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We derive Perelman’s and Nash-type entropy formulas for the CR heat
equation on closed pseudohermitian (2z + 1)-manifolds and show that it
is monotone nonincreasing if its pseudohermitian Ricci curvature minus
(n + 1) /2 times the pseudohermitian torsion is nonnegative. As results, we
are able to obtain an integral version of the subgradient estimate for the CR
heat equation and an upper bound estimate for the first positive eigenvalue
of the sublaplacian by using the CR Bochner formulas and CR Harnack-
type inequality. As a byproduct, we obtain a sharp lower bound estimate for
the first positive eigenvalue of the sublaplacian on a closed pseudohermitian
(2n + 1)-manifold.

1. Introduction

In 2002, Hamilton and Perelman used Ricci flow to solve the Poincaré conjecture
and the Thurston geometrization conjecture on 3-manifolds. A key observation of
Perelman was that the Ricci flow is the gradient flow of the Perelman functional
when we enlarge the system to the coupled Ricci flow. From this point of view,
it is interesting to find the CR analogue of the Ricci flow in a pseudohermitian
3-manifold.

Let (M*"*1 7, 0) be a pseudohermitian manifold, as discussed in Section 2.
In this paper, we study monotonicity formulas of Hamilton entropy [1988] and
Perelman entropy [2002] for the CR heat equation on (M ntl g 6). The derivation
of both of entropy formulas resembles the Li and Yau’s [1986] gradient estimate
for the heat equation. From this point of view, there is a corresponding problem in
pseudohermitian manifolds (see (4-1)). Then it is natural to find analogous entropy
formulas for the CR heat equation and apply them to pseudohermitian manifolds
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by using the CR Bochner formula (3-4) and the CR Harnack-type inequality (5-1)
on a closed pseudohermitian (2rn+ 1)-manifold.

The key lemma in this paper, Lemma 3.2, derives the CR version of the Bochner
formula. This formula (3-2) involves an extra third-order operator P that charac-
terizes CR-pluriharmonic functions [Lee 1988; Graham and Lee 1988] and has no
analogue in the Riemannian case. After integrating by parts, we are able to relate
this extra operator to the CR Paneitz operator Py as in (1-2) and (3-4).

Definition 1.1. Let (M>**!, J, ) be a complete pseudohermitian manifold. Let

n
Pp =2 (pa"p+inApp")0” = (Ppp)0” forp=1,2,....n,

a=1

which is an operator that characterizes CR-pluriharmonic functions; see [Lee 1988]
for n = 1 and [Graham and Lee 1988] for n > 2. Here

n
(1-1) Pyp = (pa”p+inAgap”)
a=1
and Pp = (qup)@ﬁ, the conjugate of P.
We also define

Pop =4(35(Po) + 65 (P9)),
which is the so-called CR Paneitz operator Py. Here J, is the divergence operator
that takes (1, 0)-forms to functions by J(c,0%) = 6,,* and 6,(cz0%) = 05 %. If
we define 0, = ¢,0% and 5b¢ = 0%, then the formal adjoint of , on functions
(with respect to the Levi form and the volume form du) is 6, = —dp.

Note that for a closed pseudohermitian (2n + 1)-manifold (M, J, #), one has
= 1
(1-2) —/ <P¢+P¢,db¢)dﬂ=—/ Pop-pdu.
M 4 Ju

Here dyp = ¢,0% + pz0%. Moreover, for a closed pseudohermitian (214 1)-
manifold (M, J, 6) of zero torsion [Graham and Lee 1988],

Pop = LnLagp = Ajp +n°T?p.

Here $,0 = —App +inTop = —2¢5°%.
See [Graham and Lee 1988; Hirachi 1993; Lee 1988] for details about these
operators.

Remark 1.2 [Hirachi 1993; Graham and Lee 1988]. Let (M, J, 8) be a closed
pseudohermitian (21 + 1)-manifold with n > 2. Then a smooth real-valued function
f satisfies Py f =0on M if and only if Pz f =0 on M. This holds also for a closed
pseudohermitian 3-manifold of zero torsion.
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Let M be the boundary of a connected strictly pseudoconvex domain Q ¢ C"+!
and Pg f = 0 for a smooth real-valued function f on M. Then f is the boundary
value of a pluriharmonic function u(8du = 0) in Q. Also, if Q is simply connected,
there exists a holomorphic function w in Q such that Re(w) = u and u|y = f.

Definition 1.3. On a closed pseudohermitian (2n + 1)-manifold (M, J, 8), we call
the Paneitz operator Py with respect to (J, 8) essentially positive if there exists a
constant A > 0 such that

(1-3) /Pow-(pduz/\/ o’ du.
M M

for all real C* smooth functions ¢ € (ker Pp)*, that is, those perpendicular to the
kernel of Py in the L? norm with respect to the volume form du = 6 A (d6)".
We say that Py is nonnegative if

/ Pop-pdu =0
M

for all real C* smooth functions ¢.

Remark 1.4. Suppose (M, J,#) is a closed pseudohermitian 3-manifold. The
positivity of Py is a CR invariant in that it is independent of the choice of the
contact form 6.

Let (M, J, 0) be a closed pseudohermitian 3-manifold with zero torsion. Then
the corresponding CR Paneitz operator is essentially positive [Chang et al. 2007;
Cao and Chang 2007].

Let (M, J, 0) be a closed pseudohermitian (2n+ 1)-manifold with n > 2. Then
the corresponding CR Paneitz operator is always nonnegative [Graham and Lee
1988; Chang and Chiu 2009a].

Now we consider the CR heat equation

(1-4) (A,, . %)u(x,t) —0.

Let u be a positive solution of (1-4), and let ¢ = — log u. We first define the energy
functional for the CR heat equation (1-4) by

(1-5) F(p) = /M Voo |?e ™ du.

By applying the integral version of CR Bochner formula (3-1), we obtain an entropy
formula:

Theorem 1.5. Let (M, J, 0) be a closed pseudohermitian (2n+ 1)-manifold. Sup-
pose that
(Ric—3(n+1)Tor)(Z,Z) >0 forall Z € Ty .
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Also assume that the CR Paneitz operator Py is nonnegative if n = 1. Let u be
a smooth positive solution of (1-4) and let ¢ = —Inu. Then F(¢) is monotone
nonincreasing along the CR heat equation and the monotonicity is strict unless the
solution u is constant.

