c =0 and A+a+1=0. The first equation gives e-4 =0 by (5-2),
while the second together with (5-16) gives —312 —21+1— L = 0. Differentiating
this equation with respect to ¢e, we get (34 + 1)(¢e - 1) = 0. Suppose there is a
point p € G3 at which ¢e - 1 # 0. Then, there is a neighborhood F of p in which
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¢e - 2 # 0. In that neighborhood we must have 1 = —1/3 by the last equation;
hence ¢e - 1 =0, a contradiction. Thus ¢e - 4 = 0 everywhere in G3, which gives
b=0. In G3, wenote that £ - 1 = ¢pe- 1L = e -1 =0, so 4 is constant in G3.
Obviously a is also constant because a = —4 — 1. Moreover, if we putb =c =0
and a = —4 — 1 in (5-15), we get 12 = 1.

We have proved that A is constant at every G; for i = 1, 2,3, while the set
G1UG,UGj; is an open and dense subset of V,; hence 4 is constant in V; and the
equations b(a —24) = 0 and ac = 0 are satisfied because b = ¢ = 0.

In V3,

(5-20) —2a) =222 42+4b*>+c*—2a—(e-c)— (¢pe-b) =0,
(5-21) —2ai—1*+1—-L=0.

Working as we did for the set V,, we get again the first equation of (5-17), and
ab=0 and c(a+24)=0
and the system of (5-18) and (5-19). We similarly consider the open subsets

G| ={p € V3:b=c=01in a neighborhood of p},
Gy={peV3:b=21—a—1=0 in aneighborhood of p},
Gy={peV3:c=21+a+1=0in aneighborhood of p},
G,={peVs:2+a+1=71—a—1=0in aneighborhood of p},

The set |J G/ is open and dense subset of V3. We have V3 C U where 4 # 0;
hence G/, is empty.

In G’l, we have b = 0 and ¢ = 0. From (5-1) and (5-2), we can conclude
¢e - A =e- L =0, which together with (5-9) implies 4 is constant in G|. From
(5-12), (5-14) and (5-17) we obtain that a constant in G/.

In G/, we have b = 0 and 4 —a — 1 = 0. The first equation gives ¢e - 1 =0
from (5-1), while the second together with (5-21) gives —34> +21+1—L = 0.
Differentiating this equation with respect to ¢, we get (—31+1)(e-1) =0. Suppose
that there is a point p € G at which e - 4 # 0. Then, there is a neighborhood F’ of
p in which e- 1 # 0. In that neighborhood we must have from the last equation that
A=1/3 and e- A =0, a contradiction. Hence e - A = 0 everywhere in G’,, which
gives ¢ = 0. In G}, we note that - 1 = ¢e- A =e-1 =0, so 1 is constant in G.
Obviously a is also constant because a = 4 — 1. Moreover, if we put b =c =0 and
a=2/—1in(5-20) we get \> =1.

In G, we have ¢ =0 and 4 +a + 1 = 0. The second equation together with
(5-21) gives A24+24+1—L =0. Assuming ¢e- A # 0, we differentiate this equation
twice with respect to ¢e and obtain ¢e - 4 = 0, a contradiction. Thus, ¢ge -1 =0
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everywhere in G, which gives b = 0. From (5-2), we get ¢ - A = 0. We note that
{-A=¢e-A=e-1=0,s0 Ais constant in G} and obviously soisa = —1— 1.

We have proved that 1 is constant in every G; for i = 1,2,3 while the set
G| UG/, UG/ is open and dense in the closure of V3; hence A is constant at V3 and
the equations ab = 0 and c(a 4+ 21) = 0 are satisfied because b = ¢ = 0.

In Vy4, we have 2aA — 12+ 1— L =0and —2a/ — 2> 4+ 1 — L = 0. Subtracting
these two equations, we can deduce that a =0 in V4 C U. Hence from (5-12) and
(5-14), we have ¢ = b = 0, and from (5-1) and (5-2), we have ge - A =¢e -1 =0,
which together with (5-9) implies 4 is constant in V4. Moreover, if we puta =0
in one of the equations of the set V4, we finally obtain 12 =1—L > 0.

We have proved that 4 is constant in every V; for i = 1,2, 3,4. The set V; U
Vo U V3U V4 is open and dense inside of the closure of U; hence 4 is constant at U
and because of (5-3) the function p is constant at U. Finally if the manifold M 3 s
complete, we may use the main theorem of [Koufogiorgos 1995] to complete the
proof. U

6. Pseudosymmetric («, j, v)-contact metric
3-manifolds of constant type

Theorem 6.1. A 3-dimensional (k, i, v)-contact metric pseudosymmetric man-
ifold of constant type is either a Sasakian manifold or a (k, p)-contact metric
manifold. In the second case, if M is also complete, then it is locally isometric
to one of the following Lie groups equipped with a left invariant metric: SU(2);
SO(3); SL(2, R); E(2), the rigid motions of Euclidean 2-space; E(1, 1), the rigid
motions of Minkowski 2-space; or O (1, 2), the Lorentz group consisting of linear
transformations preserving the quadratic form t* — x> — y?).

Proof. We work as in the previous section. If M = Uy, then (¢, #, ¢, g) is a Sasakian
structure that is a pseudosymmetric space of constant type with x =1, u € R and
h = 0. Next, assume that U is not empty, and let {e, ge, £} be a ¢-basis. From
(2-14) we can calculate these components of the Riemannian curvature tensor:

R(&,e)¢ = —(k + Au)e — Avge, R(e, pe)¢ =0,
R(E, pe)é = —ve — (x — du)pe.
By virtue of (2-8), we can conclude that
(6-1) A=B=0, Z=l, D=x—4iu, I=x+ipu,

and hence the system (3-2) gives again the system (5-6). First we get Z=¢-A=0or
equivalently v =0 and then that 1, a are constants. Finally from (2-9) and (6-1) we
have ¥ = 1 — % and x4 = —2a, and from the main theorem of [Koufogiorgos 1995]
and [Boeckx 2000, Theorem 3], we can complete the proof. (I
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SCOTT AND SWARUP’S REGULAR NEIGHBORHOOD
AS A TREE OF CYLINDERS

VINCENT GUIRARDEL AND GILBERT LEVITT

Let G be a finitely presented group. Scott and Swarup have constructed a
canonical splitting of G that encloses all almost invariant sets over virtually
polycyclic subgroups of a given length. We give an alternative construction
of this regular neighborhood by showing that it is the tree of cylinders of a
JSJ splitting.

1. Introduction

Scott and Swarup [2003] have constructed a canonical graph of groups decomposi-
tion (or splitting) of a finitely presented group G; this splitting encloses all almost
invariant sets over virtually polycyclic subgroups of a given length n (the VPC,
groups), and in particular over virtually cyclic subgroups for n = 1.

Almost invariant sets generalize splittings: Whereas a splitting is analogous to
an embedded codimension-one submanifold of a manifold M, an almost invariant
set is analogous to an immersed codimension-one submanifold.

Two splittings are compatible if they have a common refinement, in that both
can be obtained from the refinement by collapsing some edges. For example,
two splittings induced by disjoint embedded codimension-one submanifolds are
compatible.

Enclosing is a generalization of this notion to almost invariant sets: Take, in
the analogy above, two codimension-one submanifolds F} and F, of M with F
immersed and F> embedded. Then Fj is enclosed in a connected component of
M \ F, if one can isotope F into this component.

Scott and Swarup’s construction is called the regular neighborhood of all almost
invariant sets over VPC, subgroups. This is analogous to the topological regular
neighborhood of a finite union of (nondisjoint) immersed codimension-one sub-
manifolds: It defines a splitting that encloses the initial submanifolds.

One main virtue of their splitting is that it is canonical: It is invariant under
automorphisms of G. Because of this, it is often quite different from usual JSJ

MSC2000: primary 20E08; secondary 20F65, 20E06.
Keywords: JSJ decomposition, tree of cylinder, almost invariant set, torus theorem, canonical
splitting, tree.
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splittings, which are unique only up to deformation. There the canonical object is
the JSJ deformation space [Forester 2003; Guirardel and Levitt 2009].

The main reason for this rigidity is that the regular neighborhood is defined in
terms of enclosing. Enclosing, like compatibility of splittings, is more rigid than
domination, which is the basis for usual JSJ theory. For instance, any two splittings
in Culler—Vogtmann’s outer space dominate each other, but they are compatible if
and only if they lie in a common simplex.

We have shown a general construction producing a canonical splitting 7, from a
canonical deformation space: the tree of cylinders [Guirardel and Levitt 2008]. It
also enjoys strong compatibility properties. In this paper, we show that the splitting
constructed by Scott and Swarup is a subdivision of the tree of cylinders of the usual
JSJ deformation space.

More precisely, let T; be the Bass—Serre tree of a JSJ splitting of G over VPC,,
groups, as constructed for instance in [Dunwoody and Sageev 1999]. To construct
the tree of cylinders, say that two edges are in the same cylinder if their stabilizers
are commensurable. Cylinders are subtrees, and the tree 7;. dual to the covering of
T; by cylinders is the tree of cylinders of T;; see [Guirardel and Levitt 2008] or
Section 2b below.

Theorem 4.1. Let G be a finitely presented group, and let n > 1. Assume that
G does not split over a VPC, _ subgroup, and that G is not VPC,,1|. Let T be
a JSJ tree of G over VPC, subgroups, and let T, be its tree of cylinders for the
commensurability relation.

Then the Bass—Serre tree of Scott and Swarup’s regular neighborhood of all
almost invariant subsets over VPC, subgroups is equivariantly isomorphic to a
subdivision of T,.

This gives a new proof that this regular neighborhood is a tree. Deriving the
regular neighborhood from a JSJ splitting, instead of building it from an abstract
betweenness relation, seems to greatly simplify the construction, by completely
avoiding the notion of good or good-enough position for almost invariant subsets.

There are two ingredients in our approach, to be found in Sections 3 and 4.
(Section 2 recalls basic material about trees of cylinders, almost invariant sets,
cross-connected components, and regular neighborhoods.)

The first ingredient is a general fact about almost invariant sets that are based
on a given tree 7. Consider any simplicial tree T with an action of G. Any edge
e separates T into two half-trees, and this defines almost invariant sets Z, and Z}
(see Section 3a). The collection %B(T") of almost invariant subsets based on T is
then defined by taking Boolean combinations of such sets Z,.

Following Scott and Swarup, one defines cross-connected components of B(7)
by using crossing of almost invariant sets. The set of cross-connected components
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is then endowed with a betweenness relation that allows one to construct a bipartite
graph RN (B(T)) associated to B(T). This is the regular neighborhood of B(T);
see Definition 2.2.

Theorem 3.3. Let G be a finitely generated group, and T a tree with a minimal
action of G. Assume that no two groups commensurable to edge stabilizers are
contained in each other with infinite index.

Then the regular neighborhood RN(B(T)) is equivariantly isomorphic to a
subdivision of T,, the tree of cylinders of T for the commensurability relation;
in particular, RN(B(T)) is a tree.

The hypothesis about edge stabilizers holds in particular if all edge stabilizers
of T are VPC,, for a fixed n.

This theorem remains true if one enlarges %B(7") to B(7T) UQH(T) by including
almost invariant sets enclosed by quadratically hanging vertices of 7. Geometri-
cally, such a vertex is associated to a fiber bundle over a 2-dimensional orbifold O.
Any simple closed curve on O gives a way to blow up T by creating new edges
and therefore new almost invariant sets. These sets are in QH(T"), as well as those
associated to immersed curves on 0. Under the same hypotheses as Theorem 3.3,
we show in Theorem 3.11 that the regular neighborhood RN(%B(7T) UQH(T)) also
is a subdivision of 7.

The second ingredient, specific to the VPC,, case, is due to (but not explic-
itly stated by) Scott and Swarup [2003]. We believe it is worth emphasizing this
statement, as it gives a very useful description of almost invariant sets over VPC,,
subgroups in terms of a JSJ splitting 7. In plain words, it says that any almost
invariant set over a VPC,, subgroup is either dual to a curve in a QH subgroup, or
is a Boolean combination of almost invariant sets dual to half-trees of 7.

Theorem 4.2 [Dunwoody and Swenson 2000; Scott and Swarup 2003]. Let G and
T; be as in Theorem 4.1.

For any almost invariant subset X over a VPC,, subgroup, the equivalence class
[X] belongs to B(Ty) UQH(Ty).

Theorem 4.2 is essentially another take on the proof of Scott and Swarup’s
[2003, Theorem 8.2], and makes a crucial use of algebraic torus theorems of
[Dunwoody and Swenson 2000; Dunwoody and Roller 1993]. We give a proof
in Section 4.

Theorem 4.1 is a direct consequence of Theorems 4.2 and 3.11.

2. Preliminaries

Let G be a fixed finitely generated group, which, in Section 4, is finitely presented.



82 VINCENT GUIRARDEL AND GILBERT LEVITT

2a. Trees. If I is a graph, we denote by V (I') its set of vertices and by E(T') its
set of (closed) nonoriented edges.

A tree always means a simplicial tree 7 on which G acts without inversions.
Given a family € of subgroups of G, an é-tree is a tree whose edge stabilizers
belong to €. We denote by G, or G, the stabilizer of a vertex v or an edge e.

Given a subtree A, we denote by pr, the projection onto A, mapping x to the
point of A closest to x. If A and B are disjoint, or intersect in at most one point,
then pr,(B) is a single point, and we define the bridge between A and B as the
segment joining pr4(B) to prz(A).

A tree T is nontrivial if there is no global fixed point, and minimal if there is no
proper G-invariant subtree.

An element or a subgroup of G is elliptic in T if it has a global fixed point.
An element that is not elliptic is hyperbolic. It has an axis on which it acts as a
translation. If 7 is minimal, then it is the union of all translation axes of elements
of G. In particular, if Y C T is a subtree, then any connected component of 7'\ Y
is unbounded.

A subgroup A consisting only of elliptic elements fixes a point if it is finitely
generated, a point or an end in general. If a finitely generated subgroup A is not
elliptic, there is a unique minimal A-invariant subtree.

A tree T dominates a tree T if there is an equivariant map f : T — T'. Equiv-
alently, any subgroup that is elliptic in 7 is also elliptic in 7’. Having the same
elliptic subgroups is an equivalence relation on the set of trees, and the equivalence
classes are called deformation spaces; see [Forester 2002; Guirardel and Levitt
2007] for details.

2b. Trees of cylinders. Two subgroups A and B of G are commensurable it ANB
has finite index in both A and B.

Definition 2.1. We fix a conjugacy-invariant family € of subgroups of G such that
e any subgroup A commensurable with some B € € lies in ¢, and
e if A, B € € are such that A C B, then [B : A] < o0.

An €é-tree is a tree whose edge stabilizers belong to €.

For instance, € may consist of all subgroups of G that are virtually Z" for some
fixed n, or all subgroups that are virtually polycyclic of Hirsch length exactly n.

In [Guirardel and Levitt 2008], we associated a tree of cylinders 7. to any €-
tree T, as follows. Two (nonoriented) edges of T are equivalent if their stabilizers
are commensurable. A cylinder of T is an equivalence class Y. We identify Y with
the union of its edges, which is a subtree of T'.

Two distinct cylinders meet in at most one point. One can then define the tree
of cylinders of T as the tree 7, dual to the covering of T by its cylinders, as in
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[Guirardel 2004, Definition 4.8]. Formally, T, is the bipartite tree with vertex set
V(T.) = Vo(T,) u Vi(T,) defined as follows:

(1) Vu(T,) is the set of vertices x of T belonging to (at least) two distinct cylinders;
(2) Vi(T,) is the set of cylinders Y of T’

(3) there is an edge ¢ = (x, Y) between x € Vy(T.) and Y € Vi (T,) if and only
if x (viewed as a vertex of T) belongs to Y (viewed as a subtree of T).

Alternatively, one can define the boundary oY of a cylinder Y as the set of vertices
of Y belonging to another cylinder, and obtain 7, from T by replacing each cylinder
by the cone on its boundary.

All edges of a cylinder Y have commensurable stabilizers, and we denote by
% C ¢ the corresponding commensurability class. We sometimes view V;(7;) as
a set of commensurability classes.

2c. Almost invariant subsets. Given a subgroup H C G, consider the action of
H on G by left multiplication. A subset X C G is H-finite if it is contained in
the union of finitely many H -orbits. Two subsets X and Y are equivalent if their
symmetric difference X + Y is H-finite. We denote by [X] the equivalence class
of X, and by X* the complement of X.

An H-almost invariant subset (or an almost invariant subset over H) is a subset
X C G that is invariant under the (left) action of A and equivalent to the right-
translate Xs for all s € G. An H-almost invariant subset X is nontrivial if neither
X nor its complement X* is H-finite. Given H < G, the set of equivalence classes
of H-almost invariant subsets is a Boolean algebra By for the usual operations.

If H contains H' with finite index, then any H -almost invariant subset X is also
H’-almost invariant. Furthermore, two sets X and Y are equivalent over H' if and
only if they are equivalent over H. It follows that, given a commensurability class
%€ of subgroups of G, the set of equivalence classes of almost invariant subsets over
subgroups in € is a Boolean algebra Re.

Two almost invariant subsets X over H and Y over K are equivalent if their
symmetric difference X + Y is H-finite. By [Scott and Swarup 2003, Remark 2.9],
this is a symmetric relation: X + Y is H-finite if and only if it is K-finite. If X
and Y are nontrivial, equivalence implies that H and K are commensurable.

The algebras B¢ are thus disjoint, except for the (trivial) equivalence classes of
@ and G that belong to every %B¢. We denote by % the union of the algebras RBe. It
is the set of equivalence classes of all almost invariant sets, but it is not a Boolean
algebra in general. There is a natural action of G on % induced by left translation
(or conjugation).

2d. Cross-connected components and regular neighborhoods. Let X be an H-
almost invariant subset, and Y a K-almost invariant subset. One says that X
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crosses Y, or the pair {X, X*} crosses {Y, Y*}, if none of the four sets X® Ny ®
is H-finite (we denote by X* NY™ the four possible intersections XNY, X*NY,
XNY* and X*NY*). By [Scott 1998], this is a symmetric relation. Note that X
and Y do not cross if they are equivalent, and that crossing depends only on the
equivalence classes of X and Y. Following [Scott and Swarup 2003], we will say
that X*' N Y™ is small if it is H-finite (or equivalently K -finite).

Now let & be a subset of B. Let ¥ be the set of nontrivial unordered pairs
{[X], [X*]} for [X] € . A cross-connected component (CCC) of ¥ is an equiv-
alence class C for the equivalence relation generated on ¥ by crossing. We often
say that X, rather than {[ X], [X*]}, belongs to C, or represents C. We denote by 7
the set of cross-connected components of .

Given three distinct cross-connected components C, C,, C3, we say that C; is
between C1 and Cj if there are representatives X; of C; satisfying X| C X C X3.

A star is a subset £ C J€ containing at least two elements, and maximal for the
property that, given C, C’ € £, no C” € ¥ is between C and C’. We denote by ¥
the set of stars.

Definition 2.2. Let ¥ C % be a collection of almost invariant sets. Its regular neigh-
borhood RN(X) is the bipartite graph whose vertex set is # LI S (a vertex is either
a cross-connected component or a star), and whose edges are pairs (C, £) e X x ¥
with C € . If ¥ is G-invariant, then G acts on RN(¥X) .

This definition is motivated by the following remark, whose proof we leave to
the reader.

Remark 2.3. Let T be any simplicial tree. Suppose that # C T meets any closed
edge in a nonempty finite set. Define betweenness in # by C, € [C{,C3] C T.
Then the bipartite graph defined as above is isomorphic to a subdivision of T'.

In the situation of Scott and Swarup [2003], a main result is that RN (%) is a
tree. We will reprove this fact by identifying RN (%) with a subdivision of the tree
of cylinders.

3. Regular neighborhoods as trees of cylinders

Now we fix a family € as in Definition 2.1. It is stable under commensurability,
and a group of € cannot contain another with infinite index. Let T be an €é-tree.
In Section 3a, we define the set B (7T) of almost invariant sets based on 7', and we
state the main result, Theorem 3.3: The regular neighborhood RN (B(T')) of B(T)
is up to subdivision the tree of cylinders 7;.. In Section 3b, we represent elements of
B(T) by special subforests of 7. We then study the cross-connected components
of B(T'). We prove Theorem 3.3 in Section 3d by constructing a map @ from the set
of cross-connected components to 7. In Section 3e we generalize Theorem 3.3 to
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Theorem 3.11 by including almost invariant sets enclosed by quadratically hanging
vertices of 7.

3a. Almost invariant sets based on a tree. We fix a basepoint vy € V(T). If e
is an edge of 7', we denote by ¢é the open edge. Let 7, and 7, be the connected
components of 7'\ é. The set of g € G such that gog € T, (respectively gvg € T,%)
is an almost invariant set Z, (respectively Z7) over G.. Up to equivalence, it is
independent of vg. When we need to distinguish between Z, and Z, we orient e
and declare that the terminal vertex of e belongs to 7.

Now consider a cylinder Y C T and the corresponding commensurability class €.
Any Boolean combination of the Z, for e € E(Y) is an almost invariant set over
some subgroup H € 6.

Definition 3.1. Given a cylinder Y, associated to a commensurability class €, the
Boolean algebra of almost invariant subsets based on Y is the subalgebra B¢ (T)
of B¢ generated by the classes [Z,] for e € E(Y).

The set of almost invariant subsets based on T is the union B(T') = |, B (T),
a subset of B = | J, Be; just like 3B, it is a union of Boolean algebras but not itself
a Boolean algebra.

Proposition 3.2. Let T and T’ be minimal €-trees. Then B(T) = B(T') if and
only if T and T’ belong to the same deformation space.
More precisely, T dominates T' if and only if B(T") C B(T).

Proof. Suppose T dominates T’. After subdividing T (this does not change %(T)),
we may assume that there is an equivariant map f : T — T’ sending every edge to
a vertex or an edge. We claim that, given ¢’ € E(T"’), there are only finitely many
edges e¢; € E(T) such that f(e;) = ¢’. To see this, we may restrict to a G-orbit of
edges of T, since there are finitely many such orbits. If e and ge both map onto ¢’,
then g € G.. Because of the hypotheses on €, the stabilizer G, is contained in G/
with finite index. The claim follows.

Choose basepoints v € T and v’ = f(v) € T'. Then Z, (defined using v’) is a
Boolean combination of the sets Z,. (defined using v), so B(T") C B(T).

Conversely, assume B(T") C B(T). Let K C G be a subgroup elliptic in 7. We
show that it is also elliptic in 7".

If not, we can find an edge ¢ = [v’, w'] C T’, and sequences g, € G and
k, € K, such that the sequences g,v’ and g,k,v’ have no bounded subsequence,
and ¢’ C [g,v’, gnk,v'] for all n. (If K contains a hyperbolic element k, we choose
¢’ on its axis, and we define g, = k" and k,, = k*: if K fixes an end @, we want
gy e’ C [v', k,0'], so we choose ¢’ and g, such that all edges g e’ are contained
on aray p going out to w, and then we choose k,.) Defining Z, using the vertex v’
and a suitable orientation of ¢’, we have g, € Z, and g,k, ¢ Z..



86 VINCENT GUIRARDEL AND GILBERT LEVITT

Using a vertex of T fixed by K to define the almost invariant sets Z,, we see
that any element of %B(T') is represented by an almost invariant set X satisfying
XK = X. In particular, since B(T") C B(T), there exist finite sets F| and F> such
that Z = (Zo \ G F1) U G F, is K-invariant on the right. For every n, one has
gnkn € Go F> (if g, gnkn € Z) or g, € G Fy (if not), so one of the sequences g, k, v’
or g,v’ has a bounded subsequence (because G is elliptic), a contradiction. [J

Remark. The only fact used in the proof is that no edge stabilizer of T has infinite
index in an edge stabilizer of T".

Theorem 3.3. Let T be a minimal é-tree, with € as in Definition 2.1, and T, its
tree of cylinders for the commensurability relation. Let X = B(T) be the set of
almost invariant subsets based on T.

Then RN (X) is equivariantly isomorphic to a subdivision of T..

By Proposition 3.2, and [Guirardel and Levitt 2008, Theorem 1], RN (%) and 7,
only depend on the deformation space of 7.

To prove the version of Theorem 3.3 stated in the introduction, one takes € to
be the family of subgroups commensurable to an edge stabilizer of T'.

The theorem will be proved in the next three subsections. We always fix a base
vertex vg € T.

3b. Special forests. Let S and S’ be subsets of V(7). We say that S and S’ are
equivalent if their symmetric difference is finite; we say S is trivial if it is equivalent
to @ or V(T).

The coboundary 68 is the set of edges having one endpoint in S and one in $*
(the complement of S in V(T)). We shall be interested in sets S with finite
coboundary. Since J(SNS") C dSUIS’, they form a Boolean algebra.

We also view such an S as a subforest of T, by including all edges whose end-
points are both in §; we can then consider the (connected) components of S. The
set of edges of T is partitioned into edges in S, edges in S*, and edges in 65 =JS™*.
Note that S is equivalent to the set of endpoints of its edges. In particular, S is finite
(as a set of vertices) if and only if it contains finitely many edges.

We say that S is a special forest based on a cylinder Y if 6§ = {e, ..., e,} is
finite and contained in Y. If nonempty, S contains at least one vertex of Y. Each
component of S (viewed as a subforest) is a component of T\ {éy, ..., é,}, and S*
is the union of the other components of 7'\ {é1, ..., é,}.

We define By as the Boolean algebra of equivalence classes of special forests
based on Y.

Given a special forest S based on Y, we define X5 = {g | gvgp € S}. Itis
an almost invariant set over H = (,.55 Ge, a subgroup of G belonging to the
commensurability class ‘6 associated to ¥'; we denote its equivalence class by [ X s].
Every element of %(7') may be represented in this form. More precisely:
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Lemma 3.4. Let Y be a cylinder associated to a commensurability class €. Then
the map S +— [Xg] induces an isomorphism of Boolean algebras between Ry
and B (T).

Proof. 1t is easy to check that § — [Xs] is a morphism of Boolean algebras. It is
onto because the set 7, used to define the almost invariant set Z, is a special forest
(based on the cylinder containing e). It remains to determine the “kernel”, namely
to show that X is H-finite if and only if S is finite (where H denotes any group
in €).

First suppose that S is finite. Then § is contained in Y since it contains any
connected component of 7 \ Y that it intersects. Since S is finite, no vertex x
of § has infinite valence in 7. In particular, for each vertex x € §, the group G, is
commensurable with H. It follows that {g € G | g.vg = x} is H-finite, and X is
H -finite.

If S is infinite, one of its components is infinite, and by minimality of 7" there
exists a hyperbolic element g € G such that g"vg € S for all n > 0. Thus g" € X
for n > 0. If Xy is H-finite, one can find a sequence n; going to infinity, and
h; € H, such that g"' = h;g"°. Since H is elliptic in T, the sequence h;g"0vg is
bounded, a contradiction. O

Lemma 3.5. Let S and S’ be special forests.

(1) If S and S’ are infinite and based on distinct cylinders, and if SN S’ is finite,
then SNS' = @.

(2) If X5 crosses X', then S and S' are based on the same cylinder.
(3) XsN X is small if and only if SN S’ is finite.

Proof. For part (1), assume that S and S’ are infinite and based on Y # Y’, and
that S N S’ is finite. Let [u, u'] be the bridge between Y and Y’ (with u = v’ if Y
and Y’ intersect in a point). Since « and u’ lie in more than one cylinder, they have
infinite valence in 7.

Assume first that u € S. Then S contains all components of 7\ {u}, except finitely
many of them (which intersect Y). In particular, S contains Y’. If S’ contains u/,
it contains u by the same argument, and S N S’ contains infinitely many edges
incident on u, a contradiction. If S’ does not contain ', it is contained in S, also a
contradiction.

We may therefore assume u ¢ S and u’ ¢ S’. It follows that S (respectively S') is
contained in the union of the components of T \ {u} (respectively T \ {u'}) which
intersect Y (respectively Y’), so S and S’ are disjoint.

Part (2) is a consequence of [Scott and Swarup 2003, Proposition 13.5], but here
is a direct argument. Assume that S and S’ are based on Y # Y’, and let [u, u’]
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be as above. Up to replacing S and S’ by their complements, we have u ¢ S and
u’' ¢ S’. The argument above shows that SN S' = &, so X does not cross X .
For part (3), first suppose that S N S’ is finite. If, say, S is finite, then Xy is
H-finite by Lemma 3.4, so XN X is small. Assume therefore that S and S’ are
infinite. If they are based on distinct cylinders, then X N X¢ = & by part (1). If
they are based on the same cylinder, then S N §’ is itself a finite special forest, so
XsN Xsg = Xgng is small by Lemma 3.4. Conversely, if S NS’ is infinite, one
shows that Xg N X is not H-finite as in the proof of Lemma 3.4, using g such
that g"v € SN S’ for all n > 0. O

Remark 3.6. If S and S’ are infinite and Xg N X is small, then S and S’ are
equivalent to disjoint special forests. This follows from the lemma if they are
based on distinct cylinders. If not, one replaces S’ by S' N S*.

3c. Peripheral cross-connected components. Theorem 3.3 is trivial if T is a line,
so we can assume that each vertex of T has valence at least 3 (we now allow G
to act with inversions). We need to understand cross-connected components. By
Lemma 3.5(2), every such component is based on a cylinder, so we focus on a
given Y. We first define peripheral special forests and almost invariant sets.

Recall that 8Y is the set of vertices of Y that belong to another cylinder. Let
v € 0Y be a vertex whose valence in Y is finite. Let ey, ..., e, be the edges of Y
containing v, oriented towards v. Let S, y =T, N---NT,, (recall that 7, denotes
the component of 7'\ é containing the terminal point of ). It is a subtree satisfying
Sy.y NY = {v}, with coboundary 6S, y = {ey, ..., e,}. We say that S, y, and any
special forest equivalent to it, is peripheral (but S; , is not peripheral in general).

We denote by X, y the almost invariant set corresponding to S, y, and we say
that X is peripheral if it is equivalent to some X, y. Both S, , and S} , are infinite,
so X, y is nontrivial by Lemma 3.4.

We claim that C, y = {{[X,,v], [X ;k y1}} 18 a complete cross-connected compo-
nent of B(7'), called a peripheral CCC. Indeed, assume that X, y crosses some Xs.
Then S is based on ¥ by Lemma 3.5, but since S, y contains no edge of Y, it is
contained in Sy or S%, which prevents crossing.

Note that if C,, y = Cyy/, then Y =Y’ (because an H-almost invariant subset
determines the commensurability class of H), and v = v’ except when Y is a single
edge vv’, in which case X, y = X;‘,,Y.

Lemma 3.7. Let Y be a cylinder. There is at most one nonperipheral cross-
connected component Cy based on Y. There is exactly one if and only if |0Y | #2, 3.

Proof. The proof is in three parts.

We first claim that, given any infinite connected nonperipheral special forest S
based on Y, there is an edge e C S N Y such that both connected components of
S\ {é} are infinite.
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Assume there is no such e. Then S NY is locally finite: Given v € S, all but
finitely many components of S\ {0} are infinite, so infinitely many edges incident
on v satisfy the claim if » has infinite valence in SNY.

Since S is infinite and nonperipheral, S NY is not reduced to a single point. We
orient every edge e of SNY so that S N 7, is infinite and S N 7* is finite. If a
vertex v of SNY is terminal in every edge of SNY that contains it, S is peripheral.
We may therefore find an infinite ray p C SN Y consisting of positively oriented
edges. Since every vertex of T has valence > 3, every vertex of p is the projection
onto p of an edge of JS, contradicting the finiteness of 4S. This proves the claim.

