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JENNIFER HALFPAP, ALEXANDER NAGEL AND STEPHEN WAINGER

We study the singularities of the Bergman and Szegé kernels for domains
Q ={(z1, z2) € C* | Imz, > b(Re z;)}. Here b is an even function in C*(R)
satisfying 5(0) = b'(0) = 0, b”(r) > 0 for r # 0, and vanishing to infinite
order at r = 0. A model example is b(r) = exp(—|r|~¢) for |r| small and
b(r) = r* for |r| large, with a, m > 0. If A c 32 x R is the diagonal of
the boundary, our results show in particular that if 0 < a < 1 the Bergman
and Szeg6 kernels extend smoothly to € x €\ A, while if > 1 the kernels
are singular at points on £ x € \ A.

1. Introduction

If Q c C" is a domain, let O(Q) denote the space of holomorphic functions on €.
The associated Bergman projection B = Bg, is the orthogonal projection of L?()
onto the closed subspace B2(Q) = L?(Q)N0O(Q) of square-integrable holomorphic
functions on Q. If Q has smooth boundary 0€, the Szegd projection S = Sgq is
the orthogonal projection of L2(62) onto the closed subspace H?(Q) of square-
integrable boundary values of holomorphic functions. These operators have inte-
gral representations

(1-1) BI/f1(z) = /Q Bz, w) f (w)dw,

(12) SLf1(2) = / ) f)do(w),

2

where dw denotes Lebesgue measure on Q and do is an appropriate measure
on 0€2. The functions % and ¥ are known respectively as the Bergman and Szeg6
kernels. In this paper we study the boundary behavior of these kernels on model
domains for which the boundary has infinitely flat points but does not contain any
analytic disks. Our main result is that in certain cases these kernels have singular-
ities on the boundary of the domain away from the diagonal of the boundary.
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Explicitly, let b € €*°(R), and put
(1-3) Q={(z1,22) € C* | Im(z2) > b(Ne(z1))}.

Then Q is pseudoconvex if and only if b is convex, Q is of finite type if and only
if b”(r) vanishes to at most finite order at any point r € R, and 0Q contains an
analytic disk if and only if 5”(r) = 0 on some nonempty open interval / C R. In
this paper, we consider the case in which b is convex and even, and b” (r) vanishes
to infinite order at the point » = 0 but is nonzero at all other points. We assume
that for large |7| the function b behaves like a convex polynomial. The motivating
examples for our analysis are the functions & given for small |r| by

(1-4) b(r) = exp(—|r|™)

for a > 0. In this case, the behavior of the kernels & and & on 0Q x 0€2 depends
on the size of a. As particular examples of our main results, we show

(1) if 0 < a < 1, the Bergman and Szegd kernels for Q extend smoothly to
Qx Q\ A, where A = {(z, w) € 0Q x dQ | z = w)} is the diagonal of the
boundary;

(i1) if a > 1, the kernels are singular precisely at all points of AU X C 6Q x 0Q
where

(1-5) X ={(z,w) € 0Q x 0Q | Re(z1) = Re(w1) =0, Re(z2) = Ne(wy)};

(iii) if a =1, there is a constant € > 0 such that the kernels are singular at all points
of AU X., where

(1-6) Y.={(z,w) e T | |Sm(z; —wy)| <¢€}.

1.1. Previous results. There is a huge literature on the boundary behavior of the
Bergman kernel. Here we recall some results dealing with the smooth extension
of the kernel %B(z, w) to the boundary of Q x Q.

First, it is known in many cases that the Bergman kernel for €2 becomes infinite
on the diagonal A of the boundary 6Q. If z € Q, let d(z) be the distance from z
to the boundary 0Q. If Q is strictly pseudoconvex, Hormander [1965] showed that
5(2)"'B(z, z) has a finite nonzero limit as z — zo € Q, and hence B(z, z) —
+o00. In [Boas et al. 1995], Boas, Straube, and Yu established the existence of
a finite limit for 6(z)" B(z, z) for a much more general class of domains. Here
m is a constant that depends on certain boundary invariants of the domain at the
boundary point zg. More generally, Pflug [1975; 1982] showed that if Q C C" is
pseudoconvex and has a %¢2-boundary, then B(z, z) > Ccd(z) >+ for any € > 0.
This result was later improved by Ohsawa [1984]. In [1994], Siqi Fu showed that
Pflug’s result holds with € = 0.
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One can understand the singularity of the Bergman kernel on the diagonal A in
terms of the existence of unbounded functions in B2(Q). Thus it is well known
(see for example [Krantz 1992]) that the Bergman kernel on the diagonal solves an
extremal problem: If z € Q, then

(1-7) B(z,z) = sup{| f(@)I* | f € BX(Q) and || fll ;2 < 1}.

Thus if Q C C" is a domain, if zg € 0L, and if there exists a square-integrable
holomorphic function f* such that limsup,_, | f(z)| = +00, then the Bergman
kernel is singular at (zo, zo).

On the other hand, it is sometimes possible to prove that the Bergman kernel
extends smoothly to part of Q x Q. Kerzman [1972] showed that if Q C C" is a
bounded strictly pseudoconvex domain, then the Bergman kernel &(z, w) extends
to a ¢*°-function on Q x Q\ A. Kerzman’s argument uses J. J. Kohn’s result
on the existence of subelliptic estimates for the d-Neumann problem in strictly
pseudoconvex domains; see [Kohn 1963; 1964]. Later work of Kohn [1979],
Catlin [1987], and Diederich and Fornaess [1978] established the existence of
subelliptic estimates for bounded weakly pseudoconvex domains of finite type.
Kerzman’s result is true for these domains as well. Other results on the smooth
extension of the Bergman kernel can be found in the work of Bell [1986] and
Boas [1987]. For weakly pseudoconvex domains of finite type, the Bergman kernel
extends to a €™ function precisely on the set Q x Q\ A.

If the domain € is not of finite type, the situation is less clear. For example,
if the boundary 0€ contains an analytic disk, the singularities of the Bergman
and Szeg6 kernels can “propagate” along the disk, and thus the kernels can have
singularities away from the diagonal. A simple example is the polydisk in C”,
where the Bergman and Szegd kernels are just products of one-dimensional kernels
in each variable. The results of this paper show that the Bergman and Szeg6 kernels
can be singular away from the diagonal of the boundary even if there are no analytic
disks in the boundary.

When b is a convex polynomial, domains of the form given in (1-3) were dis-
cussed in [Nagel 1986], which gives an explicit integral formula for the Szeg6
kernel:

1 @1+ w1)+it(za—w2)
(8 e, 2), o, w)) = ﬁ//wo Ty 20r=eb0) 4y dndr.

That paper estimates this integral, and shows that there is a natural nonisotropic
metric on 0€ relative to which the Szeg6 projection is a variant of a classical
Calder6n—Zygmund operator. The integral formula (1-8) was later used by Christ
and Geller [1992] to obtain examples of the failure of analytic hypoellipticity
in domains of finite type. Haslinger [1995] considered such integrals, and then
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Christ [2002] made a deeper study of this formula.! The program of studying
the Szegd projection S as a singular integral operator was carried out for general
pseudoconvex domains of finite type in C? in [Nagel et al. 1988; 1989].

There are closely related problems involving the functions b(r) = exp(—|r|™%)
for which there is a qualitative difference in behavior for a < 1 and for a > 1.
For example, Kusuoka and Stroock [1985] showed that the second order partial
differential operator

2 2 L A2
(1-9) L=%+6‘3—y2+e—')‘| %
is hypoelliptic if and only if a < 1. This result has led to considerable further
research; see for example [Christ 2001a; 2001b].

1.2. Plan of the paper. The double integral in (1-8) involves two oscillatory terms:
e MIm@+01) gpd ¢ TMez2=02) o obtain good estimates for the integral, one needs
to take advantage of these oscillations. When b is a polynomial, this is accom-
plished in [Nagel 1986] essentially through integration by parts. However, if b” (r)
vanishes to infinite order, it seems that integration by parts in # no longer suffices
to give good estimates. To overcome this difficulty, we will regard the function

+o00
(1-10) Ny, 1) = / e2r=b) gy
—o0

as a holomorphic function of #, 7 € C with fe(r) > 0. We can then use Cauchy’s
theorem to change a contour in (1-8). Since the function N (#, t) appears in the
denominator, we need information about the location of its zeros. (This is also a
main concern of [Christ and Geller 1992] and [Christ 2002]). In particular, to show
that for a > 1 in (1-4), the kernels are singular off the diagonal of the boundary, we
show that the main contribution to the size of the kernel comes from the residue of
N (5, 7)~" at the smallest zero on the imaginary axis.

The rest of the paper is organized as follows.

In Section 2, we give precise definitions of the Szeg6 projection and a family of
Bergman projections in weighted L?-spaces. The domain Q is unbounded, and we
take this opportunity to show how the usual theory for bounded domains carries
over to this situation.

In Section 3, we introduce appropriate notation and state our basic results.
Theorem 3.4 gives formulas for the Bergman and Szeg6 kernels. Theorem 3.6
shows that the kernels extend to ‘6°°-functions on appropriate parts of the boundary.
Theorem 3.8 shows that the kernels are singular on the set £ defined in (1-5).

The proofs of Theorems 3.4 and 3.6 depend on various estimates for integrals
involving convex functions. Rather than prove these results piecemeal, we gather

lSee especially [Christ 2002, Lemma 4].
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these technical arguments together in Section 4. In particular, the change in the
contour of integration in (1-8) leads to the integrals in Lemmas 4.17 and 4.18.
These are the key estimates of the paper. To deal with the integrals we need very
precise estimates for the functions ¢ (2, t) and h,(41 — ) that appear there, and
these in turn require the results in the earlier parts of the section.

In Section 5, we study the function N (#, 7) defined in (1-10) as a function of
complex variables.

Finally, in Sections 6, 7 and 8 we give the proofs of Theorems 3.4, 3.6, and 3.8.

2. Bergman and Szeg6 projections

The domain Q given in (1-3) is unbounded, but most standard discussions of
Bergman and Szeg6 projections deal with the case of bounded domains. In this
section we give precise definitions of the relevant weighted Bergman spaces Bg (Q)
and the space #2(Q), and develop enough of the theory in our unbounded context
to allow us to derive formulas such as (1-8) for the Bergman and Szegd projections.

Let b € €°°(R), and suppose b”(r) > 0, b(r) = b(—r), and b(0) = '(0) = 0.
As in (1-3), put

Q ={(z1,22) € C*| Im(z2) > b(Re(z1))} = {(x +iy, t +is) € C* | b(x) —s < O}.

We identify the boundary of Q with R? so that (x + iy, 4+ ib(x)) € dQ corre-
sponds to (x, y, 1) € R®. We take Lebesgue measure dxdydt as the measure on
the boundary.?

2.1. Weighted Bergman spaces and Bergman projections. ForO<p <1,letdm,
denote the measure on  given by (s — b(x))?dxdydtds, and let L%(Q) denote
the space of Lebesgue measurable functions on € that are square integrable with
respect to the measure dm,. Note that s — b(x) is essentially the distance to the
boundary. The norm in L/Z) (Q) is given by

@) 712 = [ 176y 9P = bw) Pdxdydids.
Q

The weighted Bergman space for the measure dm, is

(2-2) B (Q) ={Fc0(Q)|FeL Q)

The mean-value property of holomorphic functions implies that for any compact
set K C €, there is a constant Cg such that sup, x| f(z)| < Ck|l fll, if f € Bg(Q).

2Lebesgue measure is not the same as the surface area measure dog on the boundary of Q; in fact,
dog = /14+b'(x)2dxdydt. Since /14 b’(x)? is unbounded, using this measure would result in a
different space of boundary values. We choose dxdydt because we want 92 (Q) to be the limiting
case as p — 1 of the spaces Bg (€2) defined in Section 2.1.
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It follows that Bg (Q) is a closed subspace of LIZ) (Q), and the Bergman projection
is the orthogonal projection

(2-3) B,: L (Q) — B (Q).

The case p = 0 is the standard Bergman space.

The operator B, is given by integration against the Bergman kernel RB,(z, w),
which is defined as follows. Point evaluation f — f(z) is a bounded linear
functional on B/% (Q) and hence by the Riesz representation theorem is given by
integrating f(w) against the conjugate of an element b,(w) in Bg(Q). Then
B,(z, w) = b.(w). The following result is standard; see, e.g., [Krantz 1992].

Proposition 2.2. There exists a unique function B, : Q x Q — C, called the
Bergman kernel, such that

(@) for each w € Q, the function z — B ,(z, w) belongs to Bg (Q);
() B, (z, w) =B,(w, z) forz, w € Q;

© F@ = [ By w) f@)dm, w) for f < B,
(@) B,[f1(z) = /Q By (2, ) f (W) dm,(w) for [ € L2(Q).