Next we consider the so-called Nash-type entropy [Nash 1958]. Let u(x, t) be
a positive solution to the CR heat equation (A, — 8/01)u = 0 with || yudu =1
We define

(1-6) N(u,t)= —/ (Inu)udu
M

and

N ) = nLH N 1) — @L;"H)

By applying the CR Harnack-type estimate of Proposition 5.1, we obtain another
entropy formula:

(Int+1).

Theorem 1.6. Let (M, J,0) be a closed pseudohermitian (2n+ 1)-manifold with
zero torsion and nonnegative pseudohermitian Ricci tensors. Suppose u(x, t) is the
positive solution of (1-4) on M x [0, o0) with f w Wdu =1 and a positive smooth
CR-pluriharmonic function as an initial. Then

ds _((n o o (@@+Dr+2)
dtN(M’t)_/M(n—i—ZWbm e TR )ud,u§0

forallt € (0, 00) withp = —Inu.

By Theorem 1.6, we have the integral version of the subgradient estimate for
the positive solution of (1-4):

Corollary 1.7. Let (M, J, 0) be a closed pseudohermitian (2n+ 1)-manifold with
zero torsion and nonnegative pseudohermitian Ricci tensors. Suppose u(x, t) is the
positive solution of (1-4) on M x [0, co) with a positive smooth CR-pluriharmonic
function as an initial. Then there exists a constant C| such that

C
/ |V1,u1/2|2 du < Tl on M x [0, 00).
M

Remark 1.8. Theorem 1.6 and Corollary 1.7 can be extended to a complete (with
respect to Carnot—Carathéodory distance) noncompact pseudohermitian (2n+1)-
manifold whenever one has the CR version of the sublaplacian comparison the-
orem. Indeed, this is the case for a (2n + 1)-dimensional Heisenberg group H"
[Chang et al. > 2010, Theorem 1.3]. See [Ni 2004; Cao and Yau 1992; Jerison and
Sanchez-Calle 1986; Sanchez-Calle 1984] for related work.
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As a byproduct we also obtain a sharp bound estimate for the first positive eigen-
value of sublaplacian on a pseudohermitian (2n + 1)-manifold. For a complete Rie-
mannian manifold (N™, g), by using the standard Laplacian comparison theorem,
S.-Y. Cheng [1975] obtained an upper bound for the first positive eigenvalue u of
the Laplacian:

1 < 5(m—1)* if Ric(g) = —(m — 1)g.

On the other hand, for a complete pseudohermitian manifold, the sublaplacian
comparison theorem is not available at this stage. However, by using the mono-
tonicity formula (3-5) of the entropy %(¢) for the CR heat equation, we can obtain
an upper bound for the first positive eigenvalue 1; of the sublaplacian A, in a
complete noncompact pseudohermitian (2n+ 1)-manifold M.

Corollary 1.9. Let (M, J, 0) be a complete noncompact pseudohermitian (2n+1)-
manifold. Suppose that

(Ric—3(n+1)Tor)(Z, Z) > —ki|Z*, forall Ze Ty

where ki is a positive constant. Also assume that the CR Paneitz operator Py is
nonnegative if n = 1. Then

1< 2n — l)nk

I= n+1 b

A. Greenleaf [1985] proved the pseudohermitian analogue of Lichnerowicz’s
theorem [1958] for the lower bound of the first positive eigenvalue 1; of the sub-
laplacian for a pseudohermitian manifold M?"*! with n > 3. More precisely, under
the condition on the Webster—Ricci curvature and the pseudohermitian torsion that

(Ric —%(n+1)Tor)(Z, Z) = k|Z|* for Z € Ty

and for some positive constant k, one has 1; > nk/(n+1).

S.-Y. Li and H.-S. Luk [2004] proved the same result for n =1 and n =2. How-
ever, in the case n = 1, they needed a condition depending not only on the Webster—
Ricci curvature and the pseudohermitian torsion, but also on a covariant derivative
of the pseudohermitian torsion. Now by using the entropy formula (3-5) for the CR
heat equation, we can obtain a sharp lower bound on the first positive eigenvalue
A1 of the sublaplacian Aj on a closed pseudohermitian (2n 4+ 1)-manifold M. Our
argument works for all n > 1.

Corollary 1.10. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

(Ric —1(n+1)Tor)(Z, Z) > ka|Z|*  forall Z € Ty,
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and for ky a positive constant. Also assume that the CR Paneitz operator Py is
nonnegative if n = 1. Then

>k
l_n—i-l 2

This was proved by H.-L. Chiu [2006] for n = 1.

Moreover, we can obtain an effective lower bound on the first positive eigen-
value 4; under a general curvature condition on a closed pseudohermitian (2n+1)-
manifold. See [Chang and Chiu 2007; Chang and Chiu 2009b] for n = 1.

Corollary 1.11. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold with
essentially positive CR Paneitz operator Py. Suppose that

(Ric —(n+ 1) Tor)(Z, Z) = —k3|Z|* forall Z € Ty

and for k3 a nonnegative constant. Then there exist constants Co and Cs such that

—nks +Vn?k2 +3(n+ 1)CaA
2(n+1)

Here 19 = max|Ag, | and dy is the diameter of M with respect to the Carnot—

A zmax{ > C3(n,k3,ro,dM)}.

Carathéodory distance.

2. Preliminaries

We first give a brief introduction to pseudohermitian geometry; see [Lee 1988] for
more details. Let (M, &) be a (2n+ 1)-dimensional, orientable, contact manifold
with contact structure ¢ with dimg ¢ = 2n. A CR structure compatible with ¢ is
an endomorphism J : ¢ — ¢ such that J 2 = —1. We also assume that J satisfies
the integrability condition that if X and Y are in ¢, then [J X, Y]+ [X, JY] and
JJX, Y]+ [X,JY)=[JX,JY]—[X, Y] are in & too. A CR structure J can
extend to C®¢, which then decomposes into the direct sum of 77 o and T, the
eigenspaces of J with respect to i and —i, respectively. A manifold M with a CR
structure is called a CR manifold. A pseudohermitian structure compatible with ¢
is a CR structure J compatible with ¢ together with a choice of contact form 6.
Such a choice determines a unique real vector field T transverse to &, which is
called the characteristic vector field of 8, such that 8(7T) = 1 and ¥£76 = 0 or
do(T,-)=0. Let{T, Z,, Z5)} be a frame of T M ® C, where Z, is any local frame
of 11,0, where Z; = Z, € Tp,1, and where T is the characteristic vector field. Then
{6, 0%, 6%}, which is the coframe dual to {T, Z,, Z;}, satisfies

2-1) do = ih,;0" NOF

for some positive definite hermitian matrix of functions (k,3). Because we can
actually choose Z, so that &, P= 0qp, We henceforth assume this.