Secondly, to show that there is at most one nonperipheral cross-connected com-
ponent, we fix two nontrivial forests S and S’ based on Y, and we show that X
and X are in the same CCC if they do not belong to peripheral CCCs. We can
assume that Xg N X is small, and by Remark 3.6 that S N S’ is empty. We may
also assume that every component of S and S’ is infinite.

Since S is not peripheral, it contains two disjoint infinite special forests S; and S,
based on Y: This is clear if S has several components, and follows from the claim
otherwise. Construct S and S, similarly. Then X5, UX §| Crosses both X and X,
so X5 and X are in the same cross-connected component.

Finally, we discuss the existence of Cy. If [0Y| >4, choose vy, ...,v4€0Y, and
consider edges ej, ey, e3 of Y such that each v; belongs to a different component
S; of T'\ {é1, é2, é3}. These components are infinite because v; € 0Y, and X,us,
belongs to a nonperipheral CCC.

If 0Y is empty, then Y =T and existence is clear. If 0Y is nonempty, minimality
of T implies that Y is the convex hull of 0Y (replacing every cylinder by the
convex hull of its boundary yields an invariant subtree). From this we deduce that
|0Y| # 1, and every CCC based on Y is peripheral if |0Y| equals 2 or 3. There is
one peripheral CCC if |0Y| =2 (thatis, Y is a single edge) and three if |0Y | =3. UJ

Remark 3.8. The proof shows that, if |0Y| > 4, then for all u # v in 0Y, the
nonperipheral CCC is represented by a special forest S such that u € S and v € S*.

3d. Proof of Theorem 3.3. From now on we assume that 7 has more than one
cylinder; otherwise there is exactly one cross-connected component, and both
RN (%) and T, are points.

It will be helpful to distinguish between a cylinder Y C T or a point # € oY,
and the corresponding vertex of 7.. We therefore denote by Y, or #, the vertex of
T, corresponding to Y or #.

Recall that ¢ denotes the set of cross-connected components of ¥ = RB(T).
Consider the map @ : ¥ — T, defined as follows:

o If C = Cy is a nonperipheral CCC, then ®(C) =Y, € V|(T,).
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o If C =C, y is peripheral, and #3Y > 3, then @ (C) is the midpoint of the edge
e = (v, Y.) of To.

o If #0Y =2, and C is the peripheral CCC based on Y, then ®(C) =Y..

In all cases, the distance between ®(C) and Y, is at most 1/2. If C is peripheral,
®(C) has valence 2 in T,.

Clearly, @ is one-to-one. By Remark 2.3, it now suffices to show that the image
of @ meets every closed edge, and @ preserves betweenness: For Cy, Ca, C3 € ¥,
C, is between C; and Cj if and only if ®(C3) € [D(Cy), P(C3)].

The first fact is clear because ®(¥) contains all vertices Y, € V,(T,) with
|0Y| # 3 and the three points at distance 1/2 from Y, if |0Y| = 3. To control
betweenness, we need a couple of technical lemmas.

If S is a nontrivial special forest, we denote by [[S]] the cross-connected com-
ponent represented by the almost invariant set X.

Let Y C T be a cylinder. We denote by pry : T — Y the projection. If Y’ is
another cylinder, then pry (Y”) is a single point. This point belongs to two cylinders
and hence defines a vertex of Vy(T,) that is at distance 1 from Y, on the segment
of T, joining Y, to Y.

Let Y be a cylinder with |0Y| > 4. For each nontrivial special forest S’ that
is either based on some Y’ # Y, or based on Y and peripheral, we define a point
ny(8’) €Y CT asfollows. If §" is based on Y’ # Y, we define 7y (S”) to be pry (Y').
If §’ is equivalent to some S, y, we define 7y (S") = v; note that in this case 7y (S")
is not defined.

Lemma 3.9. Let Y be a cylinder with |0Y| > 4. Consider two nontrivial special
forests S, S" with [[S']] # Cy and [[S]] = Cy, and assume S’ C S.

Then n = ny(S’) € Y is defined, n € S, and S’ contains an equivalent subforest
S” with 8" C pry' ({n}) C S.

Moreover, ®([[S']) lies in the connected component of T, \ {Y.} containing .

Proof. Let Y’ be the cylinder on which S’ is based.

If Y/ =Y, then ™ is not peripheral, so S’ is peripheral. Thus 7 is defined, and
S’ is equivalent to its subforest S” = Sy, ,. Then §” = pr;l({;y}) C S. In this case
@ ([[S'T) is the midpoint of the edge (%, Y.) of T,.

Assume that Y’ # Y. Then n = pry(Y') € S; otherwise Y’ would be disjoint
from S and hence from S§’, a contradiction. It follows that pr;,1 ({nhcS. Ifnes,
then S’ contains the complement of pr?l({n}), so S =T, a contradiction. Thus
n ¢ S’ and therefore S’ C pr;I({n}). The “moreover” is clear in this case since 7,
is between Y, and Y/, and ®([[S']]) is at distance < 1/2 from Y. O

Lemma 3.10. Ler S = Sy, be peripheral, and let S’ be a nontrivial special forest
with [[S'T] # [ST. Recall that u. is the vertex of T, associated to u.
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() If S" C S, then O([S'T) belongs to the component of T, \ {®([ST)} that
contains u.

(2) If S C S, then ®([[S'])) belongs to the component of T, \ {®([[ST)} that does
not contain u..

Proof. If §" C S, then S’ is based on some Y’ # Y. Since ' C § = pr;l({u}), we
have Y’ C pr)_,l({u}) and u, is between Y. and Y/ in T,.. The result follows since
O([[ST) is 1/2-close to Y. and O([[S']) is 1/2-close to Y.

If SC S and Y # Y', we have pry(Y') # u because S' # T, and the lemma
follows. If Y =Y/, the lemma is immediate. O

We can now show that ® preserves betweenness. Consider three distinct cross-
connected components Ci, Cp, C3 € 3. Let Y, be the cylinder on which C; is
based. Note that |0Y;| > 4 if C; is nonperipheral.

First assume that C, is between C; and C3. By definition, there exist almost
invariant subsets X; representing C; such that X; C X, C X3. By Lemma 3.4,
one can find special forests S; with [ X, ] = [X;]. By Remark 3.6, since the C; are
distinct, one can assume S| C Sy C S3 (if necessary, replace S> by S N S3, and
then S; by S1 NS> N S3).

If S, is peripheral, @ (C;) and @ (C3) are in distinct components of 7, \ {®(C>)}
by Lemma 3.10, so ®(C2) € [®(Cy), @(C3)]. If S5 is peripheral, we apply the
same argument using S5 C S5 C Sj.

Assume therefore that C, is nonperipheral. Lemma 3.9 implies that the points
1 = ny,(S1) and 73 = ny,(S3) are defined, and 7, € S, and #3 € S3. In particular,
we have 71 # 53. By the “moreover”, we get ®(C;) € [®(Cy), ®(C3)] since
O (Cr) = (Y2)e-

Now assume that C, is not between C; and C3, and choose S; with [[S;]] = C;.
By Remark 3.6, we may assume that for each i € {1, 3} some inclusion S;* C S5”
holds. Since C; is not between C; and C3, we may assume after changing S, to S
if needed that Sy C S; and S3 C 5.

If S> or S5 is peripheral, Lemma 3.10 implies that ®(C) and ®(Cs) lie in
the same connected component of T, \ {®(C3)}, so ®(C») is not between ®(Cy)
and ©(C3).

Assume therefore that C, is nonperipheral. Lemma 3.9 says that the points
N1 = 1Ny, (S1) and 53 = ny,(S3) are defined, and we may assume S; C pr;; {ni}). It
n1 = 13, then ®(C3) does not lie between @ (C;) and ®(C3) by the “moreover” of
Lemma 3.9. If #; # #3, consider S’z with [[5‘2]] = (C, such that n; € 32 and 73 € S’i"
(it exists by Remark 3.8). Then S| C pr;; (m) C S, and S5 C pr}z1 (13) C 8%, so
C, lies between C; and C3, a contradiction.

This ends the proof of Theorem 3.3. ]
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3e. Quadratically hanging vertices. We say that a vertex stabilizer G, of T is
a QH-subgroup if there is an exact sequence 1 - F — G, % ¥ — 1, where
¥ = 71(0) is a hyperbolic 2-orbifold group and every incident edge group G, is
peripheral: It is contained with finite index in the preimage by # of a boundary
subgroup B = 7;(C), with C a boundary component of 0. We say that v is a
QH-vertexof T.

We now define almost invariant sets based on v. They will be included in our
description of the regular neighborhood.

We view X as a convex cocompact Fuchsian group acting on H?. Let H be any
nonperipheral maximal two-ended subgroup of X (represented by an immersed
curve or 1-suborbifold). Let y be the geodesic invariant by H. It separates H into
two half-spaces P*, which may be interchanged by certain elements of H.

Let H be the stabilizer of P, which has index at most 2 in H, and let x( be a
basepoint. We define an H-almost invariant set X C X as the set of g € X such
that gxo € P*. (If H is the fundamental group of a two-sided simple closed curve
on O, there is a one-edge splitting of ¥ over H, and X is a Z, as in Section 3a.)

The preimage of X in G, is an almost invariant set X, over the preimage H
of Hy. We extend it to an almost invariant set X of G as follows. Let S’ be the set
of vertices u # v of T such that, denoting by e the initial edge of the segment [v, u],
the geodesic of H? invariant under G, C G, lies in P*; note that it lies in either
PT or P~. Then X is the union of X, with the set of g ¢ G, such that g € §'.

Starting from H, we have thus constructed an almost invariant set X, which is
well defined up to equivalence and complementation (because of the choices of
xo and P¥). We say that X is a QH-almost invariant subset based on v. We let
QH, (T) be the set of equivalence classes of QH-almost invariant subsets obtained
from v as above (varying H), and we let QH(T') be the union of all QH, (7') when v
ranges over all QH-vertices of 7.

Theorem 3.11. With € and T as in Theorem 3.3, let ¥ = B(T)UQH(T). Then
RN (%) is isomorphic to a subdivision of T,.

Proof. The proof is similar to that of Theorem 3.3.

If X is a QH-almost invariant subset as constructed above, we call S = 5’ U {v}
the QH-forest associated to X. We say that it is based on v. The coboundary of S
is infinite, but all its edges contain . We may therefore view S as a subtree of T'
(the union of v with certain components of 7'\ {v}). It is a union of cylinders. We
let $* = (T \ §)U{v}, so that SN S* = {v}.

Note that S cannot contain a peripheral special forest S, y, with ¥ a cylinder
containing v (this is because the subgroup H C X was chosen nonperipheral).

Conversely, given a QH-forest S, one can recover Hy, which is the stabilizer of S,
and the equivalence class of X. In other words, there is a bijection between QH,, (T')
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and the set of QH-forests based on v. We denote by X g the almost invariant set X

corresponding to S (it is well defined up to equivalence). Note that X is not a

subset of {g € G | gv € S}, and these sets have the same intersection with G \ G,,.
The following fact is analogous to Lemma 3.5.

Lemma 3.12. Let S be a QH-forest based on v. Let S’ be a nontrivial special
forest, or a QH-forest based on v’ # v.

(1) XsNXg is small if and only if SN S' = &.
(2) Xg and X do not cross.

Proof. When §’ is a special forest, we use v as a basepoint to define X g as the set
{g | gv € §'}. Beware that X is properly contained in {g | gv € S}.

We claim that if S’ is a special forest with v ¢ S" and SNS’ # &, then Xg C X.
Let Y’ be the cylinder on which S’ is based. Since each connected component of
S’ contains a point in Y’, there is a point w # v in SN Y’. Since S is a union of
cylinders, S contains Y’. All connected components of S’ therefore contain a point
of S and so are contained in S\ {v} since v ¢ S’. We deduce Xy C Xs.

We now prove (1). If SNS' = @, then XN Xg = &. We assume SN S # &,
and we show that X¢N X is not small. If S is a QH-forest, thenv € §’ or v’ € S.
If for instance v € §’, then XgN X ¢ is not small because it contains XsNG,. Now
assume that S’ is a special forest. If v € ', the same argument applies, so assume
that v ¢ S’. The claim implies Xg C X, s0 XN X is not small.

To prove (2), first consider the case where S’ is a QH-forest. Up to changing S
and S’ to S* or §™*, one can assume SN S’ = &, so Xy does not cross Xg. If &
is a special forest, we can assume v ¢ S’ by changing S’ to ™. By the claim, X
does not cross Xg. O

The lemma implies that no element of QH(T') crosses an element of %B(7'), and
elements of QH, (7") do not cross elements of QH,,(T") for v # v’.

Since QH, (T) is a cross-connected component, the set ¢ of cross-connected
components of B(T)UQH(T) is therefore the set of cross-connected components
of B(T), together with one new cross-connected component QH, (7') for each QH-
vertex v.

One extends the map @ defined in the proof of Theorem 3.3 to a map O:9—T,
by sending QH, (T") to v (viewed as a vertex of Vy(T,) since a QH-vertex belongs
to infinitely many cylinders). We need to prove that ) preserves betweenness.

Lemmas 3.9 and 3.10 extend immediately to the case where S’ is a QH-forest:
one just needs to define 7y (") = pry (v") for §” based on v’, so that v’ plays the role
of Y’ in the proofs. (In the proof of Lemma 3.9, the assertion that # ¢ S” should
be replaced by the fact that S’ MY contains no edge; this holds since otherwise S’
would contain Y.) This allows to prove that, if C; is not a component QH, (T),
then @ (C,) is between @ (C;) and ®(C3) if and only if C; lies between C and Cs.
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To treat the case when C, = QH, (T'), we need a cylinder-valued projection 7,.
Let Y be a cylinder or a QH-vertex distinct from v. We define #, (Y) as the cylinder
of T containing the initial edge of [v, x] for any x € Y different from ». Equiv-
alently, #,(Y) is Y if v € Y, the cylinder containing the initial edge of the bridge
joining x to Y otherwise.

If v lies in a cylinder Y, denote by 7, ! (Y?) the union of cylinders ¥ such that
1,(Y) = Y°. Equivalently, this is the set of points x € T such that x = v or [x, v]
contains an edge of Y°.

As before, [[S]] denotes the cross-connected component represented by X.

Lemma 3.13. Let S be a QH-forest based on v. Let S' be a nontrivial special
forest, or a QH-forest based on v’ # v. Let Y' be the cylinder or QH-vertex on
which S’ is based, and let Y'° = 5, (Y").

IfS'C S, then S'C ' (Y?) CS.

Moreover, ®([[S'T]) and YC’0 lie in the same component of T, \ {® ([ST)}.

We leave the proof of this lemma to the reader.

Assume now that §1 C S, C §3 with [[S;]] = C; and S; based on v. Fori =1, 3,
let Yl.0 =1,(Y;). Then S| C nv_l(Ylo) C $and 85 C 110_1(Y30) C S3. In particular,
Y10 #* Yé). Since (Yl0 ) and (Y30 ). are neighbors of v., they lie in distinct components
of T, \ {®(C,)}. By Lemma 3.13, so do ®([[S1]]) and @ ([[S5]]).

Conversely, assume that C; does not lie between C and C3, and consider S; C S,
and S3 C S, with [S;]] = C;. Fori = 1, 3, let ¥ be as above. If Y = Y7, then
®(C3) is not between ®(C;) and ®(C3) by Lemma 3.13, and we are done. If
Yl0 # Y, these cylinders correspond to distinct peripheral subgroups of G,, with
invariant geodesics y; # y3. There exists a nonperipheral group H C X, as in the
beginning of this subsection, whose invariant geodesic separates y; and y3. Let
S’ be the associated QH-forest. Then [[S;]] = C> and, up to complementation,
ny L(Y)) € S and 77,71 (YY) C Sy*. It follows that Sy C S} and S5 C S5*, so C, lies
between C; and C3, contradicting our assumptions. U

4. The regular neighborhood of Scott and Swarup

A group is VPC,, if some finite index subgroup is polycyclic of Hirsch length n. For
instance, VPCy groups are finite groups, VPC; groups are virtually cyclic groups,
and VPC, groups are virtually Z> (but not all VPC,, groups are virtually abelian
for n > 3).

Fix n > 1. We assume that G is finitely presented and does not split over a
VPC,,_| subgroup. We also assume that G itself is not VPC, ;. All trees we
consider here are assumed to have VPC,, edge stabilizers.

A subgroup H C G is universally elliptic if it is elliptic in every tree. A tree is
universally elliptic if all its edge stabilizers are.
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A tree is a JSJ tree (over VPC,, subgroups) if it is universally elliptic, and max-
imal for this property: it dominates every universally elliptic tree. JSJ trees exist
(because G is finitely presented) and belong to the same deformation space, called
the JSJ deformation space; see [Guirardel and Levitt 2009].

A vertex stabilizer G, of a JSJ tree is flexible if it is not VPC,, and is not univer-
sally elliptic. It follows from [Dunwoody and Sageev 1999] that a flexible vertex
stabilizer is a QH-subgroup, as defined in Section 3e: There is an exact sequence
1—- F— G, — X — 1, where £ =7(0) is the fundamental group of a hyperbolic
2-orbifold, F is VPC,_;, and every incident edge group G, is peripheral. Note
that the QH-almost invariant subsets X constructed in Section 3e are over VPC,,
subgroups.

We can now describe the regular neighborhood of all almost invariant subsets
of G over VPC,, subgroups as a tree of cylinders.

Theorem 4.1. Let G be a finitely presented group, and let n > 1. Assume that G
does not split over a VPC,,_ subgroup and that G is not VPC, . Let T be a JSJ
tree over VPC, subgroups, and let T, be its tree of cylinders for the commensura-
bility relation.

Then Scott and Swarup’s regular neighborhood of all almost invariant subsets
over VPC, subgroups is equivariantly isomorphic to a subdivision of T,.

This is immediate from Theorem 3.11 and Theorem 4.2, which says one can read
any almost invariant set over a VPC,, subgroup in a JSJ tree T, and which follows
from [Dunwoody and Swenson 2000] and [Scott and Swarup 2003, Theorem 8.2].

Theorem 4.2. Let G and T be as above.
For any almost invariant subset X over a VPC,, subgroup, the equivalence class
[X] belongs to B(T) U QH(T).

Proof. We essentially follow the proof by Scott and Swarup [2003],! and we adopt
their definitions. All trees considered here have VPC, edge stabilizers.

Let X be a nontrivial almost invariant subset over a VPC,, subgroup H. We first
consider the case where X crosses strongly some other almost invariant subset.
Then by [Dunwoody and Swenson 2000, Proposition 4.11], H is contained as a
nonperipheral subgroup in a QH-vertex stabilizer W of some tree 7’. When acting
on T, the group W fixes a QH-vertex v € T'; see [Guirardel and Levitt 2009, Remark
7.20].

Note that H is not peripheral in G,, because it is not peripheral in W. Since
(G, H) only has 2 coends [2003, Proposition 13.8], there are (up to equivalence)
only two almost invariant subsets over subgroups commensurable with H (namely
X and X™), and therefore [X] € QH, (T).

1From here on, [2003] refers to [Scott and Swarup 2003].
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From now on, we assume that X crosses strongly no other almost invariant sub-
set over a VPC,, subgroup. Then, by [Dunwoody and Roller 1993] and [Dunwoody
and Swenson 2000, Section 3], there is a nontrivial tree Ty with one orbit of edges
and an edge stabilizer Hy commensurable with H.

Since X crosses strongly no other almost invariant set, H and Hy are universally
elliptic; see [Guirardel 2005, Lemme 11.3]. In particular, 7 dominates 7. It
follows that there is an edge of T with stabilizer contained in Hy (necessarily with
finite index). This edge is contained in a cylinder Y associated to the commensu-
rability class of H.

The main case is when 7" has no edge e such that Z, crosses X. (See Section 3a
for the definition of Z,.) The following lemma implies that X is enclosed in some
vertex v of 7.

Lemma 4.3. Suppose G is finitely generated. Let X C G be a nontrivial almost
invariant set over a finitely generated subgroup H. Let T be a tree with an action
of G. If X crosses no Z,, then X is enclosed in some vertexv € T.

Proof. The argument follows a part of the proof of [2003, Proposition 5.7].

Given two almost invariant subsets, we use the notation X > Y when Y N X* is
small. The noncrossing hypothesis says that each edge e of T may be oriented so
that Z, > X or Z, > X*. If one can choose both orientations for some e, then X is
equivalent to Z,, so X is enclosed in both endpoints of e and we are done.

We orient each edge of T in this manner. We color the edge blue or red according
to whether Z, > X or Z, > X*. No edge can have both colors. If e is an oriented
edge, and if ¢’ lies in 7%, then ¢’ is oriented towards e, so that Z, C Z,/, and ¢’ has
the same color as e. In particular, given a vertex v, either all edges containing v
are oriented towards v, or there exists exactly one edge containing v and oriented
away from v, and all edges containing » have the same color.

If v is as in the first case, X is enclosed in » by definition. If there is no such v,
then all edges have the same color and are oriented towards an end of 7. By [2003,
Lemma 2.31], G is contained in the R-neighborhood of X for some R > 0, so X
18 trivial, a contradiction. |

Let v be a vertex of T enclosing X. In particular, H C G,. The set X, = XNG,
is an H-almost invariant subset of G, (note that G, is finitely generated). By
[2003, Lemma 4.14], there is a subtree S C T containing v, with S\ {v} a union of
components of T\ {v}, such that X is equivalent to X, U{g | g.v € S\ {v}}.

Lemma 4.4. The H-almost invariant subset X, of G, is trivial.

Proof. Otherwise, by [Dunwoody and Roller 1993; Dunwoody and Swenson 2000],
there is a G,-tree T; with one orbit of edges and an edge stabilizer H; commen-
surable with H, and an edge e¢; C 71, such that Z,, lies up to equivalence in the
Boolean algebra generated by the orbit of X, under the commensurator of H in G,.
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Note that G, is elliptic in 77 for each edge e of T incident to v: By symmetry of
strong crossing [2003, Proposition 13.3], G, does not cross strongly any translate
of X, and thus does not cross strongly Z,,, so G, is elliptic in 7 [Guirardel 2005,
lemme 11.3]. This ellipticity allows us to refine 7 by creating new edges with
stabilizer conjugate to H;. Since H; is universally elliptic, this contradicts the
maximality of the JSJ tree T'. U

After replacing X by an equivalent almost invariant subset or its complement,
and possibly changing S to (7' \ S) U {v}, we can assume that X = {g | g.v ¢ S}.
Recall that Y is the cylinder defined by the commensurability class of H.

Lemma 4.5. The coboundary 08, consisting of edges vw with w ¢ S, is a finite set
of edges of Y.

This implies that [ X] € B(T'), ending the proof when X crosses no Z,.

Proof of Lemma 4.5. Let E be the set of edges of 45, oriented so that X =| |,z Z,
(we use v as a basepoint to define Z,). Let A be a finite generating system of G
such that, for all @ € A, the open segment (av, v) does not meet the orbit of v.
One can construct such a generating system from any finite generating system by
iteratively replacing {a} by the pair {g, g~'a} if (av, v) contains some g.o.

Let I' be the Cayley graph of (G, A). For any subset Z C G, denote by dZ the
set of edges of I" having one endpoint in Z and the other endpoint in G \ Z. By our
choice of A, no edge joins a vertex of Z, to a vertex of Z, for e # ¢'. It follows
that 0X = |,.z 0Z..

Since 0X is H -finite, the set 0Z, is H-finite for each ¢ € E, and E is contained
in a finite union of H-orbits. Let e € E. Since 0Z, is G.-invariant and H -finite,
G.N H has finite index in G,. Since G, and H are both VPC,, they are commen-
surable, so the H-orbit of e is finite. It follows that £ C Y and that E is finite. [J

We now turn to the case when X crosses some of the Z,. For each e € E(T),
the intersection number i (Z,, X) is finite [Scott 1998], which means that there are
only finitely many edges ¢’ in the orbit of e such that Z, crosses X. Since 7/G is
finite, let ey, el_1 , €, e, 1, S, e, e ! be the finite set of oriented edges e such that
Z, crosses X, where we denote by e > e¢~! the orientation-reversing involution.
Note that e; C Y by [2003 Proposition 13.5]. Now X is a finite union of sets of the
form X' =XN2Z, £t N---NZz. Since X " does not cross any Z,, its equivalence

class lies in %(T) by the argument above and so does [ X]. U
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QUANTIZATION OF POISSON-HOPF STACKS ASSOCIATED
WITH GROUP LIE BIALGEBRAS

GILLES HALBOUT AND XIANG TANG

Let G be a simply connected Poisson-Lie group and g its Lie bialgebra.
Suppose that g is a group Lie bialgebra. This means that there is an action
of a discrete group I on G deforming the Poisson structure into cobound-
ary equivalent ones. This induces the existence of a Poisson—-Hopf algebra
structure on the direct sum over I' of formal functions on G, with Poisson
structures translated by I'. A quantization of this algebra can be obtained
by taking the linear dual of a quantization of the I" Lie bialgebra g, which is
the infinitesimal of a I" Poisson—Lie group. In this paper we find out an inter-
esting structure on the dual Lie group G*. We prove that we can construct
a stack of Poisson—Hopf algebras and prove the existence of the associated
deformation quantization of it. This stack can be viewed as the function
algebra on “the formal Poisson group” dual to the original I' Poisson-Lie
group. To quantize this stack, we apply Drinfeld functors to quantization of
the associated I' Lie bialgebra.

Introduction

In this paper, we study examples of Poisson—Hopf stacks and their quantization.
Enriquez and Halbout [2008] considered quantization of a I' Lie bialgebra (LBA).
As an outcome, they constructed a functor from the category of I' Lie bialgebra to
the category of I' quantized universal enveloping algebras (QUE). Our goal here
is to study the objects dual to I' Lie bialgebras and their quantizations.

There are two kinds of duality map we can apply to a I' Lie bialgebra: One is
to consider the algebra of functions on G. We obtain a direct sum @y er 0y of
formal functions on G, with Poisson structures translated by I'. When I is not a
finite group, the coproduct A maps 0, to an infinite sum. In general, EBy er0,isa
Poisson algebra but does not have a Hopf algebra structure because an infinite sum
appears in the coproduct. Nevertheless, we will still call EBy er 0, a I Poisson—
Hopf algebra. (We do have a collection of Poisson algebras and Poisson morphisms
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A, 0, — 0, ®0, that satisfy coassociativity rules). A quantization of such
a I' Poisson—-Hopf algebra defines the function algebra on a I' quantum group. We
refer to [Majid and Soibel’man 1994] for examples of quantum Weyl groups, and
[Enriquez and Halbout 2008] for quantization in the general case.

In this paper, we apply a duality map different from the function dual above. We
study the structures on the dual group G* by applying the Drinfeld functor to a I'
universal enveloping algebra. We discover a stack of Poisson formal series Hopf
algebras (PFSHA as defined in Section 1) dual to a I" Lie bialgebra; this duality is
similar to the one between Lie bialgebras and Poisson—Lie groups. Then we study
deformation quantization of this stack. We construct the deformation quantization
by applying the Drinfeld functor to a I' quantized universal enveloping algebra, and
obtain a stack of quantized formal series Hopf algebras (QFSHA). We summarize
our results in a commutative diagram:

I-LBA — 1 T-QUE
~ | |Dr
Quant
I'-PFSHA I'-QFSHA

Let I' be a discrete group, G a simply connected Lie group and g its Lie algebra.
Suppose that g is a I Lie bialgebra (or equivalently that G is a I' Poisson group),
that is, a Lie algebra (g, 14) together with a Lie cobracket J,, an action of T,
0:I' = Aut(g, ug)and f: T — /\2 (g) amap satisfying compatibility rules such that
I" acts on the double. Precise definitions and equivalent categories corresponding
to these objects will be recalled in Section 1. Examples of I' Lie bialgebras arise
when G is a Poisson-Lie group with Lie bialgebra (g, s4,dg), and I' C G is a
discrete subgroup. Another example is when g is a Kac—-Moody Lie algebra g, and
I" is a covering of the Weyl group of g. In the latter case, a quantization was given
[Majid and Soibel’man 1994]. Quantization of a general I" Lie bialgebra was done
in [Enriquez and Halbout 2008], as we will review in Section 1.

What structure does one get on the corresponding dual groups? Considering the
function algebra of a formal group, we get a trivial stack of Poisson—Hopf algebras.
In Section 3, we prove that we get a nontrivial stack of Poisson algebras of functions
on the formal Poisson-Lie group G* dual to a I' Poisson-Lie group G. To do so,
we will construct “lifts” of the elements (f(y)),er in the function algebra on G*.
In Section 2, we recall basic definitions of stacks and explain our main results.

In Section 4, we construct quantization of these nontrivial Poisson—Hopf stacks.
To do so we use quantization [Enriquez and Halbout 2008] of a I" Lie bialgebra.
To deduce from it a quantization of a nontrivial Poisson—Hopf stack, we use the
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Drinfeld functor and prove that quantization of the elements (f (y)),er can be made
“admissible”, that is, they will give quantizations of the corresponding “lifts”.

Finally, in Section 5, we give an explicit example corresponding to the case
where G is a simple Lie group and I' is a covering of the corresponding Weyl
group. In this case, quantization of Majid and Soibel’man [1994] will lead to an
explicit quantization of the nontrivial Poisson—Hopf stack.

Our results fit very well within Bressler, Gorokhovsky, Nest and Tsygan’s frame-
work [Bressler et al. 2007] of deformation quantization of gerbes. On one hand,
our results provide interesting examples of quantization of stacks; on the other,
the problems we deal with in this paper are more special and complicated because
we need to treat Hopf algebra structure. In [Kirillov and Reshetikhin 1990] and
[Soibel’man 1991] quantum Weyl groups are used to study R-matrices, and we
hope that the results in this paper will shed a light on the general I R-matrices.

1. T Lie bialgebras and equivalent categories

We recall some results of [Enriquez and Halbout 2008].

I' Lie algebras. A group Lie algebra is a triple (I, g, 85), where I is a group, g
is a Lie algebra and 0, : I' — Aut(g) is a group morphism. It is the infinitesimal
version of a I" action on a group G. Group Lie algebras form a category.

If I is a discrete group, a I' Lie algebra is a pair (g, 04) such that (I, g, 0y) is a
group Lie algebra. I' Lie algebras form a subcategory of group Lie algebras. Such
a I' Lie algebra will be said to be the infinitesimal of a I group G.

A group cocommutative bialgebra is a triple (I', U, i), where I" is a group, U is a
cocommutative bialgebra, U = @y cr Uy is adecomposition of U and i :KI' — U is
a bialgebra morphism, such that U, U,y C U,,, Ay(U,) C Uy@2 and i is compatible
with the I' grading.

We then define a I' cocommutative bialgebra as a pair (U, i) such that (T', U, i)
is a group cocommutative bialgebra. I' cocommutative bialgebras form a category.

The category of group (or I') cocommutative bialgebras contains as a full sub-
category the category of group (respectively I') universal enveloping algebras,
where (U, T, i) satisfies the additional requirement that U, is a universal envelop-
ing algebra.

Let O be a commutative algebra (in a symmetric monoidal category &) with a
decomposition 0 = &, - 0,. Suppose that 0,0, = 0 for y # y" and that we have
algebra morphisms

yell

Ay/y//:@y/y//—)@y/®@ "y nk—> @e, 8:©e—>k

satisfying axioms such that these morphisms add up to a bialgebra structure on O
when I is finite. Then we define a group commutative bialgebra (in a symmetric
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monoidal category &) as a triple (I, O, j), where I' is a group and j : 0 — k! is a
morphism of commutative algebras compatible with the I' gradings and the maps
A,,» on both sides. We define I' commutative bialgebras as above.

Define the category of group (or I') formal series Hopf (FSH) algebras as a
full subcategory of the category of group (respectively I') commutative bialgebras
in ¥ = {provector spaces} by the condition that O, (or equivalently, each 0,) is a
formal series algebra. Such an FSH algebra corresponds to functions on the formal
dual group of a I' group G.