2.3. The space %*(R) and the Szeg& projection. In an appropriate sense, the lim-
iting case of Bg (Q) as p — 1 is the Hardy space #2(), but dealing with boundary
values that are defined only almost everywhere makes its definition more delicate
than that of Bg (Q).3 We proceed as follows. For F € 0(Q) and € > 0, set

(2-4) Fe(x,y,)=F(x+iy,t+ib(x)+ie).
Then

(2-5) #2(Q) = {F c0(Q) ( supé>0/ |Fe(x, v, 0)Pdxdydt = || F||%, < oo}.
0Q

The following proposition gives some of the basic facts about %¢Z(Q). In particular,
it shows that %2 () can be identified with a closed subspace of L?(6Q) = L?(R?).
Proposition 2.4. Let F € %*(Q). Then there exists F* € L*>(6Q) such that

(@) Fb(x,y,t)=lim_ o+ F.(x,y,t) for almost every (x, y, t) € R%;

(b) there is a constant C independent of F such that

/ sup. ol F (x +iy, t +ib(x) +is)|*dxdydt < C* || F|[3.;
R3

3A discussion of the Bergman and Hardy spaces on certain model domains can be found
[Haslinger 1998].
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(©) limeot || Fe — F|| 1200) = 0, and ||Fb||L2([R3) = [ Fllse2 )
(d) the boundary function F” satisfies the differential equation

b b
oF _HaF _i
ox oy

OF"

b,(X)W

=0

in the sense of distributions;

(e) for any compact subset K C Q, there is a positive constant C (K ) independent
of F such that
sup,ex | F(2)| < C(K) [ Fllge-

Proof. Parts (a), (b), and (c) follow as in [Stein 1993] from the analogous results*
for the Hardy space 9> () in the upper half-space U = {z =x+iy € C|y > 0}. Part
(d) follows from (c) and the fact that each F, satisfies the differential equation of
(d) in the classical sense since it is the restriction to 0€2 of a holomorphic function
defined in a neighborhood of 0Q. Part (e) follows from the mean-value property of
holomorphic functions and the estimate corresponding to that of (e) for #2(U). O

We shall also need the fact that the space of boundary values F” € L?(6Q) of
functions F € %%(Q) is exactly the space of functions f € L?(dQ) that satisfy the
inequality in (b) in the sense of distributions. To see this, define a partial Fourier
transform % : L?(R%) — L?(R>) by the integral

@6 FFI o) = flen o) = / / 2RO £ (¢ ) 1y dyd.
RZ

This converges for almost every x € R if f € L'(R?). The two-variable Plancherel
theorem and Fubini’s theorem then give

(2-7) // |f(x,y,t)|2dxdydt=// |f(x,11,7:)|2dxd7]dr
R3 R3

if f e L'(R})NL?*(R?). Thus ¥ extends to an isometry of L?(R?). If f e L'(RY),
the inversion formula

(2-8) £y, 1) = / / ATIOTH f(x Y dyde
RZ

holds for almost every x € R.

Proposition 2.5. Let b be convex and even, let b(0) = b'(0) = 0, and suppose
limy o 400 |X| 7 'b(x) = 400. Let f € L2(6Q) = L*(R?). Then

4The argument in [Stein 1993] deals with the case in which there is a large group of biholomorphic
mappings of €, and this is not true in our situation. For convenience, we include the details of the
argument in the appendix, along with a discussion of the spaces #” (Q) for 1 < p < co. Only minor
modifications of the argument in [Stein 1993] are needed.
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(a) the function f satisfies

(2-9) %4—1’%—1’1)’@)%:0

on R3 in the distributional sense if and only if the partial Fourier transform
F[Lf]= f satisfies

(2_]0) %(e—ZE(”IX—Tb(X))f(x, n, T)) =0

on R3 in the sense of distributions;

(b) if f satisfies (2-9), then f (x, 5, t) = 0 almost everywhere when © < 0. In
particular, if we set hy(x, 5, 7) = e 2™ f(x, 5, 1), then hy € L*(R%) for
s> 0;

(c) if f satisfies (2-9) and if
F(z1,22) = F(x +iy, t +ib(x) +is) = F '[h](x, y, 1),
then F € #*(Q) and F* = f.

Proof. Part (a) follows directly from (2-6) if f € 6°(R%). If f € L*(R%), the
equivalence of (2-9) and (2-10) follows from the identity

// fl(x,y,nfz(x,y,r)dxdydr=// G n ) o, 7, 2y dxdnds
R3 R3

and integration by parts when fi, f> € L>(R%) and f; € ©5° (R3).

To establish (b), note that there is a set E C R? of measure zero such that if
(n,7) ¢ E, the function x — f(x, 11, T) belongs to L2(R). For such (7, 7), it
follows from (2-10) that x — e~ 27(¥—7b(x)) f (x, 7, 7) is a constant, which we
write g(7, t). But then

//Ig(iy, r)lz(/R 64”(’7x_7b(x))dx)dndr =///R%|f(x, n, ) > dxdndt < +oo.

It follows from the hypothesis lim,_, +0|x|~'5(x) = 400 that the inner integral
on the left side is infinite for 7 < 0, and hence we must have f (x, 7, ) =0 almost
everywhere for t < 0. The statement about /; is then clear.

To establish (c), observe that Plancherel’s theorem gives

// |F(x+iy, t+ib(x)+is)|*dxdydt :/// e f(x, n, T)|Pdxdndr
R3 R3
<Nl =11£1r2.

Thus the function F is locally square-integrable on Q. On the other hand, the
inverse partial Fourier transform F~hy] is the limit in L2(R3) as N — oo of the
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functions
eZn’i[ﬂy-ﬁ-‘tt]hs(x, 7, T)di’]d‘[ — // e27ri[l]y+tt]e—27r‘rsf(x, 7, T)d?’]d‘[
2412 <N2 n+r2<N2
— // 6271[n(x+iy)+ir(t+ib(x)+is)] g(”, ‘L')d?’]d‘t’
n2+r2<N2
= // e2rlnzititz] g(n, v)dndt = Fy(z1, 22).
’72_;’_.[251\]2

It is clear that each Fy is holomorphic on Q, and since Fy — F locally in L2,
it follows that F is also holomorphic. Thus F € %2(Q). Finally, it follows from
Proposition 2.4 that F' has boundary values F b and lim,_, o+ F; = F” in L2(R3).
However F; = %~ ![h,], and lim,_, ¢+ hy = f in Lz([R{3). Since ! is an isometry,
it follows that F? = f. O

Corollary 2.6. The set of functions f € L>(6Q) such that there exists F € #*(Q)
with F* = f is the set of functions whose partial Fourier transforms f satisfy
equation (2-10) in the sense of distributions.

We now define the Szegd projection S for the domain € to be the orthogonal
projection from L?(R?) to the closed subspace of functions f € L?(R?) satisfying
of/ox +iof /oy —ib'(x)of/6t = 0 in the sense of distributions. It follows from
Corollary 2.6 that S maps L?(3Q) to #2(Q).

3. Main results

3.1. Basic assumptions on the function b. We make the following hypotheses
about the function b € €°°(R) used in the definition of the domain Q given in
Equation (1-3).

(3-1) b is convex on R and is normalized at 0 € R:
b’(r)>0, b0)=0, b (0)=0.
(3-2) biseven: b(r) =b(—r).
(3-3) b’ and b” are convex on the positive real axis:’
r >0 implies A8 (r) >0 and p@ (r)=0.
(3-4) Let B(r)= for b(t)dt, so that B'(r) = b(r) and B(0) = 0.
Then there exists a constant C > 1 such that
B(J‘H)(r) - B(k+1)(r)

0 :
S TBOG) S BB

for r > 0 and any j, k € {0, 1,2, 3},
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(3-5) There is an even convex polynomial P of degree N > 2 such that
|r| > 1 implies b(r) = P(r).

Suppose that b satisfies (3-1)—(3-5). We introduce a quantity that measures the
degree of “flatness” of the function b at r = 0. For r # 0, put

(3-6) O@r) =b(r)/(rb'(r)).

O is also an even function. Since b’ is increasing on the positive real axis, we have
0 <O(r)<1forr#0.If b is a convex polynomial, Bruna et. al. [1988] showed
that there is an € > 0 depending only on the degree such that e < ®(r) <1 for r #0.

In contrast, we are interested in the case that b vanishes to infinite order at the
origin and lim, ¢ ®(r) = 0. If b(r) = exp(—|r|™%) for small |r| as in (1-4), then
for these r we have b(r)/(rb'(r)) = |r|?/a.

Definition 3.2. Let b € 6°°(R) satisfy (3-1)—(3-5), and define ® as in (3-6). Then b
is subcritical at r = 0 if there are constants ¢ > 0 and 0 < y < 1 such that

O@) > c|r|? forsmall |r|;

it is critical at r = 0 if there is a constant 0 < C < oo such that
O(r) <C|r| forsmall|r|;

and it is supercritical at r = 0 if there are constants C > 0 and a > 1 such that
O@()<C|r|* forsmall |r|.

Throughout this paper, we shall use the symbol A to denote a constant that is
independent of the choice of the function b, while we shall use C to denote a
constant depending on the convex function b but independent of other parameters.
As usual, the value of A or C may change from line to line.

3.3. The Bergman and Szegd kernels: absolute convergence. We begin with the
formulas for the integral kernels for the Bergman and Szegd projections. For 7 € R
and 7 > 0, set

“+00
(3-7) N, 1) = / 2 =Th) gy
-0

Then for (z, w) = ((z1, z2), (wl, w)) €eC?>*xC?and 0 < p < 1, set

—p
(3-8) %p(z’ w) = 2F(1 o // n(zi+w)+it(z2— wz)NT(n’T)d nd.

>0

STtis quite possible that weaker conditions would suffice.
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If we can show that the integral in (3-8) converges absolutely in a neighborhood
of a point (zo, wy) € C* x C2, the function B, (z, w) is holomorphic in z and
conjugate holomorphic in w in that neighborhood. The first theorem describes
such a region of absolute convergence, and identifies the functions &, for p <1
with the Szeg6 and Bergman kernels.

We use the notation

(3.9) z2=(21,220) = (x +iy, t +ib(x) +ih),
w=(wy, wy)=u~+iv,s+ib(u)+ik).
Theorem 3.4.  Suppose b € € (R) satisfies the hypotheses in (3-1)—(3-5).
(a) The integral in (3-8) defining 3B ,(z, w) converges absolutely in the region
h+k+b(x)+b(u) —2b(5(x +u)) > 0.

This is an open neighborhood of the set (Q x Q) U {(z, w) € Q x Q | x # u}.
More generally, for any nonnegative integers a, b, c, d,

(3-10) 8% 2 o¢ o B, (z, w)

21 W1 22 W2
b d+1—
21 i€ — // n(z1+w1)+it(z2—w2) ],/a-i- el pd}’]d‘[
47t2F(1 —p) Ny, 1) ’

>0
and this integral converges absolutely in the same region.

(b) The Bergman projection B ,, defined in equation (2-3) for p < 1, is given by

B, 1) = /Q B, (2, 0) f () dm, (1) forzeQ.

(c) The Szegd projection S, defined after Corollary 2.6, is given by
S[f1(z) =/ Bi(z, w) f(w)dw forz e Q.
oQ

3.5. The Bergman and Szegd kernels: smooth extensions.
Theorem 3.6. Suppose b € €*°(R) satisfies the hypotheses in (3-1)—(3-5).

(@) Suppose b is subcritical. If W is any open neighborhood in C* of the diagonal
Ain0Qx0Q,andifa, b, c, d are arbitrary nonnegative integers, the function
o7, 85)16528;1)2%,) (z, w) is uniformly bounded on (Q x Q) \ WU. In particular,

the function B, extends to a “6*°-function on QxQ)\A.

(b) Suppose b is supercritical. Let

(3-11) Y={(z,w)€dQx0Q|x=u=0, t =s}.
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Let W be any open neighborhood in C* of AUX in 0Q x 6Q. If a, b, c,d are

arbitrary nonnegative integers, 0, 6%161628%2% » (2, w) is uniformly bounded

on (Q x Q) \ ‘W. In particular, the function B, extends to a ‘€ function on
QxQ)\(AUZX).

3.7. The Bergman and Szegd kernels: singularities off the diagonal. The next
results assert that in the critical or supercritical case, the kernels %, for 0 < p <1
actually have singularities away from the diagonal.

Theorem 3.8. Suppose b € €*°(R) satisfies the hypotheses in (3-1)—(3-5). Let
h,k>0andputd=h+k. Lett € R.

(a) If b is critical, there exists € > 0 such that if |y — v| <€,
;irr(l)|%p((iy, t+ih), (iv,t+ik))| = +oo.
(b) If b is supercritical,

;ir%l%p((iy,t+ih), (iv,t+ik))|=+o0 forally,v eR.
—

4. Estimates for convex functions

In this section we establish various estimates that are needed for the proofs of
Theorems 3.4, 3.6, and 3.8.

4.1. Notation. For any smooth convex function b with b(0) = b’(0) = 0, define
renormalizations about an arbitrary point a € R, by setting

4-1) by(r)y=b(a+r)—b(a)—rb'(a) = /Or /Ot b (o +s)dsdt.

Then

(4-2) b.(r)=b(a+r)—b(a) :/ b'(a +1)dz, and
0

(4-3) bi(ry=b"(a+r)>0.

If b satisfies (3-1), then each b, also satisfies (3-1), and by = b. It is also easy to
check that

(4_4) (bal)az = ba1+a2-

Next, given b, let & denote the function® given by
4-5) h(r) =rb'(r) — b(r).

6If b denotes the Legendre transform of b, then h(r) = b(®w )71 r)).



THE BERGMAN AND SZEGO KERNELS NEAR POINTS OF INFINITE TYPE 87

Also put
ho(r) =rb)(r) —by(r) =rb'(a +r) —b(a+r)+b(a)
(4_6) r r
= / / b"(a +s)dsdt,
0o Ji
so that
4-7) h,(r)y=rb(r)=rb"(a+r).

It follows from (4-6) that h, (0) = 0, and since b (x) > 0, it follows from (4-7) that
he (x) is increasing for x > 0 and decreasing for x < 0. Note that &, (—a) = b(a)
and b, (—a) = h(a).
If we let b(r) = b(—r) and h(r) = h(—r), then

ba(=r)=b_o(r), by (=r)==b,(r), by(-r)=b",(r);
ha(=r) =h_g(r), hy(=r)=—h",(r), hy(=r)=h",(@).

These identities often allow us to verify identities by considering only r > 0. Also,
if b is an even function, so is 4, and the identities in (4-8) hold for b=b and h = h.