ENTROPY FORMULAS FOR THE CR HEAT EQUATION AND APPLICATIONS 7

The Levi form (-, - ), is the Hermitian form on 7 o defined by
(Z, W), =—i(d0,Z AW).

We canextend (-, - )1, to Tp 1 by defining (Z, V_V)LH =(Z, W), forall Z, WeT .
The Levi form induces naturally a Hermitian form (-, -).s on the dual bundle
of T1 o, and hence on all the induced tensor bundles. Integrating the Hermitian form
(when acting on sections) over M with respect to the volume form du =60 A (d6)",
we get an inner product on the space of sections of each tensor bundle. We denote
the inner product (-, - ). For example (¢, ) = f v @ du for functions ¢ and y.

The pseudohermitian connection of (J, #) is the connection V on TM ® C (and
extended to tensors) given in terms of a local frame Z, € T; o by

VZo=0®2p, VZi=0"®2; VT=0,
where 6,7 are the 1-forms uniquely determined by the equations
22 d0f =0"nO,S +OATF, 0=1,n0% 0=0,"+6;",

By the Cartan lemma, we can write 7, = A,, 0" with A,, = A, ,. The curvature
of the Webster—Stanton connection in terms of the coframe {0 = #°, 6%, 0%} is

" =57 = d0s" — 05" AO,°,
Mo* = I,° = Io# = 11" = 1,° = 0.
Webster showed that I14“ can be written
(2-3) T = Rp% 507 NO7 +Wg5® 0P NO — W 5507 ANO+i0g AT —iTs AO,

where the coefficients satisfy

Rpaps = Ryjop = Rapsp = Rpaps  and - Wpay = Wap.

We will denote components of covariant derivatives with indices preceded by a
comma; thus write A, , . The indices {0, a, a} indicate derivatives with respect to
{T, Z,, Z5}. For derivatives of a scalar function, we will often omit the comma,
for instance, f, = Z, f, fa/; = Z/;Zaf — Qay(Zg)ny and fo =Tf for f a
(smooth) function.

For areal function f, the subgradient V, f € ¢ is defined by (Z, Vj, f) 1, =df(Z)
for all vector fields Z tangent to contact plane. Locally Vj, f =2, faZy + fuZs.
We can use the connection to define the subhessian as the complex linear map

VIV f T 0@ Ty — Tio®Toa, Z+ VzVpf.

Also
Apf =Te(V"Y ) =3 (faa + faa)-
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The Webster—Ricci tensor and the torsion tensor on 77 o are defined by
Ric(X,Y) = Ra/;X“YE and Tor(X,Y)=i Zajﬂ(A&gXaY/; — AupXeYP),
where X = X%Z,, Y =YFZg and R, =R," of. The Webster scalar curvature is
R=R,* =h*’R,p.
3. Perelman’s entropy formula

Let (M, J, 0) be a closed pseudohermitian (2n+ 1)-manifold. In this section, we
first want to show that the entropy formula for the CR heat equation is monotone
nonincreasing.

First we recall the following CR Bochner formulas.

Lemma 3.1. Let (M, J, 0) be a closed pseudohermitian (2n+ 1)-manifold. For a
(smooth) real function f on M, we have

G-1) 3 M|V f 1P = (VI F P+ (Vo f, VoAb f)
+ (2Ric —(n —2) Tor) (Vs ), (Vb f)e) +2(I Vi f, Vi fo)
and also [Chang and Chiu 2009a]

(3-2) FALVLfP =1V FI2+ L+ 2) (Vo £ Vo Ap f)
+ (2Ric —(n+2) Tor)((Vs f)c, (Vo f)e)
—4Pf+Pfdyf),

where (Vp, f)c = D, faZa is the corresponding complex (1, 0)-vector filed V f .

Lemma 3.2 [Chang and Chiu 2009a]. Let (M, J, 8) be a closed pseudohermitian
(2n + 1)-manifold. For a (smooth) real function f on M, we have

(3-3) / (JVf, Vi fo)du =—n / (fo)* du
M M
and
i 2 2, 2
G4) /M (fo)? du /M (Ao f)Pdp
20 [ Tor(Wy e, (Ve du—3 [ P fau,

where Py is the CR Paneitz operator.

Now we can derive the following entropy formula for the CR heat equation (1-4)
on a closed pseudohermitian (2rn+ 1)-manifold.
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Lemma 3.3. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold. If
u(x, t) is the positive smooth solution of (1-4) on M x [0, 00). Let ¢ = —Inu and
let F = u® for any constant a. # 0, 1/2. Then we have

(3-5) az(n—l-l) JP(([J)

=30= 2a)/ Fe™ (4na+3)(AbF)2+(4a 3)I’IZ|Faa+Faa|)

a=1

dn(4oa — .
Y . (ZlFam+z| ?) du
ap=1
4n(4a —3 I
?;(TZoc)) Fi *(Ric —3(n + 1) Tor)(V, F)c, (Vo F)e) du
24na* —2(8n —3)a —3 1y 2a2(4a —3)
/ |VF|d —/ PoFZaFZadlu
1202 " 1

Proof. By using d¢ /0t = Ayp — | V0%, we first compute
d 2 d 2
— [ Vool 'udu=— [ (Appludp= | QA —[Vop|?)Apudu
dt M dt M M
= / e 28pp — Voo ) (IVip|* — Apg) dp
M
= [ 28007 + 3850 1Va0F ~ Vil di.
M
Now let F = ¢~*? (= u®) for some constant o 7= 0. Then

Vool =a2F 2|V, FI?> and App=a ' (F 2|V, F|*> — F'ALF).

Thus
a6 o4 /M 1Vs0lu d
=—2/M F"‘1_2(AbF)2d,u+(4a—3)a_1/MF“1_3AbF|VbF|2d,u
—(2a2—3a+1)a_2/MF“1_4|VbF|4d,u.