Proposition 1.1 [Enriquez and Halbout 2008]. (1) We have (anti)equivalences of
categories

{group Lie algebras} <> {group universal enveloping algebras}
<> {group FHS algebras},
where the last map is an antiequivalence.
(2) If T is a group, these (anti)equivalences restrict to

{I'-Lie algebras} <> {I'-universal enveloping algebras} <> {I'-FHS algebras}.

We denote the I' universal enveloping algebra corresponding to a I' Lie algebra
(T, g,0g) as U(g)xT'. Itis isomorphic to U (g) QKT as a vector space. If we denote
by x — [x] and y > [y] the natural maps g — U(g) xI" and I' — U (g) x T, then
the bialgebra structure of U(g) x I is given by

Ixlly "1=16,)1, DIy1=0y1, AGD=[I®],
[x10x'] = [x'1[x] = [[x, x'T, le]=1, A(x]) =[x]1® 1+ 1 [x].

When T is finite, the corresponding I' FSH algebra is then (U (g) % kI')*, and
in general, this is @yer(U (9) @ ky)*.

I' Lie bialgebras.

Definition 1.2. A group Lie bialgebra is a S-uple (I', g, 04, dq, f), where (', g, )
is a group Lie algebra, g : g — /\z(g) is! such that (g, dg) is a Lie bialgebra, and
f:T— /\Z(g) is amap y — f, such that

@ A(0)) 0000, (x) =(x) +[f;,x® 1+ 1@x] forany x € g,

(b) fyy’ = fy + /\Z(ey)(fy’)’
(©) (®id)(fy)+I fy1=3, fy2=3] + cyclic permutations = 0.

IWe view /\Z(V) as a subspace of vez,
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Group Lie bialgebras form a category. When I’ is fixed, one defines the category
of I Lie bialgebras as above.

A co-Poisson structure on a group cocommutative bialgebra (I', U, i) is a co-
Poisson structure oy : A — /\2(U ) such that dy (U,) C /\Z(Uy). Co-Poisson group
cocommutative bialgebras form a category.

Co-Poisson group universal enveloping algebras form a full subcategory of the
latter category. One defines the full subcategories of co-Poisson I' cocommutative
bialgebras and co-Poisson I enveloping algebras as above.

A Poisson structure on a group commutative bialgebra (I', 0, j) is a Poisson
bialgebra structure {-, -} : /\2(@) — O such that {0,,0,} C 0, and {0,,0,/} =0
if y # y’. Poisson group bialgebras form a category, and Poisson group FSH
algebras form a full subcategory when ¥ = {provector spaces}. One defines the
full subcategories of Poisson I' bialgebras and Poisson I' FSH algebras as above.

Example. Let G be a Poisson-Lie (for example, algebraic) group, and let I' C G
be a subgroup (which we view as an abstract group). We define 6, := Ad(y), where
Ad: G — Autyic(g) is the adjoint action. If P : G — /\2 (g) is the Poisson bivector
satisfying P(gg’) = P(¢') + \(Ad(g))(P(g)), then we set f, := —P(y). Then
(g, T, f)isaT Lie bialgebra.

Example. Let (g, rg) be a quasitriangular Lie bialgebra and let 6 : I' — Aut(g, #;)
be an action of I' on g by Lie algebra automorphisms preserving t4 := rq + ré’l.
If we set f, := 0)?92(1*) —r, then (g,6, f) is a I' Lie bialgebra (we call this a
quasitriangular I" Lie bialgebra). For example, g is a Kac-Moody Lie algebra, and
F=Wisa covering of the Weyl group of g; see [Majid and Soibel’man 1994].

Proposition 1.3 [Enriquez and Halbout 2008]. (1) We have category (anti)equi-
valences

{group bialgebras} <> {co-Poisson group universal enveloping algebras}
<> {Poisson group FSH algebras}.
(2) The (anti)equivalences above restrict to category (anti)equivalences

{I"-bialgebras} <> {co-Poisson I" universal enveloping algebras}

<> {Poisson I" FSH algebras}.

If (g, 0y, dg) isa I" Lie bialgebra, then the co-Poisson structure on U :=U (g) x T’
is given by oy ([x]) =[dg(x)] and oy ([y]) = —[f,1([y1®[y]). Here we also denote
by x > [x] the natural map A*(g) — A*(U(g) x I).

Quantization of T Lie bialgebras. In a symmetric monoidal category ¥, let a I’
graded bialgebra be a bialgebra A (in &) equipped with a grading A = @yer A,,
such that A, A,y C A,, and As(A,) C A%z.
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Assume that A is a I graded bialgebra in the category of topologically free
k[[#]]-modules and that A is quasicocommutative in that Ay := A/hA is cocom-
mutative. Then we get a co-Poisson structure on Ag. It is I' graded in that
04,((Ap),) C /\2((A0)y). We therefore get a classical limit functor, class, from
{I"-graded quasicocommutative bialgebras} to {I"-graded co-Poisson bialgebras}.

Definition 1.4. A quantization functor for I Lie bialgebras is a functor

{co-Poisson I" universal enveloping algebras}

— {I"-graded quasicocommutative bialgebras},

which is right inverse to class.

Assume that (g, 6, f) is a I' Lie bialgebra. Let (U,, *, A.) be the Etingof-
Kazhdan quantization of (g, J); we will denote the multiplication by m,. We get
this from [Enriquez and Halbout 2008]:

Proposition 1.5. There exist sets (F, ,,), ,er of elements in U®?, with Fyyy =
1 + 1 f; +0(h?) and Alt(f)) = /\2((9y)(fy/), sets (Vo yy' yy'9" ).y yer Of elements
in 14 AU, sets (U,,my, A))yer of bialgebras, and sets (i,,,,),,,er of algebra
morphisms from (U, , m,) to (U, , m,,’), such that

) .1
e Ay = 1;83? o Ad(F,,;) 0 Acoiy,,

(Fe,y ® 1) * (Ae ® id)(Fe,y) = (1 ® Fe,y) * (id ®Ae)(Fe,y),

o Feyy = V%,w/’ * (i%)_l(Fwy/) * Fe Ae(Ve,y,w’)_l’

-1
e,y,w’)’

® ¢y =1y,yy 0le 0 Ad(V

— i—1 ’
Ve,yy'.yy'y" ¥ Ve,yp,py" = Ve,p,yy'y” * le,y(Vy,yy 7"

Here to make the formulas shorter we have chosen to write the above equations
with e being the unit of the group 1; however, the formulas are still valid if we
replace e by any other element of the group and multiply y, yy' and yy'y" on the
left by this element.

We then get a quantization of the I" Lie bialgebra by setting U = S(g) @ k['[[/1]]
and putting [x|y]:=x@yand [x ®x'|7, 7] =(x® ) ® (' ®y') € U
There are unique linear maps m : U®? — U and A : U — U®? such that

m x|y IE 1y T Desig ) 6,60 % vyl
A:lx|yl—= [Acx)*F, ) |7, 7].
The unit for U is [1]e], and the counit is the map [x|y] > J, .e(x).

Proposition 1.6 [Enriquez and Halbout 2008]. This defines a bialgebra structure
on U, quantizing the co-Poisson bialgebra structure induced by (g, 9, f).
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2. Stacks and main results

It is well known that the semiclassical limit of a quantum group is a Poisson—
Lie group. In this paper, we attempt to answer, What is the semiclassical limit
corresponding to a “I' coboundary quantum group”? We hope to say that this
semiclassical object is a “stack” of Poisson-Lie groups G* over the classifying
stack BI" of the group I". Toward this, we construct a stack of Poisson—-Hopf
algebras over the groupoid I' x I' (a transformation groupoid associated to the I
right action on I') and also a quantization of such a stack. Because of the existence
of the twisted cocycle, we expect that such an algebroid stack is not trivial. We
also hope that our construction will eventually lead to a complete description of
the semiclassical limit of a I"-coboundary quantum group.

Definition 2.1. A stack on M is
« an open cover of M = | U;,
« a sheaf of rings A; on every Uj,
+ an isomorphism of sheaves of rings G;;: Aj|u,nu; — Ailu;nu; for every i, j,
* an invertible element ¢;jx € A;|y,nu;nu, for every i, j, k satisfying
(1) GijGjx = Ad(c;jx)Gix and
(2) cijkcirt = Gij(cjir)cij for every i, j, k, L.
If two such data (U/, A7, G;j, c;jk) and (U/, A, ;’j, cl’.;.k) are given on M, an
isomorphism between them is
« an open cover M = |J U; refining both {U/} and {U},
e isomorphisms H;: A; — A’ on U;, and
« invertible elements b;; of A; lu;nu; such that
(1) G}, = H; Ad(b;;)G/;H; ' and
() H,-_l(cf}k) = bi; G} (bj)cijkby -
Inspired by Definition 2.1, we define a stack over a discrete groupoid. Let & be
a discrete groupoid with its unit space &y.
Definition 2.2. A stack on & consists of
e a collection of rings A, on every point x of &g,

* an isomorphism of sheaves of rings T, : A;g) — Ay () for every arrow g € &6,
where s, ¢ are the source and target maps of &, and
« an invertible element cg, o, € Ay(g,) for every pair of composable arrows in &
such that
(1) Ty 0Ty, = Ad(cy,,g,) T, g,» Where by Ad(cy, ¢,) We mean the conjugation
operator on Ag(g,) associated to the invertible element c,, o,, and
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(2) Cg1,0:Co100,83 = T, (Cgr,05)Ce1, 2005 TOr every triple of composable arrows
81, 82,83 in &.

One can generalize the equivalence between stacks of Definition 2.1, but we
omit the details here.
Our main result will involve the notion of a stack of Poisson—Hopf algebras.

Definition 2.3. A stack of Poisson—Hopf algebras over a discrete groupoid & is

» acollection A, of Poisson—Hopf algebras (Ay, my, Ay, {-, - }x)xee)»
* a Poisson morphism Ty : A;(g) — Ay(g) for g € &, and

« an invertible element cg, 4, € Ag(q,) for every pair of composable arrows in &
such that

(1) Tg 0Ty, =Ad(cyg,,g,) g0, Where by Ad(cg, ,,,), We mean the conjugation
operator on Ag(g,) associated to the invertible element c,, o,, and
(2) cg1,8:Ce100.83 = Tg,(Cgy,03)Ca1,000;, TOr every triple of composable arrows

81, 82, §3-

In what follows, we consider the groupoid I x I defined by the action of I on
I" itself by right multiplication. As I is discrete, I' x I" is a discrete groupoid. We
will use (y, yy’) to denote an arrow in I' x I" mapping from y to yy’. The product
of a pair of composable arrows (y, yy’) and (yy’,yy'y”)in T x T is (y, yy’y").
For our main results, we associate an Poisson—Hopf algebra @G; to each point y in
the unit space of I' X I', and we will prove the existence of a stack of Poisson—Hopf
algebras over the groupoid I x I

Theorem 2.4. Associated to a coboundary Lie bialgebra (I, g, 04, dq, f), there is
a stack of Poisson—Hopf algebras over the groupoid I x T'.

To be compatible with the result of Proposition 1.5, we will mainly prove the
following results.

e There is a set (@G’;)yer of Poisson—Hopf algebras (@G;, my, Ay, {, - }y)yer-

« Associated to each arrow (y, yy’) in I' x I, there is a Poisson morphism j, ,,’
from @G; to GG;‘y/-

« Associated to a pair of composable arrows (y, yy’) and (yy’, yy'y”)inI' x T,
there is an element u, 5, ;" of Og: satisfying relations

: vy Yy
» with respect to the

(D) Jyopy'y” = Jyy'yy'y” © Jyyy' © Ady, (u;,;y’,w’y”)’ where Ad,, (u
is the conjugation operator associated to Uy s pyiy
Baker-Campbell-Hausdorff product x,, and

11

/ ’ = i—1 /
() Uy yyy” 'y Fy Wy g yy'y" = Uy py o'y %y Jy,yy’(”w’w’y’ 277"y
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With the above data ((Ogs, my, Ay, { -, - };)yer, Jy,pys Uy,py'py'y7), if we define
Ty 065, = Oy by Ty 5y = j;:;y’ and ¢(y,yy),(7y',yyy) € Ogs tobeu, o,
then we can easily check that we do obtain a stack of Poisson—Hopf algebras over
I' x I satisfying Definition 2.2.

We will then prove the existence of a stack of Hopf algebras quantizing this
stack of Poisson—Hopf algebras:

Theorem 2.5. There is a stack of Hopf algebras quantizing the stack of Poisson—
Hopf algebras over I' x 1" defined in Theorem 2.4. Namely, we have a collection
of the following data:*

e (A,, x,),er, which are deformation quantizations® of the Poisson algebras
(GG;a { Tt }y)yel“,
e algebra morphisms i, ,,: A, — A/, and

o elements vy 5y Of Ay such that vy yyr o,y = eXp(Vy, 5y yyryr /) satisfy
relations
(1) iy yyy” =y py'y” 0y yy 0 Ad(evy )0 0) and
2 e”%w’y”,w’y”y”’*ye’)wy’,w’y”:e”%w’w’y”y”’*yiy_,;y’(e”“/yﬁyy’y”,w’v”y”’)-
From our setup in this section, one can see that the facts that I" is a group and
that we have a transformation groupoid I" x I' are not crucial in our construction.
It is natural to expect a more general theory for quantization of a &-coboundary
Lie bialgebras with & a discrete groupoid or even just category.

3. A stack of Poisson bialgebras of functions on the formal group G*

Let (g, 04, 64, f) be a I" Lie bialgebra. In this section we will construct a stack of
Poisson bialgebras of functions on a formal Poisson group G*.

Notations. Let (g, d) be a Lie bialgebra. Let (U(g), Ao, ) be its corresponding
cocommutative co-Poisson bialgebra, which can be seen as the dual of the function
algebra of the formal Poisson—Lie group G corresponding to (g, d). In the same
way, we will define Og+ as the commutative Poisson—Hopf algebra of functions
of the formal Poisson-Lie group G* corresponding to the dual Lie bialgebra g*.
We define by mg+ C Og+ the maximal ideal of this ring. If £ is an integer > 1,
we denote by Oy the ring of formal functions on (G*), by m g+ its maximal
ideal, and by mﬁG*)k the i-th power of this ideal.
If f,ge m(zc*)k, then the series

2Sirnilarly to what we did for Theorem 2.4, we will take the inverse of i,, ,,,» and ev

y yayyyy'y” ©

construct the corresponding data for the stack of Hopf algebras.
3Deformation quantization here means that Ay /A, = @G’;7 and %[ rley, = {-.-}y +O0).
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is convergent, where >, B;(x, y) is the Baker—Campbell-Hausdorff (BCH) se-
ries specialized to the Poisson bracket of m(zc*)k. The * product defines a group
structure on m(ZG*)k.

A useful technical lemma was proved in [Enriquez et al. 2003, page 2477]
for mg and is still true for mg:

Lemma 3.1. Foranyk > landn>2, f,he m(ZG*)k and g € migx, one has
fr(h+8) =fxh+g and (f+g) xh=fxh+g modulomiF.

When (g, 0y, dg, f) is a I' Lie bialgebra we thus get a collection of Lie bialge-
bras and so a collection (Og+, m,, A,, {-,-},),er of Poisson bialgebras. We will
denote by x, the corresponding BCH products.

“Lifts” and functional equations. We will now construct “lifts” fy,yy/ € m%% of
the elements /\Z(Hy)( fy), v, y" €I that will satisfy similar relation as F, ,, in
Proposition 1.5. The proof in this subsection is a direct generalization of the results
in [Enriquez and Halbout 2007], and some parts are transcribed almost verbatim.

If f e @%’i and P, ..., P, are disjoint subsets of {1,...,m}, one defines
fProPrusing the coproduct of Ogx:

Definition 3.2. If 1, ..., I, are disjoint ordered subsets of {1, ...,n}, (U, A)is
a Hopf algebra, and a € U®™, we define

al=oy g, 0 (MM @ Al (@),

with AD =id, A® = A, and A®tD = (id®*"~' ® A)o A®™. Here

L. e il _ yen

on,...,
is the morphism corresponding to the map {1,..., > ;|l;|} — {1,...,n} taking
a,...,[LiH)to Ly, (L|+1,..., 11|+ |12]) to I, and so on.

When U is cocommutative, this definition depends only on the underlying sets
I, ..., Iy.

Proposition 3.3. Let y, 7' be in T. Then there exists fy,yy/ in m?}z*, the image of
which in g®* under the square of the projection mg: — mgs /sz* = g equals
N 0,)(f,), and such that

(D (fy,yy’ b2 1)*y (Ay b2 id)(fy,yy’) =(1® ];y,yy’)*y (id ®Ay)(fy,yy’)-

The element fw/y’ is unique up to the action ofm%;* by A-f= /ll*y /12*y f*y (=)'2
We will call f a twist for A,.
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Proof. Let us construct f, »,yy’ by induction, by constructing a convergent sequence
fNe mG% (N > 2) satisfying (1) in m%{/(m ﬂm(G*)z) where m(G*)x is the N- th
power of mg+3. When N = 3, we take £2 to be any lift of /\ @,)(f,) to mG*,
then (1) is automatically satisfied.

Let N be an integer no less than 3; assume that we have constructed fV in m%%
satrsfyrng (1) in mG*/(m ﬂm(G*)s) Set “1 3= f1 2*y f12 3 szS*y f1 3- Then
0‘1 5.3 belongs to mg 3N m(G*)3 and in mGﬂt / (m (G*)4) we have the equahtres

N N N N N N N N N
01234 = fi2% @234 = fio*y fiaa*y fisa — Fia*xy [3a%y fioza
_ N AN N N N N N
=a13+ fr3% fi3*y fioza— Jaarxy fiaxy fioa
(using Lemma 3.1)
N N N N N N N N
=013+ f23% fi.3* fiaz.a — faa* ([234%) fil23a T 01 234)
(using Lemma 3.1 and the definition of a{v 2 34)
N N N N N
= a3+ fo3*y (@034 + Faz.a*y fi234)
N N N N
— 01034 — f3a*xy [o3a*y fia3a
(using the definition of a{v 3.4 and Lemma 3.1)
N N N N N N
=013t a) 34+ (F34% fomat0254) % fio4
N N N N
— 01034 — f3a*xy Joza*y fia3a
(using the definition of a.)’ 3.4 and Lemma 3.1)

_ 4N N N N :
=01,3F 013401234 T 0234 (using Lemma 3.1).

N+])

Let us denote by a” the image of a” in (m nm )3)/(m®3 Nm e

(57%g)®3)y. Then we get

_N _N _ =N _N _N
U134 T 01234 =013 A1 23410534,

meaning that @ is a cocycle for the subcomplex (S>°(g)®, d) of the co-Hochschild
complex. By using [Drinfeld 1989, Proposition 3.11], one proves that the k-th
cohomology group of this subcomplex is /\k (g), and that the antisymmetrization
map coincides with the canonical projection from the space of cocycles to the
cohomology group. For N = 3, the equations of Definition 1.2 imply Alt(a?) =
and hence @ is the coboundary of an element ,B € (57%g)®?)3, and @V for N > 3
is the coboundary of an element SV € (S>°(g)®?)" since the degree N part of the
cohomology vanishes. We then set fN+!:= fN 4+ gN where ,BN e mG* N m(G*)z
is a representative of AV . Then this fN+1 satisfies (1) in mG*/(m f\gf)g)

The sequence ( FNYNZ2 has a limit £, which then satisfies (1).

The second part of the theorem can be proved in the same way or by analyzing
the choices for /)’ in the proof above. (I
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Isomorphism of formal Poisson groups G, ~ G,

Proposition 3.4. Let y,y' € T and let G} and G, be the formal Poisson-Lie
groups associated to the corresponding Lie cobrackets. There exists an isomor-
phism of Poisson algebras j, ,,: @G; o~ @ny,.

Proof. Let P : /\2 (@G»;) — @G; be the Poisson bracket on @G»; corresponding to the
Lie—Poisson Poisson structure on G’;. Then (@G;, mo, P, A,) is a Poisson formal
series Hopf (PFSH) algebra; it corresponds to the formal Poisson—Lie group G*y‘
equipped with its Lie—Poisson structure.

Set f* Ay (a) = fy yy Ky Ay (@)%, (— fy yy') forany a € @G* It follows from
the fact that fy yy satisfies Equatlon (1) that (@G* mg, P, fy yy/A ) is a PFSH
algebra.

Let us denote by PFSHA and LBA the categories of PSFH algebras and Lie bial-
gebras. We have a category equivalence ¢ : PFSHA — LBA, taking (O, m, P, A)
to the Lie bialgebra (c, x, §), where ¢ := m/m? (here m C O is the maximal ideal),
the Lie cobracket of ¢ is induced by A — A% :m — /\2(m), and the Lie bracket
of ¢ is induced by the Poisson bracket P : /\2 (m) — m. The inverse of the functor
c takes (¢, i, 0) to O = S (¢) equipped with its usual product; A depends only on ¢
and P depends on (u, 9).

Then c¢ restricts to a category equivalence cfg : PFSHA¢y — LBAgg of sub-
categories of finite-dimensional objects (in the case of PFSH, we say that O is
finite-dimensional if and only if m/m? is).

Let dual : LBAyy — LBAg be the duality functor. It is a category antiequiva-
lence; we have dual(g, i, d) = (g*, ', u"). Then dual ocgg : PFSHAyy — LBAg
is a category antiequivalence. Its inverse is the usual functor g — U (g)*. If G is
the formal Poisson-Lie group with Lie bialgebra g, one sets Og = U (g)*.

Let us apply the functor ¢ to (@G;, mg, P, fy*,yy/Ay). YVe obtain ¢ = m/m2 =g
the Lie bracket is unchanged with respect to the case f, ,,» = 0, so it is the Lie
bracket of g; the Lie cobracket is éw (x)=06,+ /\ @,)(f;), x®@1+1 ®x] since the
reduction of fy »»» modulo (mG*)2 ®@mg: +mg: ® (m(;»<)2 is equal to /\ @,))(fy).

Then applying dual ocgg to (@G* mo, P fy /y/A »), we obtain the Lie bialgebra
(g%, J,,7). So this PFSH algebra is isomorphic to the PFSH algebra of the formal
Poisson-Lie group G, . Let us call such a PFSH algebra morphism j, .

In particular, the Poisson algebras Og and Og: , are isomorphic. O
Remark 3.5. It is easy to check that the map g = m(;*/mG* — mg:, /mG* =9
induced by the isomorphism j, ,, is the identity.

Remark 3.6. We have proved a result stronger than the existence of a Poisson
algebra morphism j, ,,’: Ogy ~ @G%/. This morphism intertwines the coproducts
as

_ e 1
Ay = Jygy © Fy gy By 0 sy
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Composition of equivalences.

Lemma 3.7. Fory,y' inT, the element (jf,’?y/)_l(ﬂ,y/w/ )%y fy yy' IS a solution
of the equation

2) E®Dx, (A, ®id)(8) =(1®8)*, (d®A,)(g).

Proof. One can check this directly. Notice that fw/,yy/yw is a twist for A,’. There-
fore (]y o) (fyy .yy'y") 18 a twist for

1 . =
(]y w) oAyy/o]y’yy/:fy*’yy/Ay.
Accordingly the element (j&2,) ™ (fyy7.py57) *y fy.yy is a twist for A,. O

Note that the image of (]y )" (f/y y'y") Ky fy yy under the square of the
projection mg+ — mgx /m%;* g equals

N O)F)+ N O ) = N Oy + N O Frr) = N O Sy,
Thanks to Proposition 3.3, there exists an element u, ;, ,,/, in 1 +m%. such that

; 182
oy =Wy e gy (Jy yy) (fw 7'y") %y fy yy' *y By Uy 5y 7y !

Finally, in the previous section, we defined j, ,,’, j,;’.5,/y” and j, ,,’,~ such that

_ :®2 rx
Ayyry = Jyyyy © Fyyyyr By 0 Jy, yy y"
)
= Ty
@2 —1
0 Uy 5y yyyn Ky (Jy yy) (fw 277" *y fy py' *y Dy Uy yyy)” ) A,y

0]7 yy/y//
= Uy, yyy" o Ad,, (Uy,py' 97"y ”))® o ((Jy vy ) (fyy yy'y") *y fy AN
o (Jy, w’y” o Ady, (uy,5y,9y'y)) "~
. .—1
= (y.yy'yr 0 Ay, (uy5y7,5y7y7) © Jy,py’ © Jyy VV’V”) 0 Ayyryr
. . .| -1
o (]y,yy/y// o) Ad*y (uy,)“/ ,VV/V”) le) ]}/7'Vy/ [e] ]yy/’yy/y//) .

By the equivalence cgq between the category PESHA ¢ and LBAy, we get
Jyay'y" = Jyy'py'y” © Jyyy © Ads (”y 77y

Cocycle relation for the uy, y yyy'.

Proposition 3.8. Forany v, y’,y",y"” inT, we have

i I

_ ) . /
WUy, yy'y" py'y"y"” Ky Uy, py ' yy'y” = Uy pypy'y"y" Xy Jy,yy/(“yy’,yy Yy "y )
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Proof. To shorten the notation, we will write £} 5 for £, ./, fo.3 for f,,/ .7, and so
on, and the same for the j. . and the u. . .. We will omit the BCH product %, and
write x for the product x,,/, Ao for the coproduct A, and A for the coproduct A,
We will also write j(-) instead of j®%(-) When no confusion is possible.

We have by definition f1 4lour 34 = u1 3 411 3(f3 4)f1 3 Multlplymg this on
the right by Aou 2,3 and using the fact that f1 3A0u1 23= u1 2 3]1 2(f2 3)f1 2, WE
get

fr,alour 3 4M0u1 23 = M%Ajl}l (f3,4)“?%,3j[21 (f2.3) f1,2-

Using now that jl_’31(-)u1,2,3 = u1,2,3j1_’21 oji,}(-), we get

7 @21 -l F N1 F N7
3 Jralou =u="j 50 j53(f34) )15 (f2,3) fi.2,
where u = u1 3 4u1,2,3. On the other hand, we have

N s s N
frax Auyz g =uf35 * jo3(f3.4) % fr3.

Using the Poisson algebra morphism j; » and that ]1_21 oA = f~1,2 Ao(jl_’; (- ))flle,
we get

@ (R frabo( asa) fia =@ )i 0 a3 (.40 (f3)-
From f14A0u1.0.4 = u$3 4j; 5 (fr.4) fi.2. using (4) we get

(5) Frado@) = )2 ji5 0 j35(f4)ira (f23) fiz,

where u' = u; 241 2(uz 3.4). Then (3) and (5) imply that if w = u(u')~!, then
f14A0(w) = wf1 4, and so if " = jj4(w), then Ap(w') = w'. Recall that
w' el+ mG* by similar propertles of u; ;. ke Suppose that w’ # 1 and set i > 2
the largest pos31ble i such that w’ is in 1 +m’ o+ butnotin 14+ my; i1 Let @' be the
projection of w’ in mG*/m’H. The relation Ag(w’) = w’ 1mphes that ' isin g

and so in m G+ Which is a contradiction. Thus we have proved that w = v’ =1 and
so that u = u’. O

4. Quantization

Duality of QUE and QF SH algebras. In this subsection, we recall some facts from
[Drinfeld 1987], whose proofs can be found in [Gavarini 2002]. Let us denote
by QUE the category of quantized universal enveloping (QUE) algebras and by
QFSH the category of quantized formal series Hopf (QFSH) algebras. We denote
by QUE; and QFSH,, the subcategories corresponding to finite dimensional Lie
bialgebras.

We have contravariant functors

QUEfd —> QFSHfd, Ur— U* and QFSth —> QUEfd9 O~ 0°.
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These functors are inverse to each other. Here U* is the full topological dual of U,

that is, the space of all continuous (for the %-adic topology) K[[#%]]-linear maps

U — K[[A], and ©° is the space of continuous K[[#]]-linear forms 0 — K[[4]],

where O is equipped with the m-adic topology (here m C O is the maximal ideal).
We also have covariant functors

QUE—-QFSH, U~ U and QFSH— QUE, O~ 0".

These functors are also inverse to each other. Here U’ is a subalgebra of U, while
0V is the h-adic completion of 3", A *mk C O[1/A].

We also have canonical isomorphisms (U’)° =~ (U*)" and (0Y)* ~ (0°).

If a is a finite-dimensional Lie bialgebra and U = Uy (a) is a QUE algebra quan-
tizing a, then U* = 04 p, is a QFSH algebra quantizing the Poisson-Lie group A,
with Lie bialgebra a, and U’ =04+ j, is a QFSH algebra quantizing the Poisson-Lie
group A*, with Lie bialgebra a*. If now 0 =0, j; is a QFSH algebra quantizing A,
then 0° = Up(a) is a QUE algebra quantizing a, and 0¥ = U, (a*) is a QFSH
algebra quantizing a*.

We now compute these functors explicitly in the case of cocommutative QUE
and commutative QFSH algebras. If U = U (a)[[/]] with cocommutative coproduct
(where a is a Lie algebra), then U’ is a completion of U (fa[[A]]); this is a flat
deformation of § (a) equipped with its linear Lie—Poisson structure. If G is a formal
group with function ring Og, then O := Og[[A]] is a QFSH algebra, and 0V is
a commutative QUE algebra; it is a quantization of S(g*), with a commutative
product, a cocommutative coproduct, and a co-Poisson structure induced by the
Lie bracket of g.

Proof that “twists” can be made admissible.
Definition 4.1. An element x in a QUE algebra U is admissible if x € 1 + AU, and
if Alogxisin U’ C U.

In this subsection, we will prove that for y, " in I', the twist F, ,,/ defined in

Proposition 1.5 is twist equivalent to an admissible one.

Proposition 4.2. Let F, ,, be the element in U ®2 introduced in Proposition 1.5.
Then there exists elements b, ., in U such that

H 1 ®2 -1
by Ery =055y Fray Ay (0 50)

is admissible.

Proof. Let us denote Fo =F, ,,’. We will follow the proof of [Enriquez and Halbout
2007, Proposition 5.2]. Let us construct b = b, ,,’ as a product ---bsby, where
b, € 14+1"Uy, so thatif F, :=b,, - - - b} Fy, then 7 log(F,) € U(’)®2 +h”+2U§2; here
Uy denotes the augmentation ideal.
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We have already 7 log(Fy) € th(?Z.

Expand Fy = 12 4 fif;+---. Then Alt(f;) = r. Moreover, the coefficient of
A in F(l)’zF(l)z’3 = F(2)’3F(1)’23 yields d(f;) = 0, where d : U(g)g92 — U(g)gg3 is the
co-Hochschild differential. It follows that f; = r + d(a;) for some a; € U(g)o.
Then if we set by := exp(#fia;) and F; = b’fFO, we get F| € 192 + hir 4+ h2U6§2.
Then hlog(Fy) € h’r + PUS? C U+ BPUS3.

Assume that for n > 2, we have constructed by, ..., b,_1 such that

an_1 :=hlog(F,_1) € U2+ r"1US2,
Let us recall two technical lemmas from [Enriquez and Halbout 2007]:

Lemma 4.3. The quotient (U'+h"U)/(U'+h"T'U) identifies with U (g)/ U (g) <p-
In the same way, the quotient (UF* + h"USY) /(UE* + i USY) identifies with
U@/ (U@)§")<n and the quotient (UF* + K"USK)8/(USk + n USR8 of

g-invariant subspaces identifies with (U (g)gz)k )8/ (U (g)g’k %n.

Lemma 4.4. Assume thatn >2. If f1, f» € (Ué)2 +h"" Uy and g, h € K" Uy, then
(fi+2)*r (fo+h)=g+hmodulo (U(’))2 + A" Uy, where %y, is the CBH product
for the Lie bracket |a, bl = [a, b]/hA.