(4-8)

4.2. Elementary estimates for by and h,.

Proposition 4.3. Suppose that b satisfies (3-1)—(3-5). Let a, r € R, and let € > 0.
@) by (1+€)r)=(1+¢€)by(r).
(b) 0 <by(r) <rb,(r) <e b, ((1+¢€)r) and in particular rb,(r) < b, (2r).
(©) 0<hy(r)<e 'b ((14€)r)—by(r), and in particular hy (r) < b, (2r)—by (r).
(d) the function r — r~'b, (r) is monotone increasing.

Proof. Suppose r > 0. Since b/, is monotone increasing and b, (0) = 0, we have
(14-€)r
be((1+€)r)> ba(r)+/ b, (s)ds > b, (r) +€rb.,(r)

> by (r) +€ /r bl (s)ds = (14 €)by(r).
0

This proves (a) and (b) for r > 0; the case r < 0 then follows by applying these
inequalities to b. Since h, (r) = rb,,(r) — b, (r), part (c) follows from (b). Finally,

(ba(r)),: rb;(r)—ba(r) — ha(r) >

0
r r2 r2 ’

which gives (d). O

The next proposition describes the relationship between the sizes of the functions
b, and h,.



88 JENNIFER HALFPAP, ALEXANDER NAGEL AND STEPHEN WAINGER

Proposition 4.4. Suppose that b satisfies (3-1)—(3-5). Then

bo(r) <he(r) if r ¢[—2a,0];
by(r) > ho(r) if r € [—2a,0].
bo(r) <he(r) if r &[0, —2al;
bo(r) > he(r) if r €[0, —2a].

o >0 implies {
o <0 implies {

Proof. The case a < 0 follows from the results for & > 0 by using the identities
in (4-8), so we can assume that a > 0. Let ¢ (r) = rb, (r) and w(r) = rb (r).
Note that ¢(0) = w(0) = 0. For r # 0 we can use Cauchy’s mean value theorem
to establish the existence of points s and ¢ with 0 < [¢| < |s| < |r| such that

rbp(r) _ o) _ o) —p0) _ ¢'(s) _sbp(s) +b5(s) _, w(s)

ba(r) — ba(r)  ba(r)—ba(0)  bi(s)  bL(s) b5
_ y)—w© o w'@) b)) +1b) () by (1)
_1+b;(s)—b§x(0) =1 by (1) =! by (1) =2 by (1)
tb" (a +1)
b'(a+1)

If r > 0 it follows that # > 0, in which case the last fraction is nonnegative, so
rb, (r) > 2b,(r), and hence b, (r) < h,(r). Also, if —a <r < 0 it follows that
—a <t <0, in which case the last fraction is nonpositive, so rb,, (r) <2b,(r), and
hence b, (r) = h,(r).
Next, observe that since b is an even function, we have

ho(=2a) — by (—2a) = 2ab' (@) — 2ab’ (@) =0,

h, (=20) — b, (—2a) =2(b'(a) —ab"(a)) <0,
and h) (r) — b, (r) =rb" (a +r) > 0 for r < —a. It follows that (h, — b,)(r) >0
for r < —2a and (h, — by)(r) <0 for —20 <r < —a. O

If b satisfies (3-1), then b and /& are monotone increasing on the positive axis and
map [0, 0o) to itself, so we can define inverse functions b=, nt:0, o0) — [0, 00).
Then both 5! and ~~! are monotone increasing. Although the functions » and h
are in general not comparable and do not satisfy a doubling property of the form
f(2x) < Cf(x), we have the following result about the inverse functions.

Proposition 4.5. Suppose b satisfies (3-1)—(3-5). Then for any A > 0,
') <b7'(A) <2071 (),
b~121) <2b71 (1) <271 (22),
'@ <2h7 ' (0) <2071 24).
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Proof. Let . >0, and let r = b='(1) > 0. It follows from Proposition 4.4 that
A = b(r) < h(r), and since A~ is monotone increasing, h1~' (1) < r = b~ ().
This gives the first inequality. Next, if 4 > 0 and if r > O satisfies 1 = h(r/2),
it follows from Proposition 4.3(c) that A = h(r/2) < b(r) — b(r/2) < b(r). Thus
b~'(1) <r =2h~'(1). Finally we have

2r r r
b(2r)=b(r)+/ b/(t)dtzb(r)—i—/ b'(t+r)dt Zb(r)—l—/ b'(t)dt =2b(r),
r 0 0
and this gives b~ (21) <2b~! (). The same argument works for any function with
monotone increasing derivative, and in particular for A. ([l

In general, the functions {b,} are not even for a # 0, even if b is even.” The
next proposition clarifies this lack of symmetry.

Proposition 4.6. Suppose that b satisfies (3-1)—(3-5). Let r > 0. Then

ba(_r)fba(r)s ba(_r)zba(r),
ha(_r)fha(r); ha(_r)zha(r)-

Proof. Suppose first that o > 0. Since b, (0) = b/,(0) = 0, for r > 0 we have

o > 0 implies [ and o <0implies |

by (+r) = /0’ b"(a+1t)(r —t)dt and b,(—r)= /O’ b (o0 —1t)(r —t)dt.

Thus by (+r) — by (—r) = for (r—1) [“* b (s)dsdt. If o —t > 0, then the inner

o—t

integral is positive, so b, (+r) — b, (—r) > 0. On the other hand, if & — ¢ < 0 we

have
o+t t—a t+ao t+o
/ b (s)ds = / b"(s)ds + / b"(s)ds = / b"(s)ds = 0
4 a !

—t —t t—a —o

since b (—s) = —b"'(s), and so f{j:? b"(s)ds = 0. Thus by (+r) — b, (—r) =0
again, which is the first inequality if a > 0.
Next, for » > 0 we have

ho(4r) = /Or h (s)ds = /Or sbl(s)ds,

0 r
—ha(—r):/ h;(s)ds=/0 (=), (—s)ds,

SO hy(r) — he(—r) = for s(bl(s) — bl (—s))ds = for s(b"(a+s)—b"(a —5))ds.
But for a, s > 0 we have b”(a +s) — b"(a —s) > 0, and 0 hy(r) — hy(—r) > 0,
completing the proof for a > 0. The case a < 0 follows similarly, using (4-8). U

THowever, if b(r) = r2, then by, (r)= r2 forall a € R.
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4.7. Estimates for |{r € R | by(r) < t~1}]. We need estimates for the measure
of the intervals on which the functions b, are bounded by a constant 771, In case
o > 0, these depend on estimates of the functions b,, and A, on the interval [—a, 0].
The key fact is that there is an interval [a —#(a), o] on which b(r), b'(r), and b” (r)
are essentially constant.

Set 57(a) = (b(a)/b'(a))/(2C) where C > 1 is the constant in (3-4). Note that
n(a) < a/2. It follows from (3-4) that for j € {0, 1, 2},

49) S5 D@ = 0@ b (@) = 160 @),

Proposition 4.8. Suppose that b satisfies (3-1)—(3-5), and let o > O.

(a) The functions {b)} satisfy
(i) 169 (@) <6 (r) <6 (a) if j €10, 1,2} and & — n(a) < r < a
(i) 0=bV(r) < (1-@C) bV (@) if j € {0, and 0 <1 < a — ().
(b) The function h,, satisfies
() 377" (@) < ho(=r) < 377" (0) if 0 <1 < n(a);
(i) 7b'(a)/(16C?) < by (—r) <rb'(a) if n(a) <r <2a;
(iii) b(a)+h(r—a) <h,(—=r) <4h(r) ifa <r.
(c) The function b, satisfies
(@) 372b"(a) < bo(—r) < 372" (a) if 0 <7 < y(a);
(b) rb'(¢)/(16C?) < by(=r) < rb'(a) if n(a) <r < 2a;
() b(r/2) = ba(—r) =3b(r) if r = 2a.

Proof. (a) Since the functions 5/) () are monotone increasing for j <3 and r > 0,
it follows from (4-9) that for a — #(a) <r < a we have

b (@) — bV (r) < (o — )b (@) < ()b () < 169 (a),

and so b (a)/2 < b (r) < b)) (a). This gives the first set of inequalities.
Next, if 0 < r < a — n(a) and j € {0, 1}, it follows from the first inequality
that b 4D (& — 5(a)) = bUTD(a)/2, and so we have

bO@ =00 = [ B0z @b = 60 @/ e,
a—n(a)
Thus bW (r) < (1 — (4C*~HbY) (a). This proves (a).

(b) Using Equation (4-6) and the monotonicity of »”,we have

o t
ha(—r) = / / W/ (s)dsdt < 12 (a)
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for 0 <r < a. On the other hand, if r < 5(a), we have

a t
hen= [ [ Hedsdr= 12 @ =) = 12 @ - @) = 7 @)
a—r Ja—r

by the first inequality in part (a). This gives the first set of inequalities. Next,
recall from (4-7) that h/ (—r) = —rb"(a — r), and so h, (—r) is monotone de-
creasing for r > 0. Using the first inequality in (b) and (4-9), it follows that
ho(=n(a)) = 47 (a)?b" (o) = (16C*H"'b(a) and h,(—a) = b(a). Thus we
have (16C*)~'b(a) < hy(—r) < b(a). This gives the second set of inequalities.
To prove the third set of inequalities, note that
ho(=r)—h(@r —a)
=(=rb'(a—r)—bla —r)+b(a))— ((r —a)b'(r —a) —b(r —a))
=ab'(r —a)+b(a).
If » > a, then ab'(r —a) > 0, so hy(—r) > h(r —a) + b(a). Also, if r > a,
ab'(r—a) <rb'(r)=h(r)+b(r) <2h(r). Thus

ho(=r) <h(r—a)+b(a)+2h(r) <4h(r).

This proves (b).

(c) First suppose 0 <r < 5(a). Then b”(a —r) > b"(a — n(a)) > b"(a)/2 by the
first inequality in (a). But b, (—r)= [*  [*b"(s)dsdt, so using the monotonicity
of b” it follows that

%rzb”(a) < %rzb”(a —r) <b,(—r) < %rzb”(a).

This is the first inequality. Next suppose #(a) <r <2a. We have b(a —r) < b(a),
and hence

by (—r) =rb(a) — (b(a) —b(a —r)) <rb'(a).

On the other hand, using the second estimate in (a) for »’ and the monotonicity
of b’, we have

b(a)—b(a —r) :/

a—r

a

b’(s)ds—l—/ b'(s)ds

a—n(a)
< (1—@CcH ™ (@) — n(@)) + (@) ()
= (1—@4CH™ b/ (@) + (AC?)  n(a)b (a).

a—n(a)

Thus if 27(a) <r, it follows that b(a) —b(a —r) < (1—(8C?)~!)rb'(a), and hence
bo(—r) =rb'(a) — (b(a) —b(a —r)) > (8C*)~'rb'(a). It remains to establish a
lower bound for b, (—r) for n(a) < r < 2x(a). In this case, using the fact that
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n(a) < a/2 so that a — n(a) > 0, we have

bu(=r) = by (—n(a)) = / . / b (s)dsdr = (@) (@ — n(e))
—n(a) Jt

a

> 1n(a)*b" (o) = (8C*) " 'n(a)b' () = (16C*)~'rb/ (a).
This gives the second inequality. Finally if r > 2a,
by(—r)=b(r —a) —b(a)+rb'(a) > b(r/2) +ab' (a) —b(a) > b(r/2),
and by Proposition 4.3, b, (—r) <b(r)+rb'(a) <b(r)+rb'(r/2) <3b(r). O
We can now derive estimates for the measure of the set |[{r € R | b, (r) < 1.

Proposition 4.9. There are constants ¢ < 1 < C such that
(4-10) if0 <t <b(a), then

c(zb"(@) ™ < lfr eR by (r) <77} < C(xb" (@)~
4-11) ifb(a) <t~ ! < h(a), then

c(zb' (@) < Hr eR|by(r) <t} < C(xb' (@)~
(4-12) ifh(a) <t~ then

'@ S reR|bu(r) <t} = ChT (@,

In particular, for any © > 0,

@-13) (@2 (@) 2+ b (@) + ) THT!
<lfreR|bu(r) <z}
< C(Tfl/zb//(a)fl/z +T71b/(06)71 +b71(‘[71)).
Proof. Since b, (r) = b_,(—r), it suffices to establish the estimates for a > 0. Now
by (r) = 7~ ! has two roots, —r; <0 <ry, and so |{r e R| bo(r) < Y =r 4.
By Proposition 4.6, rp < rj, and so ry < [{r e R| b,(r) < 1*1}| < 2rq. Thus in
proving (4-10), (4-11), and (4-12), it suffices to obtain estimates for r;.
Since b, (—r1) = v, it follows from Proposition 4.8(c) that
(4-14) r1 < n(a) implies  v2(zb"(a))™V? < ri <2(zb"(a))""/?;
(4-15) n(a) <r; <2a implies (tb' (@) <r < 16C*(zh (@)~
(4-16)  r >2a implies '3 e Yy < <2p7 (7).
It follows from (4-9) and the first inequality in part (c) of Proposition 4.8 that

(16C*H~'b(a) < by (—n(a)) < 8 'h(a). Remembering that t~! = b,(—r|) and
that b, (r) is decreasing for r < 0, it follows that if 7! < (16C*)~'h(a), then
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by (—r)) =17' < (16CH ™ 'b(a) < by(—n(a)), and so
4-17) 7! <b(a)/(16C*) implies r; < n(a).
Similarly, if 7 ~! > 8 'b(a), then b, (—r1) =7~ > 87 'b(at) > b, (—#(ax)), and so
(4-18) t7' > b(a)/8 implies 11 > n(a).

