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SYMPLECTIC SUPERCUSPIDAL REPRESENTATIONS OF
GL(2n) OVER p-ADIC FIELDS

DIHUA JIANG, CHUFENG NIEN AND YUJUN QIN

This is part two of the authors’ work on supercuspidal representations of
GL(2n) over p-adic fields. We consider the complete relations among the
local theta correspondence, local Langlands transfer, and the local descent
attached to a given irreducible symplectic supercuspidal representation of
p-adic GL,,. This is the natural extension of the work of Ginzburg, Rallis
and Soudry and of Jiang and Soudry on the local descents and the local
Langlands transfers. The approach undertaken in this paper is purely local.
A mixed approach with both local and global methods, which works for
more general classical groups, has been considered by Jiang and Soudry.

1. Introduction

Let & be a p-adic local field of characteristic zero. Let 7 be an irreducible unitary
supercuspidal representation of GLj, (%). By the local Langlands conjecture for
GL,, (%), which is now a theorem of Harris and Taylor [2001] and of Henniart
[2000], there exists an irreducible admissible 2n-dimensional representation ¢ of
the local Weil group Wy, that is, the local Langlands parameter

¢ : W@ - GLZn((D):

corresponding to T with a set of required conditions. We say that 7 is of symplectic
type if the image ¢ (W) is contained in the symplectic subgroup Sp,, (C) of the
complex dual group GL,, (C) of GL,, (%).

Because of their deep connection with Galois representations, symplectic su-
percuspidal representations (or more importantly cuspidal automorphic representa-
tions) have recently received much attention; see for instance [Ginzburg et al. 2004;
Chenevier and Clozel 2009]. The symplectic irreducible unitary supercuspidal
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representations of GL,, (%) were characterized in [Shahidi 1990; 1992; Jacquet
and Rallis 1996; Ginzburg et al. 1999; Jiang and Soudry 2003; 2004; Jiang and
Qin 2007; Jiang et al. 2008] and were discussed in detail in [Jiang et al. 2008, Sec-
tion 5]. We state these results as follows; the theorem’s notation and terminology
will explained in Section 2.

Theorem 1.1. Suppose t is an irreducible unitary supercuspidal representation of
GLy,,(%). Then the following are equivalent.

(1) 7 is of symplectic type.

(2) The local exterior square L-factor L(s, t, A?) has a pole at s = 0.
(3) The local exterior square y-factor y(s, t, A%, w) has a pole at s = 1.
(4) 1 has a nonzero Shalika model.

(5) The unitarily induced representation 15%% (s, ©) of SO, (%) is reducible at
s = 1. In this case, 150 (1, ) has the unique Langlands quotient $5%% (1, 1),
which has a nonzero generalized Shalika model.

(6) 7 is a local Langlands functorial transfer from SOy, 11 (F).

(7) © has a nonzero linear model, that is, a GL,, (%) x GL,,(%)-invariant func-
tional.

(8) The unitarily induced representation 1P (s, ) of Spy,(F) is reducible at
s = 1/2, and 1P (1/2, 7) has the unique Langlands quotient $5°#(1/2, 1),
which has a nonzero symplectic linear model, that is, a Sp,, (%) x Sp,, (%F)-
invariant functional.

(9) 7 is a local Langlands functorial y-transfer from §i)2n (%).
If one of the above holds for 7, then t is self-dual.

The local Langlands functorial y-transfer from an irreducible y-generic super-
cuspidal representation 7 of SE)Z,[ (%) to the irreducible supercuspidal representa-
tion 7 of GL,, (%) is given by the [Ginzburg et al. 1999, corollary of Section 1.5].
The local exterior square L-function and gamma factor are given by the Shahidi
method.

The equivalence of the characterizations in Theorem 1.1 can be explained by
Figure 1. The complex dual groups of SO;,. (%) and the double metaplectic
cover S~Pzn (%) of Sp,,,(¥) are the same, namely, Sp,, (C). In Figure 1, the map
fc is the local theta correspondence for the reductive dual pairs (SOuy,, Spy,,) and
(8O2,41, S~p2n). The map G-G is the local Gelfand—Graev coefficient that takes
representations from SOy, to SO,41. The map F-J is the local Fourier—Jacobi
coefficient that takes representations from Sp,, to ST[)ZH. The map Lq is the com-
position of the parabolic induction from the standard parabolic subgroups with the
Levi subgroup isomorphic to GLj, in SOy, and Sp,,, and that takes the unique
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SO241 SPan

Diagram 1

Langlands quotient from the induced representations of SOy, and Sp,,,, respec-
tively. It is clear that G-G o Lq and F-J o Lq are the local descents from GL,, to
SO2,+1 and S~p2n, respectively, in the sense of Ginzburg, Rallis and Soudry. Finally
the map Lt is the local Langlands functorial transfer from SO,,,4| to GL,, and from
SE)zn to GL,,.

For a given irreducible unitary symplectic supercuspidal representation v of
GL;, (%), the maps in Figure 1 can be realized as in Figure 2, where notation
is as follows. First, ¢ is an irreducible generic supercuspidal representation of
SO2,,+1(F), which lifts to by the local Langlands functorial transfer from SOy, 4
to GL,,, and 7 is an irreducible y-generic supercuspidal representation of §i)2n (%),

$50n (1, 7) bc FSPan (1/2, 1)
L
q (A/
G-G (B) T F-J
D
Lt (D) \
o T
fc

Diagram 2
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which lifts to 7 by the local Langlands functorial y -transfer from S~p2n (%) to GLy,.
Consider the maximal parabolic subgroup P of SOy, with Levi subgroup GL,,.
Then the unitarily parabolic induction 159+ (1, ) has a unique Langlands quo-
tient 594 (1, 7), and similarly the unitarily parabolic induction 5P+ (1/2, 7) has
a unique Langlands quotient £5P+ (1/2, 7). Finally, the local Gelfand—Graev coef-
ficient takes $£594 (1, 7) from SOg, (%) back to SO»,+1(%F) and the local Fourier—
Jacobi coefficient takes £5P# (1/2, ) from Sp,, (F) back to SAi)Z,I (%), respectively.
Detailed discussion of these maps is found in Section 2.

Theorem 1.2. For an irreducible unitary symplectic supercuspidal representation
t of GLy, (%), Figure 2 is commutative.

Now we explain the relation between Theorem 1.1 and Theorem 1.2, or the
commutative diagrams Figure 1 and Figure 2.

Jiang and Soudry [2003] proved that for a given irreducible unitary symplectic
supercuspidal representation  of GL,, (%), there exists uniquely an irreducible
generic supercuspidal representation o of SOy, (%) and an irreducible y-generic
supercuspidal representation 7 of S~p2n (%), such that the subdiagram (D) is com-
mutative. The local Langlands functorial transfer property for z is equivalent to
the existence of a pole at s = 0 of the local exterior square L-factor L(s, 7, A?),
or equivalently by definition a pole at s = 1 of the local exterior square y-factor
(s, 7, A%, ). One very interesting point is the characterization in terms of the
existence of a nonzero Shalika model (or functional) or of a nonzero linear model
(or functional), following the idea of relative trace formula approach to the global
Langlands functorial transfers. It was proved in [Jiang et al. 2008] that for an
irreducible unitary supercuspidal representation 7 of GL,, (%), the existence of a
nonzero Shalika model for 7 is equivalent to the existence of a nonzero linear model
for t, although this result had been expected for a while. Jacquet and Rallis [1996]
proved that the existence of a nonzero Shalika model for 7 implies the existence
of a nonzero linear model for 7.

For an irreducible unitary supercuspidal representation 7 of GL,, (%), why does
the existence of a nonzero linear model for r determine the local Langlands functo-
rial transfer from Sp,, (%) to GLy,,, while the existence of a nonzero Shalika model
for r determines the local Langlands functorial transfer from SO,,4; to GLy,? To
answer this, Ginzburg, Rallis, and Soudry [Ginzburg et al. 1999] showed that if an
irreducible unitary supercuspidal representation t of GL,, (%) has a nonzero linear
model, that is, a nonzero GL,, (%) x GL, (%)-invariant functional, then the unique
Langlands quotient #5P+: (1/2, 7) of the unitarily parabolic induction ISP+ (1/2, 7)
(which is reducible) has a nonzero symplectic linear model, that is, a nonzero
Spy, (F) x Sp,,, (F)-invariant functional. Based on the existence of a nonzero sym-
plectic linear model for $5P: (1/2, 7), they show that the w-local descent (the
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Fourier—Jacobi w-functor in this case) yields 7 back to §i)2n (%). This proves that
the subdiagram (C) is commutative.

The local descent 7 — o from GLj, (%) to SOy, 1(%) was first obtained in
[Jiang and Soudry 2003] by combining the subdiagrams (C) and (D) and by using
the local converse theorem. More recently, Jiang and Soudry (see [Soudry 2008])
obtained the local descent 7 — ¢ from GL,, (%) to SOy,+1 (%) via the global theory
of the automorphic descent [Ginzburg et al. 2001]. Their method works for other
classical groups as well.

In [Jiang and Qin 2007; Jiang et al. 2008], we began the task of establishing
the local descent 7 — o from GL,, (%) to SOy, (%) by using the existence of
a nonzero Shalika model for 7 of GL,, (%) and of a nonzero generalized Shalika
model for the Langlands quotient £3%% (1, 7) of SOy, (%). We proved by a purely
local argument in [Jiang et al. 2008, Theorem 3.1] that for an irreducible unitary
supercuspidal representation 7 of GL,, (%) with a nonzero Shalika model, the local
Gelfand—Graev coefficient (a special type of twisted Jacquet functor) of the Lang-
lands quotient $SOan (1, 7) of SOy, (%), which is a representation of SOy, 1(%F),
vanishes for all r < n. Here, again using a purely local argument, we show
that for an irreducible unitary supercuspidal representation 7 of GL,, (%) with a
nonzero Shalika model, the local Gelfand—Graev coefficient of the Langlands quo-
tient £304 (1, 7) of SO4,, (F) to SOa,,41(F) is an irreducible generic supercuspidal
representation of SOy, 1 (%); this, Theorem 2.5, is our main result. The proof idea
was suggested by the global argument as in [Ginzburg et al. 2001]. Our proof goes
similarly to the case of symplectic linear models in [Ginzburg et al. 1999], but is
essentially based on the existence and uniqueness of a generalized Shalika model
for the Langlands quotient 33504"(1, 7) of SO4,(%). The technical details are of
independent interest, and are found in Sections 3, 4 and 5.