Secondly, we will deal with the term [, F* '3ALF|V,F|?dy in (3-6). We
need the identities

(3-7) 0=/ 0 (F* ' "2A,FV,F)du
M
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/ F* 2(ApF)dp + / (Vo(F* 2A,F), VyF) dp
M M
=/ F“I_Z(AbF)zd,u-i—(a_l—Z)/ FO AL F|Vy FI2 du
M M
+/ F* "2V ApF, VyF)du
M

and
(3-8) 0= / 5y (F ' 72V, |V, F|?) du

M

=/ F“‘2Ab|va|2du+(al—2)/ F* 3V F, V|V F %) du
M M

/F“_l_zAblva|2d,u—(a_1—2)/ F* B ALFIVyF 2 du
M M
—(a1—2)(a1—3)/ F* 4V, Fl*du.
M

Now, by using the Bochner formula (3-1) to replace the term A, |V, F|? in the last
equality of (3-8) and by using (3-3), we get

(3-9) /Fa_]_2<VbF,VbAbF)d,“:
M
- / Fe 2 (VA2 P g / F*™' 22 Ric — (1-2) Ton) (V) F)c, (V) F))d
M M
-I—Zn/ F“I_Z(Fo)zd,u—i—%(a_l—m/ F B3 ALFIVy FRdu
M M
+%(a_1—2)(a_1—3)/ F* 4V, Fl*du.
M
Combining (3-7) and (3-9), we get
—(al—Z)/ F« B ALFIVyF 2 du
M
=/ F“I_Z(AbF)zd,u-l—%(a_l—2)(0:_1—3)/ F* 4V, Fl* du
M M
+%(a_1—2)/ F* "B ALFIVyF 2 du
M

FO 2 (VY P12 du +2n/ F* ' 2(Fo) du
M

J,
_/ F*'"2(2Ric —(n — 2) Tor)(V, F)c, (V5 F)c) dp.
M
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We may rewrite this as

(3-10)/ F* B ALFIVyF2du
M

__2 a a='-2 2 13a—1 a-1—4 4
31—20 /MF (ApF) du —|-3 p /F Vo F|" du
2 & a"l-2 HA\2 4 na a-'1-2 2
+312/MF (VPP du 312/F (Fo)*du
122 / F'“2QRic —(n — 2) Tor)(V} F)c, (V3 F)c)

M
2 -1_
=3 / F* 2 ((ApF)? = 3 X0 Faz + Faal?) di
M
4 o 12
31 2a/MFa (Z|Faﬂ| + Z IFygl?) d
a.p=1a#p
no 22 3a—1 a1—4 4
- F* “=(Fo)“du F Vo F|" du
1—20(/M 3a i,

+2 @ [ e 20Ric—(n—2) Ton) (Vo F)e, (Vs F)e) du,
31-2a Jy

where o # 0, 1/2 and the last equation follows from the identity

n n n
1
(VD2 FPE=2( 3 1FupP 4 D (F,pl) + 5 DI Fua + Faal + 5 (Fo)?.
a=1

a,p=1 a#p=1

Finally, we deal with the term fM F"‘71_2(F0)2 du. By putting f = F1/C
in (3-4), we obtain

n2/ F“71_2(F0)2d,u
M

:/ Fe 2 (A, Y du + 1= 2"‘/ F* 'S ALFIVyF 2 du
M M

1 —2a)? _ i )
+(4—2a)/ Fe 14|V17F|4du—2052/ PyFCo ™ e g
o M o

+2n/ F* 2 Tor((Vy F)e, (Vy F)e) du.
M

Substituting this into (3-10), we find that its left side is equal to (n + 1)~! times

n
—1_
——3(1f2a)/ Fe 2((2n+3)(AbF)2—n§ IFaa—I—Faalz)d,u
M a=1
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n n
4no a—l—z( 2 72)
+3(1_2a) MF ﬂzllFaﬂl + Z |Faﬂ| d,ll
o, f=

a,f=1, a#p
4o e[ pa2Ric — L (n 4 1) Tor) (V4 F)c, (Vo F)c) dp
3(1-2a) Jy 2 ’
+MM+DQ_WH${/F“Iﬂ%FWM+££—/IMﬂMRFm)VM
12a M 1-2a fy
Then Lemma 3.3 follows by substituting this identity into (3-6). (]

Proof of Theorem 1.5. By using the Cauchy—Schwarz inequality

n
Z|Faﬁ + F&alz z %(AbF)Z,
a=1

we obtain
(3-11)
30=2a) iza) ((4”“ +3)(ApF)? + (da —3)n D | fua + fmz) < H(Abw

a=1

for & < 1/2 with a # 0, and 24na? —2(8n — 3)a — 3 < 0 if and only if

(8n—3)—/(8n—3)2+72n g 8n—3)++/(8n—3)2+72n
24n -7 24n
The CR Paneitz operator is always nonnegative for a closed pseudohermitian
(2n+1)-manifold with n > 2. Then Theorem 1.5 follows from the Lemma 3.3

easily by choosing the constant o so that it lies within the interval

[((8n —3) — v/(8n — 3)2 + 72n)/24n, 0]. 0

However, if the pseudohermitian torsion is zero on a closed pseudohermitian 3-
manifold, then the corresponding CR Paneitz operator is nonnegative. Therefore:

Corollary 3.4. Let (M, J,0) be a closed pseudohermitian 3-manifold with zero
pseudohermitian torsion and nonnegative Tanaka—Webster curvature. Then the
energy functional ¥ (@) is monotone nonincreasing along the CR heat equation
and the monotonicity is strict unless the solution u is constant.

4. The Nash-type entropy formula and subgradient estimate

We now prove the monotonicity formula for N(u, t) and derive the integral version
of the subgradient estimate for the CR heat equation on M" x [0, 00).
Let u(x, t) be a positive solution to the CR heat equation

(Ah—g)uzo with /ud,u:l.
ot M
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Proof of Theorem 1.6 and Corollary 1.7. By a simple calculation using

& perau= [ 1ioler au=5)
M

dt [y
and
ad [ -, _
T Me du=0,
we find
ds_ n o _(n+1)(n+2)
dt _n+2$(¢) 2t
- n 2, D0+2)
—/M(n+2|Vb¢| Pt o udu,

where ¢ satisfies e=? = u. All these together with Proposition 5.1 imply

d=_ n . . (+De+2)
@-1) dtN_ n+2dp(¢) 2t =0
and then
1 2)2
/ﬁwﬂ%%wggilﬁil-mmmempq
M 2nt
But

/|Vb(0|2€_¢dﬂ=4/ |vbe—‘5|2dﬂ=4/ Vyu? Pdp.
M M M

Hence there exists a constant C; = C(n, |, » du) such that
C
[ vt an < <
M t
This completes the proof of Theorem 1.6, Corollary 1.7.

5. The CR Harnack-type inequality

13

In this section, we establish the CR Harnack-type inequality for the positive solu-

tion of (1-4) on M x [0, c0).