Now b, (—2a)=b(—a)—b(a)+2ab'(a) =2h(a)+2b(a). Since 0 <b(a) <h(a)
by Proposition 4.4, it follows that 2/ () < b, (—2a) <4h(a). If = <2h(a), then
bo(—r1) =17" <2h(a) < by(—2a), and so

(4-19) 7! <2h(a) implies ry <2a,
while if z=! > 4h(a), then b, (—r) = 7! > b, (—2a), and so
(4-20) 17! > 4h(a) implies r; > 2a.

The implications in (4-17) and (4-14) establish (4-10) if z=! < (16C*)~'b(a),
those in (4-17), (4-18) and (4-15) establish (4-11) if b(a)/8 < ! < 2h(a), and
those in (4-20) and (4-16), together with Proposition 4.3(a), establish (4-12) if
t7 > 4h(a).

Thus to complete the proof, it suffices to show that, given constants A <1 < B,
there is a constant C such that

(4-21)  Ab(a) <t ' <Bb(a) implies C~!'<b/(a)/(zb"(@)*<C
(4-22) Ah(a) <t ' <Bh(a) implies C~'<tb/(@)b'(c7H<C.

To check (4-21), observe that 5 (a) //75" (@) = /Tb(a)/b'(@)?/ (b(a)b" (a)).
It follows from the hypothesis (3-4) that this last quantity is bounded above and
below by constants independent of a.

To check (4-22), observe that 70’ (a) = (t/a)(h(a) + b(a)), and so the hypoth-
esis of (4-22) gives

1 _z @)=L z 1,z

Ba < ah(a) <tb'(a) = ah(a) + ab(a) < 10 + ab(a).

But Ah(a) < v~ and Proposition 4.5 imply a < h~'((A7)~!) < b~ ((Ar)™)),
and so b(a) < (A7)~!. Thus the hypothesis of (4-22) implies

1 b—l —1 2 b—l —1
LG p@ptey < 20,

4-23
( ) B a A o

Also, the hypothesis can be written 2~ ((B7)™") <a < h~'((A7)™!), and so
again by Proposition 4.5, it follows that 5~'((B7)™!) <2a and a < b~ ((A7)7}).



94 JENNIFER HALFPAP, ALEXANDER NAGEL AND STEPHEN WAINGER

Choose m,n > 0sothat 27" ! < A <27 and 2"~! < B <2". Then

()= (2 2 () =2
T T T

so b~1(z71) < 4Ba. Also
+1
2 ()2 () 20 () 2 () 2
T/ = )~ T - At/ —
so b~'(z71) > Aa/2. Combining these estimates with (4-23), it follows that
AQ2B)~' <tb'(a)b~'(z7") < 8A~! B, which completes the proof. O

4.10. Estimates of integrals. In our analysis, a key role is played by the functions

+o0
(4-24) o(a, 7) :/ e 2 gy and
—00
+00
(4-25) N, (p. 7) = / 20r—th ) g,
—00
as well as the quantities
(4-26) u(a, ) ={r eR|by(r) <77}, and
(4-27) v(a, 1) =l{r eR|ho(r) <z}

We will frequently make the substitution # = b/, (1) and use the following identity.
+00
Proposition 4.11. N, (b, (1), 1) = >« / e 2tbati () gy,
—o0
Proof. We have N, (tb, (1), 1) = fj;o €216 (D)r=ba() g~ Making the change of
variables r — r + A and then using identity (4-4) gives the stated formula. ([

The following simple estimates, in particular, relate ¢ (o, 7) and u(a, 7).

Proposition 4.12. For j, k > 0 there are constants Aj i (independent of b) such
that if b satisfies (3-1) and u = |{r e R | b(r) < 1}|, then

+oo , +00 k1
/ b(r)f|r|’<e—”<’>drsAj,ku"“sAj,kek+‘( / e—b<r>dr) .

—0o0 —0o0

Proof. Let [a, f] be the interval on which b(r) < 1. Then

400 s
/ e b qy > / e by > eil(ﬁ —a)= eil,u.
o

—00

This establishes the right side of the inequality in Proposition 4.12. To establish
the left hand side, it suffices to make estimates on the positive real axis. Let r,,, >0
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be the point such that b(r,,,) =m. Thenrg=0and ry = |{r > 0| b(r) < 1}| < u.
We have

400 k() e
b(r)rfe ""dr =
) =

On the other hand, since b’ is monotone increasing and 1 = b(r;) < r1b'(r1), we
have

b(r)frke_b(r)dr < _kj—l Z r,lfflmfe_m.

Fm—1 m=1

m=b(ry) =1+ [["b'(s)ds = 1+b'(r1)(rm —r1) = 1+ ((rm, — 1)) /71

Thus r,, <mry <mu, and it follows that

/O b(r)/ e ar < o (Ze—mmj-i-k—}—l)luk-i-l‘ 0

Corollary 4.13. There is a constant A > 0 independent of b such that
—1 < M (OC, 7'-) <
R CI

The next result gives additional information about ¢ (a, 7) as a function of a.

Lemma 4.14. Assume that b satisfies (3-1), (3-2), and (3-3), and that ¢ (a, ) is as
defined in (4-24).

(@) Lett > 0. Then

op : ap .
a0{(0z,r)§01f0¢>0 and a(X(oc,r)zOlfoc < 0.

(b) There is a constant A > 0 independent of b such that for all o € R and all
>0,

122 (0, 0)| < Aeb" (@)@, 0)?,
(c) There is a constant A > 0 independent of b such that if t > 0,

<0 <xi <xy implies p(x2, 1) <p(x1, 1)+ AT (b (x2) — b/ (x1)),
yi <y2<0 implies p(y1,7)"" <p(y2, 1) '+ A (' (y2) — B’ (M)).

Proof. Since ¢(a, 1) = f_t;o e~ 2t blatn)=b@)=rb'(@) gr e have
op +oo ,
—(a, 1) = (=21) / e~ 2Tt =b@=rb @) (¢ 4 1) — b/ (a) — rb" () dr
oa oo
+0o0
— (—2‘[)/ e—2r(b(a+r)—b(a)—rb’(a))(b/(a +r)— b’(a))dr
—00

+0oo
+2¢b"(a) / re= ") dr
—o0
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+00 d
:/ d ( —ZTba(r))dr +2Tb//(a)/ 2Tba(r)dr

=27b"(a) / re > dr.

It follows from Proposition 4.12 that

400
‘aw (a, r)) < 21b”(a)/ Irle™ 2™« War < A" (a)p(a)?,
—o0

which establishes (b). Also,

+00 [o9)
/ ro=2tba(0) g, =/ P (e 20e) _ g=20bu(=1)) gy
—o0 0

According to Proposition 4.6, b, (r) > b,(—r) when a > 0 and r > 0. Hence
(09 /0a)(a, 1) is positive for a < 0 and negative for a > 0, which establishes (a).
Now if s > 0 we have

0
—8—(p(s ‘aqo (s, r)‘ <2rb”(s)/ Irle 2O dr < Atb" () (s, )2,
s
and so
a 1 /!
(4-28) 5(¢ o T)) < ATb/(s).

On the other hand, if s < 0, we have

0
aq)( 1) = ‘ 26, T)) = 2Tb”(s)/ rle > dr < Azb"(5)p (s, )7,
s
and so
0 1

42 ——( ) < ATb'(s).
@2 o5 \oG ) =40
Thus if 0 < x; < x, we can integrate (4-28) from x; to x, and obtain

1 < 1 < 1

p(x1,7) ~ p(x2,7) T @(x1,7)

If y; < y» <0 we can integrate (4-29) from y; to y, and obtain
1 < 1

p(y1,7) T 9(y2, 1)

We need one further preliminary estimate.

+ AT (D' (x2) — b (x1)).

+ A7z (D' (y2) — b (). O

Proposition 4.15. Suppose that b is subcritical. Then for any f, N > 0

1
/+ e P! GA) NI DTN+ (M) M)dA < +o0.
-1
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Proof. If b is subcritical, then according to Definition 3.2, there are constants
0 <y < 1and C > 0 such that [b'(r)|b(r)~! < C|r|~'~7. Integration of this
inequality shows that b(r)~! < C; exp(C»|r|™") for some constants C; and C». It
follows that for any N > 0, we have, since y <1,

+1 +1
/ e_/“rlb(/l)_Nd/l <G / e PATHNGIIT ) < o,
-1 -1

To deal with the integral involving |b'(1)|~" or " (1)~ instead of b(1)~V, we
can use the hypothesis in (3-4). We have

L1 () _ C B L
LD~ b W)~ b(D) bh) SC(ST‘EI'B D) 5057 = w0
1 1 b)) ()] - C? B(/l)2 - Cz(sup B(/l)z) 1 - ol

b'(A) b IB A B'A) ~ b)Y b T\ b(A)? = b(A)>

Thus |6'(A)|™N < b(A)72N, and b”"(1)~N < b(A)73V, and we are reduced to a
known case. [l

4.16. The key estimates. Recall that we assume b(r) is given by a convex poly-
nomial for |r| > 1, and hence that b(r) < (1 + |r|)V for some positive integer
N. We shall deal with functions like '(1) — b'(a) or b’(A + @) which then grow
like [A|¥~!, uniformly for || bounded. Thus let ® (A, ) be any function such that
if || < ap < 00, we have |® (4, a)| < C(1+4 |A[)N~!, where C can depend on a.

Lemma 4.17. Let m > n+ 1 > 1 be positive, let My > 0, and let 0 < ag < +00.
Then there is a constant C = C(m, n, My, ag) < +00 such that if M > My and
la] < ag then

// e TMH2 =) () )L™ D (4, o) "B () dAdT < C.

>0

Proof. We can assume that b(r) < C|r|" for large |r| and b(r) < Cr? for small |r|.
It follows that (b~'(A~1))~' < (CA)"/V for A small, and (b~ (A7)~ < (C1)!/?
for 4 large. Then using Proposition 4.12 and inequality (4-13) of Proposition 4.9,
we have

-1
o0 = ([ 0ar) " <cltreRIbe) <7

<CE'2"D) P+ b/ () + 07 @)TH
S C(Tl/zb//(/'{)l/z_i_z_b/(/'{) +T1/2+TI/N)‘
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Thus to prove Lemma 4.17, it suffices to show that each of the following three
integrals is bounded by a constant depending only on m, n, My, and o:

I:// e—T[Mo-i—Zha()»—a)]z_m+1/2b//(/1)3/2|cD(/{,a)|nd/1d,[
>0

400 D) np () 3/2
:Cm/ OBy
oo (Mo+2hy (A —a))ymt3/2

I = // ¢t Mot 2he Gy (N e @ (4, )b (M) ddd e

>0

=G / 0 @)"B () (Mo + 2 — )",

—0o0

III://e—‘L’(M(H-Zha(ﬂ—a))TmKD(/'{’a)|nb//(l)(z_l/2+Tl/N)dldT

>0

+o0o ni, +0o0 ni
</ |D (4, a)"b" (1) cu+/ DA, a)|"b" (1) "
~J oo (Mo+2ha (4 —a))mt3/2 oo (Mo+2hg (4 — o))y H1+UN

In all three integrals, the denominator of the integrand never vanishes since My > 0
and A, (A —a) > 0. The only issue is the convergence of the integral as 1 — F00.
But for large | 1|, we assume that b(1) ~ |1|" for some N, and so for |a| bounded,
b'(2) ~ |AIN72, 1B/ (A)| ~ |2V, and By (A — a) ~ |A|N for large |A]. Thus all
three integrals converge, and clearly depend continuously on a. (]

Lemma4.18. Letm>1, n>0, ¢ >0, fo>0,and0 <ap < a; < +o0.

(a) If b is subcritical, then there is a constant C = C(m, n, q, Bo, a1) < +00 such
that if p > Po and if |a| < ay, then

// e 2thaU=)=B/0(L.0) gy (3 )" D (A, a)|"b"(A)dAdT < C.

>0

(b) If b is supercritical, there is a constant C = C(m, n, q, o, 0o, 1) < +00 such
that if B > fo and if ag < |a| < a1, then

// e 2thaU=a)=B/0(L.0) (3 7)1 D (A, @)|"b" (1) dAdT < C.

>0

Note that in (a) the constant C is independent of o, while in (b), the constant can
depend on o.
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Proof. First observe that if f > By and ' = /2,

s venl ) e con{ o) el k)

where C, depends only on g. But since the constant C in either (a) or (b) is allowed
to depend on fy and g, it suffices to consider only the case g = 0.
Next, we study the integral in 7. Put

H(,a, B, m+n)—/ooexp(—2rha(/1—a)——q)(f r))rmﬂd[

b(A)! h(2)~! B
/ / / exp(—Zrha A—a)— —)rm+"dr
byt Jhoy-! 0 p(4, 1)

=I1+11+1I.

It follows from Proposition 4.9 and Corollary 4.13 that

c/Tb"(A), in integral I,
(4-30) o, 7)1 > ctb'(A) in integral II,
cb~'(z=")~! in integral III.

We analyze each integral separately. We will use the inequality

[e.0]
(4-31) / ﬂ)e*f”*ﬂﬁdt5cp(5+u2)*/’*1(exp[—%xa]+exp(—%ﬁﬂ))

where «, p, 6, u > 0 and C, is a constant depending only on p.

Integral I: Tt follows from (4-30) that
+00
I </ e—21ha(l—a)—c/f\/?«/b”(/l)z_m-i-ndz_‘
ey
We make two estimates. We can replace the integral over [b(1)~!, c0) by the
integral over [0, 00), and obtain
(4-32) I <Clhy(A—a)+b"(2) """,

On the other hand, we can replace the term ¢~2%"«(*=®)in the integrand by 1, and
get

(4-33) I1<C CXp(——ﬂ l;:((j) )b//(i)—m—n—I.

In both cases, the constant C depends on m + n and f.
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Integral 1I: 1t follows from (4-30) that

o0
I < / o=t Qha(ima) kBB (D)) mtn
h(1)-!