One fact that needs to be shown here is that the local Gelfand—Graev coeffi-
cient on SO»,, 11 (%) from £5%4 (1, 1) of SOy, (%) lifts to 7 via the local Langlands
functorial transfer. In [Jiang and Soudry 2003; Soudry 2008], a global argument
is used to show that this is the case. However, one would like to prove this by
a purely local argument. One way to do this is to calculate explicitly the local
Rankin-Selberg integral for the tensor product L-functions for SO,,4+; x GL, by
using the supercuspidal representation constructed explicitly by the local Gelfand—
Graev coefficient from 594 (1, 7) of SOy, (F) to SO2,11(F); however we do not
do this here. Hence, the subdiagram (B) is commutative by Theorem 2.5 and the
result in [Jiang and Soudry 2003; Soudry 2008].

Finally, we show that the subdiagram (A) is also commutative by using results of
G. Muic [2006], which show that the Langlands quotient £5%4 (1, 7) of SOy, (%)
and the Langlands quotient £5P+ (1/2, 7) of Sp,, (%) correspond to each other via
the local theta correspondence. By combining this with Theorem 1.1, one deduces
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that the generalized Shalika model on SOy, (%) and the symplectic linear model
of Spy, (%) are related by the local theta correspondence. It would be interesting
to check directly, without using Theorem 1.1, that the local theta correspondence
relates the generalized Shalika model on SOy, (%) and the symplectic linear model
of Spy, (F).

In future work, we will study the explicit relations between Diagrams 1 and 2
and refined structures of the corresponding local Arthur packets.

2. Main result

We introduce definitions of various models and of the local descent in the case
under consideration, and then state the main result for the local descent.

2.1. Shalika and generalized Shalika models. Let ¥ be a finite extension of the
p-adic number field Q, for some rational prime p. Take the maximal parabolic
subgroup P, , = M, ,N,_, of GL,, with

M, , =GL, x GL,,

Ny = {n(X) - (é IX) e GLZ,,}.

Let y be a nontrivial character of F. Define a character y,, (n(X)) = y (tr(X)).
The stabilizer of Yn,., in M, , is GL , the diagonal embeddmg of GL,, into M,, .
Denote by

F»=GLS XN, ,

the Shalika subgroup. Denote by y, the extension of yy —from N, to the
Shalika subgroup ¥, such that y,, is trivial on GLA The Shalika functionals of
an irreducible admissible representation (z, V) of GL,, (%) are nonzero elements
of the space Homg, () (V-, l//yn). By the Frobenius reciprocity

~ GL. n
Homy, @) (Vr, wy,) = Homar,, @) (V. Indg 57 (vg,)),

any nonzero Shalika functional ¢, in Homgy, ) (V, l//yn) gives rise to an embed-
ding
Ve > Tndg &5 (v,
the image of which is called a local Shalika model of V. Jacquet and Rallis [1996]
(and also Nien [2009] by different argument) proved that the local Shalika model
is unique for any irreducible admissible representation of GL,,, (%).
Jiang and Qin [2007] introduced the generalized Shalika model for SOy, (F).

Let v = 1 and inductively define

(2-1) v, = (v 1) forn>2and n € N.
n—1
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Let SOy, be the even special orthogonal group attached to the nondegenerate 4n-
dimensional quadratic vector space over ¥ with respect to vg4,. That is,

SO4, = {g € GLyy | tg'v4n 8 = Van}.

Let Py, = My, V>, be the Siegel parabolic subgroup of SOy, consisting of elements
of the form

=20

where g € GL,, and g* = vs, ‘g 'vy,, and X satisfies ‘X = —vs, Xva,.
The generalized Shalika group #,, of SOy, is the subgroup of P consisting of
elements (g, X) with g € Sp,,. Here the symplectic group is given by

Sp,, ={g € GLy, | 's. b, -g=J), whereJr, = (—v v") forn e N.
n

Define a character y, of 5,(%) (we write 3 = 9>, when n is understood) by
letting
vy ((g, X)) = w(tr(J2n Xv2,))

= y (tr((diag(—1I,, I)) X)).
It is well defined. The generalized Shalika functional or y,.-functional of an ir-
reducible admissible representation (o, V) of SOy, (%) is a nonzero functional in
the space

Homso,, ) (Vs, Ind;(jjzg)(w%)) = Homy,, ) (Vo , ).
Nien [2010] has shown the uniqueness of the generalized Shalika model. Hence
one can use a nonzero generalized Shalika functional to define a generalized Sha-
lika model for o. To relate the Shalika model on GL,, and the generalized Shalika
model on SOy,, we consider the following parabolic induction.

For an irreducible, unitary, supercuspidal representation (z, V;) of GL,, (%),
we consider the unitary representation I(s, 7) of SOy, (%) induced from the Siegel
parabolic subgroup P, = M», V>, where the Levi part M»,, is isomorphic to GL,,,,
via the bijection

a € GLy, — m(a) := diag(a, a*) € M»,.

More precisely, a section ¢, 5 in I(s, 7) is a smooth function from SOy, (%) to V;
such that

pes(m(a)ng) = |detal’* "Dz (a)¢, (g),
where m(a) € My, with a € GL,,, (%) and n € V5,. In other words, one has

SOy, (F
I(s, ) = Ind ((det]*/ - 7).
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In the introduction, we used notation IS9# (s, 7) for I(s, 7) as a reminder that it is

a representation of SOy,,. From now on, we simply use the notation I(s, 7).
The relation between the Shalika model on GL,, and the generalized Shalika
model on SOy, is given by the following theorem.

Theorem 2.2 [Jiang and Qin 2007, Theorem 3.1]. The induced representation
I(s, 7) admits a nonzero generalized Shalika functional only when s = 1. In that
case, I(1, ) admits a nonzero generalized Shalika functional if and only if the su-
percuspidal datum t admits a nonzero Shalika functional. The generalized Shalika
functionals of 1(1, t) are unique up to scalar, and if nonzero, they must factor
through the unique Langlands quotient £(1, 7).

Again from now on we simply use £(1, ) rather than £5%+ (1, 7).

2.3. A family of degenerate Whittaker models. Degenerate Whittaker models for
a reductive group G can be defined for any given nilpotent orbit in the Lie algebra g
of G; see [Mceglin and Waldspurger 1987]. Here, we consider a family of nilpotent
orbits 02, 2,k of SO4, corresponding to a family of partitions [2(2n—k)+1, 121
fork=1,2,...,2n. This family of degenerate Whittaker models on SOy, (%) was
considered in [Ginzburg et al. 1997] for construction of automorphic L-functions of
orthogonal groups, and in [Ginzburg et al. 1999] for construction of the Ginzburg—
Rallis—Soudry global descents. We take a family of unipotent subgroups Nj of
SOy, consisting of elements of type

u b Z
(2-3) n=n(u,b,z)= Lyp—ok D' | € SO4p,
u/

where u = (u; ;) € Uy, the maximal unipotent subgroup of GL; consisting of all
upper triangular unipotent matrices in GLy, the block b = (b; ;) is the implied size,
and b’ and u’ are determined by b and u so that n belongs to SOy,. We define a
character yy; on N by

(2-4) wr(n) ==y iz + -+ uk—1.60) Y Ok 2n—k + bk 2n—ik+1)-

When k = 2n — 1, the subgroup N coincides with the unipotent radical N of
the Borel subgroup of SOy, and y; is the generic character of N. Let 7 be an
irreducible admissible representation (z, V;) of SOy4,(%). Then 7 has a nonzero
wr-functional if

(2-5) Homso,, @) (Vr » Indfv(,?fé}()g)(l//k)) = Homy, @) (Vz, wi) #0.

In this case, a nonzero element in Homy, ) (Vyz, wi) is called a yy-functional
of V., or more precisely, a wi-degenerate Whittaker functional of V,. For each
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y-functional £, , we define

(2-6) Won(g) =Ly, (w(g)()) forveVq,

which yields a w;-degenerate Whittaker model (also called an (N, wi)-model)
for V;. In particular, when kK = 2n — 1, it produces a Whittaker model for V.
Note that the different choices of the representatives in the Z-rational points of
the unipotent orbit Oy, (%) produce different characters for Ny(%), and hence
different degenerate Whittaker models. However, the centralizers are all isomor-
phic, which is the F-split SOg4,_2r—1(%). This is different from the case of odd
orthogonal groups considered in [Jiang and Soudry 2007].

We recall the definition of Jacquet functor and module. Fix a closed subgroup
P = N x M of SOy, with unipotent radical N and a character X on N normalized
by M. Then for a representation (V,, w) of SOy, (%F), its Jacquet module with
respect to (N, x) is defined by

${N, x}(x) = V,/ Span{o (n)o — y (n)o |n € N,v € Vg },

viewed as a representation of M. We call }{1\7 , ¥} the Jacquet functor with re-
spect to (N, x). We write F{N} for ${N, x} when y is trivial. For the family
of yy-degenerate Whittaker models, we abbreviate the corresponding family of
wi-twisted Jacquet modules by

(2-7) Py} (V) == ${Ni, wi}(Vz),
viewed as a representation of SOy _2r—1(%F).

Theorem 2.4 [Jiang et al. 2008, Theorem 3.1]. Suppose (z, V) is an irreducible
admissible representation of SO4,(F). If m has a nonzero generalized Shalika
model, then the wy-twisted Jacquet modules ${wi}(Vy) are all zero forn <k <2n.