Let us denote by a the image of the class of a,_; in U(g)gz’z/(U(g)ggz)SnH
under the isomorphism of this space with

(see Lemma4.3). Leta e U (g)%’2 be a representative of @. Then a,_; =a'+h" a,
where o’ € U6®2 + A2 U(?z. Then the twist equation gives

(_a/ _hn+la)l,23 *p (_a/ —hn+10!)2’3*h (a/—l-h"Ha)l’z*h (a/+hn+la)12,3 —=0.

By Lemma 4.4, the image of this equality in (U®3+r" 1 U"®3) /(U3 41" 2 U"®3) ~
U(9)®3/(U(9)®*)<ps1 is d(a@) = 0, where d is the co-Hochschild differential on
the quotient U (9)89 (U (g)g’ Y<n+1. Since n > 2, the relevant cohomology group
vanishes, so & = d(f), where f € U(g)o/(U(g)0)<n+1. Let B € U(g)o be a repre-
sentative of £ and set

b, :=exp(A"B), F,:=b F,_1, a,:=hlog(F,).

Then a, = (h" ' B) 5p (B! )2 xp ap—1 %1 (=" T )12, According to Lemma 4.4,
the image of a,, in

UG+ "I UL ) (UG + 12U =~ U (@)5% /(U (9)§D) <nt1

is @ —d(f) =0. So a, belongs to U(?z + h””U(,@, as required. This proves the
induction step. O



QUANTIZATION OF POISSON-HOPF STACKS FROM GROUP LIE BIALGEBRAS 115

The proof of Theorem 2.5. Thanks to the previous subsection, we now know that
there exists an element b, ,, in U such that b¥ /F, ,,, :==b%> /F, ;. A, (b
is admissible. Let us define

/VV)

By =05y Frys B =iy OAd(by ')
and
/y pr 'y = Oy Ve 'y, lw (bw w’y”)by '
Clearly, F »and v/ » still satisfy the conclusion of Proposition 1.5.

57" Dy 777577y )
Applying the functor QUE — QFSH explained on page 112 to the algebras

,,,,A,), we get algebras (U ", %y, A,), which are quantizations of the Poisson
algebras (@G* -, }y). Since the twists F’ ,» are admissible, the algebra mor-

phisms 1y / restrlct to the QFSH algebras U ’. Then Theorem 2.5 will follow
from this:
Proposition 4.5. The elements V' +,n are admissible.

7y vy
Proof. Let us denote v = Vy yy'yy'y"- Suppose v is not admissible and let n be the
bigger i such that ag := /i log(v) € Uy+ 1"+ Uj. By the assumption on v, we know
that n > 2. Let us denote by a the image of the class of ag in U (g)o/(U (8)0) <n+1
under the isomorphism of this space with (Uy + A" 1Uy)/(Uy + h"2Uy); see
Lemma 4.3. Let a € U(g)o be a representative of &@. Then ag = a’ + A"+ a, where
o' € Up+h""2Uy. Let £, f’ and f” be respectively the /i logs of F, . ,, F, ,

vy Tyl
and F, ,,,». Then the compatibility equation for composition of twists gives

"= (o' + 1" a)®? x i;,lyy,(f/) *n fxn(—a' =B a)?2 =0
According to Lemma 4.4, the image of this equation in
W2+ "0 J(UP + 12U = U @)%/ (U (@)% <nt

is d(a) =0. So a € g, which is a contradiction with n > 2. (I

5. Example of simple group with action of the Weyl group

Quantization of Majid and Soibel’man. We start by briefly recalling Majid and
Soibel’man’s approach [1994] to the quantum Weyl group. Let g be a complex sim-
ple Lie algebra, and let U (g) be the natural deformation of the universal envelop-
ing algebra U (g). Lustig [1990] and Soibel’man [1991] first independently noticed
that a simple reflection w in the Weyl group W of g defines an automorphism a,,
on Uy (g). Then one can extend Uy (g) by elements & with a,,(g) = wgiv " for all
simple reflections in W. The extended algebra is called the “quantum Weyl group”
and denoted by m In [Kirillov and Reshetikhin 1990] and [Soibel’man 1991],
this algebra is used to construct explicit solutions to the Yang—Baxter equation.
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Majid and Soibel’man also discovered the bicrossed product structure on m
For 1 <1, j < rank(g), let w; be simple reflections in W, and let ¢; be elements
in the maximal torus corresponding to ¢; ( _(1) _(1)) Witklgb ; : sl < g embedding to
the j-th vertex of the Dynkin diagram. Then define W to be the group generated
by w; and ¢;, which is a covering of the Weyl group W with the kernel isomorphic
to the direct sum of k-copies of Z,, where k = rank(g). The quantum Weyl group
m is proved in [Majid and Soibel’man 1994, Corollary 3.4] to be isomorphic
to the bicrossed product

kWW ><g, x Un(g),

defined in terms of linear maps

o :Un(g) kW — U,(g), a®@uwtr t~Lay,(a)t,
X:kW@kW—) Un(g), w1t1®w2t2r—>x*1,
l//:kVT’—)Uh(g)@Uh(g), wt— (B '@ A®.

Here, x is an element in Ux(g) such that auy,w,(a,, (11)n) = Cw it Cwsr, Ady-1 With
x € Up(g).

Proposition 5.1. The quantum Weyl group m is a quantization of the I’ = w
Lie bialgebra (g, -, -1, 0), where (g, [ -, - 1, 0) is the Lie bialgebra structure on g
corresponding to the deformation Ug(g), and W acts on g as the Weyl group (t acts
on g by adjoint action), and f, = /\Z(y) odoy~l—dforye w.

Proof. Inspired by the above bicrossed product structure on m we introduce
the I' quantized universal enveloping algebras for I' = W generated as follows:

e Set (Un(g)y,m,, A,) = (Up(g),m, A,), where m is the canonical multi-
plication on Uy (g) and A, = a(-,7)®* o Ad(w(y)) o A oa™!(-,y) with
A the canonical coproduct on Uj(g).

* Define iy,yy’ :(Un(9), my) — (Un(g), myy’) by ie,y =a(- ®y): Un(g) — Un(g)
and iy yy =g .

o Set F,, € Up(9)®? equal to w(y) and put F,,, = F, . By [Majid and
Soibel’man 1994, Lemma 3.3], we have

Foo = y (w;) = e2MHi®H/@ad @yt = | 4 f + O (h?)

for any reflection w; € W. (Here (H;, X l.+, X;") corresponds to the embedding
@i : slp — g for the i-th root a; with normal («;, a;).) Because the first order
part of e MHi®H; /(ai.ai) jg symmetric, the antisymmetrization of f} is equal to
the antisymmetrization of the first order term of (R;),; 11, which is equal to the
definition of f;,, by the asymptotic expansion of %;. This result extends to an

arbitrary element y simply because w; generates W.
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o Set vey = x(y, 7)) € Un(g)®%. By the definition of y(y, yy’), we can
choose v to be an element in 1 4+ 42Uy (g) because the a action is associative
up to the /i-linear terms by [Kirillov and Reshetikhin 1990, Formula (13)] and
[Levendorskii and Soibel’man 1990, Prop 1.4.10].

It is easy to check that the cocycle conditions for a, y, v, and their compatibili-
ties are equivalent to the conditions for (U, m, Ay, iy ,y, Fy yy, Uy 5y7,5y7,7) to be
al =W quantized universal enveloping algebra. Therefore, the corresponding I
quantized universal enveloping algebra is isomorphic to m U

Admissibility of the twists.

Corollary 5.2. The twists F, ,, and v,y ,,," defined in Proposition 5.1 are
admissible. Therefore, the quantum Weyl group defines a stack of formal series
Hopf algebras quantizing the corresponding stack of Poisson—Hopf algebras dual
to(W,g,,-1,0, f,).

Proof. We look at the formulas for F, ,,. By the one for y, if w; is a simple
. L @ H /oo _ .
reflection, then F, ,,,; = e2"Hi®Hi/ (@40 ()"l Taking i log on F, ,, we have

hz%Hi ® H;/(a;,a;)+h log((QRi)I_ZI)‘

The first term is primitive as H; is primitive, and the second term 7 log((QR,-)l_zl)
is primitive because 7 log(R;) is primitive, which was proved in [Enriquez and
Halbout 2003, Theorem 0.1]. Therefore, we conclude that F, ,,, is admissible
when w is a simple reflection. This property extends to a general element y directly
by products.

By Proposition 4.5, we also know that » is admissible because F is admissible.

We conclude the corollary by Theorem 2.5. (I
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THE KAUFFMAN BRACKET SKEIN MODULE OF SURGERY
ON A (2,2b) TORUS LINK

JOHN M. HARRIS

We show that the Kauffman bracket skein modules of certain manifolds
obtained from integral surgery on a (2, 2b) torus link are finitely generated,
and list the generators for select examples.

1. Introduction

Kauffman [1988] presented an elegant construction of the Jones polynomial, an
invariant of oriented links in S3, by constructing a new invariant, the Kauffman
bracket polynomial. The Kauffman bracket is an invariant of unoriented framed
links in S3, defined by the skein relations

N\ NS
o ()= e [
(2) (L Uunknot) = (—A™2 — A%)(L).

For the invariant to be well defined, one also must normalize it by choosing a
value for the empty link, for instance (empty link) = 1.

Alternatively, we can use the skein relations to construct a module of equivalence
classes of links in S°, or, for that matter, in any oriented 3-manifold. See Przytycki
[1991] and Turaev [1988].

Definition 1. Let N be an oriented 3-manifold, and let R be a commutative ring
with identity, with a specified unit A. The Kauffman bracket skein module of N,
denoted S(N; R, A), or simply S(N), is the free R-module generated by the framed
isotopy classes of unoriented links in N, including the empty link, quotiented by
the skein relations that define the Kauffman bracket.

Since every crossing and unknot can be eliminated from a link in S° by the
skein relations, S(S%) is generated by the empty link. Kauffman’s argument that
his bracket polynomial is well defined shows that S(S?) is free on the empty link.

For R = Z[A*'], Hoste and Przytycki have computed the skein modules of all
of the closed, oriented manifolds of genus 1: In [1993], they computed S(L(p, q)),

MSC2000: 57M27.
Keywords: skein theory, Poincaré homology sphere, quaternionic manifold.
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b-to-ol -fo-f

Figure 1. Examples of twist notation.

which is free on | p/2] + 1 generators, and in [1995] they computed S(S' x §?) =
ZIAE @ (D2, ZIAE]/(1 — A%F%)). Over Z[A*!], localized by inverting all
of the cyclotomic polynomials, Gilmer and the author have computed the skein
module of the quaternionic manifold [Gilmer and Harris 2007].

Additionally, Bullock [1997a] has determined whether or not the skein module
obtained from integral surgery on a trefoil is finitely generated. In this paper, we
obtain a similar result for integral surgery on a (2, 2b) torus link.

Notation 2. For any integer n, let

denote n full twists in the depicted strands. For example, see Figure 1.

Definition 3. We define M (a, £, y) to be the manifold obtained by surgery on the
torus link

with the blackboard framing.
Theorem 4. For all integers o, f, and y such that
a=la|>1, b=|pl>1, c=ly|>1,
al<p! +c_1, bl <qa™! +c_1, cl<al +b_1,
S(M(a, B, y)) is finitely generated.

For specific values of a, £, and y, we can use brute-force computation to refine
our result, explicitly listing generating sets for S(M (a, B, y)).
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Notation 5. We refer to the collection of loops

in M(a, B, y) using the algebraic notation x’y/z*.

In particular, we obtain the following for S(M (2, —2, 2)), S(M (3, =2, 3)), and
S(M (3, —2,5)), which are respectively the skein modules of the 3-, 4-, and 5-fold
branched cyclic coverings of S* over the trefoil, as listed by Rolfsen [1976].

a B v fundamental group generators

2 =2 2 quaternion group 1,z,2%, y, x

3 —2 3 binary tetrahedral group l,z,2%, 2%, y, x, x*

3 —2 5 binary icosahedral group 1, z, 2%, 23, 2%, 2°, v, x, x?

Note that the generating set for the skein module of the quaternionic manifold
essentially coincides with what was shown in [Gilmer and Harris 2007] over the
ring R’ obtained from Z[A*!] by inverting the multiplicative set generated by the
elements of the set {A” — 1 | n € Z*}. Since any dependence relation over Z[A*!]
would hold over R’ and since S(M (2, —2,2); R’, A) is a free module of rank 5,
we obtain the following:

Corollary 6. S(M (2, —2,2); Z[A*'], A) is a free module of rank 5.

This result was conjectured in [Gilmer and Harris 2007]. The quaternionic man-
ifold is the first closed, irreducible, genus two 3-manifold whose Kauffman bracket
skein module has been computed.

2. Twists and loops

Twists have many useful properties, a few of which are listed in Figure 2. Note that,
to obtain clearer diagrams, we represent a fixed but arbitrary number of parallel
strands with a thick line.

We are most interested in using skein relations and isotopy to rewrite one strand,
twisted with others, as a linear combination involving loops encircling the others,
as in Figure 3.

In fact, by repeating the steps performed in Figure 3, we obtain this:
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N

Figure 2. Useful properties of twists.

Lemma 7. For each integer n > 0,

n,u/
j<n

. -1
for some 1o, ...y nfn—15snV0s--+>nVn—2 € Rwith yu,_1 = A", and

I:# 5
j<n

. 1—
for some _, g, ..., —nMn—1s —nV0»-++s—nVn—2 € RWith _, 1 =A""".

+ Z nVj
j<n—1 :>

O—) -

—@—{5 =) TD -

I
j P
sy
P

+ Z —nVj
j<n—1 >

—@—{5—373—

Proof. For n =1 and n = 2, the result is obtained in Figure 3.
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|
R

ey
>
T

Figure 3. Examples of rewriting twists.

Let n > 2, and suppose that the result holds for all ¥ < n. Then
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|
P
D &>,

Hence, the first equation follows by induction on n. The second equation can
be obtained by reversing all of the crossings in the first. U

By rotating the diagrams in Lemma 7 by 180 degrees, we obtain another:

Lemma 8. For each integer n > 0,

where _,p,_1 = A",
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In particular, if a component of a link is only twisted about one set of other
strands, we obtain an immediate corollary of Lemma 7:

Lemma 9. For each integer n > 0,

o
B
= Z nPi o
i<n
for some ,po, ..., npn € R with ,p, = —A"?, and
)
B
= Z —npPi o >
i<n
for some _,po, ..., —npp € Rwith _,p, = —AT"2,
Similarly, the corollary of Lemma 8:
Lemma 10. For each integer n > 0,
|
o
|5
= Z nPi o
i<n
where ,p, = —A"2, and
|
D)
B
- Z —I’lpi O s
i<n

where _,p, = —AT"2,
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Remark 11. We only need the explicitly computed coefficients in Lemmas 7-10
for the proofs that follow, but the other coefficients are not too difficult to compute
explicitly as well: For n > 0, we have ,p; = —A3 nltj—1+ (—A72 - A?) nVj, and
forn > 2, wehave ,uj=A,_1uj_1 —Azn_gﬂj and ,v; =A,_1vj_ —Azn_zvj,
yielding

(=) =i=D2(H =D/ An=1 for p 4 jodd and 0 < j <n,

ntj= / .
0 otherwise

and

{(—1)("—/)/2 (("“j_z)/z)A” forn+ jevenand0 < j <n—1,
nVj =

0 otherwise.

Suppose that a component of a link is twisted with two sets of strands. While
more complicated than in the cases previously considered, it is still possible to
rewrite the component as a linear combination of loops around the other strands:

Lemma 12. For all integers m,n > 0,

| |
|— 1

; g a o
= Z gjj + Z Ti,jifl o

i<m,j<n %;; g; i<m,j<n %;)) 2;))

for some 60,0, ..., Omns T0.05 - -+ » Tm—1n—1 € R With oy, , = —AM+2,

b

Proof. Applying Lemma 7, and then applying Lemma 8 to each diagram of the
resulting linear combination, we have

P

tJ

T T

= Z (m,ui)(n,uj)

. = i
i<m,j<n
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~.
~.

+ D> A Gu)6w))

i<m,j<n—1

~.

~.

H92-092- 0%

+ D> =A ) ))

i<m—1,j<n

~.
~.

+ > (A= AT G))

i<m—1,j<n—1

92009

Since
|
— | | | |
m:‘A4<|><|>‘AZC| 10
o _
|
the result follows. |

Lemma 13. For all integers m,n > 0,

I |
N —
RETIgEs
i: J
= 2

C‘) @
|

where T,y_1 -1 = A"
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Proof. Applying Lemma 7, and then applying Lemma 8 to each diagram of the
resulting linear combination, we get

= > G o) (P I

L
2"; 2;
+ Z — A i) (-,

(7 (_D

+ Z —A" (mV )it

| - )2;>> 2—)@

+ D A=A nv,)

| K
i<m—1,j<n—1

By an argument similar to that for Lemma 13, we obtain this:

i<m,j<n

Lemma 14. For all integers m,n > 0,

|
PP, Lo
R > ) S

% Dt
i<m,j<n—1 i<m,j<n l' .
i<m—1,j<n (—>! (—>!

where 1,1 -1 = A"
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By an argument similar to that for Lemma 12, we obtain this:

Lemma 15. For all integers m,n > 0,

|\ |
R
SHEEHED IR IR AT L

i<m,j<n TR i<m.i<n i: |J
A

where ¢, , = —ATmn=2

Remark 16. In Lemmas 12-15, the coefficients depend on the number of twists
as in Lemmas 7-10: for example, o; ; would be written more precisely as ,, ,0;,;
in Lemma 12. Since we do not need to refer to the coefficients by name in the
following sections, we have simplified the notation for the sake of readability.

3. Finitely generating the skein module

Since all links in the exterior of the surgery description of M (a, £, y) can be iso-
toped into a genus two handlebody and since the skein relations allow us to remove
all crossings in a diagram, S(M (a, 8, 7)) is generated by {x’y/zk}.

Definition 17. For a = |a|, b= ||, c = |y | > 0, we define a strict linear ordering
on the generating set {x'y/z*} of M(a, B, 7). We say x’y/zX < x"y"z? if any of
the following hold:

R A

. é+£+§=%+%+§, i(k+1) <m(p+1).

-§+£+§=—+%+§’ i(k+1)=m(p+1),
() <m (3. 2),
(5 ) =men(3. ). <

. é+£+§=%+%+§’ i+ 1) =m(p+1),

max(%, ]g) =max(%, %), j=n, k<p.
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Suppose that

71< 1

a”! —i—c*l, cl<a'+p7N.

a,bye>1, a'<b '+, b
By sliding over an attached 2-handle, we obtain useful relations:

Definition 18. The Type I relation is

c&o

First, note that by Lemmas 12-15, each side of the relation can be written as a
linear combination of loops of the form x’y/z*, since for all nonnegative integers
u, v, and w,

T Swn

N 1
3 : “w+
il \/ L \/): \/:: :

Note that when > 0 and s > 0, the greatest term appearing on the left side of
the Type I relation, rewritten as a linear combination of loops, is x” y*z’:

When r, s > 0, by Lemma 12, x"y*z’ and x"~'y*~!z/*! appear as the greatest
terms of their respective types.

Since ¢! <a ' +b71,

r,s t_(r st 1 1 1y _r—=1 s=1 t+1
a+b+c>(a+b+c)+( a b+c)_ a + b + c '

When either » =0 or s =0, the claim follows by Lemma 9 or Lemma 10. When
both are 0, the claim follows trivially.

Also note that as long as » > 0 or s > 0, the leading coefficient is — A" T5+2,

Similarly, when r < 0 and s < 0, the greatest term appearing on the left side
of the Type I relation is x ™" y~%z’, and as long as both are nonzero, its coefficient
is _Ar+s—2.

When r > 0 and s < 0, the greatest term appearing on the left side of the Type I

relation is x" 1y =S~z F1:
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By Lemma 13, x" 1y =517+l x"=2y=57 "and x” y~5~2z' appear as the greatest
terms of their respective types. Since b~! <a~! +¢7,

r—1+—s—1+t+1 >(r—l+—s—1+t+1)+(_l+l_l):ﬂ+—_s+£.
a b c a b c a b c¢ a c

Sincea™! <b 1471,

r—1+—s—1+t+1>(r—1+—s—1+t+1)+(1 1 1):r —s—2 t.
b b c a b

Also note that in this case, the leading coefficient is AT,

Similarly, when r < 0 and s > 0, the greatest term appearing on the left side is
x 7"~y =141 with coefficient A",

Likewise, the greatest term on the right side is x!*~"1=1ylA=sI=11%1 ‘when o —r
and g — s are nonzero with different signs, and the greatest term on the right side
is x1#=rlylA=slzt otherwise.

By sliding over the other attached 2-handle, we obtain additional relations:

Definition 19. The Type II relation is

= @ O RCEE
it i
W) T\

N

As with the Type I relation, each side of the relation can be rewritten as a linear
combination of loops of the form x’y/z*.

Also, as with the Type I relation, the greatest term appearing on the left side
of the Type II relation is x’+!yl¥I=1zl=1 when the signs of s and ¢ differ, with
coefficient A**/. Otherwise, the greatest term appearing on the left side is x” y!*!z!!,
and as long as one of s and ¢ are nonzero, the leading coefficient is —A*+*2,

Finally, as with the Type I relation, the greatest term on the right side of the
Type II relation is x”+!ylf=sI=1717 =711 \when the signs of f — s and y — ¢ differ,
and the greatest term appearing on the left side is x” y!/#=51z17 ~*l otherwise.

Theorem 20. For all integers a, b, ¢ > 1 such that

a’! <b_1+c_1, bl <a 47, ¢! <a_1—|—b_1,
S(M(a, b, ¢)) is finitely generated.

Proof. We show that with respect to our previously defined ordering, x’y/z* can
be rewritten as linear combinations of lesser terms whenever i > a, j > b, or
k > c¢. We accomplish this by choosing a Type I or Type II relation in which
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x'yizF appears as the greatest term on the left side, as in the previous discussion.
We then show that x?y/z¥ is greater than the greatest term on the right side of the
relation. Hence, by subtracting all of the terms less than x’y/z* from both sides
of the equation and dividing both sides by the (invertible, as previously discussed)
coefficient of x’y/z¥, we successfully rewrite x’y/z

Case 1. Suppose i > a. Letr =i, s = j,and t = k. Since r > 0 and s >
0, the greatest term on the left of the Type I relation is x’y/zf. Since a —r =
a —i <0, the greatest term on the right side is x'~¢y/~?z% if j > b or i = a, and

ximamlyb=i=lk+lif j < pandi > a.

Case 1.1. Suppose j > b ori =a. Then

and thus x’y/zk > xi=4yi=bk,

Case 1.2. Suppose j < b and i > a. Then

i J . k_i J, k_i-a b—J k
a+b+c>a b+c_ a b +c
i—a b—Jj k 1 1 1
(G ) ()
_i—a—1 b—j—-1  k+1
- a b c
Hence, x’y/zk > xi—a-lyb=i=lzk+1

Case 2. Suppose i <aand j >b. Letr =i, s=j,and ¢t =k. Sincer >0
and s > 0, the greatest term on the left of the Type I relation is x’y/z*. Since
a—r=a—i>0and b—s =0b— j <0, the greatest term on the right side is
x¢Tilyi=b=l k1 4f 5 b oand x4 IZK if j =b.

Case 2.1. Suppose j > b. Then

i J .,k i J, k_a—i  J—b &k
a+b+c> a+b+c_ a T b te
a—i  J=b B p (11 h
>( a + b +c + a b+c
za—p4+1—b—1+k+{
a b c
and thus x/y/zk > x@=i=lyj=b=lk+1
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Case 2.2. Suppose j = b. Then

LIRS QU S . S I R )

a b ¢ a c a a

and hence x'y/zk > x4=izk,

Case 3. Suppose i <a, j <b,andk >c. Letr =i, s = j, and t = k. Since
s>0and ¢ > 0, the greatest term on the left of the Type II relation is x* y/ z*. Since
¢ —t =c—k <0, the greatest term on the right side is xitl y”‘f‘_lzk—"_1 ifk>c,

and x'y*~/ if k =c.

Case 3.1. Suppose k > c. Then

i J, k_i J k_i b-Jj k—c
YT Ty T eTat Ty
i b—J  k—c 11 1
) Gl
] b—j—1 —e—
:l+1+ J +k C 1’
a b c
and thus x! y/zk > xitlyb=j=1zk=c=1,
Case 3.2. Suppose k = c¢. Then
i ] k_ i ] i i b
—F+ -t =4 -+1>-——=+1=-
a+b+c a+b+ >a b+ a+ -~
and so x'y/zk > xiyb=i, -

Remark 21. Note that we can refine the generating set obtained in the proof above,
through additional applications of the Type I and Type II relations. For instance,
we can rewrite x’ y/ z* when

ei<a, j<b,andi/a+j/b>1;

ei<a, j<b,ifa+j/b=1,andi > a/2;
e j<b, k<c,and j/b+k/c> 1;0r

e j<b, k<c, j/b+k/c=1,and k > c/2.

Theorem 22. For all integers a, b, ¢ > 1 such that

a”! <b_1+c_1, b1 <a_1+c_1, ¢! <a_1+b_1,

S(M(a, —b, ¢)) is finitely generated.

Proof. We show that with respect to our previously defined ordering, x’y/z* can
be rewritten as linear combinations of lesser terms whenever i > a, j > b, or

k > c(2—2/b). As in the previous proof, we accomplish this by choosing a Type 1
or Type II relation in which x’y/z¥ appears as the greatest term on the left side,
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and then show that x’y/z* is greater than the greatest term on the right side of the
relation. Here, however, the task is a bit more difficult, since the difference in signs
prevents us from proceeding in a completely straightforward manner.

Case 1. Supposei >a. Letr =i, s = j,and t = k. Since r > 0 and s > O, the
greatest term on the left of the Type I relation is x’y/z¥. Thena —r =a —i <0

and —b —s = —b — j <0, and thus x'~*y?*J/ 7K is the greatest term on the right.
Then

i j—a b+ ] . .

Pyl k_iza (P K nd i D) > (—a)(k+ 1),

a b c a b c

so xiylzk > xi—aybtizk,

Case 2. Suppose i <a and j > b.

Case 2.1. Suppose k > 0. Letr =i+ 1, s =—j —1,and t =k — 1. Since
r > 0and s < 0, the greatest term on the left of the Type I is relation x’y/z% =
x D=1y =(=j=D=1=D+1 Sincea—r=a—i—1>0and —b—s =—b+j+1>0,

x@~i=ly=bHj+l k=1 iq the greatest term on the right. Then

o L i1 —b+j+1 k-
a b c a b c a b ¢ a b c
and thus )Ciijk = xa—i—ly—b+j+lzk—l_

Case 2.2. Suppose k = 0.

Case 2.2.1. Supposei >0.Letr=i—1, s=—j—1,and ¢t =1. Since s <0 and
t > 0,the greatest term on the left of the Type II relation is x'y/. Then —b — s =
—b+j+1>0andc—1t=c—1>0,and thus x' 1y b+iT17¢=1 5 the greatest
term on the right. Then

] j i j j— —b+j+1 _
a b c a b c a b c a b c

—b+j+1 c—1

and thus x'y/ > x/~1y Z

Case 2.2.2. Supposei =0. Letr =0, s =—j, and r =0. Since r = 0, the greatest
term on the left of the Type II relation is y/. Then
—b—s=—b+j>0 and c—t=c>0,

and thus y~2+7z¢ is the greatest term on the right. Then j/b = (—b+j)/b+c/c and
0(0+1)=0(c+1). When j > b, we have max(j/b, 0) > max(—b+ j/b, c/c),
and when j = b, we have max(j/b,0) = 1 = max((—b + j)/b, c/c) and also
j=b>0=—b+j. Hence y/ > y=0Hizc.

Case 3. Supposei <a, j <b,and k > c(2—2/b). (Hence, k > c.)
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Case 3.1. Supposei >0.Letr=i—1, s=—j—1,andt=k+ 1. Sinces <0
and ¢ > 0, the greatest term on the left of the Type II relation is x’y/z¥. Since
—b—s=—-b+j+1<0andc—t=c—k—1 <0, the greatest term on the right
is xi~1yP=i=1zk=c+1 Then
Pyl kg (1+1+’f)+(—1—1+1)=i_1+b_j_1+k_c+1,
a b c a b c a b ¢ a b c

and thus x’y/ > xi—1yb=i-1

Zk—c-i—l .

Case 3.2. Suppose i =0.

Case 3.2.1. Suppose j=b—1. Letr =1, s=—b,andt =k — 1. Sincer > 0
and s < 0, the greatest term on the left of the Type I relation is y”*~'zX. Then
a—r=a—1>0and —b—s =0, and thus x*~'zF~! is the greatest term on the
right. Since

b—1  k

e ()=t

yb_lzk > xa—]Zk—]_

Case 3.2.2. Suppose j <b—1.Letr =0, s=j,andt=k. Since s >0and ¢t > 0,
the greatest term on the left of the Type II relation is y/z¥. —b—s =—b—j <0
and ¢ — k < 0, and thus, y?*/z¥=¢ is the greatest term on the right. Then

J k:b+j k—c

E+E T+T, 0k+1)=0k—c+1),
and max(j/b, k/c) =k/c > max(b+ j/(b), (k—c)/c) since k > c¢((2b—2)/b) >
c((b+ j)/b). Hence y/zk > ybtizk—c, O

Proof of Theorem 4. If a,  and y are all positive, the result follows by Theorem 20.
If a, p and y are all negative, the result follows as well, since S(M(«, 5, 7)) is
isomorphic to S(M(—a, —f, —7)).

Suppose that exactly one of a, § and y is negative. If f < 0, the result follows
by Theorem 22. If o < 0, by sliding the right handle over the left and performing
isotopy, we see that M (a, £, y) is identical to M (y, a, /), and so the result follows.
Similarly, if y < 0, by sliding the left handle over the right, M (a, S, y) is seen to
be identical to M (f, y, a), and so again the result follows.

If exactly one of a, £, and y is positive, then S(M(—a, —f, —y)) is finitely
generated, and thus S(M («, £, 7)) is finitely generated as well. O

4. Examples

While the previous proofs yield a finite set of generators for S(M (a, S, y)), they
do not exploit the full potential of the Type I and Type II relations. Using the
following Python code, we can refine our results for S(M (a, —b, ¢)).
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def greaterthan(a,b,c,i,j,k,m,n,p):
if i*b*c + j*axc + k*a*b > m¥b*c + n*axc + p*axb:
return True
elif ixbxc + j*axc + k*axb == m¥b*c + n*axc + p*axb:
if ix(k+1) > mx(p+1):
return True
elif i*(k+1) == m*(p+1):
if max(j*c,k*b) > max(n*c,p*b):
return True
elif max(j*c,k*b) == max(n*c,p*b):
if j > n:
return True
elif j == n:
if k > p:
return True
return False

def lefti1(i,j,k):

L=1]

if i >0o0r j > O0:
L.append([i,j,k])
L.append([-i,-j,k])

if k > 0:
L.append([i+1,-j-1,k-1])
L.append([-i-1,j+1,k-1])

return L

def left2(i,j,k):

L=1{]

if j > 0 or k > O:
L.append([i,j,k])
L.append([i,-j,-k])

if i > 0:
L.append([i-1,j+1,-k-1])
L.append([i-1,-j-1,k+1])

return L

def righti(a,b,c,r,s,t):
if (a-r > 0 and -b-s < 0) or (a-r < 0 and -b-s > 0):
return [abs(a-r)-1,abs(-b-s)-1,t+1]
return [abs(a-r),abs(-b-s),t]
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def right2(a,b,c,r,s,t):
if (-b-s > 0 and c-t < 0) or (-b-s < 0 and c-t > 0):
return [r+1,abs(-b-s)-1,abs(c-t)-1]
return [r,abs(-b-s),abs(c-t)]

def generatingset(a,b,c):
GS = []
MGS = []
for i in range(a):
for j in range(b):
k=0
while bxk <= 2%c*(b-1):
GS.append([i,j,k])
k +=1
for T in GS:
rewrite = False
for L in left1(T[0],T[1],T[2]):
R = righti(a,b,c,L[0],L[1],L[2])
if greaterthan(a,b,c,T[0],T[1],T[2],R[0],R[1],R[2]):
rewrite = True or rewrite
for L in 1left2(T[0],T[1],T[2]1):
R = right2(a,b,c,L[0],L[1],L[2])
if greaterthan(a,b,c,T[0],T[1],T[2],R[0],R[1],R[2]):
rewrite = True or rewrite
if not rewrite:
MGS . append (T)
return MGS

Using this code, we obtain the generating sets listed in the introduction for
S(M(2,-2,2)), S(M(3,—-2,3)), and S(M (3, —2,5)), and we find that our gen-
erating set is minimal for S(M (2, —2, 2); Z[AT, A).