5 c N (_2ha<z ~a) +ﬁ|b'u)|)
= e G—a)+ b Dyt P 2h(%) ’

where the constant C depends on m +n and f. Hence in particular,

(4-34) nH<Cthy(A—a)+ |b/(/1)|)—m—n—1,
and

107y —m—n—1 BIb'(2)]
(4-35) H<Clp Q) exp(_ e )

Integral III: In this case it follows from (4-30) that
h(i)il —1 —1y1—1
i 5/ e 2haU—a)r—cflb™ (z™ )] pmtn g,
0

Make the substitution b~ (z 7!y =35, sothat t =b(s) !, and dr = —(b'(s) /b(s)*)ds.
Then Proposition 4.3(c) and Proposition 4.4, we have b(1) < h(1) < b(24), so
A <b~'(h(A)) < 2. Thus we get

Illg/lwexp(_m_%) b'(s)

b(s) s ) b(s)m+n+2
Again we make two estimates. If we drop the term —cf3/(2s) and let b(s)~! =1,

we get

()" )
(4_36) I < / e—Zha(A—a)ltr11+n dt < C(ha (/1 _ OC) + b(l))_m_n_] .
0

On the other hand, if we drop the term —2h,(1 — a)/b(s), we get

o) b/ 00 b/
(4-37) Illg/i exp(—%)ﬁdss/o exp(—%)ﬁd“

which, if finite, is independent of 1.

We now return to the study of the double integral appearing in parts (a) and (b)
of Lemma 4.18. Recall that when b is supercritical, we require 0 < a9 < || < a1,
and we must bound the integral by a constant depending on m, n, g, B, ag, and a;.
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Using (4-32), (4-34) and (4-36), we have

+00
(4-38) H(a, B, 2, m+n)| @4, a)|"b"(A)dA

+°°_ |(I)(/1,a)|”b”(/1) +00 |q)(/1,a)|”b//(/1)
f/oo (ha(z—a)+b//(z))m+"+1d”/oo UaG—a) 1 Dy
oo DL, )" (2)
+/_oo (60D + ha G — a1 4%

We need to check that all the integrals on the right side of (4-38) converge at
infinity, but this follows as in the proof of Lemma 4.17 since we are assuming that
b(A) =~ |A|N for large ||, with N > 2 and m > 1. Also, if a # 0, the denominators
in these integrals never vanish and clearly depend continuously on «. Thus in
the critical case, when |a| > ag > 0, we can bound these integrals by a constant
depending on ag.

In the subcritical case, we need to make estimates independent of a lower bound
for |a|. For this we use all the estimates (4-32)—(4-37), and split the integrals
depending on whether |1| > 1 or || < 1. We have

“+0oo
(4-39) H(a, B, 1,m+n)|®A, a)|"b"(A)d 1

—00

P2, )I"b"(4) B [0 QU a)"b" ()
= [ e it [ oG E) e @
[A1>1 1A<1

|(D(/1,a)|"b//(ﬂ) ﬁlb/(iﬂ |(D(i,0()|nb”(/1)
+/ (ha(l_a)+|b/(j-)|)m+”+l d/l +/ CXP(_ Zh(l) ) |b/(i)|m+”+l dﬂ,

i1 HE
| (4, a)["b" (4)
((2) + ho (A — o)ymtnt]

+ / D4, @)["B" (1) dA (/OOO exp(—%)%ds).

[21=1

[2]>1

The integrals for || > 1 still converge. We need to check that the three integrals
for |A| < 1 converge despite the presence in the denominator of terms b”(1)"+"+!,
|B/(A)|" T and b(A)" T2, However, b(1) < 22b”(A) and h(1) < A|b'(1)], so
in the subcritical case, the integrals converge by Proposition 4.15. U

5. Estimates for the function N

To estimate the Bergman and Szegd kernels, we shall need detailed information
about the behavior of the term N, (7, ), defined in (4-25), which appears in the
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denominator. Indeed, we will need to study this function when the real variable #
is replaced by a complex variable z. Note that, for each real a,

+00
(5-1) No(z,7) = / et g
—00

converges absolutely for all z € C and defines an entire function. These functions
are related as follows.

Proposition 5.1. Forz € C, 7 > 0, and a, f € R,

(5-2) Nusp(z, 7) = e e 2 DN, (2 + b (B), 7).
In particular, for 7 =0,
+00
(5-3) Nu(zb (B), 7) = &> P / ¢~ 2%bess @) g,
—0o0

Proof. Since b, 3 = (by)p, we have

+o0
Notp(z, 7) =/ 2t () gy

—00
+00

_ / exp2(rz — tha(r + B) + tha(B) + rbl, (B))dr

o0

_ leba(ﬁ) /+OO exp(2(rz —Thy(r +ﬁ) + Tl’b:l (ﬁ)))dr

]

+00
_ eszaun/ exp(2((s — B)z — thy(s) + (s — )b, (B)))ds

[o.¢]

+00
= e~ 22 2rba (B2 bu () / exp(2(sz — thy (s) + tsb, (B)))ds

—o0

_ e_zﬂze—Zrha(/)))Na (Z + Tb; (,B), T)' -

5.2. Estimates for Ny(z, T) for z € R. We begin by studying the behavior of
N(z, t) = No(z, 7) on the real axis. When b is even, we have the following simple
estimate for No(7, t) from below. (Recall from (4-26) that u(4, 7) is the measure
of the set where b, (r) < z71.)

Proposition 5.3. Suppose that b € €°°(R) satisfies (3-1) and is even. Then
e,U(O,T)l’] — e—,u(O,z)n
2n
Proof. Let 4t = u(0, 7). Then tb(r) <1 on the interval —u /2 <r < +u /2, and so

Tz KN __ o=
No(n,7) = / e P dr > e_z/ e dr = e_z(i). a
—u/2 —u/2 2

No(n,7) = e‘z( ) =e 2" sinh(u(0, 7)n).

+u/2
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We next obtain bounds for #-derivatives of Ny(#, t) for general convex, not
necessarily even, functions b.

Proposition 5.4. Suppose that b € €°°(R) satisfies (3-1). There is a constant C > 0
such that

(5-4) C'e®"D (1, 1) < No(zb' (), 7) < C*" D (2, 7).

Moreover, for each positive integer n, there is a constant C,, such that

‘ 0"Ny
on"

(5-5) (eb/ (1), )] = CNo(eb'(2), ) (st (2, 7" + 2.

Proof. Making the change r — r + A, we have

"N +o0 400

o (n,7)=2" / P20 =tb() gy — o1 2(ni=tb(2) / (r+ 2)'e 200 gy
n o0 e

When n = 0, (5-4) follows from Proposition 4.12 or Corollary 4.13. If n > 1, then
[r + A" < C,(Jr|" +|A]™"), and so

"N - -
on" (. T)‘ < Gy (/
—00

+00 +oo
|r|ne—21b,1(r)dr + |/1|n/

—00

e_zrb*(r)dr).
Then (5-5) follows from Proposition 4.12 and the inequality in (5-4). [l

5.5. The complex zeros of Ny(z, T). We study N,(z,7) = f_Jr;o e2(rz=tha() g ag
a function of the complex variable z. Clearly N, (5, 7) > 0 for # € R. Our first
objective is to identify a zero-free region for N, (z, ) about the real axis.

Proposition 5.6. Suppose that b € €*°(R) satisfies (3-1). There is an absolute
constant C such that if A € R,

(5-6) e P No(zb'(2) +iy, 1) — No(zb'(4), 7)| < Clylu(Z, 1) No(zb'(2), 7)
forany y € R, and

(5-7) Iyl <ou,0)~" implies |No(zb'(2) + iy, 1) = 3 No(zb' (), 7),
where o = (2C)~" and C is the constant in (5-6).

Proof. Consider first the case when 1 = (0. We have

+o00
oo (z,7)= 2/ re? it gy,
0z —c0

Thus

y
58 INoGiy. 0 = No(0. 0l = [ [P Gis, s
0 Z

+00
/ re2(irs—rb(r))dr

—0o0

<2[y| sup

[s|<y

= C|y|,u(0, T)NO(O’ T)s
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where the last inequality follows from Proposition 4.12. This gives (5-6) when
A=0.
Next, it follows from Proposition 5.1 that for any A € R,

+o00
No(z, 7) = 2070 / A=t D) =bi)) g,
—0o0

In particular,

+o00o
No(zh'(2) + iy, 1) = AV D+ —eb () / e 2t g,

—00
Thus
’e—zi}’iNo(rb’(l) + iy, T) — No(Tb/(i), T)|

+0o0 +00
:eZ(ATb’(/l)—rb(Z))‘/ €2iyre—21'b,1(r)dr_/
—00

—00

e—ZTb;(r)dr‘

+00
< Clyl|{r eR|by(r) < v~ "}]e**? (A)—rb(/l))/ o-2bi() g,

—0o0

= Clyl|[{r e R1by(r) <t~} No(zb'(2), 7),

where the inequality follows from the inequality in (5-8) applied to the function b;.
This establishes (5-6) in general.
Finally, if 2C|y|u (4, t) < 1, it follows that

No(zb'(A), 1)
< INo(zb'(2), T) — e P No(xb' (A) + iy, )| + e P No(zb' (1) + iy, )]
< INo(zb' (1), ) + [No(rb'(A) + iy, 7)|
s0 |No(zb' (M) +iy, )| > %No(tb’(/l), 7). We take o = (2C)~! and obtain (5-7). O
If we now apply Proposition 5.6 to b = b,, we obtain the following:

Lemma 5.7. Suppose that b € € (R) satisfies (3-1). There are absolute constants
C > 0and o = (2C)~" such that for any a, A € R,

(a) forany y € R,
e Ny (2, (2) + iy, 1) = Na (2, (2), )| < Cly|u(A+ a, ©)No(th),(2), 7).
(b) In particular,

Iyl <ouCi+a,t)"" implies |Ny(th,(A)+iy, )| = §Na(zb),(2), 7).

Proof. Assertions (a) and (b) follow since the function Ny(z, 7) defined with respect
to the function b, is the function N, (z, ) defined with respect to the function b,
and from the identity in (4-4). O
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Corollary 5.8. Suppose that b € €°°(R) satisfies (3-1) and (3-2). There is an
absolute constant o > 0 such that

IVl <ou©,7)"" implies |No(n+iy, 1)l = SN, (n, 7).
In particular, if |y| < o u(0, )7, then Ny(n+iy, 7) #0.

Proof. Under the extra hypotheses of the corollary, it follows from Lemma 4.14
that fj;o e~ 20y attains its maximum for fixed ¢ when o = 0. Therefore
ly| <o u(0, )~ implies |y| < o u(a, t)~" for all @ € R. The result now follows
from Lemma 5.7. ]

We next study the function Ny(z, 7) = N(z, t) for 7 large, and show that under
suitable hypotheses on b, the function does have zeros on the imaginary axis at
height above and below the origin on the order of (0, 7)~!. To simplify notation
in the next result, we write u(z) = u(0,7) = |{r e R| b(r) <z~ }|.

Theorem 5.9. Assume that b € C*°(R) satisfies the conditions (3-1)—(3-4) and that
lim, 0 @ (r) = 0. Then there are constants n, A, B > 0 such that

(5-9) NG, ) — w| - 2‘Smh<ﬂ<f>z>‘

ifO(u(r)) <nandifz=x+1iy € Q1 UQ,, where

le{x+iye¢3‘|x|§ﬂ(1r) an ]Sin:(‘r()ry)y) > BO(u())},
A
=iy <€ 77 = M1 = pgary Y S e )

Proof. Write

N(z,7)= / e*rdr + / X (20 _ 1)dr + / G2er=eb(®) g,
2lr|=p(z) 2lr|=u(t) 2lr|zp(z)
=1z, t)+1(z, 7))+ 1(z, 7).

Observe that I (z, 7) = (e¥*(?) — e=2#()) /(27)) = sinh(u(7)z)/z .
We now estimate |/I(z, 7)| and |Ill(z, 7)|. Write z = x +iy. Since 27b(r) > 0,
it follows that 0 < 1 — e=272") <2¢h(r). Thus since B(s) = fos b(r)dr, we have

(z,7)| < / e 2eb(r))dr< 4re™* DB u(r)).
2lr|=u(t)
Next, for r > u(t)/2, since tb(u(r)/2) = 1, we have

th(r) = th(3u(0)) +7(r — (@)D (Gu(1) = 1+ 2(r — 3 (D) (31(2)),
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s0 th(r + u(r)/2) > 1+ trb’(u(r)/2). Thus for |x| < 1/27b'(u(r)/2), we have
o o
Gz 7)) <2 / P20 =eb() g — o / P24 D)l bl p(2)/2) g
w)/2 0

< g/‘(f)mB/(lu (T)/Z) /OO le(IxI—rb’(,u(r)/Z))dr < 4€|x|”(f) ‘
- 0 = 0 (u()/2)

Since B'(u(z7)/2) = b(u(z)/2) =t~ !, it follows from these estimates that when
|x| < 7/2b'(u(t)/2), we have

_ Sh(()2)
<

NG 1) = 4¢P (2 B(u(r)/2) +

1 )
Tb/(,u (‘L’)/Z)
< Cl,u(r)e‘x‘“(f)@(,u (T)),

where C; involves the constant appearing in (3-4). (We are using the fact that ®(r)
is increasing for small ¢.) It follows that the estimate in (5-9) holds provided that

(5-10) 2C1|z]p(2)e" MO (u(2)) < Isinh(u(7)2)].
Note that
[sinh(x(7)2)|
= (sinh®((2)x) + sin’(u (2)y) 2 = %Usmh(ﬂ(f)xﬂ + Isin(u(2)y)).
If z € Qq, then |x|u(z) <1, and s0 2C10 (u (7)) (1 +2|x|u(zr)) <6C10 (u(7)).
If zeQy, then 1 < |x|u(r) and |x|u(z)O(u(r)) < A, so
2C10(u(r))(1+2[x|u(z)) <6Ci|x|u(r)O(u(r)/2) <6CA.
It follows that

-1
(5-11) Olu(m) +4 <e6Cy) ] implies 2C;10 (u(7))(14+2|x|u(r)) <e.
ZGQ]UQZ

Suppose x +iy € Q. Since ¢ > 0 implies re’ < (1 + 2t) sinh(z), it follows from
(5-11) that if @ (u (7)) + A < e(6C))7!,

2C1 x| (2)e™ D@ (u(r)) < 2C10 (1(2)) (1 +2p(2)|x]) sinh(|x| (7))
(5-12) < esinh(u(r)lx]).