For an irreducible unitary supercuspidal representation v of GLy, (%) with a
nonzero Shalika model, we apply the family of the yy-twisted Jacquet functors to
the Langlands quotient £(1, 7). By Theorem 2.4, the first interesting representation
we get from £(1, 7) is at k =n — 1, that is,

(2-3) Op—1 =0,-1(17) = c?{l//n—l}(ig(la 7)),

which is an admissible representation of SO,,,41(%). We call ,,_; the local descent
of 7 from GL;, to SOy,1. The main result of this paper is this:

Theorem 2.5. Suppose t is an irreducible unitary supercuspidal representation of
GLy, (%) with a nonzero Shalika model. Then its local descent 6,1 is irreducible,
generic, and a supercuspidal representation of SOy, 11 (F).
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We prove Theorem 2.5 in Sections 3, 4, and 5. In Section 3, we prove that
the local descent o, as defined in (2-8) is quasisupercuspidal, which means the
(nontwisted) Jacquet module ${N}(o,,—) is trivial for the unipotent radical N of
every standard proper parabolic group of SOy,1; see Theorem 3.1 for details.
Hence we can write the local descent 0, as a direct sum

1 r
On-1=0,_ 1b---Do,_D---,

where the a,i_ , are irreducible supercuspidal representations of SO, 1(%F). We
show in Theorem 4.1(2) that the local descent ¢, has a nonzero Whittaker func-
tional, which is unique up to a scalar. Hence among the summands 0;71, one and
only one has a nonzero Whittaker functional, that is, it is generic. Finally, we prove
in Theorem 5.1(2) that every irreducible supercuspidal summand in g, is generic.
This implies that the local descent o,_1 has only one irreducible summand, and
therefore, o,,—; is irreducible, generic, and supercuspidal, proving Theorem 2.5.

3. Supercuspidality of the local descent

We first prove the quasisupercuspidality of 0,1 = 0,—1(t) = ${yn_1}(£(, 7)),
as defined in (2-8) for any irreducible unitary supercuspidal representation z of
GL,,, (%) with a nonzero Shalika model.

We relate any standard Jacquet module of o, to further descent oy, of £(1, 1)
with £ > n in the tower of the local Gelfand—Graev models for the Langlands
quotient £(1, 7). Because £(1, t) has a nonzero generalized Shalika model, all
standard Jacquet modules of ¢,,_; must be zero by Theorem 2.4. The same proof
can be used to show that the local descents from £(1, 7) satisfy the local tower
property as in [Ginzburg et al. 1999], but we omit the details here.

First we have to fix notation. Consider the embedding of elements in SOp;_
into SOy, so that the embedding of unipotent elements are described explicitly.

Let n = n(u, b, ¢) be a unipotent element of SO,;_; of type

ub c
(3-1) n=n(u,b,c)= 1 &) €SOy%_;

u*

where u is in Ug_1, the maximal upper triangular unipotent subgroup of GL;_;.
Then the embedding of n under the embedding from SOy;_; into SOy is given by

ub —-b c
(3-2) ne1(n) = ! ?_Z, € SOy .

u*
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Theorem 3.1. Let © be an irreducible supercuspidal representation of GLy, (%)
withn>?2, such that L(s, , A%) has a pole at s =0. Then o,—1 = ${w,—1 }(£(1, 7))
is a quasisupercuspidal representation of SOy, 1(%F).

Proof. For simplicity, we set ¢ :=%(1, ), which is an admissible representation of
SO2,+1(F). Denote by U, be the maximal (upper triangular) unipotent subgroup
of GL,—1(%). Recall that Ny, is the unipotent radical of Siegel parabolic groups
of SOy,. For x € &, denote by u; ;(x) the unipotent matrix in SOy, corresponding
to x(e; — e;), the x-multiple of root ¢; — ¢, and let U; ; = {u; j(x) | x € F}.

There are n unipotent radicals Qy for 1 < k < n corresponding to standard
maximal parabolic subgroups of SOy,;, and given by

I C D
Qk = IZn—2k+1 Cc* C SOzn_H .
Iy

Denote by 1 the embedding of elements of SO, into SOy, as in (3-2).
Let Hy =1(Qx)N,—1, and denote its elements by

r X y
, A B
w(r,x,y,A,B): IZn—2k+2 A* x’ for r eU,_.
L
P

Write r = (r;,j) and x = (x;,;) and so on. Let y; be the trivial extension of v,
to Hj, that is,

w, (W, x,y, A, B)) = w(rio+- -+ 20— Xn—1n+1 + Xn—1,n+2)-

To show that ${y,_1}(o) is supercuspidal, it suffices to show that

F1(Q)}(FHyn-1}(0)) =0 forall 1 <k <n.

We begin by assuming to the contrary that ${1(Qx)}(${w,—1}(c)) #% O for some
1 <k < n. Then there exists a nonzero functional ®; on V, such that

(3-3) 1(0(g)v) = vy, (8)P1(v)

holds for g € Hy and v € V.

Let H; be the complement of H?;ll U; , in Hy, and define a character Yy, on H,
by vy, = Wy, | ,- Then @ (o (g)v) = wy, (§)@1(v) for g € Hp and v € V;;. Denote
by # the permutation matrix in SOy, corresponding to the permutation product
(1,...,n—=1,m)@Bn+1,...,4n) of two cycles. Let Hy = nHyn~"' and y, (g) =
Yy, (n~'gn) for g € H3. Now we have a nontrivial functional ®3 on V,, such that
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@3(0(g)v) = yy, (§)P3(v) for g € H3 and v € V;;. Note that the functional @3 is
given by ®3(v) = @, (o) forv € V.
Let H4 be a subgroup of Hj (| Ny, consisting of elements of the form of

I, (Onx(kfl) | *)

h=(hi ;)= I

k
Y
k .
o E with h1 2, = —h124n41.
N—

L,
Let Yy, = ‘/’H3|H4~ That is, Yh, (h) = w(hnon + huontr)-
Let Hs = Uj 2, Hs and let 7 be the character of Hs extending 7 with trivial
value on U 2,. For uj 2,(x) € Uj 2, the adjoint action ad(u; 2,(x)) preserves Hy

and Yy, Therefore there exists a character y on U 2, and a functional ®4 on V,
such that

(-4 Dy (o (ug)v) = x () yy, (8) P4(v)

foru e Uiy, g€ Hyandv € V.
Assume that y (x) = w(ax) for some a € %. Note that

ad(uy,1(—a))uy 20 (x) = u1,2,(x)tty 20 (—ax).

Also, ad(u,,1(—a)) preserves both Hs and Y, Define ®5(v) = P4(uy, 1 (—a)v).
Then

(3-5) s(0 (g)v) = vy, (8)Ps(v)

for ge Hsand v € V,.
Let Xo = Hs and W(O) = l//H5' For 1 <m <n, let Xm = m,m+1°"" Um,n—i—k—l
and write its elements by

X, (X) = diag(r, I, r*)  forr = (r; ;) € Uzy—1 and ¥ € F" =1

where the m-th row of r is (0,,_1, 1, X, 0,_4+1) and ri,j =0;j fori #m. Let l//(m)
be the restriction of the character v, of N, to the subgroup X,, - - - X Hs.

For each 0 <m < n, we claim in general that there exists a nontrivial functional
®,, on V, such that

(3-6) D, (uv) = " () D, (v)

forueX,,---X1Hsand v € V,.
We proceed by induction. For m = 0, the claim is true by Equation (3-5).
Assume that the claim is true forO0 < j —1 <n —2.



SYMPLECTIC SUPERCUSPIDAL REPRESENTATIONS OF GL(2n) 285

Note that X ; is abelian and that ad(X ; (¥)) preserves X ;_; - - - X Hs and V=D,
Hence there exists a character y; on X ; such that

(3-7) D;_1(o(ug)) = Wy () ®,;_1(v)

hOldeOI‘uEXj, gEXj_l ---X1H5 and v € Vg.
Assume that

2iXi(t, oo tpg—j—)) = wlati + -+ -+ apgpi—j—1tark—j—1)  fora; € F.

Ifai=0forall 1l <i <n+k— j—1, then Equation (3-7) induces a nontrivial
functional on V; that is invariant under 7 (u),

MG{(Ij ¥ )GGLQ,Z].
Ianj

This contradicts the supercuspidality of 7. Hence there exists a nonzero a;. Let
mo=min{l <i <n+4+k—j—1]|a; #0}.
Case 1. If mo = 1, define ®;(v) = ®;_;(1v), where 1 = diag(4, 1*) € SOy, and

I
ai
ay 1
A= . € GLG .
: Litk—j—3
Antk—j—1 1
In—k
Note that
ad(l)Xj(tl, sy tﬂ—l—k—j—l)
-1 -1 -1
=Xj(—a; t1—a; axty - —a; Apyk—j—1tntk—j—15125 -+ ntk—j—1)-

Moreover, ad(i) preserves both X;_; --- X Hs and 1,//(j —1, Hence

(3-8) <I>j(a(u)v)=l//(j)(u)(bj(v) forue X;--- X1 Hs.

Case 2. If mo > 1, take @ =u j 11 (1) and 0= diag(@, 8*) € SOy, and then define
<D;f(v) =®;_;(0v). Then, forue X;, ge X;j_1---X1Hsand v € Vj,

(o (ug)v) = x' W)y V()@ (v)
holds for some character x’ on X ; satisfying

X (Xjxn, o Xngk—j—1)) = w(bi1x1 4+ -+ -+ bypk— j— 1 Xnk—j—1),
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with b; # 0. By repeating the same procedure as in the first case, we again reach
the conclusion Equation (3-8).
By induction, we have shown that

®,_1 (0 (w)o) = y " VW) ®,_1(v) forue X,_i-- X Hs.

By similar argument, we also obtain that @/ (¢ (ug)v) = x" )y "~V (g)®! (v),
where u € X,,, g € X,,_1--- X1Hs and v € V, holds for some character y” on X,,
satisfying x" (X, (x1, ..., xk—1)) = w(dix1 + - - - + dr_1x3-1).