Proposition 5.1. Let (M, J, 0) be a closed pseudohermitian (2n+1)-manifold of

zero torsion and nonnegative pseudohermitian Ricci tensors. If u(x, t) is the posi-
tive solution of (1-4) on M x [0, 00) such that Pgu =0 at t =0, then u satisfies the

estimate

B n+1Dn+2)

o <0 onM x|[0,00).

n 2
(5-1) —n+2|Vbl//| +
Here y(x,t) =Inu(x,t).

Before we give a proof of Proposition 5.1, we need a series of lemmas.
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Lemma 5.2. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold of zero
torsion. If u(x, t) is a solution of

(Ab - %)u(x, t)=0 on M x[0, c0) with Pgu(x,0) =0,

then Pgu(x,t) =0 forall t € [0, 00).
Proof. From Remark 1.2, we have Pyu =0 if and only if Pgu =0 and
Pou = (Ap*u +nT2u).
It follows that A, Pou = Py Apu. Applying Py to the heat equation, we obtain
(A,, _ %)Pou(x, =0 on M x [0, 00) with Pyu(x, 0) = 0.

Hence the lemma follows from the maximum principle and Remark 1.2. U

Lemma 5.3. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold. Let
w=1In f for f > 0. Then

(52) 4Py +Py.dpy)L;
=4fHPf+Pfdpf)r; — 2V, Vol Voy ) +2f 7 A fIVp 2.
Proof. Let Q(x) = |V, |*(x). We compute
VO =052y + QuZz
=2V (Waya)
=2(f (S fufap+ I fafup — 2f fa f5.Sa)) Zp + complex conjugate.
It follows that
Py = ywaop +inApgawa
= NS fuSap+ I faap — P faSup = 12 fp faa +2f fu Sp fa)
+inApa f fa
=f'Pef =505 — " fpfaa
=f'Pef =105 —wpf ! faa-
Thus
Py + Py, dyy) ;= 4((Pgy)0” + (Pgy)0, ypo” + y30%) 1
= 4((Ppy)yz+ (Ppy)y yp)
= 4(f_1Pﬂf — %Qﬂ — t//ﬁf_lf&a)l//g—l—complex conjugate
=4fHPf+Pf.dpf)r; —2(Vow, Vol Voy ) +2(f T Ap fIVey[). O
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Lemma 5.4. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold. Let
u(x,t) be the positive smooth solution of (1-4) on M x [0, 00). Suppose that

(2Ric —(n+2) Tor)(Z, Z) = —ko|Z|* forall Z € Ty
and ko a nonnegative constant. Then the function
(5-3) G=1(Voy P+ (1+2/n)y)

satisfies the inequality

(A —i)G>—2—"<w, V,G)
A )

n n (G— (n+1)(n+2)2)
(n+1)(n+2)%t on
— kot |Vpw | = 8n~'tu 2 (Pu + Pu, dyu) ;.
Here w(x,t) =Inu(x,1).

Proof. we first prove the lemma for n = 1. Let F = t(|Vyy|*> + 3y,). First
differentiating (5-3) with respect to ¢, we have

54 Fo=t""F+t(Voy* + 3w
=t ' F+t@IVp P +3App), =t F +1(8(Vpw, Vo) +3Apy,).

By using the CR version of the Bochner formula (3-2) and Lemma 5.3, one obtains

ApF =1 (Ap|Vpy >+ 305 p)
=t2I(V*y P +6(Vy, Vo Apy)
+2(2Ric =3 Tor)(Voy)c, (Voy)c)
—8(Py + Py, dpy) L +3Mpv,)
(5-5) > t(4ly11* + (Aoy) + 6(Vy, Vi Apy) — kol Vo |
—8(Py + Py, dpy) L +3Apy,)
= t(4lynl* + (M) + 6(Vow, Vo Apy) — kol Vpy |*
— 8u”*(Pu+ Pu, dyu) Lz + 4y | Vpy|*
+ 4V, Vil Vow ) + 305 y1).

Here we have used the inequalities

(5-6) ((VE2y 2 =21y P+ S(Apy)? + Ll = 2l P+ 3 (Apy)?

and

(2Ric =3 Tor) (Vs )c, (Vow)e) = —kol(Voy)cl® = — kol Vi y|?
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and y; = u;/u = Apu/u. Applying the formula

(5-7) Apy =y, — |Vpy? = 17'F — 3V

in combination with (5-4) and (5-5), we conclude

(80— S)F = ="' F 14y P+ (App ) +6(%w, Vo Apy)
+4(Voy, Vil Voy ) — 8(Vpw, Vo)
— kol Vo > + 4| Vo — 8u™* (Pu+ Pu, dyu) )
=—t"'F+1(=3t"(Voy, Vo F) = (Yo, Vo | Vpy I*) + 4|y |
+ (Apy)? — kol Vo I* + 4y [ Voy | — 8u*(Pu+ Pu, dyu) ).

Now it is easy to see that (V i, V| Vyw|?) =4 Re(w11wiwi)+ Apy|Vey|?. Thus

—3(Vow, Vol Voy *) = =2 Re(yiiyiyr) — 3 Ay Vi |
> 4yl = RAyil* = 38w Vil
= —4lyn = §IVeyl* = 3 App | Voy .
Here we have used the basic inequality 2 Re(zw) < €|z|> + €~ w]|? for all € > 0.
All these imply
(Ap— 2)VF = —t7'F = 2(Vpu, Vi F) + t (Do)’ + 300w IV P+ 3 |V wl*
— kol Vpw|? —Su_z(Pu+Pu,dbu)L§)
t7VF(F —9) — kot |Vypy|?
—8u_2(Pu+15u,dbu)L;;

> —2(Vyy, Vo F) + 5

This completes the proof for n = 1. For n > 2, we need more inequalities: For
any smooth function f, we need

5-8) (VD[P =2 Z|faﬂ| +2 Z | fupl +2Z|faa+faa|
a,f=1 a#p=1

and

(5-9) Vol VoIV fIP) < +2) D IfuplP+ @ +2) D | f,5°
a,p=1 a#p=1
+(Apf + Ve f IV fI?

n+2)n-D> . . o
W;|faa+faal .
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We first claim (5-8) holds. Since

(V2R =2 D" (faptag+ Fuplap) =2 D (fapl +1£051"

a,f=1 a,p=1

(Z|faﬁ| + Z £, 7] +Z|fm|)

a,f=1 aZp=1
Z %Zﬂfa&'i‘f&alz'i‘foz):i2|fa&+f&a|2+inf02-
a=1 a=1 a=1

It follows that

n n n

1

(V2R =2 D g4 D 1fugl) 5 D+ ol + 03
a,f=1 a#p=1 a=1

22( D P+ D 1fugl) + 3 Dl fua+ faal
a=1

a,p=1 a#p=1

Secondly, we claim (5-9) holds. We first derive
(Vo f, Vol Vi £ )

=4 > Re(fupfafz+ fopfalp)
a,f=1

=4RC(Z faﬁfafg"i‘ Z faﬂ’fafﬂ)+2Z(fa&+f&a)|fa|2
a,p=1 a#p=1 a=1

s<n+z)(z P+ 2 )+ 5 D 1P Ll

a,f=1 a#p=1 a,f=1
Z FARN/IR +2Z(faa+fm)|fa|
a;ﬁ[f 1 a=1
_ $ 2 $ 2 1 4
—(n+2)(;1|faﬂ| T 7§_I|faﬁ| )+ 51911

Z | ful?1 51 +22(faa+faa)|fa
a;ﬁﬂ 1

Here we used the identity 37 5 | ful?| /51> = o, | fulH? = IV f 1%
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Now we compute the last term in the inequality above.