As for getting minimality of our generating sets for S(M (3, —2, 3); R[AT!], A)
and S(M(3, =2, 5); R[A*!], A), we might consider S(M (3, —2,3); R, —1) and
S(M(3, —2,5); R, —1), as they are isomorphic to the skein algebras of their fun-
damental groups, which are generated by representatives of conjugacy classes.
For S(M (3, =2, 3); R[A®'], A), however, this will not help, as only three of the
conjugacy classes of the binary tetrahedral group are self-inversive, and hence
S(M(3, —2,3); R, —1) can be generated by five elements. See [Przytycki and
Sikora 2000].

Still, for S(M (3, —2, 5); R[A®!], A), we can hope to gain some insight, as its
conjugacy classes are self-inversive, and since we have the following result:
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Proposition 23. Suppose that a set L = {L1, ..., L,} of links in M represents a
generating set for S(M; R[AT!'], A).

(1) If L yields a minimal generating set for S(M; R, —1), then L represents a
minimal generating set for S(M; R[A*!], A).

(2) If L yields a linearly independent set for S(M; R, —1) and S(M; R[A*], A)
has no (A + 1) torsion, then L represents a basis for S(M; R[AT'], A).

(3) If L yields a linearly independent set for S(M; R, —1) and S(M; R[AT!], A)
has torsion, then S(M; R[AT'], A) has (A + 1) torsion.

Proof. (1) Suppose that L, = fi(A)L1+---+ fu_1(A)L,_1 in S(M; R[AT!], A).
Then L, = fi(—=1)Ly+---+ fu_1(=1)L,—1 in S(M; R, —1), a contradiction.
(2) Suppose that fi(A)L; + ---+ f,(A)L, = 0 in S(M; R[A*'], A). Then in
S(M; R, —1),wehave fi(—1)L;+-- -+ f,(—=1)L,=0.Now Ly, ..., L,isabasis
of S(M; R, —1), so fi(—1) =0 for each i, and thus (A +1)| f; for each i. Hence,
(A+1)(g1(A)L1+---+g,(A)L,) =0 for some g1, ...gn. S(M; R[A*'], A) has
no (A + 1) torsion, so g1(A)L; +-- -+ g,(A)L, =0. Hence, S(M; R[A®'], A) is
free.

(3) If L yields a linearly independent set for S(M; R, —1), and S(M; R[A*!], A)
has torsion, then L cannot represent a basis; and hence S(M; R[A*'], A) must
have (A + 1) torsion by (2). O

Remark 24. The existence of torsion is a topic of particular interest in skein theory.
For example, see the study of (A + 1) torsion in [McLendon 2006].

Let G be the binary icosahedral group, with presentation (r, s |r> = s3 = (rs)?).
Since G is finite, the skein algebra of G over C is isomorphic to C[X (G)], the
SL(2, C) character variety of G, a result of [Przytycki and Sikora 2000]; see also
[Bullock 1997b].

Let o¢ be the trivial 2-dimensional representation of G, let o1 be the represen-
tation of G that sends r and s to

A= 1 [ —3e; —e§+eg —26‘51 es —362—262 —eé ]
5 e5—|—Ze§+3e§’ —e§ —2e5 —i—eg—eg —3e§
and
B, = 1 |: —es —2e§—3e§ —4eg1 2es —eg—l—eg’ —2egL }
5 285—€§+€g—2€§ —485—36%—26%’—64 ’

respectively, and let o, be the representation of G that sends r and s to
2 2_ 4 3
es—e: —es—e 1 —e
Ap=| 75, 7SS LandBy=| , 5|,
—es —e5 —es — €3 es 0

respectively, where e5 = ¢27i/3,
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Using GAP [GAP 2007], we can see that g, o1, and o, are SL(2, C) represen-
tations of G, and any SL(2, C) representation o of G is equivalent to one of them:
If irreducible, o is equivalent to o or o3, and if reducible, ¢ is equivalent to oy,
since G is perfect. See [Culler and Shalen 1983].

Let xo, 1, and y» be the characters of gg, o, and o,, respectively, and for each
g € G, let 7, be the evaluation map defined on the characters of G by 7,(x) = x (g).
Note that since 1, r, r2, r3, r*, >, rs, s, and s> represent the conjugacy classes

of G, C[X(G)] is generated by 71, 7,, 7,2, 7,3, T4, T,5, Trs, Ts, and 7.

‘ 7 7, 7,2 7,3 T4 5 Tpg Ty T2
xo0 | 2 2 2 2 2 2 2 2 2
x1| 2 —e5—e‘51 eg—i—eg —eg—eg e5+e§ -2 0 1 —1

x2 | 2 —eg—eg e5+e‘51 —es—egL eg—l—eg -2 0 1 -1

From the table, we can see that the following relations hold in C[X (G)]:

72 = 315 — 214, Tpy = 2Ty — T4, 7,5 =41y — 314,
Ta=413— 1, — 271, T3=3T—7,—7T1, T2=Ts+7T —T|

Furthermore, {71, 7,, 7,4} are linearly independent in C[X (G)], since the matrix

11(x0) 7+ (x0) 7s(x0) 2 2 2
() () () |=|2 —es—ed 1
t1(2) m(x2) 7(x2) 2 —e2—el 1

is invertible.

Thus, S(M (3, —2,5); C, —1) is 3-dimensional, and therefore we cannot use
Proposition 23 to show that our generating set for S(M (3, —2, 5); C[AT!], A) is
minimal. Hence, we are left with the following:

Question. For some ring R and unit A, is {1, z, 2,723,724, 22, y, x, x%} a minimal
generating set for S(M (3, —2,5); R, A)? If not, it is generated by {1, z, x} for
every ring R and unit A?
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TRANSITIVE ACTIONS AND EQUIVARIANT COHOMOLOGY
AS AN UNSTABLE #*-ALGEBRA

VOLKER HAUSCHILD

A graded [,-algebra A with action of the Steenrod algebra s{* is said to
be Steenrod presentable if there is a polynomial ring P = F,[uy, ..., u,]
with an action of «{* and an #{*-invariant ideal I C P such that A = P/I
and the induced action of {* on P/I is the given one. It is shown that
an action ¢ of a simple compact Lie group G on a homogeneous Kiihler
manifold X = G/ H has a Steenrod presentable equivariant cohomology for
almost all primes p if and only if ¢ is conjugate to the standard action by
left translation. Application to the case H = T a maximal torus reproduces
a former result of the author: namely, that every topological G-action on
G/T is conjugate to the standard action by left translation with isotropy
group a maximal torus.

1. Introduction

Suppose X to be a space, and let A = H*(X; [F,) be its cohomology with coeffi-
cients in the prime field [,. Then on A there is an unstable action of the p-Steenrod
algebra #*. On the other hand, given a presentation A = P /I, for an ideal / C P
where P is the polynomial algebra P = F,[hy, ..., h,], with deg h; = d;, one
might ask whether the given action of #* is induced by an action of #* on the
polynomial algebra that leaves the defining ideal stable. In the case p # 2 and
d; prime to p for all i, a necessary condition condition is given by a theorem of
Adams and Wilkerson [1980]; see also [Smith 1995, Theorem 10.5.1]. In particular
it follows from this theorem that the polynomial ring P must be the invariant ring

P=F,[x,... ,xn]W, deg x; =2,

where W C GL(n, [ ) is a finite group of order d; . . . d, generated by pseudoreflec-
tions acting on [, [xy, ..., x,] = F,[V] in the standard way [Smith 1995; 1997].

MSC2000: primary 57510, 57S25; secondary 55510.
Keywords: transitive actions, Steenrod algebra, equivariant cohomology, homogeneous Kéhler
manifolds.
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This implies that the degrees d; can only assume certain precise values, which
are exactly the Weyl-Coxeter degrees of the group W; see for example [Smith
1995, p. 199].

In the following, we say that the [ ,-algebra A with an unstable action of «{* is
Steenrod presentable if there is a polynomial ring P = [ ,[xy, ..., x,1V with the
standard action of the Steenrod algebra s{* and an s4*-stable ideal I C P such that
A = P /I with the induced #{*-module structure.

As the main example of Steenrod presentable [ ,-algebras, we consider the co-
homology of homogeneous spaces X = G/H, where H C G is a closed connected
maximal rank subgroup of a compact connected Lie group G. Then there is the
standard fibration

G/H — By — Bg,
where Bk is the classifying space for the topological group K. If H C G is

a subgroup of maximal rank and if nor G neither H have p-torsion, the ring
H*(G/H; F)) has a presentation

H*(By: F )
H(Bg; Fp) - H*(By; Fp)

H*(G/H; F,) =

such that the action of the Steenrod algebra «{* on H*(G/H; [F),) is induced by the
standard action of s{* on the ring H*(Bp; [)).

So, throughout this note we shall assume that p # 2 and that B and By do not
have p-torsion for all primes to be considered.

Suppose a compact connected Lie group K is acting in a reasonable way on
X = G/H. Then X is totally nonhomologous to zero in the fibration

X — Xx — Byg,

where Xx = Ex xg X is the Borel construction. Write H*(X; F,) = P/Iy,
P =TFplhy,...,h,], where the ideal Iy C P is generated by a set gy, ..., g, of
multiplicative generators of the invariant ring R = H*(Bg; F,) C H*(By; [F)).
As can be shown in the same way as in the proof of [Hauschild 1986, Theorem 1.1],
the equivariant cohomology Hy (X; F,) = H*(Xk; [,) is a graded algebra over
R = H*(Bg; ), which can be written as Hg (X; F,) = Pg/I, where Pr=R® P
and / is an ideal generated by homogeneous elements of the form 1 ® g; —r;,
where the r; are elements of the ideal Ry Pr generated by the augmentation ideal
of R. On the ring Pr = H*(Bk; F)) ®F, H*(Bp; [F)) there is the natural unstable
sA*-module structure and the equivariant cohomology is Steenrod presentable if 1
is stable under this s{*-action inducing the given s4*-action on the quotient. More-
over, since the isomorphism H*(X; F,) = Hg(X; F,)/H} (Bk; Fp)Hg (X; F)) is
induced by the inclusion i: X — Xk of the fiber, the Steenrod presentation of
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HE (X; F,) induces the Steenrod presentation of H*(X; [F,). For more informa-
tion on Steenrod powers acting on equivariant cohomology, see [Allday and Puppe
1993; Quillen 1971].

2. Steenrod powers and rational cohomology

Observe that X = G/ H is now the fiber of two fibrations, and that in both fibrations
it is totally nonhomologous to zero. Consequently there is the canonical epimor-
phism j*: H*(By; F,) — H*(X;F,) induced by the inclusion j: X — By of
the fiber. Moreover, let i* be induced by the inclusion i : X — Xg of the fiber in
the Borel fibration. Both maps commute of course with the respective s{*-module
structures.

Observation 1. The equivariant cohomology Hg (X; F)) is Steenrod presentable
if and only if there is a homomorphism J: H*(By; F,) — Hg(X; F,) making the
following diagram commute:

Hg(X; Fp)

7

H*(By; Fp) - H*(X;F,)

Proof. Let w : Xg — Bk be the projection in the Borel fibration, and then consider

the homomorphism 7*® J: H*(Bg; F,) ® H*(Bp; F,) — Hg (X; Fj). This map

is surjective and commutes with the respective s{*-actions. Let I = Ker(z* ® J);

then Hg(X; [F,) = (H*(Bg; F,) ® H*(Bg: [F,))/I is a Steenrod presentation.
On the other hand, given a Steenrod presentation

Hg(X;Fp) = (H*(Bk; Fp) ® H*(Bu; Fp))/1,
and J: H*(Bp; F,) — Hg(X; F,) given by
H*(By;Fy)5¢ég > 1Q&g mod 1,
then J commutes with the s¢*-actions and i* o J = j*. O

Let X, X’ be spaces such that the rational cohomology rings H*(X; Q) and
H*(X'; Q) are finitely generated as graded Q-algebras. Then we have to define
what it means for a homomorphism 0: H*(X; Q) < H*(X’; Q) to commute with
Steenrod powers for almost all primes p. Let yq, ..., v, € H*(X’; Q) be a set of
multiplicative generators; similarly, let xq, ..., x, € H*(X; Q) be a set of multi-
plicative generators. Then 0(y;) = p;(x1,...,x,) € H*(X; Q) are polynomials.
Let Primey be the (finite) subset of primes which appear as divisors of the de-
nominators of the coefficients of the p;. Then for all p ¢ Primey there are unique
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homomorphisms 6,, 0 » which make the following diagram commute [Adams and
Mahmud 1976]:

H*(X; Q) <0 B*(X; 0)

0
H*(X; Zp)) ~= H*(X'; Z(;»)

| _

0
H*(X;F,) ~ H*(X';F))

Here the vertical maps are induced by the canonical maps Z(,) — Q and Z(,) — [,

respectively. We say that & commutes with the Steenrod powers for almost all

primes p if the » commute with Steenrod powers for p ¢ Primey.

Definition 2. Let K be a compact Lie group acting on X = G/H. Then we say that
the rational equivariant cohomology Hg (X; Q) is Steenrod presentable if there is
a lifting J of the edge homomorphism j*

Hg(X; Q)

o

H*(By; Q) Nis H*(X; Q)

such that J p: H*(By; Fp,) — Hg(X; F,) commutes with Steenrod powers for
almost all p.

A homogeneous space G/H such that rank G = rank H is Kéhler if and only if
H = Z(K) is the centralizer of a (not necessarily maximal) torus K, or, equiva-
lently, if H is conjugate to an isotropy group of the adjoint representation [Besse
1987, Chapter 8].

Here is the main theorem of this article.

Theorem 3. Let G be a simple compact connected Lie group and H C G be a
closed connected subgroup of maximal rank such that X = G/ H is Kdhler and let
G act topologically on X = G/H. Then the following statements are equivalent.

(i) The equivariant cohomology H,(X; Q) is Steenrod presentable.

(i1) The group G acts transitively on X with an isotropy group conjugate to K,
where K is a maximal rank subgroup of G isomorphic to H by an automor-
phism of G which is inner with the possible exception of the even Spin groups.

(iii) There is an isomorphism HF(X; Q) = Ry as Rg-algebras.
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As a corollary, we recover an earlier result from [Hauschild 1985]. (See also
[Hauschild 1986] and the introduction of [Hauschild 2006], where the uniqueness
problem for locally smooth SU(n + 1)-actions on SU(n+1)/S(U(n —1) x U(2))
is considered.)

Theorem 4. Let G be a simple compact connected Lie group, and let T C G be a
maximal torus. Let G act nontrivially on X = G/ T via ¢. Then up to conjugacy,
@ is the standard transitive G-action on X with isotropy group conjugate to T .

Proof (for a proof using obstruction theory, see the Appendix). Write H*(Br; Q)=
Q[x1, ..., x,], deg x; =2. Let Rg = H*(Bg; Q) and write
I 2

Hi(X; Q)= deg X; =2.
Define J(x;) = X;, where the X; is the class of X;. Let p be a prime such that Jp
and J p are defined.

The values of the Steenrod powers P*(x;) and P*(X;) are completely deter-
mined by the instability conditions, that is, we have X (x;) = xip for k =1 and
Pk(x;) = 0 for k > 1. The same holds in H}(X; Fp); that is, P¥(X;) = X7 for
k=1 and P*(X;) = 0 for k > 1. It follows that P*J ,(x;) = J ,P*(x;) for all i.
By simple induction using the Cartan rule, one gets the relation %o J , = J , 0 P
for all £ > 0 and almost all primes p. So, the equivariant cohomology is Steenrod
presentable and the result follows from Theorem 3. (Il

3. A proof of the main theorem

The following definitions synthesize certain cohomological properties of symplec-
tic manifolds and are taken from the paper [Allday 1998]. We consider cohomology
with coefficients in a field Q, with char 0 =0. As a coefficient field of cohomology,
the symbol Q will be omitted in this paragraph.

Definition 5. Let X be a Poincaré duality space over (2 with formal dimension 2n.

(1) The space X is said to be c-symplectic (that is, cohomologically symplectic)
if there is w € H?(X) such that w" # 0.

(ii) If X is c-symplectic, for 0 < j < n, consider the map w’/: H"/(X) —
H"tJ(X), defined as a — w/a, for all @ € H" /(X). Then X is said to
satisfy the hard Lefschetz condition if w/ is an isomorphism for all j. In this
case X is also said to be c-Kihler.

Let X be a c-symplectic space with w € H?(X) as in the definition above. Let
G be a compact connected Lie group acting on X. Then g*(w) = w forall g € G.
In this way any action of a compact connected Lie group on a c-symplectic space
is considered to be a cohomologically symplectic action.
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Definition 6. Let X be a c-symplectic space with c-symplectic class w € H?(X).
Let a torus G act on X. Then the action is said to be cohomologically Hamilton-
ian (c-Hamiltonian) if w € Im{i*: Hé(X) — H?(X)}, where i: X — X is the
inclusion of the fiber in the bundle X5 — Bg.

The main reason we have restricted ourselves to homogeneous spaces G/H
with the Kéhler property is the following result, which can be considered a gener-
alization of a theorem of Atiyah [1983] (see also [Guillemin and Sternberg 1982;
Audin 1991, Corollary 4.2.3]). For the definition of uniformity see [Allday and
Puppe 1993, Definition 3.6.17]. For other consequences of the Kéhler property,
see [Allday et al. 2002].

Theorem 7 [Allday 1998]. Let the r-torus G = T" act on a closed c-symplectic
manifold X in an effective, uniform, c-Hamiltonian way. Then X© has at least
r + 1 connected components.

The conditions of the theorem are always satisfied if X is totally nonhomologous
to zero in the Borel fibration [Allday and Puppe 1993]. Let G be a torus and
suppose G is acting on a c-symplectic manifold X with vanishing odd cohomology.
As we have seen before, the equivariant cohomology can be written as H(X) =
Rglhi, ..., h,]/I where Rg = H*(Bg) and the Ay, ..., h, is a system of homoge-
neous multiplicative generators, I the defining ideal. Let X¢ = F|+F>+- - -4 F; be
the decomposition of the fixed space X into its connected components. Then for
every a, 1 <a <s, we choose a point p, € F, and define a prime ideal P, as the ker-
nel of the composed homomorphism Rg[h1, ..., h,] — HS(X) — Hf(ps) = Rg.
Here the first homomorphism is the natural projection and the second is given by
restricting equivariant cohomology classes to Eg X { p,}. Then the radical of [ is
given by v/1 = (. P« Moreover there is a natural bijection between the primary
components of the ideal I and the connected components of X¢. For more details
on these standard facts on equivariant cohomology see [Allday and Puppe 1993;
Hsiang 1975]. The following lemma is an immediate consequence of the result of
Allday.

Lemma 8. Let the r-torus G = T" act on a closed c-symplectic manifold X with
vanishing odd cohomology. Suppose G is acting on X in an effective, uniform,
c-Hamiltonian way. Then there exists a connected component F of X© such that
the prime ideal P C R[hy, ..., h,] belonging to F is of the kind P = (h,— f1, . ..,
h, — B) with ; € R%&" and some f; # 0.

Proof of the main theorem. (i) = (ii): Let R = H*(Bg) and let Ry = H*(By) =
Qlh1, ..., hy,]. Suppose Hj(X) = (Rg ®a Ru)/I to be a Steenrod presentation.
Let T C G be a maximal torus; then the equivariant cohomology of the induced
T-action is given by H7(X) = H5(X) ®g; Rr. Let It C Rg ®q Rr be the ideal
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generated by /g, thatis, It = Ig-(Rr ®g Rp); then H7(X) = Rrlhy, ..., h,]/I7.
By the previous lemma there is a connected component F C X7 of the fixed set X
such that the corresponding prime ideal has the form P = (hy — Sy, ..., hy — Sy)
with (B1,..., fs) # 0. In particular, the restriction homomorphism H;(X) —
H7({p}) = Rr, p € F is nontrivial. Let G, C G be the isotropy group of p. It
follows from the commutativity of the diagram

Hp (X) —— Hr({p}) = Ry

HE(X) v HE(G(p) = Ro,

that the restriction homomorphism
res,: H;(X) — H;(G(p)) = Rg,

must also be nontrivial. Let U = G, be the connected component of the unit
elementin G, and let n: H*(Bg,) — H*(By) be the homomorphism induced by
the inclusion U C G ,. Then consider the composition € = nores, oJ

* J * res, * n *
0: H*(By) — Hg(X) — H*(Bg,) — H™(By).

It follows from the construction and the hypothesis that & commutes with the
Steenrod powers in «{* for almost all primes p. Let LT be the Lie algebra of the
maximal torus 7. Let £ C LT be the kernel of the projection LT — T. After
[Adams and Mahmud 1976, Theorem 1.5] there is an R-linear map ¢p: LT — LT
carrying £ ® Q into £ ® Q such that the following diagram is commutative.

H*Br) 2 H*(By)

*

H*(Br) 2 H*(Br)

Here ¢* is the graded ring homomorphism induced by the linear map ¢. The
existence of this map is a consequence of [Adams and Mahmud 1976, Lemma 1.2].
The vertical maps are the homomorphisms induced by the standard fibrations By —
By and By — By. It follows from our assumption that § is nontrivial, which
implies that ¢* is also nontrivial. Observe that the map 6 induces exactly the
homomorphism §: H*(G/H)— H*(G/U) induced by the map G/ U — G/G,=
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G(p) C X = G/H. This means that we have a commutative diagram

H*(x) 2 57 G/U)

H*Br) 2 H*(By)

where the vertical maps are the edge homomorphisms for the fibrations By — B¢
and By — Bg, respectively. It follows that § sends the ideal

H}(Bg)-H*(By) C H*(Bp)

generated by the invariants of the Weyl group in H*(Bp) into the ideal
H{(Bg)-H*(By) C H*(By)

generated by the same invariants in H*(By). Then ¢* sends the ideal
H’(Bg)- H*(Br) C H*(Br)

into the ideal
H{(Bg)-H*(Br) C H*(Br),

therefore inducing a graded and nontrivial homomorphism

¢*: H*(G/T) — H*(G/T).
Since G is a simple Lie group we can apply [Hauschild 1985, Lemma 4.1]. There-
fore ¢* must be a surjective map and consequently must be an isomorphism. Now
the commutative diagrams above induce a commutative diagram

G/ 2 v (GU)

.

H*(G/T) £~ H*(G/T)

where the vertical maps are the respective inclusions of invariants under the Weyl
groups WH, WU respectively. It follows that the homomorphism & must be in-
jective which implies dimensions cdg(X) < cdg(G/U) for the respective rational
cohomology. But G/H and G/U are closed oriented manifolds and therefore
dim X <dim G/U, which implies dim X =dim G(p). It follows that X =G /G,
that is, the action is transitive. Now X is I1-connected and therefore G, must be
connected, that is, G, = G} = U. It follows that G/H = G/U and 0 is an
isomorphism. By a theorem of Papadima [1986], the isomorphism ¢* is induced
by an automorphism of the root system of G. This implies that the root systems
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of the maximal rank subgroups H and U are conjugate by such an automorphism,
and consequently, the groups H and U are conjugate by an automorphism which
is inner with the possible exception of the Spin groups.

(i) = (1): We have Xg = Eg xg G/U Z Eg/U = By. But H = U and so
X = By and therefore Hj(X) = Ry as Rg-algebras.

(iii)) = (i): Take J =1d: Ry — Rpy. [

Appendix

Proof of Theorem 4 using obstruction theory. Let 7 : X — B¢ be the projection,
let b € Bg, and let X;, = n_l(b) C X be the fiber over b. Let ij,: X;, — X be
the corresponding inclusion. Then consider the extension problem

X, —L+ By

4
ibf 2y
A
XG
The obstruction to extend the inclusion j: X, — By toamap j': X¢ — Bristo

be found in the group H 3(Xg, Xp; 72 (Br)). Consider the following piece of the
long exact cohomology sequence of the pair (X¢, Xp).

H*(Xg:7Z) - H*(X}: Z) > H*(Xg, Xp;: Z) - H*(Xg,Z) — . ..

Now the first arrow, induced by the inclusion of the fiber, is surjective whereas
H3(Xg; Z) = 0. It follows H*(Xg, Xp; Z) =0 and so H*(Xg, X»; 7") = 0. We
thus have a lifting J = j"™* which gives rise to the commutative diagram

H;(X; Z)
J l "
Uy
H*(Br; 2) — H*(X; 2).
J
By the definition of J as a map induced geometrically, we conclude that H;(X; Q)

is Steenrod presentable. Using the equivalence between (i) and (ii) in Theorem 3
and the standard fact that two maximal tori are conjugate, the result follows. [J
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HORIZONTAL HEEGAARD SPLITTINGS
OF SEIFERT FIBERED SPACES

JESSE JOHNSON

We show that if an orientable Seifert fibered space M with an orientable
genus g base space admits a strongly irreducible horizontal Heegaard split-
ting, then there is a one-to-one correspondence between isotopy classes of
strongly irreducible horizontal Heegaard splittings and elements of 72%.
This correspondence is determined by the slopes of intersection of each
Heegaard splitting with a set of 2g incompressible tori in /. We also show
there are Seifert fibered spaces with infinitely many nonisotopic Heegaard
splittings that determine Nielsen equivalent generating systems for the fun-
damental group of M.

1. Introduction

Certain closed Seifert fibered spaces are known to admit a type of Heegaard split-
ting called a horizontal Heegaard splitting. Bachman and Derby-Talbot [2006]
showed that any Seifert fibered space that admits a strongly irreducible horizontal
splitting admits infinitely many isotopy classes of horizontal splittings. We improve
their analysis to show the following:

Let M be an orientable Seifert fibered space with base space an orientable genus
g surface, and let 71, . . ., Tp¢ be vertical tori in M such that 7; N7 is a single loop
fori odd and j =i + 1 (or vice versa), and empty otherwise. The complement in
M of a regular neighborhood of these tori is a Seifert fibered space over a g-times
punctured sphere.

Theorem 1. If M admits a strongly irreducible horizontal Heegaard splitting and
M is not a circle bundle, then for every 2g-tuple of integers (s1, ..., s2g) € 7%,
there is a unique (up to isotopy) strongly irreducible, horizontal Heegaard split-
ting that intersects each T; in a family of essential loops with slope s;. Moreover,
Heegaard splittings that define distinct 2g-tuples of slopes are not isotopic.

MSC2000: 57N10.
Keywords: Heegaard splitting, Seifert fibered space, Nielsen equivalence.
Research supported by NSF MSPRF grant 0602368.
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A Heegaard splitting for a compact, closed, orientable 3-manifold M is a triple
(X, Hy, H), where ¥ C M is a compact, closed, two-sided surface and the sub-
sets H; and H, of M are handlebodies (that is, homeomorphic copies of closed
regular neighborhoods of connected, finite graphs in S°) with 6 H; = ¥ = 6 H, and
HUH,=M.

A Heegaard splitting (X, Hy, H») is strongly irreducible if every essential, prop-
erly embedded disk in H| intersects every essential, properly embedded disk in Hj.
We will describe the construction of a horizontal Heegaard splitting in Section 3.

Given a Heegaard splitting (X, Hy, Hy) of M, there is a smooth function f from
M to the interval [0, 1] such that the preimage of each point in (0, 1) is a surface
isotopic to X and the preimages of {0} and {1} are graphs (called spines) in H;
and H;. Such a function is called a sweep-out [Johnson 2005] and the restriction
of f toa vertical torus in M is (generically) a Morse function. A Morse function on
a torus always has level sets that are essential in the torus. Level sets of a Morse
function are pairwise disjoint and disjoint essential loops in a torus are parallel,
so f determines a unique isotopy class of simple closed curves in the torus.

We will describe below how a simple closed curve in a vertical torus determines
a rational number called its slope. Different sweep-outs will restrict to different
Morse functions on T, so a Heegaard splitting may determine more than one slope.
We will show that in many cases if two sweep-outs come from the same Heegaard
splitting, then they will determine the same slope on the vertical torus. In particular,
for M a Seifert fibered space with orientable base space and T, ..., T>, vertical
tori in M as above, we show the following:

Lemma 2. If a strongly irreducible Heegaard splitting of a Seifert fibered space
M determines more than one slope in a vertical torus T;, then M is a circle bundle.

This is proved in Section 3, based on techniques developed in Section 2, and
shows one direction of Theorem 1. The other direction follows from the construc-
tion of horizontal Heegaard splittings and is also proved in Section 3.

Weidmann has shown, in the appendix of [Bachman and Derby-Talbot 2006],
that every circle bundle contains a unique irreducible Heegaard splitting (up to
isotopy). The only circle bundles with strongly irreducible Heegaard splittings are
circle bundles over the circle (all of which are lens spaces) and the circle bundle
over the torus with Euler number one.

In Sections 4 and 5, we consider the generating set for the fundamental group
of M. Two generating sets are called Nielsen equivalent if one can be changed to
the other by a finite number of type-one Tietze moves (that is, by replacing the i-th
generator with its inverse or with the product of the i-th and the j-th generator for

some i # j).
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The fundamental group of each handlebody in a Heegaard splitting is a free
group. The inclusion of its fundamental group into z; (M) determines a generating
set for 1 (M). If the handlebodies of two Heegaard splittings determine generating
sets for 71 (M) that are not Nielsen equivalent, then these two splittings can not be
isotopic. Lustig and Moriah have used Nielsen equivalence to distinguish vertical
Heegaard splittings of Seifert fibered spaces [1991] as well as Heegaard splittings
of certain hyperbolic 3-manifolds [1997]. We show that, unfortunately, Nielsen
class does not always distinguish nonisotopic Heegaard splittings. In particular,
we describe in Section 5 a family of Seifert fibered space over the torus with two
singular fibers such that each admits infinitely many nonisotopic Heegaard split-
tings whose handlebodies determine Nielsen equivalent generating sets in 7 (M).

2. Toroidal summands

Let M be a compact, closed, orientable, irreducible 3-manifold (not necessarily a
Seifert fibered space), and let N C M be a submanifold homeomorphic to 7' x S!,
where T is a once punctured torus. Assume 0N is incompressible in M. (If N
is compressible in M, then it compresses to a sphere in the complement of N, so
because M is irreducible, M must be a solid torus.)

Two canonical simple closed curves in 0N are picked out by the topology: a
meridian y that is the boundary of an incompressible torus T x {y} in T x S! (for
some y € S') and a longitude A that is the slope of a vertical loop {x} x S' (y € 8T).
The meridian g is the unique (up to isotopy) loop in O N that is homology trivial in
N, so it is determined independently of the product structure on N. Every essential
annulus properly embedded in N has boundary parallel to A, so this loop is also
independent of the product structure. Any simple closed curve in ON is a sum
pu + g2, and thus determines a fraction p/qg € QU {1/0}, called its slope.

For any essential, simple closed curve £ in T, the subset £ x S! ¢ T x S!isa
nonseparating incompressible torus in M. We can define slopes u' = ¢ x {y} for
y e St and 1/ = {x} x S' for x € £, so again each loop in £ x S' determines a
slope p/q. In this case, the loop x’ is determined by the product structure of N,
not the topology alone. A different product structure will imply a different x". For
our purposes, it suffices to fix a product structure on N, since we will always be
dealing with these slopes in a relative way.