Finally, we take @, (v) = @, (diag(y, y*)v) for v € V,, where

0,...,d;
Y= L1 : € GLyy,
0,...,dr—1
Li—k+1
and obtain that ®,(c (u)v) = "™ ()P, () for u € X,---X1Hs and v € V,.
Since N, = X,, - - - X Hs, this gives a nontrivial y,-functional on V,;, contradicting

Theorem 2.4’s conclusion that generalized Shalika models and (N, v,)-models
are disjoint. The initial assumption must be false, so

F(Q)}(Hyn-1}(0)) =0 foralll <k <n

and ${w,—1}(o) is quasisupercuspidal. U

4. Genericity of the local descent

By Theorem 3.1, the local descent 6,1 = 6,,—1(7) = ${yn—1}(£(1, 7)) as defined
in (2-8) is a quasisupercuspidal representation of SOy, 11(%). We may write

1 r
anflzo-n—l@”'eao-n—]@”"

where the a,i_l are irreducible supercuspidal representations of SOy, 1(%). Note
that 7 is an irreducible unitary supercuspidal representation of GL,, (%) with a
nonzero Shalika model.

With regard to the Whittaker functional of o, = ${y,—_1}(£(1, 7)), recall from
(2-3) and (2-4) that

z x Yy
4-1) Npoip=yn(z,x, )= Iygo x| |2€U,_1f C SOy,
Z/

and the character y,,_ of N,,_ is given by

Yn1((z, x,y) = w12+ +z2n—22- 1)WY Xn—1 041 + Xn—1,n42)-
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As in (2-7), the twisted Jacquet module o,—1 = ${y,—1}(£(1, 7)) is a represen-

tation of SOy,41(%). Let Z; be the standard maximal unipotent subgroup of the

split special orthogonal group SOy consisting of upper-triangular matrices with 1

along the diagonals. That is,

ubw
1

4-2) Zopy1 = 2(u, b, w) = b €SOyt | u=(u;;)eU,
u

/

We may write b = (by, ..., b,)" € F". The Whittaker character Yo of Zy,y1 18
defined by
(4-3) Yzons @, by w)) = w2+ -+ un—1,0 — by).

By the Frobenius reciprocity law, in order to show that ¢, has a nonzero Whit-
taker functional, it suffices to show that the twisted Jacquet module

HZons1, vz, Y on-1) = ${Zont1, vz, NI yn1 HE(L, 7))

is nonzero.
To compose the two twisted Jacquet functors ${Zr,11, ¥z,,.,} and ${w,—1},
we set E1 =1(Zy,+1)N,—1 and let VE, be the character of E; defined by

yg, (on) =y,  (©)yn—1(n) forv € Zy1andn € Ny,
where 7 : SOy <> SOy, is given by
8 € SOgq1 = 1(g) = diag(Iop—k—1, 1(8), Lon—k—1)
forany k =0,1,...,2n — 1, and the embedding : is defined in (3-2). Hence
HEL we Y (Ve) = Zons1, Wzopir } 0 Plvn—1} (V)

for any irreducible admissible representation (x, V) of SOg, (%F).
We put £ = 2n in the maximal unipotent subgroup of SOy, defined in (2-3), so
that

(4-4) Ny = {n(z, y) = (Z Zy,) ‘ Z€ U2n}~

Define a degenerate character iy of Ny, by

w(n(z,y) =w@i2+ - +220-1,21)-

We define the twisted Jacquet module ${N,,, #}(V;) for any irreducible admissi-
ble representation (7, V) of SOy, (%F).

Theorem 4.1. Let © be an irreducible smooth representation of SOy, that admits
a nonzero generalized Shalika model.
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(1) There exists a vector space isomorphism between the two twisted Jacquet
modules, that is,

}{Ela V/El}(vn) ~ }{NZn, V7}(Vn)

(2) The local descent 6,1 has a nonzero Whittaker functional, which is unique
up to a scalar.

Proof. The proof of (1) needs to use the local version of the Fourier expansion for
representations, in particular, the [Ginzburg et al. 1999, General Lemma]. We treat
the various cases in Sections 4.2—4.12.

We show here that (2) follows from (1). Take 7 to be £(1, ) and consider
y{NZns lp}(Vn’) =}{N2na &}(g(la T)) We may write No, = Uy, X V2, where Vs,
is the unipotent radical of the Siegel parabolic subgroup P,, of SOy, as defined in
(2-2). Then we decompose the twisted Jacquet functor as

${Nan, 71} = ${Uan, wu,, 15 0 ${Va,}

where the left part of the composition is the Whittaker functor of GL;, and the right
is the nontwisted Jacquet functor (that is, the constant term functor along V»,,).

Consider first ${V5,}(£(1, 7)). By [Bernstein and Zelevinsky 1977, Geometric
Lemma], we obtain that

FVou H(£(1, 7)) ~ 7 @ |det| /2

as representations of GL,, (%). By the local uniqueness of Whittaker model of ,
we see that the space

${Uou, wu,, 152 0 ${Va, HE(, 7))

is one-dimensional. Therefore, ${E;, wg, }(£(1, 7)) is one-dimensional by (1); in
particular, the local descent ¢,,_1 has a unique Whittaker functional. U

4.2. We start to prove (1) of Theorem 4.1 by constructing a few intermediate
twisted Jacquet modules relating ${E1, wg, }(Vz) and ${Na,, y}(V;). The re-
lations are explained in terms of the local versions of Fourier expansions for rep-
resentations; this is called the General Lemma in [Ginzburg et al. 1999], and also
here.

In this subsection and Section 4.3, we consider the general case when (7, V)
is any smooth representation of SOy, (%).

Let

Ci={i(w)n|v € Zy41, n =n(z, x,y) such that x,_; ; =0}.
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Let o, = yg lc,- Fori=1,...,n,let
In,1 X 0
X = Ion+2 x' € Ny Xs,t € 55,117151‘,1' “Ft,
In—l

where 6; ; is defined by that 6;; =1 and ¢; ; =0if i # j. Fori=1,...,n—1, set
Yi ={lun +AEuqi—1,2041 — AE2 3n42—i | A € F} C SOuy,
where E; ; = (ex,1), ek, = 0k,i0y,j, and set

Ly_»

Ly > 1

Note that X is the complement of C; in Ey, thatis, £y = C; x X;. Let D| =
Ci % Y1, and lety, be the trivial extension of y, to D;. This forms a setting
which for which the General Lemma applies. Hence we have

HE, we}(Ve) = D1, wp, }(Vz).
Fori =2, ..., n, define a series of subgroups C; of Z>,42N,,—1 by

vt w u €Uy, h€Zyiz-ai,
Ci=qon v=( 1(h) t/)EZZn-i-Z, n=n(z,x,y) € Ny_1, ,

u/
Xp—11=Xp_12=""=X,-1,; =0

where Z,,; is identified with its embedding in the middle diagonal part of SOyj,.
Let y' be the character of C; defined by

' (on) =y My ia+-Fui i1 +1i-1)g,, . ().

Then X; and Y¥; both normalize C; and y'. The trivial extensions of y' to C; x X
and C; x Y; are still denoted by y'. Let D; := C; x Y;. Then D;,_; ~ C; x X; for
i =2,...n and the characters y'~! and y' of D;_; are equal. Again, this is the
setting of the General Lemma, and we obtain

D1, v T N(Ve) = ${D;, y' ) (V) fori=2,...,n.

Hence we obtain a vector space isomorphism of twisted Jacquet modules:

E{El, V/El}(vn) = }{Dn; l//n}(vn')
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Note that
L f—=f
1

w
zy w\|p_ U c 7.
Dn= h y/ 1 _f CZ4n-

1

z € Uy, with Zn—1,i =0 fori >n

Then we also have the isomorphism ${D,,, y"}(Vz) = ${D,, yp,}(Vz) of vector
spaces, where the character v, of D, is given by

wp, @) =w(zi2+z223+  +2m-32m—2+F Yu-12+Yn-13— f)-
4.3. Let v be the permutation matrix in GL,, given by

12 ... n—1 nn+1 ... 2n—1 2n
24 ...2—-1H1 3 ... 2n—12n)

and identify it with its embedding m (v), where m : g € GL,, — diag(g, g*) € SOyj,.
Let E =vD,v~!, and define a character yy of E by

we(n) = wp, (™ 'nv) forneE.

Let T'(n) be the subgroup of GL,, consisting of certain elements t = (z; ;), as
follows: Let l_j = (l‘j_,_l,j, e, tznjj)t and t; = (li,,‘_;_], e, t,"zn) for i,j < 2n — 1.

e For 1 <i <2n, require t; ; = 1.

« For j <n—2, require that the (single-element) rows of #,;_; alternate between
arbitrary and zero, except for the last 4, which are all zero; require that 7, 3
and #,_; vanish.

For j < n, require that 7,; vanishes.

Fori <n,require thatty; 1 =(0 * 0 % ... * 0 % x*).

Require 1,1y = (0, *).

E:[n:(t f)‘teT(n)]

and the character y is given by

Then

4-5) ypn)=wti3+t0a+ - +tam—321—1+tm—220+Xon—21+X2n-1.1)-
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Example 4.4. In the case of n =4,

T(4) = L GLs.

—_ % ¥ % % X X ¥

SO OO K O ¥ =
el eoBoBoBReoNel "
SO OO K = K K
S O OO = O x O
S O O = K% ¥k ¥ K
S O = O % O % O
S = O % % ¥ ¥ *

Since y(n) =y, (v~'nv) for all n € E, we have the vector space isomorphism

HDn, wp, }Ve) = HE, we}(Vz).

Next, we will apply the General Lemma to fill the zeros of #;_; from right to
left, using ;.
Let

yil = {m (I, —|—yE2i71) lye%&} fori=1,...,n—2,
xbi = {m(Iy, +XE1,2]') |lxeF} forj=2,...,n—1,
E'' ={n€E|nj;=0,¥j>2i}-[[}j;, X" fori<n-3,
En—2,1 :E,
Ci,l — {n c Ei,l |7’l2i,1 =0}’ Dl,i-‘rl — Ci’IXLiJrl, Al,i-‘rl — Dl,i-‘rlyi,l.