D (fua+ faa)l ful?
a=1

= (Zn;(f,m + faw)) (Zi) p?) - Z(faa + faa) ( Z 15?)

p=1#a

%Abfwal +Z|faa+faa|( Z 'f/”)
p=1#a

—

<Iapviri+ (()& me + faal®

[\

2n+1) < - 2
+—(n_l)(n+2)z( > k)

a=1 p=l%#a

Substituting this inequality our previous computation of (Vb £ VIV f |2), we get

(Vo fo Vol Vi £ %)

< +2)( D usP+ D fugl) + Do 1N f P

a,p=1 a#p=1
n—1D{mn+2) " i 2, 1 4
W(XZ:;fmﬂrfm + 51V
4n+1) &y & N2
HCEDICE 1);(ﬂ§éa'fﬁ' )+, a;]%' | f3I?
=+ X s+ X fuglh) + Do Vo 1P
ap=1 atp=l
n+2)(n—1) 1 A
4(n—_+_1)az=:|faa+faa| + +2|be|
4n+1)
Ry (Zl(ﬂ%a”/)’” +a§l|fa| 1£5P)
= +( D0 s+ X 1fupl) + Asf19 1
a.f=1 a#tp=1

n+Dn-D~ . . o \
ngﬁxﬁfaal + Vo fI*
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Here we have used the identity

S )+ > |fa|2|fﬁ|2=(n—l)(§|fa|2)2=”4;1|vbf|“.

a=1 f=l#a a#p=1

Now as before we differentiate (5-3) with respect to ¢, getting

G, —t'G=t(Voy* + (1 +2/n)w),
(5-10) =121+ 1/0)|Vpp >+ (1 +2/n)Apy),
=t(@4(1+1/n)(Vpw, Voy) + (1 +2/n)Apy;).

By using the CR version of the Bochner formula (3-2) and Lemma 5.3, one obtains

ApG =t(Ap| Ve [P+ (1 +2/n) Apy)
=12V P +2(1+2/n) (Vou, Vo Apy)
+2Q2Ric —(n +2) Tor) (Vo y)e, (Vow)c)
—@®/n)(Py + Py, dpy) s+ (1+2/n)Apy)
(5-11) > 121V P +2(142/n)(Voy, Vo Apy) — kol Vi |
—@®/n)(Py + Py, dpy) s+ (1+2/n)Apy)
=t 21V 2y P +2(1+2/n)(Vpy, Vi Apy) — kol Vo |
— 8/n)u"%(Pu+ Pu, dpu)rs +4/n v | Vow|?
+ @4/n) (Yo, Vo Voy ) + (1 +2/n) Ap ).

Here we have used the inequality
(2Ric —(n+2) Tor)(Voy)c, (Vow)c) = —kol (Vo) c? = —3kol VoI

and

vy =u/u= Apu/u.

Applying the formula

Vpy |

2(n+1)
5-12 A = — |V 2: n _
(5-12) by =y — Vol +2)1 s
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together with (5-10) and (5-11), we conclude

(Ab— E)G—H_IG
> 121V 2y P +2(1+2/n) (Yo, Vo Apy)
+ 4/ n)(Vow, V| Ve |?) — 4+ 1/n){(Vpy, Vo)

— kol Voy [+ 4/n)wi | Vpy |* — (8/n)u">(Pu+ Pu, dyu) ;)

4
=1 (V202 = oy, Vol Yoy ) — kol Vo

n+2
+ 4/ yi Vo = (8/mu(Pu+ Pu, dyit) )

2n

(Vpw, VG
(n+2) »¥, VpG).

Now, by (5-8) and (5-9), the Cauchy—Schwarz inequality and by applying (5-12),
we finally have

(Ab—g)G—l—t_lG

2n

n
2 2 8 2
\Y/ —§ . —° |V
> — (+2)( bw,VbG)+t(n+1a:]lwanrwaal +n(n+2)WI| 4

8 _ —
kol Vo = Su=2(Pu+ Pu, d;,u)Lz)

2n

__2n 2 2, 8 2
= oty (Vo VG + 1 (s Ao+ sl

—ko|Vpy|* — Su_z(Pu—i—I;u,dhu)L;)
2n 2 8 4
- - - - V
D +222% T ntiraz VeV
—ko|Vpy|* — %u_Z(Pu + Pu, dhu)L;). O

=_%<VW, VbG)+t(

Proof of Proposition 5.1. Applying Lemma 5.4 to y by setting A,, =0 and ko =0,
and by using Lemma 5.2 for all ¢, we get

(Pu+ Pu, dyu) =0.
Then we have

(5-13) (Ab _ %)G

2n 1 2n (n+1)(n+2)?
090+ (O )

>
- (42
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Proposition 5.1 follows if G is at most (n+1)(n+2)?/(2n). If not, at the maximum
point (xg, fp) of G on M x [0, T'] for some T > 0, we have

G(x0, 10) > (n+ 1)(n +2)*/2n.

Clearly, ty > 0, because G (x, 0) = 0. By the fact that (x, p) is a maximum point
of G on M x [0, T], we have

ApG(x0, 19) <0, Vi, G (xo, 19) =0, G:(x0, 1) = 0.

Combining this with (5-13), we have

1 2n (n+1)(n +2)*
0> ——F—————=G(xp, (G , o) — —),
2 b i Dmg2)z ¢ o- 0 G o, fo) 2n
which is a contradiction. Hence G < (n + 1)(n +2)?/(2n). O

6. An upper bound estimate for the first positive eigenvalue

By using the entropy formula (3-5) for the CR heat equation, we can obtain an
upper bound estimate for the first positive eigenvalue 4; of the sublaplacian A, on
a complete noncompact pseudohermitian (2n+ 1)-manifold M when its pseudo-
hermitian Ricci curvature minus (n + 1)/2 times the pseudohermitian torsion has
a negative lower bound.