Also, since z(7)lx| < 1 and [sin(u(7)y)/(u(r)y)| = BO(u(t)), if €B > 2Cye?,
it follows that

(5-13) 2C;pu(2)|yle OO (u(r)) < 2C e B~V sin(u(r)y)| < elsin(u(z)y)].

Thus (5-12) and (5-13) show that if ® (1 (7)) + A < €(6C,)~", if e B > 2Ce?, and
if 2+/2¢ < 1, then (5-10) holds for all x +iy € Q;.
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Now suppose x +iy € £,. Using (5-11) again, we have

2C1 x| 1 (2)e D@ (u(r)) < 2C10 (1 (2)) (142 (2)|x]) sinh(|x| (7))

(5-14)
< e sinh(u(7)[x]).

We also have |y| <37 |x|/2 < 5|x|, and so

2C () |yl OO (u(r)) < 5-2C x| u(2)e* DO (u ()

(5-15)
< Se sinh(u(7)|x]).

Thus (5-14) and (5-15) show that if ®(u (7)) + A < €(6C;)~" and if 65/2¢ < 1,
then (5-10) holds for all x +iy € Q;.

Thus we can choose, for example, € = 1072, and then set A = 6(6C1)_1/2,
B =4¢"'C €%, and n= €(6C;)~! /2. With these choices, the estimate (5-9) holds
for all z € Q; UQ;. U

Corollary 5.10. Assume that b satisfies the hypotheses of Theorem 5.9. Then there
exists wo > 0 and ¢ > 0 such that the following hold if u(t) < po:

(a) The function N (z, ) has no zeros in the regions

3
[r+ivee| o == mewmy 1=

and in these regions,

sinh(se(r)\x)

IN(x+iy, )l = ¢
|x|

(b) The function N (z, t) has precisely two zeros in the region

0<lyl=<

{x—l—lye(ﬁ‘ |x] < ——

3z }
( )’ 2u(r) )

These zeros are complex conjugate and purely imaginary, and can be written
+io/u(r) where 3n /4 < o < 5n /4. Moreover, for |x| < 1/u(z), we have

sinh(u(7)|x]) +1

‘N(X:l:l
|x] 41

IS

Proof. The holomorphic function z~! sinh(x(7)z) has only simple zeros located at

the points {nm',u(r)_l} forn = +1, 42, .... The existence and absence of zeros
for the function N (z, 7) then follows from Rouché’s theorem and the estimates of
Theorem 5.9. Since N(z,7) = N(—z,7) = N(Z, 1), it follows that the zeros are
purely imaginary. ]
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5.11. The complex zeros of ¢ (e, w). Recall that g (o, 7) = [*_e™2"?«")dr from
(4-24). If we replace the real variable t by a complex variable w = 7 +is, then

o0
(5-16) o(a, w) :/ e 2wba (") gy

is a holomorphic function of w in the half-plane Re(w) > 0. Clearly ¢ (a, w) > 0
if w is real. We have (8/0s)(p(a, t +is)) = —2i [*_ by (r)e 290y, and
so by Proposition 4.12,

L@ rtion|=2 [ e Oar

—00

o0
<Cr! / e 20 gy — Cr_lgo(a, 7).
—0Q

Thus |@(a, 7 +is) —@(a, 7)| < C|s|t ' ¢(a, 7). This proves the following result.
Lemma 5.12. There is a constant o > 0 such that if |s| < o1, then
lp(a, t+is)—p(a, 1) < 0(a, 7).
In particular, the holomorphic function ¢ (a, w) has no zeros in the angular region
about the positive real axis {w € C | |[Sm(w)| < cNe(w), w # 0}.
6. Proof of Theorem 3.4

Recall that
21=p L 1=,
-8) B -« n(zi+wi)+it(z2—w2) )
(8 B 0) = 1ari =) //Doe T = gy 14T

In this section, we establish the absolute convergence of this integral, and identify
it with the Bergman and Szeg6 kernels.

6.1. Proof of absolute convergence (part (a)). Let C = C(p) denote a constant
that depends on p and may change from one line to the next. Then with z; = x+iy,
Zy=t+ib(x)+ih, wi=u-+iv,and wy =5 +ib(u)+ik,

|62, 05, 05,85, By (21, 22), (w1, w2))]

217wy T2 w2

+b o ctd+1-
<C / / g1 =ebrb)—cey 1T
fR ez(rﬂ_fb(r))dr

>0

= C [ [ e TC@ ) =2b(F)+(h+h) n
fR eZ(nr—r(b(r-‘,—%)_b(%)_rb/(%)))dr

a-‘rbz.c-l-d-l-l—p

dndr.

>0
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Ifweleta = (x4+u)/2, A=>b(x)+b(u)—2b(a), and 6 = h + k, then

b d+1—
|aa 61, s 6d 5 ( w)| —c —r(AJ,-a) a+ c+ +1=p dnde
217w Y22 W2 5 ez(ﬂ" tba (1) dr et

>0

We need to show that this last integral converges for A 4+ > 0.

However, this follows easily from Lemma 4.17. Leta+b+c+d+2—p=m
and a +b = n, such that m > n+1 > 1. Make the change of variables # — b, (1)
and use Proposition 4.11. Then we have

0% 02 o¢ 04 B, (z, w)]

z17w1 Y22V w2

—t[A+3] ,~2eha() __t Pa ) by, (2)" "
< C// f =TT b,(A)dAdr

>0

—~e[A+0] 2y () T "by,(A—a)" ,
<C / / —f ! (A)dAdt
>0
=C / / e TATIR2Tha =) (3 YT (B (D) — b ()" () dAd T
>0
<C(p,m,n,A+9,a),

where the last inequality is the content of Lemma 4.17.

6.2. Proof of part (b). The weighted Bergman spaces Bg (Q) for p < 1 are defined
in Section 2.1. We want to show that the corresponding Bergman kernel is given
by the function 3B, (z, w).

A function f € LIZJ (Q) is holomorphic if and only if f satisfies (in the sense of
distributions) the partial differential equations

6-1) (a%—i-i%)[f]:O and (%-l—ia%)[f]zo.

If we make the nonsingular change of variables
Q3 @x+iy,t+is) > (x,y,1,5 —b(x)) = (x,y,1,h),

the domain Q is mapped to the domain [R{i ={(x,y,t,h) € R* | h > 0}, and in the
new coordinates, equations (6-1) become

62 (5@ Tis)U1=0 ad (5 +ig )=

These in turn are equivalent to the equations

0 0 0 0
f 4 ( o _y ) of ) of  .of
X

(6-3) Zl[f]za— 0 and Zyf f]—a—i-z%—O.
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Thus if we use coordinates (x, y, ¢, 1), the space Bg (Q) is identified with the space
of functions B>(R%) C L*(RY; h™Pdxdydtdh) = L;(R}), which satisfy the two
equations in (6-3) in the sense of distributions.

In analogy with (2-6), define a partial Fourier transform & and its inverse by

FLF1(x, 7, 7, ) = / / 2RO £ (¢ y 1 Ry dydt,
(6-4) o

UF1G a1, h) = / / RO (3 e ydyde
RZ

for f € $(R*), the Schwartz space. Then % extends to an isometry of L?(R%).
Also define a multiplication operator Jl and its inverse by

M[g1(x, 7, T, h) = e 2T o (x 7 ),

(6‘5) +27 (nx—1b(x)—1h)

Mglx, T, h) =e g(x, n, 7, h).

Let Zf) (Ri) denote the weighted space
L*RY, T(1 = p) let*mn=b®O=th p=p gx dndcdh).

Then M : L2(R}) — L2 (R%) is an isometry. It is now easy to check that

(6-6) Zi= F LT and Zo=iF A ST

Thus the space BZ([RR ) is conjugate via the isometry A% to the subspace E,%(Ri)
of the weighted Hilbert space L2 ([R{ ) annihilated by the operators 6/0x and 0/0h.
Of course, BZ(IR{4 ) is just the space of functions in L? (R“) that are independent
of x and h. Moreover if #, is the orthogonal pI‘O]eCtIOIl of L2 ([R{ ) onto this
subspace, then

(6-7) B, =% '"'?,MTF.

To understand BZ(R ), suppose ¢ € L2 ([R{ ) is independent of x and 4. Then

”¢”L2(R4 // |¢(;,l’_[)| // e (nx—tb(x)—7h) p — pdhdx)dndr
h>0
=1 -p) [[ ot Gr oy N Cag 220 dnar,

where N (%, 7) = No(#, 7) as defined in (4-25). Since N(#,t) = +ooif <0, it
follows that if ||¢||L2(R4 < 400, then ¢ is supported in the set {(#, 7) € R* | 7 > 0}.
Thus BZ(R ) is 1de§1t1ﬁed with the set of functions ¢ (5, ) supported where 7 > 0
such that [[1¢(n, ©)1?e?"'NQrn, 2nt)dndr < +oo.
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For each fixed (7, 7) € [RR%F, let

L2, (R =L*R, T(1—p) et r=rbO=hp=r gy qp).

Then we can regard L2 (IR ) as the space of functions g defined on R%r so that
gy, 1) € Lp " T([R ) and so that || g (7, T)||L2 (®2) is square-integrable with re-
spect to the measure dndt. With this 1nterpretat10n BZ(IR ) is the set of square-
integrable functions on [RZ with values in L% " T([R ) whose values are constant
functions.

Let 0 and 1 be the functions of (x h) taking on the constant values 0 and 1.
Then the orthogonal projection of L2 (R ) onto the subspace of constants is
given by

pilsT

if r <0,
6-8 P x,h) = — .
O  Fpnelglleh) [nlnz;mmﬁg,1>z§,,,,,(Rg)1 if7>0,

and if g € L2([Ra ), then
(6-9) 9)p[g](xa n,t,h) z@p,n,r[gn,r](-xah)a
where g, . (x, h) = g(x, n, t, h). But
(6-10) (1113, ®) = / / M=t =tN p=p g dh = (4x )"~ 'NQr y, 27 7).
P17 o+
R
Thus from (6-8), if T > 0,
1—
(47[7) ’ // g(l’, k)e47r(;7r—rb(r)—rk)drdk.
I'l—p)NQnn,2r7)
R

Hence it follows from (6-9) that P[g](x, , 7, h) =0if ¢ <0, and, if 7 >0,

(6-11) g)q,t[g](xa h) =

(6'12) P[g](x, 1, T’h)
(@rt)'—r

— k 4n(11r—rb(r)—rk)k—pd dk.
L(1—p)NQay.2n7) //g(”’ e ’
R

We can now compute B, = @_IM_I@I)JM}. We have
B,Lf1(x, y,1,h) = / / T M, MFLf(x, 7, 7, h)dyd

— // eZn’i(77y+tr)+271:(nxfrb(x)frh)@p‘/mg[f](x’ 7T, h)dﬂdT
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— 1 //// e27ti(ny+tt)+2n'(i]x—rb(x)—rh)+4n'(nu—tb(u)-i—rk)
I'(1—p)

7>0,k>0

G F —p
N, 27”)MJ+’[f](u, n, T, k)k P dudkdndz
— 1 //// eZni(ny+tr)+27r(qx—rb(x)—rh)—i—ém(nu—rb(u)—i—rk)—27r(nu—rb(u)—rk)
I'(l-p)
7>0,k>0
(4r)'=,

—_—F .1, T, k)k~ " dudkdnd
X Ny 2y P11 7 Ok dudkdnde

— 1 //// e27ri(17(yfv)+r(tfs))e+27z:(n(x+u)7r(b(x)+b(u))fr(h+k))
I'(1—p)

t>0,k>0
(@rt)=r
X —_—
NQrn,2rt)

= F(l;—p)/// flu,v,5,k)B,((x,y,t,h), w,v,s,k))k"dudvdsdk,

k>0

fu,v,s,k)k ”dudkdndtdodo

where

RB,((x,y,t,h), (u,v,s,k))

— Qn) 22! / / (=) 4T (—8)) y+ (1 CeH0)—2 (b () +b ()~ () NT(; s dnds

>0

— Qr) 2! p//en((x-‘rly)-‘r(u i0)) it (U (L) == GWH) T 1

N ( )
>0

If we go back to complex coordinates in which z; = x + iy, w; = r +is,

7p =t +1ib(x)+ih, and wy, = w + ib(r) + ik, the formula for the projection

kernel becomes

1—p —p
By (z, w) = _3171'2 // n(@1+01) it (22— UJZ)—NT(% r)d ndr.

>0

This completes the proof of part (b) of Theorem 3.4.