Define a series of characters y'»! = Vil Extend y"! trivially to D" *! as

. ) R cil*
1//11)’,1’,4] and to E>! as 1//]’:_’:,. Note that

DYt = gi=1 and l//?)},:#llci—l,l = l//i_]’l-
By the General Lemma, we have vector space isomorphisms
ERL ybl v (Vo) ~ grplitl 0] VoY~ g(Ei-LL ,i-Llyy
}{ ,V/Ei,l}( ﬂ)—}{ :I//D],i+l}( 71.')—}{ :I//Ei—l,l}( 71')
fori =n—2,...,2. In particular, we have
~ 1,2 1,1
g{E: WE}(VH)—}{D s WDI,Z}(VH)'

Note that the GLy, part of D' looks like (%) with 7’ € T'(n — 1). Now let

Y™ ={m(by +yExyps—1) | yeF} forl<r,s<n-—-2,

X" ={m(oy +xEzy_12) | x€F} forl<r<n—2andl1<s<n-—1.



292 DIHUA JIANG, CHUFENG NIEN AND YUJUN QIN

For 1 < j <i <n—2, we define
Eb = Eb ﬁ X7 where EV = [(I X) € SO ]
- s=i+2 ’ - a "
where 77 5; 1 = 0 for all £ > 2i and otherwise is of the form
I, * %
, withZeTm—j+1),

Iz*
z

- X -
CcH = In = (l t’) € EY/

Dj,i-‘r] — Ci,jxj,i-‘r] Aj,i-‘r] — Dj,i+1yi,j
b .

We further define

hinj—1= 0],

We also define y'»/ = Wglcii. Note that D/l ~ Ai=LJj for i > j 4 1 and that
Dj j +1 ~ An=LJj*+1 The relations among those '’/ and their trivial extensions
1//D i1 and y A,] to D71 and A%/, respectively, are compatible in the sense of
the General Lemma. We then have vector space isomorphisms

HE, w}(Va) = $(D"2, y N (Vo) 2o 2 $IDIIFY Lyl (V)
N GDMTE RN (V).

Denote by B, the standard Borel subgroup of GL,. The subgroup D"~>"~!
consists of elements of the form

Loyt = -+ %
Cx L oy, -+ %
( t)ESO4n, with t = ,
L yn1
z
where yi, ..., yo_2 € Maty, y,_1 € By and z € U,. The character l//n" 222’ s

given by
4-6)  whE ) = w4+ Y)W (V22,1 + X2 1,1).

Proposition 4.5. Let @ be a smooth representation of SOy,. Then there exists a
vector space isomorphism between two twisted Jacquet modules given by

HEL, yp }(Ve) = F{D" 2"yt 2 (V).
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So far we have only assumed 7 to be a smooth representation of SOy, (F).

4.6. The next step is to eliminate the character place xz,—2 1 in (4-6). We need two

auxiliary results, Propositions 4.7 and 4.11. We assume that V is an irreducible

admissible representation of SOy, (%) with a nonzero generalized Shalika model.
We define

21 ...
h 2o ... *
T X
h—1 Zn—1
Iy

and a character y,(n) = y (tr(z1 + - - - + 24—1) + X20-2,1 + x24—1,1) of D.

Proposition 4.7. Let © be an irreducible smooth representation of SOy, admitting
a nonzero generalized Shalika model. Then there exists a vector space isomorphism

GOy LN (V) = (D, yp} (V).

Proof. After applying the General Lemma n — 2 times, we have the vector space
isomorphisms

gD, Wg;_li’z__]‘}(vﬂ) ~ ${Hy, yy, }(Va),

where
Loz ... ... *
h Z %
T X 2 22
= T T = ,ti€Up, z;€By ¢,
Ih—1 Zn—1
In

wp, () = w(tr(zi+ -+ 20—1) + X2n—2,1 + X20-1,1) forn € Hy.

Note that the group

1 >x< 0
mli| 1. 0 C m(GLa,) C SOuy,
on—2

normalizes H; and ;.
For /. € #*, define a character v, , of D by

wp, ) =y tr@zi+- - +2am1) X210 + X011 w (A1),
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where 1| = (l i) as in H;. By the conclusion of the next lemma, Lemma 4.8, the
only twisted Jacquet module that remains is the one corresponding to 4 = 0. In
this case we have l//b’o = yp, and therefore ${E1, yp, J(Vz) = ${D, yp} (V). O

Lemma 4.8. Assume that © is an irreducible representation of SOy, admitting a
nonzero generalized Shalika model. Then

D, WIS,,I}(V,,) =0 forall 2 € F*.

Proof. First we consider the case of A=1. Let y},:=y/, ;. Thenforn = (" X) e D

we have

wp () =y (Tia+Tis+ >0 Tiira)w (Xan—2,1 + X20—1,1)-

Let
. . 1
71 =diag(Z, I,_3) € GLy,, with Z = ( } (1))

Then z; normalizes D. Let y, | be the character of D defined by

4-8) yp (M) =yp(zinz; )= W (T o+ Toa+ 2025 Tiia) W (Kan—n,1 +X2u—1,1)-
Clearly there exists a vector space isomorphism
4-9) D, yp}(Ve) = 3D, wp 1 }(Va).

Fori=2,...,n—1,letz; =1, + Ezi11,2 € GLy,, and let Yp.i be the character
of D defined by v, ;(n) := l//D,ifl(z,-nzi_l). Then we have

w(Ti2+ Thipiys + 27;5 T; jv2)w (x2n—2,1 +X20-1,1)
‘//D,i(”): if2<i<n-2,
y (T2 + Z’};i T j+2)w (x2n—1,1 +2X20-2,1) ifi=n—1.
It is clear that

(4-10) D, yp 3 (Ve) 2D, yp ;) (Vz) fori=2,...,n—2.
From (4-9) and (4-10), we have the vector space isomorphism
HD, yp}(Va) = 9D, yp 1} (Vr).
Now we assume to the contrary that

(4'11) y{Da WD,n—l}(Vﬂ') 750

Then by the Frobenius reciprocity law, there exists a nonzero functional £ on V,
such that

(4-12) (z(n)v) = yp,_(n)l(v) forneDandv e V.
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Such a functional ¢ on V, factors through ${D, wp ,—1}(V;). Hence the nonvan-
ishing of ${D, y, 1}(V) is equivalent to the nonvanishing of such ¢.
Let u be the permutation matrix in GL,, given by

w(l)=1, w2i—-2)=i fori=2,...,n,
u(2n) =2n, uRi—1)=n+i—1 fori=2,...,n,

which can be identified with its embedding m(x) in SO4,. Denote by Ni the set
of nilpotent elements in GL;. Then

T X o )
F:=,uD,u—1= ( T/)‘T:(y g), a,0,y €B,NNi,, f€B,, _
viig1 =0 fori=1,...,n—1

Example 4.9. When n =4, the T in F are of the form

oS O O
S O = ¥
S O O *

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

S O O O
S O O O
S O O

Let yr be the character of F defined by

wE(n) = yp i (u”'np) = W(Z?ﬁi;ﬁn Tiivt + Tnon +2X01 + Xon—1,1).

Define a linear functional on V, by £ (v) = £(z(u~")v) for v € V,. Then {F is
a nonzero functional on V, satisfying £y (x (n)v) = wr(n)fr(v) for n € F. Since

{r factors through ${F, wr}(V,), the latter must be nonzero.
Again, by the General Lemma, we get ${F, wr}(V;) ~ ${F', wr}(V;), where

T X
F/I{( T/)‘TEUZn:Tn,n+i:0 f0fi=1»-~ﬂ”_1]

and the character yp is given by

(4'13) WF/(n) = W(Z?ii%;én Ti,i‘H + Tn,2n + 2Xn,l + X2nfl,l)'
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Example 4.10. The T in F’ are of the form

S O O
S O = ¥
S = ¥ ¥
_ % % ¥
O ¥ K ¥

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

oS O O O
S O OO
S O O O
S O OO
S O O -

(Compare this form with the one in Example 4.9 to see how the General Lemma
works.)

Since ${F, wr}(Vy) >~ ${F’', wp}(Vy) # 0, there is a nonzero linear functional
Cp on V; such that £ (7 (n) v) = . (n)lp(v) forn e F'.
Next, we consider the intersection F,, := F'N N,,. Then

(21 ﬁ Xy
/
@14 F, = K IO ; a €U, feB,,
na/ Pni=0 fori=1,...,n—1

and £ is a nonzero linear functional on V, such that
Cp/(m(n)v) = yp ()l () forneF,.

Note that F, differs from N, by the requirements on their elements at the / entries
of (4-14). Now we will apply the local version of Fourier expansion to “fill the
zeros of 7.

Define a series of subgroups F, C F, | C --- C F{ = N, as follows. Let

a f xy
I, 0 x

/_
(4-15) F/ = L g
a/

EN,|aelU,, B,j=0forj=1,...,i—1

Let y,, be the character of F; defined by the same formula of (4-13), that is, by

l//Fi’ (I’l) = V/(al,Z +-tap—1n+ ﬁn,Zn + 2xn,1)-

Now we use induction in reversed order. The case of i = n is shown in (4-14).
Assume for some 2 < i < n that we have a nonzero linear functional ¢; on V;
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satisfying the quasiinvariance property
(4-16) Li(m(n) v) =y (n)t;i(v) forneF.

We show that the functional €;_; is an extension of ¢; such that (4-16) holds with i
replaced by i — 1.

Note that the root group of e, — e;—; normalizes the character yy. There are
two possibilities:

(i) The ¢; having the (F], yry)-quasiinvariance property can be trivially extended
to £;_ with the (F/_|, wr;_ )-quasiinvariance property, and we are done.