First we consider the case of n = 1. In this case, we need the nonnegativity of
the CR Paneitz operator Py to get an upper bound estimate.

Proposition 6.1. Suppose (M, J, 0) is a complete noncompact pseudohermitian
3-manifold with nonnegative CR Paneitz operator Py. Suppose that

(Ric — Tor)(Z, Z) > —k{|Z|* forall Z € Ty o,
with ky a positive constant. Then 11 < ki /2.

Proof. Assume that f is a (unit) first eigenfunction of —Aj; namely, —Ap f =11 f
and [, f2du =1. Ttis known that f > 0. Now we let u : M x [0, 00) — R be the
solution of the CR heat equation

(Ab _ a%)”(x’ t)=0, withu(x,0)= f(x)za

and let ¢ be defined as before by e=? = u. Since e ?©/2 = f and f is the first
eigenfunction, we have

Apf
M =——= =1 QAp — Vel att=0

f

and equivalently

(6-1) App =221+ 3| Vpp .
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Applying the Lemma 3.3 with any constant o #0, 1/2, forn =1, we have at t =0

d
0=/ 4’11Ab”dﬂ=/ (ZAb¢—IVb¢I2)Abudu=E/ Vo Pu dp
M M M

= __ 4o 242 2402 —10a—3 4
A V 4= = - \v/
3(1-2a) /M( b9 — Vo) udu 24 Voo udu

2(4o — 3)

3(1 _ 20() M(|¢11 —aQ1Q] |2 + (RIC — Tor)((ngo)C, (ngg)c))u d[u

40 -3 12 1/2
+1—2a/MP°” w'tdp.

Because (Ric — Tor)((Vy9)c, (Vop)c) = —kol (Vop)cl® = —(ko/2)|Vip|®, the
Paneitz operator Py is nonnegative by assumption, and from (6-1) for o < 1/2 with
o # 0 we then have

__ 4 _ 242
02 3(1—20{)/ (Ab(0 0€|ng0| ) I/td,u

2 0a3 ta3) 2
/|V ol* ”dﬂ+3(1 a )klflvb(ol udu

s )/ (422 4+2(1 = 20) 1 [V 2 + (1 — 20)2/4) Vi) d

3(1—
(4a —

_ 24a®— 100 —3
3(1—2a)

o / Voo |*udu +

k1 / Voo 2u du
M

__ 1 ( o B )
—3(1_2a)( 160!/11/Mudu+[(4a 3)k1 — 8a(l 2a)/11]/M|vb¢| wdu

40 —3) (1 —4a>
_ (4a )é a)/MIVb¢|4Mdﬂ)-

Noting that at t =0

(6-2) 411=4/ |be|2d,u=/ |Vop|?udu and /ud,u:l,
M M M

we obtain
N P o
OZS(l—Za)( 160 A7 + 441 ((4a —3)k1 — 8a (1 —2a)4y) 2
(4o —3)(1 —4a
_ )8 )/ |ngo|4udﬂ)
M

_ _4a-3 a2 .
— s (421G k) = (1 = 4e)/8) /M Vopludy).
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We substitute the Holder inequality

2
(6-3) /|V},¢)|4ud,u2(/ |v,,¢|2udﬂ) — 162
M M

into the inequality above to conclude

2(40 — 3)).
05 289 =D o2 g 1)+ 2ke) for —1/2 <a < 1/2 with @ £0.
3(1—2a)
Therefore

(4a*+8a —1)A1 +2k; >0 for —1/2 <a < 1/2 with a #0.
The result follows by letting o = —1/2 to get the optimal upper bound of 1;. [

Proposition 6.2. Suppose (M, J,0) is a complete noncompact pseudohermitian
(2n + 1)-manifold for n > 2. Suppose that

(Ric —((n 4+ 1)/2) Tor)(Z, Z) > —k{|Z|* forall Z € T,

with ki a positive constant. Then

1< 2n — l)nk

I= n+1 b

Proof. Let f be a normalized eigenfunction of —A, corresponding to the first
positive eigenvalue 4;. Let u and ¢ be the same in the proof of Proposition 6.1.
As before, by applying the Lemma 3.3 with ¥ = u“ for any constant a # 0, 1/2,
with n > 2, we see that the following vanishes at t = O:

n

1 ) 2 2
sig (et 86 =3 Y P+ ) d

a=1
4n(4a —3) o~ -
+ o 2 [P  EP 4 Y IR du
301 =2a) Ju apml Moyt
dn(4a —3 - .
na =3) [ pat2Ric —Ln 4 1) Tor) (Vs F)e, (Vo F)o) d
3(1=2a) Ju
2 2
24na —2(8n—3)a—3/ Fa"—4|va|4dﬂ+2a (4a—3)/ Pou 21" 2d
120[2 M 1—20( M

Since (Ric =3 (n + 1) Tor) (Vs F)c, (Vo F)e) = —ki[(Vs F)cl* = —3k1| Vo F 2,
by the Cauchy—Schwarz inequality (3-11), the Paneitz operator Py is always non-
negative for n > 2, and from (6-1), (6-2), (6-3), for —1/2(2n — 1) <a < 1/2 with
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o 7% 0, we then have

4(n+1)a

2n(4a —3) )
> 7" k \% d
Z 30— 20) ) 1/M| bl udp

Avp — a|Vpp ) 2udpu + 22
/M( b9 — a[Vpo|)u At 302

24na? —28n—3)a —3

- ) [ 1Wspludu
12 "
4(n+1)a

= [ @20 = 200210+ (1 =202V

2n(4a —3 24na? —2(8n —3)a —3
2na=3), / Voo Pudp — ) / Vol u dp

4o —3
— “—(8(2@ + Dadi +nk)iy

3(1 —2a) (1-2a)2(2n —1)a +1)
o /M|ngo|4u d,u).
> El—;al((4(2n—1)0€2+80‘ D4 1)'

Therefore
(4(2n — 1o’ +8a — 1) + 2nk; > 0

for —1/(2(2n — 1)) < a < 1/2 with a # 0. Then the result follows by choosing
o =—1/(2(2n — 1)) to get an upper bound of 4. O

Corollary 1.9 follows easily from Propositions 6.1 and 6.2. ([

7. A lower bound estimate for the first positive eigenvalue

By using the entropy formula (3-5) for the CR heat equation, we can derive a sharp
lower bound estimate for the first positive eigenvalue 4; of the sublaplacian A, on
a closed pseudohermitian (2n+ 1)-manifold M.