6.3. Proof of part (c). The proof of the formula for the Szegd kernel & is very
similar to that for the Bergman kernels for p < 1, except that in view of the dis-
cussion in Section 2.3, the analysis is carried out in L?>(6Q) = L?*(R?) instead
of LZ(R ). Thus we shall be brief. According to Corollary 2.6, we can identify
the space #2(Q) with the closed subspace of functions f(x, y, ) in L?(R?) that
are annihilated in the sense of distributions by 6/0x +i0/0y — ib'(x)0/0t. Ac-
cording to Proposition 2.5, the partial Fourier transform ¥ defined in (2-6) is an
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isometry on L%(R?) and identifies %?*(Q) with the space of functions f (x,7,7)
satisfying (8/0x)(e=27 (1*— Tb("))f(x n,7)) = 0. Therefore if M[ f (x,7,7) =

e 2w lnx— ’b(x))f(x, 1, ), it follows that #2(Q) is conjugate via the isometry JMF
to the subspace of L?(R3; e***=76() dx dydt) consisting of functions that are
independent of x. These are functions ¢ (7, t) supported where r > O such that
[[1¢ (1, ©) >N @2z, 2z t)dnde < +oo. If Py is the orthogonal projection onto
this subspace, then the Szeg6 projection S equals F~ '~ 'P | MF.

Just as in the analysis of the Bergman projection, consider the space L2 [(R)=
L2(R, ¢*7 0rx=7b() g x), and let P, denote the orthogonal projection onto the sub-
space of constants (which is (0) when 7 < (). We have the analogues of equations
(6-8) and (6-9) in this situation, and the computation of the Szeg6 kernel %R is
carried out in exactly the same way as the computations of the Bergman kernels
B, for p < 1. The final result is

B1(z, w) = # // e”(zﬁwl)e”(zz_@)]v(’;, 9 dndr,

>0

and this completes the proof of part (c), and hence of Theorem 3.4. (I

7. Proof of Theorem 3.6

We estimate the kernel %, (z, w) and all of its derivatives, and prove Theorem 3.6.
It follows from Theorem 3.4 that

a8k o8¢ 84 B, (z, w)

Z1 7wy Tz w2
l—p:c—d +00 a+b _c+d+1—p
2 ! e’?(21+w1)+lt(22 wy_ M T
= o
f - e2(r—=cb(r) dr

dndr.

Let

A=b(x)+bu)—2b(a) >0, a=3i(x+u), d=h+k>0,

(7-1) / 217
B=(t—s5)+(y—0)b(a), B=y—v, = 4T (—p)

Then
0 0% 0¢,0% B, (z, w)
o0 400

. ic—d/ / N tif) e (b)+b () +o—iG—s)) "
P fjo? e2(r—tb() gy

a+hz.c+d+l—p

dndr
0 —o©
+00

)
b d+1—
i —d inf—t(A+0—i(t—s)) na—‘r gerdtizy dnd
e ndt
f+00 20—t (b(r+a)—b(@))) Jr
0 —00

—0o0
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00 +00

/ b ctd+1—
72 =gt [ [ ertwrmimau WOV g,
f e2(r—1ba () 4y
0 — —0oQ

o0

The integral in (7-2) involves two oscillatory terms: ¢/? and ¢/"#. We will make
two estimates of the derivatives |07, 6%1@62 8%2% »(z, w)|; one will take advantage

of the oscillation if B # 0, and the other will take advantage if § # 0.

Case 1: B #0. Againleta+b+c+d+2—p=m and a + b = n. Making the
change of variables n = tb'(1), we have

|62 02 o¢ o4 B ,(z, w)]

Z1 W) TZ22 "Wy

400 00 / a+b c+d+1—p ,—1(A+0—iB)
+ b (a T Pe
<o, [ O aelan
— 00 0 fRe nr—=tba(r)) dr
400 o0 p Nipm —1(A+0—iB)
SC,J/ / o —dt|pl()ds
oo Lo T @b gy
400 00 p Aigm —1(A+0—iB) ,—2thy (1)
=cp/ / (a+A)Tc"e ¢ de|b!()d,
—00 0 (0(054‘1, T)

where in the last line we have used Proposition 4.11. According to Lemma 5.12,
there is a ¢ > 0 such that we can replace the integral in 7 along the positive real
axis by an integral parameterized by 7 — 7(1 £io). We choose the sign so that

Ne((l1Lioc)(A+Jd—iB)=A+J+a|B|.
If we make this change of contour we get
|0% 2 o¢ 04 B ,(z, w)]

217w 722 7 W2

dt|b/(A)dA

+00 00
/ n . m ,—t[(1£ic)[A+o—i B1—2(1£ic )y ()]
< /‘/b(a—i—ﬂ) (Q1xio)r)"e
~ pla+ A, t(1+tio))
—0 0

700 0 |b/(a + l)|"rme_T[A+‘5+”|B|]_27ha(/1)

< b’ (MNdrda
~ pla+4,1) «4)
00 00 B (1) | g™t IA+O+ o BIl-2eh, (i-a)
_ / / V' ()drdi.
I p(4,7)

It follows from Lemma 4.17 that this integral is bounded uniformly in ¢ > 0 if
A+ |B| > 0.
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Case 2: f #0. Using Equation (7-2), we have

6% 82 8¢ 82 B, (z, w)]

217w 722 w2

® il —cAroiny [T b (@) Tre
T ¢ 201r—1b, (1)) d
0 oo fRe n « ") dr
T (n+7b/ (@) el
o o 2mrth N dr

=c

dt

o
Scp/ cetdtl—p ,—t(A+o) dn
0

[e¢] +00 .
=cp/ getdtl=p—t(A+9) / (7 +1b' ()P N, (1, ‘L')ldﬂ‘dl'.
0 —00

We want to change the contour in the inner integral, replacing the integral in #
over R by an integral over a curve in the upper or lower half plane. According to
Lemma 5.7, since x4 and ¢ are comparable, there is a constant ¢ > O such that if
ly| <op(l+a,7)”!, then

+00 )
|Ny (zb), (1) + iy, 7)| = ‘ / bty =tba M g > TN, (2b](2), 7).
-0

Thus we can deform the integral in # to the curve parameterized by
A= z(A)=tb, (M) +icp(a+1,1)7",
where we choose the sign of the imaginary part so that

i _s GizDf _ eXp(_ al|p )eifb;,u)ﬂ_
pla+4,1)

With this change of contour, 5 + tb'(a) = tb'(a + 1) icp(a + A, t)~!, and so
(426 (@) S T A+ )|+ 1o [T p (a4 2, 1)

Also, dn becomes

d (o + 4
d7 = ﬁ(i)dl: (rbg(i)iiaw)d ,

p(a+1,1)?

where ¢ (a + A, ) means the partial derivative with respect to A. According to the
inequality in Lemma 4.14(b),

p'(a+4,7)

b/ (N)tict—— > 2
bW Eie T o

<Ctb"(a+ 1) =Czb,(A).




116 JENNIFER HALFPAP, ALEXANDER NAGEL AND STEPHEN WAINGER

Thus with this change of contour, we obtain the estimate
0% 8% 85 08 B, (2, w)|
00 +00 dio—
< -t (At0)—alpl/p,0) [P D" " + 0" (4, 1) " " b (ydid
~ No(cb,(A—a), 7) (Hydad.

Now b)) (A —a) = b"(A), and according to Proposition 5.1,
No(eb, (i — a), 7) = expQehy (i — a))p (4, 7).
Thus we get

|62 62 8¢ 02 B, (z, w)]

Z1 7wy 22 w2
00 +00

S//e—r(A+5)—aIﬁl/ga(l,r)—Zrha().—a)|b/(/l)|n7mb//(/1)d/1dr
9(4,7)
%+ c+d+2—py 1
+/ / o~ 1A+~ |Bl/0 (1) ~2th =) T b 1d
p(4, T)nt!
0 —o©
Theorem 3.6 now follows from Lemma 4.18. O

8. Proof of Theorem 3.8
Let b € €*°(R) satisfy (3-1), (3-2), and (3-4). In this section we will show that

if b is “sufficiently flat” at the origin, the kernel %,(z, w) has singularities when
z, w € 0Q and z # w. Again we put

72=(21,220) = (x+iy,t+ib(x)+ih), and

w = (w1, w2) = W+iv,s+ib(u)+ik).
We will study the case when x = u = 0 and r = s, but y = v. Then, as in (7-1),

A=B=a=0, 6=h+k>0,and f =y —o > 0. In this case, Equation (7-2)
gives

(8-1) B,((iy,t+ih), (iv,t+ik))

(y—v)
_ - fr(h+k) e )
—Cp/o / f 220 —7b(r) dr.

+o0 ei’75 +oo s |
- - ¢ - in -
(8-2) 1(0,7)= T eZ(nr—rb(r))dn = /_oo e'N(n,t)" dny.

Put
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The function z — ¢/**N(z, ) ~! is meromorphic, and we can use Cauchy’s theorem
to change the contour of integration in (8-2) fromn e Rtoze I'=T_,+1T_; +
I'p+TI'y+ Iy, where

F_2={77€R‘—OO<’75_m}’

r, - _mwyecjosyszi@)},
fo={n+iz, (5 Mok “mf”ﬁm}’
T = +m+iye@)%zy20},

I, = m§n<+w}’

since according to Corollary 5.10, N(z, t) # 0 when z € I'. Also, Corollary 5.10
shows that N (z, 7)~! has one pole at ic, /u(7) inside the region

A ey A 3z }
u(@)O(i(r)) = — u(r)®(ﬂ(r)) ’

and lim; .0, =7.

{x+iy€@|—

Proposition 8.1. Suppose that b € €*°(R) satisfies (3-1) and (3-2), and, with ©(r)
defined as in (3-6), that lim,_.o ©(r) = 0. Then for any |1] < 1,
b(lr)
im
r—0 b(r)

(8-3)

Proof. Since b’ is monotone increasing,

by _ L/ psyds =1+ -1 [ b'(s)ds
b(ir)  b(4r) b(ir) J,,
Arb'(Ar) 1—1 ]
>1 —==>1 —® Ar
2zt =G 7 it eunT,
and since lim,_,¢ @ (1r)~! = +o0, this gives the desired result. O

Proposition 8.2. Suppose again that b € €*°(R) satisfies (3-1) and (3-2), and that
lim, 0 @) =0. Let 6 > 0. Then for u(r) <1,

0 1
/ rsin(or)e 2PEEON gy — / rsin(or)dr + E(7)
0 0

where limj )0+ E(t) = 0.



118 JENNIFER HALFPAP, ALEXANDER NAGEL AND STEPHEN WAINGER
Proof. For r > 1 we have b(ii(t)r) >t~ 4+ (r — )i (z)b'(fi(7)). Thus

o [e'9)
/ r Sin(ar)e—Zrb(ﬁ(T)r)dr < / re—2—21’(r—l)ﬁ(r)b’(,&(r))dr
1 1

- e_Z/OO(r + 1)e 2 AP ) g
0

S @a@b (@) 72 + @b (@ @)™
= 0(i1(1))* + O (i(2)).

Also, it follows from Proposition 8.1 that for 0 <r < 1,

lim tb(ua(z)r)= lim b(ru(zr))/b(u(zr)) =0.
i(r)—0 i(r)—=0

Thus using the Lebesgue dominated convergence theorem, we have
1

lim rsin(or) (e 27PN _ 1)dr = 0. O
a(@)—0t Jo

The residue of ¢/ N(z, )" atio, /u(t) =io./2f(1)) is
e "IN o, fu(r), 7) !

oo -1
= Lo / e 1) 2000 )

—00
+o00

_ ﬂ(2r )zeﬂrrﬂ/ﬂ(f)( / reirarefzrbw)r)dr)‘l
—00

U oo ([ RO AN
= - se 7t ( rsin(ro;)e dr)
iu(r) 0

1 —1

= - 1 2e“’f/3/”(f)(/ rsin(ra,)dr+E(r)) ,
iu(r) 0

where E(r) — 0 as u(r) — 0 by Proposition 8.2. Moreover, since o, — 7w, it

follows that

(8-4) 1(B,7)= ”22e—”ﬂ/ﬂ<f)(1+o(1))+/eiﬂZN(z,f)—ldz
u(r) r

We show that the last integral is smaller than the main term. Note that

bu(@) _ 1
b (u(@) b GEo)’

u(r)0(i(r)) ~
)
A

B0y BT w ).
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Proposition 8.3. Let B > 0. Then there are constants C and c depending only
on B such that

o0
- L /o))
(8-5) / Ny, t) " ldy < C——e /W),
Btb'(u(r)) /u(r)z

Proof. Recall that N(zb'(1), 1) = """ (J, 7). Thus if we make the change of
variables n = tb'(1),

o0 o0
/ N, r)ldn=/ N(@b' (1), ©) " eb" () d 2
Btb'(ii(7)) Ao

1

o0
_ —2th() /7
= e — tb'(A)dA,
/M oG W

where b'(A9) = Bb'(ji(r)). By Lemma 4.14, (1, 7)~! < (0, 7)~! + Azb' (1),
with A an absolute constant. Thus since

W) =2b"(2) and A7'h(A) <b'(A) < A7 N () + b)) <247 'h(A),

we have

[ N ans L [ e O 00+ Ank ()b ()
Brb'(u(r)) 0 /20
1

<L ehGo) A g e 2Th(i0)
Sl Tt

0

1 —th(hg) A —th(20)
< A hQ 0,
= 7000 D¢ /I%T (4o)e

But now we observe that Ao ~ u(z). Since b”(r) is monotone increasing for
r > 0, we know that b'(2r) > 2b/'(r), and so for any integer m > 1 we have
2"y (27"r) < b'(r) < 27™b'(2"r). Now if B < 1, then b'(1g) < b'(u(z)), so
o < (7). Let m be the nonnegative integer such that 27"~! < B < 27 Then
b'(20) = 27" 70/ (u(2)) = b’ u(x)), and s0 2o = 27" pu(z) = Bu(z)/2.
Thus we have Bu(r)/2 < o9 < u(z).

On the other hand, if B > 1, then b'(19) > b'(u (7)) so A9 > u(z). Let m be
the nonnegative integer such that 2 < B < 2"*! Then b'(lg) < 2" (u(z)) <
b'(2"*1 (1)), and so g < 2" u(z) < 2Bu(r). Thus u(r) < A9 <2Bu(z).