(ii) The ¢; can be nontrivially extended to a nonzero linear functional £;_, with
the (F/_,, wﬂ,_l)-quasiinvariance property, such that

Gy v) =y (W)_ () forneF/_,.
Then
)=yt +an—1n+ Pnon+2x0,1)p(c fri) for some c € F*.

Let z =Ir, +a E, 42, € GLy,. Then we can choose a certain a € F* such
that z normalizes F; and changes y F,_, back to the character yy . Hence
we get (4-16) for ;1.

By induction, we get a nonzero linear functional ¢; on V, that factors through
FANn, yn}(Vz).

By assumption, V; has a nonzero generalized Shalika model. It follows from
Theorem 2.4 that such a V; has no nonzero twisted Jacquet module ${N,,, v, }(V;).
Hence ¢ must be zero.

Therefore, the assumption (4-11) must be wrong and ${D, y/D’n_l}(V,f) must
be zero. The proves the case when 4 = 1.

If A # 1, conjugation by m(a) with a =diag(A=!, 1,271, 1,..., 271, 1) e GLy,
will give a vector space isomorphism ${D, Wb,i}(vﬂ) ~ ${D, x//DJ}(V,r), where
¥p,; is almost the same with the character of D defined in (4-8) except that the
coefficient of xp,_1,1 is 271 In the proof of the case when 4 = 1, we see that the
coefficients of x2,_1,1 and x2,—2 1 play no role and a similar argument applies. [J

Proposition 4.11. Let © be a smooth representation of SOyy,. Then

D, yp} (V) = D, yp}(Vr),

where s is the character of D defined (in the notation of (4-7)) by

wpn)=wtr(zi+- -+ 2p—1) +X20-1,1)-
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Proof. The proof is almost the same as that of Lemma 4.8. We give only a sketch.
First, let B,, denote the opposite standard Borel subgroup of GL,,. By the General
Lemma, we have the vector space isomorphism

D, i p}(Ve) = ${D, i} (V).

where
I 71 %
T X oo
4-17) D= ( T/) T = : , i € Uy, zi € B
h—2 Zp—2 *
Iz k
1

and yp(n) = 1//(2,-21"_2 Tiiv2)y (X20—2,1 + X2,—1,1) is the character of D.
Second, let

Ly 3 000
[ o 100
=l o-110]”

0 001

which normalizes D and changes p 1o &;j , defined in the notation of (4-17) by

~ 2n—2
gsm) = w T i)y (x2n-1,1)-
Finally, use the General Lemma to transform the B, of the first part into B,. [

4.12. We are ready to prove Theorem 4.1(1). The proof is similar to that of
[Ginzburg et al. 1999, Theorem 4.2.1], employing the local version of the Fourier
expansion of representations. Let v be the permutation matrix in GL4, such that
vigi—1 = 1 and vy, q;2; = 1 fori = 1,...,2n, and v; ; = 0 otherwise. Let
B =vDv~!, and define a character wy of B by yy(e) = wp(wlev) for e € B.
Then we have the vector space isomorphism ${D, z/;D}(V,,) >~ ${B, yg}(Vy). Note
that

ew [0

and the character y is yg(e) = w(ai 2+ +0u n41 —Ongin42 = —A2n—1,2n)-

a,d € Uy, p€Byy, ]
y € By, NNip, and p; ;41 =0fori=1,...,2n ’
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Example 4.13. For n =4, elements in B are of the form

1*****%0*******
1****300******
1***3000*****

I [*] = *30000****

1 [%] 00000 % *

1 [x000000 * =
110000000 |-

0 0 # % % # % & 1% %k # % &
00 0 * * x x x:01 %% %% x %
00 0 0 % x % x:001 %% % x x%
00 0 0 0 % * %0001 % %% %
00 0 0 0 0 * 000071 * = %
00 0 0 0 0 0 ;000001 = %
0600 0 000 O O0;000000°T1 =
00 0 0O 0O 0 0 0i0000O0O0O01

where the boxes indicate the nontrivial character positions of .

Our goal is to “fatten” £ in (4-18), using the entries of y, by successive applications
of the General Lemma, until we transform ${B, v} into ${V5,, y}. Let

% = [x € Maty, (%) ‘ (12" Ix ) e so4n].
2n

For x € %, write

€b) = (12,, Ij) and &)= (1;,1 IS)

For a subspace S C &, define
€S)={ex)|xeS} and €(S)={e(x)|xeS}.
Put

do={xeX|xeByl,

@0={x€%|xeanﬂNi2n andx,-,l-+1:Ofori:l,...,n—l}.
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For 1 <i < j —1, define
Yij={x€eXo|x,;,=0forr,l <j—1andx,; =0forr >i},
Yo) =1+ F(E; j — Eont1—jont1—i)-

Then elements in B can be written in the form

(4-19) v =¢€(x)m(2)é(y),

with x € ¥y, y € Yg and z € Uy,. Let 63)1,3 ={xeX| X1,3= 0}. Let C'-3 be the
subgroup of the form (4-19) such that y € ¥y 3. Then C13 = €(%Xo)m (Ua,)e(¥13).
Let Y13 = €®'3). Denote by X% = (x>, where ¥>! = F(e2,1 — €2,2n—1)-
Let w3 = wylcis, BY* =B, and D' = C'3 X%, Put %, = %o @ %>'. Then
D3 = €(X2,1)m(U2,)€(Y; 3). By the General Lemma, we conclude that

FBY, y i} (Ve) = (D3, y 2} (Vi),

where z//Ll)f} is the character of D'3, which is trivial on €(%5,1) -y 1,3
Define & =14+ %(E,s — Exnt1—s2n+1-r) for 1 <s <r <2n. Let

r—1
Lr,s =9€o€B( . 961"1)@(@96’4) forl<s <r=<n.
g<l<r—1 q=s

Forl<i<j—landj<n+1,1letC" =€(®;_1,i11)m(Uz)E®; ;) ifi+1<j—1.
For1<i < j<n+1, wedefine Y’/ =&®"/) and X/ = e(%/>"), and also define

ij _ (ijyisi ij _ iyl ij _ pyisiyisi
B" =c"y", D" =CcvX/7", A =D"Y" .

Let w"/ be the character of C*/, which is trivial on €(¥;_1,+1)-€(¥; ;). Then by
the General Lemma, we have the vector space isomorphism

FUB, yl ) (V) = SUD ys] (V)

foralll<i<j—1,j<n+1.
Note that for2 <i < j—1,j <n+1, we have

D =B and ypl =y,
and for j =3,...,n+4+ 1, we have
D" = pi=1tl and z//é’l{j = wé;lljjfll
We conclude by the General Lemma again that
(4-20) B,y (Ve) = DMLy L (V)

as vector spaces. Note that D"+ = €&y, 1)mU2,)E M1 ny1).
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So far in this proof, we have not used any particular property of V. We are now
going to use the property that V, has a nonzero generalized Shalika model.
Forn+1<r<2n—1and1 <s <2n—r, define

2n—r

=0 P ) e (@)

n+l<i<r—1 q=s
1<g<2n-I

Then X"*+1"~! normalizes D'"*! and ylll)’lf’nﬂ. Considering its action on the

right side of (4-20), we claim that for any nontrivial character & of X"1.7—1,

XL ENGD ) (Vi) =0,

and hence we must have the trivial character for this action. We assume to the
contrary that, by the Frobenius reciprocity law, there exists £ a nonzero linear
functional on V; such that

E(x (xn)v) = y " H (M)E) ) forall x € X111 pe DM+ and v € V.

We may assume that there is a A € %* such that £(x(¢)) = w (4 t), where x(¢t) =
Liy+1t(En+1.3n—1— Ent2.32). Then € is a nonzero linear functional on V. such that

(m(n)v) = l//é’f,ﬂ (n)t() forne X tir=iplntinn

Note that X"+1.2=1plrtln N, consists of elements of the form

zZ y w
(4-21) Iy—2 y' | €S04y,
/
Z
with z € U,y and y € Mat, 12,2 such that y, 1 ,4; =0fori=1,...,n—1.

Now the situation is similar to that of (4-14). The same argument shows that £
can be extended trivially to N,4; so that

{(m(n)v) = l//jl\,’nrjl(n)f(v) forn € Ny,

Latl - . . .
where 1//1\,’::1r is the trivial extension of restriction of 1//11)’17,:} to D" AN,

Note that for an element n € N, 4 of the form (4-21),

Yol ) = w @i+ + )W Onr11 + Yat1,20-2)-

Let v" be the permutation matrix in GL,, defined by

i ifi=1,...,n+1,
V(i)= {2n ifi=n+2,
i—1 ifi=n+3,...,2n,
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which is identified with its embedding m(v") in SQy,. Then v’ normalizes N,
and transforms [{,’n’ﬁl into w,+1. Hence we obtain a nonzero linear functional that
factors through ${w,1}(V;). In particular, we have ${w,+1}(V;) #0.

On the other hand, V,; has a nonzero generalized Shalika model by assumption.
Following Theorem 2.4, ${w,+1}(V,) must be zero. We get a contradiction. Hence
X"+Ln=1 must act trivially on ${D"+1, gﬁ:i}(Vn)-

Next we continue this process. Define

n—2,n+2 __ 1,n+1 yn+1,n—1
B =D X R

to a character y" 2"*? on B"~2"*2 by making it trivial on

and extend y "t! Brne2

) | Dl,n+l
Xxr+hn=1 " Thys we have

GBI I (V) 2 (DT y L (V).

Dl.in+l

Now we can repeat the argument as before, by replacing the n — 2 coordinates
of @' W, 40 with @} %ps1i. For 1 <i <n—2and j > n+2, define
C" =e(®;_1,i+1)m(Uz,)e(Y;, ;) and

Let w""*2 be the character of C*"*2, which is trivial on £(Cp11,i+1)0(Yi.n+2). By

the General Lemma, we conclude that

(4-22) FADVTL (V) = ${DV2 DY (Vy)

Dl.ntl DLnt2

as vector spaces. Then, by using the property that V,; has a nonzero generalized
Shalika model, we show that X272 acts trivially on the right side of (4-22). As
before, we get

FDV2 y IEN (V) o DIy B (Vi)

as vector spaces. Note that pL2n=1 — N, and %1,22::]1 = . We conclude that

FDV LB (Vi) = ${Naw, §7) (V).