Let (X, H;, H») be a Heegaard splitting for M. Let f : M — [0, 1] be a sweep-
out such that each level surface of f is isotopic to . Let S = ¢ x S! be a vertical
torus in N. After an arbitrarily small isotopy of f, the restriction of f to § will
be a Morse function. As mentioned above, a Morse function on a torus always has
an essential level set and the essential levels define a single isotopy class of simple
closed curves. Thus f determines a unique slope in S.
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We will say that £ determines a slope p/q on § if there is a sweep-out f with
level sets isotopic to X such that the restriction of f to S has a level set in S with
slope p/q. As noted above, a Heegaard splitting may determine more than one
slope. If the intersection of ¥ with § contains an essential loop of slope p/q,
then f can be chosen so that X is a level set of f (rather than just isotopic to one),
so X determines the slope p/q. Conversely, for any sweep-out for X, each level
surface is isotopic to X. Thus X determines a slope p/q in S if and only if X can
be isotoped so that the intersection contains a loop with that slope.

Lemma 3. If a strongly irreducible genus g Heegaard splitting (X, Hy, H,) for
M determines more than one slope in a vertical torus S in N, then £ can be
isotoped so that the closure of 2\ N in the closure of M\ N is a properly embedded
incompressible genus g — 3 surface whose boundary is a pair of loops in 6N, each
with slope 1 or —1.

Before we begin the proof, recall that a smooth function f is Morse if every
critical point is nondegenerate and no two critical points are in the same level. A
function is near-Morse if either all but one of its critical points are nondegenerate
and all are in distinct levels, or all its critical points are nondegenerate and all but
two are in distinct levels.

Proof. If (X, H,, H») determines more than one slope in S, then there are sweep-
outs f and f’ such that X is isotopic to both a level surface of f and of f” and such
that the essential level sets of f|s and f’|s determine different slopes. Because f
and f' are sweep-outs for the same Heegaard splitting, there is an isotopy of M
taking a level surface of f’ to a level surface of f. In particular, there is a family
of sweep-outs {f; | t € [0, 1]} such that fy determines the same slope in S as f’
and f| determines the same slope in S as f.

Assume the family of sweep-outs is generic with respect to S, that is, that f;|s is
Morse for all but finitely many values of 7. At the finitely many non-Morse values,
the restriction will fail to be Morse because either two critical points pass through
the same level, as in Figure 1, or there is a single degenerate critical point. For any
value 7o such that f; |s is a Morse function, there is a neighborhood of 7y in [0, 1]
such that for any ¢ in this neighborhood, f;|s is isotopic (in S) to f,|s. Thus the
slope of the essential levels can only change at the near-Morse values of 7.

If two essential loops in a torus are disjoint, then they are parallel, and thus
define the same slope. Thus if the essential slope changes at a near-Morse value 7y,
then the regular levels of f;,|s must all be trivial in S. This is the case if and only
if each component of the complement of the critical levels is contained in an open
disk in S. If f,|s is a near-Morse function with a degenerate critical point (but
its critical points are in distinct levels), then the complement of the critical levels
must still contain an essential level loop. The only type of intermediate function
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Figure 1. The slope of the level loops in a Morse function on a
torus changes when two saddle singularities pass through the same
level. The surface is embedded so that the Morse function is a
height function.

that does not contain an essential regular level is one in which f;|s has two saddles
at the same level, and this level set cuts S into disks. This is shown in Figure 1.
Thus if the slope changes, there must be such an intermediate function.

The critical level containing the two saddle singularities is a graph with two
valence four vertices and thus four edges. There are exactly two (homeomorphism
classes of) connected graphs with four edges and two valence four vertices: Let I'g
be a two-vertex graph in which two edges pass between the two vertices and one
edge goes from each vertex back to itself. Let I'; be a two-vertex graph in which
each edge goes from one vertex to the other.

Let I" be a critical level set of a near-Morse function on an oriented surface
S such that I'" is homeomorphic to I'g or I'y. Given an orientation for an edge
of T', the orientation of S defines a transverse orientation. Choose an orientation
for each edge so that the transverse orientation points in the direction in which the
near-Morse function is increasing. The embedding of I" suggests a cyclic ordering
of the ends of the edges that enter each vertex. Because each vertex is at a saddle
singularity, the edges must alternate whether they point towards the vertex or away.

If I' is homeomorphic to 'y, then for each edge that passes from a vertex to
itself, one end points towards the vertex and the other away. Thus the ends of each
such edge are adjacent in the cyclic ordering around the vertex. This implies that
a regular neighborhood in § of I' is a planar subsurface. If S is a torus, then the
complement of I" must contain a component that is not contained in a disk in S.

Thus if the slope defined by the Morse function changes, the level containing two
saddles must be homeomorphic to I'y. There is a unique (up to homeomorphism)
way that such a graph can be embedded in a torus so that its complement is a
collection of disks. This is shown at the bottom left of Figure 2. The top left
picture shows the intersection of this level set with a square whose sides are glued
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K

Figure 2. Extending a level surface of f;, locally from a critical
level in S with two saddles produces a sphere with four punctures.

to construct the torus, chosen so that the two vertices of I" are in the two edges of
the glued square.

Let R be a regular neighborhood of S, and let F be the level surface of f;, that
contains the critical level. The surface F intersects R as shown on the right of
Figure 2. Because of the identifications at the edges of the square, this intersection
is a sphere with four punctures, which we will call U, and a (possibly empty) col-
lection of annuli. The boundary loops of U (and thus the boundary loops of F'\ R)
determine slopes in S that intersect at one point. Note that F is isotopic to X
because it is a level surface of a sweep-out for (X, H{, H3).

Claim. The intersection F N S consists of the graph U N S and a (possibly empty)
collection of loops that are trivial in both S and F.

Proof. It suffices to show that the curves in F' NS other than U N S are trivial in F.
Let g be the restriction of the sweep-out f;, to the surface S. Each level set of g
is the intersection of § with a level surface of f;,. There is a canonical way (up
to isotopy) to identify this level surface with X, so each loop component of each
level set of g determines an isotopy class of simple closed curves in X. At a central
singularity in g, a loop corresponding to a trivial loop in X is added or removed.
At a level where there is a single saddle singularity in g, one loop is turned into
two, or vice versa by a band summing operation.

For ¢ near 0, these simple closed curves bound disks in H{, and near 1 they
bound disks in H,. For any regular level of g, consisting of a number of simple
closed curves, the corresponding isotopy classes of loops in X are pairwise disjoint.
Because X is strongly irreducible, a fixed level set of g cannot determine essential
loops in £ bounding disks on both sides. Every regular level of g contains a trivial
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loop in S, so one of the loops in £ determined by this regular level bounds a disk
in Hy or H,.

The disks cannot switch from one side to the other at a critical level with a single
saddle since the loops in X before and after the band summing are disjoint. Thus
the switch occurs at the single level of g with two saddle singularities. In particular,
the loops that limit onto this level set bound disks in opposite handlebodies (though
these disks are not disjoint), so the remaining loops of intersection must be trivial
in F. ]

To complete the proof, isotope F so as to remove any loops that are trivial
in both F and S. Bachman and Derby-Talbot [2006] pointed out that after these
trivial loops are removed, S\ F is a pair of compressing disks for F* whose bound-
aries, when made transverse, intersect at four points. These compressing disks
are on opposite sides of F' and are contained in the regular neighborhood R. Any
compressing disk for F'\ R is disjoint from each of the disks in S\ F. Because
(X, Hy, H,) is strongly irreducible and F is isotopic to X, the surface X \ R must
be incompressible in M \ R.

The manifold N \ R is homeomorphic to a pair of pants cross S!. Any incom-
pressible surface in NV \ R is one of the following forms: a vertical torus or annulus
isotopic to an essential loop or arc cross S'. A horizontal pair of pants is a properly
embedded surface that intersects each vertical S! transversely at a single point. The
surface F N (N \ R) has boundary, so it is not a vertical torus and must consist of
some number of horizontal pairs of pants. The pairs of pants intersect R in the
loops 6U. As noted above, these loops have slopes in the boundary of the closure
of R that, when projected into S, intersect at one point.

The first homology group of N \ R is isomorphic to Z x Z2, where the first Z is
generated by the S' factor of the pair of pants cross a circle. The three boundary
loops of a component of F N (N \ R) bound a pair of pants, so the sum of the
homology elements they generate is zero. The first coordinates of the two loops
in O R differ by exactly one (since they intersect at a single point in §), so the first
coordinate of the third loop must be 1 or —1. In other words, the third cuff of each
pair of pants must have slope 1 or —1 in dN.

The surface F N N is the union of a four times punctured sphere F' N R and two
pairs of pants F N (N \ R), so FNN is a twice punctured genus two surface. Thus
F\ N is an incompressible, twice punctured genus g — 3 surface whose boundary
has slope 1 or —1 in ON. U

3. Seifert fibered spaces

Let M be a Seifert fibered space, and let ¢ C M be a critical fiber. The complement
in M of a regular neighborhood U of c is a surface bundle. Let F be a leaf of
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this bundle, and assume that 0 F' consists of a single loop in dU that is a longitude
of the solid torus U. Let X be union of two disjoint leaves parallel to F and an
annulus in U connecting the boundaries of these leaves. Each component of the
complement in M of X is homeomorphic to the union of F x (0, 1) and a regular
neighborhood of 6 F x (0, 1).

Because F is a surface with boundary, this set is a handlebody, so ¥ determines
a Heegaard splitting (X, Hy, H). A Heegaard splitting constructed in this way
is called a horizontal Heegaard splitting. Recall the collection {T;} of vertical tori
defined in Section 1. The slope that (X, H;, H,) determines on each 7; is precisely
the slope of intersection between F and 7;.

Sedgwick [1999] showed that a horizontal Heegaard splitting is irreducible if
and only if the multiplicity of ¢ is greater than the least common multiple of the
multiplicities of the other critical fibers. In particular, if X is strongly irreducible,
then the winding number of ¢ must be the largest over all the critical fibers in M.
Thus if (X', H{, H,) is a second strongly irreducible horizontal Heegaard splitting
of M, then X’ is constructed starting from the same fiber ¢. The incompressible
surface F is uniquely determined (up to isotopy) by the slopes of intersection be-
tween F and each T;. Thus if ¥ and X’ determine the same slope in each T;, then
they were constructed from the same ¢ and F, and are therefore isotopic.

Proof of Lemma 2. The discussion above shows that if two strongly irreducible,
horizontal Heegaard splittings determine the same slope with each T7;, then they
are isotopic. We will prove the converse. Without loss of generality, assume i is
odd, so that T; N T;4 is a single simple closed curve.

A regular neighborhood N of T; U T;; is homeomorphic to a punctured torus
cross a circle. Because 7; and T;1; are each isotopic to a union of regular fibers
in M, we can assume that N is also a union of regular fibers. The complement
in M of N is a Seifert fibered space, so every incompressible surface in M \ N
is either a vertical torus or a horizontal incompressible surface. The only one of
these surfaces that has boundary in dN is a horizontal surface.

Assume for contradiction that ¥ determines more than one slope in 7;. Then
by Lemma 3 there is an incompressible surface F in the complement of N that
intersects the boundary in two parallel loops with slope 1. A horizontal in-
compressible surface in a Seifert fibered space is nonseparating, so F (which is
separating) must be a union of two horizontal surfaces. The complement M \ N
is a Seifert fibered space whose fibers in d M match the fibers in N, and thus have
slope co in ON.

Each boundary component of F has slope £1, so each regular fiber of the
fibrations intersects each component of F at a single point. The number of in-
tersections of a singular fiber with a horizontal surface is a proper integral fraction
of the number of intersections with the nearby regular fibers, so M \ N contains
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no singular fibers. This implies that N contains no singular fibers, so M must be a
circle bundle. U

Proof of Theorem I. By Lemma 2, a strongly irreducible horizontal Heegaard
splitting is uniquely determined by the 2g-tuple of slopes it determines with the
incompressible tori {7;}. To show a one-to-one correspondence to Z*¢, we need
only show that if M admits a strongly irreducible horizontal Heegaard splitting,
then for any 2g-tuple there is a strongly irreducible horizontal Heegaard splitting
that determines this 2g-tuple of slopes.

If M has a strongly irreducible, horizontal Heegaard splitting (X, H;, H>), then
% was constructed from some critical fiber ¢ and an incompressible surface F in
the complement of ¢ that intersects each regular fiber at two points. The critical
fiber ¢ can always be taken to be disjoint from each 7;.

Given positive integers n and i < g, consider n parallel copies 7,;. Because F
intersects each regular fiber at two points and the torus 7; is a union of regular
fibers, the surface F' will intersect each copy szl. of T; in two simple closed curves.
Let U be a regular neighborhood of a component of F N szl.. The intersection of
FuU szi with U is the union of a pair of annuli that intersect in a common essential
loop. There are two ways to replace these two intersecting annuli with two disjoint
annuli. If we make this replacement in the same way in each neighborhood, the
resulting surface will have slope either n or —n in T; . For every other T;, the
slopes of F N T; and F' N T; agree. (This operation is called a Haken sum.) We
say that the surface with slope n is the result of spinning F around T3; n times.

Similarly, spinning F' around 7»;; changes its slope with 7»; but not with the
other vertical tori. Thus by spinning F' around the vertical tori, one can construct a
horizontal surface F’ that intersects the vertical tori {7;} in any 2g-tuple. This F’
has the same boundary as F in N (c), so F'U A is a horizontal Heegaard surface
Y for M. There are two ways to see that X’ is a strongly irreducible, horizontal
Heegaard surface. First, the reader can check that there is a homeomorphism from
M to itself taking £ onto X’. Second, both Heegaard splittings are constructed
from the same critical fiber in M, so by Sedgwick’s results [1999], both are strongly
irreducible. The Heegaard surface X’ determines the same 2g-tuple of integers
as F’, so for each 2g-tuple of integers, there is a strongly irreducible, horizontal
Heegaard splitting whose slopes in {7;} realize those values. ]

4. Double primitive knots

Here, we will construct a family of 3-manifolds with infinitely many nonisotopic
genus three Heegaard splittings. In the next section, we will show that for certain
Seifert fibered spaces over the torus with two critical fibers, the Heegaard splittings
all determine the same Nielsen classes of generators for the fundamental group.
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Let X be a compact, closed, orientable, irreducible 3-manifold with a genus two
Heegaard splitting (X', H{, H,), and let £ C X’ be a simple closed curve such that
¢ intersects some essential, properly embedded disk D; C H/ at a single point for
i =1,2. Such a loop is called double primitive. (A knot in S3 that is isotopic to a
double primitive loop in a genus two Heegaard splitting is called a Berge knot.)

Let Y C X be a regular neighborhood of a double primitive loop £ C X’. The
intersection 0¥ N X’ is a pair of loops ¢} and ¢} in the torus 0Y. Define N =T x S!,
where T is a once punctured torus, and let x; and x; be points in § I Let M be the
result of gluing X \ Y to N by a map that sends ¢’ to 0T x {x;} fori =1, 2.

Lemmad. X = X U (T x {x1, x2}) is a genus three Heegaard surface for M.

Proof. The complement in N of (T x {x;, x»}) consists of two components, each
of whose closure is a genus two handlebody T x I, where I C S! is one of the two
intervals with endpoints x; and x,. Let N; and N, be these handlebodies. Then
each of Ny NoN and N, NON is an annulus.

In M, the complement M; = H{ \ Y is a handlebody. Because £ is double
primitive, the intersection of M with the closure of Y is an annular neighborhood
A of aloop in 6 M that intersects some properly embedded, essential disk D C M,
at a single point. A closed regular neighborhood U in M of AU D is a solid torus
such that U intersects the closure of M7\ U in a disk. In M, the set U is a regular
neighborhood of an annulus in the boundary of N;. Thus Ny UU is a handlebody.

The set M| U Ny is the union of the closure of M| \ U (which is a handlebody)
and the handlebody N; U U. The two handlebodies intersect in a disk, so their
union is a handlebody H;. A similar argument for M, implies that N, U M, is a
handlebody H;. Thus ¥ = 0 H; = 0 H, is a Heegaard surface for M. O

The Heegaard surface £ = X" U (T X {x1, x»}) determines a Heegaard splitting
(X, H,, H») such that Hl/ C Hp and Hé C H,. Lemma 4 requires that for s € S!,
0T x {s} is sent to the same slope in &Y as £, but there is no requirement for the
slope that a loop {t} x S (where t € 8T is glued to. Thus there are infinitely many
gluings that will produce a manifold with a genus three Heegaard splitting.

Lemma 5. If (X, Hy, H,) is weakly reducible, then X \ 'Y is a solid torus.

Proof. Because M has Heegaard genus at most three, it cannot be a connect sum
of T3 with a nontrivial manifold. If N is compressible, then it compresses down
to a sphere, which must bound a ball. Thus if 0N is compressible, X \ Y is a solid
torus. We will therefore assume that 0 N is incompressible.

Assume X be weakly reducible. By Casson and Gordon’s theorem [1987], if
(X, Hy, H,) is weakly reducible, X is reducible or compresses to a separating
incompressible surface S in M. In the second case, each component of the com-
plement of S has a Heegaard splitting that comes from compressing X.
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The 3-manifold M does not admit a genus two Heegaard splitting because by the
main theorem of [Kobayashi 1984], if a closed 3-manifold M contains a separating
incompressible torus and a genus two Heegaard splitting, then each piece of the
complement is either a Seifert fibered space over a disk, an annulus or a Mobius
band, the complement of a (1, 1) knot in a lens space, or the complement of a two-
bridge knot in S3. (In fact, the theorem is much stronger than this, but that’s all
we need.) The component N is not one of these three types, so M does not admit
a genus two Heegaard splitting. Because X is not reducible, the weak reduction
must determine a separating incompressible surface S C M.

Because S is the result of compressing the genus three surface X at least twice,
S must consist of one, two or three tori. Because each component of M \ S has a
Heegaard splitting that comes from compressing the genus three surface X, each
component of M \ S has Heegaard genus at most two. Any submanifold of M
containing N has Heegaard genus at least three (for the same reason that M has
Heegaard genus at least three), so S must intersect N.

Any incompressible surface in N is either a vertical torus or a horizontal once
punctured torus. If SN N contains a horizontal punctured torus, then S\ N contains
a disk, so ON is compressible into X, which contradicts the assumption on O N.

Thus S consists of vertical tori in N. Because it is separating, S must consist
of a union U C N of two parallel vertical tori (each of which is nonseparating).
Each component of M \ U has a Heegaard splitting induced from X and such a
splitting has genus at most two. One component is homeomorphic to a torus cross
an interval. The other is the union of X \ Y and a pair of pants cross an interval.

Let Z be this second component. Note that if X \ Y is not a solid torus, then
the fundamental group of X \ Y has rank at least two. The fundamental group of
a pair of pants cross an interval is the direct product of Z and a free group F? on
two generators. By Van Kampen’s theorem, the fundamental group of Z is the
quotient of the free product z; (X \ Y) * (F2 x Z) by two relations, one that equates
an element of F? to an element of 7{(X \ Y), and the other that equates a generator
of Z to an element of 7| (X \ Y). There is thus a homomorphism from 7| (Z) onto
the direct product 71 (X \ Y) x Z. If Z admits a genus two Heegaard splitting, then
71(Z) has rank at most 2, so 71 (X \ Y) has rank at most one, implying X \ Y is a
solid torus. U

Let a and f be essential simple closed curves in T whose intersection is a single
point. Define S, = a x S!and Sp=px S!'. Because X contains 7 x x; and T X x»,
it determines the slope 0 in both S, and Ss. Let X; be the result of spinning X
i times around Sz as in Section 3. If two such surfaces X; and X; (for i # j)
are isotopic, then X; determines both the slope i and the slope j. By Lemma 3,
this implies that X can be isotoped to intersect X \ Y in an incompressible, twice
punctured, genus zero surface, that is, an annulus.
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Figure 3. The construction of the surface E.

Assume that £ can be isotoped to intersect X \ Y in an incompressible, properly
embedded annulus A. If A is boundary compressible, then because X is irreducible,
A must be boundary parallel. Isotoping A out of X \ ¥ makes X disjoint from
d(X \ Y). This implies that (X \ Y) must be compressible because a Heegaard
surface cannot be made disjoint from a closed incompressible surface. Thus we
have proved the following:

Lemma 6. If 6(X \Y) is incompressible in M and X \ 'Y does not contain a prop-
erly embedded, essential (that is, incompressible and boundary incompressible)
annulus, then M admits infinitely many nonisotopic Heegaard splittings.

Note that if M is the complement of a knot K in S3, then Lemma 6 holds
whenever K is not a torus knot or a cable knot.

5. Nielsen equivalence

Let (O, By, B>) be a genus one Heegaard splitting of 3, and let K C O be a
simple closed curve that does not bound a disk in 3. (The curve K is a nontrivial
torus knot.) We can give each solid torus B; and B, a Seifert fibration such that
K C 0B; is a fiber. This defines a Seifert fibration of S* such that there is a regular
neighborhood Y of K consisting of a union of fibers. Thus the complement in S*
of Y is a Seifert fibered space over the disk with two singular fibers. A regular
fiber in 0Y determines the same slope as O NJY.

Let m be the boundary of a small disk D that intersects K in a single point
and O in a single arc, as in Figure 3. Let U be an open regular neighborhood
of m. Define E to be the union of the twice punctured torus O \ U and the annulus
oU N By. (Here U is the closure of the open set U.) Define E’ to be the union of
O\ U and 6U N B.

Because m bounds a disk that intersects K at a single point, there is a homeo-
morphism from S° to the result of 1 Dehn surgery on m that takes K onto itself.
Let F be the image in this homeomorphism of E, and let F’ be the image of E’.
In other words, F and F’ are the result of “twisting” E and E’, respectively, about
the meridian m. The differences E’\ E and E \ E’ are annuli whose union bounds
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the solid torus U. The annuli meet in meridians of the solid torus. After the Dehn
surgery, F'\ F and F \ F’ again bound the solid torus, but this time they meet
along a longitude of the solid torus. Thus there is an isotopy from F’\ F to F\ F’.
Extending this isotopy to all of F’ takes F’ onto F, so F and F’ are isotopic in S°
fixing FFNY =FNY.

The surface F is the result of adding a trivial handle to the genus one Heegaard
surface O. Thus F defines a genus two Heegaard splitting (X', H{, H;) for S?
where X' = F, H{ = B;\U, and H, = B, U U. The intersection D N HjN B
is an essential disk properly embedded in H; and intersects K at a single point.
Thus K is primitive in H,. Because F' is isotopic to F, a similar argument for F’
implies that K is also primitive in H{. (The reader can check that F results from
taking the standard unknotting graph consisting of a core for B; and a short arc
to K, then pushing K into the resulting Heegaard surface in a way that makes it
double primitive.)

Let T be a once punctured torus, let s; and s, be points in S I and let 7, and 1, be
points in 67 . Each component of O NdY intersects each component of £'N3JY at
a single point, so these four loops cut 8Y into four squares. The loops #; x ' and
0T x s; intersect at one point for each pair, so they form a homeomorphic pattern
in 8T x S'. Let M be the result of gluing S3\ Y to T x S! so that the loops O NaY
are sent to #; x S! and 1, x S' while the loops £’ N Y are sent to 6T x s; and
oT x 852.

Since K is double primitive in £, Lemma 4 implies X = (X/\ Y)U(T x (s;Us3))
is the surface in a genus three Heegaard splitting (X, H;, H,) for M. By Lemma 5,
this Heegaard splitting is strongly irreducible. Moreover, because loops of the
Seifert fibration in 8(S> \ Y) are glued to vertical loops in T x S' (which can be
thought of as loops of a Seifert fibration for N), M is a Seifert fibered space.

Let o and f be simple closed curves in T that intersect in a single point. As in the
previous section, we can spin X around the vertical torus Sg = x § ! to construct
an infinite family of Heegaard splittings {(X/, H f , Hé)} such that X! determines
the slope i in the vertical torus S, = a x S'.

Lemma 7. The Heegaard splittings (X', Hli, Hé) and (X7, Hj, sz) are isotopic
ifand only ifi = j. However, the generating set for «1(M) defined by the inclusion
map nl(Hli) — 7w1(M) is Nielsen equivalent to that defined by nl(H]J) — w1(M)
Jorall i and j. The generating set determined by 7r1(H2") — 7w1(M) is Nielsen
equivalent that defined by (sz ) — w1 (M) as well.

Proof. There is an essential annulus properly embedded in 3\ ¥, so Lemma 6
is not enough to distinguish Heegaard splittings by their slopes. However, this
annulus intersects 0Y in the same slope as O N Y, which determines the slope
o0 in 8T x S'. Since there is no incompressible surface with slope +1, Lemma 3
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implies that X/ determines a unique slope on any vertical torus in T x S'. Since X;
determines slope i and X ; determines slope j, we conclude T/ and X/ are isotopic
if and only if i = j.

All that remains is to show that the Nielsen classes of the generators for 71 (M)
determined by these Heegaard splittings are all equivalent. We will show this for
% and X'. A similar argument works for any X/ and £‘*! and the general result
follows by induction on |i|.

We will choose as the base point for 7 (M) a point p = (a, b) € 6T x S'. The
fundamental group of the punctured torus 7 x {b} (with base point b € 0T) is a
free group on two generators. Let x and y be the inclusion into z;(M) of these
generators. We can choose x and y so that an arc representing x intersects Sg
at a single point and is disjoint from S,. Similarly, we can assume that an arc
representing y intersects S, at a single point and is disjoint from Sg.

Let z be the element of 7; (M) defined by the loop a x S'. Let ¢ be the element
of w1(M) defined by a path that follows a short arc into B; C S3, then follows
a core of B disjoint from the disk D, and then follows the short arc back to p.
Because z is determined by a regular fiber and ¢ is determined by a singular fiber
of order ¢, we have z = t” for some integer p.

The fundamental group of H{) is generated by x, y and ¢, so it induces the
Nielsen class [x, y, t] for z;(M). The only generator for H 10 that intersects Sp
is x. Spinning £ around Sp replaces x with xz = zx or xz~ ! =z !x, while fixing
y and ¢. Without loss of generality, we will assume it replaces x with x¢. Thus
Hl1 determines the Nielsen class [xz, y,f]. We noted above that z = P, so the
new generating set is in fact [x#”, y, t], which is Nielsen equivalent to [x, y, t], the
generating set for H{) . The generating sets induced by m(Hlo) and m(Hll), and
by induction of any 7| (H f), are Nielsen equivalent.

Above, we constructed X° from the surface F in the knot complement M \ Y.
Switching the roles of By and B, in this construction switches F and F’, so the
resulting Heegaard splitting would be constructed from F’. However, we noted
that F’ is isotopic to F in M \ Y. Thus the Heegaard splitting that results from
switching the roles of B; and B; is isotopic to (=9, HZO, Hlo), that is, the same
Heegaard surface, but with the order of the handlebodies switched. We can thus
apply the argument above to Hg and Hzl, implying that the generating sets induced
by 7, (Hé) and 7 (HZJ ) are Nielsen equivalent for all i, j. (]
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REPRESENTATIONS OF MULTILOOP ALGEBRAS

MICHAEL LAU

We describe the finite-dimensional simple modules of all the (twisted and
untwisted) multiloop algebras and classify them up to isomorphism.

1. Introduction

Multiloop algebras are multivariable generalizations of the loop algebras appearing
in affine Kac—-Moody theory. The study of these algebras and their extensions
includes a substantial literature on (twisted and untwisted) multiloop, toroidal, and
extended affine Lie algebras. This paper describes the finite-dimensional simple
modules of multiloop algebras and classifies them up to isomorphism.

Let g be a finite-dimensional simple Lie algebra over an algebraically closed
field F of characteristic zero. Suppose that o1, ...,0y : g — g are commuting
automorphisms of finite orders my, . .., my, respectively. For each i, fix a primitive
m;-th root of unity & € F. Then g decomposes into common eigenspaces relative
to these automorphisms:

g= @ 95>

where gy = {x € g | oix = fl.k"x} and k is the image of each k € Z" under the
canonical map Z¥ — G =7Z/mZ x --- x Z/myZ. The multiloop algebra of g,
relative to these automorphisms, is the Lie algebra

kezN

where Ft* is the span of t* = tf‘ e tf,” , and multiplication is defined pointwise.
If the automorphisms oy, ..., oy are all trivial, & is called an untwisted multiloop
algebra. Otherwise, it is a twisted multiloop algebra.

In the one variable case (untwisted and twisted loop algebras), a proof of the
classification of the finite-dimensional simple modules appears in [Chari 1986;
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Chari and Pressley 1986; 1987; 1988]. A complete list of these modules also
appears explicitly in [Rao 1993], and a very recent paper [Chari et al. 2008] gives
a detailed discussion of this problem in the twisted loop case.

A description of the finite-dimensional simple modules of the untwisted mul-
tiloop Lie algebras was first given by S. E. Rao [2001]. Subsequent work by
P. Batra [2004] provided a complete (but redundant) list of the finite-dimensional
simple modules when o is a diagram automorphism and the other automorphisms
07, ...,o0y are all trivial.

In the one variable case, every twisted loop algebra £(g; t o y) defined by an
inner automorphism 7 and a diagram automorphism y is isomorphic to £(g; y)
[Kac 1990, Proposition 8.5]. It thus suffices to consider twists only by diagram
automorphisms in this setting. Unfortunately, this is far from true in the multivari-
able case. See [Gille and Pianzola 2007, Remark 5.9], for instance. It has recently
been shown that the centreless core of almost every extended affine Lie algebra
is a multiloop algebra [Allison et al. 2009], using results of [Allison et al. 2008;
Neher 2004]. Even for these multiloop algebras, any number of the automorphisms
o; can be nontrivial, and any number of them can fail to be diagram automorphisms.

In this paper, we consider an arbitrary (twisted or untwisted) multiloop alge-
bra ¥. From any ideal $ of &, we construct a G-graded ideal I = I($) of the
ring R=F [tlil, el t,j\fl] of Laurent polynomials. If $ is the kernel of a finite-
dimensional irreducible representation, the (_)—component I of I turns out to be a
radical ideal of the O-component of R. The resulting decomposition of I5 into an
intersection of a finite number of maximal ideals produces an isomorphism

We:L/$—>g®---Dg (r copies)

whose composition with the quotient map = : £ — £/9 is evaluation at an r-tuple
a=(a,...,a,) of points a; € (F*)N:

Yaom :x® f(t) = (flaDx, ..., f(a)x)

for any x ® f(r) € &. Since the finite-dimensional simple modules of the semi-
simple Lie algebra g - - - @ g are the tensor products of finite-dimensional simple
modules for g, we obtain a complete (but redundant) list of the finite-dimensional
irreducible representations of &£ (Corollary 4.4). Namely, any finite-dimensional
simple module for & is of the form

Vt,a) =V, @) ®---®V, (),

where V), is the g-module of dominant integral highest weight 4;, and V;, (a;)
is the $-module obtained by evaluating elements of & at the point a;, and then
letting the resulting element of g act on V,,. The r-tuples a = (ay, ..., a,) that
occur in this process must satisfy the condition that the points m(a;) are all distinct,
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where m(a;)=(a;}', ..., a;y') is determined by the orders m, . .., my of the auto-
morphisms oy, ..., oy. Conversely, the ¥£-module V (4, a) is finite-dimensional
and simple if the a; satisfy this condition (Theorem 4.5).

In the second half of the paper, we establish necessary and sufficient conditions
for ¥£-modules V (4, a) and V (u, b) to be isomorphic. Namely, we “pull back” a
triangular decomposition N_@® H @ N4 of gb- - - @ g to a triangular decomposition
w '\(N) @y, ' (H)® w; (Ny) of £/9. The modules V (2, a) and V (u, b) are
highest weight with respect to this decomposition of &£/$, and they are isomorphic
if and only if they have the same highest weights. We conclude with three equiva-
lent criteria for isomorphism in terms of an explicit formula in Theorem 5.4, orbits
under a group action in Corollary 5.9, and equivariant maps in Corollary 5.10.
These are the first such isomorphism results for modules in any multiloop setting.