Now for any r,

b(r) <re@r)=<C b(r)

b'(r) — b'(r)

(8-6)
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Thus
th(lo) = thob' (o) = Bt Aoh' (u())
(8-7) b y)
= Bea Dy =~ L
b(u(7)) u(@)O(u(r))  Ou(r)
where 7/ (1o) 2~ (®(u(z))) " means that the ratio is bounded above and below by
a constant that depends on B. This completes the proof. U

We now estimate the integral over I'. First, by Proposition 8.3, we have

o
(8-8) ‘/ ePN(z, t)_ldz‘ < / N(p,t)"'dy < A ze—C/Q(ﬂ(r))_
o u(z)
A/(u()0(a(1)))

Next, if we put S(z, 7) = z~! sinh(u(7)z), then we know from Theorem 5.9

that |N(z,7) — S(z, )] < |S(z, 7)|/2 on ['y;. It follows that on 'y, we have
IN(z, 7)|~! <2|8(z, 7)|~!. Thus

[ el [ ve otz sz [ 1seoragl
1":H l—‘] rl

If z €Ty, then z =A/(u(r)®(u(r))) +iy with 0 <y <37 /Qu(zr)). Thus for
such z,

A iy 1
#(@O @) 7 llsinh(A/60 G (@) +i(@)y)]

A . 1
u(r)®(ii(z)) i \/sinhz(A/G(ﬁ(r)))—l-sinz(y(r)y)

A . 1
#@0GE) | SnhA/6 )]

1 L), —c/0G)

=4 (o * ao)* |
If ®(4(7)) is small enough and we estimate @ (/i(7)) ! exp(—c® (i (7))~ ") by
Aexp(—c'®(ji(r))~") where ¢’ < c, it follows that

1Sz, 0)| 7' =

=

p(7)
Finally if z € I'g, then ifz = ifis — 3z /2u(z)), so

‘/ PN r)_]dz‘ - / =3B/ Qu(r))
T
‘ Is1<A/(u(D)O (A ()

< 2p—37h/Cu(®) |S(S+ 3wi T)‘—‘ds.
- 2u(r)’
Is|<A/(u(1)O (7))

(8-9) ‘/ PN (z, r)*ldz| < Lzefc/@)(ﬂ(f))'
Iy

N(s+%, r)’ilds
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But since sinh?(x) 4+ 1 = (cosh(2x) + 1)/2 > ¢%*/2, we have

3zi -1 3z 1
S+ ——, < +
(« 2p(7) T)’ <(|s| 2#(7))\/sinhz(ﬂ(r)s)+sin2(37t/2)
3z 1
= (Is+
(|S| 2#(T))\/sinh2(,u(r)s)+l
3r —2u(1)s
< (1514 5y ) e
and so
3ri —1 * 1Y 2u)s A
/ |S(s+—21u(_[),r)‘ dsz/o (s+lu(1))e # dsfﬂ(z_)z.
Is|<A/(u()®(i(r)))
Thus
- ifiz -1 A _ﬂ
(8-10) }/roe NGz, 1) dz‘fﬂ(r)zexp( 2ﬂ(r)).

It now follows from equations (8-1), (8-2), (8-4), (8-8), (8-9), and (8-10) that
for u(7) sufficiently small we have

o
%p((iy,f+ih),(iv,t+ik))zc/ 1P e~ mB/H @) 1y (1) 2.
0

If we make the change of variables » = u(z), then b(r) = r~!, and so dt =
—b(r)~2b'(r)dr. Thus we need to consider the integral

o g mB\ b(r) dr
H(@, ) = _o TP\ 21 dr
©, ) /0 exp( b(ry r )b(r)3—ﬂ r2
However, if b is supercritical, lims_.g H (J, f) = +00. O

Appendix: The #? (2) spaces

In this appendix, we use the ideas in [Stein 1993] to develop the theory of the
Hardy spaces #7(Q2) for model unbounded domains. For simplicity, we restrict
attention to 1 < p < oo, although the results are also true if p =1 or p = o0.

A.1. Definitions and statement of results.
Let ¢ : C* — R be upper semicontinuous, and put

Q, =Q={(z, zo41) €C"" | IM(z011) > 9 (2)}.

Identify the boundary 6Q with C" x R so that a point (z, x) € C" x R corresponds
to (z,x +ip(z)) € 6Q. Let dzdx denote Lebesgue measure on C" x R. Then
integration on the boundary of €2 means integration with respect to dzdx.
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Notation A.2. e For each z € C" and each € > 0, let
(A-1) r(z,€) =sup{r > 0| |z —w| <r implies p(w) < ¢(z) + €}.

Since ¢ is upper semicontinuous, it follows that r(z, €) > 0.

e Let F:Q— C. Fore >0, put F.(2, Zn+1) = F(z, 2n41 +i€). Fe is defined
in a neighborhood of the closure Q of Q. We use the same notation to denote
the restriction F : 0Q — C of this function to the boundary.

o The upper half-plane in Cis U ={x +iy € C|y > 0}.

o Let F:Q— C. ForzeC"and e >0, put f; ((x+iy)=F(z, x+iy+ip(z)+ie).
Then f, : U — C.

e Let F:Q — C. The “radial” maximal function is

NolF1(z, x) =sup|F(z, x +ip(z) +iy)l.
y>0

Remark A.3. If F : Q — C is holomorphic, then F, is holomorphic on a neigh-
borhood of Q if € > 0, and f; . is holomorphic on a neighborhood of L if z € C"
and € > 0.

Definition A.4. For 1 < p < 400, #”(Q) is the space of holomorphic functions
F on Q such that

||F||§€p(g) = SupHFe“ip(ag) = sup/ |F(z,x +ip(z) +ie)|Pdzdx < +o0.
e>0 e>0
C'xR
Our objective is to prove the following:

Lemma A.5. Let F € %P (Q). Then there exists F* € LP(6Q) with the following
properties.

(a) For almost every (z,x) € C" x R,

lim F(z,x+ip()+iy) = FP(z,x +ip(2)).
y—)

®) I1IF?Lreq) = IIF ll%er -
(©) lime_ o+ | Fe — F|l o o) = 0.
(d) There is a constant Cq independent of F with || No[F]1||Lr@eq) < Coll Fllser(@)-

(e) The boundary function F" is annihilated (in the sense of distributions) by all
tangential Cauchy—Riemann operators on 0Q.
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A.6. The one-variable case. As in [Stein 1993], we reduce proving Lemma A.5
to a similar statement in one variable. We first recall the definition and some basic
results about the classical Hardy spaces on the upper half-plane 9U.

Definition A.7. For 1 < p < 400, denote by #?(°U) the space of holomorphic
functions F' on AU such that

I F 115y = sup / |F(x +iy)|Pdx < +o0.
y>0JR

We use the same notation as in the several-variable case. If F is a complex-valued
function defined on AU, the radial maximal function is

(A-2) NO[F](x)zsug|F(x+iy)|.
y>

For F € #7(W) and € > 0, set
(A-3) Fe(x+iy)=F(x+iy+ie).

F, is defined in a neighborhood of A, and when restricted to the boundary R, we
have F, € LP(R), and || F ||5r@u) = SUp¢-oll FellLr w)-

The following result describes some of the basic properties of the spaces 77 (U).
A proof of the more general statements for harmonic functions can be found in
[Stein and Weiss 1971].

Lemma A.8. Let 1 < p < 00, and let F € P (W).
(a) There exists F* € LP(R) such that lim._, o+ || F* — F, lr@®) = 0.
(b) There is a constant C independent of F with ||[No[F1llLr®) < Coll F ll5er (u)-

(c) There exists a subset E C R of Lebesgue measure zero such that for x ¢ E,
limy_, o+ F(x +iy) = F’(x).

@ IFlsercwy = 1 FC Nl e w)-
() Ifz=x+iy e, then
Fb(t
F(z):#/ @ gy 1 /%F%)dr.
R

t—z T Jg y2+(t —x)

A.9. Proof of Lemma A.5. The key fact that allows us to reduce the situation in
several variables to the one-variable case is the following.

Proposition A.10. Let 1 < p < 00, and let F € #P(Q). For every z € C" and for
every € > 0, the function f, . € #” (W), and

I fr.cllser @y < 4YP(mewr(z, €)*)VP | Fllser )

where w,, is the volume of the unit ball in C".
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Proof. Let 7€ C", ¢ > 0, and x +iy € U. Let y be the characteristic function of
the set

A= {(w, wyy1) € C" | 0| < 7(z,€) and |wy1] < ¥},

which is the Cartesian product of a ball of radius r(z, €) in C" and a disk of ra-
dius y in C. It follows from (A-1) that if y(z — w, (x +iy) — (u +iv)) # O,
then ¢(z) > p(w) — € and v > 0, so v + ¢(z) + € > @(w). In particular, the
inequality y(z —w,x —u +i(y —v)) # 0 implies (w, u +iv +ip(z) +i€) € Q.
The volume of A is 7w, r(z, 6)2” yz. It follows from the plurisubharmonicity (that
is, the submean-value property) of | F¢|? that

T ow,r(z, G)zny2|fz,e(x +i)’)|p

= ww,r(z, )"y F (2, x +iy +ip(x) +ie)l”

5/ xz—w,x—u+i(y—0)|F(w,u+iv+ip(z)+ie)|’dwdudo
Cn+l
=/ x@—w,u+i(y—v)|F(w,x —u+iv+ip(z)+ie)|’dwdudv.
Cn+l
Integrating with respect to x € R then gives

T onr (2, €2y / | foc (x4 iv)|Pdx
R

< /X(z—w,u—l—i(y—v))/|F(w,x—u—i—iv+i(o(z)—i—ie)|”dxdwdudv

Cn+l xeR

/ //|F(u),x+iv+i(o(z)—|—ie)|”dxdwdudv§4y2||F||§€,,(Q).

[y—v|<y weC" xeR
lul<y

A

Taking the supremum in y gives ||fZ,E||§€,,(Ou) < 4(mw,r(z, €)®)~! ||F||§€,,(Q), as
claimed.

Recall that if F' € #7(Q), then

NolF1(z, x +ip(z)) = sup|F(z, x +ip(z) +iy)|.
y>0

We then can now prove Lemma A.5(d), the analogue of Lemma A.8(b).

Corollary A.11. Let 1 < p < 00, and let F € #P(Q). Then

L WP s+ ip @)1 dzds < CEIF Iy,
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Proof. Let z € C" and € > 0. Since f, € #P (W), it follows from Lemma A.8(b)
that

/ suplF(z,x+iy+i6+iqo(z))|”dx§C6’/ |F(z,x+ie+ip(2))|Pdx.
xeR y>0 xeR

Integrating with respect to z € C" then gives

/sup|F(z,x—i—iy—l—ie—l—i(o(z))lpdzdx <} /|F(z,x+ie+i(,o(z))|”dzdx
C"x[Ry>0 CrxR

Since the right hand side is independent of €, we can let ¢ — 0 and obtain

// sup|F(z,x+i(o(z)+iy)|pdzdx§Cg||F||g€,,(Q). O
"xR y>0

We turn to the proof of the other parts of Lemma A.5. It follows from the
inequality in Corollary A.11 that if F' € #”(Q), then for almost every z € C", the
function f.(x +iy) = F(z, x +ip(z) +iy) belongs to #”(°U). Let E < C" be the
set where f, ¢ #P(U), so |E| = 0. Then for each z ¢ E, we can apply Lemma A.8
to the function f,. In particular, since functions in #”(°U) have boundary values,
the limit

(A-4) Fl(z,x+ip(z)) = 111]8 F(z,x+ip(z)+iy)
y—0F

exists for almost every x € R if z ¢ E. In particular, F’(z, x + i¢(z)) exists for
almost every (z, x +i¢(z)) € 0Q. Moreover, for z ¢ E,

(A-5) lilg+ |F(z,x+i(,o(z)+iy)—Fb(z,x—i-igo(z))lpdx:0,
y—=>0t JR
and

(A-6) /supIF(z,x+i¢)(z)+iy)|”SC(’)’/|Fb(z,x+i(/)(z))|pdx.
R y>0 R

Proposition A.12. Let 1 < p < o0, and let F € #P(Q).

(@) lime_o+ | F? — FellLroq) = 0.

®) 1FCNlLrog) = IIF ll5er @)-
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Proof. Tt follows from (A-4) that lim._,o+ F(z, x) = F’(z, x) for almost every
(z, x) €0Q. Also, we have sup,. o | Fe(z, x)| =No[F](z, x), and by Corollary A.11,
No[F] € L?(6Q). Thus (a) follows from the Lebesgue dominated convergence
theorem.

To establish (b), first note that it follows from Fatou’s lemma that

// |FP(z,x +ip(2))|Pdzdx —// hm |FP(z,x +ip(z) +i€)|Pdzdx
ﬂle n

xR e—0

§limsup// |FP(z, x +ip(z) +i€)|Pdzdx

e—>0t
= ||F||§€p(g)-
On the other hand, if z ¢ E so that f, € %7 (W),

/|Fb(z,x+iq)(z))|!’dx=/|f;’(x)|l’dx =sup/|fz(x+ie)|pdx
R R e>0JR

= Sup/ |F(z,x+ip(z)+i€)|’dx.
R

e>0
Since this holds for almost every z € C", integrating with respect to z € C"* gives

// |F(z,x+ip(z)+ie)|Pdzdx </ sup/|F(z x+l(o(z)+ze)lpdx)dz

e>0

/n /|Fb(z x+l(p(z))|pdx)dz
://an |FP(z,x +ip(2))|Pdzdx.

This shows that || F?|| Lr0Q) = Il F % (@), and completes the proof. O
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