This concludes the proof of part (1) of Theorem 4.1.

5. Irreducibility of the local descent

To finish the proof of Theorem 2.5, it remains to show that ¢,_; is irreducible.
In Sections 3 and 4, we proved that, as a representation of SOy,1(%), the local
descent 0,1 = ${w,—1}(£(1, 7)), as defined in (2-8), is quasisupercuspidal and
has a unique nonzero Whittaker functional. Hence it is enough to show that any
irreducible summand of ¢, is generic, that is, has a nonzero Whittaker functional.
This is proved in Theorem 5.1(2). Theorem 5.1, whose proof is standard, may be
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viewed as a generalization of the geometric lemma of Bernstein and Zelevinsky
[1977] for the twisted Jacquet functor ${y,_} applied to £(1, ). For a similar
discussion for the metaplectic and symplectic groups, see [Ginzburg et al. 1999]

For a given irreducible supercuspidal representation 7 of GL,, (%), recall that
I(s, ) is the induced representation of SOy, (%) from the supercuspidal datum
(P2, 7) as defined in Section 2.1. The unique Langlands quotient of I(s, ) at
s=11is £(1, 7).

Theorem 5.1. Suppose (V,, o) is an irreducible supercuspidal representation of
SO241(F).

(1) If Homgo,, ) (${wn-1}U(s, 7)), V5) is nonzero for any s € C, then o is
generic.

(2) If Homso,, @) ($lyn-1}(£(1, 1)), V,;) is nonzero, then o is generic.

Clearly part (2) follows from part (1) by the exactness of the twisted Jacquet
functors. Part (1) is proved in Section 5.7.

We start by investigating the structure of ${w,_1}(I(s, 7)) to determine the
genericity of 0. We realize the irreducible unitary supercuspidal representation 7 of
GL,, (%) by its Whittaker model W (z, y), and realize the induced representation
I(s, ) as I(s, W(z, y)). Then we consider ${y,_1}(I(s, W(z, y))).

5.2. The twisted Jacquet module ${¥r,—1}(I(s, W (t, ¥))). We consider first the
orbital structure of the closed subgroup SO»,, 4> - N,,_1 acting on the generalized flag
variety P>, \ SOy, over the p-adic field %, and then consider the semisimplification
of ${wn_1}(s, W(z, v))) as a representation of SOy, 11 (%F).

For j=1,...,2n,let

h % %
P = g * heGL;, g € SO4,_2;
h*

be the standard maximal parabolic subgroup of SOy4,. Then the generalized Bruhat
decomposition Py, \ SOy, /P,—1 has a complete set of representatives given by
{yilie2N,n <i <2n}, where for i € 2N with n <i < 2n,

Von—i
Vi= I;
Von—i

and v; is as defined in (2-1). For k =0, 1,...,n — 1, let M be the standard
maximal parabolic subgroup of GL,_; corresponding to the partition (k,n —k—1)
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of n — 1 such that the Levi part is GL; x GL,_;_; and the unipotent radical is

I )
L, = e GL,_
¢ {(A | PR n-l

Lemma 5.3. The orbits of the closed subgroup SOy, > -N,_1 acting on the gener-
alized flag variety P>, \ SOy, are represented by elements of the form y;w, where
n <i <2nis even and the w are elements of W(GL,,_) given by

w € [W(GLop—i) X W(GLi—n—)\W(GL,—1) ifi #n,

w=1id ifi =n.

Ae Matn_l_k,k .

Here W(GL,,) denotes the Weyl group of GL,,.

Proof. Clearly, we have SOy, 12 N,—1 C P,—1. Hence we can choose y;w to be the
representative of any double cosets in Py, \ SOy, /[SO2,4+2 N,—1], for some

w €[y Poyi N Pact1\Pae1/[SO242 Nuil.

Since M»,_; C yi_]PZ,ly,- N P,_;, we may choose a set of representatives for
[77" Panyi NV Pact]\Pa—1/[SO2442 Ny—1] from Ma,_;\ GL,—1 /N,—1. Then a com-
plete set of representatives for M»,_;\ GL,_; /N, can be chosen from

[W(GL2,—i) x W(GL; _,—)\W(GL,_1). U
Letay,...,a,—; denote the simple roots of GL,,_; with respect to N,_;. Let
{xa_,- () =Tp—1+ tEj,j-‘r] |t € F}

denote the one parameter unipotent subgroup of N,_; corresponding to the root a.
We will take w = id to be the representative of the coset W (GLy) x W(GL,—1—¢)
in W(GL,,_1).

Lemma 5.4 [Ginzburg et al. 1999, Lemma 4.3]. If a Weyl group element w belongs
to [W(GLy) x W(GL,,—1_x)I\W(GL,_1) and is the identity, then there exists a
simple root aj such that wxq, Hw ' e Ly forallt € F.

Next we consider the semisimplification of the module ${v,_1}(I(s, W(z, v)))
as a representation of SO,11(%). It is a standard process to decompose the repre-
sentation by spaces of functions on SOy, (%) according the orbital decomposition
obtained in Lemma 5.3.

It is clear that among the orbits

©i,w = [Pz,,]y,-w[SOz,Hz N,—1] forie2Nwithn <i <2n,

the orbit O3((;41)/21,ia is the unique open orbit. Let E be a union of orbits 0; .
We denote by F(E, 74) the space of smooth functions ¢ on E that are compactly
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supported modulo P, have values in the Whittaker model W'(z, w) and are such
that

o((“ J)g.r) =deta >~ 12p(g, ra) for g € SOy, and a, r € Glay.

We may arrange the orbits in a sequence
P, SOz 12 Nyt =Qy, ...y Q1 = 00(uy1)/21,id

such that F; = U;zl Q; is closed in SOy,. It is clear that €; is open in F; and
F;_1 is closed in F;. We obtain the exact sequence

(5-1) 0— P(Qir1, 75) —> F(Fii1, 15) — F(F;, 15) — 0,

where the map e is the natural embedding and r is the restriction to F;. Apply
the twisted Jacquet functor ${y,—1} to the exact sequence (5-1). Since the Jacquet
functors are exact, we obtain another exact sequence

0= Fyn-1}(F(Qit1, 75)) = Hyn-1}(F (Fip1, 7)) = Hyn-1}(F(F, 75)) = 0.

We obtain the semisimplification of ${w,_}(I(s, W(z, w))) as a representation of
SO 41(F) as @i, Flyn—1H(F(Qi, 1))
Next, we study the space ${y,_1}(F(Q;, 75)) fori =1, 2, ..., 1. We assume for
the rest of this section unless stated otherwise that all inductions are unnormalized.
As SOy,4+2 N,—1 module, we have

~ SO2n+2 Nn—1 51/2 .
y(Oi,w, Ts) = C'Indpyifl) " (5[)2” TS)Vt,w,
2n

where c-Ind denotes the compact induction and
Riw=Py" = (yiw)” ' P2yiw N SOz41 Ny_i.
Lemma 5.5. With notation above, the following vanishing properties hold.
(1) For w #1id,
Flyn-1)(eIndy > M G020y =0 fori = 2(n+1)/2]
(2) For w =1d,
Flyn-t)e-Ind 2™ (G2 2) ) =0 fori > 2[(n +1)/21

Proof. When w # id, by Lemma 5.4, there is a simple root subgroup x(¢) inside
N,_1 such that yl-wx(t)(y[w)_l lies in the unipotent radical of P,,. This shows
that

x(t) € Riw NNyoy and  (377)" (x (1)) = id,

while y, 1 (x(2)) = y (1).
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When w = id and i > 2[(n + 1)/2], the root subgroup x, () of SOy, is for
o = e,_1 + ey, invariant under the conjugation by yfl. Hence

x(t) € Riw NNyoy and (3 7)" (x (1)) = id,

while y,—1(x(2)) = y (t). O

Therefore, we are left with ${y,,_1}(¥(€y, 75)) for the Zariski open orbit ; =
©2[(n+1)/2],id- To summarize:

Proposition 5.6. We have

Flyn-13AGs, Wz, w))) = H{wn-1}(F(O21(n+1)/21,id> Ts))

for all s € C as representations of SOz41(%F).
5.7. Proof of Theorem 5.1(1). Keep the previous notation. By Proposition 5.6,

Homso,, ., &) (F{wn-1}1(s, 7)), V5)
~ Homso,,, @) (${Wn—1}(F(O2(n+1)/21,id> T5))» Vo),

reducing the proof to understanding the structure of ${w,_1}(F(O2(n+1)/21,id> Ts))
as a representation of SO, 11 (%).

It is more convenient to choose vy, as representative of the orbit O = 05((,11)/2),id
than the original y5((;+1)/2),id- Then

9(0, 7,) ~ c-Ind) 2 Mt (5 2y,
2n

where P;;:" = v4_n1 P>, v4, NSO2,40 Nj—1. Let 2,41 be the maximal standard para-
bolic subgroup of SO,,,;+, whose Levi component is isomorphic to GL,,1, and let
9, be the opposite parabolic subgroup. Then we have

= ol ) <50
Irz-i—l

= m(UZn,n—l) : 9/;+15

kS Un—l}'9n+1

where Uy, ; is the subgroup of the unipotent radical Uy, of the standard Borel
subgroup of GL,, consisting of elements of type

z c .
h i
(0 Izn_j) €Uy, withzeU;

For

SOZn+2Nn—1 1/2 V4n — a O -
¢ec—IndP2u3n (5P2nrs) and g = . at €2 .
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we have
(5-2) (0 7)™ (diag(i—1, 4, 1o—1)) (@)(g. )
= |deta| /2D (g, r(diagT,-1, @),
and for (Z ¢ ) € Uyy.n—1, we have
0 In+l

53 @ () @en=o(er )

To understand ${y,_1}(¥(0, 75)) as a representation of SOy, (%), we con-
sider the double coset decomposition sz,;‘" \ SO2,42 -Ny—1/SO2,+1 -Ny—1, which
reduces the proof to the computation of the double cosets

2,1 \SO2n42 / SO2p 41 .