Interestingly, the triangular decomposition N_ @ H @ N is replaced with a new
triangular decomposition w1 (N_) ® wpy, ' (H) ® wpyw, ' (Ny) of g® in the
computation of the highest weight of V (u, b). Unlike diagram automorphisms,
arbitrary finite-order automorphisms ¢; often fail to stabilize any triangular de-
composition of a finite-dimensional semisimple Lie algebra. This fact is reflected
in the change of triangular decomposition on g®”, and it is one of the reasons that
past work considered only twists by diagram automorphisms.

Another novelty in this classification is the passage from twists by a single non-
trivial automorphism o to a family of nontrivial automorphisms oy, ..., oy. Here
the major obstacle to past approaches was reliance on the representation theory of
the fixed point subalgebra gg under the action of the automorphisms. While this
was a great success when working with twists by a single automorphism, it cannot
be used when considering twists by more than one automorphism, since the algebra
g5 is then often 0. We avoid this pitfall by using a new approach that does not rely
on the usual Dynkin diagram folding arguments.

We expect the methods of this paper to be widely applicable. For example,
the arguments given here classify the finite-dimensional simple modules of the
Lie algebra Map(X, g) of g-valued regular functions on any affine variety X;
namely, they are tensor products of evaluation modules at distinct points of X.
Since the release of earlier versions of this paper, our approach has already been
adapted to classify modules for Lie algebras g ® A of g-valued functions on affine
schemes Spec(A) and their invariants under more general finite group actions
[Chari et al. 2009; Neher et al. 2009]. Another promising direction is the classifi-
cation of Z"-graded-simple modules of L(g; o1, ..., oy) with finite-dimensional
graded components. See [Pal and Batra 2008; Rao 2001] for partial results.

Notation. Throughout this paper, F' will be an algebraically closed field of char-
acteristic zero. All Lie algebras, linear spans, and tensor products will be taken
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over F unless otherwise indicated. We will denote the integers by Z, the nonneg-
ative integers by Z., and the nonzero elements of F by F*.

2. Multiloop algebras and their ideals

The following proposition is an immediate consequence of general facts about
reductive Lie algebras.

Proposition 2.1. Let L be a perfect Lie algebra over F, and let ¢ : L — End V be
a finite-dimensional irreducible representation. Then L/ ker ¢ is a semisimple Lie
algebra.

Proof. The representation ¢ descends to a faithful representation of L/ ker ¢.
By [Bourbaki 1960, Proposition 6.4.5], any Lie algebra with a faithful finite-
dimensional irreducible representation is reductive. Also, L is perfect. Therefore,
L/ ker ¢ is perfect and reductive, and hence semisimple. (]

We now focus our attention on multiloop algebras. Let g be a finite-dimensional
simple Lie algebra over F', and let R=F [tfEl e t,i?l] be the commutative algebra
of Laurent polynomials in N variables. The untwisted multiloop algebra is the Lie
algebra g ® R with (bilinear) pointwise multiplication given by

x® f,y®gl=1[x,y]l® fg forallx,yegand f, ge€R.

Suppose that g is equipped with N commuting automorphisms oy, ...,0y : g — @
of finite orders my, ..., my, respectively. For each i, fix & € F to be a primitive
mi-th root of 1. Then g has a common eigenspace decomposition g = Pz ;-
where k is the image of k = (ky, ..., kn) € 7N under the canonical map

N - G=7Z/mZx---xZ/myZ,
and
gi={xeglox=&ixfori=1,...,N}.
The (twisted) multiloop algebra & = £(g; o1, ..., on) is the Lie subalgebra

9= @ et cgar.
kezVN

where £ = t{q .- 1Y is multiindex notation.
Note that R has a G-grading

2.2) R=EP R

keG
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where R = F[tlim1 Y s tim’v] and R; = t"R() for every k € ZV . In this notation,
=P ® Rp).
keG
Fix an F-basis
(2.3) {xg; 1j=1,...,dimgg)
of gg for all k € G. Then
dim g
(2.4) =P P (Fx;; @ Rp).
keG Jj=1

Since g is simple (hence perfect) and graded, each xg ; can be expresseid as a sum
of brackets of homogeneous elements y, z € g, with deg y + degz = k. For each
such k € ZV and pair v, z, there exist a, b € ZV with degy = @, degz = b, and
a+ b = k. Then the sum of the brackets [y ® %, z ® t*1 will be Xg; ® t*. Since
these elements span &, it is clear that & is perfect. See also [Allison et al. 2006,
Lemma 4.9].

Let 7z ; be the projection 7z ; F— Fxg ;@R relative to the decomposition (2.4).
We will view 7 ; as a projection ¥ — Ry by identifying xg; ® f with f for all
f € Rg. Let 9 be an ideal of the Lie algebra &, and let I = I ($) be the ideal of R

generated by
dim g

U U 7 (9)-
keG Jj=l1
Note that the definition of / is independent of the choice of homogeneous basis
{xz j} of g, and the ideal / is G-graded since its generators are homogeneous with
respect to the G-grading of R. That is,

I=EP I, where I =INR.
keG
Moreover, t[_kI,; CINR;=1;= t[_k(tk_flg) C t'f_kl,;, SO
(2.5) I;=t""%I; forallk,tezV.
We will use the following technical lemma to show that $ = LN (g® I).

Lemma 2.6. Let
dim g7

Y=>" > x,@mm(Y) €.

reG n=1

Then xg; @ t*~‘n; (Y) € 9 forallk, € € ZV, 1 <i <dimgg, and 1 < j < dimg;.
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Proof. The finite-dimensional simple Lie algebra g is a finite-dimensional simple
g-module (and hence a finite-dimensional simple £(g)-module) under the adjoint
action of g. Fix k,£ e ZV, i e {1,...,dimgg} and j € {1,...,dimg;}. By the
Jacobson density theorem, there exists u € $l(g) such that

u.Xz, =

xg; iff={andn=j,
0 otherwise

forall¥ € Gandn e {l,..., gr}. By the Poincaré—Birkhoff—Witt theorem, we can
write u = » {_, ps, where a > 1 and each p; is a monomial in the variables in
{x;, |7 €G, n=1,...,dimgr}. Considering the induced G-grading of l(g), we
can assume that each p, is homogeneous of degree k — £. Write

dim g
b ()
Ps = Cg H H (x7,)’m, wherec; € Fand b;, € Z,.
reG n=1

Since p; is homogeneous of degree k — ¢ in the G-grading of l(g), we can

choose a(s,r,n, 1), a(s,r,n,2),... ,a(s,f,n,bﬁfl)) e7ZV foreachse{l,...,a},
reG,andn e {l,...,dimgs} so that
(i)f=a(s,f,n,1):---=a(s,f,n,b§;)) and
dlmgr rn

(11)ZZZa(srnb) k—¢.

reG n=1 b=1
Then

dlmgr n

ps —c, H H H(xrn ®ta(s 7., b))

reG n=1 b=1

is in the universal enveloping algebra L(£) of &, which acts on $ via the adjoint
actionof Lon $,and > {_, ps.Y =xy; ®tk_£7rgj (Y), so xg; ®tk_€7r{;j Y)ey. O

Proposition 2.7. In the notation introduced above,

(2.8) $=£N(@ERI)
(2.9) =Pusr
keG

Proof. The second equality (2.9) and the inclusion $ C £ N (g ® I) are clear, so it
remains only to verify the reverse inclusion £ N (g ® I) C $. In light of (2.9), it
suffices to show that x;; ® f € $ forallk € G, i €{1,...,dimgg}, and f € I;.
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By the definition of /, there exist Y;; € § and f;; € Ri—; such that

dim g;

F=22 20 fime (.

teG Jj=1

By Lemma 2.6, xi; ® t’ngj (ng) € 9 forall r, £ € ZV satisfying 7 = k — £. Since
each f; ;€ Ri=; is an F-linear combination of {t" | ¥ = k — {}, we see that

x,;i®fgj7tgj(ng)€9
forallfeGandj:l,...,dimgg.Thusx,;l.®f656. (I

We close this section by considering the structure of I C Rj in the case where
9 is the kernel of an irreducible finite-dimensional representation of £. Clearly I
is an ideal of Rj. Moreover, it is a radical ideal:

Proposition 2.10. Let ¢ : £ — End V be a finite-dimensional irreducible repre-
sentation of the multiloop algebra &£, and let $ = ker ¢. Define I = 1($) C R as
above. Then the graded component I is a radical ideal of Ry.

Proof. Suppose p is an element of \/IT, the radical of the ideal I = I N R of Rj.
Choose k € ZV so that gz # 0, and let x € g be a nonzero element.

Fory® f e ¥, let (y ® f) C & be the ideal (of &¥) generated by y ® f. Let
J = (x @ t*p), and note that the n-th term J in the derived series of J satisfies
JW C LN (g® (p")), where (p") is the principal ideal of R generated by p”.
Since I; = tflﬁ for all £ € ZV by (2.5), and since p" € I for n sufficiently large,
we see that J® C £ N (g® I) for n > 0. Then by Proposition 2.7, JM C % so

JT” C Rad(£/9).
Since Rad(%/$) = 0 by Proposition 2.1, we see that x ® t*p € $. That is,
p=t"*t*p) e t_kI,; = I, and thus \/Tﬁ = Ij. O

3. Some commutative algebra

In this short section, we recall some basic commutative algebra that will be useful
for classifying modules for multiloop algebras. Let F', F*, and R be as before. For
anyideal I C R, letV'(I)={x € (F*)V| f(x) =0 for all f € I} be the (quasiaffine)
variety corresponding to 7, and let Poly(S) = {g € R | g(s) =0 for all s € S} be
the ideal associated with any subset S C (F*)V.

Proposition 3.1. Let I be an ideal of R = F[tlﬂEl e tf\;l]. Then

Poly(V'(1)) = /1.
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Proof. 1t is straightforward to verify that the usual proofs of the Hilbert Null-
stellensatz (see [Atiyah and Macdonald 1969, page 85] for instance) also hold for
this Laurent polynomial analogue. U

The following crucial lemma is an easy consequence of Proposition 3.1:

Lemma 3.2. Let J be a radical ideal of R for which the quotient R/J is a finite-
dimensional vector space over F. Then there exist distinct points ay, ..., a, €
(FX)N such that

J=m, N---Nm,,

where m,, = (t| — a;1, ..., tn —ain) is the maximal ideal corresponding to a; =
(ai1,...,aiy) fori =1,...,r. Moreover, the set {a, ..., a,} is unique.

Proof. Clearly, a € V'(J) implies that J € m,, so J C [ acv(s)Ma- Conversely, if
f € Naev(yyMa and x € V(J), then f(x) =0 and f € Poly(V(J)) =~/J = J.
Hence J = (), cy(jyMa-

Since J € m,, N---Nm, for all subsets {aj, ..., a.} € V(J), we see that the
(F-vector space) dimension of R/(m, N ---Nm,) is bounded by dimg(R/J).
Take a finite collection {ay, ..., a,} of points in V'(J) for which this dimension is
maximal. Then m, N---Nm, Nm, , =m,, N---Nm,, for all points a, 1 € V'(J),
SO

J = ﬂ mp=myg, ﬂ---ﬂmarﬂ( ﬂ mb) =mg N---Nmg,.

beV(J) beV(J)
To see that {aj,...,a,} € (F*)" is uniquely determined, suppose that J =
mg, N---Nm, =mp, N---Nmy forsomeai,...,a,,by,...,bs € (F*)N. Then

{alz--~:ar}:0V(mal mmmar)
=)
=°V(mbl ﬂ---ﬂmbx)= {b1,...,bs}. O

Note that the ideal Iz € Ry of Proposition 2.10 is radical and cofinite. View-

ing Ry =F [tlim‘, e, tﬁm’v ] as the ring of Laurent polynomials in the variables

1", ..., 1y, we see that

Iy= M, N---NM,,

where {ai, ..., a,} =V ([5) is a set of distinct points in (F*)N, and
M(l,‘ = (t;nl —4ily ..., ternN _aiN)Ra
is the maximal ideal of Rj corresponding to the point a; = (a;1, ..., a;n). Then

by the Chinese remainder theorem, we have the following corollary:
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Corollary 3.3. Let I and Ry be as in Proposition 2.10. Then there exist unique
(up to reordering) points ay, . . ., a, € (F*)N such that the canonical map

R6/16 _>R()/Ma1 X "'XR()/Ma,: f—|-16 I—)(f+Mal,...,f+Mar)

is a well-defined F-algebra isomorphism.

4. Classification of simple modules

We now return to classifying the finite-dimensional simple modules of multiloop
algebras. As in Section 2, let g be a finite-dimensional simple Lie algebra, and let
¢ : £ — EndV be a finite-dimensional irreducible representation of a multiloop
algebra & = ¥(g; 01, ..., on) defined by commuting automorphisms o1y, ..., oxN
of order my, ..., my, respectively.

Define ¥, I, G, and R as in Section 2. Then we see that

$=Pu®R and I=Peg I,
keG keG
by Proposition 2.7. Since $ is a G-graded ideal of &, we have
%/9 =P (0@ R/ (ar © ) = P 05 ® (Re/ 1)
keG keG
Each graded component R;/I; of R/I is an Rz-module, and it is easy to check
that the map
pi R/ Ig— Rp/Iy, [+ It f+1;
is a well-defined Rz-module homomorphism for each k € ZVN and f € R;. By (2.2)

and (2.5), Ry = th6 and 1% I = I, so the map u is both surjective and injective.
Hence the following lemma holds:

Lemma 4.1. Let k € ZV. Then the map uy : R5/I5 — Rp/I; is a well-defined
isomorphism of Rg-modules. In particular, each graded component Ry /I has the
same dimension (as a vector space), that is, dim(Rg/I;) = dim(Rj/ I;).

Letay,...,a, € (F*)N be the (unique) points defined by Corollary 3.3, and let
bi = (b;1, ..., biy) be a point in (F*)" such that b?}j =a;j forall 1 <i <r and
1 < j < N. Recall that Iy = tk16 for all k € Z¥, and I is contained in the ideal
M, of Rjfori=1,...,r. Therefore, the map

w=y,:L—>gd---®g (r copies),
x® f > (fb)x, ..., f(br)x)

descends to a well-defined Lie algebra homomorphism

“4.2) y:L/ kerp > gd---Dg.
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Theorem 4.3. The map v : £/ker¢p — g @ --- @ g in (4.2) is a Lie algebra
isomorphism.

Proof. Let k € ZV, and let Vi 97 ® (Rp/Ip) — 97 D - - - @ gj be the restriction of
¥ to the graded component g; ® (R;/I;) of £/ ker ¢.
The map ¥ is injective if each y is injective. In the notation of (2.3), if

dim g

u= Z XE; ® £+ 1p)

j=1

is in the kernel of y for some collection of f; € Ry, then bf.‘ fi(bi) =0 for all i
and j. Then for all i and j, we have f;(b;) =0 and f; € M,,, where M,, is the
ideal of Ry generated by {#;" —a;¢ | ¢ =1,..., N}. Hence f; € (\iL; My = I,
SO tkfj(l) € lkI() = I];, and

dim g

D 5 @1 fi(0) € gr ® I Skerg.
j=1

Hence u =0 in &£/ ker ¢, so ¥ (and thus ) is injective.
By Lemma 4.1, dim(R;/1;) = dim(Rg/I;) for all £ € ZV. Therefore,

dim(%/ ker ¢) = > (dim g)(dim(Rz/I;)) = dim(Ry/Ip) dim g.
leG
Since F is algebraically closed, Ry/M,, = F for every i, so the (F'-vector space)
dimensions satisfy

dlIll(R6/I()) = dim(R()/Mal XX R()/Mar) =r,

by Corollary 3.3. Therefore, ¥ is an injective homomorphism between two Lie
algebras of equal dimension, so ¥ is an isomorphism. (]

The finite-dimensional simple modules over direct sums of copies of the Lie
algebra g are tensor products of finite-dimensional simple modules over g. (See
[Bourbaki 1958, section 7, numéro 7] for instance.) We can thus conclude that the
finite-dimensional simple modules for multiloop algebras are pullbacks (under )
of tensor products of finite-dimensional simple modules over g.

Fix a Cartan subalgebra ) C g, a base A of simple roots, and weights A; € h* for
i =1,...,r. Then we will write V,, (b;) for the simple g-module V;, of highest
weight 1;, equipped with the $£-action given by

x® f(@).v=fi)xv forallx® feZLandv eV,,.
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The tensor product of such a family of evaluation modules will be denoted
V(la b) = V/l] (bl) ® - ® Vlr(bi’),

and we will write m(b;) for the point (b}}',...,b/\) € (F*)N fori =1,...,r.
We have now proved one of our main results:

Corollary 4.4. Let V be a finite-dimensional simple module for the multiloop
algebra &¥. Then there exist by, ...,b, € (F*)N and Ay, . .., A, dominant integral
weights for g such that V =V (4, b), where m(b;) # m(b;) wheneveri # j. [

Conversely, if the points m(b;) € (F*)" are pairwise distinct, then such a tensor
product of evaluation modules is simple:

Theorem 4.5. Let Ay, ..., ., be dominant integral weights for g, and suppose
bi,...,by € (F*)N satisfy the property that m(b;) # m(b;) whenever i # j. Then
V (1, b) is a finite-dimensional simple £-module.

Proof. Let I be the intersection ();_; M,, of the maximal ideals M,, of Rj that
correspond to the points a; = m(b;). For any k, £ € ZV, we see that t"_fl(f) =[5 if
k = ¢ as elements of G = Z/mZ x ---xZ/myZ. Thus tklﬁ = tflé ifk=2¢,so
we can unambiguously define Iy = tk16 for any k € ZVN.

Since ay, . .., a, are pairwise distinct points in (F )", the proof of Theorem 4.3
(in particular, the appeal to Corollary 3.3) shows that the map

y:L£—>gd---dg (rcopies),
x® f(0) > (f(b)x, ..., f(br)x)

is surjective. Then since each V;, is a simple g-module, we see that the tensor
product V;, ® --- ® V,, is a simple module over g @ - -- @ g, and the pullback
V (4, b) is a simple £-module. O

Remark 4.6. It is not difficult to verify that if m(b;) = m(b;) for some i # j for
which 4; and 4; are both nonzero, then V (4, b) is not simple. However, as we do
not need this fact for the classification of simple modules, we will omit its proof.

5. Isomorphism classes of simple modules

By Corollary 4.4 and Theorem 4.5, the finite-dimensional simple modules of the
multiloop algebra £(g; o1, ..., on) are precisely the tensor products

5.1) V(d,a)=V;(a1)®---®V;, (a)

for which all the 4; € h* are dominant integral, and m(a;) #m(a;) whenever i # j.
If 2; = 0 for some i, then V;, (a;) is the trivial module, and (up to isomorphism)
this term can be omitted from the tensor product (5.1). With the convention that
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empty tensor products of £-modules are the 1-dimensional trivial module, we may
assume that every 4; is a nonzero dominant integral weight in (5.1).

To proceed further, we will need a lemma about how highest weights depend on
triangular decompositions.

Let L be a finite-dimensional semisimple Lie algebra with Cartan subalgebra
H and base of simple roots A C H*. The group Aut L of automorphisms of L is
(canonically) a semidirect product of the group Int L of inner automorphisms and
the group Out L of diagram automorphisms with respect to (H, A):

AutL =IntL x OutL.

See [Jacobson 1962, IX.4] for instance. Every automorphism 6 can therefore be
decomposed as § = 7 oy with an inner part v € Int L and outer part y € Out L.

Lemma 5.2. Let H be a Cartan subalgebra of a finite-dimensional semisimple
Lie algebra L, and let A C H* be a base of simple roots. Suppose that V is a
finite-dimensional simple L-module of highest weight /. with respect to (H, A),
and 8 € Aut L. Write @ =t oy for some 7 € IntL and y € Out L.

Then AoO~' ={a 0@~ | a € A} is a base of simple roots for L, relative to the
Cartan subalgebra (H) C L, and V has highest weight ) ot~ with respect to
O(H), Aoh™M).

Proof. Any diagram automorphism with respect to (H, A) will preserve H and A,
so V has highest weight 1 with respect to (y (H), Aoy ~1) = (H, A). Therefore, it
is enough to prove the lemma for the case where 8 = 7 is an inner automorphism.
Since inner automorphisms are products of automorphisms of the form exp(ad x)
for ad-nilpotent elements x € L, we may also assume without loss of generality
that 7 = exp(ad u) for some ad-nilpotent element u.

Let p : L — End V be the homomorphism describing the action of L on V.
Then for any v € V,

(5.3) t(h).v = (exp(ad u)(h)).v=e"® p(h)e "Wy,

where ¢”®) denotes the matrix exponential of the endomorphism p ().
The map e”™ is invertible, so for any nonzero element

weVHl:={eV|ho=alhw forall h e H},
we see that e?™w # 0, and using (5.3),
(h) Py = ep(”)p(h)e_p(”)e/’(”)u) — oc(h)ep(”)w.
That is,

VI v = eV ho=aoc (h).v forall h € t(H)).



REPRESENTATIONS OF MULTILOOP ALGEBRAS 179

1

The reverse inclusion follows similarly by considering 7' = exp(— ad u), so

ep(u)VH — VT(H)
a aor~!
for all @ € H*. In the case where V is the adjoint module L, we now see that a
is a root relative to H if and only if & o 7! is a root relative to 7 (H). It follows
easily that A o 7~! is a base of simple roots for L, with respect to the Cartan
subalgebra 7 (H).

The second part also follows easily, since VZ;:{)I = P V/IH is nonzero, but
Viro(rI{)'Jraor—' = e/ V/{ia =0 for all @ € A. That is, the highest weight of V is
J ot ! relative to (z(H), Ao 1—1) = (0(H), A 03—1)‘ 0

Fix a base A of simple roots with respect to a Cartan subalgebra ) C g. The next
theorem gives necessary and sufficient conditions for modules of the form V (4, a)
to be isomorphic.

Theorem 5.4. Let A=(Ay,...,A,)and u=(uy, ..., is) be sequences of nonzero
dominant integral weights with respect to A. Suppose that a = (ay, . ..,a,) and
b= (by,...,bs) are sequences of points in (F*)N such that m(a;) # m(a;) and
m(b;) #m(b;) wheneveri # j.

Then the finite-dimensional simple $£-modules V (1, a) and V (u, b) are isomor-
phic if and only if r = s and there is a permutation & € S, satisfying the conditions

m(ai) = m(b,r(,)) and /11- = Uz@i)©OVi

fori=1,...,r, where y; is the outer part of the automorphism w; : g — g defined
by w;(x) = (bﬁ(l.)/a{‘)xfor allk € 7V and x € gj.

Proof. Let ¢; 4 : % — EndV(4,a) and ¢, ;, : £ — End V(u, b) be the Lie
algebra homomorphisms defining the representations V (4, a) and V(u, b). By
Theorem 4.3, the kernel of ¢; , is equal to the kernel of the evaluation map y,,
defined by

Va: L= 9@ @9, xQ[f = (fla)x,..., fla)x)

for all x ® f € &. Similarly, ker ¢, ,, = ker y;.

If the £-modules V (4, a) and V (u, b) are isomorphic, then ker ¢; , =ker ¢, 5,
so ker y, = ker y,. But ker y, = @y 9z ® Iz, where Iy = tXI; for all k € ZV,
and

Iy = Mum@) NN Mua,),

where M) = (1" —aly', ..., 15" — al\') g, is the maximal ideal of Ry that

corresponds to the point m(a;) = (a', ..., a’y'). Since ker y, = ker y;,, we see
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that (in the notation of Section 3)

{m(@),...,m(a,)} = C\V(A/Im(a]) n---N Mm(a,))
=TV(I5)
=V Mpu@p) NN Myey))={m(br), ..., m(by)}.

Hence r = s, and there is a permutation 7 € S, such that m(a;) = m(b,;)) for
i=1,...,r. We will write 7 (b) = (br(1), - - - > br())-

Let g=n_®hdn, be the triangular decomposition of g relative to A. Assuming
that r = s and m(a;) = m(by(;)) foralli, view V; =V, ® ---® V;, and V() =
Viegy ® - @V, as highest weight modules of the semisimple Lie algebra g%
relative to the triangular decomposition

(5.5) g =) e ®) e ).

The highest weights of V; and Vy(,) are A and 7 (1) = (ux(1), - - - » Uz (r))> TESPEC-
tively, where A(h1, ..., h,) = >, Ai(h;) for all (hy, ..., h,) € h®r, and 7 (u) €
(5®")* is defined analogously.

We can pull back the triangular decomposition (5.5) via the isomorphism ¥, :
¥/kery, — g% defined in (4.2). Then V(A,a) and V(u,b) are irreducible
highest weight modules of the semisimple Lie algebra &/ ker y,, relative to the
triangular decomposition

(5.6) P kerya =, 0@y, )@y, ().

The ¥-modules V (1, a) and V (u, b) are isomorphic if and only if they have the
same highest weights relative to the decomposition (5.6). Since ¥, maps the de-
composition (5.6) to the decomposition (5.5), the highest weight of V (4, a) is
clearly Lo, : w;'(h®) — F.

The highest weight of V (u, b) is v o (), where v € (W) w, ' (h®))* is the
highest weight of V(,) relative to the new triangular decomposition

0 =Ty, ()@ Ty T (W) @ Ty Wy (1),

Let ¥zp) W;l = 7 o y be a decomposition into an inner automorphism z and
a diagram automorphism y with respect to (h®", A). By Lemma 5.2, we have
v =m(u)or~!, so the two modules V(4,a) and V (u, b) are isomorphic if and
only if Ao W, = (1) ot  oWrp on ¥, (§®"). Thatis, V(1,a) = V(u, b) if
and only if

A=m(u)oy

on h®". To finish the proof, it is enough to write down an explicit formula for the
automorphism ¥, ¥, =t oy of g¥".
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Foreachx e g,letx' =(0,...,x,...,0) € g®, where x is in the i-th position.
If k € ZV and x € g, then we see that

v, ) =a7 x @1 fi(1) +ker y,

in &/ ker y,, for any f;(t) € Ry with f;(a;) =¢;; forall j =1,...,r. Since f; €
R6=F[t1im‘, e tlj\?mN] andm(a;)=m(by ;) forall j, we see that f; (bz(;)) =i,
and

— 1 iy ok ky i

Yred)Vq ()C ) - (bn:(i)/ai )x . O

Theorem 5.4 may also be interpreted in terms of a group action on the space of
parameters (4, a) defining the finite-dimensional simple modules of £. Let G" =
G x -+ x G (r factors), where G is the finite abelian group G = (1) X - - X (on)
as before. Note that G acts on (F*)" via the primitive m;-th roots of unity & used
in the definition of &£:

(0", .. o)) .1, dy) = (&'dr, .. & dw)

forany (c1,...,cy)€ZN and (dy, ..., dy) € (F*)". Form the semidirect product
G" x S, by letting the symmetric group S, act on G” (on the left) by permuting the
factors of G”. That is,

Pty pr)=(pr), ---» pr(ry) forallz €S, and p; € G.

This semidirect product acts on the space of ordered r-tuples of points in the torus
(F*)N by letting G” act diagonally and letting S, permute the points:

5.7 PPa = (p1.az(1ys - - - Pr-Az(r)),
forall p = (p1,...,pr) € G", @ € S,, and r-tuples a = (ay, ..., a,) of points
a; € (FX)N.

The group G" x S, also acts on the space of r-tuples A of nonzero dominant
integral weights. For each p = (p1, ..., p,) € G”, write p; = (o], ..., on™) for

some nonnegative integers p;;. Let the p; act on g by
pix)=0of" - oh"x

for all x € g, and on the weights 4; by
pi(Ai)=Lioy(p; ),

where y (p;” 1) is the outer part of the automorphism p.~ L, g — g. Then G" x S,
actsoneach A = (4y,..., 4,) by

(5.8) P)= a0y (07 s Aniy oy (07 1)).
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Combining (5.7) and (5.8) gives an action of G” x S, on the set of pairs (4, a),
where A is an r-tuple of nonzero dominant integral weights 4; and a is an r-tuple
of points a; € (F*)V. Namely, let

(2, a) = ("2, "a).

In terms of this action, the isomorphism classes of the finite-dimensional simple
$-modules are labeled by orbits of the groups G" x S,.

Corollary 5.9. Let A= (A1, ..., A;) and u=(u1, ..., us) be sequences of nonzero
dominant integral weights with respect to A. Suppose a = (ay, ..., a,) and b =
(b1, ..., by) are sequences of points in (F*)N with m(a;) # m(a;) and m(b;) #
m(b;) whenever i # j. Then V (A, a) and V(u, b) are isomorphic if and only if
r=sand (1,a) =""(u, b) for some (p, ) € G" % §,.

Proof. Note that m(a;) = m(bz(;)) if and only if the coordinates a;; of a; =
(a1, ..., a;y) differ from the coordinates by (;); of by by an m ;-th root of unity.
Since ¢; is a primitive m j-th root of unity, this happens if and only if there are
integers p;; such that a;; = é‘f “bri)j- In terms of group actions, this is precisely
the existence of p; = (alp“, e a]’\’,”v) € G with a; = p;.bz(;y. In other words,
m(a;) = m(by(;)) for all i if and only if a =/"b for some p € G" and 7 € §,.
Since g”j.pij = a;;/br()j» We see that
- —pi —pi —pirk —pink
p; 1(x)=0'1 pil "'O'N'DNX :él Pilki "‘prN Ny = (bi(l)/azk)x
for all k € Z" and x € gg. Therefore, the automorphism @; of Theorem 5.4 is equal
to pl._l, and A =""u is equivalent to the condition that A; = s, ;)0 y; forevery i. [

For any diagram automorphism o1, the finite-dimensional simple modules for
the twisted (single) loop algebra £(g; o) were classified in [Chari et al. 2008].
Recently, E. Neher, A. Savage, and P. Senesi [Senesi 2009] have reinterpreted this
work in terms of finitely supported o;-equivariant maps F* — Py, where Py is
the set of nonzero dominant integral weights of g with respect to a fixed Cartan
subalgebra and base of simple roots. Theorem 5.4 and Corollary 5.9 can be used
to extend this perspective to the multiloop setting.

Let A=(A,...,4,)anda=(ay, ..., a,) be asin Theorem 5.4. Each evaluation
module V), (a;) corresponds to a map

Liiar (FYN = Py, x> el

The isomorphism class [4, a] of the tensor product V (4, a) can then be identified
with the sum of all the characters Xno.co for which (%9, co) = (u1, b1) for some
uw=_,...,ur)and b = (by,...,b,) with (u, b) in the G" x S,-orbit of (4, a).
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That is, we let

.
Xlha) = Z Z Xioy (g")g.a;°

geG i=1
Thus to each isomorphism class of finite-dimensional simple £(g; o1, ...,05)-
modules, we associate a finitely supported G-equivariant map

From Corollary 5.9 and the construction of y, . it is easy to see that distinct
isomorphism classes get sent to distinct functions.

Conversely, any finitely supported G-equivariant map f : (F*)Y — P, corre-
sponds to an isomorphism class [4, a] of finite-dimensional simple £-modules, as
follows. By G-equivariance, the support supp f of f decomposes into a disjoint
union of G-orbits. Choose representatives ay, ..., a, € (F X)N to label each G-
orbit in supp f. Since the G-orbits are disjoint, m(a;) # m(a;) whenever i # j,
and by definition of f, the r-tuple A := (f(ai1), ..., f(a,)) consists of nonzero
dominant integral weights. Then by Theorem 4.5, V (4, a) is a finite-dimensional
simple £-module, and by Corollary 5.9, the isomorphism class [ f] := [4, a] of
this module is independent of the choice of orbit representatives ay, ..., a,. Itis
now straightforward to verify that y, ., = f for all finitely supported G-equivariant
maps f: (F*)VN — P,.