Proof of Corollary 1.10. Let f be a unit eigenfunction of A, corresponding to the
first positive eigenvalue 1. Let a be a positive constant such that f +a > 0 on M.
As before, let u be the solution of the CR heat equation (A, —38/0t)u(x, t) =0 with
the initial data u(x, 0) = (f (x)+a)?. Let p = — logu. Then, since e ?0/2 = f 44
and f is the first eigenfunction of A,, we have at =0

(7-1) App =221

e p
> Vpo|~.
f+a + 2| bl
Again from Lemma 3.3 with F = u® for any constant a # 0, 1/2, from (7-1), we
have the following at ¢ = 0:
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1 a 122 2 S - 2
(7-2) m/MF ((4na+3)(AbF) +(4a—3)n2=:|Faa+Faa| )d

4n(4a —3)
3020 Ju (ZIF“/"| + Z 7, )

a,f=1 a#£p=1
dn(da —3 _
@ 3) [ pe 2 Rie —Ln + 1) Ton) (Vs Fe. (Vo F)e) du
31 —2a) Ju
24na® —2(8n — 3)a — 3 _ 20240 —3
+ 1(2n2 L /F“ 1*“IV;,FI“d/t—i-—OC (a )/Pu u'? du
o

M

=a2(n+1>%/M|vb¢|2udu
=20 +1) [ @80 = 99 P)=(S +a)f + ISP d
—8a2(n—|-1)/11/ —( WS +a)+ 1V /1) du
=—2a2(n+l)ail/M|Vb(p|2ul/2d,u.

Since (Ric —5(n + 1) Tor) (Vs F)c, (Vo F)c) = kal (Vs F)c|? = 3k2| Vs F|2, by

the Cauchy—Schwarz inequality (3-11) the Paneitz operator Py is nonnegative, and
from (6-2) and (7-1) for a < 1/2 with a # 0, we then have

4(n+1)a/ 2:2
0= ———— [ (App—alV d
Z 30 20) (App —a|Vpp|") udp
2n(40c 2,172
2n(4a —3) Voo lPudu —2(n+1a; | |Veeu'?d
3(1—2) /' bpludy =2n+ a l/' ol
24na? —28n —3)a —3
_ ) /IVb(/’|4udﬂ
12 M
4n+1
_ 4t Da (4/12f2 T 2(1 =200 01| Ve + (1 = 2a)*/4) | Ve *
3(1-2a)
—2(1 —2a)alu 2| Vpp|*)u dpu
8n(4a —3) 2,172
_ S )k =2+ Dad, | |V 2d
31— 2q) Mo T2t Da 1/M| ol

24na* —2(8n —3)a —3
- > / Vl*u dp
M
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40 —3
="~ (8 Dai| — nk))A

3(1_2a)( Q2+ Daiy —nky) Ay

+2(n+1)(1—2a)ail/ Voo ?u'/? du
M
(1 —2a)[2(2n — a + 1]
- el /|Vb(0|4udﬂ)-
M

Therefore,

8Q2(n+ Dai; —nka)Ai +2(n+ (1 —Za)a/h/ Voo ?u'/? du
M
—1(1=2a)2(2n — )a + 1)/M|ng0|4u du >0,
for o < 1/2 with a # 0. We then let « — (1/2)” to get a sharp lower bound
estimate of A;. O

Corollary 1.11 follows from Theorem 7.1, Corollary 7.2 and Proposition 7.3.[]

Theorem 7.1. Let (M, J, 0) be a closed pseudohermitian (2n+ 1)-manifold with
an essentially positive CR Paneitz operator Py. Suppose that

(Ric —((n +1)/2) Tor)(Z, Z) = —k3|Z|> forall Z € Ti o,

with k3 a nonnegative constant. Suppose also that ker(Ap + 211) N (ker Po)* # ¢.
Then

_ 27,2
s nks +~/n2k3 +3(n + 1A
- 2(n+1)

Proof. Since ker(A, + A1) N (ker Py)t # ¢, we may let f € (ker Py)* be a
normalized eigenfunction of A, corresponding to the first positive eigenvalue ;.
Then

(7-3) / Pou'? - u'? du =/ Pof- fdu=> A/ frdu = A.
M M M
Following the same computations as the previous theorem and (7-3), we have
8Q2(n+ Dali +nk3)A; —6A +2(n+ 1)(1 —2a)ai / Vo 2u'/? dyu
M
—1(1-2a)(2@2n — a + 1)/ Voo *udu > 0.
M

Therefore by letting a — (1/2)~, we get 8((n + 1)4; + nk3z)1; — 6 A > 0. This
implies

_ 27,2
s nks ++/n K+30+ 1A

> O
2(n+1)
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However we have the decomposition [Chang et al. 2007, Section 5]
ker(Ap+411) = E ®p, Et, where E Cker Pyand E+ C (ker PO)L.

Now let f be an eigenfunction of Aj, corresponding to the first positive eigen-
value A;. Then f = f+ ® fier.

Corollary 7.2. Let (M, J, 0) be a closed pseudohermitian (2n+ 1)-manifold with
an essentially positive CR Paneitz operator Py. Suppose that

(Ric —((n 4+ 1)/2) Tor)(Z, Z) > —k3|Z|* forall Z € Ty

with k3 a nonnegative constant. Then if ker(Ap + A11) N (ker Py) = ¢, there exists
a constant 0 < Cy < 1 such that

o kst V23 +3(n+ 1)CaA
h= 2(n+1) '

Proof. By assumption we have

0<Ch< /M (P du=1- /M (i d < 1.

Since Py is self adjoint, we may replace (7-3) by

/Poul/z'ul/zdﬂ=/ Pof'fd#=/ PofL'de,uZA/(fL)zd#ECzA-
M M M M

Then we are done. (]

On the other hand, if ker(A, + 411) N (ker Py) # ¢, then by using the Li—Yau
gradient estimates [1986], we find from [Chang and Chiu 2007] this:

Proposition 7.3. Let (M, J,8) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

(Ric —((n 4 1)/2) Tor)(Z, Z) > —k3| Z|?

for some nonnegative constant k3. Suppose also that ker (A, + A1 I)N(ker Py) # .
Then

A1 = C3(n, k3, 10, dy).
Here 19 = max |Ay, | and dy is the diameter of M with respect to the Carnot—
Carathéodory distance.
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