Next proposition shows that it has only one orbit.

Proposition 5.8. Over any field k of characteristic zero, the generalized flag variety
911 (k) \ SOz 42(k) has only one orbit under the action of SOy 1 (k).

Proof. Let X = k?"*? be a k-vector space, written with its elements as column
vector, with a quadratic form ¢ defined by %vznﬂ. Then SO(X) =~ SOy, 15 Let
el, ..., emss be the standard basis of X, vg = e,41 + enyn. Let Y = (k-vg)t.
Then dimY =2n 4 1 and SO(Y) = SO,,,+. Note that Y has a basis

(5-4) €ntl — €nt2,€1,€2 ... ,€n,Cni3, ..., Contl, €2niD.

Then a basis of X can be chosen to be

(5-5) entlt€ni2, enpl —€ni2,€1,€2, ..., €0, Cni3, ..., €o;tl, Cyd.

Let g € SO(X) such that g(vg) = vg. Then g(Y) =Y. Assume that the matrix of
gly in the basis (5-4) is A,. Then g in the basis (5-5) is diag(1, Ag). Asdetg =1,
we must have det(Ag) = 1; hence g € SO(Y), so the stabilizer of v is SO(Y).

Note that g(vg) = 1. Let Z ={v € X | g¢(v) = 1}. Then SOy, acts transitively
on Z. To show the proposition, we only need to show that 9, acts on Z transi-
tively. In fact, if 2, | acts transitively on Z, then, letting & € SO(X), there exists
1 €2, such that h-vg=t-vo. Hence (t~'h) - vy = vg, and then =1/ € SOy, 1
and & € Ql;rl SOy;,+1. This means that SOy, = Sl;H SO241.

Now we show that 2, acts transitively on Z. We only need to show that any
element of Z can be moved to vy under the action of some element in 2 ,. Let

n+1-
v =(v1,v2) € X with v, 0, € K"*'. Take g € 9., to be

g:(Z;) with a € GL,1 .
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Then the action of g on v is given by g - v = (avy, bvy +a*vy)".

Assume now ¢ (v) = 1. Then v #0, otherwise g (v) =0. Then there is a € GL,,4
such that av; = (0, ...,0, 1)". For this a, there exists b € Mat, (k) such that
bv; =(1,0,...,0) —a*v,, since vy # 0. Now

g:(z ao)eﬁl and g-o0 =wvy. O

It follows that sz;:" \SOz,42 Ny = [PZV;;" NSO2,4+1 Ny—11\ SO2,41 N,—1. By
restriction to SOy, 41 N,—1, we have

SO2p+2 Np—1 /2 \vany ~ SO244+1 Nu—1 1/2 Van
c-Ind pin ((5 rs) ) >~ c¢-Ind PL SOy 1 N 1(( rs) )

as representations of SOy, 1(%F) X N,,_1(%). Hence

1} (c- Inds?f:“N" (O 15)"))

SO241 Ny 172 ,
~ Hlyna}eInd e el (Gpy)™))

as representations of SOy, 1 (F).
Define yy, =~ (u(z,0) =y, luy,, Uz, ).

Proposition 5.9. With notation above,
T dS02n41 Np—i /2 Nvgy
Fyn)eInd b (@) )
SOy, s/

=~ c-Ind, " (F{pu,,, ) ()] det| /27 12)
as representations of SOz 11 (%), where P, :=2,
v’ is obtained by restriction to P, (¥) of the representation of 9. 11 (F) given by
(5-2) and (5-3), and ${yu,,,_, }(z') denotes the twisted Jacquet module of t’ along
(UZn,nfla l//Uzn,n,l)'

N SOy,+1, the representation

Proof. Let f be a section in

SO2;41 Nu—1 1/2 Vap
¢c-Ind P (1S On 11 N (@, 75)™).

Consider the restriction of f to SOy, +1(%). It is clear that this restriction map
factors through

SO211 Ny 1/2 .
Flyn-i)eIndy 2! (@ )™),

so we still denote the restriction by f +— flso,,,, (- By (5-2) and (5-3), the
restriction fso,,, ) belongs to the space

SOy, s/
c-Ind, > (${yu,,,, ) (2)]det| =27 12).
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By using the orbital decomposition in Proposition 5.8 and (5-3), it is not hard to
check that f + f|so0,,. (%) is in fact injective. The argument is the same as in the
proof of [Ginzburg et al. 1999, formula (6.5)] and similar to that of [Kudla 1986,
Lemma 5.3]. We omit the details.

The surjectivity can be verified as follows. Assume that we have a smooth
HHwu,,,_ }(Vir)-valued function g on SOy, 1, compactly supported modulo %,
satisfying

8(qy) = ${yu,,, N (@)ldet > 2(q)g(y) forg € P, and y € SOz,41.
Since g is locally constant, we may pull back g to a smooth V,/-valued function
g’ on SOy, 1, compactly supported modulo %, , satisfying

|—(s/2+n—1/2)

g'(qy) =17'(q)|det g'(y) forge®, and y € SOzy41.

The unipotent subgroup N,_; can be written as N,_; =m(Uy, ,—1) X N, where
N" is the intersection of N,_; with the unipotent radical V5, of P,,. Then

1/
SO2n41 Np—1 =SO02141 Uy, ;1

which is in fact a homeomorphism. Indeed, let z'y’x" = zyx with x, x" € SOy,41,
2,7 €By_1andy,y’ e N”. Theny=(z"'z)y'(x'x 1) e N”. Hence x =x', z=17'
and y =y

Then we can pull back g to a section f in

SOp41 Ny 1/2
Iy 3N (@) ),

which is defined as follows. Choose a compactly supported smooth function ¢
on N” that has a nonzero projection under the twisted Jacquet functor with respect
to (N”, wu_1|n), and define f'(uyx,r) := ¢(y)g'(x, ru), for all x € SOy, 41,
u €Uy, -1, y€ N, and r € GLy,. Itis clear that f’ is a nonzero section in

SOZn-H Ny 1/2 V.
c-Ind O0p Ts)™).
P;’iln ﬂSOZrHA Ny_i (( P>, S) )

By checking the action of N,,_; on f”, it is clear that f’ factors through

_ SOZ/H—I Np-1 1/2 Vdn
FHyn-1}(c IndP;,‘l‘”ﬂSOan Ny ((51’2,1 75)"")),

whose image f has the restriction to SO,,41 (%) equal to g. U

The elements of %, have the form

b
x 1 0 o
—x 0 1 € SOZn+2(JP),

yl _x/ x/ b*
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which is identified (following the embedding we assumed as before) with

b
x 1 € SO, 41(%F).
y x" b*

Following the discussions above, we deduce that

Homso,, @) (F{ya-1}1(s, 7)), V5)

SO, 4+1(F _s/2—
~ Homso, (3 (c-Ind 1P (F s, ,_ ) () det /2712, 1),

By the Frobenius reciprocity law, the last space is isomorphic to

Homg,- g (${yus,, () Idet| /2712, V).

By the assumption of Theorem 5.1, the last space is nonzero. Since the argu-
ment below only uses the genericity of 7’ and the supercuspidality of ¢ and does
not depend on the value s, we may consider, for simplicity, only the nonzero
space Homg,- ) (${wu,,,  }(z'), Vs). Any nonzero element ¢ in it is a P, (F)-
equivariant, linear map from ${yuv,,,_,}(z’) to V,. In particular, for any v € V,/,
we have

a I—1
5-6) of[x1 (EW)) = E(FHyu,, (@) a (©)).

y x' a* x 1

Take a =1,, and consider the action of the unipotent radical of %, (%), which is
denoted by V', (¥) and consists of elements of the form

I
v (,y)=x 1
y x' 1,
Then (5-6) implies that the center (the elements of type v = (0, y)) of V', (%) acts on
V, trivially. Since V; is supercuspidal, there is a nonzero vector v € ${yu,,,_, }(Vz)
such that the unipotent radical of ¥, (%) acts on £(v) by a nontrivial character.

Since the GL,, (%) acts on the x-part (more precisely, the quotient of V', (%) modulo
the center) with two orbits, we may assume that

a (™ (x, Y)(E®)) =y, (07 (x, ¥))S(0) = w(x)< () for x = (x1,- -+, xn)

where vy, is a nonzero character of ¥',"(%). In other words, the map ¢ descends
to a map from ${yy, 1(@) to ${y- 1 (V).
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By (5-6), we have

|
EHyn—1}(1") a ©)) = y ()< ).

x 1
Now consider the subgroup By, , of GL,, consisting of elements of the form

zce
b(z,c,e,y,d):=10 1y withd € GL,(%) and z € U,,_.
00d

Let u be the Weyl element of GL,, that corresponds to the elementary matrix
diag(l,—1, v4+1)- Then it is easy to see that

EPHyn-13@) bz, ey e, y, I))(v)) =y, @y (ea—1)w (1)< ().

This means that the map & factors through the n-th derivative 7 in the sense of
[Bernstein and Zelevinsky 1976]. Therefore, we can view & as a map from the n-th
derivative 7™ to Fy-1(V5), which has the equivalence property, for a € GL,,—1,
that

Ly
c?{woyn}(a)((z (1)))5(,)):5 (") |

0 vy—1av,—y

e (uv),

where x* = (x,_1, Xp—2,...,x1) if x = (x1, ..., x4_1).

Now we come back to the situation of (5-6) with @ € GL,,_;. We repeat the same
process with the supercuspidality of ¢ and the genericity of 7. Eventually, we arrive
at the 2n-th derivative of 7/, which is the twisted Jacquet module of Whittaker type.
The equivalence property in this last case shows that V,, has a nonzero Whittaker
functional. Hence it is generic. This finishes the proof of Theorem 5.1(1).
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