Corollary 5.10. The isomorphism classes of finite-dimensional simple £-modules
are in bijection with the finitely supported G-equivariant maps (F*)N — P,. 0O
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GRADIENT AND HARNACK INEQUALITIES
ON NONCOMPACT MANIFOLDS WITH BOUNDARY

FENG-YU WANG

By using the reflecting diffusion process and a conformal change of metric,
a generalized maximum principle is established for (unbounded) time-space
functions on a class of noncompact Riemannian manifolds with (nonconvex)
boundary. As applications, Li-Yau-type gradient and Harnack inequalities
are derived for the Neumann semigroup on a class of noncompact manifolds
with (nonconvex) boundary. These generalize some previous ones obtained
for the Neumann semigroup on compact manifolds with boundary. As a
byproduct, the gradient inequality for the Neumann semigroup derived by
Hsu on a compact manifold with boundary is confirmed on these noncom-
pact manifolds.

1. Introduction

Suppose M is a d-dimensional connected complete Riemannian manifold, and
let L = A+ Z, where Z is a C! vector field satisfying the curvature-dimension
condition of Bakry and Emery [1984] given by

(Lf)?

m

(1-1) To(f, )= 5LIVfI? (VL. V f) = ~K|Vf? for feC¥(M)

for some constants K > 0 and m > d. By [Qian 1998, page 138], this condition is
equivalent to

(1-2) Ric—vz - 28Z > g,

m—d

When Z = 0 and M is either without boundary or compact and with a convex
boundary 0 M, Li and Yau [1986] found a now-famous gradient estimate for the
(Neumann) semigroup P, generated by L:

(1-3)  [Vieg P, f>—ad log P, f < d2—0f+% fort>0anda > 1
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for all positive f € Cp(M). We note that in [Li and Yau 1986] the second term
on the right side of (1-3) is da?K /(v/2(a — 1)), but /2 here can be replaced by 4
according to a refined calculation; see for example [Davies 1989].

As an application, (1-3) implies a parabolic Harnack inequality for P;:

do/2 2
14y P = (52) 7 (P s (y))exp(ap(jf;y) +40(CaK—di))

fort >0and x,y e M,

where a > 1 and f € C(M) is positive. From this Harnack inequality, one obtains
Gaussian-type heat kernel bounds for P;; see [Li and Yau 1986; Davies 1989].

The gradient estimate (1-3) has been extended and improved in several papers.
See for example [Bakry and Qian 1999] for an improved version for a = 1 with
Z #0and O0M = &, and see [Wang 1997] for an extension to a compact manifold
with nonconvex boundary. The aim of this paper is to investigate the gradient and
Harnack inequalities for P, on noncompact manifolds with (nonconvex) boundary.

Recall that the key step of Li and Yau’s argument for the gradient estimate (1-3)
is to apply the maximum principle to the reference function

G(t,x):=t(|Vlog P,fl2 —ad log P, f)(x) forte[0,T]and x € M.

When M is compact without boundary, the maximum principle says that for any
smooth function G on [0, T] x M with G(0,-) < 0 and sup G > 0, there exists
a maximal point of G at which VG =0, 6,G > 0, and AG < 0. When M is
compact with a convex boundary, the same assertion holds for the above specified
function G, as observed in [Li and Yau 1986, proof of Theorem 1.1]. In [1997],
J. Wang extended this maximum principle on a compact manifold with nonconvex
boundary by taking

G(t,x)=1t(p|Viog P, f|* —ad;log P, f)(x) forte[0,T]and x € M

for a nice function ¢ compensating the concavity of the boundary.

As for a noncompact manifold without boundary, Li and Yau [1986] established
the gradient estimate by applying the maximal principle to a sequence of functions
with compact support that approximate the original function G. An alternative is
to apply directly the following generalized maximum principle:

Lemma 1.1 [Yau 1975]. For any bounded smooth function G on [0, T] x M with
G(0,-) <0andsup G > 0, there exists a sequence {(t,, X,)}n>1 C [0, T]x M such
that

(1) 0 < G(ty, xp) 1 sup G as n 1 oo, and
(ii) foranyn > 1,

LG(t,, xp) < 1/n, |VG(tn9')(xn)| <1/n, a,G(tn,Xn)ZO.
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To apply this generalized maximal principle for the gradient estimate, one has
to first confirm the boundedness of G(t,-) := t(|Vlog P; f|*> — a6, log P, f) on
[0,T] x M for T > 0.

Since the boundedness of this type of reference function is unknown when M
is noncompact with a nonconvex boundary, we shall establish a generalized maxi-
mum principle on a class of noncompact manifolds with boundary for not necessar-
ily bounded functions. Applying this principle to a suitable reference function G,
we derive the Li—Yau-type gradient and Harnack inequalities for Neumann semi-
groups. To establish such a maximum principle, we adopt a localization argument
so that the classical maximum principle can be applied.

For M noncompact without boundary, Li and Yau [1986] used such a localiza-
tion argument to apply the maximal principle to functions with compact support;
they then passed to the desired global estimate by taking a limit. To do this, they
constructed cut-off functions using p,, the Riemannian distance function to a fixed
point 0 € M. It turns out that this argument works also when 0 M is convex; see
Section 2.1. For the nonconvex case, we will use the conformal change of metric
introduced in [Wang 2007] to make a nonconvex boundary convex; see Section 2.2.

Assumption A. The manifold M is connected and complete with boundary 6 M
and such that either

(1) oM is convex, or
(2) the second fundamental form of O M is bounded, the sectional curvature of M

is bounded from above, and the injectivity radius igy of OM is positive.

Recall that the Riemannian distance function psjs to the boundary is smooth on

the set {pom <iom}.
Let N be the inward unit normal vector field on 6 M. The second fundamental
form of OM 1is

I(X,Y)=—(VxN,Y) forX,Y eToM.
The boundary 0 M is called convex if Il > 0. We are now ready to state our gener-
alized maximal principle for possibly unbounded functions.

Theorem 1.2. Let M satisfy A, and let L satisfy (1-2). Let T > 0, and let G be a
smooth function on [0, T] x M such that NG|lap >0, G(0,-) <0andsup G > 0.
Then for any ¢ > 0, there exists a sequence {(t,, x,)}n>1 C (0, T] x M such that
Lemma 1.1(i) holds and for any n > 1

G(t , 1+e¢ G(t , 1+e¢
LG, x) < S 196G, k) < G
n n

0:G(t,, x,) = 0.
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Applying Theorem 1.2 to a proper choice of function G, we will derive the
Li—Yau-type gradient estimate (1-5). We shall prove that the reflecting diffusion
process X, generated by L on M is non explosive, so that the corresponding Neu-
mann semigroup P; can be formulated as

Pif(x)=E"f(X,) fort>0,x€ M,and f € Cp,(M),
where E* is the expectation taken for Xy = x.

Theorem 1.3. Let M satisfy A, and suppose L satisfies (1-2) with ||Z]lco < 00.
Then the reflecting L-diffusion process on M is nonexplosive and the correspond-
ing Neumann semigroup Py satisfies these assertions:

(1) If OM is convex, then (1-3) holds with m in place of d.
(ii) If oM is nonconvex with I > —ao for some o > 0, then for any bounded
¢ € C®(M) with ¢ > 1 and N log ¢lom > 20, the gradient inequality
m(l+¢e)a> ma’K(p,e,a)
20—-e) Ao —lPllo)
holds for all positive f € Cp,(M), o > ||¢|leo, t >0, € €(0,1) and

(1-5) |Vlog P f|> —ad;log P, f <

K(p,e,a):=
1 ) 2| ViogpllZ (1 +e)
g(mgnwogwl%ﬁ%wr’(—qﬁ 1L¢)+Z;—||;||goo)ze(1—:))'

We emphasize that the results in Theorem 1.3 are new for noncompact manifolds
with boundary. When M is compact with a convex boundary, the first assertion was
proved in [Li and Yau 1986] by using the classical maximum principle on compact
manifolds, while when M is compact with a nonconvex boundary, an inequality
similar to (1-5) was proved in [Wang 1997] by using the “interior rolling R-ball”
condition.

These two theorems will be proved in Sections 2 and 3. By a standard argument
due to Li and Yau [1986], the gradient estimate (1-5) implies a Harnack inequality.
Let p(x, y) be the Riemannian distance between x, y € M, that is, the infimum of
the length of all smooth curves in M that link x and y.

Corollary 1.4. In the situation of Theorem 1.3 the Neumann semigroup Py satisfies
(1-6) P f(x) <

(l—|—S )m(l+s)a/2(178)
t

ap(x,y)?> amK(p,e,a)s
5t S )

for all positive f € Cp,(M), t,e €(0,1), a > ||P|lec and x,y € M. In particular,
if OM is convex, then (1-4) holds with m in place of d and for all o > 1.

(me(y))exp(
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To derive explicit inequalities for the nonconvex case, we shall take a specific
choice of ¢ as in [Wang 2007]. Let isp be the injectivity radius of oM, and let
pom be the Riemannian distance to the boundary. We shall take ¢ = ¢ o pyp for
a nice reference function ¢ on [0, 0c0). More precisely, let the sectional curvature
satisfy Sectyy <k and —o¢ <II <y for some k, g,y > 0. Let

h(s) = cos(Vk s) — (y /~k) sin(vk s) fors > 0.

Then & is the unique solution to the differential equation 4" +kh = 0 with boundary
conditions 2(0) =1 and /' (0) = —y . By the Laplacian comparison theorem for pgp
(see [Kasue 1984, Theorem 0.3] or [Wang 2007]),
d—-1nn
h

where 7(=D(0) = (1/v/k) arcsin(v'k/\/k + y2) is the first zero point of 4. Fix a
positive number ro < igy A LD (0), and let

_ 26(1—h(ro))*!

() = h(ro))?ds”

r ro
p(r)=1 +5/ (h(s) —h(ro)' ™ds [ (h(u) — h(ro))’ " du.
0

SAIQ

(1-7) Apoy = (pom) and  poy <iom ARTD(0),

It is easy to see that ¢ o pyys is differentiable with a Lipschitzian gradient. By a
simple approximation argument, we may apply Theorem 1.3 and Corollary 1.4 to
¢ = ¢ o pam; see [Wang 2007, page 1436].

Obviously, (1-7) and N = V psy imply

Apopoy >—06 and Nlogeopamlsy = ¢'(0)/9(0) =20.
Moreover, by [Wang 2007, (20)] we have
0< 20'611"0_1 and ¢(ro) < 1+ adry.
Thus, for ¢ := ¢ o psyr we have
~¢~'L¢ <20dry' +20(|Z]loe, [|VIogl3, <40”,
[#lloc < 9 (ro) < 1+adro.

Combining these with Theorem 1.3 and Corollary 1.4, we obtain these explicit
inequalities on a class of nonconvex and noncompact manifolds:

Corollary 1.5. Let igy > 0, and suppose y > 1l > —o and Secty < k for some
y,0,k > 0. If (1-2) holds and || Z||sc < 00, then for any positive number

ro < min{izn, (1/vk) arcsin(vVk/v/k+72)},
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the inequalities

m(l +¢)a’ ma’K,
2(1 —e)t 4(a — 1 —odry)

|Vlog P, f|> —ad, log P f <

and
g\ m(1+e)a/2(1—e) (oc,o(x,y)2 moK.s )
P, < (—) Py
S = (2 (Bras N exp(( 725 + g s
forx,yeM

hold for all positive f € Cp,(M), t >0, ¢ €(0,1), a > 1+ odry, and
1+e 462 | od ma’c?(1+e¢) )
=T (k+22 4+ 2% 45z .
1—8( Tt ro ol “OO+2(a—l—adro)28(1—5)

Combining our gradient estimate with an approximation and a probabilistic
argument, we can derive the gradient estimate (1-9) for a class of noncompact
manifolds:

K,

Theorem 1.6. Let M satisfy A, and let L satisfy (1-2) with ||Z]|o < 00. Let ki
and 1 be positive elements of Cp,(M) such that

(1-8) Ric - VZ>—-x; and N> —kK

hold on M and 0M, respectively. Then

t

(9 R <€ (1910 exo( | (X ds + | mxoan))

holds for all f € CL(M), t >0, and x € M.

Inequality (1-9) was first derived by Hsu [2002] on a compact manifold with
boundary. In [2002, Theorem 3.7], Hsu applied the Itd formula to F(U;, T —
t) = U,_1VPT_, f(X;), where U; is the horizontal lift of X; on the frame bundle
O(M). Since M is compact, the (local) martingale part of this process is a real
martingale (it may not be for noncompact M). Then the desired gradient estimate
followed immediately from [2002, Corollary 3.6]. In Section 4, we will prove the
boundedness of VP(.yf on [0, T]x M forany T > O and f € Cll (M), which leads
to a simple proof of (1-9) for a class of noncompact manifolds.

2. Proof of Theorem 1.2

We consider the convex case and pass to the nonconvex case using the conformal
change of metric constructed in [Wang 2007]. Without loss of generality, we may
assume that sup G := supjg 7y« > 1. (Otherwise, we simply replace G by mG
for a sufficiently large m > 0.)
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2.1. Convex 0M. Fix o € M, and let p, be the Riemannian distance to the point o.
Since 0 M is convex, there exists a minimal geodesic in M of length p(x, y) that
links any x and y in M; see for example [Wang 2005a, Proposition 2.1.5]. So,
by (1-2) and a comparison theorem (see [Qian 1998])

Lp, < K (m—1) coth(v/K/(m —1) p,)

holds outside {o}Ucut(o), where cut(o) is the cut locus of o. In the sequel, we will
set Lp, = 0 on cut(o) so that this implies

(2-1) LJl+p2<ci onM

for some constant c; > 0.
Let h € C3°([0, 00)) be decreasing such that

1 ifr<l1,
h(r)= {exp(=(3—=r)"1) ifr €[2,3),
0 ifr >3.

Obviously, for any ¢ > 0 we have

(2-2) sup {|h*~'h"| + |h*7'H|} < occ.
[0,00)

Let W = /1+ p2, and take ¢, = h(W/n) for n > 1. Then
(2-3) on=111 M asn 1t oo.

So, according to (2-1) and (2-2),

IV Iogpnl < ——,
(2-4) B(W (W
o Loy = 2V gy g VI gy
nh(W/n) n2h(W/n) nes

holds for some constant ¢ > Q and all n > 1.

Let G,(t,x) = ¢n(x)G(t,x) for t € [0, T] and x € M. Since G, is continuous
with compact support, there exists (¢,, x,) € [0, T'] x M such that

G,(ty, x,) = max G,.
[0,T1xM

By (2-3) and that sup G > 1, we have lim,,_, o, G(t;,, x,,) = sup G > 1. By renum-
bering from a sufficient large np, we may assume that G, (¢,, x,) is greater than 1
and is increasing in n. In particular, Lemma 1.1(i) holds and

(2-5) On(xy) > 1/G(ty, x,) forn>1.
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Moreover, since G, (0, -) <0, we have t,, > 0 and 6,G (t,,, x,,) > 0 for n > 1. Thus,
it remains to confirm that

IVG(tn, x)| < c¢G(tn, x,)' 7 /n  and

(2_6) 1+¢
LG(t,, xp) <cG(ty,x,) ¥/n forn=>1

for some constant ¢ > 0. Indeed, by using a subsequence { (., Xmn)}n>1 form >c
to replace {(#,, x,,)}»>1, one may reduce (2-6) with some ¢ > 0 to that with ¢ = 1.

Since x,, is the maximal point of G,, we have VG, (t,, x,) =0if x,, € M\ oM.
If x, e oM, we have NG, (t,, x,,) <0. Recall that NG (¢,,, - ) >0 and G(¢,, x,) > 0.
Then, noting that Npg < 0 together with 2’ < 0 implies N¢, > 0, we conclude that
NG,(t,, x,) > 0. Hence, NG, (t,, x,) = 0. Moreover, since x, is the maximal
point of G,(t,, -) on the closed manifold 6M, we have UG, (t,, x,) = 0 for all
U € ToM. Therefore, VG, (t,, x,) = 0 also holds for x,, € M. Combining this
with (2-4) and (2-5), we obtain

1+e
G(tn,xn)|v(pn| S CG(tn,xn) ,
@n(Xn) n

which proves the first inequality in (2-6).
Finally, by (2-4), the inequality

IVG(t,, x,)| <

l—e¢ l1—e¢
co, _ 2c9,
n

onLnG+GLyp, +2(VG,Vo,) > 0, L,G — G

VG| =: @

holds on {G, > 0} \ cut(o). By Lemma 2.1 below we obtain at the point (z,, x;)
that

LG < c 2c
~ ne; nQn

IVG].
Combining this with (2-5) and the first inequality in (2-6), we get
LG(tna xn) S %Gl+2£ (tl’w xn)

for some constant ¢ > 0 and all n > 1. Since ¢ > 0 is arbitrary, we may replace &
by ¢/2 (recall that G(¢,, x,) > 1). This proves the second inequality in (2-6).

Lemma 2.1. The reflecting L-diffusion process is nonexplosive, and for any @ in
Cyp(M) such that

®<LG,=GL@py,+ ¢, LG+2(Vp,,VG) on {G, > 0}\ cut(o),
we have ®(t,,, x,) <0 foralln > 1.

Proof. Let X, be the reflecting L-diffusion process generated by L, and let U,
be its horizontal lift on the frame bundle O(M). By the It6 formula for p,(X;)
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found by Kendall [1987] for 6M = @ and by the fact that Np,|sps <0 when oM
is nonempty but convex, we have

(2-7) dpo(X)) = vV2(Vpo(X,), UidB,) + Lp,(X,)dr — dl, + di.,

where B, is the d-dimensional Brownian motion, where Lp, is taken to be zero on
{o}Ucut(0), and where /; and [; are two increasing processes such that /; increases
only when X; = o, while /; increases only when X, € cut(0) UoM (note that /; =0
for d > 2). Combining this with (2-1) we obtain

dy/1+p2(X;) < dM; + L\/1+ p2(X,) dt < dM; + ¢, dt

for some martingale M,. This implies immediately that X; does not explode.
Now, let us take Xo = x,,. Since &’ <0, it follows from (2-7) that

(2-8) dpn (X)) = V2(V9,u(X,), U;dB;) + Lo, (X,)dt,

where we set Lo, = 0 on cut(o) as above.
On the other hand, since NG (t,, -) > 0, we may apply the It6 to G(z,, X;) to
obtain

(2-9) dG(ty, X;) > NV2(VG(ty, X;), U;dB,) + LG (&, X,)dt.

Because G, (t,, x,) > 0, there exists an r > 0 such that G, > 0 on B(x,, r), the
geodesic ball in M centered at x,, with radius r. Let

t=inf{t >0: X; & B(x,, r)}.
Then (2-8) and (2-9) imply
dG,(t,, X;) = dM,+ LG, (t,, - )(X;)dt > dM, + D(t,, X;)dt fort <t

for some martingale M. Since G, (¢,, X;) < G, (t,, x,) and Xo = x,,, this implies
that

INT
0= EGy (s Xone) — Gt x0) = E/ O (1, X,)ds.
0

Therefore, the continuity of ® implies that

) 1 INT
(D(tn,xn)=11m WE/(; q)(tn,Xs)dSSO. U

t—0

2.2. Nonconvex dM. Under our assumptions on M, there exists a constant R > 1
and a function ¢ € C*°(M) such that

I1<¢$¢<R, |V4|<R, Nlogolom >o0.

By [Wang 2007, Lemma 2.1], the boundary 0 M is convex under the new metric
(«,-) :=¢72(-,-). Let L' = ¢>L. By [Wang 2007, Equation (9)], the vector
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U’ := ¢U is unit under the new metric for any unit vector U € TM, and the
corresponding Ricci curvature satisfies

(2-10) Ric'(U',U") = ¢’ Ric(U, U) + ¢pA¢ — (d — 3)|Vo |

—2(U¢)* + (d —2)¢p Hessy (U, U).
Let A’ be the Laplacian induced by the new metric. By [Wang 2007, Lemma 2.2],
we have

L :=¢’L=AN+(d—-2)¢Vp+¢*Z=AN+7'.
Noting that
VY =VxY —(X,Viogp)Y —(Y,Viog)X +(X,Y)Vloge for X,Y eTM,
we have
(VuZ',UY =(VyZ',U)—(Z',Vlog ¢)
= ¢ (VuZ,U)+(UP)Z,U) +(d - 2)(U¢)®
+(d —2)¢p Hessy (U, U) —(Z', V1og ¢).

Combining this with (2-10) and the properties of ¢ mentioned above, we find a
constant ¢; > 0 such that

(2-11) Ric'(U,'U") = (V}, Z',U"Y = ¢*Ric =V Z)(U,U) —¢; for |U| = 1.
Moreover, since
(2@ ZH)U', U= (2, U)) =¢"(Z",U)?
<2(d—-2*(Ve,U)* +2¢*(Z,U)’
<2(d—2)*R*+2¢*(ZQ Z)(U, U),
it follows from (1-2) and (2-11) that
% >—¢°K —c; > —K'

holds for the metric ( -, - )" and some constants ¢, K’ > 0. Therefore, we may apply
Lemma 2.1 to L’ on the convex Riemannian manifold (M, (-, -)’) to conclude that
the desired sequence {(¢,, x,)} exists.

Ric' —V'Z' —

3. Proofs of Theorem 1.3 and Corollary 1.4

Proof of Theorem 1.3. When 0M is convex, Lemma 2.1 ensures that X, does
not explode. If 6M is nonconvex, this can be confirmed by reparametrizing the
time of the process. More precisely, let X; be the reflecting diffusion process
on M generated by L’ := ¢*L constructed in Section 2.2. Since L' = A’ + Z'
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satisfies (1-2) for some K > 0 on the convex manifold (M, (-, -)’), the process X
generated by L’ is nonexplosive by Lemma 2.1. Since X; = X é where ¢~ is
the inverse of

ey

tHf(t)=/0t ¢* (X)) ds,

we have t||¢||g02 < & 1(t) <t, and the process X, is nonexplosive as well.
Let feC g (M) be strictly positive, and let u(z, x) = log P; f (x). For a fixed
number 7 > 0, we will apply Theorem 1.2 to the reference function

G(t,x)= t{(ﬁ(x)qulz(t, x)—oau(t,x)} forre[0,T]and x € M.
Note that Il > —¢ and N log ¢ > 20 imply
N¢ >20¢,
N|VP f|* = 2Hessp (N, VP f) =2I(VP f,VP f) > —26|VP, f|*.
Since P, f and hence u, satisfy the Neumann boundary condition, this implies that

¢
(P f)?

NG = z{(N¢)|Vu|2 n N|VPtf|2} > {20 |Vul® — 20 |Vul?} = 0

on oM.
According to [Ledoux 2000, (1.14)], inequality (1-2) implies

VIVul*?

2 2
(3-1) LIVul> —2(VLu, Vu) > —2K|Vu|* + ISIE

By multiplying this inequality by & and (1-1) by 2(1 — ¢) and by combining the
results, we obtain
2(1 —e)(Lu)*>  &|V|Vul?|?

L|Vu|?> > 2(VLu, Vu) — 2K |Vu|*
|Vul”=2(VLu, Vu) IVul”+ 21Vul?

It is also easy to check that Lu = u, — |Vu|? and &;|Vu|> = 2(Vu, Vu,). Then we
arrive at

(3-2) (L —3,)|Vul
_ 212

>2(1 €) e|V|Vu|?|
m

Ve 2(Vu, V|Vul?) = 2K |Vul*.

(IVul* —u)* +

On the other hand,

—a(L — 6, u; =20(Vu, Vu,) = 2(Vu, V(¢|Vul|* —t~1G))
=2¢(Vu, V|Vul?) +2|Vu|*(Vu, Vé) — 2t~ (Vu, VG).
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Combining this with (3-2), we obtain

(L—3)G = — % +1(p(L — 3)|Vul® + [VuPLep +2(Vep, V|Vul?))
+1(2¢(Vu, VIVul?) +2|Vul*(Vu, Vé) — 2t~ (Vu, VG))

G 2(1—¢)gt 5 ,  edt|VIVul?)?
2L T (IVulf = R I B
=7t m (Vul® =ue)™+ 2|Vu|?

—2|Vu|-|VG| = 2t|VulP|Vg| —2t|Vp| - |V|Vul?| +1|Vu|*Lp.

— 2K $t|Vul|?

Noting that

tV|Vu|?? 2|V |2 Vu|?
ept|V|Vul| _ 2|V VIVu| > — Vol ulj
2|Vul|? &g
we get
2(1 — &)t
(3-3) (L—@,)Gz—g+ﬂﬂvmz—u,)2—2K¢t|Vu|2—2|Vu|-|VG|
m
2tV |2 Vul|?
—2t|Vu|3|V¢|+t|Vu|2L¢—W.
&

We assume that sup G > 0, otherwise the proof is done. Since G (0, -) =0 and
NG|sm > 0, we can apply Theorem 1.2. Let {(z,, x,,)} be fixed in Theorem 1.2
with, for example, ¢ = 1/2. Then,

G3/2 (tn s xn)

G*2(tn, X
G4 (L=0)G(tnx) = ) g VG (1, x,) < St
n

From now on, we evaluate functions at the point (f,, x,,), so that t =1t,.
Let i = |Vu|*/G. We have

B (ut—1)¢)G: prlo—$+¢ .

Vul> —u :(
| | t H ot of

Combining this with (3-3) and (3-4), we arrive at

20— )p(ut (@ = $) +)

3-5
(3-5) mat

3/2 2./ uG?
< GT + g - */_+ +2t|VP(uG)*/* + Qkp 4267 ¢ VP> — L) utG.

Since it is easy to see that

(ut (o6 = §)+$)* = max{$?, 4ut (& — §)p, (21 (@ — )" */u*?},
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we may multiply both sides of (3-5) by 7 (ut(a — ¢) + ) ">G 2 to obtain

20=)¢p __ et 1 2K+27"\VigdP—¢7'L¢,
ma? T n(lAVG)  ¢°G 4(o — )G
|Vlog ¢|v/1¢
(a — ) /2V2G
ot 1 2K+2e7\VieghP—¢7'L¢
“n(1AVG) T $7G 4(a — )G

[Viog p|Pma?(1+¢e)t  2(1 —¢)ed
16(a —p)3e(l —e)G ~ ma?(1+¢)

for some constant ¢’ > 0. Taking n — oo and noting that ¢ > 1, we conclude that
6 = sup G satisfies

2(1—¢) 5 1(1 L 2K + 26| VIog pl13, + sup(—¢p~' L) .
ma?(1+¢) — 0 4(o — [P lloo)

IV log ¢ll3,ma*(1+¢&)T
16(a — llgllec)e (1 — &) )
Combining this with @ > G (T, x) = T (¢ (x)|Vu|*(T, x) — au,(T, x)) for x € M,
we obtain
¢ () Vul*(T, x) — auy(T, x)
_ma*(l+e) ( 1 2K +2:7"|Viog@lI5, +sup(—4~"' L)
T 2(1-e) \T 4(a = l1#lloo)
IV log iz ma>(1 +¢)
16(a = llplloc)e (1 — 8))
for all x € M. Then the proof is completed since 7" > 0 is arbitrary. ([l

Proof of Corollary 1.4. By Theorem 1.3, the proof is standard according to [Li and
Yau 1986]. For x, y € M, let y : [0, 1] - M be the shortest curve in M linking x

and y such that [y | = p(x, y). Then, for any 5,7 > 0 and f € C;°(M), it follows
from (1-5) that

d .
a IOg Pt-l-rsf(yr) =50y 10g Puf(yr)|u:t+rs + (yr: VPH—rsf(Vr))

> S|V Iog Prirs [ (70) = p(x. )|V log f1(7y)
_( m(l+¢&)a maK(gb,e,a))
0=t +rs) " da—1dlo)
=

a m(l+¢&)a makK(p,e,a)
4s _s(za —e)(t+rs)  4a— gl )‘
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We complete the proof by integrating with respect to dr over [0, 1]. U

4. Proof of Theorem 1.6

We first provide a simple proof of (1-9) under an extra assumption that |V P(.) f|
is bounded on [0, T] x M for any T > 0; we then drop this assumption by an
approximation argument.

Lemma 4.1. Ifthat [ € C,i (M) is such that |V Py f| is bounded on [0, T] x M
forany T > 0, then (1-9) holds.

Proof. For any ¢ > 0, let 5, = \/W(XS) for s <t. By the It6 formula,
we have
LIVP_sfI*—=2(VLP_sf, VP f)
2J/e+ VP f1?)?
_IVIVP PP (X.)ds + NIVPfI?
4e+|VP_s 1?32 2/ + VP fI2

for s <t, where M; is a local martingale. Combining this with (1-8) and (3-1),
with x in place of K, we obtain

K1 |VP_s f? |V P fI?

X )ds — X,)dig
Jer Vb YT e Y

> dM; — k1 (Xs)nsds — o (X)nedly  fors <t.

dny = dM; + (Xy)ds

(Xs)dly

dﬂs > dMs -

Now #;, is bounded on [0, ¢], and by the proof of [Wang 2005b, Lemma 2.1] we
have Ee* < oo for all A > 0. This implies that

N

0.015 5> Vor VAP exp( [ mxoas+ [ ata)
0 0

is a submartingale for any ¢ > 0. Letting ¢ | 0 we conclude that

0,135 192 i exe( [ mds+ [ rxat)

is a submartingale as well. O

According to Lemma 4.1, it suffices to confirm the boundedness of [V P(.) f| on
[0, T] x M forany T > O and f € Cg (M). We shall start from f € C;°(M) with
Nflom = 0, then pass to f € C bl (M) by combining an approximation argument
and Lemma 4.1.

Casea. Let f € C°(M) with Nf|oy = 0. We have

(4-1) P f= f+/ PyLfds.
0
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Since Lf is bounded, there is a ¢ > 0 such that Lf +c¢ > 1. Applying Corollary 1.5
with for example a =2+ odrg and € = 1/2, but using Lf + c in place of f, we
obtain

VP LI =|VP(Lf+c)l

m(l+¢)a’ ma’K, 1/2
<L ( P,L2 )
<ILf +clloo|all PsL” flloo + 2(1 —¢)s 4(a — 1 —odryp)

<ci/fs fors<T

for some constant ¢; > 0. Combining this with (4-1) we conclude that, for some
constant ¢; > 0,

1
|VPtf|S|Vf|+/ C—ldsfcz fort <T.
0 S

Caseb. Let f € C°(M). There exists a sequence of functions { f,},>1 C C{°(M)
such that N f,, |53 =0, f, = f uniformly asn — oo, and |V flloo < 1+ 1V flleo
holds for any n > 1; see for example [Wang 1994]. By Case a and Lemma 4.1,
(1-9) holds with f; in place of f, so that

| Pt fu(x) = P fa (V)
p(x,y)
for some constant C > (. Letting first # — 0 and then y — x, we conclude that
VP fl|is bounded on [0, T] x M.
Casec. Let f € C;°(M). Let {gy}u=1 C Cy”) be such that0 < g, <1, [Vg,| <2
and g, 1 1 as n 1 oo. By Case b and Lemma 4.1, we may apply (1-9) to g, f in
place of f such that

| P (gn f)(x) — P (gn f) ()]
p(x,y)
for some constant C > 0. By the same reason as in Case b, we conclude that
VP fl|is bounded on [0, T] x M.

Case d. Finally, for f € Cg (M), there exist { f,},>1 C C;°(M) such that f, — f
uniformly as n — oo and |V flloo < IV flleo + 1 for any n > 1. The proof is

completed by the same reason as in Cases b and c. O

<C fort<T,n>1,x#y

<C fort<T,n>1, x#y
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